
Chapter 2
Towards Strongly Interacting Bosons
and Fermions

This chapter sets the stage from which this thesis departs into the realm of strongly
interacting bosons and fermions. Several theoretical concepts that are needed for a
basic understanding of the experiments in later chapters are briefly summarized.

The first section introduces theoretical background on ultracold quantum gases.
After a fast journey through second quantization, quantum statistics and basics of sta-
tistical mechanics, ideal fermions and weakly interacting bosons are discussed in the
Thomas-Fermi limit. The consequences of interactions in ultracold quantum gases
are exemplarily illustrated in a mean-field analysis of an interacting Bose-Fermi mix-
ture in a harmonic trap. The section concludes with a discussion of possible routes
towards strongly interacting quantum systems. The second section is dedicated to
the theory of optical lattices. After discussing the landscape of experimental lattice
potentials, we turn to the band structure of a simple cubic lattice and introduce the
Wannier basis. In the third section, the concept of Feshbach resonances is presented.
After a brief summary of the basics of quantum mechanical scattering theory, reso-
nance scattering, the emergence of bound molecular states and the problem of two
interacting atoms in a tight harmonic potential are discussed. Finally, the specific
Feshbach resonances that are used in the experiments of this thesis are introduced.

2.1 Ultracold Quantum Gases

We start with a reminder of quantum statistics [1] and many-body quantum theory in
second quantization [2]. Second quantization is the language of choice to formulate
the many-body Hamiltonians for bosons and fermions in optical lattice potentials.
It is heavily used throughout the thesis. Then, basic formalisms for bosonic and
fermionic quantum gases in harmonic trapping potentials are introduced, includ-
ing the important Thomas-Fermi approximation [3–5]. The bosonic and fermionic
formalisms are both applied in a self-consistent mean-field calculation for an inter-
acting Bose-Fermi mixture in a harmonic trap, revealing a marked influence of inter-
species interactions on the phases of the mixture. Finally, we discuss under which
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14 2 Towards Strongly Interacting Bosons and Fermions

conditions a quantum system can be regarded as strongly interacting [6, 7] and iden-
tify fundamental routes to reach this regime with ultracold atoms.

2.1.1 Bosons and Fermions

Indistinguishability of particles is a fundamental concept of quantum theory. We
consider a system of N indistinguishable particles. The single-particle states in the
system are described by a basis of single-particle wavefunctions {ψE (x)}, where x
denotes the collection of spatial and spin coordinates and E uniquely labels the state
by representing a complete set of single-particle quantum numbers. For example,
for free fermions in a box E denotes the momentum k and the z-component of the
spin, sz . Using the single-particle wavefunctions, the most general many-particle
wavefunction �(x1, . . . xN ) for the whole N -particle system can be constructed by

�(x1, . . . , xN ) =
∑

E1,...,EN

C(E1, . . . , EN ) ψE1(x1) · · ·ψEN (xN ), (2.1)

where each Ek in the sum runs over the complete set of quantum numbers. Because
quantum particles are fundamentally indistinguishable, a single-particle wavefunc-
tion cannot be strictly assigned to a certain particle. This implies the invariance of
observables under the exchange of particles. Particularly, the probability density |�|2
must be unchanged:

|�(. . . , xk, . . . , xl , . . .)|2 = |�(. . . , xl , . . . , xk, . . .)|2. (2.2)

From this we conclude that there are two possibilities for the sign of the many-particle
wavefunction when particle coordinates are exchanged:

�(. . . , xk, . . . , xl , . . .) = ±�(. . . , xl , . . . , xk, . . .). (2.3)

Therefore, the principle of indistinguishability suggests that quantum particles are
grouped into two fundamental classes: First, the bosons, for which the wavefunc-
tion transforms symmetrically (upper sign). Second, the fermions, for which the
wavefunction transforms antisymmetrically (lower sign). Indeed, the famous spin-
statistics theorem in quantum field theory states, that particles with integer spin are
bosons and particles with half-integer spin are fermions [8]. According to Eq. 2.3 two
fermions cannot occupy the same quantum state, because then � would be equal to
−� implying, that the wavefunction must vanish

�(. . . , xk, . . . , xk, . . .) = 0. (2.4)

This is Pauli’s exclusion principle for fermions.
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Quantum statistics has a profound impact on the construction of many-particle
wavefunctions. For the case of bosons, a single-particle quantum state can be occu-
pied by many particles. Accordingly, the general many-particle wavefunction for N
bosons is expanded in terms of a basis of completely symmetrized wavefunctions

�B
n1,...,n∞(x1, . . . , xN ) =

(
n1! · · · n∞!

N !
)1/2 ∑

E1,...,EN
(n1,...,n∞)

ψE1(x1) · · ·ψEN (xN ). (2.5)

Here, the sum runs over all possibilities, in which N particles are distributed over the
single-particle states, such that n1 particles are in state ψE1 , n2 particles are in state
ψE2 and so on. In total, there are N !/(n1! n2! · · · n∞!) possibilities, which explains
the normalization.

In the case of fermions, Pauli’s principle restricts the occupation of single-particle
states to either nk = 0 or 1. The basis states of the general many-particle wavefunction
for N fermions are given by the normalized Slater determinants

�F
n1,...,n∞(x1, . . . , xN ) = 1√

N !

∣∣∣∣∣∣∣∣∣

ψE1(x1) ψE1(x2) · · · ψE1(xN )

ψE2(x1) ψE2(x2) · · · ψE2(xN )
...

...
. . .

...

ψEN (x1) ψEN (x2) · · · ψEN (xN )

∣∣∣∣∣∣∣∣∣

. (2.6)

The mathematical properties of the determinant ensure, that the basis wavefunctions
transform antisymmetrically under exchange of any two particles.

Second Quantization

Second quantization offers a convenient way to capture the symmetry properties of
bosons and fermions without explicitly writing down the above many-particle basis
states during calculations. The underlying formalism implicitly takes care of main-
taining the appropriate symmetry of the many-particle wavefunctions. For exam-
ple the completely symmetrized bosonic N -particle state 2.5 is represented by an
occupation number state |�B

n1,...,n∞〉 = |n1, n2, . . .〉 ≡ |n1〉|n2〉 · · · |n∞〉 with the
occupation numbers ni as defined above.

For bosons, the whole range of integer occupation numbers is allowed, including
zero. In order to construct and manipulate the occupation number states, the creation
and annihilation operators â†

k and âk are introduced for each single-particle state k.
The operators obey the bosonic commutation relations

[âk, âl ]− = 0, [â†
k , â†

l ]− = 0 and [âk, â†
l ]− = δkl , (2.7)

where [A, B]− = AB−B A. These relations determine all properties of the operators.
They imply, that the creation operator â†

k raises and the annihilation operator âk
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Fig. 2.1 Bosonic and fermionic quantum statistics. At zero temperature bosons form a Bose-
Einstein condensate, while fermions arrange in a Fermi sea. The energy of the highest occupied
state in the Fermi sea is the Fermi energy εF. Green and red balls correspond to two spin states
(spin up and spin down). The color coding introduced in this figure is kept throughout the thesis:
blue balls indicate bosons, red and green balls indicate fermions

lowers the number of particles in the single-particle state ψEk by one according to
â†

k |nk〉 = √
nk + 1 |nk + 1〉, âk |nk〉 = √

nk |nk − 1〉, and especially âk |0〉 = 0,
where |0〉 is the vacuum state. Furthermore, it is easy to show that the eigenvalues
of the operator n̂k ≡ â†

k âk correspond to the number of particles occupying the
single-particle state ψEk , which suggests the name number operator for n̂k .

For fermions, the occupation numbers are restricted to nk = 0 or 1 and the many-
particle wavefunction must be antisymmetric. Those requirements are automatically
taken care of by defining the anticommutation relations for the fermionic creation
and annihilation operators c†

k and ck according to

[ĉk, ĉl ]+ = 0, [ĉ†
k , ĉ†

l ]+ = 0 and [ĉk, ĉ†
l ]+ = δkl , (2.8)

where [A, B]+ = AB + B A. With these relations one can show, that ĉ†
k ĉ†

k |0〉 = 0,
which prevents double occupation of a single quantum state (Pauli’s exclusion prin-
ciple), as well as c†

k |0〉 = |1〉, c†
k |1〉 = 0, ck |1〉 = |0〉 and ck |0〉 = 0.

Within the formalism of second quantization it is simple to write down many-
particle ground states. For N noninteracting, spinless bosons with the single-particle
ground state ψE0 , the many-particle ground state can be directly constructed via

|�B〉 = |N , 0, 0, . . .〉 ≡ 1√
N ! (â

†
0)

N |0, 0, 0, . . .〉. (2.9)

In this state, all particles occupy the same single-particle state, which is the defining
property of a Bose-Einstein condensate (see Fig. 2.1).

In a fermionic N -particle system each single-particle state can only be occupied
by a single fermion at most. Therefore, the zero-temperature many-particle ground
state is realized, when the N single-particle states with lowest energy are filled from
bottom up as expressed by
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|�F〉 = | 1, 1, . . . , 1︸ ︷︷ ︸
N times

, 0, 0, . . . , 0〉 =
∏

k≤kF

ĉ†
k |0, 0, 0, . . .〉. (2.10)

The indices are ordered in such a way, that a lower index corresponds to a lower
energy. The index kF is defined such, that

∑
k≤kF

= N . The energy EkF ≡ εF of the
highest occupied single-particle state is called the Fermi energy (see Fig. 2.1).

Operators in Second Quantization

As shown above, second quantization offers a concise way to express many-particle
states. However, the formalism unfolds its full potential, when it is used to rewrite
N -particle Hamiltonians in a way that allows for elegant diagonalization formalisms.
In real space, a N -particle Hamiltonian generally has the form

H =
N∑

k=1

T (xk) +
N∑

k �=l=1

V2(xk, xl)

+
N∑

k �=l �=m=1

V3(xk, xl , xm)+ . . . (2.11)

Here T (xk) denotes an operator acting on a single particle (e.g. kinetic or poten-
tial energy), V2(xk, xl) an operator acting on two particles (e.g. two-body interac-
tion between particles) and V3(xk, xl , xm) an operator acting on three particles (e.g.
three-body interaction between particles). Generally, also operators involving a larger
number of particles can play a role as indicated by the dots. We will see in Chap. 7
that higher particle terms can happen to be relevant not only theoretically, but also
experimentally. In second quantization the Hamiltonian takes the form [2]

Ĥ =
∑

i j

â†
i 〈i |T | j〉â j + 1

2

∑

i jkl

â†
i â†

j 〈i j |V2|kl〉âl âk

+ 1

6

∑

i jk
lmn

â†
i â†

j a
†
k 〈i jk|V3|lmn〉ânâmâl + . . . (2.12)

Here, only the case of bosonic operators is shown for brevity. The identical expression
holds for fermions, when the operators âk are replaced by ĉk . However, it is very
important to keep the ordering of the indices as changes affect the overall sign.
The matrix elements are complex numbers that are calculated by integration over
the generalized coordinate x , for example 〈i |T | j〉 = ∫ dx ψ∗

Ei
(x) T (x) ψE j (x). We

come across Hamiltonians of this kind several times in this thesis. Nevertheless, it is
often convenient to use Hamiltonian 2.12 in a slightly different form that is obtained
by introducing the field operators ψ̂(x) =∑k ψk(x)âk and ψ̂†(x) =∑k ψ

∗
k (x)â

†
k .

http://dx.doi.org/10.1007/978-3-642-33633-1_7
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A simple calculation yields

Ĥ =
∫

dx ψ̂†(x) T (x) ψ̂(x)+ 1

2

∫
dx dx ′ ψ̂†(x)ψ̂†(x ′) V2(x, x ′) ψ̂(x ′)ψ̂(x)

+ 1

6

∫
dx dx ′ dx ′′ ψ̂†(x)ψ̂†(x ′)ψ̂†(x ′′) V3(x, x ′, x ′′) ψ̂(x ′′)ψ̂(x ′)ψ̂(x)+ . . .

