
Chapter 2
Fluctuation Theory

2.1 Phenomenological Spin Fluctuation Model

Here, we discuss the phenomenological dynamical spin susceptibility χs
q(ω) in nearly

AF metals. We use the unit c = � = kB = 1 hereafter. This is the most important
physical quantity in such metals since it is the origin of various non-Fermi liquid
behaviors in HTSCs. The functional form of χs

q(ω) is given by [1–5]

χs
q(ω) =

∑

Q

χQ

1 + ξ2
AF(q − Q)2 − iω/ωsf

, (2.1)

where Q = (±π,±π) is the antiferromagnetic (AF) wavevector, and ξAF is the
AF correlation length. This is referred to as the Millis-Monien-Pines model [4].
These parameters can be obtained by using NMR/NQR spectroscopy and the neutron
diffraction measurement. In HTSCs above the pseudo-gap temperature T ∗, both χQ

and 1/ωsf are scaled by ξ2
AF as follows [6]:

ξ2
AF ≈ α0/(T + Θ), (2.2)

χQ ≈ α1 · ξ2
AF, 1/ωsf ≈ α2 · ξ2

AF, (2.3)

where Θ , α0, α1 and α2 are constants. Since χQωsf ∝ ξ0
AF in Eq. (2.3), the

dynamical exponent z is 2. Just above the superconducting transition temperature
Tc [7], ξAF ∼ 2 a in optimally-doped YBCO, whereas it exceeds 100 a in slightly
under-doped NCCO. (a is the unit-cell length; we put a = 1 hereafter.) The relation-
ship ωsf � T (ωsf � T ) is satisfied in the over-doped (under-doped) YBCO. Using
this phenomenological model, Tc is well reproduced by solving the strong-coupling
Eliashberg equation [3].

Theoretically, the relationships in Eqs. (2.2) and (2.3) are explained by the SCR
theory, due to both self-energy correction and vertex correction to the dynam-
ical susceptibility, referred to as the “mode-mode coupling effect” [8]. These
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16 2 Fluctuation Theory

relationships are also reproduced by the FLEX approximation [9–15], in which only
the mode-mode coupling effect due to the self-energy correction is considered: In the
FLEX approximation, χs

q(0) in the mean-field approximation (or RPA) is strongly
suppressed by the imaginary part of the self-energy. In pure 2D systems, TN is sup-
pressed to zero by the self-energy, so the Mermin-Wagner theorem is satisfied in the
FLEX approximation [16, 17]. Similar results are obtained by the SCR and FLEX
approximation.

2.2 Model Hamiltonian and FLEX Approximation

Here, we introduce the effective Hamiltonian of strongly correlated metals. It is
given by the kinetic term and the interaction term. The kinetic term is frequently
represented by the tight-binding model, given by the set of hopping integrals between
different Wannier functions. The interaction term is usually approximated as the
local Coulomb interaction, considering the screening effect. In many transition metal
oxides or heavy fermions, Fermi surfaces are composed of more than one d- or f -
orbitals. In the case of cuprate HTSCs, however, orbital degrees of freedom are
absent. The corresponding single-orbital Hubbard model is given as

H =
∑

kσ

ε0
kc†

kσckσ + U
∑

kk′q
c†

k+q↑c†
k′−q↓ck′↓ck↑, (2.4)

where U is the Coulomb interaction, and ε0
k is the spectrum of the conduction

electron. In a square lattice, ε0
k is given by

ε0
k = 2t0(cos kx + cos ky) + 4t1 cos kx cos ky + 2t2(cos 2kx + cos 2ky), (2.5)

where c†
kσ is the creation operator of an electron with momentum k and spin σ. We

represent the electron filling by n, and n = 1 corresponds to the half-filling. n is
smaller (larger) than unity in YBCO and LSCO (NCCO). To fit the band structures
given by the local density approximation (LDA) for YBCO [18], NCCO [19], and
LSCO [20, 21] and by the angle resolved photoemission (ARPES) experiments for
YBCO [22], NCCO [23, 24] and LSCO [25], we select the following set of parameters
[26, 27].

