Chapter 2
Uniqueness, Stability and Uniform Lipschitz
Estimates

Abstract In this chapter, we first prove the uniqueness of solutions to the Dirichlet
boundary value problem (1.4) by the sub- and super-solution method. In Sect. 2.2,
we use the same method to prove the stability of solutions to the corresponding
parabolic initial-boundary value problem. Finally, by the same idea, we prove the
uniform Lipschitz estimates for solutions to these two problems, under suitable
boundary conditions.

2.1 A Uniqueness Result for the Elliptic System

In this section, we prove the uniqueness of solutions to the following Dirichlet
boundary value problem.

AuiZKuiZbijuj, in $2,
i (2.1)
uj =i, on J52.

Here b;; > 0 are constants, satisfying b;; = bj;. ¢; are given nonnegative Lipschitz
continuous functions on d2. We prove the following theorem.

Theorem 2.1.1 For any k > 0, there exists a unique solution to the problem (2.1).

We use the following iteration scheme to prove the uniqueness of solutions
for (2.1). First, we know the following harmonic extension is possible:

Au;,o = 0, in .Q,
2.2)
uio=¢;, onas,

that is, this equation has a unique positive solution u; o € C 22)NCc%2) by The-
orem 4.3 of [25].
Then the iteration can be defined as:

Atkj i1 = KUim1 Zuj,m, in £2,
i (2.3)
Uim+1 = @i on d£2.
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18 2 Uniqueness, Stability and Uniform Lipschitz Estimates

This is a linear equation. It satisfies the maximum principle, so the existence and
uniqueness of the solution u; ;41 € C%(£22) N C%2) is clear (cf. Theorem 6.13
in [25]).

Now concerning these u; ,,,, we have the following result.

Proposition 2.1.2 In 2
Ui 0(X) > ui2(x) >+ >ujom(X) >+ > ujom1(X) >+ >u; 3(x) > w1 (x).
Proof We divide the proof into several claims.

Claim 1 Vi, m, u; ,, > 01in £2.

Because ) i Wj,0 > 01in £2, the equation (2.3) satisfies the maximum principle.
Because the boundary value ¢; > 0, u; 1 > 0 in £2. By induction, we see the claim
holds true for all u; ,.

Claim 2 Uil < U0 in £2.
From the equation, now we have

Aui1 >0, in$2,

Ui =uj0, Onais2,
so we get u; | < u; o by the comparison principle.
In the following, we assume the conclusion of the proposition is valid until
2m + 1, thatis in £2
Ui 0 > -+ > Ui2m > Ui2m+1 > Ui2m—1 > -+ > Uj 1.

Then we have the following.

Claim 3 u; 2+1 < Ui 2m+2-
By (2.3), we have

Auiomya < KU 2m42 Zuj,2m~ 2.4)
J#i

Auiomy1 = KU 2m1 Zuj,2m~ (2.5)
J#i

Because u;2,+1 and u; 2,42 have the same boundary value, comparing (2.4)
and (2.5), by the comparison principle again we obtain that u; 2,41 < U; 2m+2-

Claim 4 Ui dm+2 Ui 2m-
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This can be seen by comparing the equations they satisfy:

Ai o2 = KUi2m+2 Z Ujom+1,
J#L
A om = KU 2m Z Ujom—1-
JF#L
By assumption, we have u j 2,41 > 1 2m—1, 50 the claim follows from the compar-
ison principle again.

Claim S u; 243 > i 2m+1-
This can be seen by comparing the equations they satisfy:

AU dm+3 = KUi2m+2 Z Uj2m+2,
JF#i

AU 21 = KU 2m+1 Z Ujom-
J#L
By Claim 4, we have u 2, > uj2m 2, so the claim follows from the comparison
principle again.

Now we know that there exist two family of functions u; and v;, such that
limy;, 00 U 2m (x) = uj(x) and limy, o0 U 2m41(x) = v;(x), Vx € 2. Moreover,
by standard elliptic estimates, we know this convergence is smooth in £2 and uni-
formly on £2. So by taking the limit in (2.3), we obtain the following equations:

AM,’ =KU;j E vj,

o 2.6)
Av; = Kv; Z uj.
J#i
Because u; 2;n41 < u 2, by taking limit, we also have
Vi < U;. 2.7
Now summing (2.6), we have
a(Xu) = X (X w),
i i JFi (28)
a(Xu) =X (v Xw)
i i i

It is easily seen that

Z(u,-zv,) :Zv,(zuj),

i JF# i JF#
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so we must have ) ; u; =), v; because they have the same boundary value. This
means, by (2.7), u; =v; € C2(2)NC%2). In particular, they satisfy (2.1). This
proves the existence part of Theorem 2.1.1. g

Proposition 2.1.3 If there exist another positive solution w; of (2.1), we must have
u =w;.

