Chapter 2
Method of Guiding Functions
in Finite-Dimensional Spaces

2.1 Periodic Problem for a Differential Inclusion

In this section we present the guiding functions method for studying the periodic
problem for a differential inclusion in a finite-dimensional space.

We start considering a differential inclusion in a finite-dimensional space R” of
the following form:

X' (@) e F(t,x@®), ae te]0,T] 2.1

where F : [0,T] x R* — Kv (R") is an L'-upper Carathéodory multimap.

By a solution of inclusion (2.1) we mean an absolutely continuous function x :
[0, T] — R” satisfying (2.1) for a.e. t € [0, T]. It is well known (see, e.g., [25, 80])
that the L'-upper Carathéodory condition implies the existence of a local solution to
the Cauchy problem corresponding to (2.1), i.e., a solution defined on some interval
[0,4], 0 < h < T and satisfying the initial condition

x(0) = xp € R". (2.2)

To guarantee the existence of a global solution (h = T) it is sufficient to
strengthen the condition posed on the multimap F supposing that F is an L'-upper
Carathéordory multimap with «-sublinear growth. More precisely, the following
assertion holds (see, e.g., [24,39, 64, 80])

Proposition2.1. If F : [0,T] x R" — Kv (R") is an L'-upper Carathéodory
multimap with a-sublinear growth, then for each xy € R", the solution set I1r(x()
of the Cauchy problem

x'(t) € F(t,x(t)) a.e. t€]0,T] (2.3)
x(0) = xo 2.4)
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26 2 Method of Guiding Functions in Finite-Dimensional Spaces

is an Rg-set in the space C([0, T]; R") endowed with the usual norm of uniform

convergence.
Moreover, the multimap I1r : R" — K(C([0, T];R")), x —o IIp(x) is u.s.c.

Now, we say that a solution x to differential inclusion (2.1) is T-periodic if it
satisfies the following boundary value condition of periodicity

x(0) =x(T). (2.5)

It is clear that such function can be extended to a T -periodic solution defined on R
provided that F is T-periodic, i.e., the multimap F' : R x R” — Kv(R") satisfies
F(t+T,-)=F(t,-)forallt €[0,T].

In order to study periodic problem (2.1), (2.5) we can introduce the translation
multioperator along the trajectories of (2.1), (2.5) in the following way. For any
t €0, T]letd, : C(J0, T]; R") — R”" be the evaluation map defined as

6:(y) =y .
Then the multioperator P/ : R” —o R” given as the composition
Pf(x) =6, 0lr(x),

is called the translation multioperator along the trajectories of problem (2.1), (2.5),
or simply, the translation multioperator.
The following assertion is evident

Proposition 2.2. Periodic problem (2.1), (2.5) has a solution if and only if the
corresponding translation multioperator Pg has a fixed point x5 € R", x4 €
PL (x4).

As a direct consequence of Propositions 2.1 and 2.2 we get the following general
existence result for problem (2.1), (2.5).

Theorem 2.1. Let U C R" be an open bounded subset. Then, Pl = (Oro nry e
CJ(U,R"). Moreover if x ¢ PE(x) forall x € 3U and deg(i — P, U) # 0, then
periodic problem (2.1), (2.5) has a solution.

Notice that the properties of the translation multioperator and its applications to the
periodic problem for differential inclusions of various types are described, e.g., in
monographs [64, 80].

Our next target is to reduce periodic problem (2.1), (2.5) to a fixed point problem
for an integral multioperator in an appropriate functional space. This method also
allows to use the topological tools for solving the periodic problem and it can be
considered as the base for the construction of the guiding function method.

In the sequel we assume that F is an L'-upper Carathéodory multimap with
a-sublinear growth. Let us recall (see Sect. 1.1.2) that, in this situation the superpo-
sition multioperator Zf : C([0, T]; R") — P(L'([0, T]; R")) is well defined.
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Let us consider the integral operator j : L!([0, T]; R*) — C([0, T]; R"),

S0 = /0 £(s) ds.

It is an easy exercise to verify, by applying Proposition 1.5 and the classi-
cal Ascoli—Arzeld theorem, that the composition j o Zr : C([0,T];R") —
P(C([0, T]; R")) is closed and transfers each bounded subset £2 C C([0, T]; R")
onto a relatively compact set j o Zr(2).

As the consequence of the above result and Proposition 1.5, we have the
following assertion

Corollary 2.1. The composition j o P : C([0,T];R") — Kv(C([0, T];R")) is
completely u.s.c. multimap.

Denote € = C ([0, T']; R"). The simplest integral multioperator that can be used
to search for 7 -periodic solutions seems to be the following one:

JTZCK%KU(%),
Jr(x) =x(T)+ j o Pr(x).

The next assertion can be easily verified.

Theorem 2.2. Fixed points of the multioperator Jr coincide with solutions of
periodic problem (2.1), (2.5).

From the properties of the composition j o &F (x), mentioned above, it clearly
follows that the multioperator Jr is completely u.s.c. .

So, the topological degree theory can be applied to this multioperator and we can
formulate the following general principle.

Theorem 2.3. Let U C € be a bounded open set. If deg (i — JT,U) #£ 0, then
periodic problem (2.1), (2.5) has a solution in U.

This result is one of the cornerstones on which the method of guiding functions
can be built in its classical version. Let us outline briefly its main features.

First of all, let us describe the a priori boundedness property of solutions to
Cauchy problem (2.1), (2.2). We need the following slightly modified assertion on
integral inequalities known as the Gronwall lemma (see, e.g., [72], Sect. III.1.1)

Lemma 2.1 (Gronwall Lemma). Lef u,v : [a,b] — R be nonnegative functions,
u be summable, and v be continuous; C > 0 be a constant such that

v(t) < C—i—/tu(s)v(s)ds, a<t<bh.

a
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Lemma 2.2. The set of solutions to Cauchy problem (2.1), (2.2) is a priori
bounded.

Proof. Each solution to problem (2.1), (2.2) has the form

x(t)=x0+/tf(s)ds,
0

where f € Zr (x). Then we have the following estimate for the continuous
function v (t) = |x (¢) |, where | - | denotes the norm in R":

U(f)§|x0|+/0 If(S)Ids§IXoI+/O o (s) (1 + |x (5) ) ds <

T ‘
§|xo|+/0 Ot(s)ds+/0 a (s) v (s)ds.

Applying Lemma 2.1 we obtain
x ()| < Celo ®9ds o, T],

where C = |xo| + fOT o (s)ds. O
Let us introduce the following notion.

Definition 2.1 (cf. [90]). A point xo € R" is called a T-non-recurrence point of
trajectories of differential inclusion (2.1) if for each solution x emanating from x
the following condition holds:

x (t) # xo, Vt €(0,T]. (2.6)

The following assertion plays a key role in the justification of the method of guiding
functions. For simplicity, we restrict ourselves to the case when the right-hand side
of inclusion (2.1) is u.s.c.

Theorem 2.4. Let U C R" be a bounded open set such that each point x € U is a
T -non-recurrence point of trajectories of differential inclusion (2.1). Let F : [0, T]x
R" — Kv (R") be a u.s.c. multimap with a-sublinear growth. If the multifield R :
U — Kv(R"),

Ry (x) =—F (0,x),

does not have singular points on 0U then
deg (05,5) = deg (RO,U) ,

where @ = i — Jr is a multifield generated by the integral multioperator Jr, and
£2 is a certain bounded open set in the space €.
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Proof. From Lemma 2.2 it follows that the set of all solutions of inclusion (2.1)
emanating from U is bounded. Let m > 0 be a number such that the norm of each
solution from this set is less than m. Define an open set £2 in the space ¥ by the
following conditions:
={xe% | x0)elU, |x||<m}.
Consider the family of multimaps
F,(t,x) = F (At,x), 2 €]0,1]
and the family of multifields ¥ : £ x [0,1] — Kv (%) defined in the following

way:

W (x,A) ={z | z(t)=x(t)—x(T)—A/f(s)ds—(1—A)
0

T
/f(s) ds: f € P, (x)}
0

It is easy to verify that the family of multifields ¥ is completely u.s.c. Let us show
that this family is non-singular on 952 x [0, 1].

Suppose the contrary, i.e., let there exist a function xy € 92 and a number Ay €
[0, 1] such that 0 € ¥ (x¢, Ag). It means that there exists a summable selection
£ (s) € F (Los, xo (5)) which satisfies the following equality:

t T
¥o0.(6) = xo (T) + Ao / £ (s)ds + (1= o) / £ (s)ds @.7)
0 0

foreacht € [0, T].
For t = 0 we have

T
%0(0) = x0 (T) + (1 — A0) / £ (s)ds.
0

while for t = T we obtain

T
/ £ (s)ds =0, 2.8)
0

Whence, xo (0) = xo (T).
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By taking the derivative in 7 in both sides of equality (2.7) we get
xp (1) = Ao f (t) € AoF (Aot, xo (1))

forae.t €[0,T].
So, xg is a solution of the differential inclusion

x'(t) € AoF (Aot, x (1)) .

Notice, that by construction of the set 2, its boundary consists of functions of
the following two types:

1. x (0) € AU;

2. x(0) e U, ||x|| =m.

Consider two cases:

(a) Ao =0,

(b) Ao #O.

Case (a). Let Ay = 0, then x¢ (t) = xo foreacht € [0,T], f (t) € F (0, xq) for
a.e.t € [0, T] and from (2.8) we obtain 0 € F (0, xo).
The function xy, being a constant, can not be a function of the first type since, by
condition, the multifield Ry has no singular points on dU .

