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A Quasi-Cyclic LDPC Code
for GNSS Signal
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Abstract Considering that modernized GPS L1C signal utilizes random con-
structed LDPC as the FEC coding scheme, it’s a waste of storage resources
because of the irregularity of the parity-check matrix, though owning superb error-
control performance. This paper proposed a constructing algorithm for Quasi-
Cyclic LDPC code which is suitable for GNSS signal, it avoids the existence of
short cycle with the length of 4 in the Tanner graph from the beginning, by
limiting the cross-correlation values of sparse sequences. Better performance can
be achieved by making the parity-check matrix sparser. Using 802.11n protocol as
a reference, parity-check part is double diagonal, which makes the encoding
process possible directly with parity-check matrix. Simulation results show this
LDPS code performs slightly better than what GPS L1C uses, lower encoding and
decoding complexity makes it more suitable for GNSS.

Keywords Satellite navigation � Low-density parity check (LDPC) code �
Parity-check matrix � Quasi-cyclic code

2.1 Introduction

Growing number of new ideas are prominently emerging with the development of
GNSS signal design [1], including the introducing of forward error correction
(FEC) coding such as convolutional coding and LDPC code for the purpose of
improving the signal’s robustness. Conventional GPS C/A signal utilizes
Hamming code to make itself possible to detect errors, but not able to forward
error control. Modernized GPS signal generally uses convolutional code as the
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FEC code with the coding efficiency of 1/2, while GPS L1C uses LDPC code
which results in higher coding gain in contrast with convolutional code as an
exception.

Subframe 2 and subframe 3 of GPS L1C are separately encoded using rate 1/2
LDPC codes, as a result, there are 1,200 coded bits for subframe 2 and 548 coded
bits for subframe 3 [2]. L1C constructs the parity-check matrices randomly which
makes them superb at error correcting when codeword is long, but on the other
hand, encoding and hardware realization complexities are substantially increased
due to the long codeword and irregularity of parity-check and generator matrices.
Although GPS uses lower-triangular-matrix-based LDPC code, RU algorithm [3]
gives out an encoding scheme with approximately linear complexity, randomly
constructed parity-check matrices and relatively high average row weights still
make the requirements of storage and calculation a demanding problem.

Structured LDPC code, especially Quasi-cyclic LDPC code is proposed for
above reason, which owns lower encoding complexity and makes it easier for
hardware realization. Shanbao et al. [4] proposes an algorithm to obtain quasi-
cyclic parity-check matrix by finding a series of so-called sparse sequences, but the
method for removing 6-cycle in the Tanner graph can just apply to the situation
with small number of sequences, what’s more, none of the sub-matrices is zero
matrix and that has an negative effect on error correction performance. Combining
with relevant theory, [5] discusses how to remove 4-cycles and 6-cycles, but not
able to explain why there appear zero sub-matrices on the left side of parity-check
matrix.

Based on the work of [4], this paper generates several sparse sequences make
sure the cross-correlation values between any two arbitrary generated ones are no
more than 1, by this way a parity-check matrix is obtained which is dual-diagonal
by borrowing ideas from protocol IEEE 802.11n. Finally, better performance can
be achieved by setting some of the sub-matrices zero randomly.

2.2 Quasi-Cyclic LDPC Code and its Encoding Algorithm

2.2.1 Characteristics of the Parity-Check Matrix

The characteristic of QC-LDPC code is that there is a number z, we can divide any
available codeword with the length of n � z into n pieces of sub-codewords and the
resulting codeword is still available if we cyclic shift each sub-codeword by a
common length separately, so the corresponding parity-check matrix consists of
several sub-matrices with the same size (z� z), assume each sub-matrix is a
circulant permutation matrix or a zero matrix, then the parity-check matrix can be
expressed as B:
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B ¼

p1;1 p1;2 � � � p1;n

p2;1 p2;2 � � � p2;n

..

. ..
. . .

. ..
.

pm;1 pm;2 � � � pm;n

2
6664

3
7775 ð2:1Þ

which we call basis matrix. For any pi;j �1� pi;j\z
� �

, it represents a sub-matrix
derived by cyclic shifting identity matrix I(0) by pi;j steps if pi;j� 0, and represents
zero matrix if pi;j ¼ �1. It’s clearly seen that the performance of codeword is
totally determined by basis matrix once codeword length and size of sub-matrix
z are given, so it should be meticulously designed and optimized. Wang et al. [6]
gives out a theorem on judging if short cycle exists in the parity-check matrix by
probing its basis matrix.

Since parity-check matrix can be expressed by its basis matrix which has lower
dimension, storage requirements are significantly decreased. From the standpoint
of hardware, QC-LDPC encoding process can be easily accomplished by circu-
lating registers and trade off time complexity against space complexity [7].

