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Abstract We study networks of coupled dynamical systems where an external
forcing control signal is applied to the network in order to align the state of all
the individual systems to the forcing signal. By considering the control signal as the
state of a virtual dynamical system, this problem can be studied as a synchronization
problem. The main focus of this chapter is to link the effectiveness of such control
to various properties of the underlying graph. For instance, we study the relationship
between control effectiveness and the network as a function of the number of nodes
in the network. For vertex-balanced graphs, if the number of systems receiving
control does not grow as fast as the total number of systems, then the strength of
the control needed to effect control will be unbounded as the number of vertices
grows. In order to achieve control in systems coupled via locally connected graphs,
as the number of systems grows, both the control and the coupling among all
systems need to increase. Furthermore, the algebraic connectivity of the graph is
an indicator of how easy it is to control the network. We also show that for the cycle
graph, the best way to achieve control is by applying control to systems that are
approximately equally spaced apart. In addition, we show that when the number of
controlled systems is small, it is beneficial to put the control at vertices with large
degrees, whereas when the number of controlled systems is large, it is beneficial
to put the control at vertices with small degrees. Finally, we give evidence to show
that applying control to minimize the distances between all systems to the set of
controlled systems could lead to a more effective control.
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1 Introduction

In recent years, there is much research activity to study synchronization in networks
of nonlinear dynamical systems [1–5]. In these studies criteria are derived that
ensure all systems are synchronized to the same behavior. An important area of
study is how these criteria are related to the topology of the network [6–10]. In
these studies there are generally no external forcing; the dynamical systems only
interact with each other. A related research area is control in such networks [11–18],
where forcing is applied to a subset of dynamical systems in order to bring the entire
network to follow a specific trajectory. It was shown that control can be achieved by
forcing the behavior of a few systems. In [11] it was shown that applying control to
highly connected nodes in a scale-free network facilitates control. In [14] numerical
results were presented on control in scale-free networks. In [19] a similar problem
in a power flow network is studied from a control theory perspective, but the graph
topology is not taken into account. In [13] it was shown that such control is possible
if the underlying topology contains a spanning directed tree. In this chapter we
enumerate some recent results in this area.

2 Notations and Definitions

We consider edge-weighted graphs .V; E; W / where each edge e 2 E has a weight
0 < we 2 W . The Laplacian matrix of a graph is a zero row sum matrix L such
that Lij D �wij where wij is the weight of the edge .i; j / and Lij D 0 for all
other i ¤ j . Thus Lii is the (weighted) degree of vertex i . We also consider VE-
weighted (vertex and edge weighted) graphs defined as .V; E; W; C / with a value
ci 2 C associated to each vertex i . Such graphs are shown in Fig. 1 where we denote
a VE-weighted graph .V; E; W; C / by assigning a label wi to each edge and adding
a label ci to each vertex i . The Laplacian of a VE-weighted graph is defined as
L0 D L C diag.c1; c2; : : : ; cn/ where L is the Laplacian matrix of .V; E; W /. For a
Hermitian matrix A, we ordered its eigenvalues as: �1.A/ � �2.A/ � � � � � �n.A/.
For matrices A and B , we write A � B if A � B is positive semidefinite.

Definition 1. The interaction graph of an n by n matrix G is the graph G of n

vertices with an edge from vertex i to vertex j with weight Gj i if and only if
Gj i ¤ 0.

In particular, if one reverses the direction of all the edges in the interaction
graph, we obtain the graph of a matrix as usually defined in combinatorial graph
theory [20].

A directed tree is a directed graph with n vertices and n � 1 edges and a root
vertex such that there is a directed path from the root vertex to every other vertex.
A spanning directed tree of a graph is a subgraph that is a directed tree with the
same vertex set as the graph. A spanning directed forest is a set of subgraphs that
are directed trees where the union of their vertex sets is the same as the vertex set of
the graph.
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Fig. 1 VE-weighted graph

For undirected graphs, the eccentricity of a vertex v is maxw d.v; w/. The graph
center of a graph is defined as the set of vertices of minimum eccentricity.

Definition 2. A function f is V -uniformly decreasing if there is a matrix V such
that .y � z/TV.f .y; t/ � f .z; t// � ��ky � zk2 for some � > 0 and all y; z; t . The
function f is V -uniformly increasing if �f is V -uniformly decreasing.

Definition 3. Let B be an irreducible square matrix B with nonpositive off-
diagonal elements. The quantities ˇ.B/ and �.B/ are defined as follows. Decom-
pose B uniquely as B D L C U , where L is a zero row sum matrix and U is
a diagonal matrix. Let w be the unique positive vector such that wTL D 0 and
maxv wv D 1. The vector w exists by Perron–Frobenius theory [21]. Let W D
diag.w/. Then �.B/ D minx¤0;x?1

xTWBx

xT
�
W � wwTP

v wv

�
x

and ˇ.B/ D minx¤0
xTWBx
xTW x

. We

define �.0/ D C1.

Definition 4. Let A be a zero row sums matrix written in Frobenius normal
form [20]:

A D Q

0
BBB@

B1 B12 � � � B1k

B2 � � � B2k

: : :
:::

Bk

1
CCCAQT (1)

where Q is a permutation matrix and Bi are irreducible matrices. Then �.A/ is
defined as

�.A/ D min.ˇ.B1/; ˇ.B2/; : : : ; ˇ.Bk�1/; �.Bk//

Theorem 1. Let L be the Laplacian matrix of an undirected weighted graph. Then
the second smallest eigenvalue �2 of L satisfies �2.L/ D minx¤0;x?1

xTLx
xTx

.