On the other hand, the function xy can not be a second type function, since
|xo|| < m by construction of the set 2.

Case (b). Now, let Ay # 0. Consider the function zy (£) = xg (;—0) Then, for a.e.
t €[0,A0T] we have

1
=L (5) - () er (o 3))-ruso

So, the function zy is a solution of differential inclusion (2.1) on the interval
[0, A0T]. According to the global existence theorem, we can extend it on the
whole interval [0, T'].

Notice that the function x( can not be the first type function. Indeed, from
X0 (0) =20 (0) = x0 (T) = 20 (A7),
it follows that inclusion (2.1) has a solution zj such that zy (0) € dU and z (0) =
20 (AoT'), contrary to the assumption that trajectories emanating from dU are
T -non-recurrenting.
On the other hand, x( can not be the second type function. It follows from

|x0| < |zo| < m,

since zp is a solution of inclusion (2.1) emanating from the set U.
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So, the family of multifields ¥ realizes the homotopy of multifields
U =@ =i—Jr,
and
Yo (x) =i —Ty(x),
where the multioperator Iy : 2 — Kv (%) is defined by the relation

T

Iy(x) =x(T)+ / F (0,x(s))ds.

0

This multioperator acts into the finite dimensional subspace C[’(T).T] of constant
functions being naturally isomorphic to R”. By using the restriction property of the
topological degree we obtain

deg (Wy; 2) = deg (W | e, U).

It is easy to see that the multifield lflo = Y |grn is defined by the relations

T
& (x) = —/F(O,x) ds =—T-F (0,x).
0
Then we finally obtain
deg (05,5) = deg (11/0,5) = deg (—F ©,9) ,U) = deg (RO,U) . O

The following assertion on the existence of a periodic solution immediately
follows from the proved result.

Corollary 2.2. In conditions of Theorem 2.4, let
deg (RO,U) # 0.

Then, differential inclusion (2.1) has a T -periodic solution.

Now we apply Theorem 2.4 to justify the classical version of the method of
guiding functions. Let us introduce the necessary notions.

Definition 2.2. A continuously differentiable function v : R” — R is called non-
degenerate potential if its gradient is non-zero outside a certain ball centered at the
origin, i.e., there exists r, > 0 such that
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av (x) dv (x) av (x)

LI

gradv (x) = £0,

ax;  Oxz 0x,

foreach x € R, |x| > r,.

From the properties of the topological degree (see, e.g., [25, 38, 80, 89, 95]) it
follows that the degree of the gradient of a non-degenerate potential

deg (gradv (x), B;)

on the closed ball B, C R” of radius r > r,, centered at the origin, does not
depend on r. This generic value of the degree is called the index of a non-degenerate
potential and it is denoted as ind v.

As an example of potential with non-zero index we can consider a non-
degenerate potential v satisfying the coercivity condition

lim |v(x)]|— oo. (2.9)

|x|—>o00
(see [95]).
Other examples of potential with non-zero index can be found in [90, 95].
Definition 2.3. A non-degenerate potential v is called a strict guiding function for
differential inclusion (2.1) if

(gradv (x), y) >0 (2.10)

forally € F(¢t,x),0<t <T,|x|>r,.

From this definition it follows immediately that if v is a strict guiding function of
inclusion (2.1) then the field —grad v and the multifield Ry does not allow opposite
directions on spheres S, of the radius r > r,, and hence, by Lemma 1.5

deg (Ry, B;) = (—=1)" ind v. (2.11)

(We have used the known property of the degree of single-valued fields:
deg (—¢,S) = (—1)"deg (9, S), see, e.g., [95]).

We can formulate now the following condition for the existence of a periodic
solution.

Theorem 2.5. Let F : [0,T] x R" — Kv(R") be an u.s.c. multimap with
a-sublinear growth. If, for differential inclusion (2.1), there exists a strict guiding
function v of non-zero index, then the inclusion has a T -periodic solution.

To prove this assertion, we need the following technical result

Lemma 2.3. Let
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T
ro = (ry, + / a(s) ds)efOT“(s)dS (2.12)
0

where o is the function from the sublinear growth condition (F3').
If x is a solution of inclusion (2.1) with initial condition |x(0)| > ro, then
|x ()| > ry forallt € [0,T].

Proof. Indeed, let there exists ty € [0, T'] such that |x(¢y)| < ry.
For ¢ € [0, ty], define

y()=x(to—1), B@)=alto—1), G(,x)=—F—1,x).
It is clear that

Y1) € G(t, y(1)).
Since ||G(z, x)|| < B()(1 + |x]|) fora.e. t € [0, t], applying Lemma 2.2, we obtain

o< (|y )] + [0 "85 ds) o B0 <

forall t € [0, #]. So, |x (0) | = |y (t) | < ro and we get the contradiction. O

Proof (of Theorem 2.5). Notice that, for each r > ry, the sphere S, consists of
T -non-recurrence points of inclusion (2.1). Indeed, if x is a solution of (2.1) such
that x(0) € S,, then from Lemma 2.3 it follows that |x(¢)| > r, for all ¢ € [0, T].
Then for each ¢ € (0, T] we have

v (x (1)) —v (x(0) = /0 (gradv (x (s)), X' (s))ds > 0, (2.13)

and therefore relation (2.6) follows.
To conclude the proof, it remains to apply relation (2.11) and Corollary 2.2. O

This version of the method of guiding functions for differential inclusions allows
extensions in various directions. Let us discuss some of them.

First of all, we extend the notion of guiding function as well as the class of
differential inclusions to which the MGF can be applied.

Definition 2.4. A non-degenerate potential v is called a guiding function for the
differential inclusion (2.1) if

(gradv(x), y) =0

forally € F(¢,x),0 <t <T,|x|>r,.

Proposition 2.3. Let F : [0,T] x R* — Kv (R") be an L'-upper Carathéodory
multimap with a-sublinear growth. If differential inclusion (2.1) admits a guiding
function v of non-zero index, then the inclusion (2.1) has a T -periodic solution.
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Proof. STEP 1  Let us show that the assertion is true for an u.s.c. F.
Fork =0,1,2,...,set

My, = sup{|gradv(x)| : x € B(k)},

where B(k) C R" denotes a closed ball of radius k, centered at the origin.
Define the function 7 : R* — R as

nx) =1+ (x| =M+ (k+1—|x DMy, k <|x|<k+1
It is easy to see that the function 7 is continuous and satisfies the condition
n(x) > max{l, |gradv(x) |} forall x €R".

So, the map g : R” — R,
_ gradv(x)

n(x)
is continuous and satisfies the condition |g(x)| < 1 forall x € R".

For any sequence {€,, } of positive numbers, consider the corresponding sequence
of auxiliary differential inclusions

g(x)

x'(t) € F(t,x(1)) + eng(x(2)) . (2.14)

It is clear that the right-hand side of each inclusion (2.14) is u.s.c. with
a-sublinear growth.
For each |x | > r, and y € F(z, x) we have

(gradv(x), grad v(x))
n(x)

and, by Theorem 2.5 inclusion (2.14) has a T-periodic solution x,, for each
€n > 0. Tending the sequence {¢,, } to zero, we obtain the desired solution of (2.1)
as a limit point of the sequence {x,,}.

STEP2 Now, assume that F is an L'-upper Carathéodory multifunction with
a-sublinear growth.
From [39], Sect. 5, it follows that we can assume, w.l.0.g., that the multimap F
is bounded and, then we have the following result (see [39], Proposition 5.1)

>0

(gradv(x),y + €, g(x)) = (gradv(x),y) + €n

Lemma 2.4. For each € > 0 there exists a multimap F, : [0,T] x R" - Kv(R")

such that:

1) Fe(t,x) C F(t,x), (t,x)€][0,T] xR";

2) there exists a closed subset J. C [0, T| with u([0, T]\J¢) < € such that F;_ xgr»
is u.s.c.
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For a sequence {¢,, } of positive numbers tending to zero, let us take the correspond-
ing sequence of multimaps F,, : [0,7] x R" — Kv(R") satisfying, for each ¢,
conditions (1), (2) of the above lemma.

For each ¢, let P, : [0,T] —o J.
F., :10,T] — Kv(R") be defined as

be a metric projection and the multimap

m

Fe,(t.x) = COF,, (Py(1).x) .

Since each metric projection P, is closed and, hence, u.s.c., from
Propositions 1.7, 1.8 and 1.12 it follows that each multimap Fem isu.s.c.

Furthermore, it easy to see that for each Fem relation in Definition 2.4 is fulfilled
and, according to Step 1, each differential inclusion

x'(t) € F., (t,x(1))

has a T'-periodic solution x,.
Tending m to infinity we obtain a T'-periodic solution x as a limit point of the
sequence {x,, }. O

To obtain further generalizations, let us introduce the following notion
Definition 2.5. A non-degenerate potential v is called a weak guiding function for
differential inclusion (2.1) if
(gradv(x),y) = Oforatleastone y € F(t,x) andforallz € [0,T], |x | > r,
(2.15)

Now we can formulate the most general result concerning the application of the
MGEF to periodic problem (2.1), (2.5).

Theorem 2.6. Let F : [0,T] x R* — Kv(R") be an L'-upper Carathéodory
multimap with o-sublinear growth. If differential inclusion (2.1) admits a weak
guiding function of non-zero index, then the inclusion has a T -periodic solution.

