
Preface

Partial differential equations are fundamental tools in mathematics, science, and en-
gineering. For instance, electrodynamics is governed by the Maxwell equations, the
two-dimensional cubic nonlinear Schrödinger equation is used to describe the prop-
agation of an intense laser beam through a medium with Kerr nonlinearity, and the
Navier–Stokes equations are the fundamental equations in fluid dynamics. There are
three major ways of studying partial differential equations. The analytic way is to
study the existence and uniqueness of certain solutions of partial differential equa-
tions and their mathematical properties, whereas the numerical way is to find certain
numerical solutions of partial differential equations. In particular, physicists and en-
gineers have developed their own computational methods of finding physical and
practically useful numerical solutions, mostly motivated by experiments. The alge-
braic way is to study symmetries, conservation laws, exact solutions, and complete
integrability of partial differential equations.

This book belongs to the third category. It is mainly an exposition of the vari-
ous algebraic techniques of solving partial differential equations for exact solutions
developed by the author in recent years, with an emphasis on physical equations,
such as the Calogero–Sutherland model of quantum many-body systems in one di-
mension, the Maxwell equations, the free Dirac equations, the generalized acous-
tic system, the Korteweg and de Vries (KdV) equation, the Kadomtsev and Petvi-
ashvili (KP) equation, the equation of transonic gas flows, the short-wave equa-
tion, the Khokhlov and Zabolotskaya equation in nonlinear acoustics, the equation
of geopotential forecast, the nonlinear Schrödinger equation and coupled nonlin-
ear Schrödinger equations in optics, the Davey and Stewartson equations of three-
dimensional packets of surface waves, the equation of dynamic convection in a sea,
the Boussinesq equations in geophysics, the incompressible Navier–Stokes equa-
tions, and the classical boundary layer equations.

It is well known that most partial differential equations from geometry are treated
as equations of elliptic type and most partial differential equations from fluid dy-
namics are treated as equations of hyperbolic type. Analytically, partial differential
equations of elliptic type are easier to solve than those of hyperbolic type. Most of
the nonlinear partial differential equations in this book are from fluid dynamics. Our
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results show that algebraically, partial differential equations of hyperbolic type are
easier to solve than those of elliptic type in terms of exact solutions. The algebraic
approach and the analytic approach have fundamental differences.

This book was written based on the author’s lecture notes on partial differential
equations taught at the Graduate University of the Chinese Academy of Sciences. It
turned out that the course with the same title as the book was welcomed not only by
mathematical graduate students but also by physical and engineering students. Some
engineering faculty members also showed an interest in the course. The book is self-
contained with a minimal prerequisite of calculus and linear algebra. It progresses
according to the complexity of the equations and the sophistication of the techniques
involved. It includes the basic algebraic techniques in ordinary differential equations
and a brief introduction to special functions as the preparation for the main context.

In linear partial differential equations, we focus on finding all the polynomial so-
lutions and solving initial value problems. Intuitive derivations of easily used sym-
metry transformations of nonlinear partial differential equations are given. These
transformations generate sophisticated solutions with more parameters from rela-
tively simple ones. They are also used to simplify our process of finding exact so-
lutions. We have extensively used moving frames, asymmetric conditions, stable
ranges of nonlinear terms, special functions, and linearizations in our approaches
to nonlinear partial differential equations. The exact solutions that we have ob-
tained usually contain multiple parameter functions, and most of them are not of
the traveling-wave type.

The book can serve as a research reference book for mathematicians, scientists,
and engineers. It can also be treated as a textbook after a proper selection of materi-
als for training students’ mathematical skills and enriching their knowledge.
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