Chapter 2
Estimating the Mean

This chapter deals with one of the elementary statistical problems, estimating the
mean of a random sample from a normal distribution. We assume that the variance
of this distribution is known. More general versions of this problem are addressed in
later chapters.

Let X1, ..., X,, be a random sample from a normal distribution with unknown
expectation 4 and variance known to be equal to unity. We write X; ~ N'(u, 1),
i =1,...,n, independently. Without a careful description of the task related to u,

we would not contemplate any estimator other than the sample mean g = (X +
--++ X,)/n. Itis unbiased and efficient for u; its sampling variance is equal to 1/n.
However, if we are averse to positive estimation errors, i > i, then an estimator
[ — ¢, where c is a positive constant, may be more suitable.

2.1 Estimation with an Asymmetric Loss

Suppose we associate the estimation error ft — w of an estimator fi of the target p
with loss (ji — )?> when i < u, but for positive estimation error, when ji > ju, the
loss is R(jx — ;1,)2, where R is a constant greater than unity. This loss, as a function
of [t and p, is a piecewise quadratic loss function. In fact, the function depends on
[ and p only through the estimation error jt — . Figure2.1 displays examples of
piecewise quadratic loss functions for two values of the penalty ratio R, each with
three values of the target w. In the left-hand panel, six functions L(f, ) are drawn,
but they correspond to only two distinct functions of the error & — p in the right-hand
panel.

We explore estimators ji = 1 — ¢, where i is the sample mean and c¢ is a constant
that we would set. So, it ~ N (i — ¢, 1/n). The expected loss of [ is
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Fig. 2.1 Piecewise quadratic loss functions, as functions of estimate and target (left-hand panel)
and of the estimation error (right-hand panel). The values of the target y« are indicated in the
left-hand panel

400
0= R«/ﬁ/ O —w?e{v/n(y —n+o}dy
w
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where ¢ is the density of the standard normal distribution, N (0, 1),

1
() = T O (—1y?).

Denote by @ the distribution function of A(0,1). The transformation
7z = 4/n(y — u + c) yields the equivalent expression

+oo 1 2 N 2
0= R/cﬁ (%—0) ¢(z)dz —l—/_oo (W_C) ¢ (z)dz.
Denote the two terms by Q4 and Q_ . For R = 1, we would obtain
Qi+ 0 = MSEGE ) = 4,

and ¢ = 0 would be the optimal choice. For R # 1, a similar reduction does not take
place. We work out the details for Q_; Q. is dealt with similarly. By expanding the
square in the integrand, we obtain
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It is easy to check that ¢'(z) = —z¢(z), so —¢(z) is a primitive function for
z¢ (z). The first integral is evaluated by parts, differentiating z and integrating z¢ (z):

%H—qu(z)]iiJr/Cﬁ(ﬁ(z)dz] \ZF[ 0]+ (cv)

=——¢>(C«/_)+ L (evi) + 75 P eVn) @ (evn)
= (cz—i—;)@(c\/a-i-ﬁqﬁ(cx/a-

0_

By similar steps we obtain the identity

0, = R(c2+%){1—®(cﬁ)}—f/—1:_l¢(cdl7). 2.2)

Hence the expected loss Q = O+ + O

0 = (¢+2) (k- @-noevi) - C Do), @y

2.2 Numerical Optimisation

It remains to find the constant ¢ for which the expected loss Q in (2.3) is minimised.
This cannot be done by a closed-form expression. We apply the Newton-Raphson
algorithm. It is an iterative procedure which generates a provisional (approximate)
solution ¢*+1 initeration i 41 by adjusting the previous solution ¢”). The adjustment
depends on the first- and second-order derivatives of Q with respect to c:

(2.4)

=

(c®)’

~

where s = dQ/dc and H = 8% Q/dc? are treated as functions of ¢. They are called
the score and the Hessian (functions), respectively. The iterations are stopped when
the absolute value of the adjustment ¢ *1 —¢() = —g/H or of the score s, becomes
smaller than a prescribed small quantity, such as 1078,

We derive the adjustment (2.4) to gain an understanding of the properties of this
algorithm and to formulate its assumptions. Obviously, the first- and second-order
derivatives of Q have to exist in the range of plausible values of c. This is satisfied for
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Q in (2.3). The Taylor expansion for the first-order derivative at the exact solution
¢*, centred around the current (provisional) solution D is

s(c*) = s(c(i)> + (c* - c(i)) H(c(i)) ) (2.5)

