Chapter 2
Densities in Hermitian Matrix Models

Orthogonal polynomials are traditionally studied as special functions in mathemat-
ical theories such as in the Hilbert space theory, differential equations and asymp-
totics. In this chapter, a new purpose of the generalized Hermite polynomials will
be discussed in detail. The Lax pair obtained from the generalized Hermite polyno-
mials can be applied to formulate the eigenvalue densities in the Hermitian matrix
models with a general potential. The Lax pair method then solves the eigenvalue
density problems on multiple disjoint intervals, which are associated with scalar
Riemann-Hilbert problems for multi-cuts. The string equation can be applied to de-
rive the nonlinear algebraic relations between the parameters in the density models
by reformulating the potential function in terms of the trace function of the coef-
ficient matrix obtained from the Lax pair and using the Cayley-Hamilton theorem
in linear algebra. The Lax pair method improves the traditional methods for solv-
ing the eigenvalue densities by reducing the complexities in finding the nonlinear
relations, and the parameters are then well organized for further analyzing the free
energy function to discuss the phase transition problems.

2.1 Generalized Hermite Polynomials

Let us consider the Hermitian matrix model with a general potential

2m
V@)=Yt @.1)

j=0
where z is a real or complex variable, ¢; are real, and #,,, > 0 such that the partition

function
o o0 n
Z, =/ / e Fa V] () — 20)2dz -+ dza 2.2)
- % Jj<k

is well defined. The free energy function is defined as [1] £ = —lim,_, o nLZ InZ,.

| A
By the scaling transformation z =n2mn and ¢; = n!= 2w gj» the potential V (z) be-
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22 2 Densities in Hermitian Matrix Models

comes a new potential W(n) = Z?’"O gj n’. The eigenvalue density p(»7) on [; in-

terval(s) 2 = U] | 77(_]), 772)] is defined to minimize the free energy function

=/ W(n)p(n)dn—/ / In|x —nlp(A)p(n)drdn. 2.3)
2 2J8

The density p(n) is required to satisfy the following conditions [1, 7]:
(1) p is non-negative when n € £2,

p(n) = 0; (2.4)

(i1) p is normalized,
/ p(mdn =1; (2.5)
2
(iii) p satisfies the following variational equation for an inner point 7 of 2,
o) 1
P) —dk = —W ), (2.6)

where (P) stands for the principal value of the integral, for example,

(P)/m&d/\_l (/ﬂ &d/\ /m&cu)
e=>0\J,_ n—2 nte 11— A

The generalized Hermite polynomials will be applied to find the eigenvalue density
o (n). The last two conditions will be satisfied based on the asymptotic of an analytic
function w(n) as n — 00, and the first condition needs separate discussions. The
density generally takes a form as the product of a polynomial in 5 and the square
root of another polynomial in 1 of degree [ > [1, and the parameters in the density
are generally restricted by complicated nonlinear relations that can be obtained by
using the string equation associated with the Hermitian matrix models.

Now, let us use the planar diagram model [1] to briefly explain how the above
basic concepts are connected each other. For the planar diagram eigenvalue density
shown in Sect. 1.2 for W(n) = 217 + gn*, if we define

1
o) = <5 +4gb2+2gn2>,/n2 —4p2, (2.7)

for n € C\ §2 where §2 = [—2b, 2b] and C stands for the complex plane, then there
is the following asymptotics

1 1
o) = (17+4g17) (b* + 12gb*)~ +0(n) (2.8)

as n — o0o. Let 2% = 2~ U 27 be a closed counterclockwise contour, where £2~
and £27F are the lower and upper edges of .Q respectively. By Cauchy theorem,
there is [, w(ndn = —(b* + 12gb*) Sini=r n = —27i(b*> + 12gb*). The analytic

function w(n) has opposite signs on 2~ and 7. If we define p(n) = Ea)(n)|g+,
then p(n) satisfies the normalized condition above if the parameters satisfy

b* + 12gb* = 1. (2.9)
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Further, if £2* is changed to £2 by just changing the straight lines of the £2* at the
neighborhood of a inner point n of §2 to the small semicircles of ¢ radius, then we
have

A A A
lim @M 45 = lim / @M 15— tim [ W 4. (2.10)
e—0 Q;\yg)h_n e—=0Jox A —1n e—0 y&,)u—ﬁ
where y, is the circle of ¢ radius with center 5. Since w(n) has opposite signs on
the upper and lower edges, the second limit on the right hand side above is zero. By
the asymptotics above, there is

A o) — 1w Lw
lim / OM) 43 = lim / @) =W e tim [ 2P g
e—>0Jox A —1n e—0 Jox A—n e—0 2 A—n

=miW' (). 2.11)

Therefore, p(n) satisfies the variational equation given above for the eigenvalue
density by noting that lim,_ [ 2" %)‘n)d)» =27i(P) [, %d 7. We have shown
the idea to use the w(n) with the asymptotics to satisfy the conditions for the p (7).
The question then becomes how to get the w(#n) defined in the complex plane ex-
cept the cut(s) with the corresponding asymptotics. The orthogonal polynomials and
string equation can just provide such formulations to construct the w (7).

In 1991, Fokas, Its and Kitaev [4] obtained that for the potential V (z) = nz® +
t4z*, the coefficients v,’s in the recursion formula ZPn = Pn+1 ~+ Un pn—1 satisfy the
string equation

(212 + 414 (Va1 + vy + Vg 1) JUn = 1. (2.12)

If all the v,’s are replaced by n!/2b? and tj’s are replaced by n]’ﬁgj, and if we
choose g» = 1/2 and denote g4 = g, then the string equation (2.12) is reduced to
the condition (2.9), which is corresponding to (2.5). The relation between (2.12)
and (2.9) indicates that the eigenvalue density problem and the string equation have
some connections. We will see that these relations are so close not only for their
algebraic formulas but also the roles they play in the corresponding models. The
condition (2.9) for the eigenvalue density is a property for the exponent of the parti-
tion function. The string equation is a property for the exponent n of the orthogonal
polynomials p,(z) = z" + - - -, that is about the wave function. We will experience
more about the connections between these equations in the later discussions.