(2.13)

2.1.2 Bose-Einstein and Fermi-Dirac Distribution

In the preceding section, we have derived the effects of quantum statistics on an
elementary level. However, in systems of practical importance the particle number
is often very large and, even more importantly, such systems generally have a finite
temperature. Therefore it is crucial to consider the impact of quantum statistics on
statistical mechanics and thermodynamics.

According to the fundamental postulate of statistical mechanics, a macroscopic
system in thermodynamic equilibrium is equally likely to be in any of the states that
satisfy the macroscopic conditions [1]. This means, that the system is a member of
an ensemble, in which the total energy E , the particle number N and the volume V
are fixed. It is called the microcanonical ensemble. Remarkably, those conditions are
quite closely met in experiments with ultracold atoms.1 However, for calculations it
is often more practical to consider the system being in contact with a large reservoir,
which allows for the exchange of particles and energy. The corresponding ensemble
is called the grand canonical ensemble, in which the temperature T = 1/(kBβ) and
the chemical potential μ, which is the energy cost to add a particle, are fixed. The
probability of the system to be in any state with particle number N and total energy
E is determined by the Boltzmann factor e−β(E−μN )/Z , where Z is the partition
function, which we are going to derive for ideal gases in the following. The partition
function has crucial importance for the calculation of ensemble averages of physical
observables (Fig. 2.2).

We assume an ideal gas consisting of noninteracting particles, where the eigenen-
ergies of the single-particle states are denoted by εi and the many-particle states are
given by |n1, . . . , n∞〉 with the total energy

∑
i εi ni . The grand canonical partition

function is then given by [2]

Z =
∞∏

i=1

Tri e−β(εi −μ)n̂i =
∞∏

i=1

∑

n

(
e−β(εi −μ)

)n
. (2.14)

1 This is true under the assumption that ultracold atom systems are truly in thermodynamic equi-
librium. In practice, an ultracold sample under investigation has typically undergone a sequence of
parameter changes, which can only be adiabatic to a certain degree. For example, changes of E and
V are induced by variation of the interparticle interactions or the trapping potential.
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Fig. 2.2 Fermi-Dirac distri-
bution for several dimension-
less temperatures T/TF as a
function of the dimension-
less energy of single-particle
quantum states ε/εF. Solid
curves indicate the quantum
degenerate regime
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We can further evaluate this expression by taking into account quantum statistics.
For bosons, the occupation numbers n are unrestricted and cover all integer numbers,
which yields

ZB =
∏

i

1

1 − e−β(εi −μ) (2.15)

and for fermions, n can either take the value 0 or 1, such that

ZF =
∏

i

(1 + e−β(εi −μ)). (2.16)

Now, statistics can be connected to thermodynamics via the fundamental relation [2]

�(T, V, μ) = − 1

β
ln Z = ± 1

β

∑

i

ln(1 ∓ eβ(μ−εi )), (2.17)

which is the grand canonical potential that allows to calculate all macroscopic ther-
modynamic properties in equilibrium. The upper (lower) sign refers to bosons (fermi-
ons) in this and the following equations. The mean total atom number of the ideal
gas is given by

〈N 〉 = −∂�
∂μ

=
∑

i

〈ni 〉 with 〈ni 〉 = 1

eβ(εi −μ) ∓ 1
= fB/F(εi ), (2.18)

which are the famous Bose-Einstein and the Fermi-Dirac distributions for the mean
occupation of individual quantum states in noninteracting systems. Additionally the
mean entropy is given by [1]

〈S〉 = −∂�
∂T

= kB

∑

i

β(εi − μ)

eβ(εi −μ)∓1
∓ kB ln

(
1∓e−β(εi −μ)

)
(2.19)
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It is important to note that the results derived here are generally valid for all systems of
noninteracting bosonic and fermionic particles. However, for practical calculations
it often proves useful to replace the discrete summations over the state index i , which
appears in Eqs. 2.17–2.19, by a continuous integral. This leads to the concept of the
density-of-states capturing the effects of the trapping potential on the energy levels.

2.1.3 Quantum Degenerate Fermionic Gases

A gas of fermionic atoms in a single spin state at low temperature is the “most
ideal” gas one can think of. As we will discuss later in this chapter, low energy
collisions between fermionic atoms are largely suppressed due to Pauli’s principle
(see Sect. 2.3). We consider the gas to be trapped in a three-dimensional harmonic
potential

V (r) = 1

2
m
(
ω2

x x2 + ω2
y y2 + ω2

z z2
)
, (2.20)

where m is the mass of the particles and the ωα denote the trapping frequencies in
each direction α = x, y, z. The eigenenergies of the single-particle states are given
by [9]

εnx ,ny ,nz = �

∑

α

ωα

(
nα + 1

2

)
. (2.21)

This single-particle spectrum of the harmonic oscillator gives rise to the density-of-
states2

g(ε) = ε2

2(�ω̄)3
, (2.22)

where ω̄ = (ωxωyωz)
1/3 is the geometric mean of the trapping frequencies. With

Eq. 2.22 and the Fermi-Dirac distribution the total particle number N in the system
can be expressed by

N =
∫ ∞

0
dε

g(ε)

eβ(ε−μ) + 1
= −

(
kB T

�ω̄

)3

Li3(−eβμ)
β→ ∞−−−−→

∫ ∞

0
dε g(ε)�(μ−ε).

(2.23)
At a certain temperature T and total particle number N , this relation implicitly fixes
the chemical potential μ. When the temperature approaches zero, the Fermi-Dirac
distribution becomes a step function, indicating that the single-particle states are
filled from bottom up.3 Under these conditions the chemical potential is called the

2 The continuum approximation of the quantum mechanically discrete eigenenergies is strictly
speaking only valid, when the discreteness is not resolved, for example, due to finite temperature.
For the harmonic oscillator, the condition justifying the use of a density-of-states requires that
kB T 
 �ωα (α = x, y, z).
3 �(x) is defined as 0 for x < 0 and 1 for x ≥ 0.
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Fermi energy εF, denoting the energy of the highest occupied single-particle state.
Using Eq. 2.23 we obtain

εF = �ω̄(6N )1/3, (2.24)

which allows for the definition of the Fermi temperature TF = εF/kB and the Fermi
momentum kF = √

2mεF/�2. Furthermore, using the Eqs. 2.19 and 2.22 the total
entropy of the system can be calculated [10, 11], which to the lowest order in the
temperature reads

S

kB
= π2 N

T

TF
+ O

[(
T

TF

)2
]
. (2.25)

Thomas-Fermi Approximation

The calculation of finite temperature properties of an ideal Fermi gas, such as the
real space density distribution, is considerably simplified by taking a semi-classical
approach that is called the Thomas-Fermi approximation. This approach is quantum
in so far, that the Fermi-Dirac distribution is used, but classical in so far, that the
energies of the single-particle states ε are approximated by the classical Hamiltonian
H(r,p), according to

fF(r,p) = 1

e
β
(

p2
2m +V (r)−μ

)

+ 1

. (2.26)

The semi-classical approach is valid in the limit of large particle numbers and corre-
sponds to a local-density approximation [5]. The volume of a single quantum state
viewed in the classical phase space (r,p) is (2π�)3. Accordingly, the real-space
density distribution in an arbitrary potential V (r) is obtained by integration over all
momenta [4, 5]

nF(r) = 1

(2π�)3

∫
dp fF(r,p) = − 1

λ3
dB

Li3/2
(
−eβ(μ−V (r))

)
, (2.27)

where λdB = √2π�2/mkB T is the de Broglie wavelength. Lin(z) denotes the poly-
logarithm of nth order.4

4 The polylogarithm is defined by a series expansion Lin(z) =∑∞
k=1 xk/kn that can also be written

as [4]

Lin(z) = 1

πn

∫
d2nr

1

er2
/z − 1

,

where r denotes a vector in 2n dimensions. Note the limiting values Lin(z)
z�1−−→ z and

−Lin(−z)
z→∞−−−→ lnn(z)/�(n + 1), where �(n) is the Gamma function.
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Assuming a three-dimensional harmonic potential V (r) (see Eq. 2.20), it is
instructive to consider the Thomas-Fermi approximation in the limits of high and
zero temperature. In the first case, T → ∞, the classical Boltzmann distribution is
recovered

ncl(r) = N

π3/2σxσyσz
e−∑α α

2/σ 2
α with σ 2

α = kB T

mω2
α

, (2.28)

corresponding to a Gaussian distribution as expected for a harmonic potential (α =
x, y, z). In the second case, T → 0, we obtain the profile

nF(r) = (2m)
3
2

6π2�3 Re
[
(εF − V (r))

3
2

]

= 8

π2

N

RFx RFy RFz
Re

⎡

⎣
(

1 −
∑

α

α2

R2
Fα

) 3
2
⎤

⎦ , (2.29)

keeping in mind the definition of the Fermi energy εF as the zero temperature chemical
potential 2.24. The extension of the cloud in the directions of the harmonic potential
that is possible at the energy εF is called the Fermi radius

RFα =
√

2εF

mω2
α

=
√

�

mωα
(48N )1/6. (2.30)

The density profiles ncl(r) and nF(r) play an important role in the thermometry of
ultracold fermion clouds, which is discussed in Chap. 6 and Appendix C.

2.1.4 Quantum Degenerate Bosonic Gases

The behavior of an ideal gas of bosonic atoms differs fundamentally from the fermi-
onic case: When the temperature is lowered, an ideal Bose gas undergoes a phase
transition and the single-particle ground state of the system becomes macroscopi-
cally occupied. This phenomenon of Bose-Einstein condensation is fundamentally
rooted in quantum statistics and can be identified on general grounds by examining
the Bose-Einstein distribution (see Eq. 2.18)

fB(εi ) = 1

eβ(εi −μ) − 1
. (2.31)

Assuming without loss of generality, that the energy of the single-particle ground

state ε0 vanishes, fB(ε0)
β→∞−−−→ ∞ diverges, when the temperature approaches zero.

Note thatμ ≤ 0, because fB(εi )must assume nonnegative values. The divergence of

http://dx.doi.org/10.1007/978-3-642-33633-1_6
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the Bose-Einstein distribution entails a macroscopic occupation of the single-particle
ground state.

