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Keywords Block diagonalization - Symmetric group action - g-Analogue

Mathematics Subject Classification (2010) 06E25

1 Introduction

We present a unified approach to explicit block diagonalization in three classical
cases: the commutant of the symmetric group action on the Boolean algebra and the
nonbinary and g-analogs of this commutant.

Let B(n) denote the set of all subsets of [n] = {1, 2,...,n}, and, for a prime
power ¢, let B(q,n) denote the set of all subspaces of an n-dimensional vec-
tor space over the finite field F,. Let p > 2, and let A(p) denote the alpha-

bet {Lo,L1,...,Lp—1} with p letters. Define B,(n) = {(a1,...,a,) : a; € A(p)
for all i}, the set of all n-tuples of elements of A(p) (we use {Lo, ..., L,_1} rather
than {0, ..., p — 1} as the alphabet for later convenience and do not want to confuse

the letter O with the vector 0).

Let S, denote the symmetric group on 7 letters, and let S, (n) denote the wreath
product S,_; ~ §,. The natural actions of S, on B(n), S,(n) on B,(n) (per-
mute the n coordinates followed by independently permuting the nonzero letters
{L1,..., Lp_1} at each of the n coordinates), and GL(n,F,) on B(q, n) have been
classical objects of study. Recently, the problem of explicitly block diagonalizing
the commutants of these actions has been extensively studied. In these expository
notes we revisit these three results. Our main sources are the papers by Schrijver
[17], Gijswijt, Schrijver and Tanaka [9], and Terwilliger [22].
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We emphasize that there are several other classical and recent references offering
an alternative approach and different perspective on the topic of this paper. We men-
tion Bachoc [2], Silberstein, Scarabotti and Tolli [3], Delsarte [4, 5], Dunkl [6, 7],
Go [10], Eisfeld [8], Marco-Parcet [12—-14], Tarnanen, Aaltonen and Goethals [21],
and Vallentin [23].

In Sect. 2, we recall (without proof) a result of Terwilliger [22] on the singular
values of the up operator on subspaces. In Srinivasan [18], the ¢ = 1 case of this
result, together with binomial inversion, was used to derive Schrijver’s [17] explicit
block diagonalization of the commutant of the S, action on B(n). In Sect. 3 we
show that the general case of Terwilliger’s result, together with g-binomial inver-
sion, yields the explicit block diagonalization of the commutant of the GL(n, F,)
action on B(q, n). In Sect. 4 we define the concept of upper Boolean decomposition
and use it to reduce the explicit block diagonalization of the commutant of the S (n)
action on B (n) to the binary case, i.e., the commutant of the S, action on B(n).
The overall pattern of our proof is the same as in Gijswijt, Schrijver and Tanaka [9],
but the concept of upper Boolean decomposition adds useful additional insight to
the reduction from the nonbinary to the binary case.

Part of these notes was presented at the International Conference on Combinato-
rial Matrix Theory and Generalized Inverses of Matrices, held at Manipal Univer-
sity, Manipal, India during 10—11 January 2012. I thank the organizers, in particular
Professors R.B. Bapat and K. Manjunatha Prasad, for their invitation to lecture in
the conference.

2 Singular Values

All undefined poset terminology is from Stanley [20]. Let P be a finite graded poset
with rank functionr : P — N={0, 1,2, ...}. The rank of P is r(P) = max{r(x) :
x € P},and, fori =0,1,...,r(P), P; denotes the set of elements of P of rank i.
For a subset S € P, we set rankset(S) = {r(x) : x € S}.

For a finite set S, let V(S) denote the complex vector space with S as basis.
Let P be a graded poset with n = r(P). Then we have V(P) =V (Py) @& V(P;) ®
-+ @ V(P,) (vector space direct sum). An element v € V(P) is homogeneous if
v € V(P;) for some i, and if v # 0, we extend the notion of rank to nonzero homo-
geneous elements by writing r(v) =i. Given an element v € V (P), we write

v=v9g+---4v,, vieV(P), 0<i<n.

