
Chapter 2
Advanced Mueller Ellipsometry
Instrumentation and Data Analysis
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Pierangelo, Bernard Drévillon and Antonello De Martino

Abstract The main object of this chapter is to give an overview the possibilities
offered by instruments capable of measuring full Mueller matrices in the field of
optical characterization. We have chosen to call these instruments Mueller ellip-
someters in order to highlight their close relation with instruments traditionally used
in ellipsometry. We want to make clear to the reader the place that Mueller ellipsom-
etry takes with respect to standard ellipsometry by showing the similarities but also
the differences among these techniques, both in instrumentation and data treatment.
To do so the chapter starts by a review of the optical formalisms used in standard
and Mueller ellipsometry respectively. In order to highlight the particularities and
the advantages brought by Mueller ellipsometry, a special section is devoted to the
algebraic properties of Mueller matrices and to the description of different ways to
decompose them. Matrix decompositions are used to unveil the basic polarimetric
properties of a the sample when a precise model is not available. Then follows a
description of the most common optical configurations used to build standard ellip-
someters. Special attention is paid to show what can and what cannot be measured
with them. On the basis of this knowledge it is shown the interest of measuring whole
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Mueller matrices, in particular for samples characterized by complex anisotropy
and/or depolarization. Among the numerous optical assemblies able to measure full
Mueller matrices, most of them are laboratory prototypes, and only very few have
been industrialized so far. Because an extensive and comparative review of all the
Mueller ellipsometric instruments developed to date is clearly out of the scope of
this chapter, we limit our description to four Mueller ellipsometers, two imaging and
two spectroscopic systems that have been developed by us in the past years. The
technical description of the Mueller ellipsometers is accompanied by some exam-
ples of applications which, without being exhaustive, are representative of the type
of analyses performed in ellipsometry, and also illustrate the advantages that can
be brought by modern Mueller ellipsometers to optical metrology, materials science
and biomedicine.

2.1 Introduction

The use of polarized light to characterize the optical properties of materials, either
in bulk or thin film format, is generally called Ellipsometry. The technique finds its
roots in the pioneering work by Paul Drude in the nineteenth century when he used
polarized light in a reflection configuration to study the optical properties and thick-
ness of very thin metallic films. Since then, many methods have been successfully
used to generate and analyze the polarization properties of light, and this technique
has enjoyed a great success over the past decades. Hundreds of studies and industrial
applications have emerged, which are either directly based on ellipsometry, or profit
from its sensitivity.

Classical ellipsometric measurements require that the light beam remains com-
pletely polarized during the measurement process. Let us recall that a light beam is
said to be fully polarized, when the relative phase between the different components
of the electromagnetic field along two orthogonal directions remains constant. If for
some reason, this relative phase varies (spatially, spectrally and/or temporally), the
light will become partially polarized. If so, single ellipsometric measurements lose
their physical meaning. To correctly measure and physically interpret the properties
of partially polarized light, it is necessary to use the more general technique called
Mueller Ellipsometry or Polarimetry. Mueller ellipsometry is thus needed for com-
plete and accurate characterization of the anisotropic and/or depolarizing samples
of interest in many instances, both in academic research and “real life” activities.
We prefer the term “Mueller Ellipsometry” instead of “Polarimetry”, to emphasize
the close relationship of this technique with standard ellipsometry. Several excellent
monographs [1–3] have been published covering different aspects of both standard
and Mueller ellipsometry, such as the theory of polarization, the optical response of
solids, the instrumentation and innovative applications.

This chapter is aimed at accounting for the novel Muller ellipsometric data analy-
sis, instrumentation, and their applications in the context of standard ellipsometry.
Our purpose is not only to give a simple technical description of these aspects but
also to show their interest for non-experienced and experienced users of standard
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ellipsometry. The chapter is organized in different sections but it can be divided in
three conceptual parts.

The first one starts by recalling the Jones and Stokes formalisms used in standard
and Mueller ellipsometry respectively. Next we introduce the basic polarimetric
effects such as dichroism, retardance, depolarization and polarizance. Those are
the basic “building blocks” which allow to interpret the information brought by
Mueller matrices in physical terms. Next we show different ways to decompose
Mueller matrices into sums or products of simpler matrices which can be helpful to
understand the physics and/or the structure of the samples. The next section consists
of an overview of the basics of an ellipsometric measurement, and the usual process of
treating ellipsometric data (inversion problem). This section emphasizes the features
common to standard and Mueller ellipsometry.

The next section opens the second conceptual part of the chapter, devoted to
instrumentation. The section gives an overview of the four most widely used types
of ellipsometers. A special attention will be paid to show what can be measured with
these ellipsometric configurations, or in other words, which elements of the Mueller
matrix can be accessed. The purpose is to show the limitations of standard ellipsome-
ters and the advantages brought by modern Mueller ellipsometers. In the next section
we compare Generalized and Mueller ellipsometry, to show their equivalence for the
study of complex but non-depolarizing samples, and the interest of measuring the
full Mueller matrix when depolarization is present. The next section is devoted to
various instrumentation issues of Mueller ellipsometers. We start recalling the basic
theoretical background needed to design optimal polarimeters. Special emphasis is
put on the concept of condition number, which has been used as a figure of merit
to predict the optical performance of the designed instrument. Calibration is also an
important issue because it strongly influences the quality of the measurements. We
provide a concise description of a particularly useful, robust and versatile calibration
procedure called “eigenvalue calibration method” (ECM). In the following section,
we review different Mueller ellipsometers developed by the authors of the present
chapter: (i) a spectroscopic system based on liquid crystal variable retarders working
in the visible and near infrared, (ii) a broadband spectroscopic Mueller ellipsometer
which has been adapted to work in the mid-infrared range, (iii) an imaging Mueller
ellipsometer based on liquid crystal retarders to work with macroscopic samples
with a characteristic size of few centimeters, (iv) an angle-resolved imaging Mueller
ellipsometer coupled to a microscope in order to analyze tiny parts samples with a
high degree of magnification.

The third part is devoted some examples of application of these Mueller ellipsome-
ters. These applications, namely optical metrology and determination of dielectric
functions of materials in broad spectral ranges, are representative of very common
uses of Mueller ellipsometers. Optical metrology means the determination of physical
dimensions such as thin film thicknesses, profile reconstruction of one-dimensional or
two-dimensional diffraction gratings, or the overlay (misalignment) between stacked
patterned structures. we show that even if we use only visible light we are able to push
the accuracy of the optical metrology to the nanometer scale. Finally, we present some
very recent and promising results of Mueller imaging for the detection and staging of
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Fig. 2.1 Examples of electric field trajectories in the plane perpendicular to the propagation direc-
tion for fully polarized (left) or partially polarized (right) light waves

cancer both ex-vivo, and in vivo. In the conclusion, we try to summarize our vision
of the status and the possibilities of Mueller ellipsometry, both from the instrumental
point of view and for “real world” applications.

2.2 The Polarization of Light

In this section, we briefly review the most widely used theoretical descriptions of
the light polarization properties, namely the Jones formalism for totally polarized
light and the Stokes-Mueller formalism, which is the most general representation
and can adequately account for any polarization states. The polarimetric properties
of any sample are then defined from the changes this sample introduces in the polar-
ization state of a probe light beam. In turn, these properties may be used for various
purposes, from very well established applications (such as material and thin film
characterizations) to more advanced ones, such as remote sensing and/or medical
diagnosis.

As described in textbooks on electromagnetism [4], when a light ray propagates
(through an isotropic or weakly birefringent medium) along the z direction, the
electric field vector E is confined to vibrate in a x–y plane perpendicular to z, as
illustrated in Fig. 2.1.

For totally polarized states, the electric field E describes an ellipse, characterized
by its ellipticity ε and the azimuth of its major axis φ. The particular cases of linear
and circular polarizations respectively correspond to ε = 0, and φ = 45◦. In contrast,
partially polarized states correspond to more disordered motions of the electric field,
which can be properly described only statistically, from cross-correlation functions,
as discussed below.

2.2.1 The Jones Formalism

As mentioned above, the Jones formalism is well adapted to the description of totally
polarized states. Any elliptical motion of E can be decomposed along the x and y axes,
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with real amplitudes Ai and phases φi, (i = x, y) which can be lumped into complex
numbers Ei. Because in ellipsometry measurements are in general performed either
in reflection or transmission configurations, it is common to choose as reference for
the coordinates x and y, the directions parallel and perpendicular with respect to the
plane of incidence, called p and s respectively. Then for transversal electromagnetic
waves the Jones vector for the electric field is given by:(

Ex

Ey

)
=

(
Ep

Es

)
=

(
Apeiϕp

Aseiϕs

)
(2.1)

Stated in the form (2.1), the Jones vector contains also an overall phase factor, which
may be important in some cases, when the polarized beam under study interferes
with another beam. However, as long as only single-beam ellipsometry is concerned,
this overall phase can be removed, for example by setting φp = 0. In the absence
of depolarization, the interaction with a sample transforms the Jones vector of the
incident beam into another Jones vector, by a linear transformation:

(
Eout

p

Eout
s

)
=

(
Jpp Jps

Jsp Jss

)(
Ein

p

Ein
s

)
(2.2)

where the Jij are the elements of the Jones matrix. In a similar way as for Jones
vectors, if one is interested only in the polarimetric properties of the sample and not
its overall optical path (or phase shift) then one element can be taken as a real number
(phase set arbitrarily to zero), and the Jones matrix depends on seven real parameters.
This dependence can be further reduced to six if the overall amplitude transmission
(or reflectivity) is also neglected. For plane and isotropic samples the Jones matrix
in (2.2) takes on a special simple form: diagonal. It turns out that in practice the
majority of substrates and thin films produced in research or industrial laboratories
are isotropic, which makes the study by ellipsometry particularly simple.

(
Ein

x

Ein
y

)
=

(
rp 0

0 rs

)(
Ein

x

Ein
y

)
(2.3)

Jones matrix elements can be interpreted in terms of the Fresnel reflection coeffi-
cients in polarization parallel, rp, and perpendicular, rs, to the plane of incidence.
If the measurement is performed in transmission configuration, rp and rs must be
substituted by the respective equivalent Fresnel transmission coefficients tp and ts
(Fig. 2.2).

Ellipsometry measures the change on the polarization state of a beam after reflec-
tion or transmission by a sample. In the simplest case of isotropic samples, standard
ellipsometry measures a couple of values � and � called the ellipsometric angles.
The angles � and � are usually defined from the ratio ρ,
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Fig. 2.2 Schematic view of a ellipsometric measurement in reflection configuration. The polarized
beam is incident on the sample from the right side. After reflection the polarization state of the
beam has changed and pursuits its propagation to the left side

ρ = rp

rs
= tan �ei� (2.4)

where

tan � =
∣∣rp

∣∣
|rs| and � = δp − δs (2.5)

Thus, tan � is the amplitude ratio upon reflection, and � is the difference in phase
shift. As it will be shown in a subsequent section of this chapter, Sect. 2.5.3, standard
ellipsometers do not measure directly � and �, but functions of them.

2.2.2 The Stokes-Mueller Formalism

2.2.2.1 General Polarization States: Coherence and Stokes Vectors

For partially depolarized states, the disordered motion of the electric field in the (x, y)
plane schematically shown in Fig. 2.1, can be properly described only by its statis-
tical properties instead of its instantaneous values. For this reason it is preferable
to use field intensities instead of amplitudes. At first sight, one might think that a
full probability distribution of the electric field E would be needed to fully charac-
terize such states. In fact, as long as only intensity measurements can be performed
with state-of-the art detectors at optical frequencies, all that is needed to predict the
result of any classical measurement are the second moments (statistical averages of
quadratic functions) of the electric field distributions. As a result, in the framework
of linear optics, any possible polarization state of partially polarized field can be
fully characterized by a four dimensional vector, called the field coherence vector
C, defined for any set of a orthogonal axes (p, s). In the context of ellipsometry, the
p and s axes are traditionally chosen to be oriented along the directions parallel and
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perpendicular to the plane of incidence. Accordingly C can be written as:

CT = (C1, C2, C3, C4) =
(〈

EpE∗
p

〉
,
〈
EpE∗

s

〉
,
〈
EsE

∗
p

〉
,
〈
EsE

∗
s

〉)
(2.6)

where the first and last components are real while the other two are complex conju-
gates of each other. However, in practice the most widely used vector to characterize
arbitrary polarization states is the Stokes vector :

S =

⎛
⎜⎜⎝
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V

⎞
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⎛
⎜⎜⎝
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〉
〈
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p

〉
i
〈
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p

〉

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= AC with

A =

⎛
⎜⎜⎝

1 0 0 1
1 0 0 −1
0 1 1 0
0 i −i 0

⎞
⎟⎟⎠ (2.7)

The popularity of the four dimensional real Stokes vector is certainly due to its
immediate relationship with the directly measurable quantities Ip, Is, I+45, I−45 i.e.
the intensities which would be measured through ideal linear polarizers oriented
along the p, s, p + 45◦ and p−45◦ in the plane perpendicular to the direction of
propagation, while IL and IR would be the intensities transmitted by left and right
circular polarizers [1]. Contrarily to the Stokes vectors, the Jones vector, which is
defined in terms of electric field amplitudes, cannot be measured at optical frequen-
cies.

In the most general case of partially polarized light the brackets at the right hand
sides of (2.6) and (2.7) stand for all possible ways to take averages, e.g. spatially,
spectrally or temporally, depending on the sample and measurement conditions.
Thus, partially polarized states can be viewed as incoherent superpositions of fully
polarized states with different polarizations, with simple addition of intensities and
no interference effect. Conversely, for fully polarized states the field amplitudes
are well defined and there is no need of averaging whatsoever. The corresponding
brackets can thus be removed from (2.6) and (2.7).

Within the Stokes formalism, the degree of polarization ρS related to a given
Stokes vector S is defined as:

ρS =
√

Q2 + U2 + V2

I
(2.8)

This parameter varies between 0, for totally depolarized (fully disordered) states;
and 1, for totally polarized states. This is an important difference between Jones and
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Stokes vectors: while Jones vectors may have any complex components, without any
limitation whatsoever, this is no longer true for Stokes vectors, for which ρs must be
comprised between 0 and 1 to actually represent a physically realizable polarization
state.

2.2.2.2 Interaction with a Sample: Mueller Matrices

Let us first consider the transformation of a fully polarized light by interaction with
a non-depolarizing sample. From the transformation described within the Jones for-
malism by (2.2) we immediately obtain

(EiE
∗
j )out =

∑
k,l

JikJ∗
jl (EkE∗

l )in (2.9)

If we now consider the general case of a partially depolarized state interacting with
a partially depolarizing sample, then both sides of (2.9) must be averaged. Now,
in linear optics there is absolutely no reason to expect any statistical correlations
between the fluctuations of the Jones matrix elements characterizing the sample and
those of the incoming field amplitudes, as the light field cannot affect the sample
properties in any way at the intensities typical of ellipsometric measurements. As a
result, the quadratic functions of the Jones matrix and of the field amplitudes can be
averaged separately,

〈
EiE

∗
j

〉out =
∑
k,l

〈
JikJ∗

jl

〉 〈
EkE∗

l

〉in or Cout = F Cin (2.10)

where the matrix F is obtained by renumbering the couples of indices ik and jl in the
same way as it was done for the coherence vector C in (2.6):

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

〈
JppJ∗

pp

〉 〈
JppJ∗
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〉 〈
JpsJ∗
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〉 〈
JpsJ∗
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〉
〈
JppJ∗

sp

〉 〈
JppJ∗

ss

〉 〈
JpsJ∗
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〉 〈
JpsJ∗

ss

〉
〈
JspJ∗

pp

〉 〈
JspJ∗

ps

〉 〈
JssJ∗

pp

〉 〈
JssJ∗

ps

〉
〈
JspJ∗

sp

〉 〈
JspJ∗

ss

〉 〈
JssJ∗

sp

〉 〈
JssJ∗

ss

〉

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 〈
J ⊗ J∗〉 (2.11)

where ⊗ stands for a Kronecker product. While the coherence vector C is transformed
by F, upon interaction with a sample the Stokes vector is transformed by the well-
known Mueller matrix M [5–7]:
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Sout =

⎛
⎜⎜⎝

I
Q
U
V

⎞
⎟⎟⎠

out

= MSin =

⎛
⎜⎜⎝

M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝

I
Q
U
V

⎞
⎟⎟⎠

in

(2.12)

By combining (2.7), (2.10) and (2.11) we immediately obtain

M = A F A−1 = A
〈
J ⊗ J∗〉 A−1 (2.13)

which can be written in an expanded notation for a general case as:

(2.14)
Of course, in the absence of depolarization, i.e. when the Jones matrix is well

defined, the brackets meaning averages can be removed in (2.14). Furthermore, if
the Jones matrix is diagonal, as it is the case for standard ellipsometry, only the upper
left and lower right 2 × 2 sub-matrices do not vanish, and the Mueller matrix can be
recast in terms of the ellipsometric angles � and � as:

M (τ,�,�) = τ

⎛
⎜⎜⎝

1 − cos(2�) 0 0
− cos(2�) 1 0 0

0 0 sin(2�) cos � sin(2�) sin �

0 0 − sin(2�) sin � sin(2�) cos �

⎞
⎟⎟⎠

(2.15)
Due to the capability of the Stokes vectors to describe any polarization state, the
Mueller matrix can fully describe the polarimetric properties of any sample, be it
depolarizing or not. In other words, Mueller polarimetry is the only technique able
to fully characterize the polarization responses of any sample, in any measurement
conditions.

In contrast with the Jones matrix, the Mueller matrix does not carry any informa-
tion about the overall optical phase shift introduced by the sample. So, depending
on whether the overall transmission (or reflectivity) of the sample is of interest or
not, the Mueller matrix may be considered in its original or in its normalized form:
in the latter case, all its elements are divided by the upper left element M11 which is
set equal 1.

2.2.2.3 Coherence Matrix: Physical Realizability and Depolarizing
Character of Mueller Matrices

The coherence matrix, N, is an interesting object, obtained from a smart rearrange-
ment of the matrix F. To obtain the coherence matrix it is necessary to redefine the
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Jones matrix in a “vector” form JV as:

[
JV

]T =
(

JV
1 , JV

2 , JV
3 , JV

4

)
= (

Jpp, Jps, Jsp, Jss
)

(2.16)

then the matrix N can be expressed in terms of matrix F as:

N =
〈[

JV
]

⊗
([

JV
]T

)∗〉
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

〈
JppJ∗

pp

〉 〈
JppJ∗
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〉 〈
JppJ∗
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〉 〈
JppJ∗

ss

〉
〈
JpsJ∗

pp

〉 〈
JpsJ∗
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〉 〈
JpsJ∗

sp

〉 〈
JpsJ∗

ss

〉
〈
JspJ∗

pp

〉 〈
JspJ∗
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〉 〈
JspJ∗

sp

〉 〈
JspJ∗

ss

〉
〈
JssJ∗

pp

〉 〈
JssJ∗
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〉 〈
JssJ∗

sp

〉 〈
JssJ∗

ss

〉

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎣

F11 F12 F21 F22
F13 F14 F23 F24
F31 F32 F41 F42
F33 F34 F43 F44

⎤
⎥⎥⎦ (2.17)

where the superscripts, T and ∗ stand for transposed and complex conjugated. When
applied successively, they are equivalent to the Hermitian conjugate. The relation
between the N and F matrices allows to combine expressions (2.17), (2.11) and
(2.14) to write N in terms of the elements of the Mueller matrix M as:

N = 1

2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11 + M22+
M12 + M21

M13 + M23+
i(M14 + M24)

M31 + M32−
i(M41 + M42)

M33 + M44+
i(M34 − M43)

M13 + M23−
i(M14 + M24)

M11 − M22−
M12 + M21

M33 − M44−
i(M34 + M43)

M31 − M32−
i(M41 − M42)

M31 + M32+
i(M41 + M42)

M33 − M44+
i(M34 + M43)

M11 − M22+
M12 − M21

M13 − M23 + i
(M14 − M24)

M33 + M44−
i(M34 − M43)

M31 − M32
+i(M41 − M42)

M13 − M23−
i(M14 − M24)

M11 + M22−
M12 − M21

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.18)
An alternative definition of the matrix N, giving the same result as (2.17), has been
proposed by [8]. As it can be seen, the coherence matrix has the same elements as
the matrix F, hence it carries the same information. By construction, the matrix N is
Hermitian, implying its eigenvalues are real. This algebraic property will be used to
define some of the Mueller matrix decompositions detailed in a forthcoming section,
Sect. 2.4. Moreover by construction it can be easily seen that the coherence matrix
has the form of a variance-covariance matrix. In the following, in order to keep the
same terminology as other authors, we will refer to matrix N as coherence matrix
instead of variance-covariance matrix.
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2.2.2.4 Physical Realizability of Mueller Matrices

We already pointed out in paragraph 2.2.2.1 that any two dimensional complex vector
may represent the Jones vector of a physically realizable polarization state, while
a four dimensional real vector is not necessarily an acceptable Stokes vector, as its
degree of polarization ρs must be comprised between 0 and 1.

The situation is quite analogous for Jones and Mueller matrices. Any 2×2 complex
matrix is a physically acceptable Jones matrix (provided we consider the polarization
behavior of optical amplifiers, to include matrices with coefficients having moduli
larger than 1), while any 4×4 real matrix M is not necessarily a physically realizable
Mueller matrix. An obvious necessary condition is that any acceptable Stokes vector
must be transformed by M into another acceptable Stokes vector, with ρs between 0
and 1. However, this condition is not sufficient.

The real criterion of physical realizability of M as a Mueller matrix is directly
related to our previous definition of a Mueller matrix as a linear combination of the
second moments of a probabilistic (and not deterministic) Jones matrix. A necessary
and sufficient condition for the existence of such matrix, and thus of the acceptabil-
ity of M as a Mueller matrix is that the matrix N calculated from M by (2.18) is
an acceptable coherence matrix, i.e. that this Hermitian matrix is definite positive
[9, 10] (all eigenvalues are non-negative, and at least one is strictly positive).

2.2.2.5 Depolarizing and Non-Depolarizing Mueller Matrices

From the above definitions, it should be quite clear now that a non-depolarizing
sample is characterized by a well-defined (deterministic) Jones matrix. As a result,
all the averaging introduced in Eqs. (2.10), (2.11), (2.14) and (2.17) can be safely
eliminated. If so, Eq. (2.17) shows that N can be seen as a “projector” of the C4 space
onto the vector JV.

Actually, a necessary and sufficient condition for a Mueller matrix M to be non-
depolarizing and equivalent to a Jones matrix J is that its coherence matrix N has
only one strictly positive eigenvalue The eigenvector associated with this eigenvalue
is the vector JV related to J by JV (2.16).

As discussed later in Sect. 2.3.3 devoted to pure depolarizers, there are many ways
to quantify the depolarizing character of a given sample, after more or less complex
treatments of the Mueller matrix M. However, a very simple quantifier, the quadratic
depolarization index Pq proposed by Gil [11] deserves a special mention here due to
its ease of implementation:

Pq =

√√√√√
∑
ij

M2
ij − M2

11

3M2
11

=
√

trace(MT M) − M2
11

3M2
11

(2.19)
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Fig. 2.3 Left a pair of ellip-
tically polarized orthogonal
states. Right a pair of linearly
polarized orthogonal states

where the superscript T stands for the transpose operation and, trace, indicates the
algebraic trace operator. The quadratic depolarization index Pq varies from 0, for a
perfect depolarizer (only M11 is nonzero) to 1, for non-depolarizing matrices.

2.3 The Essential Polarimetric Properties of Any Sample

Generally speaking, the polarimetric response of a given sample describes how the
incident light polarization is changed due to the interaction with the sample. In spite
of its apparent complexity, this response can be rationalized in terms of three funda-
mental properties, namely the sample diattenuation, retardation, and depolarization.
In many cases of practical interest, among which the usual ellipsometric characteri-
zation of isotropic materials or thin films, all these properties can be unambiguously
defined from the measured data. The fundamental polarimetric properties used as
“building blocks” to characterize more complex systems are given by pure diatten-
uators, pure retarders and depolarizers.

To understand these properties it is useful to use the concept of pairs of fully
polarized orthogonal eigenstates, represented in Fig. 2.3. Each eigenstate is charac-
terized by its length and ellipticity. An ellipticity equal to zero corresponds to linearly
polarized light, an ellipticity equal to ±1 corresponds to circularly polarized light,
while other values of ellipticity correspond to elliptically polarized light. The sign of
the ellipticity states the difference between clockwise or counterclockwise rotation.
For the vast majority of usual polarization optical components, such as retardation
plates or polarizers, these eigenstates are actually linearly polarized, (also shown in
Fig. 2.3).

Linear diattenuators, which can be seen as partial linear polarizers, transmit (or
reflect) each of their eigenstates without altering their ellipticity nor azimuth, but
may change their intensities. Simple linear retarders, which can be assimilated to
wave plates, transmit their eigenstates without changing their respective ellipticity,
azimuth and intensity but modify their relative phases (or optical paths). These effects
are schematically represented in Fig. 2.4.

In contrast with diattenuators and retarders, ideal depolarizers do not leave any
polarization state invariant, excepted the totally depolarized one. Actually these com-
ponents reduce the light degree of polarization ρs defined in (2.8). In particular, these
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Fig. 2.4 Illustration of the transformation of polarization eigenstates by simple diattenuators (left)
or simple retarders (right)

Fig. 2.5 Analogous to
Fig. 2.4, for a typical depolar-
izer

components transform totally polarized states into partially polarized ones, as illus-
trated in Fig. 2.5.