Proof. Let us define the multimap B : R* — Cv(R") as

B(x) ={y € R" : (y(x)grad v(x), y) > 0}

where
07 Ix | 5 rva

v = Lx|>r

It is easy to verify that the multimap B is closed. So, by applying Lemma 1.9 we
can see that the multimap F2 : [0, T] x R” — Kv(R"),

FB(t,x) = F(t,x) N B(x)
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is well defined and is L'-upper Carathéodory with a-sublinear growth. Moreover,
for the multimap F2 condition (2.15) is fulfilled for all |[x| > 7’ > r, and y €
F5(t, x), where 7’ is an arbitrary number. Therefore v is a guiding function for the
differential inclusion

x'(t) € FB(z,x)). (2.16)

From Proposition 2.3 it follows that inclusion (2.16) has a solution, implying the
result. O

Corollary 2.3. let F : [0,T] x R"* — Kuv(R") be an L'-upper Carathéodory
multimap with a-sublinear growth. If the differential inclusion (2.1) admits a weak
guiding function v satisfying the coercivity condition (2.9), then the inclusion has a
T -periodic solution.

2.2 Non-smooth Guiding Functions

In the previous section, following the classical works on the method of guiding
functions, we supposed the guiding function smooth on the whole space. This
condition may be onerous, for example, in situations where the guiding potentials
are different on different domains. In this case it is natural to take as the potential,
defined on the whole space, the maximum of all potentials but, this new function
may be non-smooth, in general. In this section we describe the extension of the
notion of a guiding function to the non-smooth case. Notice, in this connection, that
non-differentiable Liapunov functions are effectively used in the stability theory
(see, e.g., [133]).

To deal with such potentials, let us recall some notions of non-smooth analysis
(see, e.g., [34]).

Let X be a real Banach space endowed with the norm || - ||. The dual space is
denoted by X * and the notation (-, -) means the duality pairing between X * and X.

Definition 2.6. A function V' : X — R is called locally Lipschitz if for each point
x € X there exist a neighborhood U of x and a constant C > 0 such that

V) -V@I=Clly—zll. Vy.zel.

Remark 2.1. A convex and continuous function V' : X — R is locally Lipschitz.
More generally, a convex function V' : X — R which is bounded above on a
neighborhood of some point is locally Lipschitz (see [34]).

Definition 2.7. Let V : X — R be a locally Lipschitz function. For x € X and
v € X, the generalized derivative V°(x;v) of V at a point x in the direction v is
given by the formula

Viz+tv) —V(2)

t 2.17)

Vo(x;v) = lim
—>X
t—0+
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Definition 2.8. A locally Lipschitz function V : X — R is called regular at a point
x € X if the usual directional derivative

Vi(xiv) = t1_1)181+ Vix + ll;) — V(x)
exists for each v € X and is equal to V(x; v).
Remark 2.2. A convex and continuous function V' : X — Riis regular.
Now we can introduce the following notion.

Definition 2.9. The Clarke’s generalized gradient of a locally Lipschitz function
V : X — Ratapoint x € X is defined as the set dV(x) C X* in the following
way:

W(x)={ze X*: (zv) < V°x;v) forall veX}. (2.18)

Notice that from the classic Hahn—Banach theorem it follows that dV(x) # @.

Remark 2.3. 1f a function V : X — R is continuously differentiable, then 9V (x) =
V'(x) for all x € X, where V' (x) denotes the Fréchet derivative of V' at x.

Remark 2.4. If X = R" and a function V' : R" — R is convex and continuous,
then the Clarke’s generalized gradient 9V (x) coincides with the subdifferential of
V at x in the sense of convex analysis, i.e.

WVx)={zeR" :<z,y—x><V(y)—V(x), VyeR'}.

Lemma 2.5 (see [34]). If X = R", then, for a given locally Lipschitz function
V : R" — R, the multimap oV : R" — P(R") has compact convex values and is
u.s.c.

In the sequel, we will use the following result (see [40])

Lemma 2.6. Let a function V : R" — R be regular, x : [a, b] — R" an absolutely
continuous function. Then, the function t — V(x(t)), t € |[a,b] is absolutely
continuous and

!

Vix@") = Vx@E)) = / VO(x(s),x'(s))ds foreach t' t" € [a,b]

f/
We start with the following notions

Definition 2.10. A regular function V' : R” — R is called a non-degenerate non-
smooth potential if there exists ry > 0 such that

0¢aV(x) forall |x|=ry.

Definition 2.11. A regular function V' : R” — Riis called a direct potential if there
exists ry > 0 such that

<0, >>0 forallv,v € dV(x), |x|| > rv.
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It is obvious that each direct potential is non-degenerate, but the converse is not
true in general.

Analogously to the classical case, for a non-degenerate non-smooth potential V,
the topological degree of the multifield 0V, deg(dV, B,) on each ball centered at the
origin B, = B(0,r) C R" with r > ry is constant and is called the index of V and
denoted by ind V.

The following statement gives an example of a non-smooth potential with non-zero
index (see [21]).

Proposition 2.4. If V : R" — R is a direct potential, satisfying the coercivity
condition limy| o0 V(x) = +o00, thenind V = 1.

Now, our target is to extend the method of guiding functions to the case of non-
smooth potentials.

Definition 2.12. A non-degenerate non-smooth potential V' : R” — R is called a
strict non-smooth guiding function for differential inclusion (2.1) if

<v,y>>0 forall vedV(x),ye F(t,x), tel0,T], (2.19)

where || x|| > ry.

Definition 2.13. A direct potential V' : R — R is called a non-smooth guiding
function for differential inclusion (2.1) if

<v,y>>0 foralyeF(t,x), vedV(x)tel[0,T],|x|>ry (2.20)

The main result in this section is the following assertion.

Theorem 2.7. If the right-hand part of differential inclusion (2.1) is L'-upper
Carathéodory with o-sublinear growth and the inclusion admits a non-smooth
guiding function of a non-zero index, then periodic problem (2.1), (2.5) has a
solution.

Proof. STEP 1 Let us suppose F is u.s.c. and the guiding function V' is strict.
Observing that condition (2.19) implies that the multifields Ro(x) = —F (0, x)
and dV(x) does not allow opposite directions on spheres S,, r > ry, we
conclude, by Lemma 1.5 that

deg(Ry, B;) = (=1)"indV # 0.

To apply Corollary 2.2, it is sufficient to verify that each sphere S,, r > ro, where
ro is defined by (2.12), consists of 7T-non-recurrence points of inclusion (2.1).
Indeed, let x be a solution of inclusion (2.1) such that x(0) € S, and hence
|x ()| > ry forallt € [0, T] (see Lemma 1.3). Notice that the multifunction# —o
aV(x(t)),t € [0, T] is u.s.c. and hence measurable. So, by Proposition 1.14(c) it
has a measurable selection z(¢) € 0V (x(¢)) fora.e.t € [0, T].

Then, applying Lemma 2.6 we have, for each ¢ € [0, T].
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V(x () — V(x(0) = /0 VO(x(s), x'(s)) ds > /0 (z(s). x'(s)) ds > 0

implying the result.

STEP 2 Now, let F be u.s.c. and V' a non-smooth guiding function, i.e. it is direct
and satisfies condition (2.20).
Taking |0V (x)| = sup{|v| : v € dV(x)} and defining M) = sup{|dV(x)| : x €
B}, k =0,1,... we obtain, similarly to STEP 1 in the proof of Proposition 2.3,
a continuous function 7 : R" — R satisfying n(x) > max{l, [0V (x)|}. So, the
multifunction G : R” — Kv(R") defined by

1
G(x) = —aV(x)
n(x)
is u.s.c. and satisfies |G(x)| < 1, Vx € R™.

For a sequence of positive numbers {¢,} tending to zero, let us define the
corresponding sequence of differential inclusions

xX'(t) € Fu(t,x()) := F(t,x(t)) + €,G(x(2)) (2.21)

It is clear that each F}, is u.s.c. with the a-sublinear growth.
Further, each z € F), (¢, x) has the formz = y + ne(f;;)v’, where v’ € dV(x). So,
for each v € dV(x) we have

- S ) >
(v, 2) = (v, ¥) + s, (v,v)>0
since the potential V' is direct.
By Step 1, for each m, differential inclusion (2.21) has a solution x,, and we
obtain the solution x as a limit point of the sequence {x,,}.
STEP 3  The approach to the case when F is L!-upper Carathéodory can be made
as in Step 2 of the proof of Proposition 2.3. O

Corollary 2.4. If inclusion (2.1) admits a non-smooth coercive guiding function,
then periodic problem (2.1), (2.5) has a solution.

2.3 Integral Guiding Functions

It is easy to see that the direct application of the MGF in its classical interpretation
to the periodic problem for functional differential equations and inclusions meets
difficulties. To avoid them, in this section we consider the notion of integral guiding
function, first introduced by A. Fonda (see [55]) and then developed in the works
[84-86].

Let us start with the necessary preliminaries.
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Given t > 0, let us denote the space of continuous functions C([—z, 0]; R") by
the symbol € . For a function x(-) € C([—t, T];R"), T > 0 the symbol x; € ¥,
t € [0, T] denotes the function defined as x,(8) = x(¢t + 0), 0 € [-7,0].

We consider the periodic problem for a functional differential inclusion of the
following form:

x'(t) € F(t,x;) ae. t€]0,T], (2.22)

x(0) = x(T), (2.23)

assuming that F : R x ¥ — Kv(R") is a T-periodic L'-upper Carathéodory
multimap satisfying the a-sublinear growth condition.

