Chapter 2
Transport Processes in Stellar Interiors

Stéphane Mathis

Abstract Stars are rotating and magnetic bodies. Moreover, more and more con-
straints are obtained on such dynamical processes using, for example, seismology
and spectropolarimetry. Therefore, it is now necessary to get a complete and coher-
ent picture of dynamical processes in stellar interiors. However, to simulate such
processes in a star in full details would require treating length scales and time scales
spanning many orders of magnitude. This is clearly not feasible, even with the most
powerful computers available today. This is the reason why it is nowadays nec-
essary to use and couple 1-D, 2-D, and 3-D modelings to get a global picture of
macroscopic MHD transport processes in stellar interiors. In this review, we report
the state of the art of the modeling of transport processes in stellar interiors (both
in radiation and in convection zones) aimed to study the stars angular momentum
history, the related profile of differential rotation, and their magnetism.

2.1 Introduction

Stars are rotating and magnetic bodies. Moreover, more and more constraints are
obtained on such dynamical processes, for example, using helioseismology (see,
for example, [47]), asteroseismology [10, 34, 43, 82], and spectropolarimetry [38].
Therefore, it is now necessary to get a complete and coherent picture of dynamical
processes in stellar interiors. However, to simulate such processes in a star in full
details would require treating length scales and time scales spanning many orders
of magnitude. This is clearly not feasible, even with the most powerful computers
available today. Therefore, either one chooses to describe what occurs on a dynami-
cal time scale (such as a convective turnover time), or one focuses on the long-time
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Fig. 2.1 Rotational angular velocity w plotted as a function of time for stars with masses
0.9 < M/My < 1.1. Crosses show the open cluster rotation period data such that each cluster
collapses into a vertical stripe on the diagram, and short horizontal lines show the 25th and 90th
percentiles of w, used to characterize the slow and fast rotators, respectively. The lines show ro-
tational evolution models for 1.0M, stars, fitted to the percentiles for each cluster using a simple
unweighted least squares method. For this plot, we have assumed that the stars rotate as solid bod-
ies (i.e., constant w as a function of radius inside the star). Plotted are the ONC, NGC 2264, NGC
2362, IC 2391, IC 2602, o Per, M35, M34, the Hyades, and the Sun. (Taken from [50], courtesy
Cambridge University Press)

evolution where the typical time is either the Kelvin—Helmholtz time or that char-
acterizing the dominant nuclear reactions. The same is true for the length scales.
First, in the vertical direction, we have to choose the resolution that adequately rep-
resents the steepest gradients that develop during the evolution. Furthermore, in the
horizontal direction, the resolution that allows one to describe convective structures,
possible instabilities and turbulence has to be chosen. This is the reason why it is
nowadays necessary to use and couple 1-D, 2-D, and 3-D modelings to get a global
picture of macroscopic MHD transport processes in stellar interiors.

In this review, we report the state of the art of the modeling of transport pro-
cesses in stellar interiors (both in radiation and in convection zones) aimed to study
the star’s angular momentum history (see [13, 50], Fig. 2.1), the related profile of
differential rotation ([47], Fig. 2.2), and their magnetism. First, we recall the com-
mon methods used both on dynamical and secular time scales, namely the spectral
expansion of MHD equations. Next, we focus on the behavior of convective regions
and describe couplings between differential rotation, meridional circulation, turbu-
lence, and magnetic field and the related dynamo processes. Then, we give a global
picture of transport and mixing processes operating in stellar radiation zones. Fi-
nally, we conclude on the necessity of obtaining integrated models of stars from
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their cores to their surfaces and to take into account in such models the action of the
stellar environment.

2.2 Modeling

2.2.1 Preliminary Definitions

Here, we describe the method which is used to treat MHD equations in stellar inte-
riors both in convective and in radiative regions.
First, the macroscopic velocity field is expanded

V(r,1) =rsinf2(r, 0,1)&, + & + Uy (r.0,1) +u(r, 0, 0,1,  (2.1)

where r = {r, 0, ¢} are the classical spherical coordinates with their associated or-
thonormal basis {€;}j—{-¢,}, With 7 being the time. The first term, where £2 is the
internal angular velocity, is the azimuthal velocity field associated with the differ-
ential rotation. The second is the radial Lagrangian velocity due to the contractions
and the dilatations of the star during its evolution. The third term is the large-scale
meridional circulation velocity field (%)s). Finally, u is the fluctuating velocity as-
sociated with turbulence or waves.

Next, the anelastic approximation is adopted to treat macroscopic large-scale
transport processes. The continuity equation, d;p + V - (pV) =0, p being the den-
sity, thus becomes V - (pV) = 0, and acoustic waves are filtered.