The main question is how to find the formula of the density p. It is discussed
in [6] by McLeod and Wang in 2009 that the eigenvalue density can be formulated
based on the square root of the determinant of matrix A, (z), «/det A,(z), where
Ay (2) is the coefficient matrix in the Lax pair

Dpy1 =Ly Py, (2.13)
d
— &, =A,(2)P,. (2.14)
0z

Here @,,(z) = e_% V() (pn(2), pn—1 @), the orthogonal polynomials p, =z" +---
are defined on the real line with the weight exp(—=V (z)) : (pn, pw') = hny.n, and
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L, can be obtained from the recursion formula [8] zp,(2) = pn+1(2) + unpn(z) +
vy Pn—1(2). The consistency condition for the Lax pair is the string equation which
is a set of two discrete equations for u,, and vy,: {p,(z), V'(z) pu—1(z)) = nh,_; and
(pn(2), V'(2) pu(z)) =0, where h,,/ h,—1 = vy,. These two relations will be used to
derive the conditions (2.5) and (2.6). For the planar diagram model, there is no the
equation (2.6) since the potential is an even function.

The coefficient matrix A, (z) above is generally a complicated 2 x 2 matrix. If
we replace all the u,_;_1 and v, in the Lax pair by x, and y, respectively, then
A, (z) can be reduced to

Ay(z) = Dy F(2)D; ! — %V/(z)l, (2.15)

where the matrix F,(z) is a linear combination of positive powers of a matrix J,

derived from L,,,
A 0 1
J, = .
" (—yn 7= Xp >

Here D, = djag(h,,, h,—1), and [ is the identity matrix. By the Cayley-Hamilton
theorem for J,, as known in the textbooks of linear algebra, we have

(z—x)I =Jp+yud 7N (2.16)

Applying this relation to V’(z)I in (2.15), it is found that Dn’lfin(z)D,1 can be
factorized as a product of a polynomial and a simple matrix

D7 &A@ Dy = fan2@ (@) — v (@), 2.17)

where the polynomial f>,,_2(z) will be given in the following sections. There is an
important asymptotics

J—detA,(z) = %v’(z) - g + 0(%), (2.18)

as z — oo in the complex plane, obtained by using the string equation. This property
will be applied to satisfy the condmons (2. 5) and (2.6). Replacmg the variable z and

the parameters ¢;, x, and y, by o n, n'” i gj n3ia and nw b respectively, the
formula of the eigenvalue density p(n) on the interval [n_, n+] = [a — 2b, a + 2b]

can be obtained by
1 N
Vet Ay (@)dz = p(n)dn, (2.19)

which follows the unified model discussed in Sect. 1.1. The eigenvalue density prob-
lem is then solved when condition (2.4) is satlsﬁed

The A n(z) can be generalized to a new matrix A )(z) to find the eigenvalue den-
sities on multiple disjoint intervals. It should be noted that in some literatures the
Lax pair is applied to study the asymptotics of u, or v, or the related functions,
while the method here is to derive the density formula by referring the matrix A, (z)
because /—det A, (z) itself also has the same asymptotics (2.18) as z — oco. The
details of the formulations and the relations to A, (z) will be discussed in the fol-
lowing sections.
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2.2 Integrable System and String Equation

For the Hermitian matrix model with potential W (n) = Z'}':l gjn2j , we have dis-
cussed in last section that the eigenvalue density p (1) needs to satisfy the conditions
(2.5) and (2.6). In this section, we discuss how to get an analytic function w (1) with
the asymptotics %W/ n) — % as 1 — 0o in the complex plane, where ' = 3/97.
Consider the orthogonal polynomials p,(z) =z" + - - - on (—00, 00) defined by

o0
(Pns Pw) = / @ pw(@e” "V Pdz = hydy (2.20)
o0

where V(z) = Z?ZO t jzj , tam > 0. We have the following asymptotics e~ /2 x

Pn(z) ~ e=3V@+nInZ 56 o oo, This asymptotics gives a hint that the differential
equation for the orthogonal polynomials may help us to find the w (). In the fol-
lowing, we introduce the basic Lax pair theory to construct the coefficient matrix
A, (2).

The orthogonal polynomials satisfy a recursion formula [8],

Pnt1(2) +1tn pp(2) + Vn pu—-1(2) = 2P (2). (2.21)

By multiplying p,_1(z)e~"@ on both sides of this recursion formula and taking
integral, we get v, = hy,/h,—1. This recursion formula will give the first equation
in the Lax pair.

For the second equation in the pair, let us consider the differential equation in the
z direction. When n > 2m — 1, express the derivative of p, with respect to z as a
linear combination of p;’s,

0

8_an =dapn—1Pn—1+ann-2pn—2+ -+ anopo, (2.22)

where aj, ; are independent of z. By integration by parts, there are

oo
an,thZ/ V'@pj@pa@e " Ddz,  (=0/02)
o0

for j=0,1,...,n— 1, and a,, ; =0 when j <n — 2m + 1 by the orthogonality.
Then, by using the recursion formula, % pn can be changed to a linear combination
of p, and p,_1, but the new coefficients are dependent on z.

Denote @,,(z) = e_%V(Z)(pn (), pn—1(z))T. By the discussions above, there are

¢n+l =L, ¢n» (223)
where
LnZ(Z—lun _(;)n>;
and
d
— &y = Ap(2) P, (2.24)

0z
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for a matrix A;(z). Equations (2.23) and (2.24) are called the Lax pair for the string
equation. This Lax pair structure was given in [4], as well as in [3] (Part 2, Chap. 1).