Assuming a three-dimensional harmonic oscillator with the density-of-states 2.22,
we obtain for the total particle number

N − N0 =
∫ ∞

0
dε

g(ε)

eβ(ε−μ) − 1
=
(

kB T

�ω̄

)3

Li3(e
βμ) (2.32)

where it is crucial to separate out the ground state occupation N0 that is otherwise not
properly accounted for by the integral. The maximal particle number that could be
accommodated in the system at a fixed temperature without condensation, N0 = 0,
is reached for eβμ → 1 since Li3(z) is monotonically increasing and 0 ≤ eβμ ≤ 1.
Therefore, the chemical potential must beμ = 0 at this point. In turn, if a fixed num-
ber of particles is to be accommodated in the system, there is a critical temperature
Tc, below which a fraction of the atoms must occupy the ground state. The critical
temperature follows from Eq. 2.32 by setting N0 = 0 and μ = 0

kB Tc = �ω̄

(
N

Li3(1)

)1/3

≈ 0.94�ω̄N 1/3. (2.33)

Insertion of this result into Eq. 2.32 yields the fraction of condensed atoms as a
function of temperature

N0

N
= 1 −

(
T

Tc

)3

. (2.34)

Using a semi-classical approach analogous to Eq. 2.27, it turns out that condensation
sets in, when the density reaches nmax

B = Li3/2(1)/λ3
dB = 2.612/λ3

dB. This cor-
responds to the intuitive argument that Bose-Einstein condensation happens, when
the de Broglie wavelength reaches the same order of magnitude as the interparticle
spacing.

Weakly Interacting Bose Gas

Atomic Bose gases are not as ideal as spin-polarized Fermi gases, because inter-
actions are not suppressed at low temperatures. A realistic description needs to
include interparticle interactions and this has been successfully done using the Gross-
Pitaevskii Eq. (2.3) for the ground state of the many-particle system �(r, t). This is
a nonlinear Schrödinger equation

i�
∂

∂t
�(r, t) =

(
− �

2

2m
� + V (r)+ g|�(r, t)|2

)
�(r, t), (2.35)
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where the interactions are included by the parameter g = 4π�
2as/m with the scat-

tering length as (see Sect. 2.3 for further details). With the knowledge, that in a
pure Bose-Einstein condensate all atoms occupy an unique single-particle state, it
is plausible to make the ansatz �(r, t) = φ(r)e−iμt/�. Here, φ(r) is understood to
be normalized to the total particle number

∫
dr |φ(r)|2 = N and μ is the chemical

potential. Accordingly, the time independent Gross-Pitaevskii equation reads

(
− �

2

2m
� + V (r)+ g|φ(r)|2

)
φ(r) = μφ(r), (2.36)

allowing to calculate the real space wavefunctionφ(r) that is connected to the density
distribution via nB(r) = |φ(r)|2. In general, this equation must be solved numeri-
cally. However, it turns out that under most experimental conditions the contribution
of the kinetic energy term, proportional to �, is negligible compared to the potential
and interaction energy [3]. Omitting the kinetic energy, the real space density of the
weakly interacting Bose gas is simply given by

nB(r) = |ψ(r)|2 = max

[
μ− V (r)

g
, 0

]
. (2.37)

This approximation is also called Thomas-Fermi approximation due to the close
analogy to Eq. 2.29.

For the case of harmonic confinement (Eq. 2.20), it is straightforward to derive
for the chemical potential

μ = �ω̄

2

(
15Nas

�

)2/5

, (2.38)

where � = √
�/(mω̄) is the harmonic oscillator length corresponding to ω̄. The

Thomas-Fermi radius for weakly interacting bosons in a spherically symmetric trap
is given by

RB = �

(
15Nas

�

)1/5

. (2.39)

2.1.5 Interacting Bose-Fermi Mixtures in a Harmonic Trap

In the experiment, we realize interacting mixtures of quantum degenerate bosons
and fermions by sympathetic cooling in a harmonic trap. This technique requires
both interactions and good overlap of the two species to ensure proper thermaliza-
tion. However, when approaching the quantum degenerate regime, the densities can
become high enough that interactions considerably influence the density distribution
of both species inside the trap. In the case of repulsive interactions they can even
phase separate.
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In the following section, we will derive phases of a quantum degenerate interact-
ing mixture of bosons and fermions in a harmonic trap. We will see that in—what
is commonly called—the weakly interacting regime, interactions can still have a
dramatic influence on the quantum phases. We use a mean-field approach to iden-
tify phase separation (aBF 
 0), density enhancement (aBF < 0) and eventually
the collapse of the mixture (aBF � 0), as a function of the Bose-Bose and Bose-
Fermi interaction strength. We discuss this simple model here, first of all, because
it is experimentally important to understand the density distribution of harmonically
trapped Bose-Fermi mixtures prior to the lattice ramp-up. Additionally, it provides
intuition to effects that are also relevant for a Bose-Fermi mixture loaded into an
optical lattice. In the presence of an optical lattice the expected phases are even
richer and, consequently, much less accessible by simple theoretical means.

Self-Consistent Mean-Field Calculation

We calculate the density profiles of harmonically trapped Bose-Fermi mixtures at
T = 0 using a self-consistent mean-field theory [12–14]. Our model is based on
the Thomas-Fermi approximation both for the bosonic and the fermionic compo-
nent given in Eqs. 2.37 and 2.29, respectively. The interactions between bosons and
fermions are accounted for by adding to the external trapping potential VB/F(r), a
mean-field potential gBFnF(r) felt by the bosons and, analogously, gBFnB(r) felt
by the fermions. This results in a coupled pair of equations for the bosonic and the
fermionic real-space densities

nB(r) = max

[
μB − VB(r)− gBFnF(r)

gBB
, 0

]
, (2.40)

nF(r) = (2mF)
3
2

6π2�3 Re
[
(μF − VF(r)− gBFnB(r))

3
2

]
. (2.41)

The Bose-Bose and the Bose-Fermi interactions in the system are parametrized by
the respective scattering lengths:

gBB = 2π�
2aBB/μBB,

gBF = 2π�
2aBF/μBF,

where μBB = mB/2 and μBF = (mBmF)/(mB + mF) denote the reduced masses
of a colliding atom pair. The chemical potentials are implicitly determined by the
bosonic and fermionic atom numbers NB and NF by

NB/F =
∫

dr nB/F(r, μB/F). (2.42)
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The coupled equations are solved numerically by iteratively inserting the density
distributions into the respective other equation. Conveniently, the three-dimensional
problem can be reduced to one dimension in the case of a harmonic trapping potential
that is equally deep (in absolute units) for the bosons and the fermions. Indeed,
VB(r) = VF(r) is typically a good approximation for magnetically trapped alkali
atoms in the stretched hyperfine state or atoms in a far-detuned optical dipole trap
(see Sect. 2.2). Introducing rescaled units

x̃α =
√

mBω
2
Bα

2
xα =

√
mFω

2
Fα

2
xα, (2.43)

where α = x, y, z, the external trapping potential takes the convenient form VB(r̃) =
VF(r̃) = r̃2 = r̃2. In the new coordinates the problem is spherically symmetric and
therefore the density distributions solely depend on r̃ instead of a three-dimensional
vector r. The simplified coupled equations read

nB(r̃) = max

[
μB − r̃2 − gBFnF(r̃)

gBB
, 0

]
, (2.44)

nF(r̃) = (2mF)
3
2

6π2�3 Re
[
(μF − r̃2 − gBFnB(r̃))

3
2

]
(2.45)

and Eq. 2.42 takes the form

NB/F = 4π

(
2

mFω̄
2
F

) 3
2 ∫ ∞

0
dr̃ r̃2 nB/F(r̃ , μB/F). (2.46)

After rescaling, the density distributions merely depend on the geometrical mean
of the trapping frequencies ω̄F = (ωFxωFyωFz)

1/3 and the aspect ratio of the trap
does not enter. Note that the results that are obtained from this set of equations are
only valid within the requirements of the Thomas-Fermi approximations (see the
preceding sections).

We solve the coupled equations by means of numerical iteration to obtain the
density distributions nB(r̃) and nF(r̃). The following steps are performed in this
procedure:

• Initialization: The starting point (i = 0) is the Thomas-Fermi profile of the pure
Bose-Einstein condensate nB,0(r̃). It is calculated using Eq. 2.44 with vanish-
ing interspecies interactions (gBF = 0) and the chemical potential μB,0 being
implicitly given by Eq. 2.46.

• Start of the iteration loop: nB,i (r̃) is inserted into Eq. 2.45. The resulting fermi-
onic density profile is used to calculate the corresponding chemical potential
μF,i+1 for NF fermions using Eq. 2.46. This yields the correctly normalized
fermionic density nF,i+1(r̃).
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• End of iteration loop: This new fermionic density nF,i+1(r̃) leads to a new
bosonic density distribution nB,i+1(r̃) as a result of the interspecies interactions.
It is obtained by inserting nF,i+1(r̃) into Eq. 2.44 and matching of the bosonic
chemical potential μB,i+1 to the number of bosons NB using Eq. 2.46.

The last two steps are iteratively repeated several times (typically i = 1 up to 4).
The iteration can yield different outcomes: Either the procedure converges and the
resulting density distributions constitute the self-consistent solutions of the problem,
or the procedure diverges corresponding to an increasing central density for each
iteration. The latter case can happen for attractive interspecies interactions and cor-
responds to a collapse of the mixture [15]. Figure 2.3 shows a summary of results
obtained both for attractively and repulsively interacting Bose-Fermi mixtures at
typical experimental parameters.

2.1.6 Routes Towards the Strongly Interacting Regime

The ratio between the interaction energy and the kinetic energy per particle deter-
mines, whether a degenerate quantum system is in the weakly or strongly interacting
regime. At quantum degeneracy the de Broglie wavelength approximately corre-
sponds to the interparticle spacing. Therefore, the de Broglie wavelength relates to
the particle density via λdB ∼ n−1/3 and the density dependent kinetic energy can be
approximated by εkin = h2n2/3/(2m). The density dependent interaction εint = |g|n
has already been introduced in the preceding sections, where the interaction strength
reads g = 4π�

2as/m and as is the scattering length (see Sect. 2.3). Accordingly, the
ratio between interaction and kinetic energy per particle is given by the parameter [6]

γ = εint

εkin
= |g|n

h2n2/3/(2m)
≈ n1/3|as |. (2.47)

We note, that γ corresponds to the parameter kF|as | used to characterize fermionic
quantum systems, because the Fermi momentum kF coincides with n1/3 in the quan-
tum degenerate regime [4, 5].

When γ < 1, the quantum system is regarded as weakly interacting. In this regime
interparticle correlations need not be taken into account. For example, weakly inter-
acting bosonic quantum gases are remarkably well described within the effective
single-particle theory of the Gross-Pitaevskii equation 2.35. This relatively simple
framework has been successfully employed to describe exciting phenomena, such as
interfering condensates or vortices [3, 6].