Then, using the divergence-free property of the magnetic field, we expand it

Br,t))=V AV A[Ep(r, )]+ V A [Er(r, )&, ], (2.2)

where £p and &7 are the poloidal and the toroidal magnetic stream functions.
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For an axisymmetric magnetic field, the poloidal field Bp(r, 0, ¢) is in the merid-
ional plane (&,, €9), while the toroidal one B (r, 0, ) is purely azimuthal along &,.

The different fields being now defined, we have to consider the transport equa-
tions that have to be solved in stellar interiors.

2.2.2 Transport Equation System

The first transport equation we consider is the one related to the transport of mag-
netic field, namely the induction equation

¥B=VANAB) —VA®HVAB), 2.3)

n being the magnetic diffusivity. Two equations, for £p and &7 respectively, are
then obtained when the expansion given in Eq. (2.2) is introduced. First, they de-
scribe the advection of both poloidal and toroidal components of the field by the
large-scale meridional currents, both in radiation and convection zones. Then, we
get the creation of toroidal magnetic field by shearing the poloidal through differ-
ential rotation (the so-called §2 effect). Next, they give the Ohmic diffusion of each
component. Finally, they describe the action of the turbulent magnetic field fluctua-
tions, which will be possible in the case where the dynamo threshold is reached, to
generate and sustain magnetic energy; this is the so-called a-effect in the mean-field
formalism. Furthermore, in the case where secular time-scales are studied we take
into account the Lagrangian variation of magnetic field due to the contractions and
dilatations of the star during its evolution. This is the reason why we have introduced
the time-Lagrangian derivative d/d¢ = 9; + 7 0,.

The second transport equation which has to be treated is the momentum equation,
i.e., the Navier—Stokes equation

p[atV+(V-V)V]:—VP—,og+V-T+[%(V/\B)}/\B. (2.4)
0

Here P and g are respectively the pressure and the gravity, T is the viscous stress
tensor, and the last term is the Lorentz force, where 11 is the magnetic permeability
of vacuum. Taking its azimuthal component and averaging over ¢, the 2-D equa-
tion (in r and 0) for the transport of angular momentum is obtained (see [27, 69]).
In the case of both radiation and convection zones, it describes the advection of
angular momentum by meridional flows and the actions of the viscous diffusion,
of Reynolds stresses, of large-scale magnetic torque, and of Maxwell stresses. Fur-
thermore, taking the curl of this equation and focusing on the azimuthal component
gives the so-called thermal wind equation, which describes the baroclinicity of flows
inside the star and which links the differential rotation to entropy fluctuations along
isobars. In the convective regions the study of this equation allows one to study the
behavior of the differential rotation, while in the radiation zones it allows one to
close the transport loop.
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The last transport equation that has to be solved is the heat transport equation for
the macroscopic entropy (S):

pT[S+(V-V)S]=V-(xVT) + pe + 2. (2.5)

It describes the transport of entropy by advection, the thermal diffusion (x is the
thermal conductivity), the production of energy associated to nuclear reactions (¢ is
the nuclear energy production rate per unit mass), and the heating due to turbulence
and Ohmic effects.
One should note that assuming hydrostatic and thermal equilibrium hypotheses
in Egs. (2.4) and (2.5) returns us to the standard stellar evolution equations.
Finally, the equation for the transport of chemicals

p[dici + (V- V)ci] =V - [p(Dmic + D) ® Vei| + péi (2.6)

has to be solved to study elements mixing. Here ¢; is the concentration of the con-
sidered ith element, ¢; its creation (destruction) rate, Dpjc the microscopic diffusiv-
ity, and D the diffusivity tensor, which can be anisotropic, for example, in radiative
regions that are highly stable stratified zones. Since turbulent movements in the
convection zone are vigorous, chemicals are assumed to be instantaneously mixed
there. In the radiation zone, the situation is different, and the secular action of trans-
port processes in this region induces extra-mixing, which is necessary to explain
observed surface chemical element abundances.

2.2.3 The Spectral Method

Once the system of MHD dynamical equations has been established, we solve it
applying spectral methods in the horizontal direction. Then, because of the spherical
geometry of the star, we describe both scalar quantities and vectorial fields using
spherical harmonics.

Indeed, scalar quantities (X) are expanded as

N l

X=X +X'r0.0.0=Xr+Y_ Y {X,e.0¥"0.9)}. @7
1=0 m=—1

X being the hydrostatic value, and X’ the fluctuation induced by transport processes.
Likewise, we expand the poloidal and toroidal magnetic stream functions:

N, mag [

epr, =Y > {&5, 0¥ 0.0},
=1 m=-I (2.8)
Nmug I

erae,n=Y Y {&,0.07"0,9)}.