At the minimum of Q, s(c*) = 0. Regarding (2.5) as an identity, setting aside the
fact that it is merely an approximation, and solving it for ¢*, we obtain the updating
formula in (2.4). Hopefully this gets us closer to c*. From the derivation, it is clear
that this algorithm converges fast when the approximation in (2.5) is precise, that is,
when the function s is close to linearity—when Q is close to a quadratic function, or
when a solution ¢ is already close to c*. Problems arise when H is not a smooth
function and the values of 1/H are not changing at a sedate pace, or indeed when
H = 0. If iterations reach a region where H (c) = 0, the consecutive values ¢) may
become unstable. The Newton-Raphson iterations require an initial solution ¢(?_ It
can be set by trial and error if we have only one problem to solve. For finding the
minimum of Q, ¢©® — 0 is a suitable initial solution.

When it converges, the Newton-Raphson algorithm finds a root of the score func-
tion. The function s may have several roots and the one we find may not be a (global)
minimum of Q. However, if s is an increasing function, then the root is unique and
it is the only minimum of Q. Often a simple way of proving that s is increasing is
by checking that H is positive at the root (or throughout).

For the function in (2.3), we have

5= 22 o R R-Do(ev) - (4 1) ViR - 1ol

—%Mcﬁ) +c?V/n(R — 1) ¢ (cv/n)
=2cR—2(R—1) [mp(cﬁ) + ¢(i/?) }
2
H = aaTg =2R —2(R — 1) {®(cv/n) — cv/np(cv/n) + cv/ng(c/n)}
=2{R—(R—1)@(cv/n)}. (2.6)

From this we conclude that 2 < H(c) < 2R for all R > 0 (not only for R > 1), so
O has a unique minimum, and it is at the root of s. Since H(c) > 2, there are no
convergence problems.

By way of an example, suppose n = 50 and R = 20. We set the initial solution to
c© = 0; the corresponding value of Q is (R 4+ 1)/(2n) = 0.21. The progression of
the provisional solutions is displayed in Table 2.1. The right-most column (Precision)

is defined as ) 5 )
—-3 log;q |:(c(i) — c(i_l)) + [s (c(i))] ] 2.7)
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Table 2.1 Iterations of the

1 7 S 1 101
Newton-Raphson algorithm lteration (i) o0 Precision
to minimise the expected loss 0 0.0000  0.2100
Q with penalty ratio R = 20 1 0.1021  0.2100 —0.33
and size n = 50 of a random 2 0.1511  0.0820 0.27
sample from N (., 1); 3 0.1632  0.0674 1.04
piecewise quadratic loss 4 0.1639  0.0668 2.36
5 0.1639  0.0668 4.93
6 0.1639  0.0668 10.08

(logarithm with base 10). It can be interpreted as the number of digits of precision.
The iterations are stopped when this quantity exceeds 8.0. The table indicates that
convergence is achieved after six iterations, although we could have stopped after
just four. However, the calculations, done in R, are instant, so the additional two
iterations represent no waste of our resources.

Thus, the estimator with the minimum expected loss when n = 50 and R = 20 is
[ — 0.1639 and the corresponding expected loss is 0.0668. The expected loss with
the unbiased estimator is 0.2100, more than three times greater. It is easy to show
that when o2 # 1, 1 —0.16390 is the estimator with the smallest expected loss.

2.3 Plausible Loss Functions

In practice, it is difficult to set the penalty ratio R to a single value without leaving
some doubt that R may be somewhat greater or smaller. We regard this as a source of
uncertainty associated with the elicitation process, the dialogue between the analyst
and the client, in which the background and details of the problem are discussed. We
address it by solving the problem for a range of values of R that were agreed to be
plausible. A range of penalty ratios (Rr , Ry), and any value within it, is said to be
plausible if the client would rule out any value of R outside this range. At the same
time, the plausible range should be set to as narrow an interval as possible.

Figure 2.2 presents the continuum of solutions ¢* and the corresponding expected
losses for sample sizes 10 < n < 200 and penalty ratios 5 < R < 100. Denote
these functions (curves) by cg(n) and Qg (n), respectively. The panels at the top
plot ¢* and Q as functions of n on the linear (original) scale, and the panels at the
bottom reproduce them on the log scale for n. The log scale is useful because at the
planning stage one is more likely to consider increasing or reducing the sample size
by a certain multiple, such as 1.25 or (25 %), and that corresponds to an increase or
reduction by a constant, log (1.25), on the log scale.