Proof. First note that L is a zero row sums symmetric matrix. By Gershgorin’s
circle criterion, all eigenvalues of L are nonnegative, and �1 D 0 with eigenvector
1. The conclusion then follows from (4.2.7) of [22, p. 178]. ut
Theorem 2 (Weyl’s eigenvalue interlacing theorem). Let A, B be Hermitian
matrices with eigenvalues �i .A/, �i .B/ and �i.A C B/ be arranged in increasing
order. For each j ,k such that 1 � j; k � n and j C k � n C 1 we have:

�j Ck�n.A C B/ � �j .A/ C �k.B/ (2)
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and for each j ,k such that 1 � j; k � n and j C k � n C 1 we have:

�j .A/ C �k.B/ � �j Ck�1.A C B/ (3)

Proof. Theorem 4.3.7 in [22, p. 184–185]. ut

3 Synchronization in Networks of Dynamical Systems

We consider a network of n coupled dynamical systems whose state equations are
written as:

dxi

dt
D f .xi ; t/ � ˛

X
j

Aij D.t/.xi � xj / (4)

where xi is the state vector of the i -th system and ˛ > 0 is a scalar global coupling
coefficient. The parameter ˛ can be absorbed into D.t/, but we’ll find it useful to
separate it out. The scalar Aij � 0, i ¤ j denotes the coupling coefficient between
the i -th and the j -th system. The total number of systems is denoted by n (i.e.,
1 � i � n). The matrix D.t/ describes the linear coupling between two systems
which is the same between any pair of systems. By setting Lij D �Aij for i ¤ j

and Lii D P
j Aij , this is rewritten as:

dxi

dt
D f .xi ; t/ � ˛

X
j

Lij D.t/xj (5)

Let us assume that Aii D 0. Then the matrix L D fLij g is a zero row sum matrix
with nonpositive off-diagonal elements. The underlying topology of the network is
expressed as the weighted graph such that A and L are its adjacency matrix and
Laplacian matrix, respectively.

We say the system in (4) synchronizes (globally) if kxi � xj k ! 0 as t ! 1.
Conditions for global and local synchronization have been obtained using a

variety of techniques [23–27]. In many cases, the synchronization conditions depend
on properties of the matrix L.

Theorem 3 ([28]). Consider a network of dynamical systems coupled via a
directed graph with state equation:

dxi

dt
D f .xi ; t/ C

X
j

gij D.t/xj .t/ C ui .t/

The network synchronizes in the sense that 8i; j; limt!1 kxi � xj k D 0 if the
following conditions are satisfied:

1. G D fgij g is a zero row sums matrix with nonpositive off-diagonal elements.
2. 8i; j , limt!1 kui � uj k D 0,
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3. f .x; t/ C D.t/x is V -uniformly decreasing for some symmetric positive definite
matrix V ,

4. VD.t/ � 0 and is symmetric for all t ,
5. �.G/ � 1.

4 Control in Networks of Dynamical Systems

Consider the case where in order to control the network in (5), forcing terms are
applied to a subset of systems to drive the entire network to follow a prescribed
trajectory. In particular we augment (5) by adding linear control terms as follows:

dxi

dt
D f .xi ; t/ � ˛

0
@X

j

Lij D.t/xj C ci D.t/.xi � u.t//

1
A (6)

where u.t/ is the desired target trajectory and ci > 0 if control is applied to the i -th
system and ci D 0 otherwise. We define P as the set of systems where such control
is applied (i.e., i 2 P , ci > 0). P is the set of controlled systems and the number
of controlled systems is denoted as p D jP j. We write C D diag.c1; : : : ; cn/. When
a large control signal is applied with ci ! 1 for i 2 P , this implies that xi ! u.t/,
i.e. the states of the i -th system is forced to approach the trajectory u.t/.

We say that control is achieved in (6) if xi ! u.t/ for all i .
Some questions we are interested in answering are:

• Under what conditions will control be achieved?
• Where shall we apply control to be the most effective?
• How much control needs to be applied to the network in order to achieve control

of all the systems?

Assume that u.t/ is a trajectory of the individual dynamical system in the
network, i.e.

du.t/

dt
D f .u.t/; t/ (7)

Then (7) is a virtual system [14] and by setting xnC1.t/ D u.t/, we obtain a network
of n C 1 systems with state equations

dxi

dt
D f .xi ; t/ � ˛

X
j

QLij D.t/xj (8)

where QL is related to L as
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QL D

0
BBBBB@

L11 C c1 L12 : : : L1n �c1

L21 L22 C c2 L23 : : : L2n �c2

:::
:::

: : : Lnn C cn �cn

0 0

1
CCCCCA

and the control problem is reduced to a synchronization problem. Control is
achieved in (6) under the assumption in (7) if the extended system in (8) synchro-
nizes. We next look at how properties of L and L C C are useful in deriving a
criterion for achieving control in (6) in this case.

The matrix QL can be written as

�
L C C �c

0 0

�

where C is a diagonal matrix with ci on the diagonal and c is the vector of ci ’s.
Consider QL written in Frobenius normal form, i.e.

QL D Q

0
BBB@

B1 B12 � � � B1q

B2 � � � B2q

: : :
:::

Bq

1
CCCAQT (9)

where Q is a permutation matrix and Bi are square irreducible matrices. The
Frobenius normal form is not unique, but we pick Q such that Bq D 0 is a scalar
corresponding to the virtual system.

Then Theorem 3 applied to (8) results in the following condition for achieving
control:

Theorem 4. Control is achieved in (6) if

1. L is a zero row sums matrix with nonpositive off-diagonal elements.
2. f .x; t/ � D.t/x is V -uniformly decreasing for some symmetric positive definite

matrix V ,
3. VD.t/ is symmetric positive semidefinite for all t ,
4. ˇmin � 1

˛
, where ˇmin

defD mini<q ˇ.Bi/.

In Theorem 4 the inequality ˇmin � 1
˛

is a sufficient condition to achieve control.
An interpretation of Theorem 4 is that the larger ˇmin is, the easier it is to achieve
control. Assume now that ˇmin D 1

˛
is a sufficient and necessary condition for

achieving control and use ˇmin˛ as a proxy to denote the control effectiveness. In
particular, the rest of this chapter will focus on studying ˇmin and how it depends on
properties of the graph.
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Theorem 5 ([16]). ˇmin � 0. Furthermore, ˇmin > 0 if and only if there exists a
spanning directed forest in the interaction graph of L such that ci > 0 whenever the
i -th system is a root of a tree in the forest.