Using dual-diagonal structure, the parity-check matrix can be directly used to
encode thus there is no need to calculate generator matrix. Considering the case
coding efficiency is 1/2, which means m ¼ n=2, basis matrix has the following
form as (2.2) shows

B ¼ BSjBP½ �m�2m

¼

p1;1 p1;2 � � � p1;m 1 0 �1 �1 � � � �1 �1

p2;1 p2;2 � � � p2;m 0 0 0 �1 � � � �1 �1

p3;1 p3;2 � � � p3;m �1 �1 0 0 � � � �1 �1
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pm�1;1 pm�1;2 � � � pm�1;m �1 �1 �1 �1 � � � 0 0

pm;1 pm;2 � � � pm;m 1 �1 �1 �1 � � � �1 0

2
66666666666666664

3
77777777777777775

ð2:2Þ

BS corresponds to parity-check coefficients for information bits and BP corre-
sponds to parity-check coefficients for parity bits, they are both m� m matrices.
The first and last elements in the first column of BP are ‘‘1’’, the second element is
‘‘0’’ and others are ‘‘-1’’, the rest of BP is a m� m� 1ð Þ matrix with elements in
its two diagonal lines all being ‘‘0’’ and the rest elements all being ‘‘-1’’.
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2.2.2 Encoding Scheme

We denote information bits as u = {u1, u2,…, um} and parity bits as v = {v1,
v2,…, vm}, the length of each ui and vi is z, and assume that the sub-matrix Hi,j in
the parity-check matrix corresponds to pi,j in the basis matrix. The encoding
process based on parity-check matrix is accomplished as follows

1. Calculate intermediate variables ci(i = 1, 2, …, m) and then v1 afterwards

ci ¼
Xmb

j¼1

Hi;j � uT
j

 !T

ð2:3Þ

v1 ¼
Xmb

i¼1

ci: ð2:4Þ

2. Update intermediate variables ci (just for i = 1, 2)

ci ¼ ci þ Hi;mþ1 � vT
1

� �T
: ð2:5Þ

3. Calculate all other parity bits

vi ¼
c1 i ¼ 2

ci�1 þ vi�1 i 2 3; m½ �:

(
ð2:6Þ

The encoded codeword is {u, v} = {u1, u2,…, um, v1, v2,…, vm} according to
above steps, and note that all the additions referred are Modulo 2 additions.

2.3 Construction of Parity-Check Matrix

For most cases decoding algorithms for LDPC code are iterative, the information
received by the nodes in the Tanner graph tends to be no more independent thus
degrades the decoding performance when cycles exist in the Tanner graph or
parity-check matrix. On the other hand, the existence of cycles can benefit the
codewords by improving the minimum code distance, for which we should take
both factors into consideration in the process of LDPC code design. Generally
speaking, 4-cycle plays a negative role for the convergence of decoding process
and considered having the worst influence on the performance of LDPC code and
that we can achieve fairly good performance by removing it. The method given in
this chapter absolutely avoids the existence of 4-cycle.
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We will discuss the construction of the left part of parity-check matrix, i.e.,
what BS corresponds since the right part BP has been certain. Binary sparse
sequence is a sequence with certain number of ‘‘1’’ and the others are all ‘‘0’’, the
cross-correlation of two sequences s1 and s2 with the length of N is defined as

R12 kð Þ ¼
XN

i¼1

s1 ið Þ � s2 iþ kð Þmod Nð Þ: ð2:7Þ

No 4-cycle exists in the parity-check matrix means the cross-correlation value
is less than 2 between any two arbitrary rows if we view each row as a sequence.

For each element in the m*z sparse sequence we label it with a number (0, 1,…,
m -1) which equals to its subscript modulo m and be sure that there is one and
only one ‘‘1’’ for all the elements that share a common label, thus there are m ‘‘1’’
in the entire sequence. Z sequences can be derived if we left cyclic shift the
mentioned sequence by k � m steps (k = 1, 2,…, z� 1), which can be used to
constitute a matrix with size of z� m � zð Þ. It’s easy to find out that cross-
correlation value R12(0) between any two arbitrary rows is 0 and quasi-cyclic form
can be achieved by means of column exchange.

We should generate m sparse sequences which meet above requirements to get
the parity-check matrix. The part which BP corresponds to also has an effect on the
cross-correlation value, that’s why we also take it into consideration. The con-
struction process is as follows:

1. First construct a matrix A = zeros(m, m � z) according to BP, A(i, j) = 1 if
BP(i, j) == 0 and we also set A(1, m � z� 1ð Þ þ 1) = 1 and A(m,
m � z� 1ð Þ þ 1) = 1 which correspond to the two ‘‘1’’s in BP.

2. Find m sparse sequences which should meet the requirements mentioned as
Fig. 2.1 shows, Lcirshift (a, b) means left cyclic shift sequence a by length of b.