The diagram shows that the optimal shift ¢* is positive throughout, it increases
with R and decreases with n, steeply for small . For small sample sizes, the functions
cr(n) and Qr(n) have steep gradients on R, so a lot is at stake. For large sample
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Fig. 2.2 The offset ¢* for which the estimator & — ¢* has minimum expected loss, as a function
of the sample size n and the penalty ratio R; piecewise quadratic loss. The corresponding expected
loss is plotted in the right-hand panels

sizes, the differences diminish. In fact, for any fixed R, cg(n) converges to zero as
n — 400, but the convergence is rather slow.

Some of these conclusions can be confirmed directly from (2.6). Since H is
positive, s is an increasing function of c. But s(0) = —2(R — 1)¢(0)//n < 0, so
¢*, the root of s, has to be positive. Further, s/n depends on ¢ and /n only through
ca/n. If ¢y is the root of s for ny, then ¢y = c1+/n1/n3 is the root for n; . Therefore
the root of s, which coincides with the root of 5./, is a decreasing function of n and
cr(n) — 0asn — +oo. Similarly si/n/(R — 1) is a decreasing function of R, so
longasc > 0Oand R > 1:

s(c)ﬁ_ZcﬁR
R—1 R-1

2 {ea(evi) + blev))
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By definition, s{cg(n)} = 0. By substituting R > R for R and cg(n) for ¢ on
the right-hand side, we obtain a negative quantity. Since s is increasing, cg/(n) has
to be greater than cg(n).

Each curve in Fig.2.2 is drawn by connecting the values of cg(n) and Qg (n)
for a fine grid of values n. We set n = 10, 12, ..., 200. A coarser grid may suffice,
but the saving in the computing involved is insubstantial. In fact, all the evaluations
for the diagram took only 0.19 sec. of CPU time on a Mac laptop. In R, a function
is declared, with arguments n, R, and some others that specify the convergence
criterion and control the output. One output has the format of Table?2.1, with the
details of the iterations, and the other gives only the ‘bottom line’: ¢*, Q(c*) and
the number of iterations. For the evaluations presented in Fig.2.2, between five and
eight iterations were required. The function returns the results for one setting of n
and R, but its repeated application for a range of values of n and R requires minimum
programming effort, using the system-defined function apply.

‘When the second-order derivative is not available, or we want to avoid its evalua-
tion because it is too complex, the Newton (linearisation) method can be applied. In
this method, a pair of provisional solutions, (ca , ¢), defines the following approx-
imation to the root of s:

CB — CA

 s(ep) —s(ca) sea).

D = CA
This rule is applied iteratively. In the next iteration, the pair (¢, cp) is used in place
of (ca, cg). The iterations are stopped when the two provisional solutions are very
close to one another and the value of s for both of them is sufficiently close to zero.
A criterion similar to (2.7) can be formulated.

2.4 Other Classes of Loss Functions

In this section, we extend the repertoire of loss functions for which estimation with
minimum expected loss is tractable.

The piecewise linear loss for estimator 6 of 0 is defined as & — § when 6 < 6
and as R(§ — 6) when 6 > 6. The penalty ratio R > 0 plays a role similar to its
namesake for piecewise quadratic loss, to reflect the aversion to positive estimation
errors (when R > 1). The expected loss of an estimator ft = & — ¢ of the mean of
the normal distribution with unit variance is

+00

Rﬁ/ (y—mwe{Vn(y —u+c}dy
m
i

+ﬁ/ (= {V/n(y — u+0o}dy;

compare with (2.1). By steps similar to those used in deriving (2.3), we obtain
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R —+00 1 c/n
0= [-0]  ~er{1-o(cvi)) +eolevi - [-00)] ]
= (R+ 1)Ic¢>(cﬁ) + ¢(i/ﬁn)} ~ cR.

Its derivatives with respect to ¢ are

s=(R+1)®(cy/n)— R
H = R+ Dn¢(cv/n),

simpler than for the piecewise quadratic loss. We have a closed-form solution for
minimising Q,
* ! P (2.8)
¢t = — —). .
Jn R+1

The discussion of the properties of this solution is left for an exercise.