=1 m=—I
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Fig. 2.3 Modeling strategy to study dynamical stellar evolution. The diagram presents time scales
of the typical physical processes as functions of the angular resolution needed to properly de-
scribe these processes. The angular resolution is expressed in terms of the / index of the spherical
harmonics Y;" (6, ¢). lnum A~ 600 indicates the maximum angular resolution (in terms of spheri-
cal harmonics modes) presently achieved in global numerical simulations. (Adapted from [33],
courtesy Astronomy & Astrophysics)

The expansion degree N (and Npm,g) on spherical harmonics depends on the prob-
lem which is treated (cf. Fig. 2.3). On the one hand, in a convection zone or if we
study highly nonaxisymmetric and nonlinear processes in a radiative region such as
shear-induced instabilities or fossil field MHD ones, we will use an expansion in-
volving high-degree spherical harmonics. On the other hand, if transport processes
in a radiation zone are studied on secular time scales, we will use only low-degree
spherical harmonics but with an high radial accuracy to capture the strongest gra-
dients which develop during the star evolution. This approach has allowed us to
study, across the various scales of time and space, the problems of dynamical stellar
evolution which cannot yet be modeled with direct numerical simulations.

Then, since transport equations such as the induction equation for the magnetic
field and the momentum equation are three-dimensional vector equations, we ex-
pand vector fields (magnetic field and macroscopic velocity) in vectorial spherical
harmonics as in stellar oscillations theory

u,0,¢,1)
N 1
=Y Y {ub, (. ORP (6, @) + v}, (r, OS] (6, @) + wh, (. T} 0, 9) }.
1

=0m== 2.9)
where we have defined R}"(0,¢) = Y;" (0, p)é,, S]"(6,¢) = VuY/" (0, ¢), and

T/ (6,9) = Vu A [Y["(6, 9)&,], while Vi = €09 + éqgﬁaw. These expansions
(Egs. (2.7) and (2.9)) allow us to separate variables in transport equations. Thus,
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modal equations in r and ¢ are solved in MHD spectral codes and in dynamical
stellar evolution ones.

2.3 Dynamical Processes in Stellar Convection Zones

2.3.1 Convection, Differential Rotation, and Meridional Flows

First, in the case of the Sun, the most recent studies of global rotating convection in
the external envelope have been achieved by the ASH group [25, 78, 80]. For the first
time, the solar convection is now examined using global models with a strong den-
sity contrast of 150 from top to bottom. This leads to significant results on the tur-
bulent convection spectra from large-scale (giant cell-like) down to supergranular-
like convection patterns and their correlation with temperature fluctuations. Then,
large-scale flows such as differential rotation and meridional circulation are associ-
ated with the turbulent convection action. Indeed, [24] discussed the respective role
of Reynolds stresses, baroclinic effects, and latitudinal heat transport in establishing
the conical differential rotation profile observed by Helioseismology (see, for exam-
ple, Fig. 2.2). In fact, the so-called Taylor—Proudman constraint for rotating fluids
implies that the differential rotation should be invariant along the rotation axis, thus
leading to a cylindrical rotation profile. Since this is not observed, it is necessary
to understand the source of the breaking of these constraint. First, [79] have shown
that baroclinic effects are, in part, associated with temperature latitudinal variations
because of the poleward heat transport. Moreover, using helioseismic inversions of
the temperature, of the entropy fluctuations, and angular velocity profiles, [29] show
that the Sun is not in strict thermal-wind balance and that departure from baroclinic
forcing by Reynolds stresses are likely. Thus, assessing the meridional circulation
pattern in the convective envelope is very important. In fact, if this flow contributes
little to the heat transport and to the kinetic energy budget, it plays a pivotal role
in the angular momentum transport by opposing and balancing the equatorial trans-
port by Reynolds stresses [25]. In most simulations, meridional flows are found to
be multicellular and fluctuate significantly over a solar rotation. Moreover, if tem-
poral average are performed, it is possible to find solution exhibiting a large-single
shell per hemisphere. Finally, the first complete 3-D hydrodynamical models of the
Sun from the top of the convective envelope to the radiative core have been com-
puted [30] showing the consistent establishment of the tachocline and the profile
of the large-scale flows, i.e., the differential rotation that matches with helioseismic
inversions and the meridional circulation.