As earlier, by a solution of problem (2.22), (2.23) we mean an absolutely continu-
ous function x (+), satisfying the periodicity condition (2.23) and the inclusion (2.22)

a.e.on [0,T].
Denote by Cr the space of continuous 7 -periodic functions x : R — R”
with the norm | x| = sup |x(¢)| and by L} the space of summable T-periodic

t€[0,T]
functions f : R — R" with the norm || /|| .1 = % OT | f(2)] dt.

1/2
For each x € Cr we will also consider the norm || x|, = (fOT |x(t)|2dt)
Now we can introduce the following notion.

Definition 2.14. A regular function V' : R” — R is said to be a non-smooth
integral guiding function for problem (2.22)—(2.23) if there exists N > 0 such that
for each absolutely continuous function x € Cr with |x|, > N and [x'(¢)| <
|F(t, x;)| forae.t € [0,T] we have

/T(v(s), f(s))ds >0
0

for all summable selections v(s) € dV(x(s)) and f(s) € F(s, xy).

Remark 2.5. As we know, the generalized gradient dV is a u.s.c. multimap and so,
the multifunction s — 9V (x(s)) is u.s.c. and, hence, bounded and measurable. So
the multifunction dV (x (s)) admits a measurable selection.

The following assertion holds.

Theorem 2.8. Let V : R" — R be a non-smooth integral guiding function of
problem (2.22)—(2.23). If V is a non-degenerate potential and indV # 0, then
problem (2.22)—(2.23) has a solution.

Proof. We use the coincidence degree theory (see Sect. 1.3). Consider the following
operators:

L : domL := {x € Cr : x is absolutely continuousy C Cr — L.,

Lx =x',
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the superposition multioperator G = P : Cr — P(LIT) and the projection
IT: LlT — R", given as

T
nf = %/f(s)ds.
0

It is easy to verify (see Proposition 1.17) that multioperators [TG and Kp oG are
compact and upper semicontinuous.

Let us mention that periodic problem (2.22)—(2.23) is reduced to the existence of
a coincidence point x € dom L for the pair (L, G) :

Lx € G(x).
Moreover, for A € (0, 1], an arbitrary solution x € dom L of the inclusion
Lx € AG(x)

satisfies the relations
x'(t) € AF(t, x;),
x(0) = x(T).

It means that x(-) is an absolutely continuous function such that x'(z) = Af(¢)
fora.e.t € [0, T], where f € Pr(x).
Then, applying Lemma 2.6 we obtain, for each summable selection v(s) €

aV(x(s))

/ (v(s). f(5)) ds = 5 / v(s). x'(s))ds

=< %/0 VO(x(s). x'(s)) ds = %(V(x(T)) —V(x(0))) =0,

and hence
[x]l, < N.

Then, from «-sublinear growth condition of F it follows that there exists a constant
M’ > 0 such that ||x'||, < M’. So, there exists also M > 0 such that

lxllc <M

Denote by U the ball B, C Cr centered at the origin with the radius r =
max{ry, M, NT~'/2}. Then we have

Lx ¢ AG(x)

forall x € dU, A € (0,1].
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Further, take an arbitrary point u € dU N Ker L . Since u is a constant function
satisfying ||u|- > NT~'/2, from the definition of the integral guiding function we
obtain

/T(v(s), f(s))ds >0
0

for all measurable selections v(s) € dV(u), f(s) € F(s,u). Taking a constant
selection v(s) = v € dV(u) we have

T T
/(v,f(s))ds:(v,/ F(s)ds) = T(v. ITf) > 0
0 0

forall v € dV(u) , and hence
(v,y)>0

forallv € dV(u), y € I1G(u).
This means that the multifields 0V (1) and ITG (1) are homotopic on U N Ker L
and hence

degKerL(HG |Uker1 s UKer L) = deg(BV, UKerL) ?é 0.

So, all conditions of Theorem 1.2 are fulfilled and so the operators L and G have a
coincidence point in the ball U and hence problem (2.22)—(2.23) has a solution in
the same ball. O

As an example, we consider the periodic problem for a gradient functional
differential inclusion of the following form:

x'(t) € 0G(x(1)) + F(t,x;) (2.24)

x(0) = x(T), (2.25)

where the multimap F is T-periodic in the first argument and is L'-upper
Carathéodory with a-sublinear growth and dG is the generalized gradient of a
regular function G : R* — R.

Theorem 2.9. Suppose that the following conditions are satisfied:

(A1) there exist constants € > 0, K > 0 and B > 1 such that
gl = elul’ — K

forall g € 0G(u), u € R";
(42)

| ZF ()|, < oT0-P/2
Ixla=o0  |x||?

for absolutely continuous functions x € Cr;
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(A3) the generalized gradient 0G has a non-zero topological degree:
deg(dG, By) # 0

for sufficiently large N > 0.
Then problem (2.24)—(2.25) has a solution.

Proof. Let us demonstrate that G is a non-smooth integral guiding function for
problem (2.24)—(2.25). Notice that the embedding L?# C L? gives the following
estimation for each absolutely continuous function x(:) € Cr and every summable
selection g(¢) € dG(x(?)) :

lgll, = ellx|5y — KNT = eT"P2||x|); — KV/T.

Then for each summable selections f € Zr(x) and g(t) € dG(x(¢)) we have

T
/0 (g(). () + f(s))ds = lgll2(llgll2 = [1£12)

> llgl2(llgllz = 1 2 (0)]l2)

KNT [1Pr)l
MK MK

> gl (70972 - )l > 0

for || x||, sufficiently large. O

2.4 Generalized Periodic Problems

We consider, here, the application of the MGF to some generalization of the classical
periodic problem for differential inclusions. We discuss also some applications to
differential games and other examples including the anti-periodic problem.

Starting from this section, in the sequel we use the symbol V' for a smooth non-
degenerate potential.

2.4.1 Preliminaries

Definition 2.15. Let X, Y be Banach spaces. By J¢(X, Y') we denote the collection
of all multimaps F: X — K(Y') that can be represented in the form of a composition

FZEqO"'OEI,
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where X; € J(Xi—1,X;), i =1--¢, Xo=X,X,=Y,and X; (0 <i < g) are
normed spaces.

Following the construction of the topological degree for CJ-multimap given in
the chapter “Introduction”, let us mention that if U C R” is an open bounded subset
and F:U — K(R") is a J¢-multimap such that 0 ¢ F(x) for all x € dU, then
the topological degree deg(F, U) is well-defined and has all usual properties of the
Brouwer topological degree.

For a non-degenerate potential V' : R” — R define the vector field Wy :R" —
R",

gradV(x) if |gradV(x)| <1,

W (-x = ra .
v(x) g—ﬁmjggﬁ if |gradV(x)| > 1.

In the sequel we need the following result.

Lemma 2.7 (see [64, Lemma 72.8]). . Let ry > 0 be a constant for the non-
degenerate potential V. Then for every r > ry + a, a > 0, there is t, € (0,4d]
such that:

for each solution x:[0,a] — R" of the problem

x'(t) = Wy(x(t))
lx(0)] =r

the following relations hold:
(x(t) — x(0), grad V(x(O))) >0, Vt e (0,¢].

x(t) —x(0) #0, Vte(0,4q]

2.4.2 The Setting of the Problem

Consider the following generalized periodic problem

u'(t) € F(t,u(t)), forae.t €[0,T],

u(T) € M(u(0)), (2.26)

with the assumptions that:

(A1) F:[0,T] x R* — Kuv(R") is a L'-upper Carathéodory multimap with
a-sublinear growth;
(A2) M:R" — K(R") is a J“-multimap.

By a solution to problem (2.26) we mean an absolutely continuous function
u:[0, T] — R” satisfying (2.26).
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Definition 2.16. A non-degenerate potential V:R" — R is said to be a guiding
function for problem (2.26) if there exists r« > 0 such that for every (¢, x) € [0, T]x
R”, |x| > r«, the following relations hold:

(V1) (gradV(x), y) = 0 for at least one point y € F(r,x);

(V2) V(x) = V(w) forallw € M(x);

(V3) (grad V(x),x — w) = 0 for at least one point w € M(x), if M has convex
values, otherwise for all w € M (x).

2.4.3 Application to Differential Games

Let us mention that the class of problems having the form (2.26) is sufficiently wide.
It is clear that in the case when M is the identity operator, i.e., M(x) = x, Vx € R",
problem (2.26) is the classical periodic problem. Consider some other examples of
problems which can be represented in form (2.26).

Problem 2.1 (Differential game with a given goal set). Consider a differential
game in which an object moves along the trajectories of the following differential
inclusion

u'(t) € F(t,u(t)), (2.27)

where F:[0,T] x R" — Kv(R") is a given multimap.

It is supposed that for each initial position u(0) = x a goal set M(x) C R" is
given. The game ends if, starting from a position x, the object can be moved to one
of the goal positions M (x) at the time 7.

The game is called finite if there are an initial position x and a trajectory of (2.27)
such that the game ends. Otherwise the game is called infinite.

It is clear that the finiteness of the game is equivalent to the existence of a solution
of problem (2.26).

Problem 2.2 (Differential game of pursuit). In this game, two participating
players A and B start moving at the same time from different initial positions along
the trajectories of the differential inclusions

u'(t) € Go(t, u(?)), (2.28)
(player A) and, respectively:

V'(t) € Gi(t,v(1)), (2.29)
(player B).
Itis supposed that G: [0, T]xR" — Kv(R") is a L'-upper Carathéodory multimap
with a-sublinear growth.

The player A is considered as a pursuer whereas the player B is an evader.
We assume that for each chosen initial position x of the pursuer A, the evader
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B starts the game from the initial position /(x) defined by a continuous function
h:R" — R". The game ends if, at the moment 7', the players A and B reach the
same position, i.e., player A “catches up” player B at this time.