In principle, any loss function can be declared that is increasing in the absolute
estimation error A = | it — w | and for which L(0) = 0. The latter condition is not
important, because we could adjust L as L — L(0); we only need L(0) to be well
defined. A reasonable condition is that L be continuous, although it does not have
to be differentiable throughout. Apart from additivity (Sect. 1.7), the key criterion of
usefulness of a loss function is that it reflects the client’s perspective. The following
example shows, however, that some loss functions lead to unreasonable answers.

The piecewise constant loss function is defined as the constant unity for negative
estimation error and R > 0 for positive estimation error. The expected loss for
estimating u by it = i — c is

+00 "
0 =Ry [ olvi - pro)drtva [ olvi - uto)d
0 —00
=R—(R—-1)®P(c/n),
which has no minimum, but suggests the solution ¢* = 400, that is, the ‘estimator’
= —oo.Since P(fi # ) = 1, we are certain to pay a penalty. We should therefore
avoid positive estimation error (with penalty R > 1), and that is achieved with a

sufficiently small estimate (large c). Thus, reducing our attention to the sign of the
estimation error is a bad strategy; its size also matters.

2.4.1 LINEX Loss
The LINEX loss for estimation error A = § — @ is defined as

L,(A) = exp(ald) —aAd —1;
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Fig. 2.3 Examples of LINEX loss functions

a # 01is a constant to be set. It is easy to check that L, has all the attributes of a loss
function: L,(0) = 0 and L, (A) decreases for negative A and increases for positive
A. The function is drawn in Fig. 2.3 for a few coefficients a.

For x > 0 (x positive and large), exp(x) >> x + 1, so when a and A have the same
signand aAis large, (aA+1)/L,(A) = 0and L,(A) behaves similarly to exp(a A).
In contrast, when a and A have opposite signs and —a A is large, exp(aA)/L,(A) =
0,and L,(A) € 1 —aA K Lys(—A). So, L, is distinctly asymmetric, with greater
values for large positive errors when a > 0, and greater values for large negative
errors when a < 0.

The expected LINEX loss of i — c is

+00
Qu =«/ﬁ/ La(y =) ¢{/n(y —n+0)} dy

+00 +00
=/_oo exp(%—ac) ¢(z)dz — /_OO (%—ac) ¢(z)dz — 1.

The latter integral is equal to —ac because ¢ is symmetric and it integrates to unity.
The former integral can be related to the expectation of a lognormal distribution. If
X ~N(u, o2), then E{exp(X)} = exp(u + %02). To make the text self-contained,
we derive it from basic principles.

By consolidating the arguments of the exponentials and matching the result with
a normal density, N'(a/+/n, 1), we obtain
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+o0 az )
exp| —= —ac ) ¢(2) dz
/_oo (ﬁ
1 ( )/+oo ( ZZ N az ) q
exp(—ac expl——+ —=)dz
A/ 2 P —00 P 2 \/ﬁ
1 a? +oo 1 a \?
= ——exp|— —ac expy—=lz—— dz
A/ 21 P (2n ) [oo P 2 ( \/ﬁ)
a2
= eX — —dac).
P 2n

a2
0, = exp (2— —ac) +ac—1

n

Hence

The minimum of this function of ¢ is found by exploring its derivative:

a2
Sqg = a[l—exp(z——ac)}.
n

Further differentiation yields the Hessian

H, = a*ex (aZ_ )
a = p% ac ).

Since H, > 0, Q, has a unique minimum, and it is at the root of s, . The root is
¢* = a/(2n) and the minimum attained is Q,(c*) = ac* = a*>/(2n). The expected
loss with ft, which corresponds to ¢ = 0, is exp{a?/(2n)} — 1. The difference of the
losses, exp{a’/(2n)} —a®/(2n) — 1, is equal to the loss L1{a®/(2n)} = L.{a/(2n)).
The expected loss decreases with 2 to zero, but for small to moderate 7 it is substantial,
especially when |a] is large.

