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Abstract. Parameterized Complexity is a new and increasingly popular
theoretical framework for the rigorous analysis of NP-hard problems and
the development of algorithms for their solution. The framework provides
adequate concepts for taking structural aspects of problem instances into
account. We outline the basic concepts of Parameterized Complexity and
survey some recent parameterized complexity results on problems arising
in Constraint Satisfaction and Reasoning.

1 Introduction

Computer science has been quite successful in devising fast algorithms for impor-
tant computational tasks, for instance, to sort a list of items or to match workers
to machines. By means of a theoretical analysis one can guarantee that the algo-
rithm will always find a solution quickly. Such a worst-case performance guaran-
tee is the ultimate aim of algorithm design. The traditional theory of algorithms
and complexity as developed in the 1960s and 1970s aims at performance guar-
antees in terms of one dimension only, the input size of the problem. However,
for many important computational problems that arise from real-world appli-
cations, the traditional theory cannot give reasonable (i.e., polynomial) perfor-
mance guarantees. The traditional theory considers such problems as intractable.
Nevertheless, heuristics-based algorithms and solvers work surprisingly well on
real-world instances of such problems. Take for example the satisfiability prob-
lem (SAT) of propositional reasoning. No algorithm is known that can solve a
SAT instance on n variables in 2°") steps (by the widely believed Exponen-
tial Time Hypothesis such an algorithm is impossible [29]). On the other hand,
state-of-the-art SAT solvers solve routinely instances with hundreds of thou-
sands of variables in a reasonable amount of time (see e.g., [23]). Hence there
is an enormous gap between theoretical performance guarantees and the empir-
ically observed performance of solvers. This gap separates theory-oriented and
applications-oriented research communities. This theory-practice gap has been

Research supported by the European Research Council, grant reference 239962
(COMPLEX REASON). This survey was written in 2011, some references where
updated in 2013.

H. Tompits et al. (Eds.): INAP/WLP 2011, LNAI 7773, pp. 27-37, 2013.
DOI: 10.1007/978-3-642-41524-1_2, (© Springer-Verlag Berlin Heidelberg 2013



28 S. Szeider

observed by many researchers, including Moshe Vardi, who closed an editorial
letter [49] as follows:

[...] an important role of theory is to shed light on practice, and there
we have large gaps. We need, I believe, a richer and broader complexity
theory, a theory that would explain both the difficulty and the easiness
of problems like SAT. More theory, please!

Parameterized Complezity is a new theoretical framework that offers a great
potential for reducing the theory-practice gap. The key idea is to consider—in
addition to the input size—a secondary dimension, the parameter, and to design
and analyse algorithms in this two-dimensional setting. Virtually in every con-
ceivable context we know more about the input data than just its size in bytes.
The second dimension (the parameter) can represent this additional informa-
tion. This two-dimensional setting gives raise to a foundational theory of algo-
rithms and complexity that can be closer to the problems as they appear in the
real world. Parameterized Complexity has been introduced and pioneered by R.
Downey and M. R. Fellows [8] and is receiving growing interest as reflected by
hundreds of research papers (see the references in [8,15,37]). In more and more
research areas such as Computational Biology, Computational Geometry, and
Computational Social Choice the merits of Parameterized Complexity become
apparent (see, e.g., [2,22,20]).

2 Parameterized Complexity: Basic Concepts
and Definitions

In the following we outline the central concepts of Parameterized Complexity.

An instance of a parameterized problem is a pair (I, k) where I is the main
part and k is the parameter; the latter is usually a non-negative integer. The
central notion of the field is fized-parameter tractability (FPT) which refers to
solvability in time f(k)n¢, where f is some (possibly exponential) function of
the parameter k, c is a constant, and n is the size of the instance with respect
to some reasonable encoding. An algorithm that runs in time f(k)n® is called an
fot-algorithm. As a consequence of this definition, a fixed-parameter tractable
problem can be solved in polynomial time for any fixed value of the parameter,
and, importantly, the order of the polynomial does not depend on the parameter.
This is significantly different from problems that can be solved in, say, time n*,
which also gives polynomial-time solvability for each fixed value of k, but since
the order of the polynomial depends on k it does not scale well in & and quickly
becomes inefficient for small values of k.

