Chapter 2
Credibilistic Programming

The decision analysis with fuzzy objective or fuzzy constraints is natural in some
real-world applications, and sometimes such analysis seems to be inevitable. Cred-
ibilistic programming is a type of mathematical programming for handling the
fuzzy decision problems. In the past years, researchers have proposed various ef-
ficient modeling approaches based on different fuzzy ranking criteria. For exam-
ple, Liu and Liu (2002) introduced a concept of expected value operator and then
provided a spectrum of expected value model to maximize the average objective
under certain expected constraints. Liu and Iwamura (1998a,b) introduced a max-
imax chance-constrained programming model, and Liu (1998) provided a max-
imin chance-constrained programming model, which respectively maximizes the
optimistic objective and pessimistic objective under certain credibility constraints.
Based on the concepts of fuzzy entropy, Li et al. (2011) formulated an entropy opti-
mization model, which was extended by Qin et al. (2009) to the cross-entropy min-
imization model. Recently, Li et al. (2012) introduced a regret minimization model
to minimize the distance between the fuzzy objective values and the best values.

This chapter mainly provides a general description on nonlinear programming,
multi-objective programming, and credibilistic programming. In addition, a brief
introduction on the solution methods will also be given, including the Kuhn-Tucker
conditions and genetic algorithm.

2.1 Mathematical Programming

As one of the most widely used technique in operations research, mathematical
programming is defined as a means of maximizing a quantity known as objective
function, subject to a set of constraints. It is impossible that this section covers
all concepts of mathematical programming. Therefore, this section only introduces
some basic concepts and techniques such that readers can gain an understanding of
them throughout the book.
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32 2 Credibilistic Programming

2.1.1 Single-Objective Programming

In mathematical terms, the general form of a single-objective programming can be
written as follows:

ma X
x  f(x) ' @1
st. gi(x)<0, i=1,2,...,n
where x = (x1, x2, ..., X;) is the decision vector, the first line defines the objective

function to be maximized, and the second line defines the inequality constraints.

Definition 2.1 For the single-objective programming model (2.1), the set
S={xeR"|gi(x)<0,i=12,...,n} (2.2)
is called the feasible set. An element x in S is called a feasible solution.

Definition 2.2 For the single-objective programming model (2.1), a feasible solu-
tion x* is called the local optimal solution if and only if there is a real number & > 0
such that

f(x*) = fx) 2.3)

for all feasible solution x with ||x — x*|| < &.

Definition 2.3 For the single-objective programming model (2.1), a feasible solu-
tion x* is called the global optimal solution if and only if

f(x*) = fx) (2.4)

for all feasible solution x € S.

Remark 2.1 Note that a global optimal solution must be a local optimal solution,
but a local optimal solution may be not a global optimal solution.

Example 2.1 In order to illustrate the concepts of feasible solution, local optimal
solution, and global optimal solution, we consider the following single-objective
programming problem

max max{(x — D2 —x), 1 —x?, —(x + D(x +2)}
st. (x+2)(x—2)<0.

It is easy to prove that the feasible set is a closed interval S = [—2, 2]. There are
three local optimal solutions x; = —1.5, xo =0, x3 = 1.5, among which x; =0 is
the global optimal solution. See Fig. 2.1.
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Fig. 2.1 Local optimal f(x)
solution and global optimal ’
solution

One of the most outstanding contributions to mathematical programming is
known as the Kuhn-Tucker conditions. In order to introduce them, we first give
some definitions. An inequality constraint g; < 0 is said to be active at a point x
if gi(x) = 0. A feasible point x is said to be regular if the gradient vector v g;(x)
of all active constraints are linearly independent.

Suppose that x* is a regular point of the single-objective programming model
(2.1), and all the functions f and g;, i = 1,2,...,n are differentiable. If x* is a
local optimal solution, then there exist Lagrangian multipliers A;, i = 1,2,...,n
such that the following Kuhn-Tucker conditions hold,

n
VLN =Y higi(x¥) =0

i=1 (2.5)
Aigi(x*)=0, i=1,2,...,n
W>0, i=1,2,....n

Furthermore, if functions g;,i =1, 2, ..., n are all convex and the objective function
f is concave, then a regular point x* is the global optimal solution if and only if it
satisfies the Kuhn-Tucker conditions.

Example 2.2 In this example, we apply the Kuhn-Tucker conditions to solve the
following single-objective programming problem

2 2 2
max —X] — Xy — )C3

st. 1—x;1—x—x3<0
x1,x2,x3>0.