If ˇmin D 0, then for all spanning directed forests there is a tree whose root r

satisfies cr D 0. This means that there are systems that do not receive directly or
indirectly any external forcing. It follows that in general control cannot be achieved.
On the other hand, if ˇmin > 0, then under the conditions of Theorem 4 and a
sufficiently large enough ˛ we can ensure that control is achieved. This can be
paraphrased as:

Control can be achieved in a network of dynamical systems if and only if
sufficiently strong forcing is applied to roots of trees in a spanning directed forest of
the interaction graph of L.

Since the paths from the roots of these trees cover all vertices, this statement
shows which systems should receive coupling in order to achieve control, i.e. those
vertices which together directly or indirectly influence all other vertices, which is
an intuitive conclusion. These vertices can be identified as follows.

To determine the spanning directed forest of the graph of L, we utilize the
Frobenius normal form. The Frobenius normal form of L can be chosen to look
like

L D Q

0
BBBBBBBBB@

B1 B12 � � � B1;kCm

:: :

Bk Bk;kC1 � � � Bk;kCm

BkC1 0 0

: : : 0

BkCm

1
CCCCCCCCCA

QT (10)

where for 1 � i � k, there exists at least one i C 1 � j � k C m such that the
submatrix Bi;j is nonzero. Such a matrix is called m-reducible [29]. The quantity
m denotes the minimum number of trees needed in a spanning directed forest.1

The matrices Bi , for k C 1 � i � k C m correspond to the strongly connected
components (SCC) of the roots of m trees in a spanning directed forest.

Thus any spanning directed forest must have a root in each of these m strongly
connected components. In order to achieve control, forcing must be applied to
a node in each of the m strongly connected components. This is illustrated
schematically in Fig. 2, where we use the term residual vertices to denote vertices
in the graph of L that are not in the m strongly connected components. The residual
vertices correspond to the indices in Bi , 1 � i � k in (10). Thus there are k SCCs
(referred to as RSCC) within the set of residual vertices that can be decomposed
by looking at the Frobenius form of the submatrix of L restricted to the residual

1The only exception here is the case where L is irreducible, in which case m D 0, but there still
exist a spanning directed tree in the graph. This case can be treated similar to the case m D 1.
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Fig. 2 The m strongly connected components (SCC) influence the residual vertices, but not each
other. Forcing term u.t / should be applied to at least one node in each of the m SCCs in order to
achieve control. Decomposing the subgraph corresponding to the residual vertices lead to k SCCs
(denoted as RSCC) corresponding to the matrices B1; : : : ; Bk in (10)

vertices. If we collapse these k RSCC, the connections between them form a
directed acyclic graph (DAG).

Theorem 6 ([29]). Let A be an irreducible matrix with nonnegative row sums and
nonpositive off-diagonal elements. Suppose that A is decomposed as A D L C C ,
where L has zero row sums and C D diag.c1; : : : ; cn/ is a diagonal matrix. Then

min
�

Re.�.A// � ˇ.A/

If C ¤ 0, then

ˇ.A/ � �2�pP
i .wi ci /2CpP

i wi ci .wi ci C�2/P
i wi ci

�2

n C 1

� �2�
1 C

q
1 C �2P

i wi ci

�2

n C 1

> 0
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where w D .w1; : : : ; wn/ is a positive row (eigen)vector such that wL D 0 and
maxi wi D 1, W D diag.w1; : : : ; wn/ and �2 D �2.

1
2
.W L C LTW // > 0 is the

second smallest eigenvalue of 1
2
.W L C LTW /.

Note that �2. 1
2
.W L C LTW // can be considered as the algebraic connectivity of

the directed graph of the matrix L [30]. Consider the quantity ˇmin in Theorem 4. In
terms of the Frobenius form decomposition of L in (10), ˇmin D min1�i�kCm ˇ.Bi /.
Let us now look at how ˇ.Bi / depends on the underlying graph. Each of the matrices
Bi in (10) can be written in the form Li C Di , where Li is a zero row sum matrix
and Di is diagonal. For 1 � i � m, LkCi is the Laplacian matrix of the i -th SCC in
Fig. 2 and Di corresponds to the values of the control parameters ci . For 1 � i � k,
Li corresponds to the Laplacian matrices of the Residual SCCs (RSCC) and Di

corresponds to the weighted coupling from other SCCs. Theorem 6 indicates two
ways to increase ˇ.Bi /. Either by increasing the values in Di (which are either the
control strength ci or coupling into each of the RSCC) or increasing the algebraic
connectivity of the graph corresponding to Li .

The above discussion suggests that ˇmin depends on the algebraic connectivity
of the two sets of SCCs in Fig. 2. For the m SCCs it also depends on the control
parameters ci ’s that are applied to them, whereas for the k RSCCs in the set of
residual vertices it depends on the links from the first set of SCCs and the links
between the RSCCs.

The special case when the interaction graph of G contains a spanning directed
tree (i.e., m � 1 and the spanning directed forest has only one tree) was studied
in [13].

5 Strongly Connected Directed Graphs

So far, we have given necessary conditions on the topology of the graph to achieve
control and show that control should be applied to some node in each SCC in the
decomposition in Fig. 2. Next we look at which of the nodes in the SCC is most
useful to apply control and how it relates to the topology of the SCC.

Consider the two types of parameters in the coupled network in (6): ˛ and ci .
The parameter ˛ is a global parameter that describes the strength of the coupling
between all the systems, whereas the parameters ci (in conjunction with ˛) describe
the strength of the control applied to the i -th system. This is illustrated in Fig. 3.
We say that the network is harder to achieve control if a larger ci or ˛ are needed.
Next we study how the topology of the network affects the requirements for these
two types of parameters. Let us assume that the graph of L is strongly connected,
i.e. the matrix L is irreducible.



32 C.W. Wu

Fig. 3 The parameters ˛ and ci in (6). The parameter ˛ describes the coupling strength between
all systems and ci describes the strength of the control applied to vertices in P

Theorem 7 ([29]). Let A be a normal2 square matrix decomposed as A D L C C

where L is a real square matrix with zero row sums and nonpositive off-diagonal
elements and C D diag.c1; c2; : : : ; cn/ is a nonnegative diagonal matrix. Then

min
k

Re.�k.A// � 1

n

X
i

ci

min
k

Re.�k.A// � �2

�
1

2

�
L C LT�

�
C cs

where cs is the second largest ci .