The Lax pair method for the eigenvalue density starts from the construction of
the matrix A,,. For m > 1 and n > 2m, consider

ad
&Pn =dpp—1Pn—1+t A n-2Pn-—2+ "+ @nn-2m+1Pn-2m+1,
d
8_an_1 =dap—\n-2Pn-2+an-1n-3Pn-3+ -+ An—1,n—2mPn—2m>

where

o0
ki = f V'@ pw—kpwe” " Pz, (2.25)
o0

forn’=norn—1,andk=1,2,...,2m—1,with V'(z) = 2321 jtjz/ =1 It follows
that

m—1
3<1’")=m2c k<P"k> (2.26)
9z \ Pn—1 P "\ Pak—1 )’

where

An n—tkhn—k 0
C = n.n s 227
nk ( 0 an—l,n—k+1hn—k+l> ( )

fork=1,...,2m — 1. And P; = p;/hj satisfy

Pj Pjt1 0 1
=7 = 22
(P./—l) J’“( P, ) T (-v/+1 z—uj)’ (228)

by using (2.23) and vj41 =hjy1/h;. Denote D, = diag(hy,, h,—1). The above dis-

cussion gives
9 Pn —1( Pn
— =D,F,D , 2.29
0z (pnl) nenTn Pn—1 ( )

where the matrix F;, is defined by
DnFn = Cn—ljn + Cn—ZJn—lJn +---+ Cn—2m+1]n—2m+2111—2m+3 T Jn' (230)
Let I be the 2 x 2 identity matrix. Then, there is

1
Ay =D,F,D;' — EV’(z)I, n=>2m. (2.31)

Let A be the operator for the index change acting only on the polynomials
AXp, = ppir, where k is an integer. This is the basic idea for the index folding
technique for constructing the eigenvalue density on one interval. The recursion for-
mula (2.21) becomes (z — u,) p, = (A + v,,A_l)pn. In the reduced model, we will
consider x,, and y,, and (z — x,)? p,s_; will be associated to

q q
(A+yA™ ) pyi=) (Z) AT Py =Y <Z> Yo Pr kg2

r=0 r=0
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forn=norn—1,k=1,2,....,2m —1,and ¢ =0, 1,...,2m — 1. Then by or-
thogonality and

2m

2m
V') = Z]t xn—f-(z—x,,) Z]t,Z( g )xr{—q—l(z—xn)q’

Jj=1 = q=0
we have that a,, ,’_h, _ is reduced to the following according to (2.25),

2[q/2]—pq+1

o
j—q—1 r —
00! (i) Ml S C) 1Y IRt
= q=0 r=0 —00
2m [q/z]_ﬂq
j—q—1
—ZJIJZ< g )xﬁ DY <3>y2hn/8qkzr,o, (2.32)
q=0 r=0

for n’ =n or n — 1, where [-] denotes the integer part,

I+ (D7 [1, giseven,
Re="5"7o, q is odd, (2.33)
q=2lq/2] — pq +1, (2.34)

and for k > 0,
q—k—2r=2([q/2]—,uq—r)—i—l—l—,uq—k<0, ifr >[q/2] — uq,

which implies that 8, ;2,0 =0 when r > [g/2] — u,, that is why the upper bound
of the index r for the last summation above is changed to [¢ /2] — 4. Consequently,
the D, F;,, defined by (2.30) is reduced to

2m—1 2m [q/2]—nq

-1\ j—g-1 R

353705 3Gl FAnlb SN (A FTRRETR:
k=1 j=1 = r=0
[q/z]fﬂq

2m
_Zﬂjz(J—l) i 3 <i_1)y:;Dnjnq_2rs
r=0

and then F}, is reduced to

2m | lg/21=1q 5
ey ()T (i e

r=0

. 0 1
- . 2.
A (_yn Z_xn> (2.36)

n o 1
An(z) =D, E,D; ' — 5 V() (2.37)

where

Let
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which is the matrix we need for the eigenvalue density on one interval. We use the
hat symbol such as fn and An for the reduced models, to distinguish from the J,
and A, in the integrable system. Based on the factorization and asymptotics for this
matrix, we will discuss how to find the formula for the eigenvalue density in the
later sections. In the following, we discuss the condition for the parameters that are
reduced from the string equation.

By the orthogonality of the polynomials p,(z) = z" + --- and integration by
parts, we have the following string equation,

(Pn(2), V' (@) pn—1(2)) = nhp_1, (2.38)
(Pn(2), V'(2)pn(2)) =0, (2.39)

including two recursion formulas for the u,’s and v,,’s. The set of (2.38) and (2.39)
is called string equation. The string equation is the consistency condition for the Lax
pair (2.23) and (2.24). The consistency can be discussed, for example, by referring
the methods in [4, 5]. For the density problems, we only need the equations for
restricting the parameters.

If the differential equation is written in the form

8_an =dapnPn tann—1Pn—1 1t +ann-2m+1Pn—2m+1,
where a, , = 0, then the formula (2.25) is still true for kK = 0. Let us write (2.38)
and (2.39) as
an,n—1 hp—1=nhy_q, (2.40)
annhn =0. (241)
Based on the reduction (2.32) with n’ = n for k = 1 and k = 0 respectively, in our

method for the eigenvalue density on one interval, we need x, and y, to satisfy the
following equations

o j-l i [q/211q ‘

' - j=q-1 +1
Z”J’Z< q )xn Z <r>y2 8g,2r4+1 =1, (2.42)
Jj=1 g=0 r=0

N N [9/21-1q

: J = j—g—1 q
ZJUZ< g )x,{ — (r)y,ﬁéq,zr —0. (243
j=1 ¢=0 r=0

Note that §;,2,41 = 0 when g is even, and 8,2, = 0 when g is odd. Take g =2p +1,
r=pin(242),and g =2p,r = p in (2.43), we get

o -1, N (241
) — j—2p—2 p+1

> it ) <2’p+1>< " )xé PRy, (2.44)
j=2 p=0

2m [%] . 1 2

. — —2p—1
S > <12p >(;>x4 P=lyl — o, (2.45)
j=1 p=0

These two equations will be rescaled to satisfy (2.5) and (2.6).
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Specially, when V(z) iseven, V(—z) =V (z),ort =3 =--- = t3;y—1 = 0, there
is pp(—2z) = pn(z), which implies u, = 0, and it follows that x, = 0. Then (2.45)
becomes 0 = 0, because the terms on the left hand side of (2.45) has either a factor
X, or tj with odd j. And (2.44) becomes

m

. 2j—1 i
Z%m( g )y,{ =n, (2.46)
j=1

by replacing j by 2 and taking p = j — 1 on the left hand side of (2.44).
For the density on multiple disjoint intervals, consider

. 0 1 0 1
JO = ( ) ( ) ) (2.47)
" —y )z =x —y =P

According to the Cayley-Hamilton theorem for f,fl), there is the following trace
formula