Proof We will prove u; 2, > w; > u; 2m+1, Vi, and then the proposition follows

immediately. We divide the proof into several claims.

Claim1 w; < Ui 0-
This is because

Aw; >0, in £,
w; = U0, on 052.

Claim 2 w; > Uuji.
This is because

Aw; = Kw; Z wj,
J#i
Au; 1 =ku; Zuj,().
J#i
Noting that we have w; < u o, so we can apply the comparison principle to get the

claim.
In the following, we assume that our claim is valid until 2m + 1, that is

Uidm = Wi = Ui 2m+1-
Then we have the following.

Claim 3 u; 242 > w;.
This can be seen by comparing the equations they satisfy:

Aw; = Kw; E wj,
J#i

Al dm+2 = KUi2m+3 Z Ujom+1-
JF#

By assumption, we have u; 2,41 < w;, so the claim follows from the comparison
principle again.

Claim 4 Ui 2m+3 < Wj.
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This can be seen by comparing the equations they satisfy:
Aw; = Kw; Z wj,
J#i
Al 2m+3 = Kitj2m+3 Z Uj2m+2-
J#
By Claim 3, we have uj 2,42 > wj, so the claim follows from the comparison

principle again. U

Remark 2.1.4 From our proof, we know that the uniqueness result still holds for
equations of more general form:

Auizu,-Zbij(x)uj, in 2
JF#i
U = @; on 89,

where b;; (x) are positive (and smooth enough) functions defined in £2, which satisfy
b,’j =b i+

2.2 Asymptotics in the Parabolic Case

The method in the previous section can also be used to prove the stability of solu-
tions to the following parabolic initial-boundary value problem.

a .
%—Aui=—/<ui2bijuj, in £2 x (0, +00),

J# 2.9)
Ui = @i, on 082 x (0, +00), '
uj =, on £2 x {0}.

Here b;; > 0 and ¢; are those given in Theorem 2.1.1. ¢; are given nonnegative Lip-
schitz continuous functions in §2, such that ¢; = ¢; on 2. We prove the following
theorem.

Theorem 2.2.1 For any k > 0, there exists a unique global solution U of (2.9). As
t — 400, U(t) converges to the solution of (2.1) in C(£2).

Proof Let us consider the iteration scheme analogous to (2.3). First, we consider

du;i o .
Bt’ — Au;p=0, 1in £ x (0,+00),
uio= Qi on 052 x (0, +00),

uio=qoi on £2 x {0}.
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We know this equation has a unique positive solution u; o(x, t). We also have
lim w,0(x, 1) = ui0(x),
t—+00

where the convergence is (for example), in the space of C 0(£2) and u; o(x) is the
solution of (2.2). In fact, we can prove that

J

for some positive constants C1 and C».
Now the iteration can be defined as:

ou; 0 2

dx < Cie !
ot

ou; .
B’:H — Atjmy1 = —KUim+1 Zu,m in £2 x (0, +00),
7 (2.10)
Uim+1 = @i on 382 x (0, +00), '
Uim+1= Qi on 2 x {0}.

This is just a linear parabolic equation, and there exists a unique global solution
uim+1(x, t). Differentiating (2.10) in time ¢, we get

0 Oujmy1 Ui m—+1 Ui m+1
= —A =K Zuj,m _Kui,m—HZ

8 .
ar ot ot u]£m' @.11)
J#i J#i

0

By the induction assumption and maximum principle, we know there exist constants
C., Cp,1 and Cy, 2 such that for ¢ > 1,

> ujmy <Gy (2.12)
J#i
duim |?
/ i | gx < e~ Cm2. (2.13)
ol ot

Multiplying (2.11) by %, with the help of (2.12), we get (note that we have

the boundary condition d”’a—’;‘“ =0o0n d£2)

o,

d (1 2

dt Jo 2

aujym
at

Ui m+1
ot

Ui mr1
ot

v Ui m+1

2
EKC;"./;ZZ

JF#
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Using Cauchy inequality, we get

d / Lo |[* / g dimir [*
dt Jo 2 ot o ot
1 1
<kC! / Z Ot jm \? / QUi m+1 \?
- " _Qj#l, at Q at '

By (2.13) and the Poincare inequality, we get

J.

for some positive constants Cy, 11,1 and Cp11,2.
By standard parabolic estimate, this also imply

8Mi,m+1

2
5 dx SCm+1,1€7C'”“*2t,
t

Ui m+1 _
sup| —2= | < Cpgr,1e” 12

2

for another two constants Cy,41,1 and Cy,112. This implies

im w1 (x, 1) =i my1(x),
—+0o0

where u; m+1(x) is the solution 0f_(2.3). Furthermore, the convergence can be taken
(for example) in the space of Cc ().
The same method of Sect. 2.2 gives, in £2 x (0, +00)

Ui 0 > -+ >Uji2m > Ui2m4+2 > -+ > Ui > > Ui dm41 > Uj2m—1 > - > Uj 1.