Corollary 1. If A is a normal matrix as in Theorem 7, then

ˇmin.A/ � 1

n

X
i

ci

Consider the case where the interaction graph of L is vertex-balanced.3 This
implies that L is a normal matrix. In this case L is a normal irreducible matrix with
zero row and column sums and ˇmin D ˇ.L C C / D �1

�
1
2

�
L C LT

�C C
�
.

5.1 Only a Single System Receives Control (p D 1)

In this case there is control on only one system, i.e. c1 > 0 and cj D 0 for j > 1.
This along with Corollary 1 implies that for a fixed coupling parameter c1, ˇmin � c1

n

decreases as least as fast as 1
n

as n increases.
Let us now keep ˛ fixed and sufficiently large. If we also keep ci fixed, then

the above discussion shows that ˇmin ! 0 as n ! 1 and thus control cannot be

2A matrix is normal if AH A D AAH .
3A directed graph is vertex-balanced if the (weighted) indegree of each vertex is equal to its
(weighted) outdegree. Note that undirected graphs are vertex-balanced.
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achieved for large n. A way to paraphrase this is that when the underlying topology
is a vertex-balanced graph, it takes more effort to achieve control by forcing a single
system as the number of systems becomes large. Thus as the number of vertices n

grows, the control strength c1 needs to grow by at least on the order of n in order to
keep enforcing control.

For fully connected graphs and random graphs [31, 32], their algebraic connec-
tivities grow on the order or n and Theorem 6 shows that c1 growing on the order
of n is sufficient for control as ˇ.A/ is bounded away from 0. On the other hand,
Theorem 7 shows that ˇmin � c2 C �2

�
1
2

�
L C LT

�� D �2

�
1
2

�
L C LT

��
and for

the nearest neighbor undirected graph, �2.L/ decreases on the order of 1
n2 and thus

as n ! 1, control is not possible regardless of how large c1 is. In fact, since
�2

�
1
2

�
L C LT

�� ! 0 as n ! 1 for locally connected4 graphs (which include
the nearest neighbor graphs) [30, 33], we have shown two extremes in the ability
to apply control. If the graph is random, fully connected or Ramanujan,5 then a
large enough c1 will achieve control for any n. If the graph is locally connected,
control is not possible for large n and a fixed ˛, even if c1 is arbitrarily large. In
this case ˛ needs to increase as n increases in order to ensure control. In other
words, for systems connected via a locally connected network to maintain control
for increasing n, it is not sufficient to only increase the control strength, but the
coupling among all systems also needs to increase. This shows how the topology
of the graph can influence the ability to effectively apply control. To illustrate this,
Fig. 4 shows the value of ˇmin for various values of c1 and different size graphs.
We see that for a fixed c1 the value of ˇmin decreases as the number of vertices n

increases for both the fully connected graphs and the 1-D nearest neighbor graphs.6

This shows that a fixed control strength c1 on a single system will not maintain
control as n increases. For fully connected graphs, increasing c1 will increase ˇmin

and allow control to be achieved. However, for nearest neighbor graphs, increasing
c1 does not increase ˇmin, and this implies that control cannot be achieved regardless
of how large c1 is.

Note that this need for increasing ci (and ˛) is not true for directed graphs that are
not strongly connected (and thus cannot be vertex-balanced). In this case, we need
to look at the decomposition in Fig. 2. For instance, if the matrix L is triangular,
then ˇmin does not depend on the number of vertices n since all the SCC’s are single
nodes.

If the graph of L is not strongly connected, then the strongly connected
components correspond to the matrices Bi in (10). The value of ˇmin depends on

4Roughly speaking, a locally connected graph is a graph where vertices are only connected to
neighboring vertices. See Definition 8 in Sect. 8 for a precise definition of a locally connected
graph.
5Since Ramanujan graphs also have the property that their algebraic connectivities grow on the
order of n [34].
6These are graphs where the vertices are arranged in a line and are connected only to their nearest
neighbors. They are also known as path graphs.
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Fig. 4 The value of ˇmin as the control parameter c1 is varied for fully connected graphs and 1-D
nearest neighbor graphs with various number of vertices n

the algebraic connectivity of the strongly connected components, the control matrix
C and the amount of coupling among the strongly connected components. In the
bound for ˇ.Bi /, the matrix C defined in Theorem 6 would correspond to control
applied to the i -th strongly connected components and coupling from other strongly
connected components.

6 Undirected Graphs

Consider the case where L is symmetric, i.e. the underlying graph is undirected.
In this case ˇmin D �min.L C C / and we want to study what properties of L and
C contributes to maximizing (or minimizing) ˇmin. Note that if L is the Laplacian
matrix of the graph .V; E; W /, then L C C is the Laplacian matrix of the VE-
weighted graph .V; E; W; C /.

For a given network of systems (6), where the underlying topology is expressed
as a weighted graph with Laplacian matrix L, we choose how many systems to
apply a control signal to, which systems to apply it to and how large the control gain
ci is. We describe this by specifying the coupling matrix C D diag.c1; : : : ; cn/.

What can we say about the matrix C such that control of the network in (6) is
achieved? Based on the discussion above, we can attack this problem by looking at
conditions for C such that �min.LCC / � ˛. Of particular interest is how it depends
on the values of p and P .
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The next Lemma establishes the monotonicity of �min, i.e. adding more edges or
more control will not decrease �min.

Lemma 1. Consider two VE-weighted graphs denoted as G1 D .V; E1; W; C /

and G2 D .V; E2; U; F / where C D .c1; : : : ; cn/, F D .f1; : : : ; fn/, W D
.w1; : : : ; wn/, and U D .u1; : : : ; un/. If ci � fi and wi � ui for all i , then
�min.L1/ � �min.L2/ where L1 and L2 are the Laplacian matrices of the VE-
weighted graphs G1 and G2, respectively.

