Chapter 2
Higher Order Ordinary Differential Equations

In this chapter, we begin by solving homogeneous linear ordinary differential equa-
tions with constant coefficients by characteristic equations. Then we solve the Euler
equations and exact equations. The method of undetermined coefficients for solv-
ing inhomogeneous linear ordinary differential equations is presented, as well as the
method of variation of parameters for solving second-order inhomogeneous linear
ordinary differential equations. In addition, we introduce the power series method to
solve variable-coefficient linear ordinary differential equations and study the Bessel
equation in detail.

2.1 Basics

This section deals with homogeneous linear ordinary differential equations with
constant coefficients, the Euler equations, and exact equations.

A second-order homogeneous linear ordinary differential equation with constant
coefficients is of the form

ay’ +by +cy=0, a,b,ceR. (2.1.1)

To find the general solution, we assume that y = €™ is a solution of (2.1 .1), where
A is a constant to be determined. Substituting it into (2.1.1), we get

arleM + bre + ce ~ar® +br+c=0, (2.1.2)

which is called the characteristic equation of (2.1.1). If the above equation has two
distinct real roots A1 and A;, then the general solution of (2.1.1) is

y =c1eM’ + cre*?, (2.1.3)

where c¢; and ¢y are arbitrary constants. When (2.1.2) has two complex roots
r1 % i, then the real part and imaginary part of 177207 are solutions of (2.1.1).
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18 2 Higher Order Ordinary Differential Equations
So the general solution of (2.1.1) is
y =cie"V sinrat + e cosrot. (2.1.4)
If (2.1.2) has a repeated root r, the general solution of (2.1.1) is
y=(c1+cane. (2.1.5)

Example 2.1.1 The general solution of the equation

y' =2y’ =3y=0 (2.1.6)
is

y=cie +cre”! 2.1.7)
because A =3 and A = —1 are real roots of the characteristic equation A% —

21 — 3 = 0. Moreover, the general solution of the equation
y' =4y +13y=0 (2.1.8)
is
y =c1e* sin37 + cre* cos3t (2.1.9)

because A = 2+ 3i and A = 2 — 3i are roots of the characteristic equation A> — 4 +
13 = 0. Furthermore, the general solution of the equation

y'+6y +9y=0 (2.1.10)
is
y=(c1+eat)e ™. @2.1.11)
In general, the algebraic equation
bl 4+ by A b =0 (2.1.12)
is called the characteristic equation of the differential equation
by ™ + by 1y D 4. 4 by =0, b, eR. (2.1.13)
If (2.1.12) has a real root » with multiplicity m, then
(cm—1t™ P4 4 crt 4 co)e” (2.1.14)

is a solution of (2.1.13) for arbitrary cg, ¢, ..., cm—1 € R. When r| + rpi is a com-
plex root of (2.1.12) with multiplicity m, then

(cm—1t™ ' 4o+ et +co)e sinrat (2.1.15)
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and
(@m—11""" + - +ait +ag)e cosrat (2.1.16)
are solutions of (2.1.13) for arbitrary c¢,, a, € R. For instance, if
=D+’ (A2 —ar+13)> =0 (2.1.17)

is the characteristic equation of a differential equation of the form (2.1.13), then the
general solution of the differential equation is

y=cie' + (czt2 +c3t + C4)€_2t + (cst + cﬁ)eZ’ sin 3¢
+ (c71 + cg)e* cos3t. (2.1.18)
An Euler ordinary differential equation has the general form
bty ™ 4 by "y D bty 4 boy =0, b, €R. (2.1.19)
We solve it by using the change of variable x =Int. In fact,

y/ _ y_x’ y// _ yxxt; Yx ’ y/// _ Yxxx — 3[);):)( + 2y . (2.1.20)

Example 2.1.2 Solve the equation
1?y" —3ty' +5y =0. (2.1.21)
Solution. Changing the variable x = In¢, we get
Yrx = Yx —3yx +5y =0~ yxx — 4y +5y =0, (2.1.22)

whose characteristic equation is A> — 4A 4+ 5 = 0. The roots are A = 2 4 i. So the
general solution is

y =c1e* sinx + cre”* cosx =t%(cy sinlnt + ¢ cosInt). (2.1.23)
Example 2.1.3 Solve the Euler equation
B3y — 12y =2ty —4y =0. (2.1.24)
Solution. Using the change of variable x = Int, we get