As mentioned above, partially polarized states can be physically interpreted as
incoherent superpositions of totally polarized states with different polarizations. As
a result, a depolarizer can be described as an optical system with different non-
depolarizing responses which add up incoherently. In practice, this occurs for samples
featuring spatial, spectral or temporal inhomogeneities resulting in different output
polarization states leading to intensity signals which are integrated by the detector. If
retarders and diattenuators sharing the same eigenvectors are present in a sample or in
a given medium, their combined effect on the final state of a polarized beam does not
depend on the order on which each one appears; in other words, their polarization
effects are commutative. The same is not true for a depolarizer. When combined
with retardance and diattenuation, the position where depolarization takes place in
the sample matters, and determines the final polarization state of the beam.

In the following we provide a description of each one of the elementary polarimet-
ric properties together with a representation of the corresponding Mueller matrices.
More details can be found in [12]. The matrix representation is the basis of a pow-
erful method of interpretation of polarimetric measurements. The method consists
on decomposing the measured Mueller matrix into basic polarimetric effects, and it
will be detailed in a forthcoming section, Sect. 2.4.
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2.3.1 Diattenuation and Linear Diattenuators (Polarizers)

Diattenuation, the polarimetric property of the diattenuators, is defined in practice by
a scalar, called D, characterizing the maximum variation of transmitted (or reflected)
light intensity with as a function of the incident polarization state. Diattenuation is
defined as follows

D = Imax − Imin

Imax + Imin
(2.20)

where Imax and Imin correspond to the intensities of the two transmitted (or reflected)
eigenstates. This definition recalls the definition of the ellipsometric angle �. Indeed
tan2� can be written as Imax/Imin. The square is justified because D is defined for
intensities and � for amplitudes of the electromagnetic field. From this relation it is
easy to derive:

D = 1 − tan2 �

1 + tan2 �
= cos 2�. (2.21)

For ideal linear polarizers, Imin is close to 0, (in practice the ratio Imin/Imax is typ-
ically of the order of 10−3 to 10−6 Imax), thus D is almost 1 and � almost 0◦ or
90◦. The notion of diattenuation can be further extended to a vector, which gives
information about the orientation if diattenuator eigenstates. More specifically, if the
vector diattenuation is defined as:

D = D

⎛
⎝ d1

d2
d3

⎞
⎠ =

⎛
⎝Dhorizontal

D45◦
Dcircular

⎞
⎠ (2.22)

with d2
1 + d2

2 + d2
3 = 1, then the polarization eigenstates Stokes vectors Smin, Smax

are given by

ST
max = (1, d1, d2, d3,) , ST

min = (1,−d1,−d2,−d3,) (2.23)

The three components of the diattenuation vector D define respectively the horizontal,
the 45◦, and the circular diattenuation. The vector diattenuation of any sample is a
very simple function of the first row of the sample Mueller matrix:

D = 1

M11

⎛
⎝M12

M13
M14

⎞
⎠ (2.24)

The Mueller matrix of a pure diattenuator can be expressed in terms of the scalar and
the vector diattenuation as follows:



2 Advanced Mueller Ellipsometry Instrumentation 45

M = τ

(
1 DT

D (md)

)
; where md =

√
1 − D2I3 +

(
1 −

√
1 − D2

)
D DT (2.25)

This Mueller matrix has been written in a contracted form. The elements of the first
row and column are represented by the diattenuation vector. md is a 3×3 symmetric
sub-matrix which is function of the identity (3 × 3) matrix, I3, the vector and the
scalar diattenuation. Finally, τ represents the overall transmission or reflectivity or
the sample when the incident light is totally depolarized.

For the practically very interesting case of linear diattenuators (e.g. whose eigen-
states are linearly polarized) the Mueller matrix MD reads:

P = τP

2⎛
⎜⎜⎜⎜⎜⎝

1 cos (2θ) cos 2� sin (2θ) cos 2� 0

cos (2θ) cos 2� cos2 (2θ) + sin2 (2θ) sin 2� cos (2θ) sin (2θ) (1 − sin 2�) 0

sin (2θ) cos 2� cos (2θ) sin (2θ) (1 − sin 2�) sin2 (2θ) + cos2 (2θ) sin 2� 0

0 0 0 sin 2�

⎞
⎟⎟⎟⎟⎟⎠

(2.26)

where θ is the azimuth of the high transmission polarization direction with respect
to the x axis and � is the ellipsometric angle. The diattenuator vector takes the
particularly simple form

D = cos 2�

⎛
⎝ cos 2θ

sin 2θ

0

⎞
⎠ (2.27)

2.3.2 Retardance and Linear Retarders

The time delay generated between two eigenstates after propagation through a pure
retarder is represented by the scalar retardance, R. In a frequency representation
of the electromagnetic fields, the time delay is represented by the phase difference
between the two eigenstates. Similarly to the diattenuation, it is possible to define a
vector retardance, R, as

R = R

⎛
⎝ r1

r2
r3

⎞
⎠ =

⎛
⎝ RH

R45◦
RC

⎞
⎠ (2.28)

with r2
1 + r2

2 + r2
3 = 1. Again, the Stokes vectors of the fast and slow eigenstates Sf ,

Ss are given respectively by

ST
f = (1, r1, r2, r3,) , ST

s = (1,−r1,−r2,−r3,) (2.29)
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A pure retarder can be described geometrically as rotation in the space of Stokes
vectors. Mathematically the Mueller matrix MR of the retarder can be written in
compact notation as:

MR =
(

1 0T

0 mR

)
, and (mR)ij = δij cos(R) + rirj (1 − cos R)

3∑
k=1

εijkrk sin R

(2.30)
where the 3×3 sub-matrix, mR, is orthogonal and has a unit determinant, det(mR) =
+1. 0 represents the null vector. δij is the Kronecker symbol, and εijk is the Levi-
Civita permutation sign. Scalar and vector retardances can be easily determined from
the measured Mueller matrices as follows:

R = cos−1
(

trace (MR)

2
− 1

)
(2.31)

ri = 1

2 sin R

3∑
j,k=1

εijk(mR)jk (2.32)

Again, the case of linear retarders is of particular interest. For such a component,
with its fast axis oriented at an azimuth, θ , with respect to the x axis and a scalar
retardation �, the Mueller matrix reads :

MR(θ,�) =

τR

⎛
⎜⎜⎝

1 0 0 0
0 cos2(2θ) + sin2(2θ) cos(�) cos(2θ) sin(2θ) (1 − cos(�)) − sin(2θ) sin(�)

0 cos(2θ) sin(2θ) (1 − cos(�)) sin2(2θ) + cos2(2θ) cos(�) cos(2θ) sin(�)

0 sin(2θ) sin(�) − cos(2θ) sin(�) cos(�)

⎞
⎟⎟⎠

(2.33)

It is straightforward to check that the scalar retardation R given by (2.31) is nothing
else but the ellipsometric angle �, and the retardance vector is

R = �

⎛
⎝ cos 2θ

sin 2θ

0

⎞
⎠ (2.34)

2.3.3 Depolarization and Pure Depolarizers

The Mueller matrix of a general depolarizer, Mδ , is given in compact notation by:
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Mδ =
(

1 0T

0 mδ

)
(2.35)

where mδ is a 3 × 3 real symmetric matrix. Thus this matrix can be reduced to
a diagonal form in a suitable orthonormal basis formed by three (3-dimensional)
eigenvectors vi. As a result, in a basis formed by the four Stokes vectors

ST
0 = (1, 0, 0, 0,) , and ST

i =
(

1, vT
i

)
, (1 ≤ i ≤ 3) (2.36)

the Mueller matrix Mδ of the depolarizer becomes diagonal

Mδ =

⎛
⎜⎜⎝

1 0 0 0
0 a 0 0
0 0 b 0
0 0 0 c

⎞
⎟⎟⎠ (2.37)

where the eigenvalues a, b, c of mδ are real numbers comprised between −1 and 1.
The Eq. (2.37) above shows that for the three Stokes vectors Si defined in (2.36) the
degree of polarization is reduced by a factor equal to the corresponding eigenvalue
a, b or c, while the totally depolarized state remains unchanged. In other words, a
general depolarizer features only one eigenpolarization, corresponding ot a totally
depolarized state.

Due to the symmetry of mδ , the Mueller matrices of pure depolarizers defined
in (2.35), clearly depend on six parameters, i.e. the independent components of
mδ . Another possible choice, which may be more physically relevant, are the three
eigenvalues a, b, and c, and the three Euler angles defining the directions of the
normalized vectors vi in the three dimensional space of the (Q, U, V ) coordinates of
Stokes vectors.

Due to this dependence on six parameters, in the most general case, depolariz-
ers are more mathematically complex than retarders or diattenuators, which involve
only three parameters each. Fortunately, in many situations of physical interest the
symmetry properties of the sample greatly reduce the number of independent para-
meters. For example, when observed in forward or backward scattering geometries
a suspension of spherical (or statistically isotropic) scatterers behaves as a pure
depolarizer with different depolarization powers for linearly and circularly polar-
ized incident states. Moreover, for the particular case of a suspension of spheres, the
depolarization power for linear states is independent of the orientation of the incident
polarization. Mathematically, these intuitive properties can be reformulated as

a = b �= c and vT
1 = (cos α, sin α, 0) , vT

2 = (− sin α, cos α, 0) , vT
3 = (0, 0, 1)

(2.38)
where α can be chosen arbitrarily.

However, as depolarizers are studied not only for their own sake but also to charac-
terize the depolarizing properties of more general Mueller matrices by mathematical
treatments presented in the next section, it is desirable to define a single numeri-
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cal function defining the “overall” depolarizing power of a depolarizer, and which
would vary from 0 to 1, these extreme values being reached for nondepolarizing
matrices and for total depolarizers respectively. A first example of such function
is the quadratic depolarization index Pq defined in Eq. (2.19) for a general Mueller
matrix, and obviously applies also to pure depolarizers. Another possible definition
has been given specifically for depolarizers by Lu and Chipman [12].

δ = 1 − 1

3
(|a| + |b| + |c|) (2.39)

Finally, we point out that the best definition of an “overall” depolarizing power
depends on the system under consideration. This is an open field, with many new
definitions being proposed [13, 14].

2.3.4 Polarizance: Homogeneous and Inhomogeneous Systems

The concept of polarizance is linked to the ability of a sample to increase the degree
of polarization of an initially non-polarized beam. This increase can be done either by
a selective reorientation or by a selective elimination of certain vibration directions
of the electric field. Mathematically this concept is expressed as follows:

Sout =

⎛
⎜⎜⎝

M11
M21
M31
M41

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎠ (2.40)

The degree of polarization of the Stokes vector representing the final state of the beam
is called scalar polarizance P. Moreover, in analogy with the vector diattenuation and
the vector retardance the vector polarizance P can be defined from the Mueller matrix
elements of the polarizing element as:

P =
√

M2
21 + M2

31 + M2
41

M2
11

and P = 1

M11

⎛
⎝M21

M31
M41

⎞
⎠ (2.41)

For many systems, the diattenuation and polarizance vectors are equal: P = D. Such
systems are said to be homogeneous. The diattenuators and the retarders respectively
defined in Sects. 2.3.1 and 2.3.2 are indeed homogeneous.

At first glance a diattenuating system may seem necessary to partially polarize
an initially unpolarized beam. The emerging polarization being directly determined
by the diattenuation vector D, one might expect that in all cases P = D, and thus
the notion of polarizance would eventually be pointless. This is not true, as we now
show with very simple examples of inhomogeneous systems.
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• Let us first consider a setup consisting of a polarizer followed by a perfect depo-
larizer. Such a system clearly exhibits diattenuation, as the intensity transmitted
by the polarizer depends on the incoming polarization. However, the beam emerg-
ing from the depolarizer is, by definition, totally depolarized, implying that an
initially depolarized beam would remain totally depolarized. As a result, such a
system exhibits a strong diattenuation but no polarizance.

• Let us now consider the same elementary components, but in reverse order (depo-
larizer first, polarizer afterwards). In this case, any incoming polarized beam is
transformed by the depolarizer into a totally depolarized beam whose intensity
does not depend on the incoming polarization. Then, the polarizer transforms this
beam into a polarized one, with always the same polarization. In contrast with the
previous case, now the system exhibits zero diattenuation but a strong polarizance
(P = 1 for a perfect polarizer).

2.3.5 Summary

In this part, we have introduced the “elementary” polarimetric properties, namely
diattenuation, retardance, depolarization and polarizance. As diattenuation, retar-
dance and polarizance are defined by 3D non-normalized vectors, each of them
depends on three independent parameters. On the other hand, we have seen that
depolarization depends on another six parameters. So, all these polarimetric proper-
ties imply 15 independent parameters, as expected for normalized Mueller matrices
(M11, which is an overall transmission factor, is irrelevant for polarimetry).

However, the elementary polarimetric properties of a given Mueller matrix cannot
be defined unambiguously. As shown in the next section, several decomposition
procedures may be used to retrieve these properties, the final results depending on
the chosen decomposition. For a correct interpretation of the data, it is therefore
essential to choose properly the decomposition best adapted to the system under
study, if available in the “toolbox”.

2.4 Mueller Matrix Algebra: Decomposition
of Mueller Matrices

Ideally, any polarimetric measurement should be interpreted by fitting to the mea-
sured Mueller matrices numerical simulations based on a relevant model, as it is very
commonly done with standard ellipsometry studies of samples like stacks of isotropic
thin films on plane substrates. Unfortunately this is far from being always possible
with the “complex” and/or “disordered” samples such as biological tissues, which
exhibit depolarization and justify the use of Mueller polarimetry. For such samples
accurate models of their polarimetric responses are very difficult to elaborate.
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In the absence of adequate physical models, experimental Mueller matrices can
still be phenomenologically interpreted by decomposing them into simpler compo-
nents with well-defined polarimetric properties. Basically, Mueller matrix decom-
positions can be classified into two groups:

• sum decompositions: Sum decompositions treat a depolarizing Mueller matrix as
an incoherent addition of non-depolarizing matrices. Sum decompositions are pri-
marily used to assess the physical realizability of the measured Mueller matrix,
a condition which is not necessarily satisfied due to experimental errors, and to
“filter” out the contribution these errors if needed. In other cases sum decompo-
sitions allow to isolate the individual non-depolarizing Mueller matrices which
contribute to a measured depolarizing matrix.

• product decompositions, which describe the sample as a stack of elementary sam-
ples traversed sequentially by the light beam. These decompositions are mostly
used to evaluate the diattenuation, retardation, depolarization and polarizance of
the input Muller matrix, and, in some cases, to locate the various elementary
polarization properties inside the sample.

2.4.1 Sum Decompositions

Sum decompositions treat the depolarizing Mueller matrix as an incoherent addition
of non-depolarizing matrices. The physical image behind these decompositions is
that of a beam which does not shine a single sample, but on N different ones at
the same time. Consequently each sample transmits of reflects, simultaneously and
independently of the other samples, a portion of the beam. To complete the image
we consider that a unique detector integrates incoherently (without interferences)
and simultaneously the light coming from all the N samples. An electrical analogue
would be a circuit comprising N resistances connected in parallel. A current flow,
arriving to the circuit, splits, and a portion of the total intensity current goes through
each resistance. Once the individual current flows have gone through the resistances,
they sum up again at the output of the circuit.

Sum decompositions are very useful because they may represent physical situa-
tions frequently encountered in ellipsometric measurements. Incoherent superposi-
tions of differently polarized contributions may be caused by the sample or by the
measurement system itself. Typical examples of such situations are

(a) multiple reflections by the double face of substrates thicker than the light coher-
ence length, typically of the order of 0.2 mm for most spectroscopic ellipsome-
ters.

(b) Spatially inhomogenous samples. Many examples can be found in this category
which have in common the fact that the probe beam is much larger than the
characteristic size of homogeneous zones. Thus the beam illuminates a region
of the sample with different optical responses. Once all of these responses arrive
at the detector they add-up incoherently and generate depolarization.
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(c) Tightly focused beams. The reduction of beam spot sizes sometimes involves
the creation of highly divergent (convergent) beams incident on the sample.
A highly divergent or convergent can be understood as a bundle of well collimated
beams with a specific angle of incidence each. As a result, the reflected beam
is also divergent and contains a “bundle” of optical responses, which add-up
incoherently when they are detected.

Many other examples can still be found which shows the interest for a decomposition
which simplifies the analysis of data.

2.4.1.1 Cloude Decomposition

The most popular sum decomposition is known as the Cloude decomposition
[15, 16]. Accordingly, any depolarizing matrix M can be represented as a weighted
sum of up to four non-depolarizing Mueller matrices Mi in the following way:

M = λ1M1 + λ2M2 + λ3M3 + λ4M4, (2.42)

with the weight factors λi being positive. To form the decomposition, it is necessary to
evaluate the coherence matrix N from the original Mueller matrix M via the F matrix
by Eqs. (2.11) and (2.17). Then, let the eigenvalues and the normalized eigenvectors
of N be λi and ei, respectively. The coherence matrices Ni of the non-depolarizing
components Mi are given by

Ni = eie
†
i (2.43)

where the symbol † stands for Hermitian conjugate Comparison of (2.43) and (2.18)
immediately shows that ei is nothing else but the vector form JV

i defined in (2.16)
of the Jones matrix Ji associated with the nondepolarizing matrix Mi. Finally, the
matrices Mi can be derived from Ji by using (2.14).

As shown previously, for a physically realizable Mueller matrix, the correspond-
ing coherence matrix N is positive semi-definite and therefore, has non-negative
eigenvalues λi that are usually sorted according to λ1 ≥ λ2 ≥ λ3 ≥ λ4. Conversely,
if λ4 < 0 for instance, the matrix M is unphysical, i.e. M may transform a valid input
Stokes vector into an invalid output one. When the Mueller matrix to be measured is
non- or very weakly depolarizing, measurement errors may easily make it nonphys-
ical. In such cases, Cloude decomposition provides a convenient tool to “filter out”
the effect of such errors and make the measured matrix physical: to this end, once
the eigenvalues λi and non-depolarizing matrices Mi are obtained, the (presumably
small) negative eigenvalues are set equal to zero, and the relationship (2.42) is used
one more to reconstruct a physically acceptable matrix close to the initially measured
one.

In general for a spatially inhomogeneous system the non-depolarizing components
Mi do not correspond to actual physical Mueller matrices corresponding to different
parts of the system ! A simple reason for that is that the eigenvectors ei, of N form
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an orthonormal basis. Then the matrices Mi = eie
†
i have special properties which

are not necessarily verified by the actual physical Mueller matrices of different parts
of the system. To retrieve such matrices, and thus fully characterize such systems in
spite of their inhomogeneity, more information than the simple knowledge of M is
needed. An example of such characterization is described in Sect. 2.7.2.

2.4.1.2 Le Roy-Bréhonnet Decomposition

A special case of Cloude decomposition is that proposed by Le Roy-Bréhonnet
et al. [17] representing M as the sum of a non-depolarizing Mueller matrix Mnd
and an ideal diagonal depolarizer Mid (i.e., the kind of depolarizer introduced in the
preceding section with null diagonal elements a = b = c = 0):

M = Mnd + Mid (2.44)

Unlike Cloude decomposition which is valid for an arbitrary depolarizing Mueller
matrix, Le Roy-Bréhonnet expression is valid only if the condition λ2 = λ3 = λ4
( �= λ1) is fulfilled. Le Roy-Bréhonnet decomposition offers another way to filter
noisy experimental Mueller matrices of non-depolarizing samples. The procedure
attributes to Mnd the whished matrix and to Mid the noise.

2.4.2 Product Decompositions

Product decompositions represent an arbitrary Mueller matrix as a product of
elementary Mueller matrices—diattenuators, retarders and depolarizers. These
decompositions are characterized by the number of elementary components and their
respective positions in the multiplication. The order of the components is important
since depolarizer matrices do not commute with diattenuator nor with retarder matri-
ces. In principle, product decompositions are adequate to describe physical situations
in which the beam interacts sequentially with different parts of the sample, each of
which being characterized by a well-defined fundamental polarization property.

An ad-hoc example of such situation is the propagation of a beam through a
wedge made of an anisotropic material with a rough output face. We assume that
the input face is tilted with respect to the propagation direction, whereas the rough
surface is perpendicular to the output beam. Then the tilted plane surface introduces
diattenuation due the difference in transmission coefficients for s and p polarizations,
the propagation though the bulk crystal introduces retardation, and the scattering on
the rough output surface may depolarize. Accordingly, the Mueller matrix M of the
wedge can be represented by a matrix multiplication of the form M = MδPMRMD
with elementary Mueller matrices in this order. MδP, MR, MD are the Mueller matri-
ces of the depolarizer, the retarder and the diattenuator respectively.
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Of course, situations in which one knows very well a priori the right order of
the elementary components are very rare in “real life” applications. Thus various
product decompositions have been (and are still being) developed to better cope with
complex situations.

2.4.2.1 Forward and Reverse Decompositions into Three Factors

All these decompositions describe the input matrix M as a product of a diattenuator,
a retarder, and a depolarizer. Actually with three elementary component types, there
are six different possible orders. Among these, the most widely used choice is that
chosen by Lu and Chipman [12], namely:

M = MδP MR MD (2.45)

where the “special” symbol Mδ P had been used for the depolarizer. Actually, for
this decomposition to be quite general, if the diattenuator and the retarder are of
the forms defined in Sects. 2.3.1 and 2.3.2, then the depolarizer cannot be a “pure”
depolarizer of the form defined in Sect. 2.3.3, as the product matrix M would exhibit
no polarizance (three parameters are missing). As a result, the “depolarizer” has
nonzero polarizance and its matrix is of the form:

MδP =
(

1 0T

P mδ

)
(2.46)

With these assumptions the procedure is numerically stable and always provides
physically realizable elementary matrices Mδ P, MR and MD. This procedure is thus
very convenient and is widely used for the phenomenological interpretation of exper-
imental (or even simulated) Mueller matrices.

What happens if the order of the elementary components is changed? A very
simple calculation shows that the above results are easily generalized to the other
two cases in which the diattenuator precedes the depolarizer, namely

M = M′
R M′

δP M′
D or M = M′′

δP M′′
D M′′

R (2.47)

More precisely, the depolarizer matrices keep the form defined in (2.46) and the M′
and M′′ matrices are deduced from those provided by the standard decomposition
(2.45) by unitary transformations.

This kind of simple generalization is no longer valid for the three cases in which the
depolarizer precedes the diattenuator. Morio and Goudail [18] introduced a “reverse”
decomposition procedure for these three cases with the same definition of the depo-
larizer, but this procedure could lead to unstable or even unphysical results in case
of very strong depolarizations. This issue has been solved by Ossikovski et al. [19]
assuming that when the depolarizer precedes the diattenuator, the former features
zero polarizance. The “standard” reverse decomposition takes then the form:
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M = MD MR MD′δ (2.48)

with a depolarizer matrix of the form:

MD′δ =
(

1 D′T
0 mδ

)
(2.49)

As in the case of “direct” decompositions, the matrices of the three possible
“reverse” cases (i.e. when the depolarizer precedes the diattenuator) are deduced
from one another by simple orthogonal transformations. This procedure too is sta-
ble and always provides physically realizable Mueller matrices for the elementary
components.

2.4.2.2 Symmetric Decompositions

The symmetric decomposition was first introduced for non-depolarizing Mueller
matrices [20] in the following form:

M = MLR2 M�� MLR1 (2.50)

where MLR1 and MLR2 represent linear retarders, and M�� is a linear retarding
diattenuator with known orientation of its common diattenuation and retardation
axes (like in standard ellipsometry, where these axes are along s and p directions).
The procedure allowing to retrieve the three matrices MLR1, M�� and MLR2 from
M has been experimentally validated by measuring the Mueller spectra of a standard
ellipsometric sample (10 nm of SiO2 on a c-Si substrate) with and without inserting
retardation plates in the input and output beams [21]. A possible application of this
procedure could be the elimination of the effect of birefringence of strained windows
for in situ ellipsometric measurements.

This procedure was subsequently generalized to depolarizing Mueller matrices,
which could be decomposed according to [22]

M = MD2 MR2Md δ MR1 MD1 (2.51)

where MD1 and MD2 represent generic diattenuators of the form defined in Sect. 2.2.1,
MR1 and MR2 generic retarders, and Md δ a diagonal depolarizer. The central position
of the depolarizer in the symmetric decomposition can be very useful for samples
which can be viewed as purely depolarizing media limited by tilted input and output
interfaces: in this case the diattenuation and retardation effects are likely to occur at
the output interfaces and the depolarization in between. Moreover, in many cases of
practical interest the Mueller matrix of the depolarizer is indeed diagonal.
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However, this decomposition has two essential limits:

• Md δ an take a diagonal form if, and only if, the eigenvector related to the largest
eigenvalue of the matrix product M′ = G MT G M is not fully polarized, which
is quite generally, but not always the case. If so, M can be termed “Stokes diago-
nalizable” and the procedure may be used

• Assuming M Stokes diagonalizable the depolarizer should be nondegenerate, i.e.
its three diagonal elements a, b, c (other than M11, set equal to 1) must be different
from each other. Otherwise, Md δ may commute with MR1 and MR2, and if so only
the product MR1MR2 can be determined unambiguously.

This decomposition has been thoroughly studied experimentally. First, its validity
has been demonstrated on an ad hoc system including nondegenerate and degenerate
depolarizers set between retarders and diattenuators [23]. In both cases, the achieved
accuracy was better than that of forward or reverse decompositions. Then a system
with a non-Stokes diagonalizable Mueller matrix was implemented and studied [24],
and finally it was shown that such matrices may occur in natural photonic systems,
such as the cuticles of beetles [25].