However, strongly correlated many-body quantum phases only arise, when γ
exceeds unity. Equation 2.47 shows the possibilities to reach this regime: Either
one increases the mass m or the interaction strength g. While these options may
rather be called “impossibilities” in solid state physics, the remarkable techniques
and control of atomic physics renders them possible for ultracold quantum gases.
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Fig. 2.3 Real space density profiles of an interacting mixture of 87Rb and 40K in a three-
dimensional harmonic trap at four interactions. The mean-field calculation has been performed
assuming NB = 3 × 105 bosons and NF = 3 × 105 fermions and trap frequencies of ωFx =
ωFy = 2π × 40 Hz in the horizontal and ωFz = 2π × 200 Hz in the vertical direction, similar to
the experimental situation of Chap. 8. Black (gray) lines indicate bosonic (fermionic) profiles and
rxy = √

x2 + y2. Note the factor of ten between the units of nB and nF. Dashed lines show the
profiles at vanishing interactions. Strikingly, the fermionic cloud is much larger than the bosonic
cloud with the same atom number; the volume of the clouds differs by a factor of about twenty!
This is a remarkable manifestation of the different quantum statistics. a At attractive interspecies
interactions the atomic density accumulates in the center until the system undergoes a mean-
field collapse, when the interspecies attraction is increased beyond aBF ≈ −450 a0. Note that
aBF = −185 a0 approximately corresponds to the background scattering length between 87Rb and
40K (see Sect. 2.3.5). b In the case of repulsive interactions the fermions are pushed out from the
trap center. The bosonic cloud is compressed by the surrounding fermions and shows an increased
density in the trap center. When the interspecies repulsion is raised beyond aBF = +415 a0 the
central fermionic density vanishes. At this point the central bosonic density is enhanced by about
20 %

We discuss in the next two sections, how, on the one hand, an optical lattice potential
can be employed to change the effective mass of atoms, and how, on the other hand,
Feshbach resonances can serve as a direct control knob of the interaction strength g
via the scattering length as .

Those two approaches have led to wonderful studies in ultracold atom physics
within the last ten years. Seminal results have been the realization of the superfluid

http://dx.doi.org/{10.1007/978-3-642-33633-1_8}
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to Mott insulator transition in an optical lattice [16, 17] or the investigation of the
BEC-BCS crossover in quantum degenerate fermionic spin mixtures [18–21]. The
experiments in this thesis utilize both techniques simultaneously.

2.2 Optical Lattice Potentials

This section briefly reviews the theory of optical lattice potentials [7]. After an
introduction to optical dipole forces [22], we explain how optical standing waves
can be employed to create simple cubic lattice potentials for ultracold atoms. We
analyze, compare and model the landscape of realistic lattice potentials, in particular
focussing on the differences of using red- or blue-detuned laser light to create the
underlying optical standing waves. The section concludes with a discussion of the
band structure in simple cubic lattices [23].

2.2.1 Optical Dipole Potentials

A light field can act on neutral atoms both in a dissipative and a conservative way. A
dissipative force arises from the absorption and subsequent reemission of photons.
This process can transfer net momentum on the atoms and creates a force that is often
called radiation pressure. It is used for laser cooling and magneto-optical traps, where
temperatures down to 100 µK can be achieved with Doppler cooling techniques. Sub-
Doppler techniques even allow to reach the microkelvin regime, at least theoretically
[22, 24].5 A conservative force, the so-called optical dipole force, originates from
the interaction of a light field with the electric dipole moment that is induced in the
atom by the very same light field. This interaction results in a shift of the atomic
energy levels, the AC-Stark shift, that is proportional to the intensity of the field.

When neutral atoms are exposed to light generally both of the aforementioned
forces are present. However, we will show in this section that the conservative part
can play the dominating role, when the light field is far detuned from all atomic
resonances. The large detuning suppresses scattering of photons more strongly than
the interaction with the self-induced dipole. As the optical dipole potential is propor-
tional to the intensity of the light field, an appropriately engineered intensity distri-
bution allows for the creation of optical dipole traps [25] or optical lattice potentials
[7, 23]. Typical depths of optical dipole potentials reach several microkelvin. There-
fore, they are well suited to capture atoms that have been cooled by radiation pressure
in a first step.

5 The Doppler temperature is given by the energy scale defined by the natural linewidth � of the
transition that is used for cooling, TD = ��/(2kB). The minimal temperature that can principally
be reached with sub-Doppler techniques is set by the recoil energy, corresponding to the recoil
temperature TSD = (�k)2/(2mkB).
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Oscillator Model

We assume an atom to be exposed to a monochromatic light field E that oscillates at a
frequencyω. This induces an electric dipole moment proportional to the electric field
d(ω) = α(ω)E. The proportionality constant α(ω) is called the polarizability. It is a
function of the frequency ω and generally takes a complex value, i.e. it also contains
information on a phase shift between the electric field and the induced dipole. The
potential energy of the self-induced dipole is given by

Vdip∝ − 〈d · E〉∝ − Re[α(ω)] · I, (2.48)

where 〈. . .〉 denotes the temporal average over the fast oscillation of the light field.
This is the conservative dipole potential that is proportional to the intensity I =
ε0cE2/2, where the amplitude of the electric field is given by E = |E| and c is the
speed of light. The real part of the polarizability indicates that the in-phase component
of the oscillating dipole moment is responsible for the dipole force. Conversely, the
imaginary part of the polarizability denotes the out-of-phase component that gives
rise to the spontaneous scattering rate

�sc ∝ Im[α(ω)] · I. (2.49)

An expression for the polarizability can be derived using classical [26], semi-
classical or fully quantized theories [27–29]. However, it turns out that for a two-level
system in the limit of low saturation, also the quantum mechanical approaches yield
the polarizability

α(ω) = 6πεoc3 �/ω2
0

ω2
0 − ω2 − i(ω3/ω2

0)�
, (2.50)

which is conveniently derived for a classical damped oscillator [25]. Here,ω0 denotes
the optical transition frequency of the atom and � the damping rate associated with
the spontaneous decay rate of the excited level (corresponding to the line width of the
transition). The limit of low saturation, i.e. negligible population in the excited level,
is reached at far detuning6 � = ω−ω0, which is typically the case for dipole traps,
and also implies that �sc � � as we will see below. While the classical derivation
yields an accurate description for α(ω), this is not the case for the damping rate �.
In a semi-classical derivation it turns out that the damping rate is determined by the
dipole matrix element between the ground and excited state � ∝ |〈e|d|g〉|2.

Based on the above expressions, it is possible to derive the dipole potential and
the scattering rate in the limit of large detuning and negligible saturation:

Vdip(r) = −3πc2

2ω3

(
�

ω0 − ω
+ �

ω0 + ω

)
· I (r), (2.51)

6 In the picture of the Bloch sphere this corresponds to a Bloch vector that only oscillates close to
the ground state.
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(a) (b)

6w0

4zR

2zR

Fig. 2.4 The lower pictures schematically show the dipole potential in the focus of a round red-
(a) and blue-detuned (b) Gaussian laser beam. The envelope area of the upper images is defined
by the beam radius w(z). A red-detuned beam can act as a trap for ultracold atoms, while the blue
beam creates a repulsive potential

�sc(r) = 3πc2

2�ω3
0

(
ω

ω0

)3 (
�

ω0 − ω
+ �

ω0 + ω

)2

· I (r). (2.52)

For the case of large, but not too large detuning |�| � ω0, one may neglect the
terms proportional to 1/(ω0 +ω) corresponding to the often employed rotating wave
approximation [26, 28]. This yields the simplified formulas

Vdip(r) = 3πc2

2ω3
0

�

�
· I (r), (2.53)

�sc(r) = 3πc2

2�ω3
0

(
�

�

)2

· I (r). (2.54)

Those two expressions contain the physics of optical dipole potentials in a concise
form. We see that Vdip is proportional to I/�, while the scattering rate �sc scales as
I/�2. The sign of the detuning determines, whether the dipole potential is repulsive
(� > 0, blue detuning) or attractive (� < 0, red detuning). Furthermore, we note that
�sc is proportional to Vdip/�. This shows that inelastic scattering can be efficiently
suppressed by choosing a large detuning�. When optical dipole forces are employed
for ultracold atoms, it is crucial to minimize inelastic scattering; the recoil energy
of a single scattering process corresponds to a temperature of several 100 nK and
creates strong heating compared to the motional ground state energy of the atoms.
Therefore, the detuning should generally be chosen as large as possible within the
limits of available laser power to ensure a conservative potential.

Although being conceptually appealing, the approximate Eqs. 2.53 and 2.54 must
be taken with a grain of salt, when it comes to actual calculations. Considering the
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case of rubidium, the error originating from the rotating wave approximation for
the dipole potential depth amounts to 3 % for λ = 738 nm (used for the optical
lattice in this thesis) and even 12 % for λ = 1030 nm (used for the dipole trap in
this thesis). Therefore, in most cases the rotating wave approximation must not be
applied. Furthermore, for 40K and 87Rb, which are used in the experiment, the fine
structure splitting due to the spin-orbit coupling must be taken into account [25]
leading to the D1 and D2 line doublet, which is present in all alkali atoms. For
linearly polarized light, the resulting formula for the dipole potential reads

Vdip(r) = πc2

2

[
2�D2

ω3
D2

(
1

�D2

− 1

�D2 + 2ωD2

)

+ �D1

ω3
D1

(
1

�D1

− 1

�D1 + 2ωD1

)]
· I (r), (2.55)

where �x denotes the line width and �x = ω − ωx the detuning of the laser fre-
quency ω from the respective resonance frequency ωx of the x = D1, D2 line. The
corresponding data for 40K and 87Rb are provided in the Appendices A.1 and A.2.
For circularly polarized light, the dipole potential is also sensitive to the hyperfine
splitting and depends on the quantum numbers F and m F of Zeeman sublevels in
the ground state [25]. However, using linear polarization the optical dipole force
offers an elegant way to create identical potentials for different Zeeman sublevels
without differential shifts. This is particularly relevant for the experiments using spin
mixtures of 40K reported in Chap. 6.

Red-Detuned Dipole Trap

It is conceptually simple to create a trap for ultracold atoms based on the optical
dipole force discussed above. For red detuning the force is attractive and atoms are
drawn towards the intensity maximum. Therefore, the focus of a single red-detuned
Gaussian laser beam can be used to create a three-dimensional trapping potential
for atoms (see Fig. 2.4). The intensity distribution of an elliptical Gaussian beam
propagating along the z-axis, can be written as [30]

I (r) = 2P

πwx (z)wy(z)
e
− 2x2

w2
x (z)

− 2y2

w2
y (z) , (2.56)

where P is the total power of the beam, giving rise to a peak intensity I0 =
2P/(πw0xw0y). The beam radius wα(z) (α = x, y) denotes the distance from the
beam center at which the intensity has dropped by a factor 1/e2. It is given by

wα(z) = w0α

√

1 +
(

z

zRα

)2

, (2.57)

http://dx.doi.org/10.1007/978-3-642-33633-1_6


2.2 Optical Lattice Potentials 33

where w0α is the beam waist along the directions α = x, y and zRα = πw2
0α/λ

defines the Rayleigh length; λ is the wavelength of the laser light. The trapping
potential that is created by a Gaussian beam profile can be approximated in the
vicinity of the focus by

Vdip(r) ≈ −V0

[
1 − 2

(
x

w0x

)2

− 2

(
y

w0y

)2

− 1

2

(
z

zRx

)2

− 1

2

(
z

zRy

)2
]
.

(2.58)
This corresponds to a harmonic trap with radial and axial trap frequencies

ωx =
√

4V0

mw2
0x

, ωy =
√

4V0

mw2
0y

and ωz =
√

V0

m

(
1

z2
Rx

+ 1

z2
Ry

)
, (2.59)

where m denotes the atomic mass. For typical parameters the radial trap frequencies
ωx and ωy are about two orders of magnitude larger than the axial trap frequency ωz .
Therefore a Gaussian single beam trap is highly anisotropic and hard to handle
experimentally without additional axial confinement.