Yxxx — 3Yxx + 2)’x - (yxx - yx) - 2yx - 4y
=0~ yrxx —4yxx +yx —4y =0, (2.1.25)

whose characteristic equation is

M- rr—4=0—-HR*+1)=0. (2.1.26)
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Thus the general solution is
y= 0164" + ¢y sinx + ¢c3cosx = clt4 + cpsinlnt + c3coslnt.  (2.1.27)

An nth-order ordinary differential equation is called an exact equation if the
equation can be rewritten as

do(t,y,y, ...y )

0. 2.1.28
ar ( )
We try to find @ term by term.
Example 2.1.4 Solve the equation
tyy" +1y* + yy =0. (2.1.29)

Solution. Note that @ = tyy’. Thus (2.1.29) can rewritten as (tyy’)’ = 0. Thus
2tyy' =i Nt(yz)/zcl = y’=ciInt+c. (2.1.30)
Example 2.1.5 Solve the equation
(1+14+12)y" + (3 +60)y" + 6y =6t. (2.1.31)

Solution. We rewrite (2.1.31) as

(1+14+62)y" + A +20y" + 2+ 41)y" +6y —6:=0 (2.1.32)
= [(1+r+2)"] +Q+40)y +4y +2y —61=0 (2.1.33)
= [(1+r+2) ] +[@+40y] +2y' —6r=0 (2.1.34)
— [(1+r+2) ] +[C+40y] +@Qy) - (3%) =0 (2.1.35)
—  [(1+r+2)y +Q+4ny +2y-31*] =0 (2.1.36)
=  (L+1+2)y +Q+40y +2y =32 =2¢ (2.1.37)
=  (I+r+2)y +A+20y + (A +20)y +2y =32 =2¢c;  (2.1.38)
= [+t +2)y +A+20y -] =2¢ (2.1.39)
= (I+t+2)y +(+20)y -1 =2c1t+ 0 (2.1.40)
= [(1+t+2)y] = =2c1t + (2.1.41)

t4
= (l+t+1%)y——=ct*+ ot +a. (2.1.42)

4
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Exercises 2.1
1. Find the general solution of the equation
y' =y —6y=0.
2. Find the general solution of the equation
y'+6y +13y=0.
3. Find the general solution of the equation
y® 48y + 16y =0.
4. Solve the Euler equation
3y 4312y — 2ty +2y =0.
5. Solve the equation

" 1M

tyy"” +3ty'y" 4+ 2yy" +2y'* =2cost — tsint.

2.2 Method of Undetermined Coefficients

In this section, we present the method of undetermined coefficients for solving in-
homogeneous linear ordinary differential equations.
In order to solve the linear inhomogeneous ordinary differential equation

Fo@Y® + fui @y 4+ i)y = g(0), (2.2.1)
we find the general solution ¢ (¢, cy, ..., ¢;) of the homogeneous equation
@Oy + fua @y 4+ iy =0 (2.2.2)

and a particular solution yo(¢) of (2.2.1). Then the general solution of (2.2.1) is
y=¢(t,c1,...,cn) + yo(t). It often happens that yg is obtained by guessing it in a
certain form with undetermined coefficients based on the form of g(z).
Example 2.2.1 Find the general solution of the equation
7 2 4 3
— t—zy =T7t" 43¢t (2.2.3)

Solution. It is easy to see that y = t? and y = 1/ are solutions of

n 2
y' = t—2y =0. 2.2.4)
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So the general solution of (2.2.4) is

y=cit* + Ct—z (2.2.5)

Based on the form of (2.2.3), we guess a particular solution yy(t) = at®+ bt , where
a and b are the constants to be determined. Note that

yo=6at’ +5bt* = y{ =230ar*+20¢". (2.2.6)
By (2.2.3),

30ar* +20r° —2(at* +b1%) = 7t* + 313 ~ 28a =7,

1 1
180 =3 =—, b=-. 2.2.7
= a=g 5 (2.2.7)

Thus yg = t%/4 + 17 /6. The general solution of (2.2.3) is

IS

—er+ 24040 (2.2.8)
y 1 P 2 6 2.
Example 2.2.2 Solve the equation
y" +3y" 4+ 2y = 3sin2t. (2.2.9)

Solution. The general solution of y” +3y'+2y =0is y = cje™ +cre™% . We guess
a particular solution of (2.2.9):

yo = asin2t + bcos2t. (2.2.10)
Then
Yo = 2acos2t — 2bsin2t, yo = —4asin2t —4bcos2t.  (2.2.11)
By (2.2.9),