Take for example the VERTEX COVER problem: Given a graph G and an
integer k, the question is whether there is a set of k vertices such that each
edge of G has at least one of its ends in this set. The problem is NP-complete,
but fixed-parameter tractable for parameter k. Currently the best known fpt-
algorithm for this problem runs in time of order 1.2738% +kn [6]. This algorithm
is practical for huge instances as long as the parameter k is below 100. The
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situation is dramatically different for the INDEPENDENT SET problem, where for
a given graph G and an integer k it is asked whether there is a set of k vertices
of G such that no edge joints two vertices in the set. Also this problem is NP-
complete, and indeed for traditional complexity the problems VERTEX COVER
and INDEPENDENT SET are essentially the same, as there is a trivial polynomial-
time transformation from one problem to the other (the complement set of a
vertex cover is an independent set). However, no fixed-parameter algorithm for
INDEPENDENT SET is known and the Parameterized Complexity of this problem
appears to be very different from the complexity of VERTEX COVER. Theoretical
evidence suggests that INDEPENDENT SET cannot be solved significantly faster
than by trying all subsets of size k, which gives a running time of order n*.

The subject of Parameterized Complexity splits into two complementary
questions, each with its own mathematical toolkit and methods:

1. How to design and improve fixed-parameter algorithms for parameterized
problems. For this question there exists a rich toolkit of algorithmic tech-
niques (see, e.g., [46]).

2. How to gather evidence that a parameterized problem is not fixed-parameter
tractable. For this question a completeness theory has been developed which
is similar to the theory of NP-completeness (see, e.g., [7]) and supports the
accumulation of strong theoretical evidence that a parameterized problem is
not fixed-parameter tractable.

Every completeness theory requires a suitable notion of reduction. The classical
polynomial-time reductions are not suitable for Parameterized Complexity, as
they do not differentiate between problems that are fixed-parameter tractable
and problems that are believed to be not (such as VERTEX COVER and INDE-
PENDENT SET, respectively, as discussed above). A reduction that preserves
fixed-parameter tractability must ensure that the parameter of one problem
maps to the parameter of the other problem. This is the case for fpt-reductions,
the standard reductions in Parameterized Complexity. An fpt-reduction between
parameterized decision problems P and @ is an fpt-algorithm that maps a prob-
lem instance (x,k) of P to a problem instance (z/, k') of @ such that (i) (z, k)
is a yes-instance of P if and only if (2/, k) is a yes-instance of @, and (ii) there
is a computable function g such that k' < g(k). It is easy to see that if we have
an fpt-reduction from P to ), and @ is fixed-parameter tractable, then so is P.

3 How to Parameterize?

Most research in Parameterized Complexity considers optimization problems,
where the parameter is a bound on the objective function, also called solution
size. For instance, the standard parameter for VERTEX COVER is the size of the
vertex cover we are looking for. However, many problems that arise in Constraint
Satisfaction and Reasoning are not optimization problems, and it seems more
natural to consider parameters that indicate the presence of a “hidden structure”
in the problem instance. It is a widely accepted view that efficient solvers exploit



30 S. Szeider

the hidden structure of real-world problems. Hence such a parameter can be used
to capture the presence of a hidden structure. There are several approaches to
making the vague notion of a hidden structure mathematically precise in terms
of a parameter.

3.1 Backdoors

If a computational problem is intractable in general, it is natural to ask for sub-
problems for which the problem is solvable in polynomial-time, and indeed much
research has been devoted to this question. Such tractable subproblems are some-
times called “islands of tractability” or “tractable fragments.” It seems unlikely
that a problem instance originating from a real-world application belongs to one
of the known tractable fragments, but it might be close to one. The concept of
backdoor sets offers a generic way to gradually enlarge and extend an island
of tractability and thus to solve problem instances efficiently if they are close
to a tractable fragment. The size of a smallest backdoor set indicates the dis-
tance between an instance and a tractable fragment. Backdoor sets were intro-
duced in the context of propositional and constraint-based reasoning [50] but
similar notions can be defined for other reasoning problems. Roughly speaking,
after eliminating the variables of a backdoor set one is left with an instance
that belongs to the tractable subproblem under consideration. The “backdoor
approach” to reasoning problems involves two tasks. The first task, called back-
door detection, is to detect a small backdoor set by an fpt-algorithm, parameter-
ized by the size of the backdoor set. The second task, called backdoor evaluation,
is to solve the reasoning problem efficiently using the information provided by
the backdoor set.

There are several Parameterized Complexity results on backdoor sets for
the SAT problem as described in a recent survey [21]. Backdoors have also
been applied to problems beyond NP such as Model Counting and QBF-
Satisfiability [38,42], and to the main reasoning problems of propositional dis-
junctive answer set programming (deciding whether an atom belongs to some
stable model or whether it belongs to all stable models). The latter problems are
located at the second level of the Polynomial Hierarchy [11] but can be solved in
polynomial time for normal (disjunction-free) programs that have certain acyclic-
ity properties. Several of these tractable classes admit a backdoor approach, with
fixed-parameter tractable backdoor detection and backdoor evaluation, thus ren-
dering the answer-set programming problems fixed-parameter tractable [13]. A
similar backdoor approach has also been developed for problems of abstract argu-
mentation [10] whose unparameterized versions are also located at the second
level of the Polynomial Hierarchy.