(I) YBCO (hole-doping) and NCCO (electron-doping):

t0 = −1, t1 = 1/6, and t2 = −1/5. (2.6)

(II) LSCO (hole-doping):

t0 = −1, t1 = 1/10, and t2 = −1/10. (2.7)
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The Fermi surfaces for YBCO and NCCO without interaction are shown in
Fig. 2.1a. The deformation of the Fermi surface in the presence of U has been dis-
cussed in Ref. [27]. Note that the Fermi surface in Bi2Sr2CaCu2O8 (BSCCO) is
similar to that in YBCO [28]. Since |t0| ∼ 4000 K in HTSCs, T = 0.1 in the present
study corresponds to 400 K.

In the RPA, the dynamical spin and charge susceptibilities are given by

χs(c),RPA
q (iωl) = χ00

q ·
{

1 − (+)Uχ00
q (iωl)

}−1
, (2.8)

χ00
q (iωl) = −T

∑

k,n

G0
q+k(iωl + iεn)G0

k(iεn), (2.9)

where G0
k(iεn) = (iεn + μ − ε0

k)−1 is the non-interaction Green function.
Using the complex integration, Eq. (2.9) is given as

χ00
q (iωl) =

∑

k

∫

C

dε

2πi
f (ε)

1

(ε − iωl + εk+q)(ε − εk)
, (2.10)

where f (ε) = (1 + eβε)−1, which has poles at ε = i(2n + 1)πT on the imaginary
axis, and the corresponding residue is −T . The complex integration path C is shown
in Fig. 2.2a. By changing the integration path to Fig. 2.2b, we have only to pick up
two residues at ε = εk and ε = −iωl + εk+q:
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Fig. 2.1 a The Fermi surfaces for YBCO (n < 1) and NCCO (n > 1). The location of the hot
spots and the cold spots are shown. In the FLEX approximation, the hot spot in YBCO shifts to
point B, by reflecting the large DOS at (π, 0). b Diagrammatic representation of the self-energy in
the one-loop (FLEX) approximation
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Fig. 2.2 a The complex
integration path C in the
complex ε plane. b A modified
complex integration path C ′

χ00
q (iωl) =

∑

k

{ − f (εk)

iωl + εk − εk+q
+ − f (−iωl + εk+q)

−iωl − εk + εk+q

}

=
∑

k

f (εk+q) − f (εk)

iωl + εk − εk+q
(2.11)

It is easy to verify that χ00
q (iωl) is a real function. However, it becomes a complex

function after the analytic continuation iωl(l > 0) → ω+iδ or iωl(l < 0) → ω−iδ.
By expanding χ00

q (iωl) ≈ χ00
Q (0)−b(q−Q)2+c|ωl |, we obtain χ

s(c),RPA
q (iωl) ≈

χ00
Q (0)[1 − Uχ00

Q (0) + Ub(q − Q)2 − Uc|ωl |]−1. After the analytic continuation

iωl(l > 0) → ωl + iδ, we obtain the MMP model in Eq. (2.1) with ξ2
AF = Ub/(1 −

αSt), ωsf = (1 − αSt)/Uc, and χQ = χ00
Q (0)/(1 − αSt), where αSt = Uχ00

Q (0) is
the Stoner factor. αSt is close to unity near AF-QCP.

In the FLEX approximation [9], the Green functions in Eq. (2.9) are replaced with
the Green functions with self-energy:

Gk(iεn) = (iεn + μ − ε0
k − Σk(iεn))−1, (2.12)

The FLEX is classified as a conserving approximation whose framework was con-
structed by Baym and Kadanoff [29] and by Baym [30]. For this reason, we can
calculate the CVC without ambiguity, by following the Ward identity Γ I = δΣ/δG.
Here, the Green function and the self-energy are given by

Σk(iεn) = T
∑

q,l

Gk−q(iεn − iωl) · Vq(iωl), (2.13)

Vq(iωl) = U 2
(

3

2
χs

q(iωl) + 1

2
χc

q(iωl) − χ0
q(iωl)

)
+ U , (2.14)

χs(c)
q (iωl) = χ0

q ·
{

1 − (+)Uχ0
q(iωl)

}−1
, (2.15)

χ0
q(iωl) = −T

∑

k,n

Gq+k(iωl + iεn)Gk(iεn), (2.16)
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where εn = (2n + 1)πT and ωl = 2lπT , respectively. The self-energy in Eq. (2.13)
is schematically shown by Fig. 2.1b. χ

s(c)
q (iωl) is the spin (charge) susceptibility,

and χ0
q(iωl) is the irreducible susceptibility. We solve the Eqs. (2.13)–(2.16) self-

consistently, choosing μ so as to satisfy n = T
∑

k,n Gk(iεn) · eiεn ·0+ .
The FLEX approximation is suitable for the analysis of nearly AF Fermi liquids.