—4asin2t —4bcos2t + 3(2acos2t — 2bsin2t) + 2(a sin2t + b cos 2t)
=3sin2¢, (2.2.12)

or equivalently,
—(2a 4 6b) sin2t + (6a — 2b) cos 2t = 3sin2t. (2.2.13)

Hence

3 9
—(2a+6b)=3. 6a—2b=0 2 p——2 (2214
(2 +6b) ¢ = =73 0 @EY
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So

3 9
Yo = % sin2t — o cos 2t (2.2.15)

and the general solution of (2.2.9) is

3 9
y=cie " +cre X — N sin2¢ — 30 €0 2t. (2.2.16)

Example 2.2.3 Find the solution of the following problem:
y'+y=2cost, yO)=1, Y (0)=3. (2.2.17)

Solution. The general solution of the corresponding homogeneous equation y” +
y=0is

y=rc1cost + cpsint. (2.2.18)

Thus we cannot guess a particular solution yp = a cost + bsint. Instead, we guess
that

Yo = atcost + bt sint (2.2.19)

is a particular solution. Then

¥y = (a + bt)cost + (b — at) sint, (2.2.20)
¥y = (2b — at) cost — (2a + bt) sint. (2.2.21)

Substituting these equations into the equation in (2.2.17), we get
2bcost — 2asint = 2cost. (2.2.22)
So
a=0, b=1; Yo =tsint. (2.2.23)
Thus the general solution is
y=cjcost+ (cy+1)sint. (2.2.24)
Next
y =(cp +1t)cost + (1 —cy)sint. (2.2.25)
Then

y0O)=1 = c=1, (2.2.26)
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Y0)=3 = c3=3.
The final solution is
y=cost+ (3+1)sint.
Example 2.2.4 Find the solution of the following problem:
y' -4y +4y = 4(t2 + 62’).
Solution. The corresponding homogeneous equation is
y' —4y +4y=0,
whose characteristic equation is
PP—4r44=0 = r=2 is a repeated root.
Thus the general solution is
y=(c1+ czt)eZt.
First we want to find a particular solution of the equation
V' — 4y +4y =412
Let
yo=At>+ Bt +C
be a particular solution. Then
Yo =2At + B, yo =2A.
Substitute these terms into the equation,

2A —4(Q2At + B) + 4(At* + Bt + C) = 41

= 4At>+ (4B —8A)t +2A — 4B +4C = 4¢°,

4A=4, 4B—-8A=0, 2A—-4B+4+4C=0
3

= A=l B=2 C==.

So

3
yo=t2+2t+§.

(2.2.27)

(2.2.28)

(2.2.29)

(2.2.30)

(2.2.31)

(2.2.32)

(2.2.33)

(2.2.34)

(2.2.35)

(2.2.36)
(2.2.37)

(2.2.38)

(2.2.39)
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Next we want to find a particular solution of the equation
V' — 4y 44y =4e*, (2.2.40)
Let
yo = At?e* (2.2.41)
be a particular solution. Then
Vo=2A(t+1%)e*, vy =24(1+4t +21%)e*. (2.2.42)
Substitute them into the equation,
2A(1+41 +21%)e* — 8A(t +17)e* +4A1% e = 4™
= 24e% =4¢%. (2.2.43)
So A=2and
yo = 2t%e*. (2.2.44)

The final solution is

3
y=(c1 +eat +26%)e* + 17 + 21 + > (2.2.45)

Exercises 2.2

1. Find the general solution of the following equation:
y'4+y =2y =2t
2. Solve the following initial value problem:
v 42y + 5y =4e " cos2x, y(0) =1, y'(0) =0.
3. Solve the following initial value problem:

37! ifO0<r<l1,

Vi / _ _ / _

2.3 Method of Variation of Parameters

In this section, we give the method of variation of parameters for solving second-
order inhomogeneous linear ordinary differential equations.
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Suppose that we know the fundamental solutions y;(#) and y(¢) of the linear
homogeneous equation

Y+ i)y + fot)y =0, (2.3.1)

that is, the general solution of (2.3.1)is y = c1y1(¢) + c2y2(¢). We want to solve the
linear inhomogeneous equation

Y'4+ i)y + fot)y =g(). (2.3.2)

Let y =u1(t)y1 + u2(t)y; be a solution of (2.3.2), where u1(¢) and uy(¢) are func-
tions to be determined. Note that