Next, such studies have been extended to other stars. Indeed, the convection prop-
erties and the associated differential rotation have been examined in young solar-
type stars as a function of their rotation rate [6, 18], in T-Tauri [12], in G & K
stars [73], in F stars [3], in red giant stars [23], and in the convective cores of more
massive stars [4, 21]. These works have allowed us to study scaling laws for the dif-
ferential rotation, its properties (pro- or retrograde at the equator) and the associated
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thermal imbalance, the meridional flow properties, etc., in the whole Hertzsprung—
Russell diagram. Finally, the properties of convective penetration, which is impor-
tant for chemicals mixing, have been examined both at the base of a convective
envelope in the case of the Sun [30] and at the top of a convective core [21].

2.3.2 Dynamo Action

Using such powerful 3-D global numerical simulations, it is now possible to study
in detail the nonlinear interactions between turbulence, rotation, and the magnetic
field in the Sun. Then, if an initial weak magnetic field is introduced in global so-
lar turbulent convection simulations, the magnetic energy grows by many orders of
magnitude through dynamo action if a critical value of the magnetic Reynolds num-
ber (R, = V¢Ly/n, where Vy and L ¢ are characteristic velocity and length of the
flow) is reached [27]. After a linear phase of exponential growth, magnetic energy
saturates, because of the nonlinear feed-back of the Lorentz force, to a fraction of
its kinetic energy retaining that level over many Ohmic decay times. Then, when
saturation is reached, the kinetic energy is reduced when compared to the initial
hydrodynamical value because of the reduction of the energy contained in the dif-
ferential rotation. Moreover, the kinetic energy contained in the convective motions
is less modified, and the nonaxisymmetric contribution to the kinetic energy is in-
creased. The radial magnetic field is concentrated in the cold downflows. There, the
Lorentz force modifies the flow, influencing the evolution of the strong downflows
through magnetic tension that reduces the vorticity creation and inhibits the shear.
The magnetic field and radial velocity are highly intermittent both in space and in
time. The poloidal field is found to reverse in simulations, but it is not yet possible to
get the observed 11-year solar cycle. To solve this problem, [22] have introduced in
such simulations a shallow stably stratified tachocline at the bottom of the computed
domain (Fig. 2.4). They show in this work that this stable layer plays a crucial role
in organizing the irregular field produced in the convective zone into axisymmetric
toroidal structures. The presence of such a large-scale mean field in the tachocline
seems to influence the behavior of the model with much less frequent magnetic re-
versals. This is the reason why it is now clear that the presence of the tachocline is
one of the key factors in generating large-scale magnetic structures and associated
magnetic cycles. From now on, butterfly diagrams are only reproduced using 2-D
mean field kinematic dynamo models with prescribed differential rotation, merid-
ional circulation, magnetic diffusivity, and «-effect (see, for example, [51]).

This work has now been extended to solar-like stars. In the series of papers
[19, 20] magnetic wreaths (coherent toroidal magnetic structures) have been identi-
fied and shown to survive within turbulent convective zones. This is a major result as
it was thought until then that this was not possible because of magnetic flux expul-
sion. These results are also in accord with current spectropolarimetric observations
of fast-rotating suns, which exhibit a dominant toroidal field topology. Activity cy-
cles have also been obtained with regular reversals of field polarity found to exist in
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Fig. 2.4 Top-left (A):
Angular velocity profile,
top-right (B): azimuthal mean
toroidal magnetic field, and
bottom (C): convective radial
velocities obtained using
integrated ASH 3-D
numerical simulations of the
solar convective envelope and
the tachocline. (Adapted from
[22], courtesy The
Astrophysical Journal)
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turbulent conditions. In the same time, as in the Solar case, 2-D mean field dynamo
models have been developed in order to study the impact of various physical pro-
cesses on stellar magnetic cycles guided by 3-D numerical simulations. It has been
shown that multicelled meridional flows and turbulent pumping have a significant
impact on the cycle period and the butterfly diagram that are used to interpret the
observed scaling law linking the star’s cycle period to its rotation rate [37, 52].

Finally, the dynamo action due to turbulent convection has been undertaken in
convective cores of more massive stars [4, 28]. In [44], the interaction of a con-
vective core dynamo with various fossil fields in its surrounding radiative envelope
(see Sect. 2.4.3) has been studied. It has demonstrated that such interaction (if the
external field possesses a poloidal component) can lead to a strong dynamo branch
in the core with magnetic field strength reaching the mega-Gauss level.