3. Obtain z sequences with each sparse sequence by left cyclic shift by k � m steps
(k = 0, 1, 2,…, z -1) which also means a z� m � zð Þ matrix can be constructed
with one sparse sequence if each row corresponds to a cyclic shifted sequence.
A m � zð Þ � m � zð Þ matrix can be constructed with m sparse sequences found in
step 2, left part of parity-check matrix HS can be derived by its column
exchange.

4. Concatenate HP with HP, we get H = [HS|HP].

The removal of 4-cycle is ensured by limiting the cross-correlation values and
sequences can still be found quickly with computer when m is large since the
removal of 6-cycle is not considered. This method results in non-existence of
‘‘-1’’ in the basis matrix which makes the row weight and column weight be both
m, the density is not low enough. We can set some of sub-matrices in HS as zero
matrix to solve this problem which has been verified to be an efficient solution.
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2.4 Simulation Results

We set codeword length to 1,200 bits and coding efficiency 1/2 which is the same
as one of L1C scheme, size of sub-matrix is set to 60 9 60 which means z = 60
and m = 10. The final parity-check matrix is obtained by set 60 sub-matrices in
the left part of HS to zero matrices randomly, (2.8) gives out the corresponding
basis matrix as an example.

B ¼

�1 �1 9 25 �1 �1 �1 51 20 �1 1 0 �1 �1 �1 �1 �1 �1 �1 �1
16 �1 �1 �1 50 55 �1 31 41 �1 0 0 0 �1 �1 �1 �1 �1 �1 �1
�1 26 �1 �1 �1 12 �1 �1 �1 7 �1 �1 0 0 �1 �1 �1 �1 �1 �1
�1 �1 12 �1 43 �1 �1 31 �1 15 �1 �1 �1 0 0 �1 �1 �1 �1 �1
41 �1 �1 �1 �1 �1 3 28 �1 �1 �1 �1 �1 �1 0 0 �1 �1 �1 �1
40 �1 �1 43 38 1 �1 �1 �1 �1 �1 �1 �1 �1 �1 0 0 �1 �1 �1
�1 �1 25 37 29 �1 �1 �1 34 �1 �1 �1 �1 �1 �1 �1 0 0 �1 �1
�1 �1 �1 �1 11 �1 �1 37 17 38 �1 �1 �1 �1 �1 �1 �1 0 0 �1
�1 56 13 �1 �1 5 �1 47 33 �1 �1 �1 �1 �1 �1 �1 �1 �1 0 0
�1 28 42 �1 �1 6 23 �1 �1 �1 1 �1 �1 �1 �1 �1 �1 �1 �1 0

2
666666666666664

3
777777777777775

ð2:8Þ

LLR-BP algorithm is used as the decoding method to verify the performance of
constructed LDPC code. Figure 2.2 gives out an example showing how bits error
number changes with iteration times when SNR equals 1 dB which turns con-
vergence successfully after 12 iteration steps, the parity-check matrix is con-
structed by the method as last chapter describes. This curve shows the contribution
FEC makes for GNSS visually.
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sparse sequence
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If they are 
all < 2?

Generate the first 
sparse sequence 

s1

For j = 0 : i- 1, k = 0 : z- 1, calculate 
cross-correlation between [si, A(i, :)] and 
[Lcirshift(sj, k*m), Lcirshift(A(j, :), k*m)]
in the place 0

i=m

i=i+1

All sparse sequences generated

YES

YES

NO

NO

?

Fig. 2.1 Flowchart of
generating all sparse
sequences
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We simulated the bit error ratio (BER) performance of LDPC code used by
GPS L1C signal, an optimized result [5] gives and our result for comparison to
verify its performance. BPSK modulation is assumed to be used, i.e., ‘‘1’’ is
mapped into ‘‘-1’’ and ‘‘0’’ is mapped into ‘‘1’’, and the channel is assumed to be
AWGN. The maximum iteration times is set to 50 for each decoding process.

Figure 2.3 presents their BER performance curves, it’s clearly shown that our
result (blue curve) outperforms what [5] gives (green curve) and is slightly better
than GPS L1C scheme when SNR is low, so it can be considered at least meet the
performance of GPS L1C. Storage requirements are significantly reduced in the
process of encoding and decoding with QC-LDPC scheme while achieving not
lower performance.
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2.5 Concluding Remarks

Considering the power of data channel is reduced by at least 3 dB due to the fact
that generally half or more power of modernized GNSS signal is allocated to pilot
channel, we can choose forward error correction (FEC) coding to make up for the
loss of robustness of data demodulation due to power allocation. This paper briefly
introduces the encoding scheme based on QC-LDPC code followed by proposing a
method for constructing parity-check matrix without 4-cycle. Simulation result
shows that its decoding performance can be as good as what GPS L1C uses.
Further research can be focused on studying specific algorithm to ‘‘lighten’’ the
check matrix which was randomly done for this paper.
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