Y =uy1 +uhyr +ury) +uzys. (23.3)
In order to simplify the problem, we impose the condition
uiy1 +uhyr =0. (2.3.4)
Then
Y=uy tuayy = Y =uy] tuoyy +uly) +ubyy. (235)
According to (2.3.2),

ury) +uayy +ulyp +usys + fi(ury] +uzyy) + folur fi +uz fo)

=g(t) (2.3.6)
= w1 (3] + fiy1 + fov1) +u2 (5 + foyi + foy2) +ulyy +uhys
=g(), 2.3.7)

or equivalently,

uhy) +uhyy = g(t) (23.8)
because y; and y, are solutions of (2.3.1).
The Wronskian of the functions {h1, ha, ..., h;,} is the determinant
hy hy . A
Wi, ha, ... hy) = . . i . ) (2.3.9)
(m—1) (m—1) (m—1)
hlm hzm oo hy

Solving the system of (2.3.4) and (2.3.8) for u/ and u/, by Cramer’s rule, we get

g@)y1(0)

;o 8(M)y2(1)
Wy, y)

= , (2.3.10)
! Wi, y2)

/_
u2—
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Thus
" g@®)y2(1) a. 1y = gy @) dr. 23.11)
Wy, y2) Wy, y2)
The final solution is
gt )yz() /g(t)yl(t)
d . 2.3.12
()/ r+n00 [ S (2.3.12)

This method is called the method of variation of parameters.

Example 2.3.1 Find the general solution of the following equation by the method
of variation of parameters:

0<i<Z. (2.3.13)

1
4y = ,
S T, 4

Solution. The corresponding homogeneous equation is y” + 4y = 0, whose funda-
mental solutions are y; = cos2¢ and y; = sin2¢. So

Wi - cos 2t sin 2t . (23.14)
YOIYY= oGin2r 2cos2t| o
Thus
By (t
"y = — Mdr:—Z/dtzcl—Zt, (2.3.15)
Wy, y2)
Dy (¢t 2 cos 2t
N0 / O 4t —Tnsin2t + 2. (2.3.16)
Wy, y2) sin 2t
The final solution is
y = (c1 — 2t)cos2t + (¢ + Insin2¢) sin 2¢. (2.3.17)

Example 2.3.2 Solve the following initial value problem by the method of variation
of parameters:

Y =4y =g, y@O)=1, y'(0)=~1. (2.3.18)
Solution. First we solve the following initial value problem:
u”" —4u =0, u)=1, u'(0)=—1. (2.3.19)
The general solution of this equation is

u= cleZt + cze_Z'.
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So

u/ — 2(0162t _ 626721)’

u(0)=1, c1t+ec=1, c1=1/4,
{ - { - {62=3/4.

u'(0) =— 2(c1 — ) =—1

The solution is
1
u= —(eZ’ + 3e_2t).
4
Next we want to solve the following problem:

vV —dv=g(@), v(0) =0, V'(0) =
W(eZt, e—zl) — _4’

t —2s t 2s
v=—e / % ds + e / g(s)e ds
0 —4 0 —4

1 t
=—/ g(s)sinh2(z — s)ds.
2 Jo

The final solution is

1 1 [
y=u+v=Z(62[+3€_2I)+§/ g(s)sinh2(t — s)ds.
0

If
B g@ne / geme
L) = -y (’)/ Worw® “ 20 ) Won e
then
B g@n(s) / FONOn
V) = yl(”/ Wonm® P20 | Worme)

Thus we always have v(0) = v'(0) =0

Exercises 2.3
1. Solve the equation
9 T
"49y=—"— O<t<-—.
y oy cos 3t == 6

2. Solve the equation

//_2/ — .
Y= ty=15

(2.3.20)

2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)

(2.3.25)

(2.3.26)
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3. Let g(¢) be a given function. Find the solution of the following problem:

y' =3y —4y=g(1), y©0) =1, y'(0)=—1.