It is clear that the objective function f = —xf - x% - x32 is differentiable and con-
cave, and the constraint function g = 1 — x1 — xp — x3 is differentiable and convex.
Therefore, a point is the global optimal solution if and only if it satisfies the Kuhn-
Tucker conditions

—2xi+A=0, i=1,2,3
AMl—x1—x2—2x3)=0
A>0
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where A is the Lagrangian multiplier. According to the inequality constraint, there
is at least one index i such that x; > 0, which implies that » > 0 and

X1 +x2+x3=1.

Taking x; = A/2 into this equation, it is solved that the global optimal solution is
x1 =xp = x3 = 1/3, and the Lagrangian multiplier is A =2/3.

2.1.2 Multi-Objective Programming

In multi-objective programming, also known as multi-attribute programming or
multi-criteria programming, we attempt to simultaneously maximize two or more
conflicting objectives subject to certain constraints, which is formulated as follows,

{max [f1(0), o). ..., fp(xX)]

2.6
st. gi(x)<0, i=1,2,...,n. (2.6)

Similarly, the set S = {x e X" | gi(x) <0, i =1,2,...,n} is called the feasible
set, and each element x of S is called a feasible solution.

For a nontrivial multi-objective programming problem, one cannot identify a so-
lution that simultaneously maximizes all objectives. If the decision-maker has a real
preference function which aggregates all the objectives, then we may maximize the
preference function under the same set of constraints. The obtained single-objective
programming model is called a compromise model whose solution is called a com-
promise solution.

The first well-known compromise model is formulated to maximize the linearly
weighted objective function

p
max Zkifi (x)
i=1

s.t. gi(x)<0, i=1,2,...,n

2.7)

where A1, A2, ..., A, are nonnegative real numbers, which denote the preferences
of the decision-maker on different objectives. Taking a two-objective programming
model for example, if the first objective is more important than the second one, we
set A1 > Ap. Otherwise, we set A; < Ao.

The second way is formulated to minimize the distance between the objective
vector and an ideal vector ( fl*, fz*, o f [’f), where fl* is the maximum value for
the ith objective without considering other objectives. If the Euclidean distance is
used, we have

14
min | Y (i) - £
i=1

s.t. gi(x)<0, i=1,2,...,n.

2.8)
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Table 2.1 Database for

notebook computer selection ~ Candidate  Price (RMB)  Weight (kg) ~ Size (inch)
X 6730 22 15.4
X 6980 22 15.4
x3 9200 13 12.1
x4 13000 22 12.1

The term of Pareto optimality and the related terms of Pareto dominance, Pareto
solution, and Pareto set are the most basic concepts in multi-objective programming
theory (Ehrgott 2000; Farina and Amato 2004; Li and Wong 2009; Pierro et al. 2007)
and algorithms (Chou et al. 2008; Delgado et al. 2008; Ewald et al. 2008; Hung et al.
2008; Tan et al. 2005; Zou et al. 2008). Roughly speaking, Pareto optimality means
that when we attempt to improve an objective further, other objectives suffer as a
result.

Definition 2.4 For any feasible solutions x, y € S, x is said to Pareto dominate y
if and only if

(@) fix)=> fi(y)forallie{l1,2,...,p};
(b) fj(x)> f;(y) for at least one index j € {1,2,..., p}.

Definition 2.5 A feasible solution x is said to be a Pareto solution if there is no
feasible solution y which Pareto dominates x. The set of all Pareto solutions is
called the Pareto set.

Example 2.3 Suppose that we would like to select a cheap, light and small notebook
computer from the candidates {xy, x3, x3, x4}. The detailed data about each candi-
date is shown in Table 2.1. It is easy to prove that x| and x3 are Pareto solutions.
Note that x, is not a Pareto solution since it is dominated by x;, and x4 is not a
Pareto solution since it is dominated by x3.

Remark 2.2 The global optimal solution x* of compromise model (2.7) must be a
Pareto solution. Otherwise, according to Definition 2.5, there is a feasible solution
x such that f;j(x) > fi(x*) foralli =1, 2, ..., p, and the strict inequality holds for
at least one index. Then it is easy to prove that

p 14
D onifix) >y i fi(x¥),
i=1 i=1

which is in contradiction with the fact that x* is the global optimal solution. Sim-
ilarly, we can prove that the global optimal solution of compromise model (2.8) is
also a Pareto solution.
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2.2 Credibilistic Programming

Fuzzy programming is the mathematical programming in fuzzy environment, that
is, the objective function f or constraint functions g;,i = 1,2, ..., n contain fuzzy
parameters. Assume that x is a decision vector, and & is a fuzzy vector, then the
general fuzzy programming model can be written as

{ max f(x,§) . 2.9)
st. gi(x,8&) <0, i=1,2,...,n.
Example 2.4 In this example, we consider the portfolio selection problem. The term
portfolio refers to any collection of financial assets such as stocks, bonds, and cash.
Portfolio may be held by individual investors or managed by financial professionals,
banks and other financial institutions.