Proof. Note that L0
2�L0

1 is symmetric positive semidefinite where L0
1 and L0

2 are the
Laplacian matrices of the weighted graphs .V; E1; W / and .V; E2; U /, respectively.
The result then follows from the fact that L0

1 is symmetric and thus by Theorem 1

�min.L0
1 C C / D minx¤0

xT.L0

1CC /x

xTx
� minx¤0

xT.L0

2CF /x

xTx
D �min.L0

2 C F /. ut

6.1 Case p D n: Every System Receives Control

Let c D minci ¤0 ci . As C � cI , this implies that �min.L C C / � �min.L C cI / D
�min.L/ C c D c. Thus �m can be made arbitrarily large by choosing c large, i.e.
if all systems are controlled, control can be achieved by making the control gains
ci > 0 large enough.

6.2 Case p < n: Some System does not Receive Control

The scenario is very different from Sec. 6.1 if ci D 0 for some i , i.e. some systems
do not receive any control and p < n. As we show in Lemma 2, even if the nonzero
ci are arbitrarily large, �min.L C C / will still remain bounded. The results in this
section list various lower and upper bounds for �min.L C C / that are related to
properties of the underlying graph.

Lemma 2.

�2.L/
�
1 C

q
1 C �2.L/P

i ci

�2

n C 1

� �min.L C C / �
P

i ci

n
(11)

If p < n, then
�min.L C C / � �pC1.L/ (12)

Proof. The proof of (11) follows from Theorems 6 and 7. Equation (12) is a
consequence of Theorem 2. By setting j D p C 1, k D n � p into (2) we get
�1.L C C / � �pC1.L/ C �n�p.C /. Note that C has only p nonzero values on the
diagonal, and thus it has n � p zero eigenvalues, i.e. �1.C /; : : : ; �n�p.C / D 0. ut
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Equation (12) suggests that if some system did not receive any control (p < n),
then control may not be possible if the eigenvalues of L are small, even if the
nonzero control gain coefficients ci are arbitrarily large. This can provide us with
guidance on how many systems forcing needs to be applied to. For instance, if
�min.L C C / needs to be larger than a value � in order to achieve control, where
� � �pC1.L/, then it is necessary to apply control to at least p C 1 systems.

One consequence of (11) is that when
P

i ci ! 0, �min.L C C / !
P

i ci

n
.

Definition 5. The isoperimetric ratio r.V 0/ of a subset of vertices V 0 � V is the
number of edges between V 0 and V nV 0 divided by the number of vertices in V 0.

Theorem 8. If ; ¤ V 0 � V nP , then �min.L C C / � r.V 0/.

Proof. Let v be a vector with vi D 1 for i 2 V 0 and vi D 0 otherwise. It is easy
to show that vT.L C C /v D vTLv is equal to the number of edges between V and

V nV 0. It then follows that �min.L C C / � vT.LCC /v
vTv D r.V 0/. ut

What is interesting to note is that this upper bound on �min.LCC / is independent
of the values of ci , and thus this upper bound is more useful than

P
i ci

n
in Lemma 2

when the values of ci are large.

Corollary 2. If p < n, then �min.L C C / � p.

Proof. Let V 0 D V nP . Then jV 0j D n � p and the number of edges between V 0
and V nV 0 is at most p.n � p/. ut

We will show in Sect. 7.1.3 that this bound is achieved for the complete graph,
when c ! 1.

Corollary 3. If p < n, then �min.L C C / � min.
P

v2P ıv;
P

v62P ıv/
n�p

, where ıv is the
degree of the vertex v.

Proof. It is clear that the edges between P and V nP are all edges connected to
V nP or to P and thus their number is less than or equal to both numbers

P
v2P ıv,P

v 62P ıv and the results follows from Theorem 8. ut
Corollary 3 seems to suggest that when p is small (e.g., p < n

2
) control should

be applied to vertices of high degree for more effective control, whereas when p

is close to n (e.g., p > n
2
), the vertices with no control applied (V nP ) should be

vertices of high degree for more effective control. This principle can be illustrated
with the star graph of n vertices which has one central vertex v of degree n � 1

surrounded by n � 1 vertices of degree 1. If p D 1, setting P D fvg will maximize
�min.L C C / whereas when p D n � 1, setting P D V � fvg will maximize
�min.L C C / among all configurations.

Corollary 4. If p < n, then �min.L C C / � min
�

p

n�p
; 1
�

ımax where ımax is the

maximal vertex degree of the graph.
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Fig. 5 The weighted graph
H is generated from the
VE-weighted graph G by
connecting two copies of G
via an additional vertex v0.
The filled-in vertices of G
indicate vertices where
ci ¤ 0, i.e. a member of P

The first inequality of Lemma 2 relates �min.LCC / to the algebraic connectivity
�2 of the underlying graph with Laplacian matrix L. The next result relates �min of
the Laplacian matrix of an VE-weighted graph7 to the algebraic connectivity �2 of a
related weighted graph. For a VE-weighted graph G , construct a graph H by taking
two copies of G (minus the vertex weights ci ) and adding a new vertex v0. For each
i 2 P , add an edge of weight ci from v0 to vertex vi of each copy of G (Fig. 5).

Theorem 9.
�min.L.G // � �2.L.H //

Proof. Let v be the unit norm vector that minimizes L.G /, i.e

vTL.G /v D min
x¤0

xTL.G /x

xTx
D �min.L.G //

Let wT D .vT; 0; �vT/, where v and �v corresponds to the two copies of G and 0

corresponds to vertex v0. Since
P

i wi D 0 and wTw D 2, Theorem 1 shows that
wTL.H /w � 2�2.L.H //. It is easy to see that wTL.H /w D 2vTL.G /v and thus
�min.L.G // � �2.L.H //. ut
Corollary 5. For a VE-weighted graph G with n vertices and P ¤ ;,

�min.L.G // D �min.L C C / � 2cm

�
1 � cos

�
�

2n C 1

��

where cm D mini2P fci ; 1g.