3.2 Decompositions

A key technique for coping with hard computational problems is to decompose
the problem instance into small tractable parts, and to reassemble the solutions
of the parts to a solution of the entire instance. One aims at decompositions
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for which the overall complexity depends on how much the parts overlap, the
“width” of the decomposition. The most popular and widest studied decom-
position method is tree decomposition with the associated parameter treewidth.
A recent survey by Hlineny et al. covers several decomposition methods with
particular focus on fixed-parameter tractability [28].

Recent results on the Parameterized Complexity of reasoning problems with
respect to decomposition width include results on disjunctive logic program-
ming and answer-set programming with weight constraints [24,41], abductive
reasoning [25], satisfiability and propositional model counting [39,44], constraint
satisfaction and global constraints [43,45], and abstract and value-based argu-
mentation [9,30].

3.3 Locality

Practical algorithms for hard reasoning problems are often based on local search
techniques. The basic idea is to start with an arbitrary candidate solution and to
try to improve it step by step, at each step moving from one candidate solution
to a better “neighbor” candidate solution. It would provide an enormous speed-
up if one could perform k elementary steps of local search efficiently in one
“glant” k-step. Such a giant k-step also decreases the probability of getting
stuck at a poor local optimum. However, the obvious strategy for performing
one giant k-step requires time of order N* (assuming a candidate solution has
N neighbour solutions), which is impractical already for very small values of k
since typically N is related to the input size. A challenging objective is the design
of fpt-algorithms (with respect to parameter k) that compute a giant k-step.
Recent work on parameterized local search includes the problem of minimizing
the Hamming weight of satisfying assignments for Boolean CSP [31] and for the
MAX SAT problem [48]. It turns out that there are interesting cases for which
k-step local search is fixed-parameter tractable.

Local consistency is a further form of locality that plays an important role in
constraint satisfaction and is one of the oldest and most fundamental concepts
of in this area. It can be traced back to Montanari’s famous 1974 paper [36]. If a
constraint network is locally consistent, then consistent instantiations to a small
number of variables can be consistently extended to any further variable. Hence
local consistency avoids certain dead-ends in the search tree, in some cases it even
guarantees backtrack-free search [1,18]. The simplest and most widely used form
of local consistency is arc-consistency, introduced by Mackworth [33], and later
generalized to k-consistency by Freuder [17]. A constraint network is k-consistent
if each consistent assignment to k — 1 variables can be consistently extended to
any further k-th variable. It is a natural question to ask for the Parameterized
Complexity of checking whether a constraint network is kconsistent, taking k as
the parameter. This question has been subject to a recent study [20]. It turned
out that in general, deciding whether a constraint network is k-consistent is
complete for the parameterized complexity class co-W[2] and thus unlikely to
be fixed-parameter tractable. However, if we include as secondary parameters
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the maximum domain size and the maximum number of constraints in which a
variable occurs, then the problem becomes fixed-parameter tractable.

3.4 Above or Below Guaranteed Bounds

For some optimization problems that arise in constraint satisfaction and rea-
soning, the standard parameter (solution size) is not a very useful one. Take
for instance the problem MAX SAT. The standard parameter is the number of
satisfied clauses. However, it is well-known that one can always satisfy at least
half of the clauses. Hence, if we are given m clauses, and if we want to satisfy at
least k of them, then the answer is clearly yes if k < m/2. On the other hand, if
k > m/2 then m < 2k, hence the size of the given formula is bounded in terms
of the parameter k, and thus can be trivially solved by brute force in time that
only depends on k. Less trivial is the question of whether we can satisfy at least
m/2 + k clauses, where k is the parameter. Such a problem is called parameter-
ized above a guaranteed value [34,35]. Over the last few years, several variants of
MAX SAT but also optimization problems regarding ordering constraints have
been studied, parameterized above a guaranteed value. A recent survey by Gutin
and Yeo covers these results [27].