2.4.2.3 Logarithmic Decomposition

The logarithmic decomposition was proposed recently as a complementary alterna-
tive to the standard product decompositions. This decomposition is a natural gen-
eralization [26] of the classic differential matrix formalism [27] to the depolarizing
case. The approach, based on the physical picture of a continuously distributed depo-
larization, parallels and complements the product decomposition approach whereby
depolarization is modeled as a spatially localized “lump” phenomenon. In particular,
the differential matrix methodology appears as particularly well adapted to the phe-
nomenological description of the continuous scattering in turbid media. According
to this decomposition, the space derivative along the propagation direction z of a
Mueller matrix M can be expressed as:

dM
dz

= mM (2.52)

For a non-depolarizing medium, the (4 × 4) differential matrix m contains all the
seven elementary properties of the medium and is given by:

m =

⎛
⎜⎜⎝

α β γ δ

β α μ ν

γ −μ α η

δ −ν −η α

⎞
⎟⎟⎠ (2.53)

in which α is the isotropic absorption, β is the linear dichroism along the x–y labora-
tory axes, γ is the linear dichroism along the ±45◦ axes, δ is the circular dichroism,



56 E. Garcia-Caurel et al.

η is the linear birefringence along the x–y axes, ν is the linear birefringence along the
±45◦ axes and μ is the circular birefringence [27]. Note that m is z (z the direction
of light propagation) dependent in the general case of longitudinally inhomogeneous
medium. If the medium can be considered homogeneous in the z direction over a
distance, d, expression (2.52) can be easily integrated giving:

M = exp(md) = exp(L) (2.54)

which can be also written as:

ln(M) = md = L (2.55)

This expression indicates that the fundamental properties of the medium in consider-
ation can be easily deduced from the simple logarithm of the related Mueller matrix
if the total thickness d is known.

When the medium shows depolarization, the matrix m must be substituted by
matrix m′:

m′ =

⎛
⎜⎜⎝

α β ′′ γ ′′ δ′′
β ′ α1 μ′′ ν′′
γ ′ −μ′ α2 η′′
δ′ −ν′ −η′ α3

⎞
⎟⎟⎠ (2.56)

According to this representation, the primed and the double primed betas, β ′ and β ′′,
are still related to the linear dichroism in the x–y laboratory axis. Similarly, γ ′ and
γ ′′ are related to the linear dichroism along the ±45◦ axes, δ′ and δ′′ are related to
the circular dichroism, η′ and η′′ are related to the linear birefringence along the x–y
axes, ν′ and ν′′ are related to the linear birefringence along the ±45◦ axes and μ′
and μ′′ are related to the circular birefringence.

As discussed in Sect. 2.2.2.2, a depolarizing Mueller matrix can be seen as a
statistical superposition of non-depolarizing Mueller matrices. As a result, the matrix
m′ can also be interpreted as a statistical superposition of matrices of the form
given by (2.53), which are the only differential ones for which diattenuation and
birefringence may be unambiguously defined. Then, for m′ all we can define are
estimates of the polarimetric fundamental parameters, together with the uncertainties
affecting these estimates.

Following the idea behind the Le Roy-Bréhonnet decomposition, it is possible
to decompose a matrix m′ into the sum of two components, a non-depolarizing
component and a purely depolarizing one, represented by the matrices mm and mu
respectively. The first matrix, mm, has the same shape and symmetry properties as
m in (2.53), therefore it represents a non-depolarizing component. Accordingly, mu
represents the depolarizing component. Matrices mm and mu can be easily deduced
from:

If m′ = mm+mu then, mm = 1

2

(
m′ − Gm′T G

)
, and mu = 1

2

(
m′ + Gm′T G

)
(2.57)
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in which G is a diagonal matrix, G = diag(1,−1,−1,−1) and the superscript T
stands for the transpose. The latter expression written in an extended notation leads
to:

mm = 1

2

⎛
⎜⎜⎝

2α β ′ + β ′′ γ ′ + γ ′′ δ′ + δ′′
β ′ + β ′′ 2α1 μ′ + μ′′ ν′ + ν′′
γ ′ + γ ′′ μ′ + μ′′ 2α2 η′ + η′′
δ′ + δ′′ ν′ + ν′′ η′ + η′′ 2α3

⎞
⎟⎟⎠ and

mu = 1

2

⎛
⎜⎜⎝

0 β ′ − β ′′ γ ′ − γ ′′ δ′ − δ′′
β ′ − β ′ 0 μ′ + μ′′ ν′ − ν′′
γ ′′ − γ ′ μ′′ − μ′ 0 η′ − η′′
δ′′ − δ′ ν′′ − ν′ η′′ − η′ 0

⎞
⎟⎟⎠ (2.58)

What is the physical meaning of the elements of the matrices mm and mu? The
random character of depolarization leads to a statistical interpretation of these two
matrices. According to (2.17) all the off-diagonal terms of mm represent the average
of the prime and double prime estimations of each one of the fundamental properties.
Therefore, the off-diagonal terms of mm are interpreted to be the most probable
statistical estimates of each fundamental property. The main diagonal of mm has
four entries, the isotropic absorption α, and the anisotropic absorptions α1, α2 and α3
along the x–y, the ±45◦ and the circular axes respectively, which characterize the type
of depolarization affecting the sample. The off-diagonal elements of the matrix mu
are the semi-differences between the prime and the double prime estimates of each
one of the fundamental properties. These elements are interpreted as the statistical
uncertainties associated by the degree of randomness on each fundamental property
because of depolarization.

In summary, the logarithmic decomposition provides an easy way to determine the
fundamental polarization properties characterizing a medium, considered as homoge-
nous along the direction of propagation of light over a distance d. If the medium is
depolarizing, then the decomposition provides a matrix m′ whose elements are related
to the fundamental properties. A simple sum decomposition of matrix m′ allows
to obtain an estimation of the most probable values of the fundamental properties
together with their related uncertainty created by the depolarization. Moreover, the
matrix m′ provide three values allowing to characterize the depolarization affecting
the sample unambiguously.

2.4.2.4 Experimental Validation of the Reverse Decomposition

The reverse decomposition procedure has been validated [28] by an ad hoc setup
schematized in Fig. 2.6, used in conjunction with an imaging Mueller polarimeter
described in more detail later. This setup comprised three samples: a depolarizer, a
diattenuator and a retarder, traversed by the light beam in this order, and realized as
follows:
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(a) (b)

Fig. 2.6 Experimental set-up used in conjunction with an imaging Mueller polarimeter for the
experimental validation of the “reverse” decomposition. a Side view of the whole setup. b View of
the depolarizer as seen by the imager, from the top. The red dotted line on panel b defines the field
imaged on the CCD

• The depolarizer. As a controllable depolarizer we used a transparent glass con-
tainer, resting on a white piece of paper, with a small square metallic plate at the
center of the field of view. This container was filled with milk diluted in water at
variable concentrations. The paper always appeared as highly depolarizing due to
its bulk scattering properties while the depolarization power of the plate could be
varied from 0 to 1 by increasing the milk concentration.

• The diattenuator. This element consisted of two high index (n = 1.8) glass plates,
tilted as shown on the figure at about 45◦, providing a uniform diattenuation D close
to 0.3 all over the field of view. This diattenuation was kept constant throughout
this investigation. Moreover, both glass plates were tilted around the y axis of the
image, implying that in the Mueller matrix of the diattenuator alone the only non
vanishing elements were M11, M12 = M21 < M11 and M22 = M11, as it can be
easily checked from (2.26) with θ = 0.

• The retarder. The retarder was a commercially available 50 mm clear aperture
mica quarter wave-plate (Melles Griot 02WRM009). This element also can be
inserted and removed without any displacement of the image of the depolarizer.
The orientation of the plate was also kept constant but arbitrary, so that the lower
right 3 × 3 sub-matrix in (2.33) was “full”.

Both the diattenuator and the retarder could be inserted or removed from the beam
path without any displacement or deformation of the image of the depolarizer. The
measurements were performed as follows: the container was filled with 30 ml of
water first, and milk concentration was gradually increased, from 0 to 5 %. For each
concentration, three Mueller images were taken, the first one with the depolarizer
alone, the second one with the depolarizer followed by the diattenuator and the third
one with the retarder added to the other two components. Figure 2.7 shows typical
experimental Mueller images, taken at 0.6 % milk concentration. Moreover:

• The image taken with the depolarizer alone exhibits the expected shape for a
suspension of spherical scatterers, i.e. a diagonal matrix with M22 = M33. As
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Fig. 2.7 Mueller matrix images taken with 0.6 % of milk concentration on water. Left depolarizer
alone. Middle left depolarizer followed by the diattenuator. Middle right depolarizer, diattenuator
and retarder. All elements are normalized by M11, the only one shown without normalization and
displayed according to the color scale shown at right of the figure. Images taken from Ref. [28]
with authorization of the publisher

expected, the central part of the image, corresponding to the metal plate, features
higher values of the diagonal terms than the more depolarizing surrounding part,
corresponding to the paper.

• The second image was taken with the diattenuator after the depolarizer. Again, the
measured Mueller images exhibit the expected trends: with respect to the previous
image, only the M12 and M21 are affected. Moreover, the observed diattenua-
tion (M12) is significant only on the metal plate, and practically vanishes in the
peripheral part due the strong depolarization characteristic of the paper. In con-
trast, the polarizance (M21) is uniform, as expected for a diattenuator set after the
depolarizer and covering the whole field of view. This result clearly shows how
depolarization breaks the expected symmetries for a non-depolarizing Mueller
matrix of a diattenuator.

• In the third image, taken with all three elements in place, we see a “mixing” of
lower three lines due to the shape of the retarder Mueller matrix MR given by
(2.30). All three the components of the polarizance vector are nonzero, but of
course they remain spatially uniform as expected for a polarizance is introduced
by the spatially uniform diattenuator.

To assess the performance of the appropriate decomposition (in the present case
the “reverse” one) we applied the procedure to various images obtained with the
diattenuator and/or the retarder after the depolarizer. The Fig. 2.8 shows the image of
the depolarizer extracted by applying both the forward and reverse decompositions to
the image acquired with all elements present (right panel of Fig. 2.7). Simple visual
inspection of Fig. 2.8 clearly shows the relevance of the reverse decomposition in our
case, as this decomposition retrieves a diagonal image quite similar to that taken with
the depolarizer alone (left panel of Fig. 2.7). In contrast, the forward decomposition
introduces an artificial polarizance, together with significant errors in the diagonal
terms (M44 appears larger than M33 and M22, while the opposite is true, as correctly
found by the reverse decomposition).
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Fig. 2.8 Mueller images of the depolarizer obtained by the forward (left) and the reverse (right)
decomposition of the image taken with all three elements present. Images taken from Ref. [28] with
authorization of the publisher

Fig. 2.9 Data relevant to the diattenuator retrieved from images taken with all components present
by both forward and reverse decompositions. Left scalar diattenuation images provided by the
reverse (top) and the forward (bottom) decompositions at 0.6 % milk concentration. Right evolution
of the scalar diattenuation retrieved by both decompositions in the central region (where the plate
is located) as a function of milk concentration. Images taken from Ref. [28] with authorization of
the publisher

Another test was performed on the images of the diattenuator provided by both
procedures. The results are summarized in Fig. 2.9. The left panel shows the diatten-
uation images provided by both procedures from measurements with all elements
present. The image at the top, provided by the reverse decomposition, shows an
almost spatially uniform diattenuation, as expected. In contrast, the reverse decom-
position displays widely different values in the regions with the plate and the paper,
with a very large error for the latter, due to its strong depolarization power. The right
panel of Fig. 2.9 shows the evolution of the diattenuation retrieved in the region of the
plate as a function of milk concentration, or, equivalently, of the depolarizing power
δ in this region. When δ is low both decompositions provide a value close to the
expected value, 0.3. Then, when δ increases, the value given by the forward decom-
position decreases very significantly, while that given by the reverse decomposition
remains stable.
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2.4.3 Summary

In summary, in this section a number of possible ways to decompose Mueller matrices
have been presented. A decomposition is always possible on a given matrix, however
each decomposition has its own domain of validity and it will produce correct and
results when applied to the cases for which it is adapted. Otherwise it may produce
non-sense results. When it comes to decomposing Mueller matrix it is thus advis-
able to have a good knowledge about the physical nature of the system to evaluate
the relevance of the various decompositions. It is also advisable to apply different
decompositions to the same Mueller matrix and select the ‘correct one’ (or, rather,
the ‘best one’) after a critical comparison of all the results. In spite of these caveats,
Mueller matrix decompositions may prove extremely useful, as we will show for
several experimental examples in, Sect. 2.7, the last section of this chapter.

2.5 Standard and Generalized Ellipsometry

Ellipsometry is a well-established and powerful optical tool for the characterization
of optical substrates, thin films and multilayer samples. This technique is based
on the measurement of the sample Jones matrix, followed by numerical treatments
involving direct data inversion in “simple” cases, or, more frequently, data fitting by
simulations with a suitable multi-parameter model.

Depending on whether the sample Mueller matrix is diagonal or not, the tech-
nique is called Standard or Generalized Ellipsometry. Non-diagonal Jones matrices
are generated because the sample has the ability to transform p polarized light into
s polarized light and vice-versa, which is called cross-polarization. Standard ellip-
sometry is, by far, the most widely used and is perfectly well suited to optically
isotropic samples. On the other hand, generalized ellipsometry is needed for thor-
ough characterization of samples such as: magnetized materials with their associated
magnetization directed out of the plane of incidence, anisotropic crystals, diffraction
gratings in conical configuration or roughened surfaces.

In the rest of this section, we will essentially consider standard ellipsometry,
including the basic principles of operation of the most widespread ellipsometers.
However, we will show that these instruments, though explicitly designed for standard
ellipsometry, can also be used for generalized ellipsometry provided the sample
Jones matrix obeys some specific symmetry properties. We postpone to Sect. 2.6 the
presentation of Mueller ellipsometers, which are specifically designed to provide
the whole set of 16 coefficients (or 15 if the matrix is measured in its normalized
form).
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2.5.1 Standard Ellipsometry

Standard ellipsometric measurements are commonly performed in external config-
uration, which means that a light beam propagating in air (or vacuum) is reflected
by or transmitted through, a sample, and then it propagates again in air (or vacuum)
before arriving at the detector. The interest of ellipsometry is that it can measure
simultaneously the moduli and the phases of the polarization components of the
light.

The sensitivity of phase measurements, exploited to determine thin film thickness,
has its roots in an interferometric effect. The light reflected by the first interface of a
layer present in the sample, interferes with the light reflected by the second face of
the layer. The same principle remains valid when a stack of multi-layers are present.
Therefore, the maximum film thickness that can be measured with ellipsometry has
to be less than the coherence length of the light source (otherwise, true depolarization
occurs and must be properly taken into account). Accordingly, ellipsometry is capable
of characterizing transparent or low absorbing thin films with thicknesses ranging
from less than a nanometer to several micrometers.

The information provided by ellipsometry is very rich for layer stack descrip-
tion. It enables accurate measurements of surface roughness and interfaces, while
the determination of complex refractive index gives access to fundamental physical
parameters which are related to a variety of sample properties including: morphology,
crystallinity, chemical composition and electrical conductivity, etc.

The informations extracted from ellipsometric measurements are greatly enhanced
by using wide spectral ranges, from vacuum ultraviolet to mid-infrared. The vacuum-
ultraviolet, (wavelengths between 130 and 400 nm) is the most sensitive to small
changes such as ultra-thin layers or interfaces, films with low index contrast, gra-
dient and anisotropy. Ultraviolet is also highly sensitive to the roughness of sample
surface. The near-infrared (NIR), (wavelengths between 0.8 and 3μm), and mid-
infrared (MIR) (wavelengths between 2 and 14–50μm), are necessary to determine
the thickness of materials which are strongly absorbing in the visible spectrum. NIR
and MIR are also used to determine the optical conductivity (typically metals and
doped oxides) because in this spectral region the optical response of samples is
dominated by free charge carriers.

In addition to high sensitivity, ellipsometry has the advantages of being non-
destructive and contactless. A spectroscopic ellipsometer is relatively easy to use
and requires no sample preparation. Standard ellipsometers can be built with light-
weight optomechanical components and they are relatively compact. They can be
mounted as stand-alone instruments or coupled to other systems such as vacuum
chambers, chemical reactors or bio-reactors, etc. In the former case, measurements
are said to be ex-situ and in the latter they are called in-situ. In-situ measurements are
interesting because they allow for the characterization of a sample in “real-time” and
at the same conditions (no alterations by the atmosphere) as it is prepared, deposited
or treated (Fig. 2.10).
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Fig. 2.10 Schematic representation summarizing the different parameters related to the sample
that can be deduced using ellipsometry. These parameters include: thin film thickness, refractive
index, roughness, porosity, composition and uniformity, etc.

The variety of samples that can be studied with ellipsometry opens a wide range
of possibilities for this technique. A recent survey [29] of the most relevant databases
of scientific publications concluded that ellipsometry has been successfully applied
in many studies concerning material science (semiconductors and photovoltaics),
biology (biofilms, and biosensors) and pharmacy.

2.5.2 Analysis of Ellipsometric Data

Conventional techniques used for thin film characterization (e.g., ellipsometry and
reflectometry) rely on the fact that the complex reflectivity of an unknown optical
interface depends on both its intrinsic characteristics (material properties and thick-
ness of individual layers) and on three properties of the light beam that is used for the
measurements: wavelength, angle of incidence, and polarization state. In practice,
characterization instruments record reflectivity spectra resulting from the combined
influence of these parameters. The extraction of the information concerning the phys-
ical parameters of the sample from the recorded spectra is an indirect process, in other
words, from a given ensemble of experimental data, we need to build a theoretical
model of the sample allowing to reproduce as closely as possible the measured data.

In general, theoretical models depend on a series of parameters characteristic of the
sample, which must be adjusted to make the theoretical data “fit” the measurements.
A common model for a stack of layers includes the thicknesses and the refractive
indices of the layers. In many cases, the refractive index of the substrate must be
considered as well [30, 31]. The quality of the fit is usually evaluated with a figure
of merit and it is used during the fit process to guide the numerical algorithm which
searches for the best-fitted values of the model parameters. According to [30] it is
necessary to define an unbiased figure of merit in order to judge for the goodness of
fit. There exist different expressions for the figure of merit, but the most popular is
the one based on the mean square deviation between simulated and measured data.
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χ2 = 1
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(2.59)
N refers to the total number of data points and M is the total number of fitted para-
meters. The superscripts Th, and, Exp, refer the theoretical and experimental data
respectively. The summation is done over all the spectral data points. The sigmas
in the denominators correspond to the estimated uncertainties of the corresponding
experimental values. Typical values for sigmas of our experimental setups are around
0.5 or 0.1 % depending on the setup. The advantage of the formulation given by (2.59)
is that it allows to include non-ellipsometric data, such as total reflectivity R, in the
fitting process. Combination of ellipsometric data with information coming from
other sources can be interesting and enhances the accuracy in the determination of
fitted parameters. According to [30] the figure of merit behaves like a multivariate
mathematical function which depends on a given number of fitting parameters.

Once the figure of merit has been defined, it is possible to take advantage of
modern computers to automatize the process of parameter fitting, which is based
on the search of the minimum value of the figure of merit. The automatic process
of minimization of a multivariate function is far from being obvious. The principal
difficulty that arises almost systematically, is the fact that the figure of merit may
have either multiple minima with the same value, or multiple partial minima with
different values. In order to minimize the impact of this drawback in the final results, it
is possible to use smart or advanced minimization strategies which are based either on
systematic multiple guesses for the initial parameters, or genetic algorithms or even
on simulated annealing algorithms. In spite of the advantages of those minimization
strategies, it is important to keep in mind that at the end of a minimization process,
a supervision of the results is necessary to check their pertinence and efficiency.

A second factor that can complicate data fitting, which is inherent to the fact that
ellipsometry data analysis is an indirect process, is the correlation between fitted
parameters. We use the term parameter correlation when in a fit process it is possible
to find multiple sets of parameters that produce the same value of the figure of merit.
Correlation is said to be linear when the couples of correlated parameters follow
a linear relation. Correlation between fitting parameters happens because experi-
mental data are not sensitive to individual parameters but to combinations of them.
Correlation between two parameters may also occur if one of the two parameters
has much more impact on the data, the optical response, than the other. A statisti-
cal treatment of optical and simulated data based on the variance-covariance matrix
formalism [30] can quantify parameter correlations which are specific to the sample
and the model. It is therefore difficult to establish general rules to treat the problem.
A procedure based on common sense consists, whenever correlation appears, to keep
one of the parameters fixed at a ‘reasonable’ value, determined a priori or from a com-
plementary technique (microscopy, XPS. . .), and to fit the other parameters. Modern
commercial ellipsometers come with data modelling software packages specially
designed to help the user, professionals or beginners, to overcome the most usually
encountered difficulties in data analysis. They provide various data fitting procedures
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based on multi-start or multi-guess strategies to avoid problems related to multiple
relative minima and parameter correlation. In many cases, they also provide graphical
user friendly interfaces which are of great help to build models of complex structures.

In spite of the great advantages of ellipsometry, this technique is limited to the
analysis of samples which do not depolarize light. As stated previously, depolar-
ization results from incoherent superposition of light beams with different polariza-
tion states. In practice, depolarization is commonly encountered when measuring
inhomogeneous samples (either in composition of thickness) or very rough sur-
faces. Depolarization can be caused by the measurement device itself as in the case
of monochromators with poor spectral resolution or instruments with high angular
acceptance [3]. When depolarization is present it may introduce significant errors
into the results provided by ellipsometry and the usual optical models. In such cases it
is safer to make measurements with a Mueller polarimeter and use advanced optical
models to take into account the sources of incoherent mixing of light which cause
depolarization.

2.5.3 Instrumental Implementations of Standard Ellipsometers

Very many designs have been successfully implemented for standard ellipsometers.
As an exhaustive review of all these designs is clearly beyond the scope of this
chapter, in this subsection we will restrict ourselves to the configurations schematized
in Fig. 2.11.

Overall, the instrument is made of two optical arms and a sample-holder in
between. The first arm, the entry, is coupled to a source of light, and includes a linear
polarizer set at an azimuth P with respect to the p direction in the plane perpendicular
to the input beam. The second arm, or exit arm, is used to determine the polarization
of the outcoming beam. It comprises a Polarization State Analyser, or PSA, and a
detector which may be a single channel device (photodiode, photomultiplier. . .) or a
multichannel one (typically a CCD coupled with a spectrometer, or, less frequently,
with an imaging system). The PSA typically includes a polarizer and possibly other
components. The PSA design actually defines the various types of instruments out-
lined in this part.

Of course, in all cases the polarization components can be inverted: all the PSAs
described in the following can be placed in the input

If the instrument is designed as shown in Fig. 2.11, with only a linear polarizer
(set at azimuth P) between the source and the sample, then the incident polarization
is linear, with a normalized Stokes vector of the form:

ST
inc = (

1, Ip − Is, I45 − I−45, 0
) = (1, cos(2P), sin(2P), 0) (2.60)

As a result, the output Stokes vector Sout does not depend on the last column of the
sample Mueller matrix M: only the first three columns of M can be determined by
such an instrument. Similarly, if the design is reversed and the output arm includes
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Fig. 2.11 General scheme of
a standard ellipsometer. The
PSA is the Polarization State
Analyzer, which distinguishes
the various setups outlined in
this subsection

only a linear polarizer before the detector, then only the first three lines of M will
be accessible, as this type of analysis does not provide any information about the
circular component V of the Stokes vector Sout of the emerging beam.

Basically, standard ellipsometers can be classified into two general families, null-
ellipsometers and non-null ellipsometers. In null ellipsometers, the optical compo-
nents of the system must be rotated until the detected intensity vanishes, then the
ellipsometric values are deduced from the orientations of the optical elements needed
to achieve the null intensity. Conversely, in non-null ellipsometers the light intensity is
modulated temporally by the action of at least one of the optical components integrat-
ing the ellipsometer, then after an harmonic analysis of the signal, the ellipsometric
values are deduced. The non-null ellipsometers can be classified into three groups:
rotating polarizers or analyzers, rotating compensators and phase-modulated. In the
following we overview some characteristics of the different types of ellipsometers.
Our interest is to show which functions of the ellipsometric angles � and � can
be measured with each type of instrument, and also, how those measurements are
related to the Mueller matrix elements. A deeper and more exhaustive analysis of
different ellipsometric configurations can be found elsewhere [1, 3, 32].

2.5.3.1 Null Ellipsometers

Null ellipsometers were the first type of instruments developed in late nineteenth
century because of their instrumental simplicity and ease of use. As outlined before,
the operation of this kind of ellipsometers consists of rotating the optical elements in
order to cancel the transmitted intensity. The operation is so simple that in the former
systems, rotation was done manually and the null intensity was evaluated with the
naked eye. During the twentieth century, thanks to the generalization of electronics,
automatic rotation by motors and photodiodes substituted the human hand and eye
respectively, making the measurement task much more comfortable. Two possible
PSA designs for null ellipsometers are shown in Fig. 2.12.

In the first design (left panel of the figure) a variable retarder (VR) is included
just after the sample with its axes parallel to the s and p directions, followed by a
linear analyzer. (The VR represented as a Babinet Soleil Bravais compensator, but
of course any other equivalent device, such as a nematic liquid crystal cell, may also
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Fig. 2.12 Two possible designs of PSAs for null-ellipsometers. Left variable retarder (VR) with
its axes aligned along the s and p directions, followed by a linear analyzer (A). Right the variable
retarder is replaced by a quarter wave plate (λ/4). In both cases, the high transmission axis of the
polarizer is shown as a black bar

be used). This PSA requires to set the polarizer in the input arm at P = 45◦. Then,
for the incoming beam Ep = Es, while after the sample one has

Ep = Es tan � exp [i�] (2.61)

Now, if (and only if) the VR is set at a retardation −�, the elliptical polarization
described by (2.61) is transformed into a linear one, oriented at an angle � from
the s direction. Then extinction is merely obtained by setting the analyzer A at an
azimuth � from the p direction. The ellipsometric angles � and � are thus nothing
else but the retardation introduced by the VR and the azimuth of the analyzer that
extinguish the output beam. Once the VR has been properly calibrated, such a setup
can be used at various wavelengths.