2.4 Dynamical Processes in Stellar Radiation Zones

In the classical approach, stellar radiation zones are supposed to be motionless.
However, they are the seat of dynamical processes that act on secular time scales
to transport angular momentum and chemicals. Four main processes are then iden-
tified (see, for example, [106, 121]): the meridional circulation, turbulence, fossil
magnetic fields, and internal waves. These mechanisms form what is called the ro-
tational transport (cf. Fig. 2.5). We will now describe each of them and the state of
the art of their modeling.
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Fig. 2.5 The highly nonlinear rotational transport in the solar radiative core. Meridional circula-
tion, shear-induced turbulence, fossil magnetic field, and internal waves act together to transport
angular momentum and chemicals. In the solar case, the two latter processes are necessary to ex-
plain the observed angular velocity profile

2.4.1 Meridional Circulation

In a first step, the large-scale meridional circulation, which occurs in stellar radiation
zones, was ascribed to the deformation of the isothermal surfaces by the centrifugal
acceleration (and by the Lorentz force if there is a magnetic field and the tidal force
if there is a close companion). Then, the radiative flux is no longer divergence-free
[113] and must be balanced by heat advection. Therefore, in the original treatment
[42, 105, 112] the meridional circulation velocity (and the induced mixing) was
linked to the ratio of the centrifugal acceleration (and other perturbing forces) to the
gravity. The characteristic time was derived by Sweet and named the Eddington—
Sweet time tgs = tKH%, IKH = GR—A/LIZ being the Kelvin—Helmholtz time (R, M,
and L are respectively the stellar radius, mass, and luminosity). These results in-
dicated that rapid rotators should be well mixed due to this circulation that should
modify their evolution to the giant branch. This was then corrected by [75] who
invoked the effects of w-gradients (i.e., the chemical composition) to cancel such
circulation effects.

However, the fact that meridional circulation advects angular momentum was ig-
nored. Then, after a transient phase which lasts about an Eddington—Sweet time, the
star settles into an asymptotic regime where the circulation is mainly driven by the
torques applied to the star and internal stresses as those related to the shear-induced
turbulence (if we do not take into account fossil magnetic fields and internal waves);
their cases will be discussed respectively in Sects. 2.4.3 and 2.4.4. On one hand, if
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Fig. 2.6 Highly nonlinear interactions between the differential rotation (upper-right panel), the
meridional circulation (bottom-left panel, where we represent the iso-contours of the stream merid-
ional function (£); the meridional circulation is tangent to these lines), and the related thermal
imbalance (§T') (bottom-right panel) during the evolution on the main sequence of a 1.5M star
with a solar metallicity and an initial equatorial velocity Vi, = 100 kms™'. The rotation pro-
file is represented for three positions in the Hertzsprung—Russell diagram (upper-left corner):
X.=1{0.675,0.32, 0.0}, where X_ is the central fraction in mass in hydrogen. The meridional cur-
rents, which are driven here by the torque of the wind that slows down the surface, and the related
temperature fluctuation are represented for X, = 0.32. (Adapted from [33], courtesy Astronomy &
Astrophysics)

the star losses angular momentum through a wind, the circulation adjusts to trans-
port angular momentum to the surface [33, 62, 68, 120]. The induced rotation, re-
sulting from the angular momentum advection, is then nonuniform and a baroclinic
state sets in where the temperature varies with latitude along the isobar. On the other
hand, if the star does not exchange angular momentum, the advection by the circula-
tion balances the turbulent transport induced by the shear of the differential rotation;
in the case of a uniform rotation without any turbulent transport the circulation thus
dies [31]. In the case of solar-type stars (cf. Fig. 2.6) it is thus the loss or the gain of
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angular momentum which drives the circulation and not the amplitude of the angular
velocity. Note also that the circulation can be driven by star’s structural adjustments
during their evolution. Therefore, the loop of the transport in stellar radiation zones
in the case where we treat the highly nonlinear interactions between the differen-
tial rotation, the related shear-induced turbulence, and the meridional circulation is
identified (see [33, 88]): first, meridional currents are sustained by the torques ap-
plied at the stellar surface, by internal stresses such as the viscous ones related to
turbulence and by structural adjustments; next, the temperature relaxes to balance
the advection of entropy by the meridional circulation; finally, because of the baro-
clinic torque induced by the latitudinal distribution of temperature fluctuations on
the isobar, a new differential rotation profile is established because of the so-called
thermal-wind balance that may again generate turbulence, and the loop is closed.

2.4.2 Shear-Induced Turbulence

Stellar radiation zones are stably stratified. In such regions, hydrodynamical tur-
bulence is thus strongly influenced by the buoyancy force, which inhibits vertical
displacements. The vertical and horizontal shear instabilities thus give birth to a
supposed strongly anisotropic turbulent transport much efficient in the horizontal
direction, as in oceans [99, 120]. Vertical turbulent diffusion of angular velocity
and chemicals is thus weaker than the horizontal and horizontal gradients of all
quantities are thus strongly damped allowing reduced expansion in few spherical
harmonics in Eq. (2.7). A review of prescriptions used for describing shear-induced
turbulent transport in stellar radiation zones is given in [70]. Other instabilities such
as baroclinic and double diffusive instabilities can also develop (see, for example,
[118] and [49]).