Many authors have applied this approximation to the square-lattice Hubbard model
[9–12]. Although it is an approximation, the obtained results are in good agreement
with the results obtained from the quantum Monte Carlo simulations for a moderate
U [9]. The FLEX approximation has also been applied to the ladder compound
Sr14−x Cax Cu24O41 [13], organic κ-(BEDT-TTF) compounds [31–35], and various
extended Hubbard models [36].

Note that the FLEX approximation can not reproduce the pseudo-gap behaviors
below T ∗ ∼ 200K in slightly under-doped systems. In Chap. 6, we improve this
approximation by taking both spin and SC fluctuations into account (FLEX+T -
matrix approximation), and reproduce experimental pseudo-gap behaviors.

Figure 2.3 shows χs
q(ω = 0) given by the FLEX approximation, both for YBCO

(n = 0.85; optimum doping) at T = 0.02 and for NCCO (n = 1.20, slightly
over-doping) at T = 0.04, respectively [27]. In optimum YBCO, the Stoner factor
Uχ0

Q(0) ∼ 0.98 at T = 0.02, and the AF correlation length ξAF is approximately
2∼3 a (a denotes the lattice spacing). On the other hand, ξAF in NCCO (n = 1.20)
exceeds 10 a at T = 0.02. (The broadness of χ(q) in YBCO originates from the
closeness of the Fermi surface to the van-Hove singular point at (π, 0).) We stress
that, in both cases, χs

q(ω = 0) becomes incommensurate in the RPA, inconsistently
with neutron experiments. Therefore, the self-energy correction given by the FLEX
approximation is important to reproduce appropriate dynamical spin susceptibilities.
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Fig. 2.3 χ(q,ω = 0) for a YBCO (n = 0.85) at T = 0.02 and b for NCCO (n = 1.20) at
T = 0.04, given by the FLEX approximation. In YBCO, ξAF = 2a−3a, whereas ξAF for NCCO
exceeds ∼10a at T = 0.02. a is the lattice spacing [27]

http://dx.doi.org/10.1007/978-3-642-35365-9_2_6
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Fig. 2.4 Bethe-Salpeter equation for two-particle Green function L(k, k′). Γ I (k, k′) is the irre-
ducible four point vertex with respect to the particle-hole channel Gk′′+q Gk′′

We also stress that the NMR results are quantitatively reproducible in the FLEX
approximation.1

In the FLEX approximation, the Mermin-Wagner theorem is satisfied as proved in
Appendix A of Ref. [16, 17]. Hence, the critical region (Uχ0

Q(0) � 0.99) is stable in

2D systems since the SDW order (Uχ0
Q(0) = 1) is prevented by the Mermin-Wagner

theorem. That is, Ucr = ∞ in 2D systems.
In the next stage, we derive the two-particle Green function L(k, k′), by which

transport coefficients are represented in the linear response theory. According to the
microscopic Fermi liquid theory [37, 38], L(k, k′) can be obtained by the solution
of the following Bethe-Salpeter equation:

L(k, k′; q) = −Gk+q Gkδk,k′/T − Gk+q GkΓ (k, k′; q)Gk′+q Gk′

= −Gk+q Gkδk,k′/T

− T
∑

k′′
Gk+q GkΓ

I (k, k′′; q)Gk′′+q Gk′′ L(k′′, k′; q), (2.17)

which is expressed by Fig. 2.4. Here k = (k, iεn), Γ (k, k′; q) is the full four-point
vertex, and Γ I (k, k′; q) is the irreducible four-point vertex. In the conserving approx-
imation (like the FLEX approximation), it is given by the Fourier transformation of

the Ward identity in real space; Γ̂ I = δΣ̂/δĜ. Then, transport coefficient obtained
by L(k, k′) automatically satisfies conservation laws, proved in Refs. [29, 30]. This is
a great advantage of the conserving approximation for the study of transport phenom-
ena. In the FLEX approximation, irreducible four-point vertex is given in Eq. (5.1)
in Sect. 5.1.