The game is called finite if there are an initial position x and trajectories of (2.28)
and (2.29), respectively, such that the game ends.

Let us reduce the game to problem (2.26). To this aim, let us recall (see
Proposition 2.1) that under the assumptions imposed on the multimap G, for each
y € R" the Cauchy problem

v'(t) € Gi(t,v(t)), forae.t €[0,T],
v(0) =y,

has a solution. Moreover, if we denote by I1g, () the set of all solutions, then the
multimap
Ig:R" - KR") (2.30)

is a J-multimap.
Now, let x € R” be an initial position of A. Then h(x) is the initial position of
B. Forevery t € [0, T] define an evaluation operator:

0::C([0, T];R") — R", 0 (u) = u(1), (23D
and consider the following multimap:
M:R" - KR"), M(x) = 67 o [Ig, o h(x).

It is easy to see that M is a J“-multimap and the finiteness of the game is equivalent
to the existence of a solution of the following problem

W' (1) € Go(t,u(t)),
u(T) € M(u(0)).

2.4.4 Existence Theorem, Corollaries and Example

Theorem 2.10. Let conditions (A1)—(A2) hold. In addition, assume that there
exists a guiding function V for problem (2.26) such that indV # 0. Then
problem (2.26) has a solution.

Proof. Set r = max{ry,r«}, where ry is the constant for the non-degenerate
potential V' and r is the constant from Definition 2.16.
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Let M be a convex-valued multimap. Define a multimap

B:R" — P(R"),

B(x) = {y e R":(x — y,p(x)grad V(x)) = 0},
where p(x) = 0if |x| < rand p(x) = 1 if |x| > r.

It is easy to see that B is a closed multimap with convex values. Therefore, the

multimap
Mp:R" - K(R"), Mg(x) = M(x) N B(x),

is a J-multimap, and hence it is a J “-multimap (see Proposition 1.9).

Moreover, for every x € R”, |x| > r + 1, relation (grad V(x), x — w) > 0 holds
forallw € Mg(x).

So, we can study problem (2.26) with the assumption that

(M) (gradV(x), x —w) = O forall w € M(x) provided |x| > r + 1.

Substitute existence problem (2.26) with the problem of the existence of x € R”
such that
0 € 07 o ITp(x) — M(x),

where the map 07 and the multimap [Tr are defined as in (2.31) and (2.30),
respectively.

Let M = (X 0---0X)) € J°(R",R"), where X; € J(X;,_1,X;),i =1,---,q;
Xy = X, = R", and X; are normed spaces forall 0 <i < g.

Define the following maps and multimaps:

IR - K(R" x X)), X1(x) = {x} x Z;(x),
SR x X;_) = KR"x X;), Zi(x,y) = {x}x Z;(y), Vi =2,--- .q.
M:R" - K(R" xR"), M(x) = {x} x M(x),
MIp:R" xR" — K(C([0,T]:R") xR"), Hp(x,y) = {ITp(x)} x {y},
Or: C([0,T]:R") x R" — R" x R", Or(u,y) = {07 ()} x {y},
fR"XR" > R", f(x.y)=x—y.

It is clear that f}i (1<i<gqg)and i F are J-multimaps; éT, f are continuous maps
and

QTOHF—M:fOéTOﬁFOM:fOéTOﬁFOZN‘qO'HOEl.

Therefore, 07 o [T — M:R" — K(R") is a J “-multimap.
Define multimaps

A:R" - P(R"), A(x) ={y e R":(y, p(x)grad V(x)) = 0},
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and
Fa(t,x) = F(t,x) N A(x), (t,x)€[0,T] xR",

where ¢(x) is defined above.
It is easy to verify that F4 is an L'-upper Carathéodory multimap with
a-sublinear growth and

(grad V(x), y) > 0, forall y € F4(t, x) provided |x| > r.
Following Lemmas 2.3 and 2.7 we can choose a sufficiently large number R >
r + T + 1 such that for every (4, x) € [0, 1] x R, |x| = R, we have:
(a) every solution u: [0, T] — R”" of the Cauchy problem:

w'(1) € W(t,u(t), A) = AWy (u(t)) + (1 = 1) F4 (. u(1)),

(0 — x. (2.32)

satisfies the condition: |u(¢)| > r, Vt € [0, T];
(b) thereist, € (0, T] such that for all u € ITy, (x)

(u(t) — x, grad V(x)) >0, Vte(0,¢],

where ITy;, is defined analogously to I1f.

Now set x € 0Bg:(0, R) and z € 6; o Ty, (x) — M(x). Then there exist u €
Iy, (x) and w € M(x) such that z = u(z,) — w. From the choice of R it follows
that

(x —w, grad V(x)) >0 forallw e M(x).

Hence,
(z. grad V(x)) = (u(t,) — x, grad V(x)) + (x —w, grad V(x)) > 0.

Therefore, the vector fields 6;, o [Ty, — M and grad V' are homotopic on dBr- (0, R).
So,
deg(0,, o Iy, — M, Br: (0, R)) = indV.

If0 € Oy oI, (x)—M(x) for some x € dBg(0, R), then the theorem is proved,
otherwise consider the following multimap
X Bri (0, R) x [0, 1] - K(R"),
X(x,A) = Oy, +a—nr o Iy, (x) — M(x),
where ¥, (t, x) = ¥(t, x, ).
It is easy to verify that ¥ is a J¢-multimap. Assume that there is (x,1) €

0Bgr» (0, R) x (0, 1] such that
0€ X(x,A).



2.4 Generalized Periodic Problems 49

Then there is a solution u(-) of problem (2.32) and w € M (x) such that
u(rty + (1=1)T) = w.
From (a) it follows that |u(z)| > r > ry for all ¢ € [0, T]. Therefore,
gradV(u(t)) #0, Vt € [0, T].
Hence,

(AWV(u(s)) + (1 =1y, grad V(u(s))) >0
forall s € [0, T] and all y € F4(s, u(s)). So,

Ay +(1=M)T
V(u()ktr + (- /\)T)) —V(x) = / (u/(s), grad V(u(s)))ds > 0.
0

Consequently, V(w) > V(x), that is a contradiction.
Thus, X' is a homotopy connecting multimaps

Qt, OHWV -M and@T OHFA — M.
Therefore,
deg(0r o ITp, — M, Bg: (0, R)) = ind V # 0.
So, problem (2.26) has a solution. |

Corollary 2.5. Let conditions (A1)—(A2) hold. Assume that there is r > 0 such
that for every (t,x) € [0, T] x R", |x| > r, the following relations hold:

a) (x, y) > 0 for at least one point y € F(t,x);
b) [IM(x)|| = max{|w|:w € M(x)} < |x|.

Then problem (2.26) has a solution.

Corollary 2.6 (Existence of anti-periodic solutions). Let conditions (A1)—(A2)
hold. In addition, assume that there exists r > 0 such that for every (t,x) € I xR",
|x| > r, there is at least one point y € F(t, x) such that

{x.y)=0.
Then the anti-periodic problem

u' (t) € F(t,u(t)), forae.t €0,T],

W) — ), (2.33)

has a solution.
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Proof. The conclusions of the Corollaries 2.5 and 2.6 follow immediately from
Theorem 2.10 by using the guiding function V: R" — R, V(x) = %|x|2. O

Let us mention that the necessity of studying the existence of anti-periodic
solutions for differential equations and inclusions arises in the investigation of many
problems of physics (see, e.g., [118, 122, 127]), wavelet theory (see, e.g., [33]) and
others branches of contemporary science. Some existence theorems for anti-periodic
solutions are presented in [3, 35,36].

Example 2.1. Consider the following problem
{ u' (t) € F(u(t)), forae.t €[0,1], 2.3
u(1) € [3u(0) + 1, %u(O) +2], '

where multimap F:R — Kv(R) is defined by

1 if x>0
F(x) = ’
x) { 1 ifx <0,
and F(0) = [-1,1].
In this situation, M (x) = [$x + 1, 1x 4+ 2], x € R. Itis clear that all conditions
in Corollary 2.5 hold. So, problem (2.34) has a solution.

2.5 Global Bifurcation Problems

The existence of a branch of non-trivial solutions of an operator-equation from
a bifurcation point was studied first by M.A. Krasnosel’skii [89]. The global
bifurcation theorem for single-valued case was proved by P. Rabinowitz [124]. The
bifurcation problem for inclusions with convex-valued multimaps was studied by
J.C. Alexander and P.M. Fitzpatrick [4]. The authors of this work gave sufficient
conditions under which the set of all non-trivial solutions near the point (0, 0) admits
either a bifurcation to infinity, a bifurcation to the border of the considered domain,
or a bifurcation to some trivial solution of the inclusion. After this work, in the
other studies the bifurcation theory for inclusions was extended to the case when
multimap takes non-convex values (see, e.g., [64,66,90]).

Recently, bifurcation theory has been also extended to the case of linear
Fredholm inclusions (see, e.g., [59, 60, 103]). Some other results on the bifurcation
theory for inclusions and differential inclusions of various types can be found, e.g.,
in [42,43,48-52,69,81,99,101, 102,104, 115, 129] and others.

The application of topological tools is the major method for studying bifurcation
problems. A global bifurcation index at a given point is evaluated by using
topological degrees. If the global bifurcation index is non-zero, then the global
structure of solutions of the considering problem can be described. However, in
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practice this evaluation faces several difficulties due to the problem of handling
techniques related to the topological degree in functional spaces.