2.4 Series Method and Bessel Functions

In this section, we use power series to solve certain second-order linear ordinary
differential equations with variable coefficients:

Y'+ @Y + fo()y =0. (2.4.1)

Suppose that f; and fy are analytic at = 0. Around ¢ =0,

o0 o0
fo=) ant".  fi=) but". anby€R. (24.2)
n=0 n=0

We consider the solution of the form

o
y= Z cat”, where ¢, are to be determined. 2.4.3)
n=0
o o
y = chnt””, y = Zn(n — Dept" 2. (2.4.4)
n=1 n=2

Now (2.4.1) becomes

D+ D+ et + (Z bnr"> (Z(n + 1>cn+1r">

n=0 n=0 n=0

+ (i ant") <§: cnt"> =0, (24.5)
n=0 n=0

(n+ 1) +2)cns2 == [+ Dbu—rrit + an—rcr]. (2.4.6)
r=0

Example 2.4.1 Solve the equation
y”—ty’—y:O.

Solution. Suppose that y = Zio:() cpt" is a solution. Note that a, = —§, 0 and b, =
—&,,1. Thus (2.4.6) becomes

Cn

n+Dm+2)cpp2=0~+Dey ~cppa= .
n+2

(2.4.7)



30 2 Higher Order Ordinary Differential Equations

Hence
0 t2n o0 t2n+1
= — S 2.4.8
y=co), an)lt ta, 2n + D! (2.4.8)
n=0 n=0
Suppose
0 o0
fo= Z ant", fi= Z but",  an,bp €R. (2.4.9)
n=-2 n=—1

Assume that y = Y7, ¢," T is a solution of Eq. (2.4.1) with ¢ # 0. Substituting
it into (2.4.1), we find that the coefficients of 12 give

pu—D4ub_y+ar=0~u>+b_1—Dpu+a_r=0, (24.10)

which is called the indicial equation of (2.4.1) with (2.4.9). If (2.4.10) has two
distinct real roots w1 and o such that p1 — o is not an integer, then Eq. (2.4.1)
has two linearly independent solutions of the forms

o o
yy = tH cht”, yy = th2 Zdnt". (2.4.11)
n=0 n=0

When (2.4.10) has a repeated root w, then Eq. (2.4.1) has two linearly independent
solutions of the forms

o0 o
=t e, =yt dt" (2.4.12)
n=0 n=0

If (2.4.10) has two distinct real roots ;1 and p; such that o — w1 is an integer, then
Eq. (2.4.1) has two linearly independent solutions of the forms

o0 o
=0 ey =kyiIng 402 dyt”, (2.4.13)
n=0 n=0

where k£ may be zero.

Example 2.4.2 Solve the following equation by the power series method:
2y +3ty' + (14+1)y=0, t>0. (2.4.14)

Solution. Note that = 0 is a regular singular point. Let y = Y °  c,t" " be a
solution with ¢g # 0. Then

oo oo

Y=t me™ Ty =Y e )k = Deat™ 2 (24.15)
n=0 n=0
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Substituting these equalities into the equation, we have

o0 o0
DA+ = Dept" 43>+ et
n=0 n=0

o0
+ (140 ept" =0, (2.4.16)
n=0

or equivalently,

oo oo ]
Do+ W+ = Det" 3 et £ Y et
n=0 n=0 n=0

o0
+ ) et =0 (2.4.17)
n=0

So we have

[,u(,u — Deco+3pco + co]t”
o
+ ) (4 w4 i = Den + 300+ e + cn + cu1)" =0, (24.18)

n=1

Thus pu(u — 1)co + 3uco 4+ co =0 and, forn > 1,

n+wm+u—"Dey +3n+ ey +cn+cp1=0
= (+p+Din=—cr1. (2.4.19)

L N (=D"co
n+p+D? [l G+Hur+D?

(2.4.20)

Cp =

Denote
by = (,_l)n . (2.4.21)
H?:l(/ +u+ 1)2
Set
o0
(i, 1) =t“<l +ant”). (2.4.22)
n=l1

The indicial equation is

pu—D+3u+1=0~p+1)>=0 = pu=-1 (2.4.23)
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is a double root. Then

_ (=" _ — (=D" ,
=p(=1,0) =t 1<1+ZH,_ 7 ) ¢ 1<1+Z (n!)2t) (2.4.24)

n=1

is a solution of (2.4.14).
Observe

o 43t + (1 + D@ =" (u +1)% (2.4.25)

(cf. the left-hand side of (2.4.18) with ¢p = 1). Taking the partial derivative of
(2.4.25) with respect to u, we get

P oup +3to + 1+ 0@, = n)th (u+ D+ 2t (w4 1), (2.4.26)
or equivalently,
P +3t0u + 1+ D@ = 2+ (w+ DIne)th (u+ 1), (2.427)
Taking i = —1 in the above equation, we find

d\* d
IZ<E) (pﬂ(—l,t)+3tggou(—l,t)+(l+f)€0u(—1,f):0- (2.4.28)

Thus y, = ¢, (—1, ) is another solution. Note that forn > 1,
dby ( (=D" )
dp [TioG+ur+D2) |,y

B 2(_1)n+] ) n 1
_<]_[’}=1(j+u+1)2 ;J'MH—I it

_1yn+l n
_2=D (Zl) (2.4.29)

12
UD

Thus

o 2(—D" (ST
N =gu(~L0l—1=yn®hr+Y =———> =) (2430
n=1

N2
(n) o
The general solution is y = ¢y (t) + c2y2(2).