In the second setup (right panel of Fig. 2.12) the VR is replaced by a quarter
wave plate (QWP), which is cheaper and may also be more accurate due to its wider
angular and spectral acceptances angle (at least for zero or low order plates), but
will operate at a single wavelength. The fast axis of the QWP is oriented 45◦ with
respect to respect to p direction the plane of incidence. The intensity measured by
the detector is then:

I = sin (2A) sin (2�) [sin (2P) cos (�) − cos (2P) sin (�)] − cos (2A) cos (2�)+ 1
(2.62)

and vanishes if and only if

A = � and 2P + 90◦ = � (2.63)

meaning that now the ellipsometric angles � and � are retrieved from the orientations
of the input polarizer P and the output analyzer A.

Null ellipsometers based on QWPs have been shown to be very accurate, and
comparable to good modern instruments, but a single wavelength. As mentioned
above, to circumvent this limitation VR can be used (in both the configurations
shown in Fig. 2.12) to make the instrument spectroscopic, but the overall accuracy
may be limited by that of the VR calibration.
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2.5.3.2 Rotating Analyzer Ellipsometers

In this case, the PSA consists only of a single linear analyzer, rotating at constant
angular speed ω. This configuration is often referred to as “PSRA” for “Polarizer-
Sample Rotating Analyzer”. The mechanical rotation of the analyzer is used to har-
monically modulate the intensity of the light beam, for subsequent synchronous
detection. The detected signal by a PSRA ellipsometer can be written as follows:

S(t) = S0 [1 + α cos(2ωt) + β sin(2ωt)] (2.64)

where ω is the angular rotation speed of the analyzer. The Fourier coefficients of the
modulated signal can be written as functions of the ellipsometric angles �,� and
the orientation of the polarizer with respect to the plane of incidence, P:

α = tan2 � − tan2 P

tan2 � + tan2 P
, β = 2 tan � cos � tan P

tan2 � + tan2 P
(2.65)

from which one easily gets

tan � =
√

1 + α

1 − α
|tan P| cos � = β√

1 − α2
× tan P

|tan P| (2.66)

As a result tan �, and thus � itself, is determined unambiguously. In contrast, as
only cos� is actually retrieved, for this type of instrument:

• Only the absolute value of � is measured,
• This value becomes inaccurate when � is close to 0 or 180◦, where the cosine

function reaches its extrema. This situation typically occurs for thick transparent
or highly absorbing samples.

However, this shortcoming may be obviated by inserting an additional known
retarder, with its axes aligned with the s and p directions, to “shift” the retarda-
tion to be measured away from 0◦ or 180◦. Another possible issue to be solved are
the systematic errors which may be introduced by any residual polarization of the
source and/or of the detector. On the other hand, as the technique uses only polariz-
ers, it is possible to operate it over wide spectral ranges (from 200 nm to 30μm), and
the rotation speed may be chosen according to other requirements, such as a possible
acquisition by a linear CCD after a spectrometer, which can be very convenient in
many cases.

About Muller matrix elements, as stated above the fourth column cannot be mea-
sured with a linear polarization incident on the sample. Moreover, when the Polariza-
tion State Analyzer at the output consists also in a simple (rotating) linear analyzer,
the fourth row is also inaccessible. Only the upper left 3×3 sub-matrix of the sample
Mueller matrix can be determined, provided the measurements and data analysis out-
lined above are repeated with at least four different azimuths P of the input polarizer.
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Alternatively, both the analyzer and the polarizer can be rotated simultaneously,
at different angular frequencies, in a “RPSRA” configuration. For example, if these
frequencies are set equal to 3ω for the analyzer and ω for the polarizer, then the
intensity measured by a detector can be written as follows:

4
I

I0
= α0 +

4∑
j=1

(
α2j cos (2jωt) + β2j sin (2jωt)

)
(2.67)

where I0 represents the light source intensity. The 3 × 3 upper left sub-matrix of the
sample can be expressed in terms of the Fourier coefficients appearing in (2.67) as

M =

⎛
⎜⎜⎝

α0 α2 β2 •
α6 (α4 + α8) (β8 − β4) •
β6 (β8 + β4) (α4 − α8) •
• • • •

⎞
⎟⎟⎠ (2.68)

2.5.3.3 Rotating Compensator Ellipsometers

Rotating compensator ellipsometers include at least one linear retarder, usually called
(somewhat improperly) compensator. The linear polarizers at the entry and exit arms
are kept still and, as the name indicates, the retarder is continuously rotated in order
to temporally modulate the detected signal.

Depending on whether the rotating compensator is placed at the entry or at the exit
arm there are two possible configurations known as PRCSA or PSRCA where the
meaning of P, S and A is the same as previously RC stands for Rotating Compensator.
In the following we will consider the PSRCA configuration, which corresponds to the
general scheme of Fig. 2.11, with a Polarization State Analyzer designed as shown
in Fig. 2.13.

A major difference between this type of PSA and the previous one, based on a
rotating analyzer, is that with a rotating compensator and a fixed linear analyzer it is

Fig. 2.13 Scheme of the
Polarization State Analyzer
of a rotating compensator
ellipsometer in the PSRCA
configuration. The linear
analyzer (A) is fixed while
the compensator (C) is rotated
continuously, with its azimuth
C = ωt



70 E. Garcia-Caurel et al.

possible to retrieve all four components of the Stokes vector Sout, implying that more
quantities are measurable, both in standard ellipsometry and for Mueller matrices.

If the compensator is a quarter wave plate (retardation equal to 90◦), the intensity
recorded by the detector is:

I

I0
= 2 − cos 2� + 2 sin 2� sin � sin 2C − cos 2� cos 4C + 2 sin 2� cos � sin 4C

(2.69)
where I0 is again the non-modulated (DC) intensity if the light source, and the
trigonometric functions of C = ωt, the compensator orientation. As a result, the
three different Fourier harmonics of the modulated signal directly provide the three
quantities cos 2�, sin 2� sin � and sin 2� cos �. In other words, rotating compen-
sator ellipsometers provide accurate measurements of the ellipsometric � and �

angles over the complete measurement range (� = 0−90◦; � = 0−360◦). Similar
results can be obtained for PRCSA ellipsometers.

However, the construction of a rotating compensator ellipsometer, with a com-
pensator which behaves ideally providing an achromatic retardance of 90◦ over a
wide spectral range, is a difficult optomechanical challenge, and it requires more
complicated calibration and data reduction procedures than rotating polarizer or
analyzer ellipsometers. Any deviation of the optical response of the compensator
from the ideal behavior must be carefully calibrated, otherwise it will be the source
of important systematic errors.

Rotating compensator ellipsometers can be implemented in more general config-
urations, among which:

(a) The RP/RCFA configuration, which consists of a rotating polarizer at the entry
arm and a rotating compensator followed by a fixed analyzer at the exit arm.

(b) The FPRC/RA configuration, which consists of a fixed polarizer and rotating
compensator at the entry arm and at rotating analyzer at the exit arm.

In the best operation mode of the RP/RCFA configuration, the compensator and the
polarizer are rotated synchronously at different frequencies. In an optimal operation
configuration the rotation frequency of the polarizer is 3 times that of the compensator.
Then the detected signal can be decomposed in a Fourier series:

4
I

I0
= α0 +

7∑
j=1

(
α2j cos (2jP) + β2j sin (2jP)

)
(2.70)

where I0 is again the light source intensity. The Fourier analysis of the modulated
signal provides 15 coefficients which allow to determine the elements of the first
three columns of the Mueller matrix as follows:

M =

⎛
⎜⎜⎝

(α0 − α6) (α1 − α5 − α7) (β1 − β5 + β7) •
2α6 2 (α5 + α7) 2 (β7 − β5) •
2β6 2 (β7 + β5) 2 (α5 − α7) •

−2β3 −2β2 −2α2 •

⎞
⎟⎟⎠ (2.71)
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The Fourier components are functions of the compensator properties, in particular
retardation, which can be wavelength dependent. The calibration of such as system
is extremely complex, especially when the ellipsometer is spectroscopic [33]. Con-
versely, the advantage of such as system is that a single measurement scheme allows
to obtain 12 out of 16 Mueller matrix elements. If a simplified operation mode is
used, in which only the compensator is rotated continuously, the 12 elements of the
Mueller cannot be obtained after a single measurement. The polarizer must be placed
at different azimuths, and for each position, a new measurement must be made. Once
the process is finished, the combination of the Fourier coefficients extracted from all
the measurements allows to obtain the first three columns of the Mueller matrix. Sim-
ilar arguments can be given to illustrate the operation of the FPRC/RA configuration
which then provide the first three rows of the Mueller matrix.

2.5.3.4 Phase-Modulation Ellipsometers

Finally we describe the phase-modulation ellipsometers, which include a photoelas-
tic modulator, This component can be placed between the linear polarizer and the
sample, either at the entry or exit optical arm, in PMSA or the PSMA configurations
respectively. Here P, M S and A stand for fixed polarizer, modulator, sample, and
fixed analyzer respectively.

A photoelastic modulator consists of a bar of optically isotropic material, which is
made birefringent by means of an applied mechanical stress. To enhance this naturally
weak effect, the applied stress is periodic and at a proper frequency to generate a
stationary sound wave in the bar. The needed time dependent mechanical stress is
usually applied using piezoelectric transducers attached to the end of the bar. As
acoustic losses in the bar are very weak, very sharp resonances occur for ultrasonic
waves, resulting in a dramatic increase of the induced birefringence with respect to
a static stress. As a result, the device behaves as a retarder with a time dependent
retardation δ(t), which varies sinusoidally at frequencies of several tens of kHz.

We now consider the PSMA configuration in which at the entry arm the polarizer
is fixed and set at an azimuth P with respect to the plane of incidence, while in the
exit arm, as represented in Fig. 2.14, the photoelastic modulator is set to an azimuth
M and the linear analyzer is set at an azimuth angle A with respect to the plane of
incidence. The detected signal then takes the form:

S(t) = S0[1 + Is sin(δ(t)) + Ic cos(δ(t))], (2.72)

with:

Ic = sin[2(A−M)] [sin 2M(cos 2�−cos 2P)+sin 2P cos 2M sin 2� cos �] (2.73)

Is = sin[2(A − M)] sin 2P sin 2� sin � (2.74)
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Fig. 2.14 Scheme of a PSA
comprising a photoelastic
modulator (PEM) and a linear
analyzer (A), set respectively
at azimuths M and A. The
black “patches” in the higher
part of the component are
piezoelectric transducers

In practice, as δ(t) = sin(ωt), the Eq. (2.72) must be developed in Fourier series (with
the well-known Bessel functions as coefficients) to express Is and Ic as functions of
the directly measured quantities, actually the amplitudes of the sin(ωt) and sin(2ωt)
components of the signal.

The expressions (2.73) and (2.74) show that the signal S ( Is, Ic) are maximized
when A-M = 45◦. Moreover it is also clear that it is not possible to unambiguously
determine � and � from a single measurement configuration. In practice, two con-
figurations are typically used

• M = 0◦, A = 45◦, P = 45◦, known as configuration II, for which we get Is =
sin 2� sin �, Ic = sin 2� cos �

• M = 45◦, A = 90◦, P = 45◦, known as configuration III, for which we get
Is = sin 2� sin �, Ic = cos 2�

As a result, in configuration II, one measures � accurately over the full range
(0–360◦) but � is ambiguously defined, as only sin 2� is retrieved. Conversely, in
configuration III one fully determines 2�, but only cos � is obtained. However, all
that is needed to shift from one configuration to the other is to rotate the whole PSA,
which can be done automatically without major difficulties, and then combine the
results of the two measurements for a complete, unambiguous determination of both
� and �.

For Mueller matrix measurements, the three quantities which can be directly
retrieved from the time evolution of the signal can be recast in terms of the matrix
elements Mij and the azimuths P, A and M as [34]

Iα = S0 = M11 + M12 cos (2A) + M13 sin (2A)

Iβ = S0IS = (M31 + M32 cos (2A) + M33 sin (2A)) cos (2M)

− (M21 + M22 cos (2A) + M23 sin (2A)) sin (2M)

Iγ = S0IC = M41 + M42 cos (2A) + M43 sin (2A)

(2.75)

from which it is clear that the nine elements M1i, M2i and M4i can be retrieved with
three measurements carried out with M = 45◦ and A = 0◦, 60◦ and 120◦ for exam-
ple. Then the last four element M3i can be obtained by another three measurements,
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with the same A values as before but M = 0◦. Moreover, this new set of measure-
ments over-determines the values of M1i and M4i. As a result, six measurements
are necessary to retrieve the full set of 12 elements of the first three columns of the
Mueller matrix, with partial redundancy. In order to “spread” this redundancy over
the whole set of elements, eight measurements can be realized, as described in [34].
Of course, the need to realize so many measurements to obtain the first three columns
of the sample Mueller matrix makes phase modulation ellipsometers less practical
than those based on rotating compensators, which provide the same set of data with
a single measurement.

However, if combined with a suitable synchronous detection (which may be per-
formed digitally) the high modulation frequency (50 kHz) specific of photoelastic
phase modulation allows very efficient noise rejection and provides wide dynamic
ranges. This technique is thus particularly well suited for very demanding measure-
ments, such as the characterization of extremely thin films of example.

As it can be seen, the elements of the fourth column of the Mueller matrix can-
not be addressed. To determine the elements of the sample Mueller matrix, eight
measurements are necessary, corresponding to appropriate and alternative settings
of the azimuths of the modulator and the analyzer. If the modulator were placed at
the exit arm, the 12 elements of the matrix that would be addressed would corre-
spond to the first three rows of the Mueller matrix. The situation is comparable to
the rotating compensator ellipsometer previously described. The difference is that
with the rotating compensator ellipsometer, the 12 elements can be measured in a
single measuring run, whereas 8 runs are needed with an ellipsometer with only one
photoelastic modulator.

2.5.3.5 Summary

In this subsection we have presented the most commonly used experimental con-
figurations for standard ellipsometry, with particular emphasis of the quantities that
actually can, or cannot, be measured by each of them. In Table 2.1, we summarize
the main characteristics of these configurations, including their strengths and weak-
nesses.

We want to make two points absolutely clear:

• We did not try to review the many refinements are more complex systems which
have been tested and developed, possibly up to commercialization. A full book
would be needed for this to be done seriously.

• By listing the main advantages and weaknesses of each technique we absolutely
do not mean that commercially available systems using this technique necessarily
presents these strengths and weaknesses. While some basic limitations, such as
those concerning the measurable Mueller matrix elements, cannot be solved in a
given configuration, many other practically essential issues, among which those
related to the measurements accuracy, the speed, the signal to noise ratio and the
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like greatly depends on engineering developments which are clearly beyond the
scope of this contribution

We thus stress that the information presented in Table 2.1 is by no means a “buyer’s
guide”: it might be useful only to ask the manufacturers some reasonably relevant
questions !

2.5.4 Generalized Ellipsometry

In practice, when it comes to measure non-diagonal matrices characterizing non-
depolarizing cross-polarizing samples, the ease of use, and the adequacy of the
instrument to retrieve all the necessary information from the sample is of prime
importance for the researcher. Even though none of the previously shown standard
ellipsometers (rotating analyzer-polarizer, rotating compensator with a single com-
pensator and phase-modulation with a single modulator) is able to perform a complete
measurement of the 16 elements of a Mueller matrix, this does not mean that they
cannot be used to perform generalized ellipsometry.

In many cases of practical interest it can be shown [31] that for non-depolarizing
systems the form of their associated Jones-Mueller matrix (2.14) is sufficiently redun-
dant that either the corresponding Jones matrix can be inferred from a partially mea-
sured Mueller matrix, or the non-measured Mueller-Jones matrices can be inferred
from the measured ones. Inference procedure is valid under some hypothesis, for
instance, the fact that the off-diagonal element of the Jones matrix Jsp is equal to the
conjugate of Jps.

At this point it important to point-out that the information carried by a Jones matrix
and the related Jones-Mueller matrix is strictly the same, and it can be retrieved
independently of the formalism, either Jones or Stokes, used to represent the data
and the physical problem to which they are related.

However, it is important to recall that the accuracy of the non-measured matrix
elements depends on the systematic errors of the measured matrix elements and
also, on the degree of applicability of the conditions under which the non-measured
elements have been inferred.

2.6 Mueller Ellipsometry: Instrumental Issues

When the redundancies of the Mueller matrix are not sufficient to reconstruct the full
matrix from partial measurements, or when depolarization modifies the structure of
the matrix respect to the non-depolarizing case, it is mandatory to measure the 16
elements of the Mueller matrix (15 if it is normalized). In this section we address some
essential issues specific of the instruments capable of achieve such measurements.
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Polarization state 
generator (PSG)

Polarization state
analyzer (PSA)

Sample
Si MSi

Fig. 2.15 Schematic representation of the optical setup of a general Mueller ellipsometer. The
Stokes formalisms has been used to represent the polarization properties of light. In the framework
of Stokes formalism the optical properties of the PSG, sample and PSA can be represented by
matrices

2.6.1 General Considerations on Mueller Ellipsometers

Throughout this section, Mueller ellipsometers will be described within the frame-
work of the Stokes-Mueller formalism, which unifies the presentation of both tech-
niques, and simplifies the algebra with respect to original descriptions of generalized
ellipsometry based on Jones matrices.

In the following, to avoid too lengthy developments, we will limit our presen-
tation to sequential ellipsometers, i.e. systems in which the polarization states are
generated in the entry arm and analysed in the exit arm sequentially. The ideas and
techniques presented in this section is also valid, with minor adaptations, for instru-
ments performing sinusoidal modulation of the input and/or output polarizations with
subsequent Fourier analysis of the signals (Fig. 2.15).

Within this formalism, the operation of any ellipsometric or polarimetric system
can be schematized as follows:

The PSG produces a set of input Stokes vectors Si, which are transformed by the
sample into M Si (M being the Mueller matrix of the sample). These output Stokes
vectors are then analysed by the PSA, which delivers the raw signals Bij by projecting
each vector M Si onto its basis states. This scheme can be summarized by the simple
matrix equation.

B = A M W (2.76)

where the modulation matrix W, which characterizes the PSG, is formed by the
Si vectors in columns, while the S’j are the line vectors of the analysis matrix A
characterizing the PSA. In the most general case, B is rectangular, with m lines and
n columns, where m and n respectively represent the numbers of states generated by
the PSG and analyzed by the PSA.

To get the full Mueller matrix M, both the PSG and the PSA must be “complete”,
with at least 4 basis states. Then expression (2.76) is sufficient to extract M from B
by merely inverting the (in principle well known !) matrices A and W, if both m and n
are equal to 4, or by pseudo-inverting these matrices if the system is overdetermined.
In the following for simplicity reasons, we will consider only the case of “minimal”
Mueller ellipsometers, for which m = n = 4, but we emphasize that all the ideas
exposed in the following about instrument optimization and calibration can be easily
transposed to overdetermined configurations.
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While their principle of operation may seem straightforward, Mueller ellipsome-
ters are not so widespread (only two have been very recently made commercially
available), because of the added technical complexity due to the simultaneous pres-
ence of complete PSG and PSA. Two issues are of paramount importance (as for any
other instruments, but they are particularly critical here)

• The optimization of the instrument design, to get the optimal performance if all
components were ideal (perfectly well described by the model). The general cri-
terion for this optimization, namely the minimization of the condition numbers of
matrices A and W is now widely accepted.

• The instrument calibration, in other words the determination of the actual A and
Wmatrices, which are necessarily affected by the many imperfections of the opti-
cal components, positioning systems and the like. This is a crucial issue, espe-
cially for the complex setups which may be necessary to follow the optimization
criterion defined above. Actually, for such complex systems, the usual approach
based on a detailed modeling of the whole instrument and its non-idealities may
be totally inapplicable. Conversely, the Eigenvalue Calibration Method developed
and experimentally validated by Compain [35] circumvents this problem by deter-
mining both A and W matrices from a set of measurements on reference sample
directly, by algebraic methods, without any modeling of the instrument. Moreover,
the only requirement on reference samples is that they are linear dichroic retarders;
not too close to half-wave plates, as the ECM allows to determine their precise
characteristics during the calibration procedure itself. As a result, no very specific
samples, such as retardation plates with accurate retardation values, are needed.

Due to its flexibility and robustness, the ECM has been a cornerstone of all the
instrumental developments in Mueller ellipsometry at LPICM (and a few other lab-
oratories as well). Its usefulness could hardly be overestimated for the development
of innovative Mueller ellipsometers.

2.6.2 Design Optimization of the Polarization State
Generators and Analyzers

Item 1 is probably the easiest to address. If we rewrite expression (2.76) as

M = A−1B W−1 (2.77)

we see that the optimization of the instrument design is equivalent to a minimization
of the errors in M for a given value of the measurement errors in the raw matrix B.
Due to the algebraic properties of matrices, the error propagation from B to M will
be minimized if the condition numbers of A and W are minimized [36–39]. Without
trying to be too rigorous, we now illustrate the rationale behind this criterion by
considering the noise propagation from raw intensities to final results in the case of
a PSA.
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Let us recall that the condition number c(X) any square matrix X is defined as

c(X) = ‖X‖ ‖X−1‖ (2.78)

where the norm of the matrices (and vectors) can be defined in several ways. In
our case, the most relevant choice is the Euclidean norm for the vectors while for
matrices we define

‖X‖ = sup [si(X)] (2.79)

where si are the singular values of X. With such definitions, for any vectors T and Z,

Z = TX ⇒ ‖Z‖ ≤ ‖T‖ ‖X‖ (2.80)

If now we consider the operation of a PSA with an analysis matrix A, the Stokes
vector S of the light impinging on the PSA and the four dimensional vector I whose
components are the four intensities measured at the output of the PSA are related by

I = A S ⇔ S = A−1I (2.81)

Now when the configuration of the PSA is varied, for example by changing the relative
orientations of its optical components, the matrix A varies too. However, for typical
PSA as those described below, the four line vectors of A are always the transposes of
totally polarized Stokes vectors, and it is easy to see that in these conditions that ‖A‖
hardly changes. Conversely,

∥∥A−1
∥∥ may become arbitrarily large when A becomes

close to a singular matrix, for example when two line vectors become almost equal,
meaning that the same polarization state is being measured twice while for another
polarization state, say Smin the measured intensity vector Imin is very small. If so, as
the norm of Smin is always between 1 and 2,

∥∥A−1
∥∥ has to be large for (2.80) to be

verified.
Then, if we make the realistic assumption that any intensity measurement vector

I is affected by an additive noise δ I, then the resulting error δ S in the extracted S is
simply

δS = A−1δI (2.82)

but, in contrast with the signal, the amplitude ‖δI‖ of the additive noise is assumed to
remain constant when the PSA configuration is changed. As a result, the maximum
error ‖δS‖ on the extracted Stokes vector S is proportional to

∥∥A−1
∥∥, which must

then be mimimized. Due to the typically very small variation of ‖A‖, this criterion
is basically equivalent to the minimization of the condition number c(A), which has
the advantage to be dimensionless.

Moreover the condition number c(X) is a widely used criterion to see “how well”
a given square matrix X can be numerically inverted, between the two extremes of
unitary (c = 1) and singular (c = 0). Actually this parameter describe “how well
the polarization space is sampled” by the PSA. At this point, the generalization to
complete Mueller polarimeters is intuitively straightforward: in these instruments,
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both the PSG and the PSA must realize an optimal sampling of their respective
polarization spaces.

Mathematically, the argumentation presented above can be easily generalized by
recasting the matrices B and M defined in (2.76) as 16 dimensional vectors B(16) and
M(16), which transforms (2.76) into [40]

B(16) =
[
WT ⊗ A

]
M(16) (2.83)

and using the relationship

c
[
WT ⊗ A

]
= c(W)c(A) (2.84)

For sequential PSAs the line vectors are actually physically realizable Stokes vectors,
which thus exhibit a degree of polarization between 0 and 1. Any set of such 4 vectors
can never be orthogonal to each other, which prevents the matrix A to be unitary and
imposes

c(A) ≥ √
3 (2.85)

(a similar limitation actually occurs also for modulation-based ellipsometers, even
though the basis states forming the A and W matrices are not necessarily physically
realizable Stokes vectors).

Finally, we point out that the minimization of the condition numbers c(A) and
c(W) optimizes the propagation of additive noise. In principle, other indicators may
be found to minimize the effect of other types of noise, such as the multiplicative
noise due to speckle effects in imaging with spatially coherent light.

However, in practice, this criterion provides very efficient guidelines to optimize
the design of complete Mueller ellipsometer, as it has been experimentally demon-
strated among others, on a double rotating compensator setup operated in discrete
rotation steps [41]. In addition to the “Standard” double rotating compensator oper-
ated with continuous rotations [42], many optimized designs of complete PSA and
PSG have been published in the past decade, based on photoelastic modulator in
double pass [43], achromatic division of amplitude prism [44], Pockels cells [45,
46] nematic or ferroelectric. The last two types of PSGs and PSAs will be described
in more detail below.

Last but not least, we conclude this subsection with the two following remarks

• Minimizing the conditions numbers of A and W not only minimizes the noise
on the extracted Mueller matrix M, but it also “equalizes” the noise among its
various components [38], and is thus recommended only for the complete Mueller
ellipsometers described in this section. For more specialized instruments, or when
particular attention is paid to some particular elements of M, other criteria may be
much more adapted.
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• In principle, the minimization of c(A) and c(W) is intended to minimize the effects
of statistical noise on B, but in practice it turns out to be also a good criterion to
minimize systematic errors even though such errors cannot be treated by a general
theory comparable to those available for statistical noises.