2.3 Hot/Cold-Spot Structure and T -Linear Resistivity
in Nearly AF Metals

One of the important aspects in nearly AF Fermi liquids is the “hot/cold-spot struc-
ture” of the quasiparticle damping rate, γk = ImΣk(−iδ) [3, 5, 9, 39–41]. That is,
γk becomes anisotropic in the presence of AF fluctuations. Note that τk = �/2γk,

1 I calculated the 1/T1T of Cu nuclei for n = 0.85 using the FLEX approximation. I used Eq. (2.12)
in Ref. [4] by correcting misprints, assuming that A⊥ = B = 3.3 × 10−7 eV. The obtained 1/T1T
under H ⊥ ĉ is 1–2 (m/s) at ∼200 K, which is consistent with experiments.

http://dx.doi.org/10.1007/978-3-642-35365-9_2_5
http://dx.doi.org/10.1007/978-3-642-35365-9_2_5
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and we put � = 1 in the textbook. The portions of the Fermi surface at which γk takes
the maximum and minimum values are referred to as hot spots and cold spots, respec-
tively [5, 41]. According to the spin fluctuation theory, the hot spots usually exist
around the crossing points with the AF Brillouin zone (AFBZ)-boundary, whereas
the cold spot is at the points where the distance from the AFBZ-boundary is the
largest. Their positions are shown in Fig. 2.1a. The electronic states around the cold
spots play the major role for various transport phenomena. Note that the hot spot in
YBCO shifts to the Brillouin zone boundary (point B), by reflecting the large DOS
at (π, 0).

Figure 2.5 shows the k-dependence of γk on the Fermi surface given by the FLEX
approximation [27]. In YBCO, the hot spot moves to the BZ-boundary [point B]
in Fig. 2.1a, by reflecting the large DOS at the van-Hove singularity point (π, 0).
Therefore, the spectral weight at the Fermi energy, ρk(ω) = γk/((ω+μ−εk)2 +γ2

k)

at ω = 0, is strongly reduced around (π, 0) due to large γhot, consistently with the
ARPES experiments [42]. In NCCO, in contrast, the hot and cold spots are located
at point C and B, respectively. The location of the cold spot in NCCO was first
predicted by the FLEX approximation in Ref. [27] in 1999, and it was later confirmed
by ARPES [23, 24]. According to the spin fluctuation theories [5], γhot ∝ √

T , and
γcold ∝ T except that ξAF 
 (Δkc)

−1;Δkc is shown in Fig. 2.1a.
The critical value of U for a spin density wave (SDW) transition in the RPA (i.e.,

the mean-field approximation) is U RTA
cr ∼ 2.3 in LSCO (n = 0.9). In YBCO and

NCCO, U RTA
cr ∼ 3.5 for both YBCO (n = 0.9) and NCCO (n = 1.1), since the

nesting is not good due to the large next-nearest and third-nearest hopping integrals
(t1 and t2). In YBCO, the dimensionless coupling constant U N (0) is large, since
the van-Hove singular point is close to the Fermi level. Here, N (0) is the DOS at
the Fermi level. Therefore, ImΣk(0) takes a large value, which significantly reduces
the interacting DOS at (π, 0) as well as χs

q(0) at q = (π,π) [27]. This effect is
smaller in NCCO since the saddle point is far below the Fermi level. For this reason,
ξAF for NCCO is much larger than that for YBCO in the FLEX approximation,
consistently with experiments.
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Fig. 2.5 The k-dependence of γk on the Fermi surface at various temperatures given by the FLEX
approximation. The cold spot in YBCO (NCCO) is point A (B)
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The real-frequency Green function is given by the analytic continuation of Gk(iεn)

in Eq. (2.12). In a Fermi liquid, the advanced (retarded) Green function G A(R)
k (ε) =

Gk(ε − (+)iδ) for ε ∼ 0 and |k| ∼ kF is represented as

G A(R)
k (ε) = zk/(ε − E∗

k − (+)iγ∗
k), (2.18)

Ek = ε0
k + Σk(0) − μ, E∗

k = zk Ek, (2.19)

γk = ImΣ A
k (0), γ∗

k = zkγk, (2.20)

where zk is the renormalization factor zk = 1/(1 − ∂ReΣk(ε)/∂ε)ε=0 and E∗
k is

the renormalized quasi-particle spectrum, which is the solution of ReG−1
k (E∗

k) = 0.
The quasiparticle spectrum is given by

ρk(ε) = 1

π
ImG A

k (ε). (2.21)

