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Abstract This paper presents a survey of recent results on the robust stability
analysis and the distance to instability for linear time-invariant and time-varying
differential-algebraic equations (DAEs). Different stability concepts such as expo-
nential and asymptotic stability are studied and their robustness is analyzed under
general as well as restricted sets of real or complex perturbations. Formulas for the
distances are presented whenever these are available and the continuity of the dis-
tances in terms of the data is discussed. Some open problems and challenges are
indicated.
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1 Introduction

In many areas of science and engineering one uses mathematical models to simulate,
control or optimize a system or process. These mathematical models, however, are
typically inexact or contain uncertainties and thus, the following question is of major
importance.

How robust is a specific property of a given system described by differential
or difference equations under perturbations to the data?
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Here, we say that a certain property of a system is robust if it is preserved when
an arbitrary (but sufficiently small) perturbation affects the system. An important
quantity in this respect is then the distance (measured by an appropriate metric)
between the nominal system and the closest perturbed system that does not possess
the mentioned property, this is typically called the radius of the system property.

In this paper, we deal with robustness and distance problems for differential-
algebraic equations (DAEs), with a focus on robust stability and stability radii. Sys-
tems of DAEs, which are also called descriptor systems in the control literature, are
a very convenient modeling concept in various real-life applications such as me-
chanical multibody systems, electrical circuit simulation, chemical reactions, semi-
discretized partial differential equations, and in general for automatically generated
coupled systems, see [12, 39, 47, 63, 68, 84, 85] and the references therein.

DAEs are generalizations of ordinary differential equations (ODEs) in that cer-
tain algebraic equations constrain the dynamical behavior. Since the dynamics of
DAE:s is constrained to a set which often is only given implicitly, many theoreti-
cal and numerical difficulties arise, which may lead to a sensitive behavior of the
solution of DAEs to perturbation in the data. The difficulties are characterized by
fundamental notions for DAEs such as regularity, index, solution subspace, or hid-
den constraints, which do not arise for ODEs. These properties may be easily lost
when the data are subject to arbitrarily small perturbations. As a consequence, usu-
ally restrictions to the allowed perturbations have to be made, leading to robustness
questions for DAESs that are very different from those for ODEs.

This paper surveys robustness results for linear DAEs with time-invariant or
time-varying coefficients of the form

E(0)x(t) = A()x(1) + f (1), (L.D)
on the half-line I = [0, c0), together with an initial condition
x(tg) =x0, toel. (1.2)

Here we assume that £, A € C(I, K"*"), and f € C (I, K") are sufficiently smooth.
We use the notation C (I, K"*") to denote the space of continuous functions from I
to K" where K=R or K=C.

Linear systems of the form (1.1) arise directly in many applications and via lin-
earization around solution trajectories [22]. They describe the local behavior in the
neighborhood of a solution for a general implicit nonlinear system of DAEs

F(t,x(1), (1)) =0, (1.3)

the constant coefficient case arising in the case of linearization around stationary
solutions.

Definition 1.1 A function x : I — R” is called a solution of (1.1) if x € C}(I, R")
and x satisfies (1.1) pointwise. It is called a solution of the initial value problem
(1.1)—(1.2) if x is a solution of (1.1) and satisfies (1.2). An initial condition (1.2) is
called consistent if the corresponding initial value problem has at least one solution.
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We note that, by the tractability index approach [43, 68], the condition on the
smoothness of solutions may be relaxed, namely, only a part of x is required to be
continuously differentiable.

Recall the following classical stability concepts for ordinary differential equa-
tions:

x@) = f(r,x@®), tel, (1.4)

with initial condition (1.2), see e.g. [S5].

Definition 1.2 A solution x : t — x(t; fg, xo) of (1.4) with initial condition (1.2) is
called

1. stable if for every ¢ > 0 there exists § > 0 such that
(a) the initial value problem (1.4) with initial condition x(#p) = X is solvable
on I for all xy € K" with ||Xg — x¢|| < §;
(b) the solution x (¢; tg, Xo) satisfies ||x(¢; fo, Xo) — x(¢; fo, x0)|| <& on L.
2. asymptotically stable if it is stable and there exists p > 0 such that
(a) the initial value problem (1.4) with initial condition x(#p) = X is solvable
on I for all xg € K" with ||Xg — xo| < p;
(b) the solution x(t; fo, Xo) satisfies lim;_, o || x(¢; fo, X0) — x(¢; to, x0) || = 0.
3. exponentially stable if it is stable and exponentially attractive, i.e., if there exist
6>0,L >0,and y > 0 such that
(a) the initial value problem (1.4) with initial condition x(f9) = X¢ is solvable
on I for all xo € K" with ||xg — xo|| < §;
(b) the solution satisfies the estimate ||x(¢; 79, Xo) — x (¢; fo, x0) || < Le™ V=10
onl.

If § does not depend on #(, then we say the solution is uniformly (exponentially)
stable.

Note that one can transform the ODE (1.4) in such a way that a given solution
x(t; ty, xo) is mapped to the trivial solution by simply shifting the arguments. When
studying the stability of a selected solution, one may therefore assume without loss
of generality that the selected solution is the trivial solution, and also that g = 0.

In this paper, we restrict the discussion to regular DAEs, i.e., we require that
(1.1) (or (1.3) locally) have a unique solution for sufficiently smooth E, A, f (F)
and appropriately chosen (consistent) initial conditions. One can immediately ex-
tend Definition 1.2 verbatim to regular DAEs. However, one has to be careful with
the initial conditions and the inhomogeneities, since they are restricted due to the
algebraic constraints in the system. This is, in particular, true if one considers the
robustness of the stability concepts under perturbations to the system.

The following examples give an illustration for the possible difficulties in the
robustness of the stability concepts for DAEs under small perturbations.



66 N.H. Du et al.

Example 1.1 Consider the homogeneous linear time-invariant DAE

o o)[5)=[1 o] L% 0.9

which can be written as X1 = x», 0 = x| and has only the trivial solution x| = x; = 0.
If we perturb (1.5) by a small ¢ as

o o[-0 L) ”

then solving the second equation of (1.6) for x, and substituting into the first equa-
tion, we obtain

%1 = —(1/e)x1. (1.7)

Clearly, if ¢ < 0, then the perturbed DAE (1.6) is unstable. If ¢ > 0, then the system
is asymptotically stable, but it qualitatively differs from the solution of the orig-
inal system (1.5). For an arbitrarily prescribed initial value x;(0) # 0, the initial
value problem for (1.7) has a unique solution. Furthermore, the value of x,(0) is not
required and is uniquely determined by x;(0). In fact, this small perturbation has
changed the index of the DAE (1.5), see Definition 2.2 below.

If we add an inhomogeneity to these DAEs, then more essential differences ap-
pear.

In Example 1.1 the perturbation is affecting only the coefficient A. The situation
is even more complicated if we allow perturbations in the coefficient of x.

Example 1.2 Consider the well-known singularly perturbed system

Ly 0 |[x Al A || x
= , 1.8

where A;;, i, j € {1, 2}, are constant matrices of appropriate sizes, and & > 0 is a
small parameter. Let us assume that Ay; is invertible. If ¢ is set to 0, then the leading
matrix becomes singular, i.e., we have a DAE, and we can solve the second equation
for x,, and obtain the so-called underlying ODE

X1=(An— A12A2_21A21)x1-

It is well known that for sufficiently small ¢, the (asymptotic) stability of (1.8) de-
pends not only on the stability of the so-called slow subsystem associated with the
underlying ODE, but also on that of the so called fast subsystem X, = A x>, see
[32, 34, 61], associated with the algebraic equation.