2.2.2 Optical Lattice Potentials

Optical lattice potentials for ultracold atoms are created by interfering counterprop-
agating Gaussian laser beams. Using one, two or three of such standing waves 1D,
2D and 3D optical lattices can be formed. For blue or red detuning the atoms are
either trapped in the intensity minima or maxima, respectively, which has a subtle
influence on the details of the global potential landscape.

1D Optical Lattice Potential

When a Gaussian beam with a wavelength λ is retroreflected into itself, an optical
standing wave with a periodicity of λ/2 forms (see Fig. 2.5). Such a standing wave
can be used as a one-dimensional (1D) optical lattice potential for atoms. Typically,
the axial extend of the atom cloud is much smaller than the Rayleigh length zR , such
that the axially dependent beam radius can be approximated by the constant beam
waist wz .7 The resulting periodic potential is given by

V1D (r) = Vz e
−2

r2
xy

w2
z cos2(kz) � Vz

(
1 − 2

r2
xy

w2
z

)
cos2(kz), (2.60)

7 From now on we use the convention that the index of the beam waist denotes the propagation
direction of the rotationally symmetric lattice beam, i.e.wz is the waist of a round beam propagating
in z-direction.
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Fig. 2.5 An optical standing wave formed by retroreflection of a Gaussian laser beam creates a
one-dimensional optical lattice potential. Generally, the electric field amplitude of the returning
beam is reduced by a factor, which we call the effective reflection coefficient ρ

where k = 2π/λ is the wavevector of the laser light, rxy = √x2 + y2 is the radial
coordinate and Vz is the depth of the optical lattice potential. We note that the depth of
the lattice Vz is four times larger compared to the potential depth of the bare Gaussian
beam without retroreflection. This enhancement is caused by constructive interfer-
ence, which becomes obvious, when the counterpropagating beams are viewed on
the level of electric fields. Usually, the depth of an optical lattice is given in units of
the recoil energy Erec = �

2k2/(2m). In the following, we also use the dimensionless
lattice depth sz = Vz/Erec.

In the above description of a 1D optical lattice, we have made the implicit assump-
tion that the retroreflected beam has the same electric field amplitude as the incoming
part. In experimental realizations, however, the returning part has passed through
several additional optical elements reducing the field amplitude. We account for this
by introducing an effective reflection coefficient ρz that quantifies the ratio of the
returning and the incoming electric field amplitudes at the position of the atoms. For
0 � ρz < 1 the standing wave is not fully modulated anymore and reads

V1D (r) = Vz

4
e
−2

r2
xy

w2
z

(
1 + ρ2

z + 2ρz cos
(
2kz
))

(2.61)

� Vz

4

(
1 − 2

r2
xy

w2
z

) (
1 + ρ2

z + 2ρz cos
(
2kz
))
. (2.62)

For perfect reflectivity (ρz = 1) Eq. 2.60 is recovered using cos(2kz)=2 cos2(kz)−1.

External Potential of a 1D Optical Lattice

The Gaussian beam shape and finite modulation of the standing wave give rise to
a transverse underlying potential in addition to the axial modulation of the optical
lattice. We aim at an effective description of the lattice potential according to

V1D (r) = V ′
z cos2(kz)+ 1

2
mω2

xyr2
xy . (2.63)
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Here, V ′
z = ρz Vz is the effective lattice depth and ωxy = ωx = ωy the transverse

trap frequency of a spherically symmetric beam. We distinguish two contributions
to the frequency ωxy :

First, we use Eq. 2.62 to derive the transverse curvature of the lattice potential
as it is felt by the atoms. It is crucial to distinguish red (Vz < 0) and blue detuning
(Vz > 0) of the laser light, because in the first case the atoms are trapped in the
intensity maxima for which cos(2kz) = 1, while in the second case the atoms sit
in the intensity minima described by cos(2kz) = −1. From this, we obtain the first
contribution to the transverse potential

ω2
pot,xy = − Vz

m

(1 + ρ2
z ± 2ρz)

w2
z

, (2.64)

where the upper (lower) sign denotes red (blue) detuning. For a positive (negative)
overall sign the potential is (anti)confining (see Fig. 2.6).

The second contribution is more subtle. Viewing a single lattice well as an har-
monic oscillator potential in the axial direction, that is approximating cos(2kz) har-
monically, we obtain for the trap frequency in a lattice well at the center of the beam
(rxy = 0)

ω2
lat,z = 2k2

m
|V ′

z |. (2.65)

Due to the Gaussian beam shape the absolute modulation depth of the standing wave
radially goes down according to the factor exp(−2r2

xy/w
2
z ). Consequently, the trap

frequency on a lattice well decreases like

ωlat,z(rxy) = ωlat,z e
− r2

xy

w2
z ≈ ωlat,z

(
1 − r2

xy

w2
z

)
(2.66)

in the transverse direction and so does the ground state energy E0(rxy) = �ωlat,z
(rxy)/2 of the local harmonic oscillator. This gives rise to an additional radial anticon-
finement that is independent of the sign of the laser detuning. Hence, the frequency
originating from the shift in the harmonic ground state energy reads

ω2
ho,xy = − 2

mw2
z

√
|V ′

z |Erec. (2.67)

Combining the two contributions and introducing the dimensionless effective
lattice depth s′

z = V ′
z/Erec, the transverse trap frequency of the external potential

reads

ω2
xy = − Erec

mw2
z

[(
1

ρz
+ ρz ± 2

)
s′

z − 2
√

s′
z

]
, (2.68)
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Fig. 2.6 External trapping potential for red- and blue-detuned lattices. The intensity distribution of
a 3D lattice with reduced reflectivity (ρ = 0.25) of the retro beam is shown as a density plot. Cuts
show the influence of the perpendicular beams on the lattice potential along the x axis. In the case
of blue detuning the cut is taken for I (x, a/2, a/2) (black) and I (x, 7a/2, a/2) (dotted), while for
red detuning the cut corresponds to I (x, 0, 0) (gray). The underlying confinement of the red lattice
is much stronger than the corresponding anticonfinement of the blue lattice
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Fig. 2.7 Comparison of the lattice potentials created by a red- (a) and blue-detuned (b) laser. In a
red lattice the potential minima are located at the intensity maxima as V (r) ∝ −I (r), while in a
blue lattice the potential minima are located at the intensity minima as V (r) ∝ I (r)

where the upper (lower) sign holds for red (blue) detuning. In typical experimental
setups the effective reflection coefficient does not exceed the range 0.8<ρz < 1. For
those values the prefactor 1/ρz + ρz ± 2 is very close to 4 (zero) for the case of red
(blue) detuning. Therefore, a red-detuned lattice has an underlying external potential
that consists of a dominant confining term (scaling as s′

z) and an anticonfining term
(scaling as

√
s′

z). In a blue-detuned lattice, however, both terms are anticonfining and
the
√

s′
z scaling dominates. This important result is confirmed by direct measurements

of the transverse external potential in a blue-detuned optical lattice presented in
Sect. 5.4 (Fig. 2.7).

http://dx.doi.org/10.1007/978-3-642-33633-1_5
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3D Optical Lattice Potential

A simple cubic optical lattice potential can be created by crossing three optical stand-
ing waves orthogonally to each other. In order to suppress interference between the
three standing waves it is crucial to choose mutually orthogonal linear polarizations.
However, in the experiment slight deviations of the polarizations and resulting small
interferences are hard to avoid. Such interferences can be rendered harmless by
choosing laser frequencies of the beams that differ by some tens of MHz. This leads
to rapid oscillations of spurious potential corrugations and the atoms effectively feel
a smooth lattice potential due to time averaging. Therefore, we can assume inde-
pendent 1D optical lattices in x , y and z direction, which create a 3D optical lattice
potential of simple cubic type with a lattice constant of λ/2 and a one atom basis.
Using Eq. 2.61 the 3D optical lattice potential can be written as

V3D (r) = Vx

4
e
−2

r2
yz

w2
x

(
1 + ρ2

x + 2ρx cos
(
2kx
))

+ Vy

4
e
−2

r2
xz
w2

y

(
1 + ρ2

y + 2ρy cos
(
2ky
))

(2.69)

+ Vz

4
e
−2

r2
xy

w2
z

(
1 + ρ2

z + 2ρz cos
(
2kz
))
.

Here, Vα denote the potential depth, wα the waist and ρα the effective reflectivity of
the superimposed 1D standing waves (α = x, y, z). As above, red (blue) detuning
corresponds to Vα < 0 (Vα > 0).

External Potential of 3D Optical Lattices

It is convenient to approximate the 3D optical lattice potential in the center, for
distances much smaller than the beam waists, as a sum of a homogeneous periodic
modulation and an external harmonic potential according to

V3D (r) � V ′
x cos2(kx)+ V ′

y cos2(ky)+ V ′
z cos2(kz)+ 1

2
m
(
ω2

x x2 + ω2
y y2 + ω2

z z2
)
.

(2.70)

Here, the effective lattice depths are denoted by V ′
α = ραVα and ωα are the effective

trap frequencies of the external harmonic potential in the directions α = x, y, z.
Using the above results for the 1D case, the squared trap frequencies are readily
derived and read

ω2
x = − Erec

m

⎡

⎣
(
1/ρy + ρy ± 2

)
s′

y − 2
√

s′
y

w2
y

+ (1/ρz + ρz ± 2) s′
z − 2

√
s′

z

w2
z

⎤

⎦ .

(2.71)
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The corresponding expressions for ω2
y and ω2

z are obtained by cyclic permutation of
the indices. Assuming an isotropic potential, for which the dimensionless effective
lattice depths s′

α = s′, the effective reflectivities ρα = ρ, the waists wα = w are
equal in all directions α = x, y, z and r2 = x2 + y2 + z2, the entire external potential
can be expressed by

V ext
3D (r) = −Erec

[(
1

ρ
+ ρ ± 2

)
s′ − 2

√
s′
]

r2

w2 (2.72)

This expression contains both the effects of finite effective reflectivity as well as
the anticonfinement scaling as

√
s′ that originates from the transverse change of the

ground state energy for each lattice beam. In the case of a blue-detuned 3D optical
lattice (lower sign), which is used in the experiments of this thesis, the later term is
dominating the external potential of the lattice.

2.2.3 Band Structure and Bloch States

In this section we derive the eigenstates of a single particle that moves in a periodic
potential. The corresponding eigenenergies form energy bands with a characteristic
structure depending on the symmetries and the depth of the lattice. Irrespective
whether an electron in an ionic crystal or an atom in an optical lattice is the matter
of interest, the resulting physics is identical. However, we want to emphasize two
caveats on the theory derived in this section:

• First, it refers to a homogeneous lattice system that extends to infinity. This is
a reasonable assumption for large solid state crystals, but in the case of finite-
sized optical lattices it must be handled with care. Deviations that arise in an
optical lattice with an underlying confining potential are numerically addressed
in Sect. 3.3.3.

• Second, what is derived in this section is a single-particle theory. Therefore, the
theory itself and all implications that are drawn from it are strictly speaking only
valid for single particles or noninteracting many-particle systems. Noninteracting
systems can be realized with ultracold atoms using spin polarized fermions, which
do not collide in the low energy limit, or by tuning the scattering length to zero
using a Feshbach resonance (see Sect. 2.3). However, essentially all experiments
of this thesis feature interacting particles.