(tr iV = JO + (det D) SO (2.48)
We can transform ¢; (j =1, ..., 2m) into a new set of parameters t} (G=1,...,2m)
by a linear transformation, such that
Vi@ =YY (i), (2.49)
s=0 ¢=0
where each mg (s = ,I—1) is the largest integer such that s +/my <2m —1.In

fact, by expanding the above expression in terms of z and comparing the coefficients
with V'(z) = Z?m 1 Jt sz !, we can get a upper triangle matrix T, so that T,,t' =

t where t= (11,212, ..., 2mtzy)" and t' = (t],1},...,t5 )T. The derivative dp, /dz
is now expanded as
8pn I-1 No
=Y YAl T Py + Z al)  pnk(@),  (250)
5=0g'=1 k=INo+1

where n — I[Ng < [ and the choice of Ny is dependent on the value of m. This is
the idea of the index folding technique for constructing the eigenvalue density on
multiple disjoint intervals, so called because of the folding term lg’ in the index
above, which is one of the folding techniques in this subject area. As discussed in
Sect. 1.3, the index change is referred as a role of the pressure. The index folding
or periodic reduction reflects an even pressure property or multiple even pressure
layers in the system that is often assumed in studying the application problems.

By the index change operator A, the coefficient ali{)n_ Ig/+s is reduced to

Z th-‘rs / Pn—lg'+s% (Al (det ]:gl))A*l)q pne*V(Z)dZ

mg 4/2]—Mq

=2ty D <;1>(detfé”)q"éq—q/-zr,o, g <ms.  (251)
q=1

r=0
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Also, ar(l{)’l_lq,+s for ¢’ > my and afilfk for k =INy+1,...,n are reduced to 0

according to the term 8,_,/_». o above. Then we get another reduced matrix
A A _ 1
AV () =D, FV D! — 5 V' (2)I, (2.52)

where

[q/z]_”'q

-1 m,
=3 St (7)Y G ey

s=0 g=I1 r=0

by referring that (p—y/, pu—ig'—1)" is connected to
D, (det i) (FDY D (pu, pat)T

The matrix A (z) will be applied to derive the formula of the density on multi-
ple disjoint intervals to be discussed in Sect. 2.4. The restriction conditions for the
parameters are similar to the one-interval case and will be given in Sect. 2.4.

The matrix Af,l) (z) is obtained from A, by replacing the u,_;q1s—1 and v,_jq4s
by x,(,s) and y,(,s) respectively. One may ask whether the uy and vy functions must
have such periodic behaviors. The explanation is that the string equations are applied
to reorganize the wave functions, not the particles. In the momentum aspect, the
parameters and the corresponding functions such as uy and vy control the wave
functions of the random variables, so that the asymptotics of these functions are not
directly related to the behaviors of the particles. If there is an asymptotic relation,
it should be a “relative” asymptotics. These functions are closely connected to the
moments of the eigenvalues. Each reduction from the integrable system is not a
necessity, but a case of the probability. And the occurrence of each possible case is
not based on certainty principle, but the uncertainty principle. The accumulations of
the sequences and the distribution of the possibilities would give better explanations
for the reduction method.

2.3 Factorization and Asymptotics

We have obtained in last section that Dn’IAnDn = ﬁn — %V’(z)[, where D, =
diag(hy, h,—1). In this section, we are going to show that the matrix ﬁn — %V’(z)]
can be factorized as a product of a polynomial in z of degree 2m — 2 and the matrix
Iy — Vn fn_l. The equation det(J, — YVn fn_ 1y = 0 has only two simply zeros which
will be used as the bounds of the eigenvalue domain. In the following, we will de-
note (fn’l)k by JAn’ k where k is an integer.

Lemma 2.1 If x,, y, and tj (j =1,...,2m) satisfy (2.45), then for An (z) defined
by 2.37) and g = (1 + (=1)) /2, there is
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2m

nlAnDn— Z]]Z(j;1>)€r{_q_l

4/2]_#41 R ) ) 5
x ) (Z)yZ(J;?_’—(yan‘l)" ). (2.54)

r=0

Proof Recall the matrix J, defined by (2.36),

A 0 1
J”_<—yn z—xn>'

Applying the Cayley-Hamilton theorem for J, there is fnz — (= xn)dn + ol =0,
which implies

@—x) = Jy+yudy " (2.55)

Then by binomial expansion and g =2[q /2] — 14 + 1, we have

(z—xn)1
l9/2] lq/21  2lq/21—pq+1
r $qg—2
(X o 3 (1)
r=[q/2] =[q/2]+1
[g/2] — Mg
- g rja=2r [4/2] 3q—21q/2]
- Z (r)ynjn +//Lq<[ /2])y Jn
r=0
lg/2]1—nq
+ Z < ) q+2v
[q/2]1—1q )
a2 21 2q—21q/2
= Z <Z>yl’;(]r? r+(y;1j )q r)+Mq( 32]> La/21 Jq Q/]
r=0

where s comes out by the substitution s = g — r, and then replaced by 7 in the last
step. Since

2m
Vi(z) = Z]tj Z( g )x,{_"_l(z — x4,

V’(z)1 can be expressed as a linear combination of the positive and negative powers
of J,.
By Dn_lA,, D,=F, — %V/(z)l given by (2.37) and (2.35), we then have

2
DA, D, = f:sz( )x,{ql
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[(1/2]711«11 2
o X (1) = Oni )
r=0
1 q lq/2]
Z__Z]JZ< >x£ - Mq<[q/2]>ynq .