In this example, the rank of the leading matrix is changed, when ¢ moves from
zero to a nonzero value. In the case ¢ = 0, the initial condition must be consistent
to ensure the existence of a solution, but obviously this is not required in the case
of a nonzero ¢. The difficulties increase if Ay is singular and/or the leading matrix
involves a singular perturbation of a more general structure.
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The presented examples already indicate some of the possible difficulties which
will be discussed in this paper. We present the analysis of robust exponential and
asymptotic stability for linear DAEs with time-invariant or time-varying coeffi-
cients. This is a relatively young topic, starting with the work in [20, 82], which
generalized results on the distance to instability and the concept of stability radius
for ODE:s in [50] and [92].

The outline of the paper is as follows. In Sect. 2 we summarize recent results
on the robust stability and stability radii for linear time-invariant DAEs. In Sect. 3
we study the robust stability of linear time-varying DAESs. Stability radii, their de-
pendence on the data, and the robustness of stability spectra are analyzed. Some
discussions and topics for future research close the paper.

2 Robust Stability of Linear Time-Invariant DAEs

In this section we study homogeneous linear time-invariant DAEs of the form
Ex(t)=Ax@®), tel, (2.1)
where E and A are given constant matrices in K"*" K = C or R.

Definition 2.1 A matrix pair (E, A), E, A € K"*" is called regular if there exists
A € C such that the determinant of (LE — A), denoted by det(AE — A), is different
from zero. Otherwise, if det(AE — A) = 0 for all A € C, then we say that (E, A) is
singular.

If (E, A) is regular, then a complex number A is called a (generalized finite)
eigenvalue of (E, A) if det(AE — A) = 0. The set of all (finite) eigenvalues of (E, A)
is called the (finite) spectrum of the pencil (E, A) and denoted by o (E, A). If E is
singular and the pair is regular, then we say that (E, A) has the eigenvalue co.

In the following we only consider regular pairs (E, A). Such pairs can be trans-
formed to Weierstraf;—Kronecker canonical form, see [12, 41, 43], i.e., there exist
nonsingular matrices W, T' € C"*" such that

I I A\ [ I A T
E_W[O N}T , A_W[O In_r]T , (2.2)

where I, I,_, are identity matrices of indicated size, J € C"™*", and N €
C=)*x(=7) are matrices in Jordan canonical form and N is nilpotent. If E is
invertible, then r = n, i.e., the second diagonal block does not occur.

Definition 2.2 Consider a regular pair (E, A) with E, A € K"*" in Weierstraf3—
Kronecker form (2.2). If r < n and N has nilpotency index v € {1,2,...}, ie.,
NV =0, Ni #0fori=1,2,...,v—1, then v is called the index of the pair (E, A)
and the associated DAE (2.1) and we write ind(E, A) = v. If r = n then the DAE
has index v = 0.
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The finite spectrum o (E, A) is given by the spectrum of o (J) in the Weierstra3—
Kronecker form (2.2) and it is easy to verify that for the degree of the characteristic
polynomial degdet(AE — A) =rank E =r holds if and only if ind(E, A) < 1.

For the regular DAE (2.1) with initial condition (1.2), there always exists a pro-
jection matrix P € K"*” so that the projected initial condition P (x(f) — x¢) =0
is consistent, i.e., the DAE (2.1) with this initial condition has a unique solution,
see [12, 43]. Shifting again the solution to the trivial solution x = 0, for a DAE
of the form (2.1) with regular pair (E, A), E, A € K™ we say that this solution
is exponentially stable if there exist L > 0, and y > 0 such that the initial value
problem

Ex =Ax, P(x(l‘()) — )20) =0,

is solvable on I for all Xy € K", and the solution satisfies the estimate ||x(z; to, Xo)|| <
Le™7(=10)|| P3| for all £ > to. If the trivial solution is exponentially stable, then
we say that (2.1) is exponentially stable.

We remark that the property of exponential stability is independent of the choice
of projection P. Furthermore, for linear time-invariant systems, the concept of ex-
ponential stability is equivalent to that of asymptotic stability and hence we do not
have to distinguish these concepts, and discuss only asymptotic stability as is usually
done in the literature.

Using the canonical form (2.2), one can easily verify the following statement, see
e.g., [20].

Proposition 2.1 Consider a DAE of the form (2.1) with regular pair (E, A), E,
A € K™, System (2.1) is asymptotically stable if and only if the pair (E, A) is
asymptotically stable, i.e., the finite spectrum satisfies o (E, A) C C~, where C~
denotes the open left-half complex plane.

After introducing the basic notation, in the next subsection we discuss the stabil-
ity radius of a DAE.

2.1 Stability Radii for Linear Time-Invariant DAEs

In this section we study the behavior of the finite spectrum of a regular pair (E, A)
under structured perturbations in the matrices E, A. Suppose that the system (2.1)
is asymptotically stable and consider a perturbed system

(E+ B1AIC)X=(A+ ByA>Ch)x, (2.3)

where A; € K™i*4i (j = 1,2) are perturbations and B; € K"*™i C; € K%*" are
given matrix pairs that restrict the structure of the perturbations. The matrix pair
(B1A1Cy, B2 A>C») is called a structured perturbation. For simplicity and for the
sake of appropriate perturbation structures, let us consider the case that the restrict-
ing matrices satisfy C; = C, = C. Alternatively, the other simplifying case By = B>
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can be treated as well, see [38]. However, the simplification does not fit to the frame-
work of so-called admissible perturbations characterized by Proposition 2.6 given
below. Set

A
A:[A;], B=[Bi B],

and introduce m = m1 + mj and g = q1 = ¢g2. Then we consider the set of destabi-
lizing perturbations

Yk(E,A; B,C) = {A € K™*4 (2.3) is singular or not asymptotically stable}
and have the following definition.

Definition 2.3 The structured stability radius of pair (E, A) subject to structured
perturbations as in (2.3) is defined by

re (E, A; B,C) =inf{||A|l, A € ¥&(E, A; B, O)},

where || - || is a matrix norm induced by a vector norm. Dependingon K=C or K =
R, we talk about the complex or the real structured stability radius, respectively.

Note that other properties of pair (E, A) such as the index may still change under
a perturbation which is not in ¥k (E, A; B, C). Obviously, we have the estimate

r& (E,A; B,C) <rp (E, A; B, C).

To obtain a computable formula for the complex stability radius, let us introduce the
matrix functions

G(s)=—sCGE—A)""Bl, %(s)=CGE—A)"By, 9(s)=[%(s) %],

for s € C,Res > 0. Denoting by iR the imaginary axis of the complex plane, the
following result is analogous to that for linear time-invariant ODEs of [51].

Theorem 2.2 Suppose that the matrix pencil (E, A) is regular and asymptotically
stable. Then with respect to any matrix norm induced by a vector norm, the complex
stability radius of pair (E, A) has the representation

. -1
rP(E A B,O) = {sup |9 2.4)

seiR
Proof The proof can be obtained by using the same techniques as in [33, 37, 38]. [

Note that in [33, 37] the complex structured stability radius is considered with
respect to perturbations either in E or in A, i.e., either By =0 or B, = 0. In [38],
formula (2.4) has been proven for perturbations in both E, A. Note further that these
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papers discuss both the continuous-time and the discrete-time case. Furthermore, it
has been shown in [38] that it is always possible to construct a rank 1 destabilizing
perturbation A, with a norm that approximates the value of r(scp within an arbitrarily
prescribed accuracy.

Remark 2.1 The concept of stability radius can be extended to more general sets.
Suppose that all the eigenvalues of the unperturbed matrix pencil lie in a prescribed
open subset C, of the complex plane. Then we want to determine the largest per-
turbations that the system can tolerate so that its spectrum remains in Cg. In the
asymptotic stability analysis of differential equations, the open subset C, is chosen
to be C™. As in the other cases, it is trivial to obtain a formula of a C,-stability
radius analogously to (2.4). In fact, we simply replace iR by the boundary set of
Cp = C\Cq. As a consequence of the definition, the strict positivity of a C,-stability
radius with a relevant subset C, implies the continuity of the spectrum with respect
to the data.