Assume that there are m stocks, and we use &; to denote the return of the ith stock.
In general, & is given as (p; 4+ d; — p;)/p; where p; is the closing price at present,
p; is the closing price in the next year, and d; is the dividend during the coming
year. Note that the values of p! and d; in a future time period are clearly unknown
at present. If they are estimated as fuzzy quantities, then &; is a fuzzy variable.
Furthermore, for each portfolio (xy, x3, ..., x;), where x; denotes the proportion of
the total capital invested in stock i, the total return

f(x7$):§1xl +&xp+ -+ &y

is also a fuzzy variable. In this case, if the investor would like to maximize the total
return, we get the following fuzzy programming model

max  &1xy +&xo+ -+ Enxny
st. x1+x2+--4x,=1 (2.10)
x>0, i=12,....,m

where the first constraint implies that all the capital will be invested to the m stocks,
and the next set of constraints implies that short sale and borrowing are not allowed.

Generally speaking, it is meaningless to maximize a fuzzy objective since there
is not a natural ordership in fuzzy world. Therefore, we need to define a credibilistic
mapping from the collection of fuzzy variables to the set of real numbers, such that
we can rank fuzzy variables according to the natural ordership of real numbers. For
the fuzzy programming model (2.9), if the credibilistic mappings U, Uy, Ua, ..., U,
are taken, we get the following model

max U[f(x,§)]

2.11
st. Ui[gi(x,§)] =<0, i=12,...,n. 11

Note that (2.11) is a crisp nonlinear programming model since the objective function
and constraints are both well defined. In what follows, we will call it a credibilis-
tic programming model. The following chapters will introduce some mainly used
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credibilistic mappings including the expected value operator, optimistic value, pes-
simistic value, entropy, cross-entropy, and distance.

Definition 2.6 For the credibilistic programming model (2.11), the set
S={xeR"|Uigi(x,8§]<0,i=12...,n} (2.12)
is called the feasible set. An element x in S is called a feasible solution.

Definition 2.7 For the credibilistic programming model (2.11), a feasible solution
x* is called the local optimal solution if and only if there is a real number ¢ > 0
such that

U[f(x*,8)]=U[f(x,8)] (2.13)

for all feasible solution x with ||x — x*|| < &.

Definition 2.8 For the credibilistic programming model (2.11), a feasible solution
x* is called the global optimal solution if and only if

ULf(x*.§)]=U[f(x,8)] (2.14)

for all feasible solution x € S.

If there are multiple objective functions f1, f2, ..., fp, we can define the follow-
ing multi-objective credibilistic programming model,

max [U[fi(x.8)]. U[f2(x.8)]..... U[fp(x.8)]] .15
st. Ui[gi(x,8)]=<0, i=12,...,n ’
Definition 2.9 For any feasible solutions x, y € S, x is said to Pareto dominate y
if and only if

(@ Ulfi(x, )1 = Ulfi(y, &) foralli e{l,2,...,m};
(b) Ulfj(x,8)]>U[f;(y,&)] for at least one index j € {1,2,...,m}.

Definition 2.10 A feasible solution x is said to be a Pareto solution for the multi-
objective credibilistic programming model (2.15) if there is no feasible solution y
which Pareto dominates x. The set of all Pareto solutions is called the Pareto set.

Example 2.5 Let us reconsider the portfolio selection problem. Suppose that there
are three stocks and the returns are independent triangular fuzzy variables & =
0,3,6),& =(2,3,4),and &3 = (—1, 0, 1). See Fig. 2.2.

It is clear that the second stock has a better return than the third stock since it
follows from the credibility inversion theorem that Cr{&; > &3} = 1. However, it is
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Fig. 2.2 Credibility
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difficult to compare the returns arising from the second stock and the first stock.
As a result, if we take portfolios x = (1,0,0) and y = (0, 1, 0), it is difficult to
decide which one is better. In fact, it follows form the independence that fuzzy
vector (£1,&>) has a joint credibility function v = v; A v2. Then according to the
credibility inversion theorem, event {§] > &>} has a credibility

Cr{é; = &) =1— sup v(xy,x2)

X1 <x2

=1— sup (vi(x1) Av2(x2))

x1<3,x=3

=0.5,
and event {& > &1} has a credibility

Crig&z =&} =1— sup (vi(x)) Ava(x2)) =0.5.

x2<3,x1=3

If there is a credibilistic mapping such that U (§) = a for each triangular fuzzy
variable & = (a, b, ¢), then the credibilistic programming model is

max 2x, — x3
st. x1+x2+x3=1

X1, x2,x3>0.