Since 4y = 1 when ¢ is even, and (1, = 0 when ¢ is odd, the last part in the above
vanishes by taking ¢ = 2 p and applying (2.45). So we get the result in this lemma. [J

Let
— _ 2 _ 4
o, = 2= Xn + (2= xn) yn, (2.56)
2
which satisfies
an + Yoty =2 — X, (2.57)
o — ynaty ' =/ (2 = x)? — 4y (2.58)

And it is easy to check that
co1_(z—xp —1
nla” = ( yo O ) ’

> ~ —Z+x 2
In =l :< —Zynn Z—Xn)’

We will need

which satisfies

\/ det(" - yn n \/(Z —xn)? — dyn =an — ypo 1' (2.59)

Lemma 2.2 For the fn defined by (2.36) and k = 1,2, ..., there are

TE+ kI = (o + yEa )1, (2.60)
and
Sk k yho ks A1
Jk—ykj= 7”"10 —yudy ). (2.61)
YnOp
Proof By the relations fn + Vn JA’1 =(z—xy)I,and o, + ynozn’1 =z — x,, we have
Jn + yn-] : (an + o )I, (2.62)

which is (2.60) for k = 1. Taking square on both sides of (2.62), we get
A yady = (e + e )1
which is (2.60) for k = 2.
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Now, by mathematical induction, suppose (2.60) is true for k — 1 and &, let us
show it is also true for k + 1. Multiplying (2.60) with (2.62), we get

fk+1 +yk+1jfk71 +y (jkfl _i_ykf]ffkﬂ)
( k+1 +yk+1 )I+yn( +yk lot,,_kH)I

By the assumption, we see that (2.60) is true for k + 1.
Equation (2.61) can also be proved by using mathematical induction. It is easy to
check that

jnz_y;%jn_zz(-] +Yn-] )(Jn _yn ) (Z—Xn)(-]n ynfn_l)’

and then (2.61) is true for k = 1 and 2. Suppose (2.61) is true for k — 1 and k. We
show it is true for £ + 1. Multiplying (2.61) with (2.62), we have

Tk+1 1 7—k—1 Thk—1 —1 7—k+1
]’ic+ _y;I16+ Jn k +yn(Jy]; _yl’: ‘In o )

k+l k+1 —k—1 k— k—1_,—k+1
-y A A o -y o ~ ~_
= . nl (Jn_.Yan 1)+.Vn . - _nl (Jn—yan 1)~
— Ynln Op — Ynlp
By the assumption, we have that (2.61) is true for k + 1. g

Lemma 2.3 For the a, defined by (2.56) and k = 1,2, ..., there are

(4

7 1 k iy :
oy + yro = T > <2s) (2= x)* (2 = xn)? = 4yn)", (2.63)
s=0

and
k

_ 151
—ya*‘_zkl 254+1) T ¢ w)'- @
n“n

Proof By (2.57) and (2.58), we have

1

oy = E(Z —Xp + ((Z _xn)z - 4yn)1/2)’
1

1

Ynly (Z —Xn — ((Z - xn)2 - 4)’n)1/2)‘

2
Then the binomial formula implies

a11+yn ﬂ
L (k k—j j 5
——kZ(])@—x) (= x> = 43)F + (=1 (2 =002 —43) )
j=0
1 [71] X
=T <2s) @=x) (@ = xn)? = 4y)",

s=0

[STE
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where the terms with odd j are canceled, and the terms with even j are combined
by taking j = 2s. So (2.63) is obtained.
Similarly, there is

ok — ykg
1 k k k—i 2 J . 2 J
=§Z<j>(z—xn) (2= xn)* = 4yn) T = (=17 ((z = x0)* — dyn) ?)

£
k Che 1
2k i Z <2s+1>(Z e (O O e

where the terms W1th even j are canceled, and the terms with odd j are combined

by taking j =2s + 1. So the lemma is proved. g
Now, let
| 2m =, ) ' | [q/2]—1q
Jom—2(2) = EZJ'P/Z<J q )X;f_q_ > (q> YT — @),
j=1 q=0 r=0
(2.65)
where
(5=
—2r op—2s—
fer@= Y (gs N 1) @—x) P @ —x)? —4yn)’.  (2.66)
s=0

Theorem 2.1 Ifthe x,, y, and tj (j =1, ...,2m) satisfy (2.45), then for any z € C,
there is

D Ay Dy = fom—2@) (Jn(@) — v dy ' (). (2.67)
where A, (2) is defined by (2.37), fam—2(2) is a polynomial of degree 2m — 2 given
by (2.65), and J,(z) is given by (2.36).

Proof By Lemma 2.1 and (2.61) in Lemma 2.2, D;l AnD, is equal to

_%] /Z< ) >X'{—q—1

— q=0
[q/z]_ q

— (e, D47 ~
Cr () ).
r=0

— Ynlp

Applying (2.54) for k = g — 2r in Lemma 2.3 to the above, we then have the re-
sult. O

The next goal is to study the asymptotics of (—det(A,))!/? as z — oo in the
complex plane. The asymptotics comes out based on (2.44) and (2.45) which are
reduced from the string equation.



2.3 Factorization and Asymptotics 35

Theorem 2.2 If the x,, y, and t;(j =1, ..., 2m) satisfy (2.44) and (2.45), then as
7z — 00 in the complex plane, there is the asymptotics

« 1, n 1
—detA,(2)==V' () ——+0[| =), (2.68)
2 z 72
where V (z) = Z _Ot]z tym >0and’' =9/0z.

Proof By (2.35), (2.36) and (2.37), there is D;'A, (z)D, ~ mty, diag(—z2"~!,
22m=1y a5 7 — o0. Since ty, > 0, the branch of the square root is determined by
(—det A, ()72 ~ mty, 721 as 7 — +00 on the real line.

If we take k = g — 2r in (2.61), then

q—2r —1\g—2r
g2 s g2 — (ynet, ) ~ A
JI= - (yan 1)q = 4 ”_1 (Jn —ynd, 1).
— Ynlp

Since \/ det(]n yn ) =0y — ynozn , the formula (2.61) implies

V= det(d ™ = (3 di )Y =l ()
By (2.54), it follows that

V—detA, = Z/ I ( )x,{ql
[4/2— Hgq
<y (q)yn(az ey )Y (269)
r=0

Here, when g = 0, we denote Zr_:lo‘ = 0 for convenience in the discussions. Let
s=q—r=(q/2] — ng —r) +lg/2] + 1 for the terms (y,,an_l)q_zr above. We
arrive

— 1 2m j—1 1 ) 1
J—detA,,:EthjZ(]q )xg‘q‘ [
j=1 q=0
SORGE
s n Yn .