We refer to the v; as the homogeneous components of v. A subspace W C V(P) is
homogeneous if it contains the homogeneous components of each of its elements.
For a homogeneous subspace W C V (P), we set

rankset(W) = {r(v) : v is a nonzero homogeneous element of W}.

The up operator U : V(P) — V(P) is defined, for x € P, by U(x) = Zy v,
where the sum is over all y covering x. Similarly, the down operator D : V(P) —
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V(P) is defined, for x € P, by D(x) = Zy y, where the sum is over all y covered
by x.

Let (,) denote the standard inner product on V (P), i.e., (x,y) = d(x, y) (Kro-
necker delta) for x, y € P. The length \/{v, v) of v € V(P) is denoted | v||. In this
paper we study three graded posets. The Boolean algebra is the rank-n graded poset
obtained by partially ordering B(n) by inclusion. The rank of a subset is given by
cardinality. The g-analog of the Boolean algebra is the rank-n graded poset ob-
tained by partially ordering B(g, n) by inclusion. The rank of a subspace is given
by dimension. We recall that, for 0 < k < n, the g-binomial coefficient

(Vl) _ (l)q(z)q e (n)q
k q (1)q"'(k)q(1)q"'(n_k)q’

where (i)y =1+¢q + g> +---+4¢'~!, denotes the cardinality of B(g, n).

Given a = (ai,...,ay) € Bp(n), define the support of a by S(a) = {i €
{I1,....,n}:a; # Lo}. For b= (b1,...,by) € By(n), define a < b if S(a) € S(b)
and a; = b; for all i € S(a). It is easy to see that this makes B, (n) into a rank-n
graded poset with rank of a given by |S(a)|. We call B),(n) the nonbinary analog of
the Boolean algebra B(n). Clearly, when p =2, B, (n) is order isomorphic to B(n).

We give V(B(n)), V(B,(n)), and V(B(q, n)), the standard inner products. We
use U to denote the up operator on all three of the posets V (B(n)), V(Bp(n)), and
V(B(q, n)) and do not indicate the rank »n (as in U,,, say) in the notation for U. The
meaning of the symbol U is always clear from the context.

Let P be a graded poset. A graded Jordan chain in V (P) is a sequence

s=(1,...,0) (1

of nonzero homogeneous elements of V (P) such that U (v;—1) =v; fori =2,...,h
and U (v,) = 0 (note that the elements of this sequence are linearly independent,
being nonzero, and of different ranks). We say that s starts at rank r(v) and ends
at rank r(vp). A graded Jordan basis of V(P) is a basis of V(P) consisting of a
disjoint union of graded Jordan chains in V (P).

The graded Jordan chain (1) is said to be a symmetric Jordan chain (SJC) if the
sum of the starting and ending ranks of s equals r(P), i.e., r(vy) + r(vy) =r(P)
if h > 2 or 2r(vy) =r(P) if h = 1. A symmetric Jordan basis (SIB) of V(P) is a
basis of V (P) consisting of a disjoint union of symmetric Jordan chains in V (P).

The graded Jordan chain (1) is said to be a semisymmetric Jordan chain (SSJC)
if the sum of the starting and ending ranks of s is > r(P). A semisymmetric Jor-
dan basis (SSIB) of V(P) is a basis of V(P) consisting of a disjoint union of
semisymmetric Jordan chains in V(P). An SSJB is said to be rank complete if
it contains graded Jordan chains starting at rank i and ending at rank j for all
O<i<j=r(P)i+j=r(P).

Suppose that we have an orthogonal graded Jordan basis O of V (P). Normalize
the vectors in O to get an orthonormal basis O’. Let (vy, ..., v;) be a graded Jordan
chain in O. Put v/, = 2 and o, = Ivurll <u <h (we take v, = v;lH =0). We

Mol Mol
have, for 1 <u <h,




16 M.K. Srinivasan

, U(vy) Uy+1 ,
() = T = ol ~ e @
Thus, the matrix of U with respect to O is in block diagonal form, with a block
corresponding to each (normalized) graded Jordan chain in O and with the block
corresponding to (v}, ..., v;) above being a lower triangular matrix with subdiago-
nal («q,...,a,—1) and Os elsewhere.