It is easy to calculate that the optimal portfolio is x* = (0, 1, 0). If there is another
credibilistic mapping which takes value ¢ for each triangular fuzzy variable & =
(a, b, c), we have the following credibilistic programming model

max 6x; + 4xy + x3
st. x1+x2+x3=1

X1, x2,x3>0.

In this case, the optimal portfolio is x* = (1, 0, 0).
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2.3 Genetic Algorithm

For a general credibilistic programming model, if the credibilistic mappings have
analytical expressions and the objective and constraint functions have good math-
ematical properties, such as differentiability and convexity, we can design efficient
solution algorithms by using the Kuhn-Tucker conditions. However, the credibilis-
tic mappings generally have no analytical expressions or the expressions have bad
properties. In this case, we can try to obtain suboptimal solution by using the genetic
algorithm.

Genetic algorithm is a stochastic search method for optimization problems based
on the mechanics of natural selection and natural genetics, i.e., survival of the fittest,
which has been well-documented in the literatures, such as in Holland (1975), Gold-
berg (1989), Michalewicz (1996), Koza (1992, 1994), and so on. In the past decades,
genetic algorithm has obtained considerable success in providing satisfactory solu-
tions to many complex optimization problems and received more and more atten-
tions. This section introduces the basic steps for genetic algorithm including repre-
sentation structure, initialization, evaluation function, selection process, crossover
operation, and mutation operation. At the end of this section, a general procedure of
the genetic algorithm is also given.

2.3.1 Representation Structure

The first problem for genetic algorithm is how to construct a one to one mapping
between the solution space and the chromosome space such that the following op-
erations such as crossover and mutation, can be simplified. The mapping from the
solution space to the chromosome space is called encoding, and the mapping from
the chromosome space to the solution space is called decoding.

The representation of solution is generally problem dependent, while binary en-
coding and floating encoding are two mainly used representation structures. Taking
the floating encoding for example, let x = (xy, x2, ..., Xx;;) be a solution vector in
the solution space satisfying

x1+x2+- - Fx,=1
{szO,2 i=1,2l,n...,m. (2.16)
We may encode the solution by a chromosome v = (vy, v2, ..., Uy,) satisfying
v; >0, i=1,2,...,m. 2.17)
Then the encoding and decoding processes are determined by the equations
x Ul i=1,2,....m. (2.18)

Cuitvte o
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2.3.2 Initialization

Define an integer pop-size as the size of population, which generally depends on the
nature of the problem. Randomly generate pop-size chromosomes for the initialized
population. Usually, it is difficult to produce feasible chromosomes explicitly for
complex optimization problems with irregular feasible set. However, if the decision-
maker can predetermine a region with regular sharp which contains the optimal
solution, we may initialize the population in the regular field.

We generate a random point from the region and check its feasibility. If it is
feasible, then it will be accepted as a chromosome. If not, we regenerate a point ran-
domly until a feasible one is obtained. We repeat this procedure pop-size times, and
generate the first population. The initialization process is summarized as follows.

Algorithm 2.1 (Initialization Process)

Step 1. Seti=1.

Step 2. Randomly generate a chromosome from the predetermined region.
Step 3. Ifitis feasible, set i =i + 1. Otherwise, go to step 2.

Step 4. If i < pop-size, go to step 2.

Step 5. Return the initialized population v;, i = 1,2, ..., pop-size.

2.3.3 Evaluation Function

Evaluation function assigns each chromosome a probability of reproduction so that
its likelihood of being selected is proportional to its fitness relative to the other
chromosomes in the population. That is, the chromosomes with higher fitness will
have more chance to produce offspring.

Assume that the decision-maker can give an order relationship among these
pop-size chromosomes such that they are rearranged from good to bad. For example,
for a single-objective programming problem, a chromosome with a larger objective
value is better, while for a multi-objective programming problem, a chromosome
with a larger aggregating preference function is better. One well-known evaluation
function is based on allocation of reproductive trials according to rank rather than
actual objective values. For each « € (0, 1), we define the rank-based evaluation
function as follows,

Eval(v;) = a(l — ot)i_l, i=1,2,..., pop-size. (2.19)
Note that vy is the best chromosome, and V)-size is the worst one.

Algorithm 2.2 (Evaluation Process)

Step 1. Initialize a real number « € (0, 1).
Step 2. Calculate the objective values f; for all chromosomes.