The Bessel equation has the form

Y+ + (1=v*72)y =0, (2.4.31)



2.4 Series Method and Bessel Functions 33

where v is a constant called the order. The indicial equation is
W —vr=0~p==%v. (2.4.32)
We rewrite (2.4.31) as
2y + 1y + (1 —v?)y =0. (2.4.33)
Lety= ZZOZO cpt"TH be a solution of (2.4.33) with = 4v and c( # 0. We have
00 00
ty = Z(n + p)cpt"TH, 2y = Z(n + )+ — Det" ™. (2.4.34)
n=0 n=0

Denote by N the set of nonnegative integers. So (2.4.33) is equivalent to

af(u+D*=v?] =0,

(2.4.35)
[(,u +n+2)7— vz]cn+2 +c¢, =0, neN.
Thus ¢,+1 =0 for r € N, and
co (=1D"co
= = . 2.4.36
con [T 2= (w+2r)21  n220 [0 (w+7r) ( )
The function
( 1)" t 2n+4-p
J.(t) = (—) + ( ) (2.4.37)
: Z n! Hr l(u“ + I’)

is called a Bessel function of the first kind. If v is not an integer, then the general
solution of (2.4.31) is

y=c1Jy(@)+c2J_,(2). (2.4.38)
Note that
t*J = + <—>
)= (57X (s
= uttJ, (2.4.39)
and

d, _ > (=D)yitH P\t
E(f MJM)ZZ - (5)

S+ D= DT (w7 +1)

_ T (2.4.40)
u+1
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Thus

d _ d , _
— (") = e, E(t M) =

_t_ﬂ_l.]M_H
tdt '

P (2.4.41)

By induction,

d m m—1
<E) (t"J,) = []—[ (u— r)]t“_m Jo—m (2.4.42)

r=0

and
d \" P
il —u —(—1yn o pdm
<tdt) (t Jﬂ) =(-1) ]_[,rn:l(u e (2.4.43)

On the other hand, (2.4.39) gives

ut" N T =t Ty~ = (2.4.44)
and (2.4.40) yields
—— _ t_MJ 1 tJ +]
SRt NS T (AR L S S SR (L 2.4.45
128 wt P L1 mwy +tJ, L1 ( )
Thus
Jyu+ 2u Ju+i
Ju B —,, Juo1 — =2ulJ. 2.4.46
Mul+u+1 PRy Hdp—1 P nJg, ( )
Observe that
d\ " [n—l
TR I — (2.4.47)
dt)n! m—1)!

for a positive integer n. If we have a continuous analogue of n!, then we can simplify
(2.4.42) and (2.4.43) by rescaling J,,. Indeed, it is the spatial function I"(s).

When v =n + 1/2 with n € N, the indicial equation has two roots: w1 =n+1/2
and py = —n — 1/2. Moreover, ) — up = 2n + 1 is an integer. However, both
Jny172(¢) and J_,,_1,2(t) are well defined by (2.4.37). They form a set of funda-
mental solutions of the Bessel equation. Suppose that v = m is a positive integer.
The indicial equation has two roots: 1 = m and uy = —m. The function J,,(¢) is
still well defined, but J_,,(¢) is not defined. If u = —m, by the second equation in
(2.4.35) with n =2m — 2, we get

€0
(m!)?

0=[(=m+2m—2+2)? = m*]com = —com—2 =
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which contradicts the assumption ¢y # 0. Thus we do not have a solution of the form
Y= 2ot ™. We look for another fundamental solution of the form

o0
y=Jn@®Int+Y cpt" ", (2.4.49)
n=0

which is related to Bessel functions of the second kind.

Exercises 2.4 Solve the following equations by the power series method:

1. (1—12)y" —ty' + 16ty =0.
2. 12"+ 7ty + (9 — 1)y =0,1 > 0.
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