2.6.3 Actual Implementations of Polarization State
Generators and Analyzers

In this subsection we briefly outline various widely used configurations for PSGs and
PSAs, without trying to be exhaustive. We first consider those based on what we call
“traditional” approaches, which make use of the elements previously described for
standard ellipsometers, with, however, suitable modifications to provide full Mueller
matrix measurements.

We then focus on the original systems developed at LPICM, and based on

• rotatable Fresnel rhombs for broadband spectroscopic operation in the infrared,
• nematic and ferroelectric liquid crystals. These devices are actually extremely

easy to use, and typically feature wide angular and spatial acceptances, which
make them particularly well suited for imaging applications, in the visible and
near infrared range. Spectroscopic Mueller ellipsometers based on these devices
have also been successfully developed and commercialized.

For all the optimized PSGs described in the following, the corresponding PSAs are
nothing else but the mirror images of the PSGs.

2.6.3.1 Traditional Approaches

Two of the standard ellipsometric configurations, the rotating compensator and the
photoelastic modulator have been generalized, at the expense of extensive instru-
mental and calibration complication, in order to access the full Mueller matrix.

Concerning the rotating analyzer configuration, the generalization consists of
using at least two rotating compensators, both with an ideal retardance of 90◦ and
rotating synchronously with different angular speeds [3, 34, 41, 42]. One com-
pensator is placed at the entry arm between the polarizer and the sample, whereas
the second compensator is placed at the exit arm between the sample and the ana-
lyzer. Following the nomenclature previously described, this configuration can be
addressed as PRCSRCA, or in a shortened version just as PCSCA. The advantage of
this configuration is that it allows to access the full Mueller matrix in a single mea-
surement run. This approach has been used to develop the commercially available
spectroscopic Mueller ellipsometer RC2 by Woollam [47].

The second type of generalized ellipsometer, based on photoelastic modulators,
can be found in two variants. The first one, similar to the rotating compensator
consists of a system with two modulators. One modulator is placed at the entry arm,
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between the polarizer and the sample. The second modulator occupies a symmetric
position respect to the first. It is placed at the exit arm between the sample and
the analyzer. This configuration can be called, PMSMA. The two modulators can
be operated synchronous or asynchronously, but they must be resonant at different
frequencies. The drawback of this configuration is that in order to access the whole
Mueller matrix, the modulators must be placed at different orientations, and that a
complete measurement must be carried out for each orientation [48]. The second
variant, consist of a system with four photoelastic modulators. According to the
description given in [3, 49], two modulators are placed at the entry arm between the
sample and the polarizer, and two modulators are placed at the exit arm between the
sample and the analyzer. Again the modulators must vibrate at different frequencies in
order to get maximum sensitivity and to avoid possible ambiguities. The advantage
is that the four-modulator configuration is exempt of mechanical movements and
therefore it can measure the full Mueller matrix in a single run.

2.6.3.2 Rotatable Fresnel Rhombs for Broadband
Spectroscopic Operation

As it is well known [4] a prism working in total internal reflection behaves as a
retardation plate, with, however, a high degree of achromaticity, as the retardation
depends only on the material optical index and the angle of incidence on the face
working in internal reflection, without the 1/λ factor typical of retarders cut in bire-
fringent materials. As a result, if used in conjunction with suitable linear polarizers,
this type of component is very appealing to develop broadband PSGs, PSAs, and
complete Mueller ellipsometers.

Because of the bulky shape of the prisms, care must be taken to select an
appropriate geometry that does not deviate the beam the element is rotated. Among
the possible prism geometries [50], we selected the V-shaped retarder shown in
Fig. 2.16 as it is the easiest to manufacture. This component consists of two identical
Fresnel rhombs disposed symmetrically and joined by optical contact.

The PSG of the Mueller ellipsometer consists then of a linear polarizer, which
is kept fixed, followed by an achromatic retarder that can rotate about the light prop-
agation axis. The PSA is identical to the PSG, but with its optical elements in reverse
order. During current operation of the Mueller ellipsometer, the PSG generates at
least four polarization states corresponding to four different azimuths of the retarder
and, similarly, the PSA is operated with at least four analysis configurations.

The optical configuration of the broadband Mueller ellipsometer is very similar
to that of a PCSCA generalized ellipsometer, with two fixed polarizers and two
mobile retarders, which explains why the broadband Mueller ellipsometer is able to
measure a full Mueller matrix in a single run. However, the operation mode and the
retardance created by the retarders is quite different. To work in optimal conditions,
the retardance of the compensators of a PCSCA generalized ellipsometer must be
90◦, 270◦ or a multiple of them, whereas in the broadband system, it is not the case
as it will be shown later. The operation is very different too. The compensators in
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Fig. 2.16 V-shaped achromatic retarder made of two assembled Fresnel rhombs operating with
four total internal reflections at incidence θi

the PCSCA system are continuously rotated and a double Fourier analysis, either
continuous or discrete, of the time-modulated detected signal must be performed. In
contrast, our broadband Mueller ellipsometer, is operated sequentially setting each
retarder at four predetermined orientations and the signal is measured between two
sequential rotations. During an acquisition, the retarders do not move. Simple linear
algebraic operations, (two matrix multiplications), are needed to obtain the Mueller
matrix from the measured intensities B. Finally, the system is calibrated by the ECM
method described below.

As described above, the four polarization states generated in the PSG and analyzed
by the PSA, have been selected in order to minimize the condition numbers c(W) and
c(A). To this end, we simulated the optical behavior of PSG assuming the polarizer
and the retarder were ideal. The Mueller matrices of a linear polarizer, P, and an
ideal retarder, C, oriented respectively at azimuths 0 and θ , are:

P = τP

⎛
⎜⎜⎝

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ;

C(θ, δ) =

τR

⎛
⎜⎜⎝

1 0 0 0
0 cos2(2θ) + cos(δ) sin2(2θ) sin2( δ

2 ) sin(4θ) − sin(δ) sin(2θ)

0 sin2( δ
2 ) sin(4θ) cos2(2θ) + cos(δ) sin2(2θ) sin(δ) cos(2θ)

0 sin(δ) sin(2θ) − sin(δ) cos(2θ) cos(δ)

⎞
⎟⎟⎠

(2.86)

where τP is the polarizer transmission, while τR and δ represent the transmission and
the retardance of the retarder respectively. Assuming that the light entering the PSG
is completely depolarized, the Stokes vector generated by the PSG is given by the
expression:

Sout (θ, δ) = C(θ, δ) · P ·

⎛
⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎠ (2.87)
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Fig. 2.17 Reciprocal condi-
tion number as function of
the value of the retardance
of the V-shaped prism. The
two maxima correspond to the
selected retardances

Hence, the matrix W and its condition number c(W) can be understood as functions
of five parameters. Finding the values of the parameters that minimize the condition
number is a numerical problem that can be solved by means of a standard numerical
optimization routines. As a result, two optimal values for the retardation and two sets
of optimal azimuth angles can be found. δ1 = 132◦ +n360◦ and δ2 = 227◦ +n360◦,
with “n” being any integer. Figure 2.17 shows the values of the condition number
calculated as function of the Fresnel rhomb pair retardation for one set of optimal
values of the azimuths (In this figures and all the following analogous ones, we plot
the reciprocal 1/c of the condition number, which may vary from 0 to 0.577 and is
thus easier to plot than c.)

The two maxima and correspond respectively to the optimal values for the retar-
dation. The two sets of azimuths are:

• {θ1, θ2, θ3, θ4} = {38◦ + n360◦, 74◦ + n360◦, 106◦ + n360◦, 142◦ + n360◦}
• {θ1, θ2, θ3, θ4} = {218◦ + n360◦, 254◦ + n360◦, 286◦ + n360◦, 322◦ + n360◦}

with “n” being any integer.

2.6.3.3 Nematic Liquid Crystals

These devices behave as electrically controllable variable retarders, analogous to
Babinet Soleil Bravais compensators, with fixed orientation of their slow and fast
axes and retardations which may be adjusted from 1 ∼ 2 times 360◦ to almost 0◦
by applying a.c. driving voltages, typically in square wave form, with rms values
from 0 to about 15 V. We used NLC variable retarders from Meadowlark; detailed
information about these devices is available on their site [51]. One limitation of NLCs
is their slow switching times, of the order of tens of milliseconds.
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The whole PSG is composed of a linear polarizer followed by two NLCs with
their fast axes set at the (fixed) azimuths θ1 and θ2 with respect to the polarization
defined by the polarizer. Calling respectively δ1 and δ1 the retardations of the NLCs,
a straightforward calculation provides the output Stokes vector

SPSG = MR(θ2, δ2)MR(θ1, δ1)

⎡
⎢⎢⎣

1
1
0
0

⎤
⎥⎥⎦ (2.88)

where the matrices MR(θi, δi) are those defined in (2.33) for linear retarders. Finally
we get the explicitly

SPSG =⎛
⎜⎜⎜⎝

1(
c2

1 + s2
1 cos δ1

) (
c2

2 + s2
2 cos δ2

) + c1c2s1s2 (1 − cos δ1) (1 − cos δ2) − s1s2 sin δ1 sin δ2

c2s2 (1 − cos δ2)
(
c2

1 + s2
1 cos δ1

) + c1s1 (1 − cos δ1)
(
c2

2 + s2
2 cos δ2

) + s1c2 sin δ1 sin δ2

s2 sin δ2
(
c2

1 + s2
1 cos δ1

) − c1s1c2 sin δ2
(
c2

1 + s2
1 cos δ1

)
(1 − cos δ1) + s1 sin δ1 cos δ2

⎞
⎟⎟⎟⎠

(2.89)

where ci = cos 2 θi, si = sin 2 θi. Now to generate the needed four Stokes vectors to
be complete, we can play with 10 parameters (the fixed azimuths and the four pairs
of retardations); which are far too many! Actually, among the many possibilities, the
theoretical minimum of c(W) is reached for azimuth values given by

θ1 = ε27.4◦ + q90◦ and θ2 = ε72.4◦ + r90◦ (2.90)

where ε = ±1 has the same value in both equations, while q and r, are any integer
numbers (not necessary equal), and retardation sequences the form

(δ1, δ2) = (�1,�1), (�2,�1), (�1,�2), and (�2,�2), (2.91)

with
�1 = 315◦ + p90◦ and �2 = 135◦ + p90◦ (2.92)

where, again, p is an arbitrary integer.
As retardations can be adjusted on demand, PSGs based on nematic liquid crystals

can in priniciple reach the theoretical minimum of c(W) for any wavelength within
their spectral range. This possibility of complete optimization make them very well
suited for Mueller ellipsometric measurements discrete wavelengths, provided total
acquisition times of the order of 1 s for the whole set of 16 images is acceptable.



86 E. Garcia-Caurel et al.

2.6.3.4 Ferroelectric Liquid Crystals

With respect to nematics, ferroelectric liquid crystals (FLCs) feature the following
quite different, and complementary, characteristics

• They are also linear retarders, but with constant retardation. What is driven electri-
cally is the orientation of their fast axis. This orientation is actually bistable, with
two possible azimuths 45◦ apart from each other. The polarity of the DC driving
voltage actuelly defines which of these two azimuths is actually reached.

• These devices may switch from one state to other extremely fast, typically in less
than 100 μs.

The commutation speed of these components allow fast Mueller ellipsometry, either
in spectroscopic or in imaging modes. However, due to the fixed values of retar-
dations, PSG is built with these components will not allow a fine minimization of
the condition number like that possible with nematics. This minimization can be
performed only as a compromise over all the spectral range of interest. On the other
hand, if acceptable values are obtained throughout this range, with c values typically
less than 4 or so, then the data can be taken simultaneously over this range, allowing
fast spectral ellipsometry and/or “color” Mueller imaging.

We first consider a configuration similar to that described above for nematic
LCs (Fig. 2.18). A linear polarizer is followed by two FLCs, which are switched
alternatively to actually generate the four needed polarization states. If we now call
θ1 and θ2 two possible azimuths of the FLCs, when the driving voltages are switched,
the resulting pairs of azimuth are

{(θ1, θ2), (θ1 + 45◦, θ2), (θ1, θ2 + 45◦), (θ1 + 45, θ2 + 45◦)} (2.93)

Again, the four generated Stokes vectors can be calculated by putting these
azimuths, and the constant retardations δ1 and δ2 into (2.89). With this configuration,
the best result was obtained with

δ1 = 90◦ and δ2 = 180◦(at 510 nm), and θ1 = 70◦, θ2 = 165.5◦ (2.94)

Fig. 2.18 Configuration of
a PSG based on two nematic
liquid crystals. The red arrows
indicate the directions of the
fast axes
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Fig. 2.19 Spectral depen-
dence of the reciprocal con-
dition number 1/c(W) of the
matrix W associated to the
FLC based PSG. The effect
of the insertion of a quartz
wave-plate between the FLCs
can be clearly seen. Red line
with the wave-plate and Black
line without it
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The spectral dependence of the reciprocal condition number 1/c(W) obtained with
these parameters is shown as the black line on Fig. 2.19. The qualitative criterion
defined above, namely 1/c ≥ 0.25 is obeyed in a relatively narrow range, between
450 and 700 nm.

This useful spectral range can be significantly extended by adding a true zero
order quarter wave plate for 633 nm. With the same values of δ1 δ2 (quarter− and
half-wave at 510 nm) the red curve is obtained for

θ1 = −10◦ and θ2 = 165.5◦ (2.95)

meaning that the PSG can be used with the same noise propagation as before between
420 nm (limited by the transmission of the FLCs) and 1000 nm.

This configuration has been generalized to extend the spectral range towards
the near infrared (NIR). Ladstein and co-workers [52] used the same configuration
described above but with FLCs specially adapted to work in the NIR. The working
principle of this system was based in a simple scale law. They used two FLCs pro-
viding a retardance which was roughly the double of the retardance provided by the
ellipsometer working in the visible range, and as a result, they obtained a system
which worked well in the range from 700 to 1900 nm. However, the high retardance
provided by the NIR FLCs prevented the system to work in the visible range. A
second attempt made in parallel by the group of Letnes [53] in Norway and us in
France [54] showed that the addition of a third FLC to the PSG (and to the PSA as
well) allowed to work in an extended range from 450 nm in the visible to 1800 nm
in the NIR. There are two possible modes of operation of the 3FLC system:

(a) In a first mode, the orientations of the three FLCs in the PSG have to be commuted
to generate a sequence of 8 polarization states. The same sequence must to
be done for the PSA for acquiring a sequence of 64 measurements at each
wavelength to extract the Mueller matrix of the sample. This mode is referred
as “complete mode”.

(b) In a second mode, the orientations of the three FLCs in the PSG have to be
commuted to generate a reduced sequence of only 6 polarization states. The



88 E. Garcia-Caurel et al.

Fig. 2.20 Spectral values of (1/c) associated to the 3 FLCs PSG operated in the complete (left)
mode and the reduced (right) mode respectively. λ represents the wavelength in nanometers

same sequence must to be done for the PSA for acquiring a sequence of N = 36
measurements at each wavelength to extract the Mueller matrix. This mode is
referred to below in the present document as “reduced mode”.

Figure 2.20 shows the spectral value of the reciprocal condition number for the
complete and the reduced modes of operation respectively. As it can be seen in both
cases, the condition number remains acceptable. The reduced mode, despite of dis-
playing a condition number that is slightly lower than the complete mode, allows
to perform a complete Mueller matrix measurement, twice faster than the complete
mode because it needs half of polarization station states. The choice between opera-
tion modes depends on the particular experimental conditions. Complete mode will
always produce less noisy results than the reduced mode, therefore it is recommended
to use it when measuring samples with low reflectivity.

2.6.4 The Eigenvalue Calibration Method (ECM)

We now focus on item 2, i.e. the crucial issue of instrument calibration. Obviously,
the more complex the instrument, the more difficult the detailed modeling of all
its imperfections. This modeling, however, is needed to calibrate the instrument by
the usual procedure: the presumably relevant parameters are included in the model
describing non-idealities, and then their values are determined by fitting the measured
deviations from expected values on well-known samples (in many cases, vacuum or
NIST samples made of crystalline silicon covered with various thicknesses of SiO2)

[33, 48]. While this classical procedure may be of great value as it provides in-depth
knowledge of the instrument, it can be extremely time-consuming and may not be
applicable to otherwise interesting optical assemblies, due to their complexity. In
this respect, the optimization of A and W condition numbers, if it may enhance the
instrument performance, may also render its calibration by traditional methods more
difficult.

As it was outlined at the beginning of Sect. 2.6, the purpose of ECM method is to
accurately determine the W and A matrices without any modeling of the instrument
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nor any specific calibration samples. Provided these samples are linear dichroic
retarders, their characteristics (transmission, diattenuation, retardation) are retrieved
by the procedure itself, as shown in this subsection. Of course, in the following we
expose the ideas presented in the original article by Compain et al. [35] but the
practical implementation, and in particular the choice of the reference samples, is
somewhat different.

We first address the case of a Mueller ellipsometer operated in transmission, before
generalizing the method to the case of measurements in reflection.

2.6.4.1 Calibration of Mueller Ellipsometers in Transmission

The general principle. Let us first assume we have a set of reference samples,
characterized by perfectly well known Mueller matrices Mi. As the instrument is
operated in transmission, it is possible to make a first measurement on vacuum, to
obtain

B0 = A W. (2.96)

Then, putting the sample i in the beam we measure the corresponding raw matrix

Bi = A Mi W (2.97)

Now, with the experimentally available matrices B0 and Bi we calculate the matrices
Ci as

Ci = (B0)
−1 Bi = W−1 Mi W. (2.98)

Then, by multiplying both sides of the above equation by W−1 we finally get

Mi W − W Ci = 0. (2.99)

For all values of I (i.e. for all samples). As Mi is assumed to be known and Ci has
been obtained experimentally, (2.99) is actually a linear system of equations whose
unknowns are the elements of M. The question is therefore: how can we solve this
system most efficiently? To define the best procedure, we must keep in mind two
essential points

• The system may be undetermined, well determined or overdetermined, depending
on how many samples have been measured, and “how different” these samples
were. Thus the solving procedure must be suitable for all cases.

• Even if the Mi matrices are perfectly well known, the matrices Ci are certainly
affected by experimental errors, and thus the system may very well have no exact
solution. All we can try to do is to determine the best possible approximation of
the ideal solution which would have required “perfect” measurements for Ci.



90 E. Garcia-Caurel et al.

The best way to cope with these two issues is to solve (2.99) in the “least-squares”
sense, by determining the X matrix (or matrices, if the system is undetermined)
which minimizes the sum of the squares of the 16 N elements of the N 4×4 matrices
appearing in (2.99). Of course, is the system turns out to be undetermined, then more
samples have to be included. On the other hand, inclusion of new measurements is
straightforward.

To practically realize this rms minimization, we define for each measurement the
linear operator Ti which associates to any matrix X the matrix

Ti (X) = Mi X − X Ci (2.100)

Provided its elements are properly renumbered any 4 × 4 real matrix X can be con-
sidered as a vector X(16)

k with 16 components. Equation (2.100) can then be rewritten
in the form

(Ti(X))
(16)
k = Y(16)

i,k =
∑

m

H(16,16)
i,km X(16)

m (2.101)

where the H(16,16) matrix is obtained by a little bit lengthy but straightforward cal-
culation by expliciting the renumbering of the elements of X and Ti(X). Then the
sum of the squares of the 16 matrix elements appearing in (2.100) for the sample i
can be rewritten as

∣∣∣Y(16)
i

∣∣∣2 =
[
X(16)

i

]T [
H(16,16)

i

]T
H(16,16)

i X(16)
i =

[
X(16)

]T
Ki X(16) (2.102)

where the 16×16 matrix Ki = HT
i Hi is symmetrical and semi-definite positive, i.e.

its eigenvalues are all positive or zero. Clearly, if Eq. (2.100) were “exact” (i.e. the
matrices Ci had no errors) the � vector � W(16) must be an eigenvector associated
with a zero eigenvalue of the K matrix associated with this sample. If we now define
a matrix Ktot as

Ktot =
∑

i

Ki (2.103)

again W(16) will be an eigenvector associated with a zero eigenvalue. In fact, the
quantity tX(16)KtotX(16) is nothing else but the sum of the squares of the 16 N matrix
elements of the Ti(X) appearing in (2.100) for all samples.

As all the eigenvalues of the Ki matrices are positive or zero, when the number
of samples included in the procedure (and so the number of Ki matrices in the sum
(2.103)) is sufficient, then Ktot will have only one eigenvector W(16) associated with
a zero eigenvalue, which then determines the W matrix unambiguously.

Again, we point out once more than due to the experimental errors affecting the
matrices Ci, none of the eigenvalues of the actual K matrix is exactly zero. However, if
the intensity measurements are reasonably accurate (and if the samples are sufficient
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to (over)determine the system) then one eigenvalue of K will be found to be much
smaller than the 15 others. In the following, we assume that the eigenvalues of K
are sorted in decreasing order, from the largest (λ1) to the smallest (and theoretically
vanishing) λ16.

The choice of sets of optimal reference samples. In addition to constitute a very
efficient tool to find W (if the Mi are known), the above formalism also provides
a simple criterion to optimize the choice of the reference samples. Our goal is to
determine as precisely as possible the eigenvector of K associated with the smallest
eigenvalue (λ16). It is reasonable to assume that, the larger the other eigenvalues,
the more the eigenvector W(16) will be “isolated” from the others and thus well
determined (or, if the take the argument in the other way around, if λ15 is very small,
then the two smallest eigenvalues are almost degenerate and W(16) will be difficult
to distinguish from the eigenvector associated to λ15).

In summary, the best sets of calibration samples are those for which λ15 is largest,
or, equivalently, those for which the ratio R = λ15

λ1
is largest. As we will see in the

following, to be characterized during the calibration procedure, these samples must
also linear dichroic retarders set at various azimuths, with Mueller matrices of the
form:

M(τ,�,�, φ) = τR(−φ)

⎛
⎜⎜⎝

1 − cos 2� 0 0
− cos 2� 1 0 0

0 0 sin 2� cos � sin 2� sin �

0 0 − sin 2� sin � sin 2� cos �

⎞
⎟⎟⎠R(φ)

(2.104)
where we recognize a matrix of the form defined in (2.15), while R(φ) is matrix
describing a rotation by an angle φ around the light propagation direction within the
Stokes Mueller formalism

R(φ) =

⎛
⎜⎜⎝

1 0 0 0
0 cos(2φ) − sin(2φ) 0
0 sin(2φ) cos(2φ) 0
0 0 0 1

⎞
⎟⎟⎠ (2.105)

It turns out that the first condition (only one vanishing eigenvalue) is met with the
following set of three measurements (in addition to the measurement of B0, without
any sample):

• Polarizer set at two different azimuths φP1 and φP2. Actually, φP1 can be set equal
to zero throughout, without any loss of generality,

• Retarder with retardation angle �, set at an azimuth φD.

The ratio R = λ15
λ1

is then optimized by a (little bit lengthy) trial-and-error procedure.
A maximum Rmax = 0.1015, which seems to be a global maximum, is reached for:

φP1 φP2 � φD

0◦ 90◦ 109◦ 30.5◦
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Fig. 2.21 Variation of the
ratio R with the retarder
azimuth, for three azimuths of
the 2nd polarizer

Retarder Azimuth (degrees)

R

Fig. 2.22 Variation of the
ratio R with the retardation �

of the retarder, for three values
of its azimuth

Retardation (degrees)

R

As for the choice of PSG and PSA configuration, this optimization must be
completed by an evaluation of the �sharpness� of this maximum: a calibration
procedure characterized by a local maximum Rloc < Rmax may be more convenient
than that corresponding to Rmax, if the local maximum is much broader, as the values
of the parameters are less critical.

In the three following figures, the ratio, R is plotted against φD, �, and φP2
respectively for values close to the optimum.

The curves reproduced in Figs. 2.21, 2.22 and 2.23 clearly show that the value of
the retardation is by no means critical: this retarder must not be close to a half-wave
plate, but basically any value of � between 30◦ and 150◦ is fine. Conversely, the
angular positioning of the polarizer is more critical.

Of course, many other sets of calibration samples can be used, including at least
a polarizer and a retarder. For the latter, the acceptable retardation interval is very
broad, as seen above.

Characterization of reference samples. The basic idea is to use the very
special form of the M(τi, �i,�I, φi) matrices of the calibration samples to determine
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Fig. 2.23 Variation of R with
the 2nd polarizer azimuth,
for three orientations of the
retarder

Polarizer Azimuth (degrees)

R

these matrices during the calibration procedure itself. A key in this respect is that
the eigenvalues of these matrices are independent of φ. Two of them are real and the
other two are complex conjugates:

λR1 = 2τ cos2 �, λR2 = 2τ sin2 �, λC±− = τ sin(2�)exp[±i�] (2.106)

Now, (2.98) shows that the experimentally available matrix Ci and Mi have the
same eigenvalues, from which we can determine all the parameters of Mi, except the
azimuth, by inverting (2.106)

τ = 1

2
(λR1 + λR2) , cos(2�) = λR1 − λR2

λR1 + λR2
(2.107)

sin(2�) cos � = λC+ + λC−
λR1 + λR2

, sin(2�) sin � = −i
λC+ + λC−
λR1 + λR2

(2.108)

Moreover, these eigenvalues must obey the simple criterion:

λR1λR2

λC+λC−
= 1 (2.109)

which provides a simple test of the quality of the measurements involved in the
determination of Ci.