Unlike for the complex stability radius, a general formula for the real stability ra-
dius measured by an arbitrary matrix norm is not available. However, if we consider
as vector norm the Euclidean norm, then a computable formula has been obtained in
[83]. This formula is based on the notion of real/complex structured singular values,
which, for a given M € KP>*™  are defined by

(M) = [inf{o1(A), A e K7, and det(I — AM) =0}] ",

respectively, depending on K = C or K = R. Here o1 (A) denotes the largest singu-
lar value, see [42], of the matrix A.

Clearly, if M is real, then the complex and the real structured singular values
coincide. While for the complex structured singular values, the formula puc(M) =
o1(M) follows trivially, for the real case the formula is more sophisticated.

Proposition 2.3 ([83]) The real structured singular value of M € KP*™ is given by

LImM  ReM

. ReM —yImM
pur(M) = _inf o3 ;
y€(0.1] ¥

where 07(A) denotes the second largest singular value of A.

With respect to the Euclidean norm and using a similar argument as in [83], we
thus have

ra (E, A; B, C) =inf{o1(A), A € ¥(E, A; B, C)}

= inf inf{m (A), A e K™ and
Res>0

det(s(E + B1A1C) — (A+ B2AyC)) =0}
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= inf 1nf{01(A) A e K™ and

Res>0

det(I + (sE — A)"'(sB1 A C — B,A2C)) =0}

= inf 1nf{01(A) A e K"*? and det(I — A9 (s)) =0}

Res>0

= [ s nx@e)]

Res>0

and hence we obtain the following theorem.

Theorem 2.4 Suppose that the matrix pair (E, A) is regular and asymptotically
stable. Then the structured stability radii of pair (E, A), measured in Euclidean
norm, are given by

~1
PE A B0 = swp 01(%9)] 2.5)
Res>0

and

"(E, A; B, C) f Rev(s)  —yIm#()]] " (2.6)
) N ) = S m , ]
= Rel;lgo)’e(()llgz SIm%(s)  Red(s)

respectively.

For the case K = C, due to the maximum principle, it suffices to take the supre-
mum over the imaginary axis instead of the right-half complex plane. The same
does not hold for the case K = R, see Example 2.1 below. Further, unlike the case
of ODEs, here one cannot replace sup by max since the supremum may be attained
only at infinity. It is important to note that the presented results on the structured
stability radii do not reflect the fact that an eigenvalue at co may become finite or
conversely a finite eigenvalue may move to oo, i.e., it may happen that the index or
the number of finite eigenvalues of the pair (E, A) changes or that the pair becomes
singular.

In the case of inhomogeneous systems, particularly an increase of the index may
lead to a loss of solvability of the equation due to inconsistent initial values or a lack
of smoothness for the inhomogeneity. As we have demonstrated in Examples 1.1
and 1.2, this can even happen with infinitesimally small perturbations. Furthermore,
while the stability radii of an ODE are always strictly positive, those of a DAE may
be zero. To see this, considering a pair in canonical form (2.2), we have

(s, — )~} 0
0 — Y (sNY ]W

Obviously, if N # 0, then ||4](s)|| and |4 (s)|| may tend to oo as |s| — oo, which

implies that r(scp = 0. Hence, the perturbations in (2.3) must be further restricted so

that the stability radii are strictly positive.

(sE—A)_1=T|: -1
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Partitioning the restriction matrices C, B (after transformation to Weierstra3—
Kronecker form) as

CT=[C; C3l, W_lBlz[B“}, W—132=[32‘], 2.7
B> B

according to the structure of (2.2), it is easy to see that if ind(E, A) = 1 then

sup ||§41 (s) || <oo ifandonlyif CBjp =0
s€iR

and if ind(E, A) > 1 then

sup [%(s)| <oo ifandonlyif CoN'Bjp=0 fori=0,1,....,k—1, and
seiR

CoN'Byy =0 fori=1,2,....k— L.
These observations are summarized in the following result.

Proposition 2.5 Consider a regular pair (E, A) and the associated DAE of the
form (2.1). If ind(E, A) = 1, then the structured stability radii of (2.1) are strictly
positive if and only if CoB1o = 0. If ind(E, A) > 1, then the structured stability radii
of (2.1) are strictly positive if and only if CyN'Bio =0fori =0,1,...,k — 1, and
CaN'By =0 fori=1,2,...,k — 1, where the transformed structure matrices are
defined by (2.7).

Moreover, if Cy is of full rank, then r]‘g(E, A,B,C) > 0ifand only if Bl =0
for the case ind(E, A) = 1 and B2 =0, N By, =0 for the case ind(E, A) > 1.

According to the characterizations given in Proposition 2.5 and for the sake of
simplicity, now the perturbations are further restricted by choosing

Blzw[B“] 2.8)
0
ifind(E, A) =1 and
_ B _ By

BI_W[O], Bz_W[O] 2.9)
ifind(E, A) > 1.
Definition 2.4 ([20]) A structured perturbation as in (2.3) is called admissible if it
does not alter the nilpotency structure of the WeierstraB—Kronecker form (2.2) of
(E, A), i.e., the nilpotent matrix N and the corresponding left invariant subspace

associated with the eigenvalue oo are preserved.

In the case that ind(E, A) = 1, one has the following characterization of admis-
sible perturbations, which is in agreement with (2.8).
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Proposition 2.6 ([20]) Consider the regular DAE (2.1) with ind(E, A) = 1, subject
to a general unstructured perturbation,

(E4+ F)x=(A+ H)x.

Then there exist an orthogonal matrix P and a permutation matrix Q such that
_|En En A A
PEQ_[ o o0 | PAQ = Ay Ax |’

where E1; € K'¥7, Ep € Krx(=n), Aij (i, j = 1,2) are of corresponding sizes,
rank [E11, E12] =rank E = r, and rank Ayp =n — r. Furthermore, if (F, H) is an
admissible perturbation, then

| Fuu Fi2 _ | Hi1 Hi2
pro[f ") wa-[in ]

Note that in Proposition 2.6, the transformation by the matrices P, Q does not
change the structure, the stability, and consequently, the stability radii of (2.1). Note
further that Proposition 2.5 can also be used to characterize admissible perturbations
for the case ind(E, A) > 1.

After these observations we can introduce the distance to the nearest pair with a
different nilpotency structure:

dx(E, A; B, C)

= inf{ |A|l, A € K™*9 and (2.3) does not preserve the nilpotency structure},

and obtain the following result, see [11].

Theorem 2.7 Consider a regular DAE with Weierstraf3—Kronecker form (2.2), sub-
Ject to transformed perturbations satisfying (2.8) for ind(E, A) = 1 and (2.9) for
ind(E, A) > 1, respectively. Then the distance to the nearest system with a different
nilpotency structure is given by

dx(E, A; B,C) = {ux [C1B11  C2Bn]} ™
ifind(E, A) =1 and
dx(E, A; B, C) = {ux(C1 B},

if ind(E, A) > 1. Moreover, if the data set is real, then dc(E,A; B,C) =
dr(E,A; B,C).

Proof The proof is similar to that for the stability radii, see Remark 2.1. The nilpo-
tency structure of the perturbed system (2.3) is preserved if and only if the perturbed
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matrix

I+ B11A1Cy B1141C;
By Ay Cy I + B Ay

is nonsingular in the case ind(E, A) =1 and if / + B11AC| is nonsingular in the
case ind(E, A) > 1. Thus, in both cases we have a problem of characterizing the
distance of a matrix to singularity, which we obtain by taking C, = C\{0}. For the
equality of the complex and the real stability radii, we note that if the data are real,
then the smallest perturbation that makes a matrix singular can always be chosen to
be real [42]. O

Now we are in position to define the structured stability radii for the DAE (2.1)
and state their formulas.

Definition 2.5 Consider a regular and asymptotically stable DAE (2.1). Then, the
structured stability radii of system (2.1) with respect to structured perturbation (2.3)
is defined by

rk(E, A; B, C)
= inf{ lAll, A€ ¥ (E, A; B, C) or (2.3) has different nilpotency structure}.