2.5 Comparing Two Means

In this section we address the problem of deciding which of two random samples
from normal distributions with the identical variances is greater. We assume that the
common variance, o2, is known. No generality is lost by assuming that o =1,
because we can reformulate the problem for samples x; and x, as a problem for
o~ !x; and o~ 'x, . Denote the expectations of the two samples by w1 and wy and
set A = wy — 1. Let ny and ny be the sizes of the two samples and A= Ao — [
the difference of the sample means. Its distribution is A/(A, maz), where m =
1/n1 + 1/ny; 1/m can be interpreted as the effective sample size of the pair of the
samples.
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With hypothesis testing, we set the size of the test, ¢, by convention to 0.05,
although other choices (probabilities) are permitted, and choose the critical region,
denoted by C, such that under the (null) hypothesis that A = 0 the probability
that a new realisation of A falls within C is equal to «. Common choices for C
are the complement of a symmetric interval, {—oo, o/m @ ! (%a)} Uf{oy/m®~!
(1— %(x), +oo}, and the one-sided intervals {o/m o1 — ), +o00} and {—o0,
o J/m® Na)). If A€ C, we reject the null hypothesis. Otherwise, we have no
evidence against the null hypothesis. Interpreting the latter outcome as a confirmation
that A = 0, or that |A| is small, is not appropriate. Following it up by action that
would be apropriate if A = 0 but not otherwise, has no logical basis.

Suppose we have a research or business agenda the details of which depend on A.
If we knew that A < 0, action A would be appropriate. Otherwise we would pursue
action B. If we elect action A but A > 0, we incur loss uz; if we elect action B but
A < 0, we lose RpLz. Note that this loss function differs from the function of the
same name defined in Sect. 2.1, because no loss is incurred when the correct sign is
chosen, even if A, , or another estimate, differs substantially from A. Because of the
symmetry of the problem, we lose no generality by assuming that R > 1, so that its
label, penalty ratio, is well motivated.

We intend to base the choice between A and B on A — ¢, where ¢ is a constant
to be set by the criterion of minimum expected loss. Since (Z — A)/+/m has the
standard normal distribution, (0, 1), we can represent A by arandom variable A +4,
where § ~ N(0, m). Note that we rely in this on the symmetry of N'(0, m). Thus,
we have converted an unknown constant, A, into a random variable, to represent our
uncertainty about its value after its estimate A has been realised; that is, we converted
it from a random variable to a constant. We will make these changes of status more
formal in Chap. 4 within a Bayesian perspective.

When A — ¢ < 0, and so we choose action A, the expected loss is

o= [T D)
T Vm Vm
+00
=/ (A +2v/m)’ ¢ () dz

—a

—~ +00 +o0
= Pl oca)-28vn[6@)] T +n [ 2@,

a —a

where a = A/./m. The latter integral is evaluated by parts,

+0o0
/ 26(2)dz = ®(a) — ad(a),

—a

exploiting the symmetry of the standard normal distribution, that is, ¢ (—a) = ¢ (a)
and 1 — @(—a) = @ (a). Therefore,
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0O =m {(1 +a2) ®(a) +a¢(a)}.

By similar steps we obtain the expected loss when choosing action B:
0+ = mR[(1+a*) {1 - 2@} -ap@].

For A given, we select the action with the smaller expected loss. For small values
of A action A and for large values action B is preferred. There is a critical value of
A where we switch from the preference for one action to the other. This occurs at
the equilibrium, where Q_ = Q. . To prove that there is a unique equilibrium, we
show that Q _ is increasing and Q; is decreasing. The derivatives of these functions
of a are

00— =2m{a®(a) + ¢(a)}

da

0

8% = 2mR[a{l — ®(@)} — p(a)].

Both derivatives, as functions of a, are increasing because their respective derivatives,
2m®(a) and 2m R{1 — @ (a)}, are positive. Whereas d Q _ /da is positive, because its
limits at 00 are zero and 400, d Q1 /da < 0, because its limits are —oo and zero.
Therefore Q_ is increasing and Q. is decreasing throughout (—oo, +00). So, our
best bet is to set the constant ¢ at the equilibrium, where Q_ = Q. This condition
is

AQ = (R+1){(1+a2)¢>(a)+a¢(a)}—R(1+a2) -0, (2.9)

with the factor m dropped. It is solved by the Newton-Raphson algorithm, using the
expression
0AQ

5y 2(R+Dia®(a) +¢(a)} —2aR.