At this point, the azimuths φi can be determined from the spectrum of the matrix K.
If we use a polarizer set at two different azimuths (one of which is zero by definition,
and the other, φP2, is close to 90◦) and a retarder set at φD ∼30◦ the matrix K
can be calculated with φP2 and φD “injected” into the Mi as variable parameters.
Then, the system (2.99) has a solution, and l16 will tend to zero if, and only if, these
parameters take the values corresponding to the actual azimuths of the elements
during the measurements. Thus, these azimuths can be determined by minimizing
the ratio λ16/λ15. A typical example of such a search is shown in Fig. 2.24. The
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Fig. 2.24 Typical result of the
determination of the azimuths
of the calibration samples by
minimizing Z = λ16/λ15

Polarizer Azimuth θP2 (degrees)

minimum is quite sharp, allowing a determination of the angles φP2 and φD with
accuracies of the order of 0.1◦.

Once W has been determined, the matrix A is readily obtained by inverting (2.96):

A = B0W−1 (2.110)

2.6.4.2 Calibration of Mueller Ellipsometers in Reflection

We consider now cases where the vacuum cannot be measured, but an object (say a
sample holder) with a matrix M0 (a priori unknown) is necessarily placed between
the PSG and the PSA. Then the PSG and the PSA have to be calibrated separately.
In a first (common) step, the holder is measured alone, yielding

B0 = A M0W (2.111)

Then the calibration samples are inserted in the input arm, between the PSG and the
sample holder. The corresponding raw data matrices now write

Bi = A M0 Mi W (2.112)

From which we calculate the products

Ci = B−1
0 Bi = W−1MiW (2.113)

And the matrix W is then determined in the same way as described previously. Then
the calibration elements are inserted in the output arm, between the holder and the
PSA, to measure
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B′
i = A Mi M0 W (2.114)

And then calculate

C′
i = B′

i B−1
0 = A−1 Mi A (2.115)

And the same procedure now provides A. There is no need to know M0 this matrix
can even be measured once both A and W, are calibrated, the only requirement about
this matrix is that it should be reasonably well conditioned to allow a safe inversion
of B0.

2.6.4.3 Summary: Practical Implementation

We now summarize how the method is used in practice. The essential steps appear in
a different order with respect to the previous (hopefully pedagogical !) presentation:

1. Choice of the set of calibration samples. Of course this choice is made once
and for all, and may be dictated not only by the criteria shown above, but also by
practical considerations about the availability of the components, and the space
they need to be inserted. As we already mentioned, there are many possibilities
with combinations of polarizers and retarders, the latter being really uncritical.
The main issue to keep in mind is that these components should be “ideal” in the
sense that they should not depolarize, for example. As a result, these components
must feature wide enough spectral, angular or spatial acceptances, depending on
the type of instrument.

2. Measurement of B0. This is the first step of the procedure, but if the instrument
is operated in transmission (or equivalently, in reflection under normal or quasi-
normal incidence) this measurement may also be used for another purpose, namely
the minimization of the condition numbers of A and W, if needed, for example
by optimizing the driving voltages of NLCs (this step too is made once and for
all for a given configuration): as B0 = AW, the lower the condition numbers of
A and W, the lower that of B0. As a simple measurement of B0 is much faster
than a complete calibration, the multi-parameter optimization using this criterion
is also much more efficient, even though at the end a full calibration is needed to
evaluate separately c(A) and c(W)!

3. Measurement of the Bi, calculation of the, Ci, matrices and of their eigen-
values. This step offers very interesting possibilities to check that the system is
working properly. Actually, the eigenvalues of the matrices Ci should be of the
form

a. (τ, 0, 0, 0) for polarizers,
b. (λR1, λR2, λC, λ∗

C) for the retarders, and these eigenvalues should verify
(2.107)

c. For any given component, the eigenvalues of its C matrix should be invariant
when the component is rotated (even though the B matrix changes wildly !)



96 E. Garcia-Caurel et al.

Let us emphasize that these criteria are pretty robust, as they do not involve in
any way the (still unknown A and W matrices) but are based on two conditions
which are mandatory for a good operation of the instrument:

• the intensity measurements are linear.
• the components, in their current use, can be considered as “good” linear

dichroic retarders.

It is a very strong point of the method to offer the possibility to check these issues
in a very robust way.

4. The K matrix is evaluated as a function of the unknown azimuths of (n − 1)
calibration samples (in the example showed above, these parameters were θP2
and θD) and the ratio Z = λ16/λ15 must be minimized to determine the actual
values of these parameters,

5. W is determined as the eigenvector associated to λ16.
6. A is determined either from W and B0 (in transmission) or by repeating the

procedure with the calibration samples in the exit arm.

Though this procedure may seem quite complex, once it is implemented it is very easy
to use and provides accurate results even for systems which would be impossible to
model correctly such as the ellipsometer based on FLCs described in Sect. 2.6.3.2. As
a matter of fact, by using this calibration method, full Mueller ellipsometry becomes
easier to implement than more limited techniques with traditional calibration pro-
cedures !

2.6.5 Examples of Complete Mueller Ellipsometers
Developed at LPICM

2.6.5.1 Broad Band Spectroscopic Mueller Ellipsometer
with Fresnel Rhombs

The motivation to develop a broadband Mueller ellipsometer was to perform com-
plete Mueller matrix measurements in a wide spectral range. Two examples of inter-
esting wide spectral ranges are the vacuum-ultraviolet (130 nm) to the mid infrared
(7000 nm), or the visible to mid-long infrared (500–18000 nm). Vacuum-ultraviolet
and infrared ranges have particular advantages. Infrared, features enhanced sensi-
tivity to the sample chemical compositions due to molecular vibrations and phonon
absorptions. Moreover, free carrier absorption in the infrared can be useful to study
the dopant concentrations or electrical mobilities. On the other hand, the shortness
of the vacuum-ultraviolet wavelengths make this range ideal to measure the thick-
ness of very thin films (down to a few nm). In addition, the enhanced sensitivity of
vacuum-ultraviolet to small defects and structures in the surface of samples is used
for optical metrology and surface state quality control.

To date, several systems have been shown which are able to work in the vacuum
ultraviolet [55–57], the infrared [33, 58–63], or even the terahertz [64–66] spectral
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ranges. However, almost none of them can perform complete Mueller matrix mea-
surements in a wide spectral range because they are either standard (incomplete)
ellipsometers, or they are designed to work in a relative narrow spectral range. We
developed a broadband Mueller ellipsometer to fill this lack of full polarimetric
solutions.

Two main parameters actually determine the performances of a broadband system,
namely the transparency and the dispersion properties of the optical components used
to build it. Polarizers, based either on prisms or grids, can be used over broad spectral
range, with quasi-achromatic properties. For instance, magnesium fluoride (MgF2)

used in prism polarizers is transparent from 0.12 to 7μm and ZnSe, used for grid
polarizers, transmits from 0.6 to 21μm.

In contrast, issues appear with retarder. Liquid crystals are limited to a relative
narrow spectral band covering the visible and the near infrared. These materials
strongly absorb in the mid-infrared and may be irreversibly damaged by ultravio-
let light. Moreover, liquid crystals show a strong dispersion of retardance at short
wavelengths. Similar issues related with either absorption or dispersion appear when
other optical components such Kerr optical rotators, photoelastic modulators, or
wave-plate compensators are considered. We decided to use retardation induced by
total internal reflection in prisms because it is almost non dispersive [67]. Limitations
are only induced by the transmission of the prisms.

In accordance to these general principles we developed a prototype which is
optimized to work in the mid-infrared spectral range, from 2 to 14μm. A func-
tional scheme of the prototype optical assembly is represented in the Fig. 2.25a. The
instrument is represented in a reflection configuration even though measurements in
transmission are also possible. The Mueller ellipsometer consists of an input arm,
a sample holder, an exit arm and an acquisition system. The input arm includes a
light source, a PSG and a retractable sample-holder for calibration samples. The exit
arm includes a second retractable sample-holder for calibration samples, a PSA and
a detection platform which can contain one or multiple detectors. The illumination
source consists of a commercial conventional FTIR interferometer providing an col-
limated beam. The PSG is of the type described in Sect. 2.6.3.2, with a fixed grid
type linear polarizer, and an V-shaped achromatic retarder. The retarder is mounted
on a motorized rotating platform that allows it to be rotated at four consecutive ori-
entations following a predetermined sequence. Both the polarizer and the V-shaped
retarder are made on ZnSe. The PSA is identical to the PSG as discussed above.

As shown in Fig. 2.25 it is possible to design the optical assembly either to min-
imize either the spot size or the divergence of the beam arriving to the sample.
In the focused configuration (Fig. 2.25c), the spot size can be reduced to around
300μm. This configuration is ideal to measure small or inhomogeneous samples. If
a motorized X–Y table is used to move the sample, it is possible to record mappings
of the sample with a good lateral resolution. In the collimated beam configuration
(Fig. 2.25b), the divergence of the beam can be reduced to values of the order of
several milliradians. This configuration is ideal for measuring strongly anisotropic
samples such diffraction gratings or photonic structures. In this configuration, the
spot size is about 0.7 mm. In this configuration, it is advisable to use an automatic
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(a)

(b)

(c)

Fig. 2.25 a Functional schema of the Mueller ellipsometer. It includes a FTIR interferometer (5)
a PSG (6) and a PSA (10). The PSG includes a linear polarizer (13) and the V-shaped retarder
(21). The same elements can be found in the PSA. The detection signal (12) and the motors which
control the orientation of the V-shaped retarders are controlled with a computer (4). b Schematic
representation of the optical chain to create a collimated beam incident on the sample. c Idem to
create a focused spot size on the sample

theta table as sample-holder to make measurements as a function of the azimuthal
angle.
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2.6.5.2 Spectroscopic Mueller Ellipsometer with Ferroelectric
Liquid Crystals

Liquid crystal modulation Mueller ellipsometers use liquid crystal variable retarders
to modulate the polarization without any mechanical rotation. The first prototype
was built in 2003 and presented to the 3rd International Conference of Spectroscopic
Ellipsometry held in Vienna [68]. After the encouraging preliminary results, the
system was patented [69], and the first commercial system appeared in 2005 under the
name of MM16. Since then, the product has been developed and new versions are now
in the market. For instance, a particular implementation adapted to the measurement
of small samples, commercialized under the name of AutoSE has been launched
in 2008. The latest version, called SmartSE, combine spectroscopic with imaging
capabilities. The spectral range, initially limited to the visible (450–850 nm), has
been widened to the near IR (450–1000 nm). The working spectral range of liquid
crystal based polarimeters is determined by the transparency of the liquid crystal
devices. In the short wavelength range, UV radiation must be avoided because it may
induce chemical modifications or even destroy the liquid crystals which are made
of delicate organic molecules [70]. In the long wavelength range, the near infrared,
the limits are due to the thin conducting oxides that are deposited on the windows of
the liquid crystal devices that allow the electrical control the orientation of the liquid
crystals. The conducting oxides have a high concentration of free charge carriers
which absorbs very efficiently the near infrared (>1500 nm) making the devices to
become opaque. This range matches quite well that defined in Sect. 2.6.3.4 from the
criterion c(W), c(A) > 4, and is also very well suited for the use of standard CCDs.

The optomechanical design of the instrument is shown in Fig. 2.26. The illu-
mination beam comes from a halogen lamp, goes through the PSG, interacts with
the sample and traverses the PSA before entering a spectrometer operating in the
visible and fitted with a CCD array. For practical purposes, the PSG and the PSA
were mounted on an automatic goniometer allowing to vary the angles of incidence
and detection from 40◦ to 90◦ in steps of 0.01, and to operate the ellipsometer in

FLC3

PSG

PSA
Disp.

Grating

CCD

FLC1
QWP

FLC2

QWP
FLC4

Polarizer

Polarizer

Lamp

Fig. 2.26 Left schematic representation of the general set-up of a Mueller ellipsometer mounted
in reflection configuration, showing the PSG the sample and the PSA. Right schema of the optical
configuration of the PSG. The PSA is identical to the PSG. Pictures taken from [68] with the
authorization of the authors and the publisher
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reflection and in transmission modes. The sample holder was mounted on an auto-
mated theta table which allows rotation of the sample about a vertical axis. As shown
below, this azimuthal movement is interesting to characterize anisotropic samples
and diffracting structures.

With this setup, full Mueller spectra in the whole spectral range could be taken in
seconds or less, depending on the sample reflectivity. Moreover, most users are essen-
tially interested in classical ellipsometry, for which the accuracy must be comparable
to that of other, very mature, instruments. Actually, normalized Mueller matrix spec-
tra are retrieved with typical accuracies of a few 10−3 % a clear demonstration of the
efficiency of the optimization and calibration procedures described earlier.

2.6.5.3 Imaging Mueller Ellipsometer with Nematic Liquid Crystals
for Macroscopic Samples

We now describe an imaging ellipsometer for macroscopic samples (up to 4 cm in
size) using PSG and PSA based on nematic liquid crystal variable retarders, previ-
ously described in Sect. 2.6.3.3. This approach seemed indeed the most appropriate
for an instrument used to image static samples, as the acquisition time (of the order of
10 s) was not an issue while the condition numbers of W and A could be minimized
for each chosen wavelength. Actually, this instrument was installed in 2009 in the
Pathology Department of Institut Mutualiste Montsouris hospital in Paris, and has
been used to image dozens of samples such as those briefly presented in Sect. 2.7.4.

A schematic view of the optical assembly is represented in Fig. 2.27. The illu-
mination part of the set-up comprises a halogen lamp (Olympus CLH-SC 150 W),
a fiber bundle with its output at the focus of an aspherical condenser (Newport
KPA046, f 1 = 37 mm) followed by an achromatic lens (Edmund Optics NT- 32-
886, f 2 = 150 mm) whose focal point F coincides with the condenser’s one. This
combination is both telecentric in the object and images the fiber output onto the PSG.
As all points of the NLCs are illuminated with the same angular aperture (defined
by the aperture stop), the polarization generated by the liquid crystals is spatially
uniform in spite of the angle-dependency of the liquid crystal retardation. Finally, a
third lens images the PSG on the sample plane, illuminating a 5 cm diameter zone
with very uniform intensity and polarization throughout.

The sample was imaged on a fast CCD camera (Dalsa CAD1, 256 × 256 pixels,
12 bits) by means of a 12.5 − 75 mm zoom with an additional 500 mm close-up lens
to “reject” the sample image at infinity, in order to use the zoom. This arrangement
allowed an efficient rejection of any stray light. The wavelengths could be chosen
between 400 and 700 nm in 50 nm steps by means of interference filters with 20 nm
bandwidth placed before the close-up lens.

The PSG and PSA were built according to the optimized design defined in
Sect. 2.6.3.3, [71] with a dichroic linear polarizer (Melles Griot, 03 FPG 007) fol-
lowed by two nematic LCVRs (Meadowlark LVR 300). The four NLCs of the PSG
and PSA were sequentially switched with frequencies in ratios 1, 2, 4 and 8 to gener-
ate the 16 needed polarization states. The dark current, which depended on the room
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Fig. 2.27 Scheme of the
imaging Mueller ellipsometer
in reflection

temperature was measured frequently and subtracted from the signal for each pixel.
A satisfactory signal-to-noise ratio was achieved by typically averaging 7 images for
each state of polarization. A complete set of 16 averaged raw images was taken in
about 11 s.

Typically, the reciprocal condition number of the PSG and the PSA were of the
order of 0.45, thus quite close to the theoretical maximum of 0.57. The polarimetric
accuracy, evaluated with a polarizer and a retardation plate set a various azimuths
in either the illumination or the detection arm, was of the order of 3 % (maximum
errors), which turned out to be more than sufficient for polarimetric imaging of
surgical samples. However, a “run” of improvement of this instrument is planned for
the near future.

Impact of the choice of the reference frame basis. With instruments operating
in reflection at, or close to, normal incidence, special attention has to be paid to the
definition of the (s, p) and (s′, p′) bases for incident and emerging beams, whose
directions of propagation are defined by the vectors z and z′ respectively. Far from
normal incidence, the most natural (and the most widespread !) choice is that shown,
for instance, on Fig. 2.11: s = s′ and both p and p′ have positive components on the
outgoing surface normal. By doing so, the 3D bases (p, s, z) and (p′, s′, z′), are both
right handed. If this choice is maintained up to normal incidence, the result is:

(p′, s′, z′)+ = (−p, s,−z) (2.116)
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with this (usual) convention the Mueller matrix M+
m of a mirror under normal inci-

dence is

M+
m =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0′ −1

⎞
⎟⎟⎠ (2.117)

The other possible choice for the emerging beam is to take the same basis (s, p) for
both directions of propagation:

(p′, s′, z′)− = (p, s,−z) (2.118)

Of course, in this case the (p′, s′, z′)− is no longer right-handed. But then the Mueller
matrix M−

m of a mirror under normal incidence is simply the unit matrix. More
generally, if M+ is the Mueller matrix of a system in the usual (+) convention, then
the Mueller matrix M− of the same system in the other convention is obtained by
changing the sign of the lower two lines.

As we will see in the following, many samples of interest for us behave as diagonal
depolarizers, with M22 = −M33 with the usual (+) convention and M22 = M33 with
the other choice. Obviously, it is much easier to visually check this relationship if
the elements to be compared are supposed to be equal rather than opposite ! We thus
decide to keep the “unusual” choice for the calibration of the imagers operating in
reflection.

2.6.5.4 Imaging Mueller Ellipsometer with Nematic LCs Coupled
to a Microscope

This instrument can be seen as the ultimate development of the well-known polarized
microscopy, as the polarimetric characterization of the sample is complete, in contrast
with the usual setups with crossed linear polarizers or left and right circular polarizers.
An overall view of the imaging polarimeter [72, 73] is shown in Fig. 2.28.

A microscope objective (Nikon Plan Achromat 100×) with a high numerical
aperture (0.90) is illuminated by a halogen source via a fiber bundle followed by an
input arm comprising, among other elements:

• An aperture diaphragm 1, which is imaged on the objective back focal plane
(BFP), and is used to define the angular distribution of the light incident on the
sample,

• A field diaphragm 2, imaged on the sample, which allows to define the size of the
illuminated area on the sample.

• The PSG 3, to modulate the incident polarization,
• A nonpolarizing beamsplitter, with approximately 50 % transmission and reflec-

tion coefficients, to steer the beam onto the microscope.
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Fig. 2.28 Schematic representation of the imaging/conoscopic Mueller polarimeter

On the detection side, we find

• The beamsplitter again, working this time in transmission,
• The PSA 4 to analyse the emerging polarization,
• A set of two lenses which image the objective back focal plane onto a two dimen-

sional imaging detector,
• A “retractable” lens which can be inserted in the beam path to image the sample

instead of the objective back focal plane,
• An aperture mask 5 can be set in a plane conjugated with the objective BFP,

typically to eliminate some strong contributions in order to see weaker ones, or to
select the visualized diffraction orders if the sample is a grating.

• An interferential filter, typically quite narrow for metrological applications.
• The camera, a backthinned and cooled 512 × 512 pixel CCD from Hamamatsu.

The PSG and PSA operating in this setup are essentially the same as those used
in the macroscopic imagers, though of smaller size. This choice was driven by the
same considerations as for the macroscopic imager: the samples were static, and we
considered it was important to be able to minimize the condition numbers at each
wavelength [68, 74].

The angular distribution and the spot size characterizing the beam incident onto
the sample can be adjusted independently of each other (at least as long as the
illumination beam is far from being diffraction limited, a condition which is always
fulfilled in practice with the classical light sources such as the one we use).

The two modes of operation of the microscope are illustrated on Fig. 2.29. The
left panel shows the real space image of image of a grating, and the reciprocal space
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Fig. 2.29 Left Real-Fourier space images of a grating. Right Angular coordinates in the Fourier
space (maximum aperture 62◦). Images taken from Ref. [72] with the permission of Willey Science

image obtained with a slit as an aperture diaphragm and the grating as the sample:
due to the presence of the slit, the angular distribution of the incident light is almost
1D, which is then diffracted in orders 0 (central line) and + − 1 (lateral images).

The right panel of Fig. 2.29 shows how the angular distribution of the light coming
from the sample is actually mapped on the objective back focal plane. Due to Abbe’s
sine condition [4] a parallel beam emerging from the sample with a polar angle θ and
an azimuth φ is focussed in the back focal plane on a point with radial coordinates
(f sinθ , φ), where f is the objective focal length. Of course, while all the azimuths
between 0◦ and 360◦ are mapped, the polar angles θ are limited by the numerical
aperture of the objective. In our case the nominal values are sin θmax = 0.90 and
θmax = 65◦. In practice, it is difficult to achieve the full angular range. The radial
coordinate is calibrated on the images by using diffraction patterns obtained with
gratings with known pitches, such as the pattern shown in the left panel of Fig. 2.29,
and our images are limited to about 60◦.

Imaging in reciprocal space may constitute an interesting alternative to the more
conventional approach of goniometric ellipsometry/polarimetry if angularly resolved
data are to be acquired. Measurements along the polar angle at a fixed azimuthal angle
of an image are equivalent to measurements taken at different angles of incidence
on a non-imaging system. Accordingly, measurements recorded at a fixed polar
angle and along the azimuthal direction on an image are equivalent to measurements
taken rotating the sample holder in a non-imaging ellipsometer. With respect to
simple conoscopy through crossed polarizers, full polarimetric conoscopy can be
very useful to characterize anisotropic materials, as it provides angularly resolved
maps of retardation (and diattenuation, if present) which significantly constrains the
values of the dielectric tensor from easy and fast measurements [75] Moreover, under
a powerful microscope objective, the spot size can easily be reduced to 10 μm or less,
a possibility which can be very useful for some metrological applications, and more
particularly in microelectronics, as we will see in Sect. 7.3. Obviously, so small spots
sizes are much more difficult to obtain with the usual ellipsometric setups involving
narrow beams with low numerical apertures.

As an example of Mueller images in the Fourier space we show in left panel of
Fig. 2.30 the data taken on a silica thick plate. At first sight the observed patterns
may seem surprising for an isotropic sample. In fact, the isotropy is “broken” by

http://dx.doi.org/10.1007/978-3-642-33956-1_7
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Fig. 2.30 Left raw Mueller images in the reciprocal space of a thick plate of silica. The basis vectors
for the definition of polarisaton are vertical and horizontal all over the image. Right, top maps of
angularly resolved � and � derived from the Lu–Chipman decomposition of the data shown in the
left panel. Right bottom corresponding simulations

the choice of the basis used to define the polarization, and which is uniform all over
the image with one vector horizontal and the other vertical. Obviously, these are
not the usual (p, s) vectors defined with respect of the incidence plane, and which
would be oriented radially in each point of the image.

If the Lu–Chipman decomposition is applied to the raw image at the left of
Fig. 2.30 we obtain essentially zero depolarization, and the angularly resolved values
of � and � shown in the right panel (top), together with the corresponding simula-
tions (bottom). As expected, once � and � are plot according to the conventional
(s,p) coordinate system, both parameters display an almost perfect radial symmetry.
Moreover � remains at zero, and then “jumps” to 180◦ at the Brewster incidence,
while � starts at 45◦ at the image center, and then decreases in agreement with the
theory (the jump from red to light yellow indicates that the plotted value went below
the minimum of the scale, here 15◦).

These results clearly show that this technique may be very powerful. We give
in Sect. 2.7.3 an example of application for the metrology of sub-wavelength grat-
ings. However, it would be extremely difficult to “push” the accuracy of such
measurements to the levels reached by usual, non-imaging ellipsometers. The
main reason for this is that the objectives used in Fourier configuration may
introduce some polarimetric artifacts which cannot be taken into account by the
ECM method, as the system must be calibrated with the objective removed [72].
Moreover, even strain free objectives are extremely sensitive to mechanical con-
straints, and the resulting artifacts would probably evolve in time. In spite of
these limitations in accuracy, Mueller microscopes (operating here in reflection,
but transmission may be used too) are likely to open new research topics in many
areas.
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2.7 Examples of Applications of Mueller Ellipsometry

One of the interest of using Mueller ellipsometers is to access the whole Mueller
matrix in a single measurement configuration to characterize samples with a com-
plex optical response such as anisotropic layers or diffracting structures. Another
interest of having broadband spectral measurements is to access different types of
properties of the solids. In the following we provide three examples showing the
performances of the above described systems to perform optical metrology of dif-
fracting structures and to characterize the optical (and electrical) properties of thin
metal films.

2.7.1 Characterization of Low Emissivity Coatings Using
Broadband Mueller Ellipsometry and Standard
Ellipsometry in Total Internal Reflection

In the first part of this chapter, it is stated that ellipsometry is an indirect technique,
here we provide an example of a common way to work with ellipsometric data from
non-depolarizing samples; i.e. the use of parameterized optical models to fit exper-
imental data. This example also illustrates the advantages of using data in a broad
spectral range and the interest of combining data from different sources and optical
configurations to optimize the amount of information that can be obtained from the
sample. In particular we show how to use optical data to study the dependence of the
electrical properties (conductivity) of thin metallic layers with their thickness. The
link between electrical and optical properties can be established because the infrared
optical response of conducting materials is dominated by the dynamics of free charge
carriers and can be written in terms of the electrical conductivity in the framework of
the Drude model. We have worked with multi-layer stacks of aluminum doped zinc
oxide, ZnO:Al, and silver, Ag, with the structure ZnO:Al/Ag/ZnO:Al. Silver layer
thickness changed from sample to sample in the range from 8 to 50 nm, while the
thickness of the ZnO:Al layers was kept constant (≈20 nm). ZnO:Al and Ag layers
were deposited by magnetron sputtering. In the following we present a summary of
a detailed study made on the set of samples. More information about measurements,
parameterization of the dielectric function of the materials present in the samples,
and fitting of data can be found elsewhere [76].