It is obvious that rg(E,A; B,C) = min{r]‘%p(E, A;B,C),dg(E, A; B,C)},
which follows directly from the definition of the stability radii.

Theorem 2.8 Consider a regular and asymptotically stable DAE (2.1) with
Weierstraf3—Kronecker form (2.2). Let the perturbation structure satisfy (2.8) for
index ind(E, A) = 1 and (2.9) for ind(E, A) > 1, respectively. Then, the complex
structured stability radius of system (2.1) and that of pair (E, A) coincide, i.e.,
rc(E,A; B,C) = r(?:p(E, A; B, C). Furthermore, if the data set is real, then the real
structured stability radius of system (2.1) and that of pair (E, A) are the same, too,
that is, rr (E, A; B, C) =rg (E, A; B, C).

Proof Taking into consideration (2.8) for index ind(E,A) = 1 and (2.9) for
ind(E, A) > 1, respectively, it is easy to check that

lim ¢4 (s) =—C1Bi1, and lim %(s)=—CyB.
S—> 00 S—> 00

Since sup,¢;r 1€9(s)|l = [|¥9(00)|| (due to the continuity of the norm), the statement
for the case K = C is obtained from Theorems 2.2 and 2.7.

If the data set is real then ¥(s) is real along the non-negative real semi-axis,
and then due to the continuity of ur (% (s)) on RT, we have supg.,~o 4R (4 (5)) >
SUpcp+ UR(Z(5)) > ur (¥ (00)). Invoking again Theorems 2.2 and 2.7, the state-
ment for the real stability radii immediately follows. U

Theorem 2.8 shows that if ||A|| < rHsg(E, A; B, C) then the perturbed DAE (2.3)
preserves not only the stability, but also the nilpotency structure. Thus, the complex
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structured stability radius of system (2.1) are given by (2.4) or (2.5), while if the
data set is real, then the real structured stability radius can be computed by (2.6).
For ODEzs, the perturbed system becomes unstable if and only if at least one of its
eigenvalues touches the imaginary axis, while it may happen with DAEs that under
the effect of larger and larger perturbations, a finite eigenvalue moves to co (which
alters the nilpotency structure) and then appears again as a finite eigenvalue on the
right-half complex plane (not necessarily on the imaginary axis).

Example 2.1 Consider the linear constant coefficient DAE with structured pertur-
bation to only the right-hand side Ex = (A + BAC)x, where

1 0 -2 0 1
E:[O 0], A=|:O _1}, B:[l}, c=[1 1].
This system is of index 1 and has only one finite eigenvalue A = —2. Then, a simple

calculation yields 4 (s) =1 — 1/(2 + s). Thus, |4 (s)|| = /1 —3/(4 + |s|?) for
s € iR, which implies sup,.;r [|9(s)|| =1 and rc(E, A, B, C) = 1. We also have

l— 5, seR, 5>0
G (s)) = THs> 525
MR( (S)) { 0, otherwise,
from which supge >0 ur(4(s)) =1 and rr(E, A, B, C) = 1 follow. However, we
remark that supg. > uRr(¥ (s)) is attainable only at +o00, but not on the imaginary
axis as in the case K = C. This is also reflected by the quite different effects of com-
plex and real perturbations as the following simple calculations show. The perturbed

DAE (2.3) reads
1 0 fCl _ —2—-A A X1
] A | S T

For A =1, the system (2.10) is of index 2 and the associated finite spectrum is
empty (the only finite eigenvalue moves to infinity), i.e., the pair (E, A + BAC) is
stable, but the index is changed. With the perturbation A =1+ 1/(1 +5),Res >0,
the pair (E, A+ BAC) is again of index 1 and the only eigenvalue is s. This means
that choosing s € iR, |s| > 1, the norm of the complex perturbation approximates
the value of rc(E, A, B, C) within arbitrary accuracy and the only finite eigenvalue
appears on the imaginary axis. If we consider only real perturbations, which happens
if and only if s is real, then by taking s > 1, the norm of the real perturbation
approximates the value of rr(E, A, B, C) within arbitrary accuracy and the finite
eigenvalue is located on the positive real semi-axis.

Remark 2.2 The first results for stability radii for linear time-invariant DAEs of
index 1 were given in [82] and [20]. In [82] only unstructured perturbations in A
were considered and the formula for the unstructured complex stability radius mea-
sured in Euclidean norm is exactly a special case of (2.5) with restriction matrices
By =0 and B, = C = 1. A more general result was obtained in [20], where the
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authors considered admissible perturbations as in Proposition 2.6 and formulated
the complex stability radius using the Frobenius norm which is not a matrix norm
induced by a vector norm. However, using the fact that the Frobenius norm gives
an upper bound for the Euclidean norm, the stability radii in Frobenius norm are
upper bounds for those in Euclidean norm. On the other hand, in the proof of Theo-
rem 2.2, a rank one destabilizing perturbation can be constructed whose (Euclidean)
norm approximates the true value of the stability radius with an arbitrarily small ac-
curacy. Since the Euclidean and the Frobenius norm of a rank one matrix are equal,
the formula of the complex stability radius given in [20] and (2.5) yield the same
value, i.e., the Frobenius norm case can be considered as a special case of (2.4)
and (2.5).

Remark 2.3 A somewhat more general and extensive analysis of stability radii for
DAE:s is given in [11], where the robustness of the structure and the spectrum are
treated separately. The quantities rﬂzp (E,A; B,C) and dg(E, A; B, C) are called
the spectral and the structure-preserving stability radii, respectively. This approach
makes the characterization of stability radii for higher index DAEs possible as well
as that for the special uncertainty structure of affine perturbations. The latter one also
extends the result in [69] to the case when both coefficient matrices are perturbed
with a one-parameter family. In addition, the work in [11] is partially devoted to
robust stability of second order DAEs with applications in electrical networks.

Remark 2.4 Since in general the real stability radius is more complicated than the
complex one, the question when they are equal is of great practical interest. It has
been shown in [87] that for the class of positive systems the complex and the real
stability radii coincide and they are easily computable. Attempts to extend this result
to DAEs and to other implicit dynamic equations are presented in [33] and [38],
respectively.

Remark 2.5 In many applications, one does not only have static perturbations as in
(2.3), but also linear time-varying, nonlinear or even nonlinear dynamic perturba-
tions. In the context of regular DAEs (2.1) of index at most one, if perturbations are
admitted in A only, then it is possible to extend the concept of structured stability
radii with respect to linear time-varying, nonlinear, or nonlinear dynamic perturba-
tions. It can be shown that all the complex structured stability radii with respect to
different classes of perturbations are equal, as is well known in the ODE case [53],
see also Corollary 3.4 below.

Remark 2.6 Numerical algorithms for computing the stability radii for ODEs are
proposed in a number of works, e.g., see [10, 13, 18, 40, 4446, 48, 57, 79-81, 89].
Some extensions to DAEs are discussed in [2—4, 11]. Since the robust stability of a
linear time-invariant system is closely related to the sensitivity of the spectrum, the
characterization and the computation of stability radii is also very closely related to
the topics of spectral value sets [49, 54] and pseudospectra [17, 91].



Robust Stability of Differential-Algebraic Equations 77

Remark 2.7 Robustness questions can also be discussed for other fundamental con-
cepts of control theory such as controllability, observability, stabilizability, or de-
tectability. These concepts have been extended to DAEs in many different publica-
tions, see e.g., [14-16, 23, 27,76, 78] and a recent survey [8]. It is natural to analyze
the robustness of these properties when the control systems are subject to uncertain
perturbations, which leads to similar distance problems as for robust stability. For
ODEs, such distance problems are extensively investigated in a number of works,
e. g., see [58, 79] and the references therein. Results on the controllability radius for
linear time-invariant descriptor systems are given in [19, 66, 67, 88].