The DOS is expressed as N (ε) = ∑
k ρk(ε). In the case of zkγk � μ,

ρk(ε) = zkδ(ε − E∗
k) (2.22)

for ε ≈ 0.
In the FLEX approximation, γk is given by the analytic continuation of Eq. (2.13):

γk = 1

2

∑

q

∫
dε

[
cth

ε

2T
− th

ε

2T

]
ImVq(ε + iδ)ρk+q(ε) (2.23)

where Vq(ω + iδ) is given by the analytic continuation of Eq. (2.14). Using the spin
fluctuation model in Eq. (2.1), ImVq(0) in Eq. (2.23) is replaced with (3U 2/2)Imχs

q

(ω) = (3U 2/2)ωχQωsf/(ω
2
q + ω2), where ωq = ωsf + ωsfξ

2
AF(q − Q)2. According

to Refs. [5, 27], Eq. (2.23) is approximately transformed to

γk ≈ 3U 2

4π

∫

FS

dk′‖
vk′

χQωsf
(πT )2

4ωk−k′(ωk−k′ + πT/2)
, (2.24)

so γk at the hot spot in 2D systems is given by [5]:

γhot ∝ T ξAF for πT/2ωsf 
 1 (2.25)

γhot ∝ T 2ξ3
AF for πT/2ωsf � 1. (2.26)

Since ξ2
AF ∝ T −1, γhot ∝ √

T for any value of ωsf/T : This result is recognized in
the numerical study in Fig. 2.5. Also, γcold in 2D systems is obtained as [5]:
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γcold ∝ T for πT/2ωsf ∼ (ξAFΔkc)
2, (2.27)

γcold ∝ T 2 for πT/2ωsf � (ξAFΔkc)
2. (2.28)

According to Eqs. (2.2) and (2.3), πT/2ωsf is constant if Θ ≈ 0, and it is of order
unity in optimally-doped HTSCs. Therefore, γcold ∝ T when ξAFΔkc ∼ O(1), and
γcold ∝ T 2 when ξAFΔkc 
 1: Δkc represents the “deviation from the nesting
condition at the cold spot” shown in Fig. 2.1. Note that the measure part of the Fermi
surface becomes cold when ξAFΔkc 
 1.

Now, we consider the T -dependence of resistivity by dropping the CVC. In the
SCR theory [39], the resistivity is derived from the Born approximation ρ ∝ 〈γk〉FS ≡∑

k γkρk(0). In the case of ωsf 
 T , Eq. (2.24) is simplified as

γk ≈
∑

q

(πT )2

2
ImV̇q(0)ρk+q(0), (2.29)

where V̇q(0) = dVq(ω + iδ)/dω|ω=0. Using Eqs. (2.1) and (2.29), the resistivity is
given as [39, 43]

ρSCR ∝ 〈γk〉FS

∝ T 2
∑

q

ImV̇q(0)
∑

k

ρk(0)ρk+q(0)

∝ T 2ξ4−d
AF , (2.30)

where d is the dimension of the system. In deriving Eq. (2.30), we utilized the fact
that the q-dependence of Imχ̇0

q(0) = (π/2)
∑

k ρk(0)ρk+q(0) is moderate. Since

ξAF ∝ √
χQ ∝ T −0.5 near the AF-QCP [39] ,ρSCR is proportional to T d/2 (d = 2, 3).

Note that the Fermi liquid behavior ρSCR ∝ T 2 is recovered when ξAF =constant
away from the AF-QCP, like in over-doped systems at low temperatures.

However, Eq. (2.30) would be appropriate only when γk is moderately anisotropic
[41, 44]: According to the linear response theory, the correct resistivity is give by

ρ ∝ 1/〈γ−1
k v2

kx 〉FS ∼ γcold. (2.31)

According to Eqs. (2.27) and (2.28), T -linear behavior of ρ would be realized for
ξAFΔkc ∼ O(1) (moderately anisotropic γk case). This would be the case of opti-
mally doped or slightly under-doped YBCO and LSCO. On the other hand, ρ ∝ T 2

for ξAFΔkc 
 1 (highly anisotropic γk case), since the dominant part of the Fermi
surface becomes the cold spot.