Proof. We only need to prove the case ci D 1 for all i 2 P , as the other cases are
similar. In this case H is a graph with 2n C 1 vertices. For a graph with n vertices,
�2.L/ � 2

�
1 � cos

�
�
n

��
(see [35]) and the result follows. ut

7Recall that the Laplacian matrix of a VE-weighted graph is L C C .
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The bound in Corollary 5 is tight. For instance, for the path graph Pn with c1 D 1,
ci D 0 for i > 1, we have �min.L C C / D 2

�
1 � cos

�
�

2nC1

��
(see, e.g., [36, 37]).

7 Localization of Control

For a fixed 1 � p < n how does the choice of P , i.e. the set of vertices for
which ci is nonzero, affects �min.L C C /? We are interested in the configuration
that maximizes or minimizes �min.L C C /.

7.1 The Case of Arbitrarily Large Control where ci ! 1

In this section we study the case ci ! 1 as we can more easily find explicit
configurations P that maximize or minimize �min.L C C / for certain classes of
graphs. For a fixed set of indices P , let C.P; c/ be the diagonal matrix such that
ci D c for i 2 P and ci D 0 otherwise. Define �.P / D limc!1 �min.LCC.P; c//,
�max.p/ D supjP jDp �.P / and �min.p/ D infjP jDp �.P /.8

Theorem 10. If P ¤ ;, then �.P / � �min.P / � �2.L/

4nC1
.

Proof. Follows from (11) in Lemma 2. ut
Theorem 10 suggests that when we allow the forcing strengths ci to be large, a

network whose underlying graph has a large algebraic connectivity �2.L/ is easier
to control.

Lemma 3. Let L0 be the principal submatrix corresponding to the indices V nP .
Then �.P / D �min.L0/.

Proof. Let v be a unit eigenvector of L C C.P; c/ corresponding to �min.L C
C.P; c//. For i 2 P , vi vanishes as c ! 1. Let w be the subvector of v restricted
to V nP . Then wT.L CC.P; c//w D wTL0w and this also minimizes wTL0w among
all unit vectors w and thus is equal to �min.L0/. ut

For a fixed p, the configuration that maximizes (minimizes) �min.L C C / as
ci ! 1 attains �max.p/ (�min). What can we say about these configurations? The
next several subsections study various graphs where such optimal configurations
can be explicitly found.

8Note that the limit in the definition of � exists since �min.L C C.P; c// is a monotonically
increasing function of C by Lemma 1 and is bounded for p < n by Corollary 2.
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7.1.1 Optimal Configurations of Control Locations: Cycle Graphs

Theorem 11. For a cycle graph of n vertices and p < n,

�max.p/ D 2 � 2 cos

 
�

d n
p

e

!

�min.p/ D 2 � 2 cos

�
�

n � p C 1

�

Proof. We show that the configuration P which attains �max and �min is the one
which spreads out the most and the least, respectively. L0 is block diagonal with the
block submatrices of the form:

0
BBB@

2 �1

�1 2 �1
: : :

: : :
: : :

�1 2

1
CCCA (13)

This is a Toeplitz matrix and its smallest eigenvalue is 2 � 2 cos
�

�
mC1

�
where m

is the order of the matrix. Thus the largest (smallest) value for �.P / is achieved
when these submatrices are as small (large) as possible. So to maximize �.P /, P

should be as dispersed as possible in order to “cut” the cycle graph into as many
small pieces as possible. Since jP j D p, it will cut the graph into p pieces. If P

is placed as evenly around the cycle as possible, then the largest piece is of length
d n�p

p
e D d n

p
e � 1. The corresponding Toeplitz matrix has its smallest eigenvalue

equal to �max.p/ D 2 � 2 cos
�

�
d n

p e
�

. The submatrix is the largest possible if all

elements of P are adjacent on the cycle graph, in which case the submatrix is of
order n � p. ut

7.1.2 Optimal Configurations of Control Locations: Path Graphs

Theorem 12. For a path graph of n vertices and p < n,

�max.p/ D 2 � 2 cos

 
�

d n
p

e

!

�min.p/ D 2 � 2 cos

�
�

2.n � p/ C 1

�

Proof. Similar to Theorem 11, the configuration that attains �max and �min is the one
which spreads out the most and the least, respectively, with some edge effects in this



40 C.W. Wu

case. The proof is similar to that of Theorem 11, except that in this case L0 is block
diagonal with blocks of the form (13) and of the form (perhaps after a simultaneous
row and column permutation)

0
BBB@

1 �1

�1 2 �1
: : :

: : :
: : :

�1 2

1
CCCA (14)

For P being internal vertices of the path graph (i.e., those vertices with degree 2),
this splits L0 into pC1 blocks with p�1 blocks of the form (13) and 2 blocks of the
form (14). For matrices of the form (14) the smallest eigenvalue is 2 � 2 cos

�
�

2mC1

�
(see [36, 37]), i.e. the same as a matrix of the form (13) of order 2m. Thus the
optimal splitting into submatrices is such that the blocks of the form (14) are about
half the size as the blocks of the form (13). This means that �max is obtained for a
configuration that splits it into p � 1 blocks of the form (13) of order 	 n�p

p
and

2 blocks of the form (14) of order 	 n�p

2p
. As for �min the biggest block is created

when all vertices of P is on one side of the graph, resulting in a single block of the
form (14) of size n � p. ut

It is interesting to note that �max.p/ is the same for path graphs and cycle graphs,
suggesting that the path graph of n vertices is as easy to control as the cycle graph
of n vertices.

If a vertex has low eccentricity, then it has a shorter distance to other vertices. So
it is reasonable to suspect that control applied to these vertices are most effective.
Thus it is reasonable to suspect that placing P inside the graph center will maximize
�.P /. Computer experiments show that �max.1/ is attained for a configuration such
that the vertex in P minimizes the distance to V nP 9 for all graphs of 7 vertices
or less. However, for graphs with 8 vertices, there is a graph where the �max-
maximizing configuration P is not in the graph center.

7.1.3 Optimal Configurations of Control Locations: Complete Graphs

For the complete graph, it is clear that only the cardinality p of the set P and not
P itself affects �min.L C C /. The principal submatrix corresponding to V nP is
LK

n�p C pI where LK
n�p is the Laplacian matrix of the complete graph of n � p

vertices and thus �max.p/ D �min.p/ D �.P / D �min.LK
n�p C pI/ D p for p < n.