It is well known that solutions of DAEs are more sensitive to data than those
of ODE:s. This topic has been discussed in [75] for a perturbed index two DAE in
semi-explicit form and in [30, 90] for general singularly perturbation problems of
DAESs. But a general perturbation theory for linear time-invariant DAE:s is still open.
This is partly due to the fact that no complete characterization of the distance to the
nearest singular pencil is available [21].

2.2 Dependence of Stability Radii on the Data

In view of the numerical computation of the stability radii, a natural question is
whether the structured stability radii rg(E, A; B, C) depend continuously on the
data E, A, B, C. In the ODE case, i.e., E = I and if only A is perturbed, it was
shown in [52, 83] that the complex structured stability radius depends continuously
on data, but the real one does not. This is due to the continuity (discontinuity) of the
complex (real) structured singular value, see [83]. Extending these results to DAEs,
it follows that the complex structured stability radius rc(E, A; B, C) depends con-
tinuously on the data, provided that the nilpotency structure is preserved, i.e., we are
restricted to the set of DAEs (2.1) that have the same nilpotency structure and to the
set of admissible perturbations. In [34, 35] the robust stability of the parameterized
DAE system

(E+¢eF)x = Ax, (2.11)

is considered, where ¢ > 0 is a small parameter and the unperturbed DAE (¢ = 0) is
assumed to be regular, of index at most one and asymptotically stable. The classical
singularly perturbed system (1.8) is a special case of this more general system. If
¢ F belongs to the class of admissible perturbations characterized by Proposition 2.6,
then it is easily shown that the complex structured stability radius depends contin-
uously on the parameter €. This, however, is not the case when the appearance of
e F changes the index and/or the number of finite eigenvalues, i.e., the nilpotency
structure of (E, A).

Sufficient conditions can be given to ensure that (2.11) is asymptotically stable
for all sufficiently small and positive €. Namely, if the unperturbed DAE (¢ = 0)
and the fast subsystem (which is associated with the algebraic part of the DAE)
are simultaneously asymptotically stable, then for all sufficiently small ¢, so is the
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parameterized system (2.11). Furthermore, the complex structured stability radius
of (2.11) converges to the minimum of the stability radius of the reduced system
and that of the fast subsystem. This implies that the stability radius of (2.11) may
be discontinuous at ¢ = 0, when the nilpotency structure is no longer invariant. As
a special case, the result for the robust stability of (1.8), investigated in [31] by a
different approach, then follows immediately. The asymptotic behavior of the real
structured stability radius for (2.11) is of interest as well, but it is still an open
problem.

Remark 2.8 In [69], the robust stability of a DAE subject to perturbations of the
form Ex = (A 4+ ¢ H)x is considered, where E, A are given as in (2.1), H is a given
matrix, and € is an uncertain parameter. Assuming that the unperturbed system is
regular, of index at most one and asymptotically stable, a computable formula for
the maximal stability interval (e1, €3) is derived, i.e., the perturbed system retains
the index and is asymptotically stable for all ¢ € (e1, €3).

In [37], complex structured stability radii for the discrete-time analog of DAE:s,
i.e., singular difference equations are analyzed. In particular, again due to the con-
tinuity, the complex structured stability radius of the discretized system (using the
implicit Euler method) of (2.1) is shown to converge to the corresponding one of
the continuous-time system as the stepsize tends to zero. The analogous question
concerning the real structured stability radii is still open.

3 Robust Stability of Linear Time-Varying DAEs

In this section, we investigate the exponential and asymptotic stability and its ro-
bustness for linear time-varying DAEs of the form

EMi(t) = A@M)x(), tel, (3.1)

with matrix functions E, A € C(I, K"*"), K € {C, R}.

Analyzing the different stability concepts for (3.1) is, however, much more com-
plicated than for linear time-invariant systems. Even if for all ¢ € I, the finite eigen-
values of (E(¢), A(t)) have negative real part, system (3.1) may be unstable, as
many well-known examples demonstrate for the ODE case, see e.g., [55].

Example 3.1 Forall t e R

A(t) = cos2(3t) =5 sin2(3t) —6c0s(3¢)sin(3r) +3
| —6cos(3t)sin(3t) +3  sin’(3t) — 5cos(31)

has a double eigenvalue at —2 but the solution of X = Ax, with x(0) = [ ; ] is given
by x(1) = cref cos(3r) ], which is obviously unstable.

—cye' sin(3t)
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We use the following standard notation as in [36, 60]. Let X, Y be finite di-
mensional vector spaces. For every p,1 < p < oo and s,f,fp <s <t < 00, We
denote by L (s, t; X) the space of measurable functions f with values in X and
norm || fl, := (fst I F()I? dp)'/P < oo and by Lo (s, t; X) the space of measur-
able and essentially bounded functions f* with || f|loc := esssup (s, 1/ (0)[I. We
also consider the spaces LlpOC (tg, 00; X) and LL%C (tg, 00; X), which contain all func-
tions f € L,(s,t; X) and f € Loo(s, t; X) for some s,7,7) < s <t < 00, respec-
tively. We, furthermore, use the notation .2 (L , (to, 00; X), L, (o, 00; Y)) to denote
the Banach space of linear bounded operators P from L, (#p, 00; X) to L, (tp, 00; ¥)
supplied with the norm

P := sup IPXI L, (19,00:7)-
x€L (19,00 X).[lx]|=1

In the following we assume that (3.1) is of index 1, in the sense of the tractability
index [43] or that it is strangeness-free in the sense of the strangeness-index [63]. Let
us briefly introduce these index concepts. First, to introduce the tractability index
and the projector chain approach, see e.g., [43, 68], we assume that E(¢) is singular
for all + and § := ker E is absolutely continuous. Then, there exists an absolutely
continuous projector Q onto S, i.e., Q € C(0, oo; K"*"), O is differentiable almost
everywhere, 0%?= 0, and ImQ = S for all # € I. If we assume in addition that
0e LL%C(O, 0o; K"*™), then P =1 — Q is a projector along S and system (3.1) can
be rewritten in the form

d —~
EE(PX) = Ax, 3.2)
where A:= A+ EP ¢ LLOOC(O, 0o; K"*™), Setting
G:=E—AQ. (3.3)

Definition 3.1 The linear DAE (3.1) is said to be tractable of index 1, if G(t) de-
fined by (3.3) is invertible for almost every ¢ € [0, 00) and G~! € LLOOC (0, oo; KMy,

Multiplying both sides of (3.2) by PG~!, 0G~!, and taking into account the
identites G 'E=P,G 1A= -0+ G~ 1AP, we obtain

d d [

Z(Px)=(—P+PG'A)Px,

dt( x) (dt + ) x
Ox = QG 'APx,

which decomposes the DAE into a differential part and an algebraic part. With z =
Px, the dynamics of the system is given by the inherent ODE

i=(P+PG'A) (G4
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of (3.1). Let @y (z, s) denote the fundamental solution matrix associated with the
inherent ODE (3.4), i.e., the matrix function satisfying

d . —1
T P0(t,5) = (P+ PG A)@o(t,5),  Po(s,5) =1,

for t > s > 0, then the fundamental solution operator generated by (3.1) is defined
by

E%@(t,s):Aqﬁ(t,s), P(s)(cb(s,s)—]):O
and @ can be expressed as @ (¢, s) = (I + QG‘IA\(t))qf'o(t, s) P (s). It can be shown
by direct calculations that, despite its construction, the fundamental solution opera-
tor is in fact independent of the choice of projector Q.

The concept of the strangeness index uses the DAE and its derivatives to con-
struct a so-called strangeness-free DAE with the same solution [63]. In the homo-
geneous case this strangeness-free system has the form (3.1), where

| Ex | Ay
o) e

with E; € C(ILK9*") and Ay € C(I, K"=9*n) guch that the matrix E(t) :=
[i;g;] is invertible for all ¢ € I.
By using a global kinematic equivalence transformation, see [70, Remark 13],

(3.1) can be transformed to the special form,

En En L A ApT.
[ 0 0 ]x—|: 0 Azz X, 3.6)

so that the essential underlying ODE is readily given by E 11X1 = Allxl with non-
singular E -

A matrix function @ € C! (T, Rrxd ) is called minimal fundamental solution ma-
trix of the strangeness-free DAE (3.1) if each of its columns is a solution to (3.1)
and rank @ (t) =d forall r € IL.