s=lq/2]+1
Furthermore, by the binomial formula we have

2m j—1 )
V —detA, = Z]tj ( >x,{_q_l |:(an + ynotn_l)q

([q/2]> 4-la/21(y 1)/

q —(2s—q)
2 > (4|

s=lq/2]+1

[q/2]1—1q

) (&) et sy
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For the first part in the bracket, since «;, + ynotn_l =7 — Xy, it is easy to check that

2m ] 1 2m . |
2 Z] g Z( q >x’4_q_l(a" e ) =2 gt T =2V @),
= q=0 j=1

The second part in the bracket can be dropped off by considering the outside sum-
mations and using (2.45). For s = [¢/2] 4 1 in the third part in the bracket, we have
the following by separating the odd ¢ and even ¢ terms and noticing that g starts
fromg =1,

-1 2 j—2p—1 1
22m2(1 ) (77w

where ¢ =2p + 1 when ¢ is odd, and ¢ = 2p when ¢ is even. As z — oo, by (2.57)
and (2.58), we have

oy T n (z—x

— @)= ) +0< I )
2y Z—Xn (Z_xn)z '

(xn = =

Then, combining the discussions above, we obtain

2m

1 1
V—det(A,) = = Zmzf = + 0(—2>
j 1
by using (2.44), and the theorem is proved. d

In the following, we show that (—det A, (2))Y/? has similar asymptotics as dis-
cussed for (—det A, (z))!/2 as z — oo [6]. Since the restriction conditions for A,
and A, are different in the asymptotics, separate proofs are needed. The Cauchy
kernel discussed in [4] is applied in the following proof.

Theorem 2.3 For A, defined by (2.31) withn > 2m, as 7 — 00, there is
1, n 1
V—detA,()=sV(@)—--+0| 5 (2.70)
2 z 2z
when the parameters satisfy (2.40).

Proof Denote

00 V() ~
Pnl2) = / pn@©)S——d¢, and wnz( pn Pn )e%“W, 2.71)
—00 {—z Pn—1  Pn-—1
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where o3 = diag(1, —1). It is not hard to see that V'(z) and F,(z) are both of degree
2m — 1 in z. Since n > 2m, by the orthogonality there is

* _ -1 _ / _ v/ Pn(() e—V(g‘) _
[ our@ - R@)nt - (v - vian) (6)) S ac=o
Then it can be verified that
;—Z n=DnE1D;‘wn—%V’(z)%, (2.72)

that means ¥, is a matrix solution for %II/,, = A, ¥, when n > 2m. The orthogo-
nality of the polynomials also implies

0 eV
det, Z/ (pn(Z)pn—l(g) - Pn(opn—l(z)) r—z d¢=—hy_.

Then there is tr(¥,, lI/n_l) = (Indet¥,)’ = 0 by using the Liouville’s formula [2] and
detW, = —h,_;, where ' = 3/dz. Multiplying llln_l on both sides of the equation
(2.72) and taking trace, we get the following,

trF,(z) = V'(2), (2.73)

that implies —det A, (z) = %(V’(z))2 —det F,,(2).
According to (2.30), there is

+ Chom—1 Jn72m+2 t Jnfm]-]nfm+1 It

DyFyp = [C"*I‘]n_—ll o ‘]n_lm+l t+-

Considering the leading terms as z — 0o, we have
D, F, = [det(Jnfl ce Jn7m+1)_lzm_1 diag(an,nflhnflv 0O+
+ Zm_l diag(0, an—l,n—thn—Qm)]Jn—m+l <o Jn—1Jn.

It can be calculated by using (2.25) that a,—1 ,—2mhn—2m = 2mtayh,—1. Since
detD, = hyh,_1 and v, = h,/h,_1, there is det F, = 2mtapan 12" (1 +
0(z1)). By (2.40), we have

det Fy () = 2mntznz®™ 2 (14 0(z7)). (2.74)
Then (2.70) is proved. O

2.4 Density Models

For the density on one interval, denote z/nﬁ, tj/nl_ﬁ, xn/nﬁ, and yn/n%
by 71, g;, a, and b? respectively, where b > 0. The a and b will be called cen-
ter and radius parameters respectively in the later discussions. Let o, = nﬁa,
and then y,a. ! = nm (b2, where o = n —a + (n—a)?—4b2)/2, and
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b*a~! = (n —a —+/(n—a)> —4b?)/2. By Theorem 2.1, it follows that for z €
CN\I[xn = 2/yns Xn +2/yn 15

v —detz&n(z) = nl_ﬁkzm_z(n),/ (n—a)?—4b%2, neC\Ja—2b,a+2b],

(2.75)
where
o -1 S\ (41-nq g\ b
kom—2(n) = Z]gj Z ( q ) al=17! <r) Wk(lj’r)(n)’ (2.76)
j=1 q=0 r=0
and
(=34
—2r 0p e
k(‘”)(n) = Z (gs i ) (n —a)! 2r—2s 1(()7 _ a)2 _ 4b2)s, 2.77)
s=0

where (':) =m!/(n!(m —n)!), ugy = (1 + (=1)7)/2, and [-] stands for the integer
part.
Define an analytic function [6]

() =kan—2(MJ (1 —a)? —4b2, 1neC\Ja —2b,a+2b]. (2.78)

The parameters a, b and g;(j =1, ..., 2m) are required to satisfy the conditions:

(i) When n € [n-, n4],

kom—2(n) = 0; (2.79)
2m [%]—1 1 2pt
. . J— p j=2p—232p+2 _ 1.
(ii) > g Y. <2p+1)< ) )a P21 (2.80)
j=2 p=0
2m [%] . 1 >
. J— p i—2p—132p __
(iii) X;Jgj 2(:)( 2p )(p)af PP = (. (2.81)
J= pP=

By Theorem 2.2, if a,b, and g;(j = 1,...,2m) satisfy (2.80) and (2.81), then
for n € C\ [a@ — 2b, a + 2b] there is

12 =ty lg/21—1q
ot E B e (-
Jj=1 q=0 r=0

(2.82)

As n — 00, there is

1 1 1
@) =W ——+ 0(—2). (2.83)
U n
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In (2.82), the index j actually starts from j = 2, and index g starts from 1. We keep
this form just for convenience in the later discussion for free energy when we use
(2.81) where j is from j =1 and p is from p = 0. Let