2.3 Genetic Algorithm 41

Step 3. Reorder these chromosomes according to their objective values.
Step 4. Seti=1.
Step 5. Calculate the evaluation value for the ith chromosome

Eval(vi)) =a(l —a) L.

Step 6. If i < pop-size, seti =i + 1, and goto step 5.

2.3.4 Selection Process

During each successive generation, a proportion of the existing population is se-
lected to breed a new generation. The selection process is based on spinning the
roulette wheel pop-size times, and selecting a single chromosome at each time. The
roulette wheel is a fitness-proportional selection, where fitter chromosomes (as mea-
sured by the objective value) are typically more likely to be selected. The selection
process is summarized as follows.

Algorithm 2.3 (Selection Process)

Step 1. Calculate the reproduction probability ¢; for each chromosome v;,
i
q0=0, g¢qi= ZEval(Vj), i=1,2,...,pop-size.
j=1

Step 2. Generate a random number 7 in (0, gpop-size]-

Step 3. Select the chromosome v; such that ;1 <r <g;.

Step 4. Repeat the second and third steps pop-size times and obtain pop-size chro-
mosomes.

2.3.5 Crossover Operation

Crossover is one of the mainly used operations for generating a second population.
First, we define a parameter P. to denote the probability of crossover. Then we
randomly select some chromosomes as parents from the pool selected previously.
Repeat the following process pop-size times: generate a random number r from
[0, 1], and select the chromosome v; if ¥ < p.. Note that not all chromosomes can
be selected, and different chromosomes have the equal chance to be selected. Denote
the selected parents by uy, up, us, ..., u. and divide them into the following pairs:

(up,w2), (uz,uy), (us,ug),



42 2 Credibilistic Programming

Let us illustrate the crossover operation by the first pair (uy, up). Generate a random
number A from the open interval (0, 1), then the crossover operator on u; and up
will produce two children x and y as follows:

x=Au; + (1 — Muy, y= (1 —A)u; + ruy.

We check the feasibility for each child before accepting it. If both children are fea-
sible, then we replace the parents with them. If not, we keep the feasible one if it
exists, and then redo the crossover operator until two feasible children are obtained
or a number of cycles is finished.

Algorithm 2.4 (Crossover Operation)

Step 1. Initialize a crossover probability P, and seti = 1.

Step 2. Generate a random number r from [0, 1].

Step 3. If r < P, select chromosome v; as the parent, and seti =i + 1.
Step 4. If i < pop-size, go to step 2.

Step 5. Denote the selected parents by uy, up, us, ..., u., and set j = 1.
Step 6. Generate a random number A from (0, 1), and produce two children

x=Au; + (I —A)uj4q, y=0—-Mu; +2ru;qq.

Redo this operation until two feasible children are obtained or a number of
cycles is finished.

Step 7. Replace the parents with the feasible children, and set j = j + 2.

Step 8. If j <c, goto step 6.

2.3.6 Mutation Operation

Mutation is another operation for updating the chromosomes. We define a parameter
P,, to denote the probability of mutation, and randomly select some chromosomes
as parents in a similar way to the process of selecting parents for crossover.

For each selected parent v, we mutate it in the following way. Let A be an ap-
proximate large positive number, and let d be a mutation direction. If v 4 Ad is not
feasible, then we randomly decrease the value of A until it is feasible. If the above
process cannot find a feasible solution in a predetermined number of iterations, we
set A = 0. Anyway, we replace the parent chromosome v with its child v + Ad. The
mutation operation is summarized as follows.

Algorithm 2.5 (Mutation Operation)

Step 1. Initialize a mutation probability P,,, and seti = 1.

Step 2. Generate a random number r from [0, 1].

Step 3. If r < P,,, generate a mutation direction d and a parameter A such that
v; + Ad is a feasible chromosome. Replace v; with v; + Ad.

Step 4. Seti =i+ 1.

Step 5. If i < pop-size, go to step 2.
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2.3.7 General Procedure

Following selection, crossover and mutation operations, a new population is gener-
ated. Genetic algorithm will terminate after a given number of cyclic iterations of
the above steps. We now summarize the general procedure for genetic algorithm as
follows.

Algorithm 2.6 (Genetic Algorithm)

Step 1. Randomly Initialize pop-size chromosomes.

Step 2. Calculate the objective values for all chromosomes.

Step 3. Evaluate the fitness of each chromosome via the objective values.
Step 4. Select the chromosomes by spinning the roulette wheel.

Step 5. Update the chromosomes by using crossover and mutation.

Step 6. Repeat the second to fifth steps for a given number of cycles.
Step 7. Report the best found chromosome as the suboptimal solution.
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