In the following we assume that the DAE is of index at most one or alternatively
strangeness-free. These conditions are equivalent if the coefficients are sufficiently
smooth [77].

The characterization of the different stability concepts for linear variable coef-
ficient ODEs is well established via the concepts of Bohl and Lyapunov exponents
[1, 9, 28] and Sacker—Sell spectra [29, 86]. These concepts were extended from
ODEs to DAEs in [24, 70, 71].

To analyze exponential stability, we introduce first the Bohl exponent.

Definition 3.2 The Bohl exponent for an index 1 system of the form (3.1) with
fundamental solution @ is given by
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kp(E,A) = inf{ —a € R; there exists Ly > 0

such that forall 7 > 1) > 0: ||q§(t, 1) || < Lae_“(f_fo)},

It follows that (3.1) is exponentially stable if and only if its Bohl exponent is
negative (including the case kp(E, A) = —00).

Analogous to the ODE case (see [28]), using the fundamental solution operator
@, it follows that the Bohl exponent of (3.1) is bounded from above, i.e., kp(E, A) <
oo if and only if supy_,_s<; |19 (2, 5)| < co. Furthermore, the Bohl exponent of
(3.1) can be determined by

: In|[@(, )]
kp(E, A) = limsup ——.

§,t—5—00 -

In [24], various properties of the Bohl exponent, as well as the connection between
the exponential stability of (3.1) and the boundedness of solutions to nonhomoge-
neous DAE with bounded inhomogeneity are investigated.

Remark 3.1 Inthe ODE case, the boundedness of the coefficient function A ensures
the finiteness of Bohl exponent. This is not true for DAEs (3.1) even with both
bounded coefficient functions £ and A, where the Bohl exponent may be +oo or
—o0. We note also that, by assuming that (3.1) is of index 1, we exclude degenerate
cases such as non-uniqueness or finite escape time of solutions, which may happen
with nonregular DAEs and are discussed in [6, 7].

For ODEs, the asymptotic stability of solutions can be characterized by the Lya-
punov exponents, see [74]. The extension of the theory of Lyapunov exponents
to linear time-varying DAEs has been given in [25, 26, 70-72], using either the
projector-based tractability index or the derivative array-based strangeness index
approach.

Definition 3.3 For a given minimal fundamental solution matrix ¢ of a strangeness-
free DAE system of the form (3.1), and for 1 <i <d, we introduce

1 1
A =limsup —In|@()e;| and A =liminf - In| @ ()e; |,
t—o0 I t—o0 t

where ¢; denotes the ith unit vector and || - || denotes the Euclidean norm. Let all the
Lyapunov exponents be finite, then the columns of a minimal fundamental solution
matrix form a normal basis if Z?:l MY is minimal. The AY,i =1,2, ..., d belonging
to a normal basis are called (upper) Lyapunov exponents and the intervals [Af, A,
i=1,2,...,d, are called Lyapunov spectral intervals.

The strangeness-free DAE system (3.1) then is asymptotically stable if and
only if the largest upper Lyapunov exponent is negative. Note that for linear time-
invariant DAEs (2.1), the Lyapunov exponents are exactly the real parts of the finite
eigenvalues of pencil (E, A).
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This brings us to another major difference between linear time-invariant and
linear time-varying DAEs. The following example shows that an infinitesimally
small time-varying perturbation applied to both coefficient matrices may change
the asymptotic stability, even if the perturbation does not change the index.

Example 3.2 ([71]) Consider the system x; = —x1, 0 = x, which is strangeness-
free and asymptotically stable. For the perturbed DAE

(1+ &2 sin (2n1))x; — e cos (nt)xy = —x, 0= —2esin(nt)x; +x2, (3.7)

where ¢ is a small parameter and n is a given number, from the second equa-
tion of (3.7), we obtain x, = 2¢sinntx;. Differentiating this expression for x;
and inserting the result into the first equation, after some elementary calcula-
tions, we obtain x| = (—1 4 ne? 4+ ne?cos (2nt))xy. Explicit integration yields
x1 (1) = e(—1Hned)tesin@nn/2, () Clearly, even if ¢ is arbitrarily small (hence
the perturbation in the coefficient matrices is arbitrarily small in the sup-norm),
(3.7) may become unstable if 7 is sufficiently large.

3.1 Stability Radii for Linear Time-Varying DAEs

In this section we discuss the stability radii for linear DAEs with variable coef-
ficients. Formulas for the stability radii of exponential stability were derived in
[24, 36] extending the results for ODEs in [56, 60].

We assume that the DAE is of index at most one and discuss perturbed systems

EMx(1) = (A@®) + H®)x(), tel, (3.8)

with a perturbation function H € Lo (0, co; K"*") as well as structured perturba-
tions of the form

EMi() = AWx(1) +BOA(COX(O))@), tel, (3.9)

where B € Ly (0, 00; K"*™) and C € L (0, 0o; K9*™) are given matrix functions,
restricting the structure of the perturbation and A : L, (0, 00; K9) — L (0, oo; K™)
is an unknown perturbation operator.

To obtain formulas for the exponential stability radius, we assume that (3.1) is ex-
ponentially stable, i.e., there exist constants L > 0, y > 0 such that || @¢(¢, s) P(s)|| <
Le V= fort > s >0, and that it is robustly index 1 in the following sense.

Definition 3.4 Consider the DAE (3.1) in the form (3.2) and let G be as in (3.3).
Then the DAE is said to be robustly index 1 if, supplied with a bounded projection
0, the matrix functions G~ and Q; ;== —QG ' A are essentially bounded on I.
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To extend the tractability index concept to the perturbed system (3.9), we
assume that the perturbation operator A € £ (L (0, 00; K9), L,(0, 00; K™)) is
causal which is defined as follows. For T € I, the truncation operator wr at T
on L (0, co; X) is defined via

u(t), tel0,T],

Tru(t) = {0 t>T.

An operator P € Z(L,(0,00; X), L,(0,00;Y)) then is_said to be causal, if
nrPrr = P for every T € L. Let the linear operator Ge¥ (LIOC(O oo; K,

L},‘,)C (0, 0o; K™)) be defined via

(Gz) = (E — AQ)z — BA(CQ2).

If for every T > 0, the operator G restricted to L »(0, T; K") is invertible and the
inverse operator G~ is bounded, then we say the perturbed DAE (3.9) is of index 1
(in a generalized sense). The structured perturbation in (3.9) is called dynamic per-
turbation, which is different from static perturbations considered in Sect. 2. Then
we can employ the concept of mild solution.

Definition 3.5 We say that the initial value problem for the perturbed system (3.9)
with initial condition

P (to) (x (t0) — x9) =0, (3.10)

admits a mild solution if there exists x € Lllfc (to, 00; K") satisfying

x(t) = D(t, 1) P(to)xo

t
+/ @(t,p)PG*‘BA([Cx(-)]tO)(p)dp+ QG*‘BA([Cx(-)]ZO)(t)
I

0

for t > 1o, where

0, t €[0,1),
[Cx(: )] { Ct)x(t), telty,00).

The mild solution plays an important role in the characterization of robust stabil-
ity, since solutions of the perturbed DAE (3.9) in the classical sense do not exist, in
general. The existence and uniqueness of mild solutions is given by the following
result.