1
p(n) = ;kzm—z(n)\/(m —mm—n-), neln—,ntl, (2.84)

where n_ =a —2b,ny =a+2b,b > 0, and ky,,—2(n) is given by (2.76). By (2.78)
and (2.84), there is
oMy e =EwioMIm_n.1 (2.85)

where [_, 741" and [5_, n,.]~ stand for the upper and lower edges of the interval
[n—, n4+] respectively. Since p(n) is non-negative, we also need

kom—2(n) = 0, (2.86)

for n € [n-, n4+].
For the density on multiple disjoint intervals, consider

0 1 0 1
J(z>=< )( ) 2.87
—bi n-a —bf n—a (257)

where / > 1. According to the Cayley-Hamilton theorem for J©, choose a® =
(A ++/ A2 —4bD?) /2, where A = A() = tr JO, bO* = det JO and b® > 0. We
can transform g; (j =1,...,2m) into a new set of parameters g’/ (G=1,...,2m)
by a linear transformation so that W’ (n) = Zé;%) ns S 4=0 gl P 1 A9, where each

mg (s =0,...,1 — 1) is the largest integer such that s + Imy; <2m — 1.
Define another analytic function [6]

1 -1 m lq/21—nq q 5 g2 5 o2
) - - —zr
w () = EE :nA } :gl/q+s+1 § : (r ) p® (a(l) _ (b(l) a® )q )’
s=0 g=1 r=0

(2.88)

for 1 in the outside of the cuts to be discussed in the following. Then there is w; () =
%W’(n) + y(n), where —y(n) is equal to

- n204/2) _ya—21a/2]
Zn Zglqﬂﬂ[ ([q/Z])b() a®

s=0 ¢g=0
d q 2r q—2r
(UM (Ok
+ > <r>b o } (2.89)
r=[q/2]+1

It is the same argument as discussed for w(n) that if the parameters satisfy the
conditions

my_1—1

(==

2p+1 2p+2
> gézp+zz< r )b“”’ ~1. (2.90)
p=0



40 2 Densities in Hermitian Matrix Models

Fig. 2.1 Multiple cuts and foli foXi OF
their upper and lower edges
Y m®a) ™)
'z 2 2
p
D Siprst ( 4 ) b7 =0, (2.91)
p=0
fors =0,1,...,/ — 1, then
| - 1 1
oM =_Wm—--+0(5] (2.92)
2 n U

as n — oQ.
Now, consider the cuts for w;(n), determined by a® — b(l)za(l)_l which is equal

0 v/ A2 — 4b®?* Equation A2 — 4p1% = 0 has 2/ roots, real or complex. If there

is a complex root, its complex conjugate is also a root. If there is repeated root, the
factor can be moved out from the inside of the square root in the expression of w; (n).
Therefore, without loss of generality, we consider the equation A2 — 4b(1)2 =0 has
211 simple real roots n(_s), nfﬁ), s=1,...,11, and 2l, simple complex roots ny, 75,
s=1,...,1l, where 7, is the complex conjugate of 15, Imn, > 0, and l =11 + .

Suppose the real roots are so ordered that [17(5), nﬁf)], s=1,...,11, form a set of

disjoint intervals, £2 = Ui’zl [n(f), n(j)], see Fig. 2.1. Define

p1(n) =Re L.wz(n) ) (2.93)
Tl o+
for n € 2 as the general eigenvalue density on multiple disjoint intervals in the
Hermitian matrix models. It can be seen that when [ =11 =1, w1 = w, p1(n) =
p(n), and the conditions (2.90) and (2.91) become (2.80) and (2.81) respectively.
Choose /> points n§0) on the real line outside £2, such that the straight lines I’s,
each one connecting n; and n§0) fors =1,..., [, do not intersect each other. Now,

wj(n) is well defined and analytic in the outside of £2 U UZSZZ1 (I, UT), where I
is the straight line connecting 7, and n§o). Let I';* be the closed counterclockwise
contour along the edges of I'y U Iy, and define

n A
1s=f o(dn, and Is(n)zf ) 43 neg,
Fs* FS*)"_U

fors=1,..., . According to the definition of I',", I, and IAX(n) are real.

Theorem 2.4 If the parameters as,bg(s =1,...,1),and g;(j =1, ...,2m) satisfy
the conditions (2.90) and (2.91), then p;(n) defined by (2.93) on 2 satisfies (2.5)
and (2.6).
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Proof Let I' be a large counterclockwise circle of radius R, and £2* be the union
of closed counterclockwise contours around the upper and lower edges of all the
intervals in 2. Then by Cauchy theorem and (2.92),

1
/Q <wz(n) W(n))dn+21_ /F (wz(n) W(n)>dn—> i,

as R — oo, which implies [, p(7)dn =1 by (2.85), [5. W (n)dn =0, and I, are
real. So p(n) satisfies the condition (2.5).
Change the £2~ and £2 discussed above just at 7 € £2 as semicircles of ¢ radius.
By (2.92) and [, %dk =0, there is
1 vx7/ ) 17/
LY TR VACOPNILES o S Wy CTCO e LG P
2mi Jox A—7 2mi = 2mwi Jr A=

as R — oo. Then taking the real parts of both sides, we get

W =5 / Reior®) 1, o) / 2% 4,
T

as ¢ — 0 by using (2.93). 0

By the discussions above, it can be seen that when I, =0, a;, b (s =1,...,1),
and g; (j = 1,...,2m) satisfy the relations (2.90) and (2.91), then y(n) =
w;(n) — %W’(n) satisfies the following relations: y(n) is analytic when n € C\ £2;
ylo+ + yM)|o- = =W/ (n); y(n) — 0,as n — oo. These relations are impor-
tant in complex analysis, called scalar Riemann-Hilbert problem. If the parameters
as and bg can be chosen such that

~

(rJ D) —4dets O = ]_[ 1) (n—nY), (2.94)

then the density models and the corresponding scalar Riemann-Hilbert problems can
be well solved. Note that the left hand side of (2.94) is also equal to —det(J (O
(det JOyg® _1) by considering (J© —+/det JO)(J® 4 +/det J D) and calculating
the determinants.