4 Kernelization: Preprocessing with Guarantee

Preprocessing and data reduction are powerful ingredients of virtually every
practical solver. Before performing a computationally expensive case distinc-
tion, it seems always better to seek for a “safe step” that simplifies the instance,
and to preprocess. Indeed, the success of practical solvers relies often on pow-
erful preprocessing techniques. However, preprocessing has been neglected by
traditional complexity theory: if we measure the complexity of a problem just in
terms of the input size n, then reducing the size from n to n — 1 in polynomial
time yields a polynomial-time algorithm for the problem as we can iterate the
reduction [12]. Hence it does not make much sense to study preprocessing for
NP-hard problems in the traditional one-dimensional framework. However, the
notion of “kernelization”, a key concept of Parameterized Complexity provides
the means for studying preprocessing, since the impact of preprocessing can
measured in terms of the parameter, not the size of the input. When a problem
is fixed-parameter tractable then each instance (I, k) can be reduced in polyno-
mial time to an equivalent instance (I’, k’), the problem kernel, where k' < k and
the size of I’ is bounded by a function of k. The smaller the kernel, the more
efficient the fixed-parameter algorithm. For a parameterized problem it is there-
fore interesting to know whether it admits a polynomial kernel or not. Over the
last few years, this question has received a lot of attention in the Parameterized
Complexity community [32].

Several optimization problems, such as VERTEX COVER and FEEDBACK
VERTEX SET admit polynomial kernels with respect to the standard parameter
solution size [5,6]. However, it turns out that many fixed-parameter tractable
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problems in the areas of constraint satisfaction, global constraints, satisfiability,
nonmonotonic and Bayesian reasoning do not have polynomial kernels unless
the Polynomial Hierarchy collapses to its third level [47]. Such super-polynomial
kernel lower bounds can be obtained by means of recent tools [4,16]. A positive
exception is the consistency problem for certain global constraint, which admits
a polynomial kernel for an interesting parameter [19].

5 Breaking Complexity Barriers with FPT-Reductions

Many important problems in constraint satisfaction and reasoning are located
above the first level of the Polynomial Hierarchy or are even PSPACE-complete,
thus considered “harder” than the SAT problem. Above we have discussed some
results that establish fixed-parameter tractability for such problems (including
ASP problems and QBF satisfiability, parameterized by backdoor size). However,
for such hard problems, asking for fixed-parameter tractability is asking for a
lot and requires the parameters to be quite restrictive. Therefore, it seems to
be an even more interesting approach to exploit some structural properties of
the instance in terms of a parameter, not to solve the instance, but to reduce
it to an equivalent instance of a problem of lower classical complexity. The
parameter can thus be less restrictive and can therefore be small for larger classes
of inputs. The reduction cannot run in polynomial time, unless the Polynomial
Hierarchy collapses, but the enhanced power of fpt-reductions (see Sect.2) can
break the barriers between classical complexity classes. The SAT problem is well-
suited as a target problem (say, with the constant parameter 0), since by means
of fpt-reductions to SAT we can make today’s extremely powerful SAT solvers
applicable to problems on higher levels of the Polynomial Hierarchy. In fact, there
are some known reductions that, in retrospect, can be seen as fpt-reductions
to SAT. A prominent example is Bounded Model Checking [3], a technique of
immense practical significance for hardware and software verification, which can
be seen as an fpt-reduction from the PSPACE-complete model checking problem
for linear temporal logic to SAT. The parameter is an upper bound on the size
of a counterexample (or the diameter of the instance).

In recent work [14] we have developed fpt-reductions that break complexity
barriers for the main reasoning problems of disjunctive answer-set programming.
These problems are located at the second level of the Polynomial Hierarchy in
general, but drop back to the first level if restricted to normal (i.e., disjunction-
free) programs. Thus, it is natural to consider as a parameter the distance of a
disjunctive program form being normal; the backdoor size with respect to the
base class of normal programs provides such a distance measure. And indeed,
there is an fpt-reduction with respect to this parameter, that takes as input a
disjunctive program P and an atom z, and outputs a CNF formula that is satis-
fiable if and only if z is in some answer set of P (a similar fpt-reduction outputs
a CNF formula that is unsatisfiable if and only if « is in all answer sets of P). In
terms of parameterized complexity, this shows that the brave reasoning problem
for disjunctive ASP is paraNP-complete; paraNP is the class of all parameter-
ized decision problems that can be solved in time f(k)n® by a nondeterministic
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algorithm [15]. For parameterizations of NP-problems, a paraNP-completeness
result is considered as very negative. For a problem that is harder than NP,
however, a paraNP-completeness result is a positive one, as it shows that the
structure represented by the parameter can be exploited to break the complexity
barrier. Very recently, we developed similar fpt-reductions for problems arising
in propositional abductive reasoning which are also located on the second level of
the Polynomial Hierarchy, taking as parameters the distance of the input theory
form being Horn or being Krom [40].

6 Conclusion

Over the last decade, Parameterized Complexity has become an important field
of research in Algorithms and Complexity. It provides a more fine-grained com-
plexity analysis than the traditional theory taking structural aspects of problem
instances into account. In this brief survey we have outlined the basic concepts
of Parameterized Complexity and indicated some recent results on the Parame-
terized Complexity of problems arising in Constraint Satisfaction an Reasoning.
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