It turns out that the MGF can be effectively applied to the evaluation of the
bifurcation index. It should be mentioned that, as far as our knowledge, the first
attempt in such direction was made by W. Kryszewski [96].

In this section, we present an approach of the MGF for the evaluation of the
global bifurcation index and its application to study the global structure of periodic
solutions of ordinary differential inclusions in finite-dimensional spaces.

2.5.1 Abstract Result

In this section, we present the application of the bifurcation index to the description
of the global structure of branches of non-trivial solutions to a family of inclusions.
Let X be a Banach space. Consider the following one-parameter family of

inclusions
x € F(x, 1), (2.35)

where Z: X x R — Kv(X) is a multimap.
Assume that:

(#1) Z is completely upper semicontinuous and 0 € .% (0, ) for all u € R;
(F2) foreach pu, 0 < | — po| < o, there is §,, > 0 such that x ¢ % (x, u) when
0 < ||x|| < 8., where o, & are given numbers.

Definition 2.17. A point (0, 1) is said to be a bifurcation point of inclusion (2.35)
if for every open subset U C X x R containing (0, t) there exists a point (x, i) €
U such that x # 0 and x € .Z (x, ).

From (% 1)-(#2) it follows that for each w, 0 < |1 — o] < &o the topological
degree
deg(i — Z (-, 1), Bx (0, 5M))

is well defined. Then the bifurcation index of the multimap .7 at (0, o) can be
defined as

Bi[Z;(0, wo)| = 1iné+ deg(i — Z (-, ), Bx(0.8,))
P>

— lim_ deg(i - Z(-, ), Bx (0, 811))‘
=g

Let us describe the geometric meaning of the bifurcation index. For each
sufficiently small ¢ € (0,&0], where & is the constant in (%#2), consider the
multifield

F,:U, - Kv(X xR),
Fr(x,p) = {x —Z @, 0, Ix)> =3},
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where r € (0, min{8;,,—¢. 8,+¢}) is taken small enough and
U ={(x,n) € X xR ||x]|> + (n — j00)* < r? + &2},

It is clear that the vector field F, is completely upper semicontinuous.
Let us mention that it has no zeros on the boundary dU, .
Indeed assume, to the contrary, that there is (x, u) € dU, such that

0 € Fr(xs /*’L)

Then we obtain
x|l =r,

x € F(x, ).

From (x, i) € oU, it follows that u = o + . From (.%#2) and the choice of r we
obtain a contradiction.
So the topological degree deg(F,,U ) is well-defined and does not depend on the
choice of r.

The following statement is the generalization of the Ize’s lemma (for more details
we refer reader to [77,78, 113]).

Lemma 2.8 (see [42,69]). For each sufficiently small ¢ € (0, go]:
deg(F,,U,) = —Bi[.Z; (0, uo)] .
Let us denote by . the set of all non-trivial solutions to inclusion (2.35), i.e.,
S ={(x,nu) € X xR: x £0 and x € F(x,u)}.

The following assertion follows easily from [59, 96].

Theorem 2.11. Under conditions (F1)~(72), assume that Bi[.F; (0, no)| # 0.

Then there exists a connected subset # C . such that (0, jio) € Z and one of the
following cases occurs:

(a) Z is unbounded;
(b) (0, ux) € Z for some px # [o.

2.5.2 Global Bifurcation of Periodic Solutions

Here we want to use the MGF for the evaluation of the bifurcation index for a family
of differential inclusions in a finite-dimensional space. Then, the abstract result of
the previous section is applied to the study of the global bifurcation of periodic
solutions for this family.
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The Setting of the Problem
Let I = [0, T]. We consider the following family of inclusions

x'(t) € F(t,x(t), ) forae.t €1, (2.36)
x(0) = x(T). (2.37)

We assume the following conditions:

(H1) The multimap F:R x R” x R — Kv(R") is T-periodic L?-upper
Carathéodory, p > 1.

(H2) The multimap F(0,-,-):R" x R - Kv(R") is u.s.c.

(H3) 0€ F(s,0,u) forall x € Rand a.e. s € [0, T].

We know (see Sect. 1.1.2) that under condition (H1) the superposition multiop-
erator Zr: C(I,R") x R = Cv(L?(I,R")) is well-defined and closed.

By a T-periodic solution to problem (2.36)—(2.37) we mean a pair (x, ) €
WTl’p(I, R") x R satisfying (2.36). From (H 3) it follows that (0, i) is a solution
to problem (2.36)—(2.37) for each ;t € R. These solutions are called trivial. Let us
denote by . the set of all nontrivial solutions of problem (2.36)—(2.37).

Global Structure of .¥ When p =1

We consider the global structure of 7 -periodic solutions to problem (2.36)—(2.37)
when p = 1. Notice that T-periodic solutions of problem (2.36)—(2.37) are fixed
points of the following family of integral multioperators

Jr:C(I,R") x R — Kv(C(I,R")),
Jr(x, 1) ={u:u(t) =x(T) +/0 f(s)ds, f e WF(X,,u)}.

It is easy to see that the multioperator Jr is completely upper semicontinuous.
Extending Definition 2.1, we say that for a fixed u € R, a point xp € R" is a
T -non-recurrence point of trajectories of inclusion (2.36), if for every nontrivial
solution x of inclusion (2.36) satisfying condition x(0) = x¢ we have x(¢) # xo
forall t € (0, T].

The following theorem is a basic tool for considering the application of the MGF to
bifurcation problems.

Theorem 2.12. Let conditions (H1)—(H 3) hold. Assume that for each p with
0 < | — ol < &9, where g, €9 are given numbers,

the following conditions hold:
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(H4) there exists a sufficiently small e, > 0 such that from the fact that (x, (t) is a
non-trivial solution of inclusion (2.36) with the initial condition x(0) = 0, it
follows that ||x||c > €.,

(H5) there is §, € (0,¢&,), where g, is the constant in (H4), such that every
point y € Brn(0,68,) \ {0} is a T-non-recurrence point of trajectories of
inclusion (2.36);

(H6) multifield Q,:R" — Kv(R"),

Qll(y) = _F(Ov Y, ,LL),

has no zeros on Br:(0,6,) \ {0}.
Then x ¢ Jr(x, ) provided 0 < |x|¢ < 8, and

deg(i — Jr(-. ). Bc(0.6,)) = deg(Q . Brr(0.6,)).
Proof. Fixing u,0 < |t — po| < &9, we consider the following family of multimaps
Fu(t,y,4) = F(At,y, ), A €[0,1]
and the corresponding family of multifields

v,:C(I,R") x[0,1] - Kv(C(I,R"))

W, (x, A) = {u:u(t)
t T
=x(t)—x(T)—A/O f(s)ds — (1 —A)/O f(s)ds, f € %H(x,x)}.

It is clear that the family of multifields ¥, corresponds to the completely u.s.c.
family of multimaps i — ¥,.

Let us show that ¥,, has no singular points on (B¢ (0,4d,) \ {0}) x [0, 1].

To the contrary, assume that there is

(X%, Ax) € (Bc(0,6,) \ {0}) x [0, 1],
such that 0 € W, (x«, A«). It means that there is a function f € L'(1,R") such that
f(s) € F(Ass, xx(s), u) forae.s € I,

and . .
Xx(t) = x(T) + Ax / f(s)ds + (1 — A*)/ f(s)ds, (2.38)
0 0

forall ¢ € [0, T].
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For t = 0 we have

T
X (0) = x4(T) + (1 — A*)/O f(s)ds,

Taking t = T', we obtain
T
/ Sf(s)ds = 0. (2.39)
0

Therefore, x4 (0) = x«(T).
From (2.38) it follows that

Xu (1) = Aa f (1) € A F (st x4 (1), 1)

forae.t €[0,T].
Thus, x4 is a solution of the inclusion

xX'(t) € AeF(As, x(2), 10).

(i) If A« = 0, then x4 (¢) = xo € Br:(0,6,) \ {0} forall ¢ € [0, T']. We have

T
/ F(0, xo, u)ds =T - F(0, xo, ).
0

From (2.39) and
T T
/ f(s)ds € / F (0, xq, n)ds
0 0

it follows that
0 € F(0, xo, 1),

that is a contradiction because of the fact that O, has no zeros on Bgr(0,6,,) \

{0}
(ii) Let A« # 0. Consider a function z«(f) = x*(ﬁ). Then fora.e.t € [0, A.T] we
have

1 t t t
') = —x.(—) = f(—) € F(t,x+(—), ) = F(t,z2:(t), ).
L0 = XG0 = £ € PG = F.2(0). )
Thus, (z«, i) is a solution to inclusion (2.36) on the interval [0, A, T'].
The case x,(0) = 0: in this situation the pair (Z«, 1), where

z(t) if t €0,A,T]

=00 i el T]



56 2 Method of Guiding Functions in Finite-Dimensional Spaces

is a solution to inclusion (2.36) with the initial condition Z«(0) = 0. On the other
hand,
Z«llc < 8u < e

giving a contradiction.

The case x,(0) # 0: wl.o.g. we can assume that z, is extended to [0, T']. We

have zx(0) = x4(0) = x«(T) = z«(A«T). Hence, inclusion (2.36) has a nontrivial

solution (z«, p) such that z,(0) € Br:(0,6,) \ {0} and z«(0) = z«(A+T), thatis a

contradiction with the 7 -non-recurrence of the trajectories of inclusion (2.36).
Thus, ¥, is a homotopy connecting multifields

Wil =i = JrCow.

and
g0 — r©
w =1=170),

where multioperator I ;0): Bc(0,8,) — Kv(C(I,R")) is defined as

T
r”x) =x(T)+ /0 F(0,x(s), n)ds.