Now note that the matrices, in the standard basis P, of U and D are real and
transposes of each other. Since O’ is orthonormal with respect to the standard inner
product, it follows that the matrices of U and D, in the basis O’, must be adjoints
of each other. Thus, the matrix of D with respect to O’ is in block diagonal form,
with a block corresponding to each (normalized) graded Jordan chain in O and with

the block corresponding to (v}, ..., v)) above being an upper triangular matrix with
superdiagonal (¢, ..., a;—1) and Os elsewhere. Thus, for 0 <u < h — 1, we have
D(v;_H) =y v,. 3)

It follows that the subspace spanned by each graded Jordan chain in O is closed
under U and D. We use (2) and (3) without explicit mention in a few places.

The following result is due to Terwilliger [22], whose proof is based on the results
of Dunkl [7]. For a proof based on Proctor’s [15] s[(2, C) method, see Srinivasan
[19].

Theorem 1 There exists an SIB J(q,n) of V(B(q, n)) such that

(1) The elements of J(q, n) are orthogonal with respect to {,) (the standard inner
product).

(ii) (Singular values) Let 0 <k <n/2, and let (xk, ..., Xn—) be any SJCin J(q,n)
starting at rank k and ending at rank n — k. Then we have, fork <u <n —k,

lXuttll

- Jar 1=~k —u,. )

Let J'(g, n) denote the orthonormal basis of V (B(g, n)) obtained by normalizing

J(gq,n).
Substituting ¢ = 1 in Theorem 1, we get the following result.

Theorem 2 There exists an SIB J (n) of V(B(n)) such that

(1) The elements of J(n) are orthogonal with respect to {,) (the standard inner
product).

(i1) (Singular values) Let 0 <k <n/2, and let (x, ..., Xxn—) be any SJIC in J(n)
starting at rank k and ending at rank n — k. Then we have, fork <u <n —k,

llXu 1

=Ju+1-k)(n—k—u). (5)
(B

Let J'(n) denote the orthonormal basis of V(B(n)) obtained by normalizing
J(n).
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Theorem 2 was proved by Go [10] using the sl(2, C) method. For an explicit
construction of an orthogonal SJB J(n), together with a representation theoretic
interpretation, see Srinivasan [18]. It would be interesting to give an explicit con-
struction of an orthogonal SJB J (¢, n) of V(B(q, n)).

3 g-Analog of Endg, (V (B(n)))

We represent elements of End(V (B(g,n))) (in the standard basis) as B(g,n) x
B(g,n) matrices (we think of elements of V(B(g,n)) as column vectors with
coordinates indexed by B(gq,n)). For X,Y € B(q,n), the entry in row X, col-
umn Y of a matrix M will be denoted M (X, Y). The matrix corresponding to
f € End(V(B(g,n))) is denoted M. We use similar notations for B(g,n); x
B(q, n); matrices corresponding to elements of End(V (B(gq, n);)). The finite group
G(g,n) = GL(n, IF,) has a rank and order-preserving action on B(g, n). Set

(q,n)={My: f €Endgn(V(Bg,m))},
HB(q,n,i)= {Mf i fe EndG(q,n)(V(B(q, n)i))}.
Thus, <7 (q,n) and H(q, n, i) are x-algebras of matrices.
Let f: V(B(gq,n)) — V(B(gq,n)) be linear, and g € G(¢q,n). Then

feM) =) Ms(X.g(¥))X and g(f(Y)) EhhaYmm

X
It follows that f is G (g, n)-linear if and only if
Mp(X,Y)=Ms(g(X),g(Y)), forallX,Y e B(q,n),ge€G(g.n), (6)

i.e., My is constant on the orbits of the action of G(g,n) on B(q,n) x B(q, n).
Now it is easily seen that (X, Y), (X', Y’) € B(g,n) x B(g,n) are in the same
G (g, n)-orbit if and only if
dim(X) = dim(X’), dim(Y)=dim(Y’), and
(7
dim(X NY) = dim(X'NY’).