The optical characterization of the samples was performed with two techniques:
spectroscopic ellipsometry and infrared reflectometry. Infrared reflectometry mea-
surements were taken with a commercial (Bruker) FTIR Spectrophotometer in the
spectral range from 4 to 30μm. Spectroscopic ellipsometry measurements in the
ultraviolet to the near-infrared (270–1600 nm) were performed with a commercial
phase-modulated ellipsometer UVISEL (HORIBA Jobin-Yvon). Mueller ellipsomet-
ric data in the mid-infrared were measured with the Mueller ellipsometer described
in Sect. 2.6.5.1 The angle of incidence was the same, 68.5◦, for the UVISEL and
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Fig. 2.31 Left sketch of the ZnO:Al/Ag/ZnO:Al stack on a glass substrate. Right sketch of TIR
configuration used and the orientation of the sample. The prism used for TIR measurements was
cut at an angle of 57.6◦

the broadband Mueller ellipsometer in order to have continuous data. Measurements
were performed from the coated side as depicted in Fig. 2.31. Total internal reflection
ellipsometric (TIR) measurements were performed using the UVISEL spectroscopic
ellipsometer because the most prominent spectral features appear at visible frequen-
cies. The TIR measurement configuration, sketched in Fig. 2.31, consists of a BK7
prism optically matched to the substrate by an oil designed for this purpose. Measure-
ments were performed from the substrate side of samples as depicted in Fig. 2.31.

Experimental data for all samples was interpreted on the basis of a common
model of the structure which included as parameters the thickness and dielectric
functions of the three layers. The dielectric function of the substrate was considered
as well. The dielectric function of the glass at infrared frequencies was described
with a combination of four Lorentz oscillators (OS) whereas in the ultraviolet it
was represented using the Tauc-Lorentz (TL) model [3, 31, 77]. ZnO:Al showed
strong ultraviolet absorption due to interband transitions which were modeled with
a TL formula with two oscillators. Silver is a noble metal which shows a noticeable
absorption in the whole spectral region from the infrared to the ultraviolet. Above the
plasma frequency the absorption is governed by interband transitions, and below it
by intraband absorptions due to free carriers. Free carrier contribution was modeled
with the Drude expression, whereas interband transitions were modeled with TL
expression.

Glass substrate was characterized following the example given in [78]. Ellipsom-
etry and reflectometry measurements were performed on both sides of the uncoated
glass substrate. In Fig. 2.32, we provide a comparison between best-fitted data and
experimental values obtained for the glass substrate at the air side. In addition, the
values of the refractive index and absorption coefficient deduced from the best-fitted
parameters are also plotted in the same figure.

For the characterization of optical properties of ZnO:Al we worked with a sample
consisting of a glass substrate coated with a 30 nm layer of ZnO:Al. The optical
model of the sample was identical to the glass substrate with an additional layer
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Fig. 2.32 Left experimental (blue dots) and best-fitted (red lines) values for the ellipsometer angles
� and � corresponding to the air side of the glass substrate. Right best-fitted refractive index n,
and absorption coefficient k, corresponding to bulk glass (red line) and glass with tin (blue line).
Spectral range spans from the ultraviolet to the mid infrared, the wavelength axis of both figures is
represented in a logarithmic scale

representing the ZnO:Al film. In Fig. 2.33, we provide a comparison between the
best-fitted and the experimental data obtained for the ZnO:Al sample. The same
figure also shows the values of the refractive index and the absorption coefficient
deduced from the fitted data.

Unlikely to zinc oxide, it is not possible to characterize a single layer of silver
because it oxidizes quickly in contact with the air. In order to work with silver, we had
to use the complete ZnO:Al/Ag/ZnO:Al tri-layer samples. We measured the sample
having the thickest film, 50 nm. From the set of parameters characterizing the Ag
optical response, the most relevant for the purposes of the present example are only
two: the plasma frequency, ωp, and the Drude damping factor, �D. The best-fitted
value of ωp was 9.2 ± 0.2 eV and it was found to be stable from sample to sample
[76, 79]. On the contrary, the value of the Drude damping, which is the inverse of
the mean time among two collisions of electrons, was expected to strongly depend
on the thickness of the silver layers. Considering that the mean free path (MFP) of
electrons in bulk silver is about 40 nm, it is not surprising that once dimensions of
the layer become of the same order or even smaller than MFP, the interfaces of the
film as well as the microcrystalline grain boundaries, have a non-negligible impact
on the kinetics of free electrons. The fitted value for �D for the thicker layer was
about 0.038 eV, a value which is compatible with the literature.

Once the dielectric functions of the materials were known, it came the problem
of fitting the three layer system. It was found that it was not possible to fit properly
the thickness of the three layers and the Drude damping using either ellipsometric
data in external configuration alone or reflectometry data alone. The problem was the
strong numerical correlations between parameters. This limitation is due to the loss
of information contained in optical data because of the absorption of the Ag layer.
To circumvent this problem we added to our fitting procedure the measurements
performed in TIR configuration. This approach allowed to enhance the sensitivity
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Fig. 2.33 Left experimental (blue dots) and theoretical (red lines) values for the ellipsometric
angles � and � corresponding to the ZnO:Al single layer sample. Right best fitted refractive index,
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Fig. 2.34 Experimental (circles) and best-fitted (lines) � and � spectra corresponding to sam-
ples with silver thickness of 8 (blue), 16 (red) and 30 (green) nm. Left ellipsometric data in TIR
configuration. Right ellipsometric data in external configuration

of measurements and to remove most of the numerical correlations. In Fig. 2.34 we
have represented the experimental and the best-fitted ellipsometric data for three
representative samples.

The main advantage of using ellipsometer in TIR configuration is the excitation
of resonant surface plasmon waves on metal/dielectric interfaces [80–83]. When the
metallic surface is covered with thin films, the field distribution and the propagation
characteristics of plasmons are strongly influenced by the thickness and refractive
index of these layers. Contrarily to standard propagating (plane) waves, the way
surface plasmons interact with thin films is substantially non-interferometric, which
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Fig. 2.35 Spectral dependence of the values of the refraction index, n, and the absorption coefficient,
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silver layer thickness. Spectral range spans from the ultraviolet to the mid infrared, the wavelength
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explains why surface plasmons can retrieve an information which is not affected by
the same limitations as that carried by light beams in external configuration and thus,
enhance the sensitivity of ellipsometric measurements.

As expected, we observed that �D increased when the thickness dAg decreases. �D
is proportional to the collision frequency. The observed behavior of �D is explained
because when the silver layer thickness decreases, scattering of electrons at the layer
interfaces and at grain boundaries becomes non-negligible and it adds-up to the
intrinsic bulk scattering by phonons and impurities. The value of �D impacts con-
siderably the refractive index and the absorption coefficient of the Ag layer specially
at long wavelengths. As shown in Fig. 2.35, the refractive index decreases and the
absorption coefficient increases when �D increases.

In order to study the dependency of �D with the silver layer thickness, the optical
conductivity of each sample was calculated from the fitted data and compared with
the corresponding values of the measured electrical conductivity. In the framework
of the Drude theory the optical conductivity can be calculated as follows: [3]

σc,opt = ε0ω
2
p

�D
= 1

ρc,opt

According to [84, 85] the most convenient is not to represent resistivity, but the
resistivity times the thickness of the silver layer, ρcdAg, as a function of the silver
layer thickness itself. It can be shown that for metals this relation is linear. The slope
of the line is related to the intrinsic resistivity of the silver layer, ρ0, and the cut with
the y-axis gives information about the influence of the surface scattering. In Fig. 2.36
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Fig. 2.36 Left electrical (blue spots) and the optical (red spots) results in terms of the dAgρc product
as function silver layer thickness dAg. Linear regression of the experimental electrical data (blue
line) and optical data (red line) are represented together with the corresponding 95 % confidence
intervals (blue and red dotted lines). Right experimental (blue) and extrapolated (red) emissivity as
a function of the Ag layer thickness for the whole set of samples

are represented the values of the product ρcdAg obtained with optical and electrical
measurements respectively as a function of dAg.

The slope of the linear regression (also shown in the figure) corresponding to the
electrical and optical data were (2.1±0.9)μ�cm and (2.1±0.3)μ�cm respectively.
These values are slightly higher than the value for bulk monocrystalline silver at room
temperature, 1.59μ�cm, because the silver in our samples was polycrystalline. To
validate the results obtained from optical data fitting, we compared the emissivity
extrapolated from the optical model for each sample with experimental data. The
results, shown in Fig. 2.38, prove that the high accuracy of the optical model allows
to predict emissivity which matches very well with experimental data.

In summary, in this example we wanted to illustrate the way to treat ellipsomet-
ric data from non-depolarizing samples and also to show the interest of combining
data from different sources in a wide spectral range to optimize the amount of infor-
mation that can be obtained from the sample. In our particular example we have
applied a combined approach to characterize a tri-layer structure in which an Ag
layer was stacked between two ZnO:Al layers. We have used Mueller ellipsometric
data in the infrared to obtain the optical properties of Ag layers, which are respon-
sible of the thermal emissivity of the coatings. Moreover, the enhanced sensitivity
due to the penetration of surface plasmons through the tri-layer stack measured in
TIR configuration, allowed us to achieve the better accuracy for the thickness of the
layers. The validation of the method using an independent measurement (emissivity),
confirmed the accuracy of characterization achieved with ellipsometry.

This example shows how Mueller ellipsometric data in the infrared can be used
to study the dependence of the electrical properties (conductivity) of thin metallic
layers with their thickness. The link between electrical and optical properties can be
done because the infrared optical response of conducting materials is dominated by
the dynamics of free charge carriers. We have studied multi-layer stacks of aluminum
doped zinc oxide, ZnO:Al, and silver, Ag, forming the structure ZnO:Al/Ag /ZnO:Al
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with thin Ag films of following thicknesses: 8, 10, 12, 14, 16, 20, 30, and 50 nm. The
thickness of the ZnO:Al layers was kept constant (≈20 nm). ZnO:Al and Ag layers
were deposited by magnetron sputtering. In the following we present a summary of
a detailed study made on the set of samples, here we want to highlight the benefits
of having optical data in a broad spectral range.

2.7.2 Characterization of Spatially Inhomogeneous Samples
by Sum Decomposition of the Measured Mueller Matrix

This example illustrates one practical use of the sum decomposition, the retrieval
of non-depolarizing components of a depolarizing Mueller matrix. A beam which
shines two parts of a sample with different optical properties can lead to depolarizing
Mueller matrices because the two responses add-up incoherently in the detector. This
situation can easily occur when it comes to measure samples with characteristic size
comparable to the size of the probe beam. If the alignment of the sample with the
beam is not extremely accurate, a portion of the beam may fall outside of the sample,
then the combination in the detector of beam parts having fallen inside and outside
the sample causes the measured Mueller matrix to be depolarized. This example
shows how to separate the Mueller matrix of the sample from the Mueller matrix of
the surrounding substrate provided that both matrices are non-depolarizing and the
matrix of the substrate is known. The adequate decomposition to treat this simple
example is the Cloude decomposition.

The sample consisted of a one-dimensional diffraction grating etched on a pho-
toresist deposited on the surface of a silicon wafer. More details about the grating
profile and the etching procedure can be found elsewhere [86]. The size of the etched
area containing the grating was about 3 × 3 mm, large enough to contain the spot
size of the Mueller ellipsometer, 200 × 400 μm projected on the sample when the
grating was properly aligned. The etching process removed the photoresist coating
surrounding the grating, leaving exposed the surface of the bare silicon substrate.
Therefore, the measured signal could come from the substrate, from the sample or
from a mixture of both depending on the alignment of the beam. The lines of the grat-
ing were oriented at 45◦ respect to the plane of incidence to maximize the difference
between the polarimetric optical response of the grating and the surface.

As shown in Fig. 2.37, the measurement process started positioning the beam per-
fectly aligned to the center of the grating and measuring the corresponding Mueller
matrix. Then, the beam was slightly shifted from the initial position and the sam-
ple was measured again. The procedure was repeated until the entire beam spot
fell well outside the grating. The goal was to measure the depolarization of all the
measured matrices, to separate the depolarizing matrices in two components, and
to measure the relative weight of each non-depolarizing component as a function of
total shift of the beam respect to the initial position. The matrices of the initial and the
final steps corresponding to the grating and the substrate respectively, were found
to be non-depolarizing. Ellipsometric measurements were performed with a com-
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Fig. 2.37 Schematic representation of the sample and the measurement procedure. The stripped
square represents the grating whereas the white area surrounding it represents the silicon substrate.
The yellow ellipses represent the projection of the spot size on the sample surface in the initial and
the final step. A few intermediate measurement steps are represented by the dashed ellipses. Picture
taken from [86] with the authorization of the authors and the publisher

mercial liquid crystal based spectroscopic Mueller matrix ellipsometer (MM16 from
HORIBA Jobin-Yvon), operating in the visible range (450–850 nm with a spectral
step of 1.5 nm) previously described in this chapter.

The method to separate the Mueller matrix of the grating from the experimen-
tal Mueller matrix is based on the Cloude sum decomposition. This decomposi-
tion implies to work with coherence matrices given by expressions (2.43) or (2.18).
Because in this particular experience, there are two components that can contribute
to the detected signal, the grating and the substrate, the rank of the coherence matrix
Ne associated to the depolarizing measured Mueller matrix, Me, must be two (2).
It is assumed that both the substrate and the grating are non-depolarizing, thus their
respective Mueller matrices Ms, and Mg, have associated matrices Ns and Ng of rank
one. According to the experimental conditions, the normalized depolarizing Mueller
matrix Me resulting from the sum of two normalized non-depolarizing matrix com-
ponents Ms and Mg can be written in form:

Me = 1

1 + p

(
Mg + pMs) (2.119)

where the coefficient p accounts for the relative weight of the two non-depolarizing
matrices. Therefore, when Me and Ms are known, it is always possible to use find
unique real number, α, such that the rank of the matrix (Ne − α Ns) equals one
[87]. The solution of this algebraic problem can be performed numerically with an
algorithm that searches the value of parameter α by minimizing the values of three
eigenvalues associated to the matrix (Ne − α Ns). Ideally, for the matrix (Ne − α Ns)

to be of rank one, three of its four eigenvectors must be zero. Because the matrices
are experimental, they have some noise, then for practical reasons related to the
minimization routine, the noise level is numerically considered as zero. Once the
value of the parameter α is known, the normalized Mueller matrix Mg an be written
in terms of Me and Ms as:
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Fig. 2.38 Left experimental data corresponding to a normalized depolarizing Mueller matrix Me

(solid red line) and the normalized non-depolarizing Mueller matrix of the substrate Ms (dashed
blue line). The different boxes arranged in 4 × 4 arrays correspond to each one of the sixteen
elements of the normalized Mueller matrices. Right spectral values of the numerically (dash-dotted
blue line) retrieved Mueller matrices compared with the directly measured matrix of the grating
(solid black line). The dashed blue lines correspond to an alternative way to calculate the coefficient
α, not commented in this chapter. More details about the alternative method can be found in [88]
from which the figure has been reproduced with the authorization of the authors and the publisher

Mg = (1 + p) Me − pMs with p =
(

α

1 − α

)
(2.120)

Therefore, the method allows the extraction of the unknown non-depolarizing com-
ponent Mg from the original depolarizing matrix by subtracting the right proportion
of the known component Ms. The method can be further generalized to extract more
than one non-depolarizing component from the depolarizing matrix [88]. Figure 2.38
shows one of the depolarizing Mueller matrices Me and the non-depolarizing Mueller
matrix Ms. The same figure also shows the matrix Mg resulting from the decompo-
sition of matrix Me together with the experimental matrix of the grating measured
alone (first step in the measurement process). The overall correspondence between
measured and numerically reconstructed matrices is very good, which shows the
validity of the extraction procedure.

In summary, this example illustrates one of the possible uses of the Cloude
decomposition, i.e. the extraction of pure non-depolarizing matrices, which can
be in turn analyzed using ellipsometric models, from depolarizing matrices. A
method to implement the subtraction has been presented. The robustness of the
method is illustrated in an example concerning depolarizing Mueller matrices con-
taining two non-depolarizing components, a diffraction grating and a silicon substrate
respectively.
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2.7.3 Subwavelength Grating Metrology

In this section we focus on the profile reconstruction of diffraction gratings. Opti-
cal methods (also called “scatterometry”) are fast, non-destructive and may exhibit
strong sensitivity to tiny changes in grating profiles [89]. As a result, they are becom-
ing increasingly popular for process control in microelectronics industry [90]. On the
other hand, these methods are indirect, and the reconstructed profiles may depend on
the model used to fit the data (and the dielectric function of somewhat “ill-defined”
materials like resists.) Possible model inadequacies do not necessarily appear in
the goodness of fit. Parameter correlations may also constitute a serious issue, as
shown in a comprehensive study of the results of scatterometric reconstruction by
the usual techniques (normal incidence reflectometry and planar diffraction spec-
troscopic ellipsometry) of various profiles representing different technological steps
[91]. In this context, Mueller ellipsometry may constitute an interesting alternative,
provided the data are taken in conical diffraction geometries. In conical diffraction
configurations, the symmetry axes of the grating structure are neither parallel or per-
pendicular respect to the plane of incidence. Indeed, in such geometries the grating
Jones matrix is no longer diagonal (and the Mueller matrix no longer block-diagonal).
As a result, additional information is available, and may help in constraining the fit-
ting parameters. Moreover, the stability of the optimal values of these parameters
when the azimuth is varied may constitute a much better test of the model rele-
vance than goodness of fit at a single azimuth [92]. The principle of ellipsometric
measurements is sketched in Fig. 2.39. The relevant parameters characterizing the
measurement are the angle of incidence, θ, and the azimuthal angle ϕ, which is the
angle between the plane of incidence and one of the axes of symmetry of the sample.
For one-dimensional gratings, the azimuth is defined to be zero when the grooves are
aligned perpendicular to the plane of incidence. Only in the case the grooves are ori-

Fig. 2.39 Sketch of a typical
Mueller ellipsometric config-
uration to perform measure-
ments in conical diffraction
mode. The relevant angles
are the angle of incidence, θ,
and the azimuthal angle ϕ. In
the figure only the zero order
diffracted beam is represented
for simplicity reasons
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ented parallel or perpendicular to the plane of incidence the measurement geometry
is called planar diffraction.

For non-depolarizing samples, either Jones or Mueller formalisms are valid to rep-
resent the properties of the sample and Mueller matrices can be related to Jones matri-
ces with expression (2.14). This particular representation of Mueller matrices is use-
ful to discuss the symmetry properties of the Mueller matrix of a sample measured in
conical diffraction. Li demonstrated in [93] that the off-diagonal elements of the Jones
matrix are anti-symmetric for symmetric structures as a result of the electromagnetic
reciprocity theorem. Translating this condition to expression (2.14) gives a Mueller
matrix which satisfies the following symmetry M12 = M21; M14 = M41; M24 = M42
and anti-symmetry conditions: M13 = −M31; M23 = −M32; M34 = −M43.
Figure 2.40 show schematically all these relations:

When the a symmetric grating is rotated azimuthally of ±180◦ the resulting geom-
etry is equivalent to the original non-rotated one, except that the s component of the
electric field have changed its sign. In other words, “p(ϕ)” = “p(ϕ ±180)” “s(ϕ)” =
−“s(ϕ ±180)”. This transformation makes the signs of all the off-diagonal elements
of a rotated Mueller matrix to change respect to the elements of the non-rotated
matrix. In particular for a symmetric grating the following relations are always sat-
isfied:

M13(ϕ) = −M13(ϕ ±180◦) = −M31(ϕ) = M31(ϕ ±180◦);
M14(ϕ) = −M14(ϕ ±180◦) = M41(ϕ) = −M41(ϕ ±180◦);
M23(ϕ) = −M23(ϕ ±180◦) = −M32(ϕ) = M32(ϕ ±180◦); (2.121)

M24(ϕ) = −M24(ϕ ±180◦) = M42(ϕ) = −M32(ϕ ±180◦);
M34(ϕ) = −M34(ϕ ±180◦) = −M43(ϕ) = M43(ϕ ±180◦);

These symmetry relations under rotation (2.121), are not fulfilled if the grat-
ing is not perfectly symmetric. The lack of symmetry can be due the presence of
overlays or just because of imperfections of the grating profile occurred during the
fabrication process. In many practical situations, the asymmetric effects due to over-
lays are small, and may be comparable in magnitude to the measurement errors of
standard ellipsometric systems. In those cases, the fact of being able to measure a
full Mueller matrix allows to profit the redundancies of all elements of the Mueller
matrix to achieve an optimal discrimination between overlay effects and experimen-
tal measurement errors. Therefore, when only partial Mueller matrix are available,
an extra-care must be taken in order to not mix-up both effects. In the following
we show two examples of use of measurements of gratings in conical diffraction to
characterize diffraction gratings. The first example is about profile reconstruction
using spectroscopic Mueller matrices and the second example illustrates the use of
the imaging Mueller ellipsometer to characterize small overlays.
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Fig. 2.40 Top schematic representation of the Mueller matrix of a symmetric grating, showing
in black and in red the elements showing a symmetric an anti-symmetric relation respectively.
Diagonal elements are not subjected to symmetry relations. Bottom spectroscopic Mueller matrix
of a one-dimensional grating measured at two azimuths, +45◦ (red circles) and −45◦ (blue line)
and at angle of incidence of 45◦. Two types of symmetries can be seen. The off-diagonal elements
of the matrix at azimuth +45◦ have opposite sign respect to those of the matrix at −45, whereas the
rest of elements have equal sign. Moreover for every single Mueller matrix, the symmetries among
its respective elements, schematically show in the figure on top, are always respected

2.7.3.1 Profile Reconstruction by Spectroscopic Mueller Ellipsometry
at Discrete Angles

Here we will summarize the main results of a study which goal was to show the
possibility of using Mueller ellipsometry data for reconstruction (optical metrology)
of diffraction gratings profile. The sample analyzed consisted of a silicon wafer
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Fig. 2.41 Measured (dots) and fitted (lines) spectroscopic Mueller matrices for azimuthal angles
of 0◦ (blue), +30◦ (dark green), +60◦ (red) and +90◦ (light green) and incidence angle of 45◦.
Spectral range spanned from 450 to 850 nm. Images taken from Ref. [71] with the authorization of
the authors and the publisher

with a series of silicon gratings etched on it using UV beam lithography. Typical
dimensions for the gratings were: groove depths around 100 nm, line widths around
130 and 250 nm, and pitches from 500 to 1100 nm. Each individual grating was
etched in an area of 3 × 3 mm. Etched silicon gratings were chosen for this study
because of their long term dimensional stability, higher refractive index contrast and
relevance to semiconductor industry. For reference, the dimensions of the profiles
of the gratings were determined by the state of the art 3D AFM microscope. For
the sake of simplicity we show here the results corresponding to only one grating.
For more details, please refer to [94]. Experimental data was taken by an Horiba
Jobin-Yvon Mueller ellipsometer (MM16), operating in the visible (450–850 nm)
[68]. A series of measurements were taken varying the azimuth over 360◦ in steps
of 5◦. The incidence was kept constant at 45◦ to make sure the beam diameter at the
sample was small enough to safely maintain the spot within the grating. Four of the
measured spectroscopic matrices, corresponding to azimuthal angles 0, +30, +60
and 90◦, together with the corresponding fits, are shown in Fig. 2.41. The matrix
elements are normalized by the element M11, and thus they vary from −1 to 1.
The redundant information in the Mueller matrix allows to evaluate the quality of
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Fig. 2.42 Left top profile representing the trapezoidal model with the two characteristic parameters,
the CD, the thickness and the SWA. Left bottom resulting best-fitted values for the parameters CD
and thickness at different azimuths. The corresponding variations are indicated by the symbols �.
Right top profile representing the double lamella model with the four characteristic parameters.
Right bottom results of the fit of four free parameters of two lamellas model over different azimuthal
angles. Error bars in figures denote statistical errors. The maximum variation of each parameter is
indicated with the symbol �. Images taken from Ref. [94] with the authorization of the authors and
the publisher

the measured data by simple criteria such as the degree of polarization, expression
(2.19), or the symmetry of the off-diagonal elements (2.121). In the upper left corner
panel of Fig. 2.41 there is plotted the degree of polarization, which was found to
be very close to 1, indicating that no depolarization phenomenon occurs because
of the high quality of both sample and data. The blue and green spectra coincide
in the diagonal blocks, while they are opposite in the off-diagonal blocks. These
symmetries provide a robust test of the accuracy of both the measurements and the
sample azimuthal position.

The measured data were fitted by RCWA simulations [95] formulated in the
Mueller–Jones formalism [73]. The profile of the gratings was represented using
different models. For the sake of clarity here we discuss only two models. The first
model assumed the profile to be trapezoidal. In the second model the grating profile
was represented by the superposition of two rectangular lamellas. Both models are
sketched in Fig. 2.42. The trapezoidal model depends on three adjustable parameters,
the thickness, d, the CD (with) of the lines, and the trapeze angle (SWA). The second
model depends on four parameters, the CDs and the thickness of the two lamellas. The
resulting best-fitted parameters for both models are presented in Fig. 2.42. In general
both models provided fits of same quality, but the most prominent difference among
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them was the dependence of the best-fitted parameters with the azimuth angle at
which the measurements were taken. Whereas best-fitted parameters corresponding
to the model of two lamellas showed a low dependency with the azimuthal angle,
CD2 values are dispersed by less than 1.5 nm and the grating depth varies by less
than 2 nm around 108 nm, the parameters fitted with the trapezoidal model showed
strong fluctuations, 5 nm for the CD and 10 nm for the thickness. The second element
that makes the difference between both models is the correlation between fitted
parameters. A close look to the values of the CD and the thickness corresponding to
the trapezoidal model reveals that them are strongly linearly correlated. This means
that the data does not carry the information needed by the model to discriminate the
particular influence of each parameter. In contrast, regarding the bi-lamellar model
only a small correlation between the overall grating depth and the bottom lamella
depth can be observed in this figure. The low amount of correlation and dependency of
the fitted parameters with the observation conditions, show that the bi-lamellar model
represented better the profile than the trapezoidal model. The adequacy of the model
was also confirmed by comparing the obtained profile with AFM measurements.
Similar results have been obtained on all the gratings of the sample.