Secular modeling has shown that combined action of such turbulent transport and
meridional circulation advection are successful, for example, in explaining proper-
ties of massive stars [77]. However, since such mechanisms are unable to explain the
observed solar radiation zone angular velocity profile (see, for example, [84, 111])
and the rotation of the core of subgiants and red giant stars [10, 34], fossil magnetic
fields that are detected, for example, at the surface of the radiative envelope of some
of the massive stars [114] and internal waves that are excited by convective regions
must be studied.

2.4.3 The Fossil Magnetic Field Dynamics

The core of solar-type stars and the envelopes of massive ones are supposed to be
the seat of a fossil magnetic field, which has been trapped during the star’s birth
and is a remnant of the stellar formation and of the PMS dynamo. The possible
configurations of this field are now understood as resulting from an MHD turbulent
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Fig. 2.7 Left: Unstable purely toroidal fossil magnetic field, once the Tayler instability has reached
its saturation (the colorscale is a function of the density). Right: Mixed stable fossil field configu-
ration resulting from an initial MHD turbulent relaxation. (Taken from [41], courtesy The Astro-
physical Journal)

relaxation process, in which the magnetic energy has decreased while conserving
the global magnetic helicity of the initial field. Numerical simulations [15-17, 39]
and semi-analytical work [40, 41] have been devoted to study such initial conditions
for fossil fields. They conclude that it must be, to a first approximation, in a non-
force-free stable relaxed equilibrium with a mixed configuration, both poloidal and
toroidal (cf. the right panel of Fig. 2.7) because purely toroidal and poloidal fields
are unstable in stellar radiation zones (see respectively [110] and [63] and the left
panel of Fig. 2.7).

Once the initial non-force-free magnetic configuration (axisymmetric or nonax-
isymmetric) has been established by the initial MHD turbulent relaxation processes,
it interacts with differential rotation. Then, two cases are possible as described by
[100]. In the first case, if the field is strong, the rotation becomes uniform on mag-
netic surfaces due to Alfvén wave phase mixing, which damps the differential ro-
tation; in the axisymmetric case this leads to the Ferraro’s state where the rotation
is frozen along the poloidal field lines (see, for example, [98]) and to a uniform
rotation in the nonaxisymmetric case (the oblique rotators case for example; see,
for example, [81]). Then, the field can only be modified by structural adjustments,
and the mixing is frozen. In the second case, if the field is weak, it could first be-
come axisymmetric if it is nonaxisymmetric because of rotational smoothing, and
then, because of phase mixing, this leads to the Ferraro’s state. However, this picture
could be strongly modified by MHD magnetic instabilities if during the first step of
the phase mixing, the residual differential rotation on each magnetic surface is able
to generate a strong toroidal component of the field that becomes unstable and if
this instability becomes able to trigger a dynamo action through an «-effect; this
question still remains open [2, 14, 93, 101, 123]. The critical value of the field that
gives the limit between the weak and the strong field regimes has been given in [5].
A summary is given in Fig. 2.8.
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Fig. 2.8 Interaction of fossil magnetic field and differential rotation (see also [65, 102])

Let us now take into account the meridional circulation. To understand its inter-
action with the other dynamical processes (the differential rotation and the shear
induced turbulence) in presence of a fossil magnetic field, we shall adopt the picture
of rotational transport as described in Sect. 2.4.1 in the purely hydrodynamical case
and generalize it to the magnetized case. As described previously, meridional cir-
culation in radiation zones are driven by applied torques (internal, like the Lorentz
torque or external, like those induced by stellar winds), structural adjustments during
stellar evolution and turbulent transport. In the case where all these sources vanish,
the meridional circulation dies after an Eddington—Sweet time, and the star settles
in a baroclinic state described by the MHD thermal wind equation. If we apply this
picture to the case of radiation zones with a fossil magnetic field, we thus understand
that the meridional circulation (if we consider a star without structural adjustments
and external torques) will be mainly driven by the residual magnetic torque until the
phase mixing leads the star to a torque-free state. Then, the meridional circulation
advection of angular momentum balances the residual Lorentz torque (see [76] and
[69] and Fig. 2.9).