Theorem 3.1 ([36]) Consider the initial value problem (3.9)—(3.10). If (3.9) is of
index at most one, then it admits a unique mild solution x € Li‘;c (tg, 00; K") with
absolutely continuous z = Px for all tg € I, xo € K". Furthermore, for an arbitrary
T > 0, there exists a constant L1 such that pointwise

|P®)x@)| <Li|P(to)xo| foralltelty, T].
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With (3.9), we associate the perturbation operator (in [35, 60] it is called the
input—output operator)

t
L,0z=c/ @ (1, p) PG~ B(p)z(p)dp + CQG ' Bz, (3.11)
fo
which is defined for all # > 79 > 0,z € L, (0, oo; K™). It is important to note that,
by direct algebraic verifications, the mild solution as well as the perturbation op-
erator are independent of the choice of projector Q. It is shown that, analogously
to the ODE case [56, 60], there exists a close relationship between the perturbation
operator associated with (3.9) and the robust stability of (3.1) with respect to struc-
tured and dynamic perturbations given by (3.9). For exponentially stable robustly
index 1 systems this operator is linear, bounded, and monotonically non-increasing
with respect to ¢, i.e.,

Lol = [1Lty | forall £y =10 = 0,

and for all ¢ € I the bound
L -1 -1
Ll < ;||PG | IBllsollCllco + [CQG'B||
holds.

Definition 3.6 ([36]) Consider a DAE of the form (3.9) of index 1 and denote by
x(t; 1o, xo) the solution satisfying initial condition (3.10). The trivial solution of
(3.9) is said to be globally L ,-stable, if there exist positive constant L and L3 such
that

| P (0)x(t; 10, x0) |

x5 20, x0) ||LP(IO,OO;KH) < L3| P(to)xo|

Kn <L || P([O)X0| K>

(3.12)

Kn*
for all r > g, xg € K".
Note that this kind of stability notion is equivalent to the concept of output sta-

bility, see [59] for various stability concepts in the ODE case.
We then have the following definition of stability radii for time-varying DAEs.

Definition 3.7 If system (3.1) is exponentially stable and robustly index 1, then
the complex/real structured stability radii of (3.1) subject to dynamic structured
perturbation as in (3.9), are defined by

rk(E, A; B, C)

. |All, the trivial solution of (3.9) is not globally L ,-stable
= inf . . ,
or (3.9) is not of index 1

where K = C or K =R, respectively.
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In [36] the following formulas for the stability radii were derived.

Theorem 3.2 ([36]) If system (3.1) is exponentially stable and robustly index 1,
then

-1
rk(E, A: B,C):min{ lim ||1Lt0||_1,(esssup”CQG_lB(t)“) }
th—> 00 tel

This implies the following corollary.

Corollary 3.3 ([36]) If system (3.1) is exponentially stable and robustly index 1 and
the data (E, A; B, C) are real, then

rc(E, A; B,C) =rr(E, A; B, C).

As special case we obtain the formula (2.4) for the complex stability radius of
time-invariant systems (with respect to dynamic perturbations).

Corollary 3.4 ([36]) Let E, A, B, C be time-invariant, let the system (3.1) be in-
dex 1 and exponentially stable. If p = 2, i.e., for the space Ly of square integrable
functions, then

-1
rc(E, A; B,C) = |[Lo| "' = (sup |C(wE - A)—lB||) .
weiR

Comparing with a special case of Theorem 2.2 when only A is subject to per-
turbations, Corollary 3.4 states that the complex stability radius with respect to dy-
namic perturbations and that to static perturbations are equal. This statement in fact
generalizes a previous result for the ODE case in [53].

Example 3.3 ([36, Sect. 5.1]) Consider a DAE in semi-explicit form

{50 A A
E_[O o] A_[A21 AZJ (3.13)

with appropriate partitioning. The index 1 assumption means that Ay (¢) is invert-
ible almost everywhere in I. One gets Q = diag(0, 1,,—,),

I, —Ap o(t,s)
= [0} = ~
¢ [o —Azz]’ (0. [—Agz‘Ama,s)’

where ® (¢, 5) is the fundamental solution operator of the underlying ordinary differ-
ential equation y = (A — A12A2_21 A31)y, which is assumed to be exponentially sta-
ble. The assumption that the system is robustly index 1 means the essential bound-
edness of A2_21, A2_21A2 1, and A12A2_21. Partitioning the restriction matrices B, C as
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B = [BIT BzT]T, C = [C1 (3], analogously, we obtain

t
(Lyu) (1) = (C1 — C2A5,' Ai) / @(t, p)(Bi(p) — A12AS, B2 (p))u(p) dp

0]

— 1A%, Bou(),

and by Theorem 3.2 we have
-1
rk(E, A: B, C) = min[ lim ||Ly |~ (ess sup|| C2A3, Ba (1) ||) }
p—> 00 rel

In summary, we have seen in this section that in the index 1 case the exponential
stability radii in the linear time-varying case are similar to the ones in the linear
time-invariant case.

A similar analysis can be performed in principle for the asymptotic stability, by
studying the Lyapunov exponents under perturbations, see the next section. Un-
fortunately, however, in contrast to the Bohl exponents, the Lyapunov exponents
themselves may be very sensitive to small changes in the data.

3.2 Dependence of Stability Radii on the Data

The robustness analysis of the Bohl exponent was extended from ODEs in [56]
to DAEs in [24]. In the context of deriving numerical methods for the numeri-
cal computation of Bohl and Lyapunov exponents for linear time-varying DAEs,
see [70, 71, 73] the robustness of these exponents under perturbations was studied
and the concept of admissible perturbations was extended to the variable coefficient
case. In this section we summarize these results and study how the stability radii
depend on the data.

To see that the Bohl exponent is robust under sufficiently small index-1-
preserving perturbations, we consider the perturbed equation

d _
EE(Px)z(A—{—H)x, (3.14)
where A is the same as in (3.2). Here H is assumed to be piecewise continuous (just

for sake of simplicity) and to satisfy

—1

sup| H(»)| < (sup| 26~ 0)] ) (3.15)
tel tel

Note that this condition implies the inequality sup, || QG 'H(@1)|| < 1, which is
essential in the analysis.
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Theorem 3.5 ([24]) Suppose that system (3.1) is robustly index 1, the perturbation
H satisfies (3.15), and suppose further that for any ¢ > 0 there exists § =6(¢) > 0
such that for all H satisfying

t
fimeup —— |PG~'H ()| dT <38,

sit—s—oo l — 8 Jg
then

kp(E,A+ H) <kp(E,A)+e.

As a consequence of Theorem 3.5, the exponential stability is preserved under
all sufficiently small perturbations H.

Remark 3.2 The robustness analysis of the Bohl exponent is extendable to the case
of general perturbations arising in both coefficients of (3.1). It is clear that additional
assumptions on the perturbation structure and/or the smoothness of the admissi-
ble perturbations are necessary in this case. The same can be said for the analysis
of Bohl exponents for general higher-index DAEs and for nonlinear perturbations,
see [6].

We now discuss how the structured stability radius of (3.8) with respect to the
same structured perturbation as in (3.9) depends on the perturbation H and the re-
striction matrices B, C. To this end, we first establish the asymptotic behavior of the
norm of the input-output operator defined in (3.11).

Theorem 3.6 [24] Suppose that system (3.1) is exponentially stable, robustly in-
dex 1 and satisfies (3.15) and suppose, in addition, that the perturbation function H
satisfies

lim ||H(t)| =0.
—>0o0

Then the operator 1L; defined in (3.11) and the corresponding operator associated
with (3.14), denoted by 1, satisfy

lim |[L; ]| = Tim [|/L|].
—0o0 —>0o0

By invoking Theorem 3.2, we obtain sufficient conditions for a sequence of per-
turbations Hj under which the structured stability radius of the perturbed systems
converges to that of the unperturbed system.

Theorem 3.7 ([24]) Suppose that system (3.1) is exponentially stable, robustly in-
dex 1 and satisfies (3.15). Let {Hy(-)}72 | be a sequence of measurable matrix func-
tions and suppose that sup,cy || Hi (t) || < (supp |l oG ')~ forallk=1,2,...
and limy_; oo SUp, ¢y | Hk ()| = 0. Then

Jim re(E, A+ Hy: B.C) =rc(E. A B.C).
— 00
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Theorem 3.7 implies that the stability radius for the system (3.1) depends contin-
uously on the coefficient matrix function A. As a consequence of Theorem 3.7 and
Corollary 3.4, we get the following result.