In summary, this example shows that Mueller ellipsometry spectra is a non-
destructive technique, with allows accurate metrology of grating profiles. Mueller
ellipsometry has the advantage of being faster and cheaper than other tests currently
used to in-line quality control in the microelectronics industry.

2.7.3.2 Overlay Characterization by Angle Resolved Mueller Imaging
Ellipsometry

The overlay is defined as the misalignment between two layers of a stack. The
influence of this error could lead to defective transistors for example if there is no
electrical contact between the different constitutive layers. This feature is more and
more challenging with the shrinking of the technology node (TN). If this overlay is
higher than a set threshold, the whole batch cannot be processed to the new step, this
results in a rework, the wafer returns to the previous lithography step and the resist
is stripped. Such in the case of grating profile optical metrology, there are several
techniques that are considered as a reference for the microelectronic industry. Those
techniques include non-optical techniques such AFM or SEM microscopy, and opti-
cal techniques based on image analysis (pattern recognition) and on scatterometry.
Image analysis also known as Advanced Image Metrology (AIM) is used in this work
as reference in order to check the quality of the results obtained by angle resolved
Mueller ellipsometry. Angle resolved scatterometry, with a high numerical aperture
microscope objective as described above [72, 96], also constitute an interesting scat-
terometric tool, as it greatly facilitates measurements in extremely tiny targets (less
than 5μm wide), an increasing requirement by semiconductor manufacturers. This
would be particularly true for overlay (default of positioning of superimposed grids at
different layers), a parameter which is becoming increasingly critical and will require
in-die dense sampling while current methods involve up to 8 standard (50μm wide)
targets to provide all the relevant information [97]. In the following we provide two
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examples, the first one illustrates the use of spectroscopic measurements, and the
second one shows the possibilities of the angle-resolved polarimeter.

It has been shown that the choice of proper azimuthal configuration for the mea-
surements with spectroscopic polarimetry is extremely important for the overlay
characterization [98, 99]. Given that the angle resolved polarimeter gives an angular
signature, it is possible to use the symmetries of the grating to enhance the sensitivity
of its angle-resolved signature. The sign of the off-diagonal blocks of the measured
Mueller matrix changes when the azimuth ϕ is changed into −ϕ. If the profile is
symmetric, the signature is invariant when ϕ − > ϕ +180◦ and also for the special
case of ϕ = 90◦ the previous two conditions can only be fulfilled if the off-diagonal
blocks are zero. A rupture of symmetry in the structure will violate the above condi-
tions and the off-diagonal blocks will take non-zero values for ϕ = 90◦. Moreover,
given that these blocks change sign upon a mirror symmetry, the information about
the sign of the overlay can be unambiguously extracted. In order to highlight the
influence of the overlay over the off-diagonal elements of the Mueller matrices the
following estimator was defined: E = |M| − |M|T where the superscript t denotes
the transposed matrix. The estimator works well either with one-dimensional or
two-dimensional gratings and for different types of overlays.

For the sake of clarity we show here a simple example. It consists of the overlay
of a one-dimensional grating. As depicted in Fig. 2.43, the overlay is the small shift
defined along the direction perpendicular to the lines of the grating. For this particular
example, overlay 25 nm, the elements of the estimator matrix E can reach the value
of 0.25 (m14 and m41), i.e. 1/8 of the total scale, which points out the high sensitivity
of this estimator.

The fact of being able to measure the full Mueller matrix is advantageous because
it provides the “full picture” of the polarization effects. From this full picture, it is
possible to optimize the overlay estimation sensitivity for a given type of sample,
by selecting a particular matrix element (or a the combination of them) from the
whole matrix. However, if a partial Mueller matrix is measured, the evident lack of
matrix elements may prevent to evaluate the optimal estimators, needed to properly
measure the overlay. For the particular sample discussed here, we choose to work
with the estimator element E14 for two reasons: The first was that E14 showed the
strongest values, thus providing the most precise results in terms of signal to noise
ratio. The second reason was related to the minimization of the impact of systematic
errors in the evaluation of the overlay. For Mueller measurements performed in the
Fourier plane at high numerical apertures, the principal source of systematic errors
came from the residual birefringence of the microscope objective used to concentrate
the light on the sample. Without entering into a detailed description of these errors,
it is worth to mention here that it was observed that the Mueller matrix elements
which were the less affected by non-idealities of the objective were M14 and M41.
Therefore the choice of the estimator element E14, which is a combination of M14
and M41, was done in order to maximize the accuracy of the measurements. In order
to check the linear relation between the values of the estimator E and the value of
the overlay, we compared the maximum value of the element E1,4 of the estimator
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Fig. 2.43 Top schematic view of the grating used in the experiences for the overlay characteriza-
tion. The overlay: 25 nm. Bottom-Left experimental angle-resolved Mueller matrix. Bottom-Right
corresponding estimator matrix E. Values taken from [100] with the authorization of the author

matrix with the overlay value obtained by AIM for set of samples. The results are
shown in Fig. 2.44.

The fitted linear regression, also shown in Fig. 2.44 is excellent. Moreover, the
figure indicates that these results can be extended to negative overlays, the sign of
the estimator becoming negative.

In conclusion, it can be said that the overlay errors can be accurately determined
provided that we are able to design an apparatus with small enough errors. For this
particular case, the magnitude of the systematic errors of the experimental matrices
were estimated to be of the order of 1 %, which was associated to an incertitude of
about 1nm in the determination of the overlay.

2.7.4 Biomedicine: Cancer Detection and Staging

The field of “optical biopsy”, i.e. the diagnosis of the status of tissues by optical
means, is currently a very active research area, with many techniques such as optical
coherence tomography (OCT), fluorescence imaging, spectral reflectivity, imaging
in coherent light (speckles), confocal imaging in vivo and many others. Polarimetric
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Fig. 2.44 Correlation between measured and AIM Y-overlay for 55 samples with different overlays.
Values taken from [100] with the authorization of the author

imaging has received comparatively much less attention, even though it has several
potential advantages for a wide use in “real world”, among which its intrinsically
low cost.

At LPICM we have been exploring this field for several years now, with particular
attention to the early detection and staging of uterine cervix cancer. For this disease,
the standard practice is as follows:

• the first “alarm” comes with anomalous Pap smear,
• then the patient is examined by a specialist with a long working distance binocular

microscope, called colposcope, to give a first diagnosis form the visual aspect
of the cervix, with and without staining by diluted acetic acid and iodine. The
colposcopist usually takes one to three biopsies to be analyzed in a pathology
department.

• If the biopsies are positive for a “precancer” state called dysplasia, the front part
of the cervix is removed (“cone biopsy”) and examined again by pathologists to
pose the final diagnosis.

Now the colposcopic visualization of uterine dysplasias is notoriously very difficult
and operator dependent. Any technique able to make this examination easier and
more reliable would be welcome, provided it is not too expensive and does not imply
too long examination times, which is the case for polarimetric imaging.

During a first clinical trial of a “polarimetric colposcope” which, however, did
not provide full Mueller measurements, we realized that the polarimetric response
of uterine cervix is much more complex than what we anticipated, and that other
samples, where tumors were much easier to see, had to be studied too to get a more
sound vision of the origin of the observed polarimetric contrasts. We thus focussed
our activity on Mueller ellipsometric imaging of ex vivo samples, mostly colons with
cancerous parts, with the instrument presented in Sect. 2.6.5.3, which was installed
at the Pathology Department of Institut Mutualiste Montsouris in Paris.
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Fig. 2.45 Left ordinary (intensity) images of a colon sample with a burgeoning tumor. Right full
Mueller image of the same sample, with a 5×5 field of view corresponding to the bottom left photo

In this contribution we cannot go beyond a short presentation of a few “emblem-
atic” recent images, and a short discussion of the relevance of the technique for “real
world” applications in this field.

2.7.4.1 Colon Samples

A first example is shown in Fig. 2.45. A colon sample with a large polyp is shown in
ordinary (intensity) imaging and in full polarimetric imaging at 550 nm. The whole
tissue appears as a diagonal depolarizer, with

M22 = M33 > M44 (2.122)

as expected for a globally isotropic system observed in backscattering. Depolar-
ization is larger for circular than for linear incident polarization, indicating that
the contribution of small scatterers is dominant [101]. The key point here is that
the tumoral part, at the top right of the images, is clearly less depolarizing than the
healthy tissue.

Subsequent detailed studies [102] on similar colon samples with tumors at various
stages confirmed that this trend is observed essentially at early stages of the disease,
when tumoral cells exhibit an exophytic growth over normal tissues. At subsequent
stages, the thickness of the tumoral tissue decreases, and the underlying layers are
progressively destroyed. Then, the polarimetric responses depend on the structure of
the remain tissue. However, by suitable processing of multispectral depolarization
images, tumor staging by optical means seems possible.
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H = Healthy colon         
RC = Zone treated 
with chemotherapy
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Fig. 2.46 Ordinary (left) and linear depolarization (right) images of samples of rectum extracted
from two different patients after treatment by RC. The “footprint” of the initial tumor is shown on
the ordinary images by white dotted lines. In the bottom images, the tissue visible in the low right
corner is the section of the colon wall and should not be considered

Besides the detection and characterization of cancers at early stages, another
important issue is the follow-up of treatment by radiochemotherapy (RC). For uterine
cervix cancers taken at late evolution stages, RC is very efficient, and in many cases
the tumor is totally “burnt” and replaced by fibrotic tissue. If so, no other treatment
is actually needed. On the other hand, if some residual tumor is present after RC,
it is mandatory to remove it surgically, even though this surgery, on fibrotic tissue,
is much more difficult and traumatic than on non-irradiated tissues. In summary it
is of paramount importance to know if residual cancer is present or not to take the
right decision. Currently residual tumors are searched in CT and PetSCAN images,
but none of these techniques is really satisfactory.

We took Mueller images of several rectum samples taken on patients operated after
RC. Figure 2.46 shows the results for two such samples, which were subsequently
analyzed by pathologists. On the ulcerated regions corresponding to the “footprint”
of the initial cancer, M22 images reveal a lower depolarization (with respect to sur-
rounding healthy tissue) when a residual tumor is present, while such contrasts are
not visible if all the tumor has been “burnt”. Of course these results are still prelim-
inary, but they have been considered encouraging enough to start a specific project
on this issue for uterine cervix.
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Fig. 2.47 Full Mueller matrix of a uterine cervix cone biopsy

2.7.4.2 Uterine Cervix Cone Biopsies

The colon and rectum samples always show polarimetric responses typical of pure
depolarizers. Obviously, to characterize such sample full Mueller polarimetry is not
needed and simpler instruments could do the job. However, this is not always so: our
clinical trial on incomplete polarimetric imaging clearly showed that in vivo uterine
cervix is optically anisotropic, a totally unexpected result for this kind of tissue.

Subsequently, full Mueller matrix imaging of unstained cone biopsies confirmed
this very surprising result. An example of such images is shown in Fig. 2.47, where
off diagonal terms are clearly quite significant. Again, a Lu–Chipman decomposition
has been performed and its result has been compared with the maps of the lesions
obtained by a careful (and time consuming !) pathology study of this cone biopsy.
The results are shown in Fig. 2.48. The scalar birefringence is a very good marker
of healthy regions. In spots where this birefringence disappears, the depolarization
power becomes the best indicator of the status of the tissue: as seen previously on
colon cancer at early stages, the dysplastic (precancerous) region at the center of the
sample is less depolarizing than healthy tissue. Another type of tissue, with an even
much lower depolarization, appears at the right bottom corner: this is not really a
lesion, and it is very easily distinguished from dysplasia.

These trends have been confirmed with many other cone biopsies. It turns out that
the birefringence is a very good marker of healthy regions, while in dysplastic parts
the depolarization power seems rather well correlated with the stage of the disease.
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Fig. 2.48 Lu–Chipman decomposition of MM matrix of the polyp shown in Fig. 2.47

2.7.4.3 Summary and Perspectives

The results briefly reported here clearly demonstrate the potential of polarimetric
imaging for optical biopsy. Though some tissues, like colon walls, behave as pure
depolarizers, in other cases the polarimetric response is too rich to be exploited by
incomplete polarimeters. Full Mueller imaging with subsequent image decomposi-
tions is mandatory, and can be implemented to be used not only on ex-vivo sample,
but also in vivo, for clinical practice. Moreover, to really optimize the reliability of
optical biopsy based on Mueller imaging, it will probably be necessary to acquire
superimposable images at various wavelengths (for example with a color CCD cou-
pled to FLCs based polarimeter) and then combine data merging and polarimetric
analysis. For such an activity to succeed, the motivation of the MDs and the quality
of the dialogue between physicists and physicians is crucial.

2.8 Conclusions

In this chapter we reviewed different aspects of Mueller ellipsometric instrumenta-
tion and data analysis in relation with standard ellipsometry showing the similarities
but also the differences among them. We reviewed the optical formalisms currently
used in the framework of standard and Mueller ellipsometry, the Jones and the Stokes
formalisms. A special attention has been paid to the description of the fundamen-
tal polarization properties. These basic properties are used as “building blocks” to
understand the optical response of any sample. We also discussed different ways
to decompose general Mueller matrices into simple matrices taking profit of their
linear algebraic properties. Mueller matrix decompositions are useful to highlight
the physical properties of complex samples, such biological tissues, which cannot
be easily modeled. Moreover, matrix decompositions are useful to filter depolariz-
ing Mueller matrices, to remove noise or to isolate non-depolarizing components
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which, in turn, can be treated with simple models. Matrix decompositions are pow-
erful tools to characterize samples, but to be applied properly they need to be carried
on full Mueller matrices, not on partial matrices. In order to further highlight the
advantages of working with full Mueller matrices, we compared the information
that can be retrieved by generalized ellipsometry and by Mueller ellipsometry. We
showed that whereas for non-depolarizing samples, both, generalized and Mueller
ellipsometry provide the same results, for depolarizing samples only Mueller ellip-
sometry is relevant. In order to disclose the technical possibilities of measuring full
Mueller matrices, we reviewed the most frequently used standard ellipsometric con-
figurations showing their characteristics including advantages and limitations. The
theory allowing the design, calibration and operation of optimal Mueller polarime-
ters have been overviewed. We have also shown four examples of complete Mueller
ellipsometers developed by us in the past years. The technical description of the
Mueller ellipsometers is accompanied by some examples of applications covering
topics related to materials science, optical metrology and biomedical imaging. We
believe that there is an important potential for the future development of Mueller
matrix-based diagnosis tools in medicine and biology. The reason for this is that
tissues and living cells show an extremely complex optical behavior, which cannot
be sufficiently characterized either by partial polarimetric systems, or by methods
neglecting polarization properties of light. We hope to have made clear to the reader
the necessity of measuring full Mueller matrices in order to properly study samples
showing either depolarization or complex anisotropic response. We also hope to have
brought clear and pedagogic information about the general methods and criteria that
may be used to build robust and accurate Mueller ellipsometers.

Acknowledgments We would like to express our deep gratitude to the editors of this book for
giving us the opportunity, (the place in terms of pages, and specially the time) that we needed to
write this chapter.

Appendix 1. Mueller Matrices of Some Common Optical
Retarders and Diattenuators

In the following we provide specific expressions for Mueller matrices corresponding
to different types of general and fundamental optical elements.

Homogeneous Elliptic Diattenuator
The following expression corresponds to the Mueller matrix of a homogeneous

elliptic diattenuator oriented with an azimuth angle θ respect to the laboratory axis.

(A1.1)
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In expression (A1.1) the angles � and � are the ellipsometric angles with its standard
meaning, and the angle δ represents the ellipticity of the eigenvalues of the elliptic
retarder.

The following Table A1.1 provides matrices representing some particular cases
of the previous general formula corresponding to ideal circular polarizers, dichroic
circular polarizers and an ideal elliptical polarizer elliptical oriented at particular
angles respect to the laboratory axis.

Table A1.1 provides matrices representing some particular cases of the previous
general formula corresponding to ideal linear polarizers and dichroic linear polarizers
oriented at particular angles respect to the laboratory axis.

The following expression corresponds to the Mueller matrix of a homogeneous
elliptic retarder oriented with an azimuth angle θ respect to the laboratory axis. The
retardance provided by the system is �. The phase difference between the two linear
components needed to build an ellipse is given by the angle ϕ.

M = τP

2

⎛
⎜⎜⎝

1 0 0 0
0 d2 − e2 − f 2 + g2 2 (de + fg) 2 (df − eg)

0 2 (de − fg) −d2 + e2 − f 2 + g2 2 (ef + dg)

0 2 (df + eg) 2 (ef − dg) −d2 − e2 + f 2 + g2

⎞
⎟⎟⎠

(A1.2)

d = cos (2θ) sin

(
�

2

)
; e = sin (2θ) sin

(
�

2

)
cos (ϕ) ;

f = sin (2θ) sin

(
�

2

)
sin (ϕ) ; g = cos

(
�

2

)

Table A1.2 provides Mueller matrices representing some particular cases of the previ-
ous general formula corresponding to circular retarders and linear retarders oriented
at particular angles respect to the x–y reference coordinate axis.

Appendix 2. Differential Matrices of Fundamental Polarimetric
Properties

In this appendix we provide a detailed expression of the differential matrices corre-
sponding to the eight fundamental polarimetric properties, written according to the
4 × 4 Stokes formalism and the 2 × 2 Jones formalism. We also provide the way to
deduce them from the original Mueller or Stokes matrices.

Mueller matrix of an homogeneous elliptic retarder
According to [26, 27] the differential matrix m of a given Mueller matrix M is a

4 × 4 matrix containing simple expressions of the fundamental polarimetric prop-
erties: isotropic refraction, ϕ isotropic absorption, α, linear birefringence along the
coordinate axis x–y, η, linear dichroism along the coordinate x–y, β, linear bire-
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fringence along the bisectors to the coordinate axis x–y, η, linear dichroism along
the bisectors to the coordinate axis x–y, γ, circular birefringence, μ, and circular
dichroism, δ. The bisectors to the coordinate axis x–y form a coordinate axes rotated
45◦ respect to the x–y. A particular choice of the x–y axis well adapted for ellip-
sometric measurements in reflection, or in transmission with tilted samples, is the
p-s axis defined respect to the plane of incidence. When light propagates along the
z direction in an anisotropic medium, which is considered as homogeneous in the x,
y directions, the transformation of the Stokes vector at a given position z, S(z) to a
Stokes vector at a given position S(z + �z) can be described by the Mueller matrix
Mz,�z. The transformation can be written according to the following expression:

S(z + �z) = Mz,�zS(z) (A2.1)

Subtraction of S(z) from both sides of expression (A2.1) leads to:

S(z + �z) − S(z) = S(z)
(
Mz,�z − I

)
(A2.2)

where I is the identity matrix. Clearly, if the latter expression is divided by �z and
then the it is extrapolated to the limiting case of �z → 0, then it is possible to obtain
the following expression relating the transformation of the Stokes vector:

dS
dz

= lim
�z→0

(
Mz,�z − I

)
�z

S(z) = mS(z) (A2.3)

The latter equation is the definition of the matrix m in the 4×4 Stokes formalism. The
derivation of expression (A2.3) is valid for either a non-depolarizing or a depolarizing
medium. The matrix m is the expression of the effect of the different optical properties
of the medium on the Stokes vector when light travels a differential distance �z. For
this reason the matrix m is called the differential propagation matrix, or simply the
differential matrix.

The relation of (A2.3) with the expression (2.52) given in the text is easily found.
The transformation of an initial Stokes vector S(0) of a beam traveling a distance z
inside a medium can be written as:

S(z) = MzS(0) (A2.4)

After differentiating the previous expression respect to z one gets:

dS
dz

= dMz

dz
S(0) (A2.5)

According to (A2.3) the latter expression can be rewritten as:

dS
dz

= mS(z) = mMzS(0) = dMz

dz
S(0) (A2.6)
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Table A2.2 Differential matrices m and n corresponding to the eight fundamental polarimetric
properties

Optical property Differential m Differential n

Isotropic refraction

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ ϕ

2

(
i 0
0 i

)

Isotropic absorption

⎛
⎜⎜⎝

α 0 0 0
0 α 0 0
0 0 α 0
0 0 0 α

⎞
⎟⎟⎠ α

2

(
1 0
0 1

)

Linear birefringence along x–y

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 η

0 0 −η 0

⎞
⎟⎟⎠ η

2

(
i 0
0 −i

)

Linear dichroism along x–y

⎛
⎜⎜⎝

0 β 0 0
β 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ β

2

(
1 0
0 −1

)

Linear birefringence along bisectors of x–y

⎛
⎜⎜⎝

0 0 0 0
0 0 0 ν

0 0 0 0
0 −ν 0 0

⎞
⎟⎟⎠ −ν

2

(
0 i
i 0

)

Linear dichroism along bisectors of x–y

⎛
⎜⎜⎝

0 0 γ 0
0 0 0 0
γ 0 0 0
0 0 0 0

⎞
⎟⎟⎠ γ

2

(
0 1
1 0

)

Circular birefringence (right)

⎛
⎜⎜⎝

0 0 0 0
0 0 μ 0
0 −μ 0 0
0 0 0 0

⎞
⎟⎟⎠ −μ

2

(
0 −1
1 0

)

Circular dichroism (right)

⎛
⎜⎜⎝

0 0 0 δ

0 0 0 0
0 0 0 0
δ 0 0 0

⎞
⎟⎟⎠ δ

2

(
0 −i
i 0

)

Thus giving an analogous definition of the matrix m which is identical to (2.52):

M−1
z

dMz

dz
= m (A2.7)

An analogous procedure may be performed using Jones vectors instead of Stokes
vectors leading to the derivation of a 2×2 matrix called n. Obviously the applicability
of matrix n is restricted to non-depolarizing media.
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As an illustration, of the method to obtain the expression of the differential matri-
ces m and n, let’s consider their detailed derivation for the particular case of a
homogeneous medium along the propagation direction, of total thickness z, showing
linear birefringence characterized by the parameter η. The respective Mueller and
Jones matrices associated to this medium are:

M =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 cos(ηz) sin(ηz)
0 0 − sin(ηz) cos(ηz)

⎞
⎟⎟⎠ and J =

(
ei η

2 z 0
0 e−i η

2 z

)
where η = 4πbirr

λ

(A2.8)
The total retardance created by the medium, commonly expressed by the ellipso-
metric angle � is given by η times the thickness z. The parameter η is the intensive
retardance, also called the differential retardance, whereas � is the extensive retar-
dance, which is proportional to the path that light has travelled inside the medium. The
differential retardance depends of the wavelength of light, λ, and the birefringence
of the medium, birr.

For a thin section of thickness �z of the material, the corresponding Jones and
Mueller matrices can be calculated expanding the terms of matrices in (A2.8) in a
Taylor series expansion respect to z and retaining only the first order terms.

M�z =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1 ηz
0 0 −ηz 1

⎞
⎟⎟⎠ and J�z =

(
1 + iηz

2 0
0 1 − iηz

2

)
(A2.9)

Then according to (A2.3) after subtraction of the respective (2 × 2) and (4 × 4) unit
matrices and division by z, one gets:

m =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 η

0 0 −η 0

⎞
⎟⎟⎠ and n = η

2

(
i 0
0 −i

)
(A2.10)

The matrices (4 × 4) and (2 × 2) m and n matrices grouped in Table A2.2 the
following table are the result of applying the same procedure to each one of the eight
fundamental properties:

References

1. R.M.A Azzam, N.M. Bashara, Ellipsometry and Polarized Light (Elsevier, Amsterdam, 1987)
2. H.G. Tompkins, W.A. McGahan, Spectroscopic Ellipsometry and Reflectometry A User’s Guide

(Wiley, New York, 1999)



2 Advanced Mueller Ellipsometry Instrumentation 139

3. H. Fujiwara, Spectroscopic Ellipsometry: Principles and Applications (Wiley, West Sussex,
2007)

4. M. Born, E. Wolf, Principles of Optics (Cambridge University Press, Cambridge, 2005)
5. S. Huard, The Polarization of Light (Wiley, New York, 1997)
6. R.A. Chipman, Polarimetry, in: Handbook of Optics, vol 2, chap 22, 2nd ed. M. Bass ed.

(McGraw Hill, New York, 1995)
7. D. Goldstein, Polarized Light, 2nd edn. (Decker, New York, 2003)
8. J.J. Gil, Characteristic properties of Mueller matrices. J. Opt. Soc. Am. 17, 328–334 (2000).

doi:10.1364/JOSAA.17.000328
9. S.R. Cloude, Group theory and polarisation algebra. Optik 75, 26 (1986). doi:10.1364/JOSAA.

18.003130
10. D.G.M. Anderson, R. Barakat, Necessary and sufficient conditions for a Mueller matrix to be

derivable from a Jones matrix. J. Opt. Soc. Am. A 11, 2305 (1994). doi:10.1364/JOSAA.11.
002305

11. J.J. Gil, E. Bernabeu, A depolarization criterion in Mueller matrices. Opt. Acta 32, 259 (1985).
doi:10.1080/713821732

12. S.Y. Lu, R.A. Chipman, Interpretation of Mueller matrices based on polar decomposition. J.
Opt. Soc. Am. A 13, 1106–1113 (1996). doi:10.1364/JOSAA.13.001106

13. R. Ossikovski, Alternative depolarization criteria for Mueller matrices. J. Opt. Soc. Am. A 27,
808–814 (2010). doi:10.1364/JOSAA.27.000808

14. R. Espinosa-Luna, G. Atondo-Rubio, E. Bernabeu, S. Hinijosa-Ruiz, Dealing depolarization of
light in Mueller matrices with scalar metrics Â’. Optik 121, 1058–1068 (2010). doi:10.1016/
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