However, this global picture is only respected if the poloidal field lines are en-
tirely confined in a radiation zone. If the poloidal field connects with the differen-
tially convective envelope in the case of solar-type stars, the differential rotation is
then transmitted along the field lines to their radiative core (see, for example, [32]).
To resolve this problem, [48] (see also [92]) proposed a scenario in which the Ohmic
diffusion of the fossil field into the convective envelope is prevented by its advection
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Fig. 2.9 The transport loop in a differentially rotating magnetized stellar radiation zone (see
also [65])

by the down-flow part of the thermally driven circulation in the tachocline. However,
this circulation has also an up-flow component, which would advect the field into
the convection zone that would then imprint a small differential rotation in the ra-
diation zone. The first detailed calculations to settle the question were achieved in
[45, 46] (see also [56, 115]), who considered 2-D stationary solutions for various
parameters. This work showed that the field lines would penetrate into the convec-
tion zone over a broad region at high latitudes, thus imprinting differential rotation
to the radiation zone. This behavior is now confirmed by 3-D consistent calculations
([26, 103, 104], Fig. 2.10) where authors showed that even a deeply buried magnetic
field will eventually connect with the convection zone, inducing differential rotation
in the radiative core both in the case of axi- and nonaxisymmetric configurations.
Therefore, another transport process seems to be responsible for the uniform rota-
tion in the radiative core of solar-type stars.

2.4.4 Internal Waves

Since the fossil magnetic field seems unable to enforce the observed uniform ro-
tation in the radiative core of the Sun, we must examine the last possible mech-
anism: the transport of angular momentum by the internal waves excited by the
turbulent motions at convection/radiation transitions in stellar interiors, namely the
bases of convective envelopes in low-mass stars and the tops of convective cores in
intermediate-mass and massive ones. The importance of these processes was first
anticipated by [86, 96, 122] (see also [97]).

Let us first discuss the case where modifications of gravity waves by rotation
and magnetic field are not taken into account. In this simplest case, the restoring
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Fig. 2.10 Interaction of a deeply buried axisymmetric fossil magnetic field in the Solar radiative
core with the surrounding convective envelope. During its evolution, the fossil field connects with
the convection zone transmitting its differential rotation to the radiation zone. (Taken from [104],
courtesy Astronomy & Astrophysics)

force operating on waves is the buoyancy force. They thus propagate only in stably
stratified regions, i.e., in the radiative core of low-mass stars. After an excitation of a
whole spectrum of such waves at the base of the convective envelope, they penetrate
into the radiation zone, transporting angular momentum which is deposited where
they are dissipated mainly through thermal diffusion as first described by [117].
Waves that are of short wavelength are first dissipated close to the convection
zone. Prograde waves carry positive angular momentum, and retrograde waves neg-
ative angular momentum. If they propagate in a radiative region, which is rotat-
ing faster than the excitation region, their frequency is Doppler-shifted, leading to
higher dissipation for the prograde waves than for the retrograde waves. This is the
reason why the angular velocity first increases where it was already high, and its
slope with depth steepens until the shear becomes unstable. The induced turbulent
layer then merges with the convective envelope. In the same time, retrograde waves
extract angular momentum at a deeper layer, thus building there a “negative” shear
layer, which takes the place of the former and the cycle repeats. This phenomenon,
which depends on the waves turbulent excitation, is called the Shear Layer Oscil-
lation [107] and is similar to the quasi-biennial oscillation observed in the Earth’s
atmosphere. The question, which must then be answered, is how this thin shear layer
modifies the propagation of waves of lowest frequencies, which are less damped. If
there is no slope in angular velocity, the shear layer is symmetric, and the effect is
the same on the prograde as on the retograde waves. However, if the angular veloc-
ity increases with depth, the prograde waves will be more dissipated, which allows
the retrograde waves to extract angular momentum from the deep interior. This pic-
ture was first studied by [109] using a first approach where only gravity waves and
shear-induced turbulence are taken into account. This was confirmed using complete
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Fig.2.11 Evolution of the (differential) rotation profile (averaged on latitudes) in a 1.2M star (its
metallicity is Z = 0.02) with an initial rotation velocity of 50 kms~!. This is obtained making sim-
ulations using the STAREVOL code, where the transport of angular momentum by the meridional
circulation, the shear vertical turbulence, and the internal gravity waves are taken into account.
The black arrows show the successive angular momentum extraction fronts (the first is represented
by the continuous line, and the second one by the dashed line), which are mainly driven by the
angular momentum extraction at the surface by the wind. The curves are labeled according to the
corresponding ages in Gyrs. (Adapted from [107], courtesy Astronomy & Astrophysics)

calculation including also meridional circulation [107]. In this modeling, where hor-
izontal differential rotation is damped by the strong horizontal turbulence, internal
gravity waves succeed in achieving nearly uniform rotation in solar-type stars at the
solar age with successive angular momentum extraction fronts (cf. Fig. 2.11).