9That is, the �max-maximizing set P D fig is a subset of the graph center.
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7.1.4 Optimal Configurations of Control Locations: Type I Trees

Next we find graphs for which we can explicit determine P that maximizes �.P /

for p D 1.

Theorem 13. Let Y be the Laplacian eigenvector corresponding to �2. If there
exists a cut vertex x such that Y.x/ D 0, then �max.1/ D �.fxg/ D �2.L/.

Proof. Follows from [38, Corollary 7] and Lemma 2. ut
Definition 6 ([39]). A tree is called a Type I tree if an eigenvector Y corresponding
to �2 contains a zero element.

Corollary 6. If the graph is a Type I tree, then by setting P to be any internal vertex
x (i.e., has degree > 1) with Y.x/ D 0 for some eigenvector Y corresponding to �2,
we obtain �max.1/ D �2.

7.2 Localization of Control Sites Given a Finite Control Budget

Let us now consider the problem of determining which vertices to apply control, i.e.
determining the set P , given a finite control budget of the form

P
i ci � � . We like

to determine where and how much control should be applied in order to produce
more effective control by maximizing ˇmin. As before, there is a big difference
between the case p D n and the case p < n. If the graph is vertex-balanced
and control can be applied to every system, a configuration of optimal control that
maximizes ˇmin is simply setting ci D �

n
for all i . This is shown in the following

result.

Theorem 14. Let G be the Laplacian matrix of a vertex-balanced graph. Then
ˇmin �

P
i ci

n
. Furthermore, ˇmin D

P
i ci

n
if ci D c for all i .

Proof. First note that ˇmin �
P

i ci

n
by Corollary 1. Next consider the case where

ci D c D
P

i ci

n
for all i . Then C D cI and thus ˇmin D �1.

1
2
.G C GT/ C C / D

�1.
1
2
.G C GT// C c D c where we have used the fact that G C GT is a singular

matrix. ut
Thus the upper bound

P
i ci

n
on ˇmin in Theorem 14 is achieved when all systems

are applied control (p D n). When p < n, this upper bound is also approached for
the complete graph when n ! 1. In particular, for the complete graph of n vertices
with Laplacian matrix L, �2.L/ D n and Lemma 2 shows (see also [29]) that

1

nP
i ci

C 2 C 2
q

1 C nP
i ci

C 2 C 1
n

� ˇmin �
P

i ci

n
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Fig. 6 Control configuration where the value of ˇmin is large. The locations where control is
applied are shown larger and in gray ˇmin D 0:7687

This implies that if
P

i ci is bounded for all n, then �min.LCC / !
P

i ci

n
as n ! 1

for the sequence of complete graphs.
But in general the situation is different if we can only apply control to a small

number of vertices (p < n).
Consider the 2D grid graph of n vertices with Laplacian matrix Gn (Fig. 13). Let

us first assume that all the nonzero control strengths are equal, i.e. if ci > 0, then
ci D c. Where should the control be applied to maximize ˇmin? We performed the
following simple experiments to study this question. First p vertices are randomly
chosen where control is applied. Then for each vertex with control, its control is
moved to another location that increases ˇmin. This operation is reiterated until no
such move will increase ˇmin. We show the resulting configuration of control in
Fig. 6. We use n D 100, p D 20, ˛ D 1 and c D 100. The locations where control
is applied are shown larger and in gray. We see that control is applied to vertices
whose locations are spread out in the graph.

The value of ˇmin D 0:7687 is significantly lower than the upper bound ofP
i ci

n
D 20. Corollary 4 gives us a better upper bound of 1 which is independent

of the value of ci . In particular the upper bound in Theorem 8 is relatively close to
ˇmin as the isoperimetric ratio r.V nP / D 70

80
D 0:875 for this configuration of the

set P .
We repeated the same experiment, but now to minimize ˇmin. The result is shown

in Fig. 7. We see now that the control is applied to vertices whose locations are



Control of Networks of Coupled Dynamical Systems 43

Fig. 7 Control configuration where the value of ˇmin is small. The locations where control is
applied are shown larger and in gray ˇmin D 0:034

close to each other. The difference in ˇmin between these two configuration is more
than 20-fold. This experiment suggests that it is more beneficial to apply control
at locations which are spread out. One definition of spread out vertices is that the
(graph–theoretical) distance between controlled vertices in the graph should not be
small. For the grid graph in Fig. 13, the graph–theoretical distance is equivalent to
the l1 distance on the plane.

We believe that it is more beneficial to applied control at locations such that the
control can easily reach every other system. We consider two quantities that can be
used to describe this precisely.

Definition 7. Recall that V denote the set of vertices of the graph and P � V the
subset of vertices where control is applied.

• Let d.v; p/ denote the distance between vertices v and p, i.e. the length of the
shortest path between v and p.

• d.v; P / D minp2P d.v; p/.
• DP D maxv2V d.v; P /.

• Da
P D

P
v2V nP d.v;P /

jV nP j
DP describes the maximal distance between vertices in P and any other ver-

tex,whereas Da
P describes the average distance between P and the other vertices.
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Fig. 8 Graph of 6 vertices.
Applying control at vertices 1

or 2 maximizes ˇmin.
Applying control at vertices 4

or 5 minimizes DP

The quantity DP can be used to derive a lower bound on ˇmin. In [29] it was shown
that if DP < 1, then

ˇmin � c

2

�
2
�
r C c

2
.2r/�DP

���DP

> 0

where r is the maximal vertex degree among vertices of the graph that do not receive
control and c D mini2P ci . This suggests that P should be chosen to minimize DP .
However, locations for P that minimize DP do not necessarily maximize ˇmin. For
instance, for the graph in Fig. 8, assuming a single control (p D 1) of strength
c D 10, applying the control at vertices 4 or 5 minimizes DP whereas applying the
control at vertices 1 or 2 maximizes ˇmin.

Let us see whether ˇmin is maximized for a control configuration that mini-
mizes Da

P .