For the solution a*, the optimal constant ¢ is ¢* = a*/m. The decision about the
sign of A is based on the sign of A—a* /m. It is rather fortuitous that (2.9) involves
the sample sizes n; and n; only through m, and m only through a. Therefore, it is
practical to solve (2.9) for a range of values of R, and then convert the solution a},

to cgr = ap/m.
For the piecewise linear loss, we find the equilibrium by evaluating the two parts
of the expected loss:

O_ = L/Jroox(ﬁ(x;z)dx
N Vm
o~ +0o0
=A{l - P(—a)} — [¢(z)]w
= Vm{a®(a) + ¢(a)}
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Fig. 2.4 The optimal offsets cg with the quadratic (Q) and linear loss (L) for m = 1 (black) and
m = 1/5 (gray), as functions of the penalty ratio R, on the linear and log scales

and

0+ = Rym{a®(a) + ¢(a) — a}.
Hence the balance equation
AQ = (R—-D{a®(@)+ ¢(a)} — Ra = 0,

which is solved by the Newton-Raphson algorithm, in which we use the identity
0AQ/da = (R —1)®(a) — R.

Figure 2.4 displays the solutions cg for the linear and quadratic loss functions
with penalty ratios R € (1, 100) form = 1 (e.g., n1 = np = 2, drawn in black) and
m = 0.2(e.g.,n; = ny = 10, gray). The function cg increases with R, approximately
linearly on the log scale (see the right-hand panel). Of course, ¢* is smaller for larger
samples, in proportion of /m. Piecewise linear and quadratic loss functions are,
strictly speaking, not comparable even when defined with the same penalty ratio R.
However, a client may not be certain as to which of these loss functions is appropriate,
so contemplating both of them is within the spirit of a wide range of plausible loss
functions.

2.6 Problems, Exercises and Suggested Reading

1. Compare by simulations the sampling variances of the mean, median, the average
of the two quartiles and the average of the minimum and maximum of a simple
random sample from a normal distribution. Repeat this exercise with the uniform
distribution on (0, 26) to estimate 6.
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10.

11.

12.

13.

14.
15.

16.
17.
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Derive in detail the identity in (2.2).

. Discuss methods for finding the root of s without using its derivative H. Com-

pare the programming effort, the results and the speed of convergence with the
Newton-Raphson algorithm on examples of your choice.

Discuss the properties of ¢* in (2.8). How is ¢* adjusted when the variance o “ is
different from unity? Compare the minimum value of Q with its value for ¢ = 0.
Study their difference and ratio as n — +o0.

2

. Plot the values of the optimal shift cg(n) as functions of R for a selection of

sample sizes n. Explore the function contour in R and apply it to the values
of cp(n).

Discuss the advantages of working with n and R on the multiplicative scale.
Construct a loss function of your own choice based on the properties you would
find desirable for a specific example or application. Search the literature for
examples of loss functions and discuss their properties. Plot these loss functions,
e.g., using the layout of Fig.2.1.

Discuss how the loss function should be adapted for estimating a transformed
parameter. For example, we may have a particular loss function for estimating
the mean p of a normal random sample (with known variance), but we wish
to know the value of exp(u). Suggested reading about the lognormal distribu-
tion: Aitchison and Brown (1957) and Crow and Shimizu (1988). See Longford
(2009) for estimating the mean and median of the lognormal distribution in small
samples.

Show that loss functions form classes of equivalence. Two loss functions, L
and L, , fall into the same class if L1 = bL, for some scalar » > 0. When is
a linear combination of two loss functions, alL; + bL,, also a loss function?
Construct such a loss function.

Discuss how the results of Sect.2.5 can be applied to deciding whether the
expectation of a normally distributed sample (with a known variance) is positive
or negative.

Hint: Suppose in the comparison of two samples, one is so large that its expec-
tation is, in effect, known.

Explore estimation of u in the context of Sect. 2.5 with piecewise constant loss.
The switch between the statuses of fixed and random for the parameter of interest
in Sect.2.5 is associated with the fiducial argument. See Seidenfeld (1992) for
background.

Suggested reading about methods for optimisation: Lange (1999), Chaps. 5, 11,
13, and Press et al. (2007), Chap. 9.

Suggested reading about LINEX loss: Zellner (1986).

Suggested reading of historical interest: Friedman and Savage (1948); Wald
(1950); Le Cam (1955); Pratt et al. (1964) . Also, Pratt et al. (1995).

An unsolved problem. Why is ¢* approximately linearly related to log (R)?
Derive the integral of @ and the integral of the result, and explain the appearance
of these functions in Sect.2.4.
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