Nevertheless, the single-particle band structure of homogeneous lattices is the basis
to understanding the physics of more involved interacting systems. Band structure in
conjunction with quantum statistics often allows to understand basic physical effects
in lattices, such as the formation of metallic or band insulator states for fermions
[31] (see Chap. 6).

The optical lattice used in the experiments has a three-dimensional simple cubic
structure. Therefore, the movement of the atoms can be considered independently for

http://dx.doi.org/10.1007/978-3-642-33633-1_3
http://dx.doi.org/10.1007/978-3-642-33633-1_6
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the three coordinate axes x , y and z. It is sufficient to solve the Schrödinger equation
of the one-dimensional problem:

Ĥφ(n)q (x) = E (n)q φ(n)q (x) with Ĥ = p̂2

2m
+ V (x), (2.73)

where p̂ = −i�∂/∂x is the momentum operator and V (x) is assumed to be a homo-
geneous lattice potential with periodicity a = λ/2 = π/k, where λ is the wavelength
of the laser creating the lattice. According to Bloch’s theorem [31] each eigenstate
φ
(n)
q (x) of this Hamiltonian can be written as a product of a plane wave with wavevec-

tor q and a function u(n)q (x) = u(n)q (x + a) with the same periodicity as the lattice
potential,

φ(n)q (x) = eiqx/� u(n)q (x). (2.74)

We use this wavefunction as an ansatz and insert it into Eq. 2.73 to obtain an eigen-
value problem for u(n)q (x):

Ĥq u(n)q (x) =
(

1

2m

(
p̂ + q

)2 + V (x)

)
u(n)q (x) = E (n)q u(n)q (x). (2.75)

At this point we can use the fact that both the potential V (x) and the functions u(n)q (x)
have the same periodicity. They can be expanded in discrete Fourier sums consisting
of plane waves with wavevector 2k and the corresponding higher harmonics:

V (x) =
∑

r

Vr ei2kr x and u(n)q (x) =
∑

s

c(n,q)s ei2ksx , (2.76)

where the indices r, s run over all integer numbers. Based on the expansion of u(n)q (x)

it becomes apparent, that the Bloch function φ(n)q (x) can be constructed by a super-
position of plane waves with wavevectors q/� + 2ks, where 2ks are the reciprocal
lattice vectors [31]. This implies, that the quasi-momenta q that give rise to distinct
Bloch functions are restricted to the interval [−�k, �k]. This interval is called the
first Brillouin zone. For each value of q we can expect an infinite number of discrete
energy levels E (n)q that are conveniently labeled by the positive integer index n. It
will become clear below, why n is called the band index.

Inserting the Fourier sums into Eq. 2.75, we obtain for the kinetic energy

1

2m

(
p̂ + q

)2
u(n)q (x) =

∑

s

(2�ks + q)2

2m
ei2ksx c(n,q)s (2.77)

and the potential energy
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V (x) u(n)q (x) =
∑

r

∑

s′
Vr ei2k(r+s′)kx cn,q

s′ =
∑

r

∑

s

Vr eiksx c(n,q)s−r . (2.78)

The functional form of an optical lattice potential is known to be sinusoidal, such
that the corresponding Fourier expansion is simply given by

V (x) = Vx cos2(kx) = Vx

4

(
ei2kx + e−i2kx + 2

)
(2.79)

with the only non-vanishing Fourier coefficients being V0 = Vx/2 and V±1 = Vx/4.
This allows to write the eigenvalue problem of Eq. 2.75 in matrix form

∑

s′
Hss′c(n,q)s′ = E (n)q c(n,q)s , (2.80)

where Hss′ is the matrix of the Hamiltonian Ĥq calculated with respect to the basis
of plane waves ei2ksx . The entries of the matrix are given by

Hss′ =

⎧
⎪⎨

⎪⎩

(
2s + q

�k

)2
Erec + Vx/2 if |s − s′| = 0,

Vx/4 if |s − s′| = 1,

0 else.

(2.81)

Here it becomes apparent, that the recoil energy Erec = �
2k2/(2m) is the natural

unit for the lattice depth Vx .
The Hamiltonian can be numerically diagonalized for a given quasi-momentum

q yielding the eigenenergies E (n)q and the eigenvectors c(n,q) = (c(n,q)s ) that define
the Bloch functions via Eqs. 2.76 and 2.74. The matrix entries for large indices
|s| correspond to high-energy contributions (see Eq. 2.78) and the coefficients c(n,q)s
become very small in the lowest bands. Therefore, it is sufficient to include the matrix
entries up to a cut-off index |s| ≤ smax. For typical lattice depths up to 50 Erec it is
sufficient to keep the entries with |s| ≤ 7. In principle, the numerical diagonalization
within the limited Hilbert space yields results for the first 2smax + 1 bands, but the
outcome is most accurate for the lowest energy bands.

The results of band structure calculations for a one-dimensional sinusoidal lattice
at several depths are displayed in Fig. 2.8. For very low lattice depth the band structure
does not show band gaps and corresponds to the kinetic energy of a free particle,
where the dispersion parabola is reduced to the first Brillouin zone. For increasing
lattice depths band gaps open up and the band width decreases exponentially in
particular for the lowest lying bands. We observe that the energies E (n)q for a fixed
index n are a continuous function of q being bounded from below and above, which
motivates the name band index for n. In very deep lattices, the individual lattice
wells become more and more independent and the low energy physics can be well
described in the harmonic approximation. In this case, the gap between the lowest
bands is given by the energy spacing of the on-site harmonic oscillator �ωlat,x .
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Fig. 2.8 Band structure of a one-dimensional optical lattice. The eigenenergies E (n)q of Bloch states

φ
(n)
q at quasi-momenta q are displayed for the lowest bands n at several lattice depths ranging from

0 to 40 Erec. The lattice depths Vx are shown as dashed lines. Dotted lines indicate the zero point
energy �ωlat,x/2, when single lattice wells are treated in harmonic approximation. For deep lattices
the lowest band becomes flat and the band gap is well approximated by the level spacing of the
harmonic oscillator �ωlat,x

However, we note that even in deep lattices the higher bands with energies larger
than the depth of the lattice (dashed lines in Fig. 2.8) remain wide and still closely
resemble the dispersion relation of a free particle. Here, the main effect of the lattice
can be captured by assigning a larger effective mass meff > m to the particle, which
leads to a slower movement through the lattice potential. Generally, the effective
mass at quasi-momentum q0 and band index n is given by

m(n)
eff (q0) = �

2

(
∂2 E (n)q

∂q2

∣∣∣∣
q0

)−1

. (2.82)
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Fig. 2.9 Exemplary Bloch wavefunctions φ(n)q of a one-dimensional 8 Erec lattice. The upper
(lower) panels show the probability amplitudes (probability densities) in the first and second band
for the quasi-momenta q = 0 (solid lines) and q = ±�k (dashed lines). The periodicity of the
lattice potential is indicated by the gray shading

Similarly, the group velocity of a wavepacket in the Bloch state φ(n)q0 is given by the
first derivative of the dispersion relation [23]

v(n)gr (q0) = 1

�

∂E (n)q

∂q

∣∣∣∣
q0

. (2.83)

Examples for the Bloch wavefunctions φ(n)q (x), which are obtained in a band
structure calculation, are shown in Fig. 2.9. Being composed of a discrete sum of
plane waves, the Bloch functions are delocalized and extend over the complete,
infinitely large lattice. In the lowest band (n = 1), the Bloch state in the center of the
Brillouin zone (q = 0) is symmetric, while at the Brillouin zone edges (q = ±�k) the
wavefunction is antisymmetric. The symmetries alternate for higher bands as do the
curvatures of the energy bands. The wavefunctions with the highest energy within a
certain band are antisymmetric. Furthermore, Fig. 2.9 shows that the wavefunctions
of the second band feature an enhanced probability of finding the particle within the
potential barrier separating the lattice sites.

The Bloch states of the three-dimensional simple cubic lattice can be constructed
as product wavefunctions of the one-dimensional Bloch states for each axis x , y
and z, because the Hamiltonian is fully separable. The energy of the product state
is given by the sum of the eigenenergies of the three individual Bloch states. In a
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Fig. 2.10 Bandwidths of the first and second Bloch band as a function of lattice depth in one (a)
and three (b) dimensions. While the bands are fully separated in the one-dimensional case, in the
three-dimensional case the band gap only starts to open at about 2.24 Erec. The lattice depth is
assumed to be identical for each lattice axis

one-dimensional lattice the first and second Bloch band are fully separated for any
nonvanishing lattice depth (see Fig. 2.10a). However, in three dimensions the first
excited band corresponds to product wavefunctions of two (n = 1) and one (n = 2)
Bloch states. For low lattice depths and certain quasi-momenta q = (qx , qy, qz),
those can have a lower total energy than wavefunctions of the lowest band consisting
of a product of three (n = 1) Bloch states. For a three-dimensional lattice a band
gap between the lowest lattice bands starts to open for depths larger than about 2.24
Erec (see Fig. 2.10b).

All experiments reported in this thesis start by adiabatically loading an ultracold
quantum gas or quantum gas mixture into a three-dimensional optical lattice. The
lattice depths of all axes are ramped up slowly in order to ensure, that the many-body
system remains in its ground state and, in particular, stays in the first lattice band. For
the case of a Bose-Einstein condensate this last requirement is not very critical as the
atoms dominantly accumulate in the q = 0 Bloch state of the first band, which is the
lowest energy state and well separated from the second band even for low lattices.
However, for fermionic atoms a Fermi sea develops, in which the Bloch states of the
first Brillouin zone are filled from bottom up (see Sect. 2.1). Depending on the filling
of the Brillouin zone, which is determined by the system size, higher lying Bloch
states may be populated, whose energy is degenerate with states of the second band.
This situation bears the risk of populating the second band during lattice loading. In
Chap. 6 an experimental solution to this problem is presented.

2.2.4 Wannier Basis

Instead of working within the basis of fully delocalized Bloch wavefunctions, it
is often more convenient to use a basis set of wavefunctions that are localized at
individual lattice sites. Particularly, in the limit of deep lattices the individual sites

http://dx.doi.org/10.1007/978-3-642-33633-1_6
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Fig. 2.11 Wannier functions (a) and probability densities (b) at several lattice depths plotted
together with the schematic lattice potential (gray shading). For deeper lattices, the Wannier func-
tions are strongly localized. Their overlap with neighboring lattice sites is reduced, which corre-
sponds to a suppression of tunnel coupling

are more and more decoupled from each other and the motion of atoms tends to be
restricted to single wells. If the lattice is occupied by many particles, interactions
may further enhance localization (see Chap. 3) (Fig. 2.11).

The Wannier functions form a basis set of maximally localized wavefunctions
composed by coherent superpositions of Bloch states. The Wannier function of a
localized particle at the j th lattice site in the nth Bloch band is defined by [31]

w(n)(x − x j ) = 1√N
∑

q

e−iqx jφ(n)q (x). (2.84)

Here, the phase factor exp(−iqx j ) compensates the factor exp(iqx), which appears
in the definition of the Bloch states 2.74, at the coordinate x j , inducing constructive

superposition of the states φ(n)q (x) at the corresponding lattice site. The sum runs
over the quasi-momenta q within the first Brillouin zone taking discrete values, if
the lattice has a finite size. Assuming normalized Bloch states in a system with M
lattice sites, there are M different quasi-momenta q and the normalization is given
by N = M .