This multioperator has its range in the space C [’(’).T] of constant functions which can
be identified with R". Then

deg(®”, Bc(0.8,,)) = deg(¥”, Bri(0.8,)).

where lI},(LO) = lI/I(LO) |rn is defined by

T
GO (y) = - /0 F(O,y, p)ds = T - F(0, y, ).
So we obtain

deg(i = Jr (-, ). Bc(0,8,,)) = deg(Q i, Bri(0,6,)). o

Definition 2.18. A continuously differentiable function V: R" — R is said to be a
local non-degenerate potential if there exists a sufficiently small number > 0 such
that the gradient

) ’

grad V(x) = (BV(x) BV(x)’m BV(X))

daxy dax, dax;,

is not equal zero provided 0 < |x| < r.
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It is clear that the topological degree
deg(gradV, Bg: (0, 1"))

is well-defined and does not depend on 7" € (0, r). This number is called local index
of a non-degenerate potential V and is denoted by ind V.

Definition 2.19. For each . € R, a continuously differentiable function V,,: R" —
R is said to be a local guiding function for inclusion (2.36), if there exists a
sufficiently small number 7, > 0 such that for every y € F(¢, x, u):

(gradVM(x),y) >0for t =0anda.e.t €(0,7,), 0<|x| <1y,
(gradVM(x),y) >0forae.t €r,,T]

From Definition 2.19 it follows that if V,, is a local guiding function for inclusion
(2.36) then V, is a non-degenerate potential and vector fields —grad V), and Q , are
homotopic on dBg» (0, r) for every 0 < r < t,,. Therefore

deg(Q ., Br:(0,1)) = deg(—grad V,,, Bg:(0,1)) = (—=1)"ind V.

Theorem 2.13. Let conditions (H1)—(H4) hold for p = 1. Assume that for each

M,
0 < | — ol < &9, where gy and gy are given numbers,

there is a local guiding function V,, for inclusion (2.36) such that

lim ind V, — lim_ind V, # 0.
=g K=o

Then there exists a connected subset W C . such that (0, ) € W and either W
is unbounded, or (0, (L) € W for some [Lx F [o.

Proof. Let us show that the multioperator Jr satisfies all conditions in
Theorem 2.11.

In fact, condition (% 1) can be easily verified. In order to verify condition (.%2)
and calculate the bifurcation index Bi[Jr; (0. 110)] we fix u1, 0 < | — ol < e,
and choose

0 <8, <min{e,, 1.},

where &, T, are numbers in (/4 4) and Definition 2.19, respectively.

Let us show that Bg» (0, 8,.) \ {0} is the set consisting of 7"-non-recurrence points
of trajectories of inclusion (2.36). Indeed, take xo € Bgr:(0,6,) \ {0} and let x be
an arbitrary nontrivial solution of inclusion (2.36) with initial condition x (0) = x.
Assume that there is #x € (0, 7] such that x(¢+) = x(0). Since |xo| < 7, there
exists 7, € (0, 7,) such that#, < ¢, and |x(¢)| < 7, forallt € (0, ¢,). Therefore
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0="V.(x(ts)) = V. (x(0)) = /0 *(grad VM(x(s)),x’(s)) ds

tx

— /%(gdeu(x(s)),x’(s)) ds +/ (grad V, (x(5)). 2 (s)) ds > 0.
0

n

giving the contradiction.

Notice that for every u, 0 < | — ol < eo, from the existence of the guiding
function V), for inclusion (2.36) it follows that the vector field Q, = —F (0, y, u)
has no zeros on Bg:(0,4,) \ {0}. By Theorem 2.12 we have that x ¢ Jr(x, )
provided 0 < ||x|o < 6, and

lim deg(i — Jr(-, u), Bc(0,8,)) — lim_deg(i — Jr(-, ), Bc(0,68,))
M—);,L[T K=Ky

= lim+ deg(Q ., Br:(0,6,)) — MliI}LL deg(Q ., Bri(0,8,))
o

K=o
= (=1)"( lim ind V,— lim_ind V,).
(lim ind ,— tim ind ;)
Hence,
Bi|J7; (0, o) | = (=D"( lim ind V,, — lim_ind V) # 0.
[ ] (M»MJ w = Jim_ind V,,)
To conclude the proof we need only to apply Theorem 2.11. O

Global Bifurcation When p = 2

Now, by introducing the notion of local integral guiding functions for inclusion
(2.36) we consider the global structure of the set of all 7-periodic solutions of
problem (2.36)—(2.37). Assume that F is a T-periodic L’-upper Carathéodory
multimap satisfying condition (H 3).

Define the operator £: WTl’z(I, R") — L*(1,R") as

Ix =x'.

It is clear that £ is a linear Fredholm operator of index zero and
Ker{ >~ R" =~ CokerV{.
Then we can substitute problem (2.36)—(2.37) by the following family of operator

inclusions
x € Pr(x, ),
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or by equivalently (see, Sect. 1.3)

x € G(x, ), (2.40)
where
G:Cr(I,R") xR — Kv(Cr(I,R")),
Gx,pu) =Px + (AT + Kp o) Pr(x, ). (2.41)
Recall that
IT: L*(I,R") - R",
is defined by

T
Hf:%/f(s)ds
0

and the homomorphism A: R" — R” can be treated as the identity map.

Definition 2.20. For each 1 € R, a continuously differentiable function V,,: R" —
R is said to be a local integral guiding function for inclusion (2.36), if there exists a
sufficiently small number 7, > 0 such that from x € WTI’Z(I ,R") with0 < ||x]|, <
7, it follows that

T
/0 (grad V,(x(s)), f(s))ds > 0
forall f € ZPr(x, ).

Notice that the local integral guiding function V), is a non-degenerate potential. In
fact, for every y € R" with 0 < |y| < %, considering y as a constant function we

have

T T
/0 (grad Vi(y), f(s))ds = (grad VM()/),/0 f(s)ds) = T(grad Vi(y), Hf) >0

forall f € Pr(y, ).

Hence, gradV,.(y) # 0 provided 0 < |y| < %

Theorem 2.14. Let F be a T-periodic L*-Carathéodory multimap satisfying
conditions (H3). Assume that for each i, 0 < |u — po| < &o, where &y, lLo are
given numbers, there exists a local integral guiding function V,, for inclusion (2.36)
such that

lim indV,— lim_ind V, # 0.
n—ug Yowng :

Then there is a connected subset ' C & such that (0, uo) € W and either W is
unbounded or (0, [L+) € Z for some s # [Lo.
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Proof. We show that multioperator G defined in (2.41) satisfies all conditions in
Theorem 2.11. At first, the space L>(/, R") can be decomposed by

L*(ILR") = % & 4,

where £y = Coker{, £ = Im{. The corresponding decomposition of an element
f € L*(1,R") is denoted by

f=r+h foeh fie .
STEP 1. From (H 3) it follows that 0 € G(0, ) for all © € R. Let

@:Cr(I,R") x Rx [0,1] = Cv(L*(I,R")),
d)(xs ka) = X(f@F(-xs M)vk)s

where

x(fo+ f1.A) = fo+Af1.

We prove that the multimap

2:Cr(I,R") xR x [0,1] - Kv(Cr(I,R")),
2, A) = Px+ (AIT + Kpo)P(x, 1, A),

is completely u.s.c.

Indeed, from the fact that the multioperator ZF is closed and the operator
(AT 4+ Kpg) o x is linear and continuous it follows that the multimap
(AT 4 Kp g)x o PF is closed (see Proposition 1.5). Further, for every bounded
subset U C Cr(I,R") x R the set Zr(U) is bounded in L2(1,R"). Then the
set (AIT + Kp o)y o Zr(U) is bounded in WTI’Z(I, R") and by the compact
embedding property (see, e.g. [14,41]), the set (AT + Kpo)y o Zr(U) is
relatively compact in C7(/, R"). Finally, our assertion follows from the fact that
the operator P is continuous and takes values in a finite dimensional space. In
particular, the multimap G = X(., -, 1) is completely u.s.c.. So condition (.%#1)
holds.

STEP 2. For each u, 0 < |t — po| < o, choosing r,, such that

Ly
o

where 7, is a constant from Definition 2.20, assume that (x, i), x € Bc(0,7,)
is a nontrivial solution to inclusion (2.40). Then there is f' € ZF(x, ) such that
x'(t) = f(t) forae.t €[0,T].

0 < ry < min{m,,
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Since 0 < ||x||, < m, we have

T

T
/0 (grad Vi(x(s)), f(s))ds = /0 (grad Vﬂ(x(s)),x’(s))ds
= Vu(x(T)) = Vu(x(0)) > 0,

giving a contradiction, i.e., inclusion (2.40) has no nontrivial solutions on
Bc (0, r,,). Therefore (.#2) holds.
STEP 3. Now we evaluate the bifurcation index Bi[G; (0, o) |. Toward this goal,
we fix 1, 0 < | — po| < &0, and choose r, as in Step 2. Consider the following
family of inclusions

x e X,(x,A), (2.42)

where X,: Cr(I,R") x [0, 1] = Kv(Cr(I,R")),
(X, 1) = Px + (AIT + Kpg)®(x. 11, }).

As in Step 1 , multioperator X, is completely u.s.c.. Assume that there is a
solution (x*,A*) € 9Bc¢(0,r,) x [0, 1] of inclusion (2.42). Then there exists
a function f* € Zp(x*, 1) such that

X* = Px* =+ (AH +KP,Q)OX(f*7A*)7

or equivalently,
0= f,
where f* + fi* = f*, fif € LHand fiF € 4.