In Sect. 5.2, we will calculate the resistivity using the FLEX approximation
including the CVC. The obtained ρ follows an approximate T -linear behavior
in under-doped LSCO and NCCO, and it shows a T 2-like behavior in the over-doped
NCCO. As for the resistivity, the CVC is quantitatively important.

http://dx.doi.org/10.1007/978-3-642-35365-9_2_5
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In real systems with finite randomness, impurity scattering rate γimp, which gives
the residual resistivity, dominates the elastic scattering rate γk at sufficiently low
temperatures. In this case, the “T 2-resistivity in the close vicinity of the AF-QCP”
is not observed: In fact, for γimp 
 γk, Eq. (2.31) is given by

ρ ∝ 1/〈(γk + γimp)
−1〉FS ∝ γimp + 〈γk〉FS. (2.32)

Therefore, according to Eq. (2.30), ρ = ρ0+aT d/2 (d = 2, 3) holds near the AF-QCP
in the presence of impurities. In most cases, a > 0 is assured even if the CVC is
taken into account. (a = 0 is realized only in a special case where the Fermi surface
is completely isotropic and the Umklapp process is absent; see Sect. 3.2.)

2.4 Validity of the Spin Fluctuation Theories

In Sect. 2.2, we explained that the FLEX approximation explains characteristic elec-
tronic properties in optimally-doped HTSC. For example, it can reproduce exper-
imental behavior of the dynamical spin susceptibility χs

q(ω), which is given in
Eq. (2.1). Experimentally, AF correlation starts to increase below T0 ∼ 600 K. Using
the obtained χs

q(ω), both the damping rate γk and CVC are appropriately calcu-
lated. For example, the hot/cold spot structure of γk (Fig. 2.1a) is reproduced well
for both hole-doped and electron-doped systems, and the anomalous transport are
well reproduced. These facts assure the validity of the FLEX approximation.

Now, we discuss the “weak pseudo-gap behavior” below T0: Below T0, the AF
fluctuations suppress the DOS [45–48], Knight shift [49–51] and uniform suscepti-
bility [52, 53]. The weak pseudo-gap in the DOS is shallow and wide in energy. The
obtained weak pseudo-gap behaviors in the FLEX approximation are too moderate,
after the self-consistent determination of the self-energy and Green function. In fact,
a large weak pseudo-gap in the DOS is reproduced at the first iteration stage of the
FLEX. Similar tendency is reported in the GW approximation: This is a first prin-
ciple calculation for the self-energy, which is given by the convolution of the Green
function G and the screened interaction W within the RPA. Although the descrip-
tions of the bandwidth reduction and satellite structure in the quasiparticle spectrum
are satisfactory in a partially self-consistent GW method, they are smeared out in
the fully self-consistent GW due to strong feedback effect [54–56]. Mathematically,
this too strong feedback effect should be canceled by the vertex correction in the
self-energy.

Therefore, to produce a weak pseudo-gap, it is better to apply the (i) fully self-
consistent calculation with vertex corrections or (ii) partially (or no) self-consistent
calculation. Along the lines of method (i), Schmalian and Pines calculated the
self-energy with all the vertex corrections in the (k, k + Q) model by applying a
high-temperature approximation [57, 58]. Using a similar technique, the pseudo-
gap due to strong SC fluctuations had been calculated [59]. It is noteworthy that the

http://dx.doi.org/10.1007/978-3-642-35365-9_2_3
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fourth-order-perturbation theory with respect to U well reproduces the weak pseudo-
gap since the vertex corrections for the self-energy are considered [60]. This method
also reproduces the difference of Tc between YBCO and LSCO [61, 62], and the
p-wave SC state in Sr2RuO4 [63, 64].

Along the lines of method (ii), Vilk and Tremblay proposed a two-particle self-
consistent (TPSC) method [65], where full self-consistency is not imposed on the
self-energy. Therein, the renormalized spin susceptibility is given by the RPA, by
using the effective Coulomb interaction Ueff (< U ) that is determined so as to satisfy
the sum rule for the susceptibility. This philosophy has been applied to extend the
dynamical mean field theory (DMFT) by including self-energy correction due to
spin fluctuations [66, 67]. These theories can explain the weak pseudo-gap in the
DOS. However, they are not suitable for the study of the transport phenomena since
the conservation laws are not satisfied. To calculate the transport phenomena with
satisfying the conservation laws, the FLEX approximation is very useful.
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