Because both the Bloch and Wannier wavefunctions form a basis, also the reverse
transformation is possible

φ(n)q (x) = 1√N
∑

j

eiqx jw(n)(x − x j ), (2.85)

where the summation is performed over all M lattice sites. This expression shows
that the quasi-momentum q determines the phase relation between the localized
wavefunctions on the individual lattice sites.

http://dx.doi.org/10.1007/978-3-642-33633-1_3
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Owing to the decoupling of the spatial directions in a simple cubic lattice, the
three-dimensional Wannier function for a particle in the nth band at lattice site r j =
(x j , y j , z j ) is given by the product

w(n)(r − r j ) = w(n)(x − x j ) · w(n)(y − y j ) · w(n)(z − z j ) (2.86)

of the nth band Wannier functions w(n)(α − α j ) of the individual one-dimensional
lattices (α = x, y, z). When the first Bloch band is concerned, we usually drop the
band index of the Wannier function and simply write w(r − r j ).

2.3 Feshbach Resonances

Feshbach resonances allow to control the interactions between atoms by an external
magnetic field and have become one of the most important tools in ultracold atom
experiments [32]. In this section we will briefly summarize the basics on interatomic
interactions and Feshbach resonances as far as they are relevant to this thesis. The
discussion also includes the creation of loosely bound Feshbach molecules and the
effects of a tight external confinement on the collision physics of two interacting
particles.

2.3.1 Elastic Scattering and Low Energy Collisions

As in classical mechanics, scattering of two particles in quantum mechanics is
described in a coordinate system, in which the center of mass of the two particles is
at rest. By doing this the problem reduces to an effective single-particle Hamiltonian
in terms of the coordinate r = r2 − r1, which is the relative distance between the
two particles at positions r1 and r2, and the reduced mass μ = m1m2/(m1 + m2). In
the absence of scattering the solution would simply be a plane wave eikz , which can
be chosen to propagate along the z-direction without loss of generality. k denotes
the momentum of the effective particle with the reduced mass μ. When a potential
V (r), which we assume to be spherically symmetric for simplicity (r = |r|), is intro-
duced, there will be a finite probability for the particle to be scattered. The resulting
asymptotic wavefunction at large distances has the from

ψ(r) ∝ eikz + f (θ)
eikr

r
, (2.87)

consisting of the incoming wave eikz and an outgoing spherical wave f (θ)eikr/r ,
where the scattering amplitude f (θ) is a function of the scattering angle θ (and
generally also of the momentum k). Based on this wavefunction the incoming and
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the outgoing probability flux can be calculated, which yields for the differential cross
section

dσ

d�
= | f (θ)|2. (2.88)

Since we have assumed a spherically symmetric potential, the wavefunctionψ(r)
can be expanded in terms of spherical waves with angular momentum l and vanishing
projection on the z-axis (m = 0). In this basis the scattering amplitude takes the form
[9, 33]

f (θ) =
∞∑

l=0

(2l + 1)

(
e2iδl − 1

2ik

)
Pl(cos θ), (2.89)

where Pl(cos θ) are the Legendre polynomials. The strength of this formulation lies
in the fact, that the whole scattering process is captured by the parameters δl , which
simply denote the spatial phase shift that is added to each spherical wave with angular
momentum l due to the scattering process. Using the optical theorem we can directly
compute the total scattering cross section [33]

σtot = 4π

k
Im[ f (θ = 0)] = 4π

k2

∞∑

l=0

(2l + 1) sin2 δl . (2.90)

It can be shown, that the phase shifts scale as a function of the collisional momen-
tum k according to δl ∝ k2l+1. This means the phase shifts for partial waves l �= 0
essentially vanish for collisions with very low momentum—and so do their contri-
butions to the total scattering cross section. More pictorially, at low momenta, i.e.
low collision energy Ekin = �

2k2/2μ, the effective particle is not able to pene-
trate the centrifugal barrier [33]. This is the second term of the effective potential
Veff(r) = V (r) + �

2l(l + 1)/(2mr) that arises when the scattering problem is for-
mulated in spherical coordinates. Hence, the scattering amplitude reduces to

f (θ) ≈ fs = e2iδ0 − 1

2ik
= 1

k cot δ0 − ik
, (2.91)

which is even independent of the scattering angle θ as P0(cos θ) = 1. It is possible
to argue that k cot δ0 must be an even function of k [4, 33] and correspondingly one
can introduce the expansion

k cot δ0 ≈ − 1

as
+ 1

2
reffk

2 (2.92)

for low momenta, where as denotes the s-wave scattering length and reff the effective
range of the scattering potential. The effective range is typically of the order of the
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van der Waals length reff ≈ (μC6/�
2)1/4/2.8 For the case k|as | � 1 and kreff < 1

the scattering amplitude becomes independent of the momentum k reading fs = −as

and leads to a total cross section for s-wave collisions of

σtot,s ≈ 4πa2
s , (2.93)

which equals the scattering cross section of a hard sphere with a radius as [33].

Identical Particles

For now we have derived the theory of collisions based on the assumption of dis-
tinguishable particles. However, indistinguishability of quantum particles and their
quantum statistics have a profound impact on scattering. On the one hand, the scatter-
ing wavefunction ψ(r)must be spatially symmetric for two identical bosons. There-
fore, only partial waves with even l enter and they enter twice due to symmetrization.
The s-wave scattering cross section therefore amounts to σtot,s = 8πas . On the other
hand, the spatial wavefunction for two identical fermions must be antisymmetric as
the spin wavefunction is necessarily symmetric. In this case only partial waves with
odd l contribute and s-wave collisions of identical fermions are forbidden. There-
fore, spin polarized ultracold Fermi gases show essentially no interactions, because
scattering of higher partial waves is energetically suppressed.

Pseudo-Potentials

Assuming that the collisional momentum is so low, that the corresponding de Broglie
wavelength λdB = 2π/k is much larger than the range of the interatomic potential,
the details of the potential do not matter for the scattering process. In this case it is
convenient to replace the complicated full interatomic potential by a much simpler
pseudo-potential that nevertheless reproduces the s-wave scattering correctly. This
purpose is served by a the simple contact potential operator

V (r) = 2π�
2as

μ
δ(r). (2.94)

Using plane waves it is easily shown, that this expression reproduces the s-wave
scattering amplitude fs = −as in first Born approximation [33]. However, for prac-
tical use in three dimensions it often must be regularized to avoid 1/r divergences
of wavefunctions when r → 0. This is typically done by replacing the delta function
with δ(r) ∂

∂r r [1, 35].

8 References [32, 34] quote van der Waals lengths of 64.90 a0 for 40K and 82.58 a0 for 87Rb, where
a0 denotes the Bohr radius.
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Fig. 2.12 Scattering resonance. We assume two colliding particles with an attractive interparticle
box potential V (r) with a finite range R (gray solid lines). a Due to the attractive potential with a
depth V1 the radial wavefunction u(r) ∝ r − as has a stronger curvature inside the range R than
outside. The intercept as of the outside wavefunction with the abscissa corresponds to the scattering
length as < 0. When the potential is deep enough that a bound state almost enters, the scattering
length diverges as → −∞. b When the potential is deeper (V2 < V1) and a real, very loosely
bound state has just entered, the bend of the wavefunction becomes stronger and gives rise to a very
large positive scattering length as . Thus, by tuning the position of a bound state, it can be possible
to vary the scattering length over a huge range

2.3.2 Feshbach Resonances

The phenomenon of resonance scattering is treated in many textbooks [9, 33]. Assum-
ing low collision momenta and modeling the attractive scattering potential by a box,
it can be shown that the s-wave scattering length diverges and changes sign (from
negative to positive) when the potential is deepened and a new bound state enters (see
Fig. 2.12). Practically this means, that it would be possible to tune the interactions
between particles when there was a knob that allowed to tune a bound state into
resonance with the energy of the colliding particles.

For atoms it is not directly possible to tune the depth of the interatomic potential;
however, Feshbach resonances offer an ingenious way to bring a bound state into
resonance with colliding atoms simply by changing an external magnetic field (see
Fig. 2.13a). Let us assume that two (distinguishable) atoms in the hyperfine states
|F1,m F1〉 and |F2,m F2〉 collide with a very low relative kinetic energy in the entrance
channel (also called: open channel). The atoms can perform s-wave scattering into
scattering channels that conserve M = m F1 + m F2 [32]. However, those scattering
channels typically have a different magnetic moment than the open channel as they
correspond to a different spin configuration. By varying the external magnetic field,
it can thus be possible to tune a bound state of one of the scattering channels (also
called: closed channel) into resonance with the open channel. If there was no cou-
pling between the open and the closed channel, the atoms would just acquire a phase
shift corresponding to the open potential. They would scatter off each other with-
out resonance effects. However, the spin configurations of the open and the closed
channels are coupled, because the hyperfine interaction of the two atom system is
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neither diagonal in the total electronic spin Ŝ = Ŝ1 + Ŝ2 nor in the total nuclear spin
Î = Î1 + Î2 [4, 32].9

This coupling leads to a coherent superposition of the unbound open channel and
the bound closed channel wavefunction during the collision. When the admixture
of the bound state is relatively small such that the region of the avoided crossing is
large (see Fig. 2.13b), the Feshbach resonance is commonly classified as broad or
open-channel dominated. In turn, when the admixture of the bound state is large,
the extend of the avoided crossing is small and the resonance is called narrow or
closed-channel dominated.

Generally, the divergent behavior of the s-wave scattering length as at a Feshbach
resonance can be efficiently parametrized as a function of the magnetic field B by
the expression

as(B) = aBG

(
1 − �

B − B0

)
. (2.95)

Here B0 denotes the position of the resonance and � the width, that is the distance
between B0 and the magnetic field, at which the scattering length vanishes (see
Fig. 2.13b). The background scattering length aBG is the scattering length far away
from the resonance that is determined by the last bound state or first virtual bound
state of the open channel molecular potential.

2.3.3 Creation of Molecules

In the proximity of the Feshbach resonance, on the side of large and positive scattering
lengths, a dressed bound state develops with a strong admixture of the open channel
wavefunction. Two atoms occupying this bound dressed state can be viewed as a
molecule that, in the region of the avoided crossing close to the resonance, has the
binding energy

Eb ≈ �
2

2μa2
s
, (2.96)

which corresponds to a quadratic dependence on (B − B0). The molecules in this
region are often called Feshbach molecules and are extremely weakly bound. Their
molecular wavefunction extends to a very large size on the order of the scattering
length as . When the magnetic field is tuned further below the resonance the dressed
molecule asymptotically turns into the purely bound state of the bare closed channel
potential. In this regime the binding energy tunes linearly as a function of the magnetic
field following Eb = δμ · B, where δμ is the difference in the magnetic moment of
the open and the closed channel.