Now our Theorem 2.2.1 can be easily seen. In fact, Ve > 0, there exists a m, such
that

m_ax|u,',2m (x) — u,~(x)| <e
2

and

max|uj am41(x) — ui(x)| <e.
2
We also have that there exists a T > 0, depending on m only, such that, V¢ > T,
max|ui om (X, 1) — uiom(x)| <&,
2

and

max|u; 2m41(X, 1) — i oms1(x)| <e.
2
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Combing these together, we get Vt > T,
milx|ul-(x, 1) — ul-(x)| < 4e.
Q
This implies that u; (x, t) converges to the solution u;(x) of (2.1) as t — +o0,

uniformly on £2. (If the boundary values are sufficiently smooth, the convergence in
Theorem 2.2.1 can be improved to be smooth enough.) U

2.3 A Uniform Lipschitz Estimate

Finally, by the same idea as in the previous sections, we prove the uniform Lipschitz
estimates for solutions to the above two problems (2.9) and (2.2).

Theorem 2.3.1 There exists a constant C > 0 independent of k, such that for any
k > 0 and solution (u; ) of (2.1), we have

sup |Vu; | <C.

Q
Theorem 2.3.2 There exists a constant C > 0 independent of «k, such that for any
k > 0 and solution (u; ) of (2.9), we have

sup  Lip(u; ) <C.
2 x[0,400)

We will only treat the parabolic case. The elliptic case is similar.
We need an additional assumption on the initial-boundary values here. Let @; be
the solution of

I; .
o~ AP =0, in2x(0,+00),

D =i, on 382 x (0, +00), (2.14)

D; = ¢;, on 2 x {0}.

We assume that @; are Lipschitz continuous on the closure of £2 x (0, +00). Note
that by comparison principle, we have (see [11] for the proof in the elliptic case)

Pi = Ui,
D; — Z Pj<ujx— Zuj,f(- (2.15)
J# J#

First differentiating (2.9) in a space direction e we obtain an equation for
Dou:=e-Vu:

d
<§ — A) Deui = —kDout; Zuj,,( — KU, Z Deutj .

J#i J#i
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Now using the Kato inequality for smooth functions ¢

|Vigl| =Ve| ae.,

Algl| > |A¢l,

we have

ad
<5 - A) |Deui,K| = _K|Deui,lc| Zuj,x + KUy Z |Deuj,l<|-

J#i J#

Summing these in i, we get
9 _ A > Do <0
97 ' eUj | = V.
1

By the assumption on @; and (2.15), we have

§C7

sup

‘Bu,-,,(
982 x(0,400)

ov

for all i, where v is the outward unit normal vector and C is independent of . With
the assumption of Lipschitz continuity of the boundary values on 32 x (0, +00),
we in fact have

sup |Vui,K| <C,
082 x(0,4+00)

with a constant C independent of « again. Next, we also have att =0, u; , = ¢;, so

sup |Vu; | =sup|Ve;.
2x{0} 2

Now the maximum principle implies a global uniform bound:

sup  |Vu; | <C.
2 x[0,+00)

Then by a standard method we can get the uniform Lipschitz bound with respect to
the parabolic distance.

Remark 2.3.3 Without the boundary regularity, we can still get an interior uniform
bound. Multiplying the equation by u; , and integrating by parts, we can get a L?

bound for any 7 > 0
T+1
Z/ / Vuil* < C,
—Jr 2

with C independent of k and 7. Then we can use the mean value property for sub-
caloric (or subharmonic function) to give a uniform upper bound of |Vu; . |.
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Remark 2.3.4 If we consider the original Lotka—Volterra system
ou;
8_z‘l — Au; = a;u; —u — KU Zu],

J#i

with homogeneous Dirichlet boundary condition, the above results still hold. In fact,
we only need to prove a boundary gradient estimate, which can be guaranteed by
the following argument: if we define v; to be the solution of

av;
- — Av; = a;v; —v2
Jat

with the same initial value, then by the maximum principle we have for each «
ui,l( S vl ’
which, together with the boundary condition, implies

8ui,,€
av

Bvi
av

where v is the unit outward normal vector to d£2; using the boundary condition once
again we get on the boundary

Vil < Vil

where the right hand side is independent of «.
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