Statement 1: Under the constraint that jP j D p, ˇmin is maximized for a set P

such that Da
P is minimized.

Note that Statement 1 talks about a set P since there are in general many sets P

which minimize Da
P , and the statement states that one of them will maximize ˇmin.

To provide supporting evidence for Statement 1, we performed the following
experiments; 20; 000 random sets of 20 control locations are chosen on the grid
graph (Fig. 13) and ˇmin and Da

P are computed. The results are shown in Fig. 9. It is
clear that ˇmin tend to be larger for smaller Da

P .
Next we performed the same experiment on a random graph (Fig. 10) with 100

vertices and 500 edges and a single control location (p D 1). Again we see an
inverse relationship between ˇmin and Da

P .
This relationship is again evident when we repeated the experiment with a path

graph and parameters n D 100, p D 5, c D 100 (Fig. 11).
Alas, Statement 1 is false in general. For the case p D 1, c D 10, computer

experiments show that Statement 1 is true for all graphs with 6 or less vertices, but
there are counterexamples in graphs with 7 vertices.

So far, we have assume that all nonzero ci are equal. An interesting area of
research is to solve the general problem of finite control budget, to find the matrix C

that maximizes �min.LCC / under the constraints that
P

i ci D � for some constant
� and the number of nonzero ci is p. As mentioned before �min.L C C / � �

n
by

Lemma 2. If p is not fixed, then the answer is clear: set p D n and ci D �

n
for all i .

In this case �min.L C C / D �min.L/ C �

n
D �

n
. For p < n, the open question is how

to allocate and assign ci in order to maximize (or minimize) �min.L C C /.
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Fig. 9 ˇmin versus Da
P for 20; 000 random sets of control locations on the grid graph with n D 100,

p D 20, c D 100

Fig. 10 ˇmin versus Da
P for various control locations on a random graph with n D 100, p D 1,

and c D 100
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Fig. 11 ˇmin versus Da
P for 1; 000 random sets of control locations on the path graph with 100

vertices and p D 5

8 Asymptotic Behavior for the Case p < n When n ! 1

Earlier in Sect. 5.1 we talked about the asymptotic behavior of a series of graphs for
p D 1, when only one system is receiving control. Let us now extend this analysis
to multiple control sites (p > 1).

A consequence of Corollary 5 is that in order to satisfy the control condition
ˇmin˛ � 1 in undirected graphs, it is sufficient that ˛ grows as o.n2/. On the other
hand, recall that ˇmin � 1

n

P
i ci . This implies:

If ci , ˛ are bounded and p grows slower than n, then control is not achievable
as n ! 1.

This is illustrated in Fig. 12 where we have computed ˇmin for fully connected
graphs where ci D 1, ˛ D 1 and p D dp

ne. This means that if the number
of systems where control is applied is small compared with the total number of
systems, then the applied control (expressed as ˛ci ) needs to be large. However,
this is not sufficient if the network is locally connected. In particular, we show that
for locally connected networks, if p grows slower than n, then control is not possible
for a bounded ˛, regardless of how large the parameters ci are.

Definition 8 ([30,33]). A locally connected network is defined as a network where
the nodes are located on a integer lattice Z

d and are connected by an edge only if
they are at most a distance r apart. The parameters d and r are assumed to be fixed.

It is clear that a subgraph of a locally connected network is also locally
connected. An example of a locally connected network for d D 2, r D 1 is the
grid graph shown in Fig. 13.
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Fig. 12 The value of ˇmin as the number of vertices n is varied for a fully connected graph.
The number of systems with control applied is p D dp

ne. The discontinuity is caused by the
discontinuity of d�e

Fig. 13 A locally connected grid graph
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Let us assume that ˛ is fixed and that the underlying graph is a locally connected
graph. First consider the case where the underlying graph is of the following form:
the vertices are arranged in a circle and are connected by an edge if and only if
they are less than or equal to r vertices apart. Let us denote this graph as Gr with
Laplacian matrix Gr . For r D 1, this is the cycle graph. The eigenvalues of Gr are
given by:

�i D 2

 
r �

rX
lD1

cos

�
2�il

n

�!
; i D 0; : : : ; n � 1

It is not hard to show that for p 2 o.n/ < n, the smallest p C 1 eigenvalues of G all
converges to 0 as n ! 1. From Lemma 2 it follows that �1.Gd CC / � �pC1.Gd /.
This implies that ˇmin ! 0 as n ! 1.

Next, consider a general locally connected graph with parameters r and d and
Laplacian matrix G. It is easy to see that it is a subgraph of a locally connected graph
that can be decomposed as the strong product of d graphs of the form Gr . Since the
eigenvalues of this graph can be derived from sums and products of eigenvalues of
multiple Gr [40], it is also true that for p 2 o.n/, the smallest p C 1 eigenvalues of
G ! 0 as n ! 1. The same argument as above shows that ˇmin ! 0 as n ! 1
in this case as well.

Thus we have shown the following:
For a fixed parameter ˛, and a locally connected network of n dynamical systems

with control applied to p systems, control is not possible as n ! 1 if p grows
slower than n.

This is illustrated in Fig. 14, where we show how ˇmin changes as n ! 1. For
each n, the graph is a cycle graph of n vertices. We choose ci D 100n, ˛ D 1 and
p D dp

ne. We see that ˇmin ! 0 as n ! 1.
The above analysis is also valid if the graph is not undirected, but vertex-

balanced, i.e. the indegree of each vertex is equal to its outdegree. In this case,
the analysis is applied to the symmetric zero row sums matrix 1

2
.G C GT/.

9 The Case of Converging Control Signals

Consider the case where the control signal u.t/ applied to the individual systems is
not identical, i.e.

dxi

dt
D f .xi ; t/ C

X
j

˛Gij D.t/xj C ˛ci .xi � ui .t// (15)

If limt!1 kui � uj k ! 0, i.e. the control signals approach each other asymptoti-
cally, then we can still apply the results in [28] and the control results in this chapter
will still hold.
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Fig. 14 The value of ˇmin as the number of vertices is varied for a cycle graph
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