Since 0 < |x*||, < m, we have

/T(gmd Vi(x*(5)). f*(s))ds > 0.
0

If A* #£ 0, then

T T 1 ,
/ (grad V,,(x*(5)), f*(s))ds = / (grad vV, (x*(s)), /\—*x* (s))ds
0 0

1
1

(Ve (1) = Vutx*(0)) =0,

that is a contradiction.
If A* =0, then{x* =0,ie,x* =a R |a| =r, Forevery f € Pr(a,pn)
we have

/ T(gmd Vi(@), f(s))ds > 0.
0
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On the other hand,

T T
/0 (grad V,.(@), f())ds = (grad V,.(a), /0 f(s) ds) = Tlgrad Vu(a). 111 ).
Therefore,
T(grad Vi(a), Hf) > 0. (2.43)
Hence, I1f # 0 for all f € Pp(a, ), in particular, I[Tf* # 0. But [1f* =
ITf;* = 0, giving a contradiction.
Thus, ¥, is a homotopy connecting multimaps X, (-,1) = G(, ) and

2,(,0) = P + OPp(-, ). From the homotopy invariance property of the
topological degree it follows that

deg(i —G(-, ), Be(0, rﬂ)) = deg(i — P -0 Pk(-, ), Bc(0, r,L)).
Multimap P + IT1 (-, p) takes its values in R”, then
deg(i — P — [T PF (-, j1), Bc(0,1,)) = deg(i — P — [T PF (-, 11), Bri (0,7,)),
In the space R" multifield i — P — IT ZF (-, 1) has the form
i—P—IPp(,p)=—-MPr(, 1),
therefore
deg(i — P — 1P (-, ), Bre (0, 1ry)) = deg(—I1 Pr (-, ), Bre (0. 1,)).

From (2.43) and Lemma 1.5 it follows that the vector fields [T ZF (-, i) and grad V,,
are homotopic on dBg- (0, 1), so

deg(—I1 P (-, ), Bre (0,r,)) = deg(—grad V., Br: (0,1,)) = (=1)"ind V,.
Consequently,
1im+ deg(l - G('v H)s BC (07 rﬂ)) - hm, deg(l - G('v H)s BC (Os r/L))
=1y

=1y

= lim deg(—1 PF (-, i), Br(0,7,,)) — ME}B* deg(—I1 Pp (-, ), Bre(0,7,))
0

=y

= (=1)"( lim indV, — lim_ind V).
> I H=> Ky
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Hence,
Bi[G: (0, uo)] = (=1)"( lim indV,, — lim_indV,) # 0.
M—);L(;‘r H=> Ky
To conclude the proof we need only to apply Theorem 2.11. O

2.5.3 Application 1: Differential Inclusion with a Bounded
Nonlinearity

Consider the following differential inclusion

X(t) e ux(l)(a + F(t,x(t))), (2.44)

where F:R x R — Kv(R) is a T-periodic upper Carathéodory multimap; a > 0,
neR
Denote by .# the set of all non-trivial T -periodic solutions of inclusion (2.44).

Theorem 2.15. Assume that:

(A) thereis 0 < K < a such that
[F@ y)| =max{lzl:z€ F(t,y)} < K

forally e Randa.e.t € [0,T].

Then there is a connected subset W C . such that (0,0) € W oand W is
unbounded.

Proof. 1t is clear that (0, i) is a solution of inclusion (2.44) for every £ € R and
(¥,0) is a solution of inclusion (2.44) for every constant function y € R. Therefore
(0,0) is a bifurcation point. Now let us show that (0, 0) is the unique bifurcation
point of (2.44).

To this aim we define a multimap F:R x R x R — Kv(R) by

F(t,y.p) = py(a+ F(t,y)).

It is easy to see that F is a T-periodic L2-upper Carathéodory multimap.
We want to show that for every p # 0 the function

V.:R =R,
1 2
Vﬂ(y)ZEMy 3

is a local integral guiding function for inclusion (2.44).
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In fact, let x € WTl’z([O, T1]; R) and choose an arbitrary f € Zp(x). Then

[ =nx@@+ f)e Ppx, ).

We have
T B T
[ {eraavicxon. Folas = [ paxs) + et o)) ds

= 2ol + [ 20 160as)

= 2 (alll = Il 17 1)
> pPl|x[3(a — K)> 0. (2.45)

for || x|, > 0.
Therefore, inclusion (2.44) has no non-trivial solution provided u # 0. O

2.5.4 Application 2: Global Bifurcation for Functional
Differential Inclusions

We use the notion of phase space given in Sect. 1.4.
Set I = [0, T'] and denote by % (R") the Banach space of bounded continuous
functions BC((—o0, 0]; R™).
Consider a functional differential inclusion with infinite delay of the following
form:
x'(t) € F(t,x;, ) fora.e t €[0,T], (2.46)

where F: R x 2% (R") x R — Kv(R") is a multimap.
Assume that the multimap F satisfies the next conditions:

(H1) F is a T-periodic upper Carathéodory multimap.
(H?2) For every bounded subset £2 C Cr(I,R") x R there exists a function vy, €
L2 [0, T] such that for each (p, ) € 2

|F(t, @, )|lgn < v(t) forae.t €[0,T],

where X denotes the T -periodic extension of x on (—oo, T'].
(H3) 0€ F(t,0,) forall u € Rand a.e. t € [0, T].

Notice that under conditions (H 1)—(H2) the superposition multioperator

P Cr(I,R") x R — Cv(L*(I,R")),
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Pr(x, ) ={f € L*(I;R"): f(s) € F(s, X5, p) fora.e.t € I},

is well-defined and closed.

As earlier, we can treat the global bifurcation problem of 7'-periodic solutions
of inclusion (2.46) as the global bifurcation problem of solutions of the following
operator inclusion

Ix € Pr(x, ), (2.47)

where £ is the operator of differentiation.

From (H3) it follows that problem (2.47) has a trivial solution (0, i) for all
1 € R. Let us denote by . the set of all nontrivial solutions of (2.47).

We use the notion of local integral guiding functions as given in Definition 2.20.
Following the method given in the proof of Theorem 2.14 we obtain

Theorem 2.16. Let conditions (H1)—(H 3) hold. Assume that for each p with
0 < | — po| < &g, where g, 9 are given constants,
there exists a local integral guiding function V), to problem (2.46) such that

lim ind V, — lim_ind V,, # 0.
=g K=o

Then there is a connected subset % C ./ such that (0, o) € X and either R is
unbounded or £ > (0, [Lx) for some [Lyx F [Lo.

2.5.5 Application 3: Feedback Control System

Consider the following feedback control system with infinite delay

x'(t) = pax @) + f(x;,u(t), n) fora.a. t €1[0,T],
u(t) € Ux(1)) fora.a. t €0, T], (2.48)
x(0) = x(T).

wherea > 0, u € R,amap f: A€ (R")xR" xR — R" is continuous; a multimap
U:R" - Kv(R")isu.s.c.;n,m € N and n is an odd number.
We assume the following conditions:

(f1) Thereexisty > 1and b > 0 such that

|f @yl b llelly (el + 1D

forall (¢, y,u) € Cr(I,R") x R" x Randa.e.t € [0, T].
(U1) Forevery (¢, 1) € BE€(R") x R the set f(go, U((p(O)), ,u) is convex.
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(U2) There exists ¢ > 0 such that

IO g < (14 [y])

forall y € R".
Define a multimap F: Z%€ (R") x R - Kv(R") by

F(p. i) = pag(0) + f(¢. U(p(0)). p).
Then we treat the problem of global bifurcation of T-periodic solutions of prob-
lem (2.48) as the problem of global bifurcation of T-periodic solutions of the
following differential inclusion:

x'(t) € F(x;,), forae. tel.

Let us denote by . the set of all nontrivial T -periodic solutions of (2.48).

Theorem 2.17. Let conditions (f1) and (Ul) — (U2) hold. Then there is a
connected unbounded subset % C ./ such that (0,0) € Z.

Proof. 1t is easy to see that multimap F satisfies all conditions (H1)-(H3) in
Theorem 2.16. For each & # 0 consider the function

V,:R" >R,
1
Vu(y) = Eu(y,y)

Letting x € WTI’Z(I ,R") and choosing an arbitrary g € Zp(x, i), we obtain
that there exists u € L2(I, R™) such that u(s) € U(x(s)) fora.e. s € I, and

g(s) = pax(s) + f(xs,u(s),u) fora.e.s € I.

We have

T

T
/0 (grad V,,(x(1)). g ())di = /0 (x(0). pax () + (o u(t). w)ds
T
> a?||x]2 - |l [ e O)]1f G ), )l d
0
T
> ap %2 = bl x1 [0 O] + (o)) ds

T
261M2IIXII§—bIMIIIXIIZ/0 lxO)I(|ul+e+elx(0)])dt

1 2
> ap?||x|3-bVT (el Ixls T —belpl x5
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Therefore

T
/0 (grad Vi (x(0)). g)dr = ullx13 (alel = bVT (1l + ) x5~ = bellx ] ) >0,
(2.49)

for all 4 # 0 and sufficiently small ||x||, # 0.
Thus for every u # 0, V,, is a local integral guiding function for problem (2.48).
From the fact that

lim indV, — lim indV, =1—(-1)"=2
M_1>0+m M M—>0*m M (=1

and (2.49) it follows that (0, 0) is the unique bifurcation point for problem (2.48).
Applying Theorem 2.16 we obtain the conclusion of the theorem. O
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