These fronts are mainly driven by wave-damping and the meridional circulation,
while the shear-induced turbulence acts only in regions of strong differential rota-
tion. Furthermore, efficiency of this transport is strongly correlated with the exter-
nal extraction of angular momentum by magnetic wind, which creates a differential
rotation between the convective envelope and the radiative core, which feeds the
transport by waves. Moreover, as in Sects. 2.4.1 and 2.4.3, the transport loop can be
identified: first, external torques and internal stresses (i.e., viscous ones related to
the shear-induced turbulence and waves Reynolds stresses) sustain the large-scale
meridional circulation that advects entropy leading to a new temperature distribution
and thus to a new differential rotation profile (see Fig. 2.12). Furthermore, models
including waves predict the observed Li abundance, which is a strong constraint for
stellar modeling.
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Fig.2.12 Hydrodynamical transport loop in stellar radiation zones when taking into account inter-
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Now, work has been undertaken to obtain a more complete picture of this promis-
ing mechanism in the whole Hertzsprung—Russell diagram [108].

Firstly, theoretical studies [11, 94] and numerical simulations aim to determine
the wave spectrum excited by convective envelopes and cores. For numerical simu-
lations, results in Cartesian simulations [36, 54, 55] show a broad spectrum with an
overevaluated energy flux in 2-D. More recently, integrated simulation of the Sun,
first in 2-D in the solar equatorial plane [89] and then in 3-D [30], show a complex
excited spectrum, which we should aim to understand.

Secondly, in the case of waves that have frequencies close to the inertial (2£2) or
to the Alfvén (wp) frequencies, the Coriolis acceleration and the Lorentz force,
which modifies their propagation, their damping, and thus the related transport,
must be taken into account. First, in the purely hydrodynamical case, waves become
gravito-inertial waves [7, 8, 35, 60]. Two main wave families are then identified:
the super-inertial gravito-inertial waves (o > 252), which propagate in the whole
sphere, and the sub-inertial (o < 242), which are trapped in an equatorial belt (see
Fig. 2.13). In this context, transport by gravito-inertial waves has been studied both
in the case of a weak [71] and of a general differential rotation [58, 59, 64]. Then,
the Coriolis acceleration’s main action is to reduce the efficiency of the transport.
Next, the effect of a toroidal magnetic field at the bottom of the tachocline and in the
radiative core has been studied [57, 61, 66, 67, 90, 91, 95], and latitudinal trapping
phenomena such as in the gravito-inertial wave case have been isolated. Further-
more, the azimuthal field acts, depending on the considered frequency, as a vertical
filter. However, when taking simultaneously the action of the Coriolis acceleration
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Fig. 2.13 Impact of (differential) rotation and magnetic fields on internal waves propagation and
the related transport of angular momentum. Left: Equatorial trapping of a sub-inertial gravito-in-
ertial wave (with a frequency o = 500 nHz) in the differentially rotating radiation zone of a 1 M,
star, which has a given uniform rotation 2, = 430 nHz from 0.2 to 0.7R and a core that rotates
10 times faster [64]. The colored region is the one where waves are propagative, while the black
one is the “dead-region” for such propagation. Right: Net bias in the convection’s energy transmis-
sion to prograde and retrograde waves (here for an azimuthal number m = 1) as a function of the
wave Rossby (R, = 0/2£2) and Elsasser (Ag = wf\ /$20) numbers; because of the stronger equa-
torial trapping of prograde waves, the retrograde are favored as well as the related net extraction of
angular momentum. (Taken from [67], courtesy Astronomy & Astrophysics)

and of the Lorentz force related to a toroidal field into account, even if the effi-
ciency of the transport can be strongly affected by trappings both in the horizontal
and in the vertical directions, the results obtained by [107] of a net extraction of
angular momentum because of a net bias in favor of retrograde waves is conserved
in low-mass stars (see Fig. 2.13).

Finally, nonlinear effects such as wave braking at the center of the star are now
studied [1]; some signs appear of a possible acceleration of the central rotation by
this mechanism [9].

2.5 Conclusion

Work to go beyond the classical static picture of stars to get a global understanding
of their dynamics is thus in a golden age. From dynamical to secular time scales
1-D, 2-D, and 3-D stellar models, including macroscopic transport processes, now
allow us to enter into the details of the highly nonlinear couplings between differen-
tial rotation, meridional circulations, turbulence, dynamo and fossil magnetic fields,
and waves. Moreover, we feel now how the impact of the star’s environment is a
key actor for internal transport processes. Therefore, as physical modeling becomes
more and more complex and refined, it is clear that integrated models that take into
account all the known internal processes and external constraints such as winds or
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accretion [53, 72, 74, 85] and tides [83, 87, 116, 119] must be built. In order to guide
such construction, constraints obtained by helioseismology, asteroseismology, and
spectropolarimetry will be crucial.
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