9 In ultracold atom experiments typically alkali atoms are used in their ground states with vanishing
orbital angular momentum L̂ .
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Fig. 2.13 Feshbach resonance. a Two atoms that perform a low energy s-wave collision in the
open channel (solid line) can couple to the bound state of a closed channel potential (dotted line).
The bound state can be tuned into resonance using an external magnetic field owing to the different
magnetic moments of the open and closed channel spin configurations (inset). b The Feshbach
resonance gives rise to a divergence of the scattering length as (dashed line). The width � of the
resonance is the distance between the resonance position and the zero crossing of as . The energy
of the bare molecular state in the close channel (dotted line) depends linearly on the magnetic field
and δμ is the difference of the magnetic moments in the open and closed channel. The binding
energy Eb of the dressed molecular state (solid line) flattens upon approaching the resonance due
to mixing of the open and the closed channel in the region of the avoided crossing. The position of
the resonance is shifted by δ with respect to the zero crossing of the bare molecular state energy

Feshbach resonances allow to create molecules from free atoms by adiabatically
sweeping the magnetic field across the resonance starting from the attractive side
[4, 18, 36]. If the Landau-Zener type sweep is performed slowly with respect to the
coupling between the open and closed channel and if the temperature of the atomic
cloud is low enough, the experimentally achieved conversion efficiencies can reach
more than 90 % [37, 38]. Alternatively, the molecular state can be populated using
radio-frequency (RF) techniques, which are less efficient, but allow to measure the
molecular binding energy [18, 39–41]. In the special case of 6Li a cloud of Feshbach
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molecules can simply be created by evaporatively cooling the sample on the as > 0
side of the resonance [38].

When a Feshbach resonance is used to create molecules of two distinct fermionic
species, such as two spin states in 6Li or 40K, it has been observed that the lifetime
of the molecules is particularly long close to the resonance position. In this regime,
the molecule is well approximated by two individual atoms, such that three-body
collisions are strongly suppressed by Pauli’s principle prohibiting s-wave collisions
of two identical fermions [42]. Further away from the resonance, the molecule is more
closely bound and it becomes less stable against three-body collisions, because here
the bosonic character, which favors collisions, tends to dominate over the fermionic
quantum statistics of the constituent atoms. Fermionic molecules can be created by
using a heteronuclear mixture of fermionic and bosonic species, for example 40K and
87Rb or 6Li and 23Na [43]. In contrast to bosonic molecules, those are particularly
long-lived far away from the resonance, where close binding lets the molecules
clearly show fermionic character and collisions among them are prohibited by Pauli’s
principle. In turn, close to the resonance the lifetime is expected to be very short.
The use of an optical lattice can help to increase the lifetime of Feshbach molecules
considerably. Isolating atom pairs on individual lattice sites and transferring them
into the molecular state, helps to strongly suppress three-body collisions [39].

Feshbach resonances have become a very important tool in experimental ultra-
cold atom physics. In the context of spin mixtures of interacting fermions, they have
enabled the fruitful investigation of the so-called BEC-BCS crossover. The ability to
tune the interactions between the spins has dramatic consequences: While for van-
ishing interactions the two spin states populate independent Fermi seas, they pair up
in momentum space for attractive interactions forming a superfluid of Cooper pairs
[19, 20]. These pairs in momentum space smoothly connect to the molecular state
on the repulsive side of the resonance, where a BEC of molecules forms [44–46].
The superfluidity in the crossover region has been demonstrated by the observation
of vortices [21]. Another productive branch of experimental efforts uses Feshbach
resonances to create ultracold ground state molecules. Here, the weakly bound Fes-
hbach molecules form the starting point, from which the rovibrational ground state
is typically addressed using a STIRAP pulse sequence [47–51].

In the experiments presented of this thesis, the formation of molecules by a
Feshbach sweep is used to detect double occupation of lattice sites in an interacting
fermionic spin mixture of 40K atoms (see Chap. 6). Furthermore, RF spectroscopy
on KRb molecules has been performed in our experimental setup. These efforts are
reported in the PhD thesis of Thorsten Best [52].

2.3.4 Two Interacting Atoms in a Harmonic Trap

For the creation of molecules in an optical lattice, it is important to understand the
physics of two interacting atoms on an individual lattice site. If the on-site potential
is approximated by a harmonic oscillator and the atoms are assumed to interact

http://dx.doi.org/10.1007/978-3-642-33633-1_6
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through a regularized contact interaction, the problem can be solved analytically [35].
As shown in Fig. 2.14 the energy levels of the bare 3D harmonic oscillator, which
correspond to the noninteracting case (as = 0), get mixed when interactions set in.
The contact interaction between the atoms leads to the emergence of a bound state,
whose binding energy diverges towards negative infinity at as = 0 (see Fig. 2.14a).
The application of this level structure to the case of the B0 = 202.1 G Feshbach
resonance of 40K is shown in Fig. 2.14b. In contrast to the free space situation, the
bound molecular state is not entered exactly on resonance, but already at higher
magnetic fields starting at B0 + �, where the scattering length vanishes [36, 53].
The so-called confinement-induced molecules [39] that exist between B0 and B0 +�
dissociate smoothly when the lattice is adiabatically ramped down.

The energy levels of atom pairs on the sites of an optical lattice have been experi-
mentally investigated using RF spectroscopy [39, 40]. Additionally, Fig. 2.14b shows
that the first and the second band are smoothly connected, when the magnetic field
is ramped from below to above the resonance, which has also been observed exper-
imentally [54].

2.3.5 Feshbach Resonances for Rubidium and Potassium

The Fermi-Fermi Resonance

In Chap. 6 many-body quantum phases of fermionic spin mixtures in a three-
dimensional optical lattice are investigated using 40K in the hyperfine sublevels
|F,m F 〉 = |9/2,−9/2〉 and |9/2,−7/2〉. For this combination of spins a broad
(open-channel dominated) s-wave Feshbach resonance is available at B0 = 202.1 G
to tune interspecies interactions and perform molecule conversion [18, 55–58]. We
rely on the parametrization aBG = 174 a0 and � = 7.8 ± 0.06 G given in Ref. [19]
(see Fig. 2.15). A recent measurement of the zero crossing of the scattering length in
our group suggests an updated width of� = 7.0±0.2 G [59]. Below the s-wave res-
onance, a p-wave resonance among the |9/2,−7/2〉 spins is located at about 199 G
[55, 56]. Unfortunately, the presence of this resonance hinders a close approach of the
s-wave resonance on the repulsive side of interactions due to increased losses. The
working point at about 175 G corresponds to a scattering length of about aFF = 225
a0 and is the strongest repulsion that can safely be addressed for our experimental
parameters.

An exemplary molecule conversion and dissociation measurement performed in
a harmonically trapped sample is shown in Fig. 2.16. Such measurements allow for
a precise determination of the resonance position. Additionally, they can serve as a
thermometer as the molecule conversion efficiency has been shown to be a sensitive
function of the initial dimensionless temperature T/TF of the spin mixture. The
conservative value of 80 % conversion efficiency suggests T/TF < 0.15 according
to reference [37].

http://dx.doi.org/10.1007/978-3-642-33633-1_6
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Fig. 2.14 Two interacting atoms in a harmonic oscillator potential. a The general structure of the
energy levels obtained in an analytical calculation according to reference [35] is shown as a function
of the scattering length as in units of the harmonic oscillator length �0 = √

�/μω. For vanishing
interactions (as = 0) the energy is given by E = �ω(2n+3/2), while for infinitely strong attraction
or repulsion (as → ±∞) the energies are shifted by �ω yielding E = �ω(2n +1/2). b Application
of the analytical result to a 40K |9/2,−9/2〉 + |9/2,−7/2〉 spin mixture in a 20 Erec lattice in the
vicinity of the Feshbach resonance at B0 = 202.1 G (see Sect. 2.3.5)

The Bose-Fermi Resonance

In Chaps. 8 and 9 experiments with interacting Bose-Fermi mixtures are reported.
In those investigations we tune the interspecies scattering length with the s-wave
Feshbach resonance at B0 = 546.75(6)G between 40K and 87Rb in the absolute

http://dx.doi.org/10.1007/978-3-642-33633-1_8
http://dx.doi.org/10.1007/978-3-642-33633-1_9


54 2 Towards Strongly Interacting Bosons and Fermions

600

400

200

0

-200

-400

s-wavep-wave

180 200 220 240 260

S
ca

tte
rin

g 
le

ng
th

, a
F

F
 (

a 0
) 

Magnetic field, B (G)

1

2
3

4

(a) (b)

-9/2
-7/2

40K F = 9/2

2.0

1.5

1.0

0.5

0
0 100 200 300

Scattering length, aFF (a0) 

In
te

ra
ct

io
n 

pa
ra

m
et

er
, 

U
/1

2
J

V = 8Erec
K1

2

3

4

Fig. 2.15 Tunable fermionic 40K spin mixture. a An s-wave Feshbach resonance between the hyper-
fine levels |9/2,−9/2〉 and |9/2,−7/2〉 is located at B0 = 202.1 G. Slightly below at 198.8(5)G,
there is a p-wave resonance (gray shaded) of atoms in the |9/2,−7/2〉 state [55, 56]. b In Chap. 6
we investigate repulsively interacting Fermi-Fermi mixtures in an optical lattice (λ = 738 nm) at
discrete values of the interaction parameter U/12J = 0, 0.5, 1.0 and 1.5. For the fixed lattice depth
of V = 8 Erec, these working points correspond to the magnetic fields ©1 209.9 G, ©2 215.8 G,
©3 258.7 G and ©4 175.5 G

201 202 203 204

1.0

0

0.2

0.4

0.6

0.8

N
or

m
al

iz
ed

 a
to

m
 n

um
be

r 

Magnetic field, B (G)

202.1

209.9

201.0

time 

B
 (

G
)

Sequence:

~ 80%

Fig. 2.16 In a first step, molecules consisting of a |9/2,−9/2〉 and a |9/2,−7/2〉 atom are created
by slowly ramping the magnetic field to B = 201 G below the Feshbach resonance. During time-
of-flight expansion the magnetic field is again ramped up and the molecules dissociate when the
resonance is crossed (see inset). The number of atoms (normalized to the maximal number of
recovered atoms) is shown as a function of the final magnetic field. The solid line is a fit to the data
using an error function. The difference of the highest and lowest normalized atom number yields a
lower bound to the molecule conversion efficiency, here about 80 %

ground state hyperfine sublevels |9/2,−9/2〉 and |1,+1〉, respectively (see Fig. 2.17).
The resonance is the most useable of many, mostly extremely narrow ones between
40K and 87Rb. It has been characterized in several references [60–64], but the most
accurate parametrization has recently been reported by Simoni et al. [65] quoting
a background scattering length of aBG = −189 a0 and a width of � = −3.1 G.

http://dx.doi.org/10.1007/978-3-642-33633-1_6
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Fig. 2.17 Interspecies Fesh-
bach resonance between the
absolute ground state hyper-
fine sublevels |9/2,−9/2〉
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570520 530 540 550 560

600

400

200

0

-200

-400

-600

-800

S
ca

tte
rin

g 
le

ng
th

, a
B

F
 (

a 0
) 

Magnetic field, B (G)

-9/2

40K F=9/2

87Rb F=1
+1

Based on the experimental data in Chap. 9, we have been able to precisely extract
the magnetic field B0 +�, at which the interspecies interactions vanish, confirming
the parametrization on a 0.1 G level.
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