Corollary 3.8 Ler E, A, B, C be constant matrices, let system (3.1) be of index 1
and exponentially stable. Furthermore, assume that the sequence of time-varying
perturbation { H )2 | fulfills the conditions of Theorem 3.7. Then, for the Euclidean
norm, one has

Jim ro(E. A+ Hi: B.C) = (SUP |CwE — A)_13||>7]~
—00 1

weiR

For illustration, the following numerical example shows that the complex stabil-
ity radius of a linear time-invariant system under time-varying perturbations can be
well approximated by that of the corresponding time-invariant DAE.

Example 3.4 ([24, Example 5.13]) Consider the simple example of a linear constant
coefficient DAE with data

21 —2 -1 2 1
E:[O o}’ A:[2 2] B=1I, C:[l 1] (3.16)

Let a sequence of time-varying perturbations be defined by

_1 1
Fk(t):|: Hr ‘We}tf], k=1,2,.... (3.17)
k+1 T2k

Here, we choose

-1 -1 2 1
Q=[2 2] G=E—AQ=[_2 —2]

Then it is easy to check that lim;_, o || Fx(¢)|| = 0 and

[1/3 1/4} H ~0.8192 < @G| ~0.8945.

F
fgg” «of < 12 12

Furthermore, we have

—e - € _
k+1 2k

e et
QG 'F(ny=| XD A,

thus limy oo sup,>¢ || QG 'Fi(t)|| = 0. On the other hand, by elementary calcula-
tions, we obtain

(sup |cwE — A)_IBH)_1 =1.
weiR
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Invoking Corollary 3.8, we have

lim rc(E, A+ Fy; B,C) = 1.
k—o00

Finally, one also obtains that the complex structured stability radius of (3.1) de-
pends continuously on the restriction matrices B and C as in the time-invariant case.

Theorem 3.9 ([24]) Suppose that system (3.1) is exponentially stable, robustly in-
dex 1 and satisfies (3.15). Let By and Cy be two sequences of measurable and es-
sentially bounded matrix functions satisfying

lim esssup|Bx(t) — B(t)|| =0, lim esssup|Cy(t) — C(t)| =0
k=00t k=00 41

then,

klim rc(E, A; Bi, Cx) =rc(E, A; B, C).
—00

We stress once more that, since the dynamics of DAEs is constrained and the
index-1 property should be preserved, only weaker results hold for the continuity of
the stability radius and more restrictive assumptions are required than in the ODE
case. Furthermore, for time-varying DAEs, we have to restrict the analysis to per-
turbations in A only, see (3.8) and (3.9), simply because the study of perturbations
associated with the leading term E is a long-standing open problem. Just very re-
cently, in [5], a result on robust stability with respect to perturbations associated with
the leading term E has been derived within the framework of DAEs of tractability-
index 1.

In order to study the robustness of Lyapunov exponents, we consider the specially
perturbed system for (3.1) given in the form (3.5)

[E+Flx=[A+H]x, tel, (3.18)

where F = [1;1] and H = [Z; ] and where F| and H;, H> are assumed to have
the same order of smoothness as E1 and A1, A;, respectively. Perturbations of this
structure are called admissible, generalizing the concept for the constant coefficient
DAE:s studied in [20].

The DAE (3.1) is said to be robustly strangeness-free if it stays strangeness-free
under all sufficiently small admissible perturbations and it is easy to see that this
property holds if and only if the matrix function Eis boundedly invertible.

If we assume that (3.1) is already given in the form (3.6), then the perturbed DAE

has the form
d . d . - -
(E11 + Fll)Exl + (En2 + FlZ)EXZ = (A + Hipxp + (Aiz + Hip)xa,

0= Hy1x1 + (A + Hp)x>.

In the following we restrict ourselves to robustly strangeness-free DAE systems
under admissible perturbations.
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Definition 3.8 The upper Lyapunov exponents A{ > --- > 1% of (3.1) are said to
be stable if for any e > 0, there exists § > 0 such that the conditions sup, || F (f)] <
8, sup; [|H(t)]| <4, and sup, ||H2(t)|| < & on the perturbations imply that the per-
turbed DAE system (3.18) is strangeness-free and

A =y <e, foralli=1,2,....d,

where the y/ are the ordered upper Lyapunov exponents of (3.18).

The boundedness condition on Hz, which is obviously satisfied in the time-
invariant setting [20], is an extra condition and it seems to be somehow unusual.
However, the DAE (3.7) shows the necessity.

As in the ODE case, see [1, 29], to have stability of the Lyapunov spectrum,
one needs the property of integral separation, i.e., for the columns of the minimal
fundamental solution matrix @ of (3.1) there exist constants ¢; > 0 and ¢ > 0 such
that

IXOeill 1Xeisl o
IX®ell IXOeirl

forall¢,s witht > s >0andi =1,...,d — 1. Then we have the following sufficient
conditions for the stability of the upper Lyapunov exponents of (3.1).

Theorem 3.10 ([70]) Consider the DAE (3. 1) in the form (3 6). Suppose that the
matrix E is boundedly invertible and that E | 'A 11, A12A22 and the derivative of
Ay are bounded on 1. Then, the upper Lyapunov exponents of (3.1) are distinct and
stable if and only if the system has the integral separation property.

This shows that if perturbations are performed in E as well, then the perturbation
analysis of time-varying DAEs requires more restrictive conditions than in the time-
invariant case. However, for some classes of structured problems and/or structured
perturbation, parts of these conditions can be relaxed.

If the perturbation block H»; disappears, i.e., if H and A have the same block
triangular structure, then for example the restrictive conditions on the derivatives in
Definition 3.8 and Theorem 3.10 can be omitted. Similar situations happen in the
case that E1p = Fjp = 0 as discussed in [70, Sect. 3.2] and the case of perturbations
in A only as in (3.8).

In [70] another stability concept, the Sacker—Sell spectrum has been extended to
linear DAEs with variable coefficients. It is also shown that unlike the Lyapunov
spectrum, the Sacker—Sell spectrum is robust in the sense that it is stable without
requiring integral separation.

This means that for general strangeness-free time-varying systems, the exponen-
tial stability is robust, but the asymptotic stability is not. Note that this remark does
not apply to time-invariant systems, for which the two stability notions are equiva-
lent.
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Remark 3.3 In [56], the robust stability of time-varying ODEs with respect to time-
varying perturbations was characterized in terms of differential Riccati equations.
In particular, the relation between the perturbation operator and the existence of so-
lutions to the Riccati equations was pointed out. A similar analysis for time-varying
DAEs would be of interest as well. However, this gives rise to differential-algebraic
Riccati equations, which may have a very complicated solution structure, see e.g.
[62, 65].

Remark 3.4 The robustness analysis for linear DAEs of index higher than one and
under general perturbations is essentially an open problem. The same is true for
the distances to the other important control properties such as controllability and
observability. The robustness of these concepts for linear DAEs with variable coef-
ficients presents a major challenge.

4 Discussion

In this paper we have surveyed recent results on the robustness of asymptotic and
exponential stability for linear time-invariant and time-varying DAEs. We have an-
alyzed robust stability and its distance measures, the real or complex structured
stability radius and presented formulas and various properties of the stability radii.
We have seen that the robustness analysis for DAEs is much more complicated than
that for ODEs. In general, results already known for ODEs now hold for DAEs
only under extra assumptions, mainly restricting the set of admissible perturbations.
DAE aspects also give rise to new robustness and distance problems. While for time-
invariant DAEs, most of the robustness and distance problems are well understood,
many problems for time-varying DAEs are still open. These and robustness analysis
for general nonlinear and/or high-index DAEs and time-delay DAEs are interesting
and challenging topics for future work.
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