By Theorem 2.3, when n > 2m and the parameters satisfy (2.40), the 0, (z) de-
fined by

1
on(2) = - Re/detA,(z), —o0<z< 00, (2.95)

satisfies ffooo 0,(2)dz =n and (P) ffooo %?dz/ = %V/(z), as the level density [7],
that is consistent with the unified model discussed in Sect. 1.1. When the density
involves the parameter n, the string equation and the initial conditions when 7 is
less than 2m need to be considered to calculate the functions u,, and v,,.
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2.5 Special Densities

Whenm =1and W(n) = nz, there is

1
_ 2
p(n) = n\/2 n*, (2.96)

for n € [—+/2, /2], which is the well known Wigner semicircle.
Whenm =2 and W(n) = g2n2 + g4n4, by the discussions before we have

1
p(m) = —(82+28a(n” +2b%)) 467 — 7, (2.97)

for n € [—2b, 2b], with the restriction conditions
g2+ 2g4(n* +2b%) =0, 1y e[-2b,2b], (2.98)
2g2b% + 12g4b* =1. (2.99)

The results are consistent with the case W (n) = %772 + gn* obtained by Brezin,
Itzykson, Parisi and Zuber [1] that

1/1
=—( = +4gb*>+2g70° \/4b% — n?, 2.100
p(m) - (2 8 8n ) n ( )

for n € [—2b, 2b], where
b? +12gb* =1. (2.101)

When W () = go + g1 + g2n°> + g3n° + gan®, by Theorem 2.4, we have the
following general density formula

p(n) = %(282 +3g3(n +a) +4ga(n? +an +a* +2b%)) /4b2 — (n — a)?,
(2.102)
where the parameters satisfy the following conditions
282 +3g3(n+a) +4ga(n® +an+a> +26*) =0, neln_,nsl, (2.103)
2gb* + 6g3ab® + 12g4(a* + b*)b* =1, (2.104)
g1 +2g2a + 3g3(a® +2b%) + 4gsa(a® + 6b*) =0, (2.105)

obtained from (2.4), (2.5) and (2.6), where n_ = a — 2b, n+ = a + 2b. The density
formula and the conditions coincide with the results (45) and (46) in [1] for the case
W) = In?+ g3n’.

When g1 = g2 =0, i.e., W(1) = go + g31° + gan”, the conditions become

3g3(n +a) +4ga(n* +an+a> +2b*) >0, neln_,nsl,  (2.106)

8a(a’® 4 6b%)
_ , 2.107
837 7302 (5a* + 3(a? — 4b2)2) (107
2(a? + 2b?
g4 (@ +2b7) (2.108)

T B2(5a% + 3(a2 — 4b2)?)
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The first condition (2.106) is satisfied if and only if T = % is restricted in the
interval 0 < T < 7_ or 74 < 7, where 7, = 1 ++/5, and 7_ is uniquely determined

by the conditions: 0 < 7_ < 1/2 and 1 — 201 4 %rz = 0. Approximately we have

7_ ~ 0.28 and 74 ~ 3.24. The density function in this case can be further rescaled
into the following forms. Let n = ax and t = ¢? (¢ > 0). Then

16 — 9+ 5
7 5+3(1—c2)?
forx € [1 —c¢, 1 +c], where c € (0,c-]U[cy, 00), c— = ,/7— and ¢4 = /7. On
the other hand, if 7 = —ax and T = ¢ (¢ > 0), then

2
16 (£ + 5% + =5
p(mdn = ;w\/@—(ﬁ 1)2dx, (2.110)

forx e [-1 —c,—1+c], where c € (0,c_]U [c4,00), c— =, /T— and ¢4 = /T+.
The density on two disjoint intervals can also be obtained by using the method
discussed before. Briefly, we have

p(n)dn = 2 — (x — 1)2dx, (2.109)

1
p(n) = 5~ (383 +4ga(a +az + ) Re V46302 — (1 — an)(n — ax) — b3 — B3)°,

(2.111)
where —oo0 < 1 < 00, and
dgsblbl =1, (2.112)
2¢2 + (3g3 + 4ga(ar + @) (a1 + a2) — 4ga(@raz — by — b3) =0, (2.113)
g1 — (3g3 +4ga(ar + @) (ar1az — b} — b3) =0. (2.114)

It can be checked that if we take a; = ap = a and b; = by = b in the above, then
a and b satisfy (2.104) and (2.105). In addition, the non-negative condition for this
p(n) will be discussed in next chapter.

When m = 3, by Theorem 2.4, there is

1

== 2g4(n* +2b%) + 3g6(n* + 2% n* + 6b%)),/4b2 — 2, (2.115

p(n) n(gz+ g4(n” +2b%) +3g6(n* +2b°n” + 6b%)),/ n?,  (2.115)
for n € [—2b, 2b], and (2.103) and (2.104) become

82 +2ga(n* +2b%) +3g6(n* + 267> +6b*) =0, e [-2b,2b], (2.116)

2g2b% 4+ 12g4b* + 60geh® = 1. (2.117)

Generally, for the symmetric density with the potential W (n) = Z;f’zl gj n*, we
have the following by Theorem 2.4

1
= —kom—_2(n)\/4b% — 12, —2b,2b], 2.118
p(m) s 2() n nel ] ( )

- L (2 2j-p) P21
. 2j—1\ bY 2p—1 e .
kom—2(n) = E jg2j E (jj—p> = §:<2f+1)"2(p =D (2 — 4p?)°,
Jj=1 P

=1 s=0
(2.119)

where
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and

kom—2(m) 20, ne[-2b,2b], (2.120)
N (2 =1 o

Zz,gz., j b2 =1. (2.121)
=1

Here, the formula (2.119) is obtained from (2.76) and (2.77) by choosing g1 = g3 =
-+ = gom—1 = 0and a = 0 first, then replacing j by 2; and taking the substitutions
g =2j—1and r = j — p. By the asymptotics (2.83), we also have that for large
R > 0, there is

k() = L 7{ o) dx 1 % IwWoy  dn

2m-2(N) = 5— T =5 e — .

" 270 =k VA2 —4b2A—n  27wi Jjp=r VA2 — 42 A — 1
(2.122)
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