For0<i,j,t <nm,let Ml.”/. be the B(q,n) x B(q,n) matrix given by

M (X.Y) = 1 ifdim(X) =i,dim(Y) =j,dim(XNY) =1,
o 0 otherwise.

It follows that
(M ;li+j—t<n0<1<i,j}
is a basis of &7 (g, n), and its cardinality is ("H
Let 0 <i < n. Consider the G(gq,n)-action on V(B(g,n);). Given X,Y €
B(q, n);, it follows from (7) that the pairs (X, Y) and (Y, X) are in the same orbit
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of the G (g, n)-action on B(q,n); x B(g, n);. It thus follows from (6) that the alge-
bra %(q,n,i) has a basis consisting of symmetric matrices and is hence commu-
tative. Thus, V (B(gq,n);) is a multiplicity free G (g, n)-module, and the *x-algebra
AB(q, n, i) can be diagonalized. We now consider the more general problem of block
diagonalizing the x-algebra 27 (¢, n).

Fix i, j €{0,...,n}. Then we have

n
u
t r u —
MMl = (t> MY, 1=0,....n,
u=0

since the entry of the left-hand side in row X, column Y with dim(X) =i, dim(Y) =
J is equal to the number of common subspaces of X and Y of size ¢. Apply g-
binomial inversion (see Exercise 2.47 in Aigner [1]) to get

:Z(—l)"’q(“?)<t> M MY =0, n. (8)
u=0

Before proceeding further, we observe that

[n/2] n4+3
Z(n—2k+l)2=< >=dimszf’(q,n) )
k=0 3
since both sides (of the first equality) are polynomials in r (treating the cases n = 2r
and n = 2r + 1 separately) of degree 3 and agree for r =0, 1, 2, 3.

Fori, j, k,t €{0,...,n}, define

u—t ( Y —ku n—2k> <n—k—u> (n—k—u)
Bl (@) = Z( ) ()q(u_k i ) Ui )

ForO<k <|n/2] and k <i, j <n —k, define E; j tobethe (n —2k + 1) x (n —
2k 4 1) matrix, with rows and columns indexed by {k,k + 1, ..., n — k}, and with
entry in row i and column j equal to 1 and all other entries 0. Let Mat(n x n) denote
the algebra of complex n x n matrices.

In the proof of the next result we will need the following alternate expression for
the singular values:

\/k — - . ) n— 2%k 3 n—2k =3
g u+1—-k)gn—k—-u)g=q>(n— _u)q<u—k>q (u—l—l—k)q -
(10)

We now present a g-analog of the explicit block diagonalization of Endg, (V (B(n)))
given by Schrijver [17].

Theorem 3 Let J(q,n) be an orthogonal SJIB of V (B(q,n)) satisfying the condi-
tions of Theorem 1. Define a B(q, n) x J'(q, n) unitary matrix N (n) as follows: for
v € J'(q,n), the column of N (n) indexed by v is the coordinate vector of v in the
standard basis B(q,n). Then
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(i) N(n)*</(q,n)N (n) consists of all J'(q,n) x J'(q, n) block diagonal matrices
with a block corresponding to each (normalized) SJC in J(q,n) and any two
SJCs starting and ending at the same rank give rise to identical blocks. Thus,
there are (Z)q — (kﬁl)q identical blocks of size (n — 2k + 1) x (n — 2k + 1), for
k=0,...,[n/2].

(i) Conjugating by N(n) and dropping duplicate blocks thus gives a positive
semidefiniteness-preserving C*-algebra isomorphism

ln/2]
®:a/(q.n) = @) Mat((n — 2k + 1) x (n — 2k + 1)).
k=0
It will be convenient to reindex the rows and columns of a block corresponding to a
SJC starting at rank k and ending at rank n — k by the set {k,k+1,...,n —k}. Let
i,j,t€f{0,...,n}. Write

@(Ml-t!j)Z(No,...,NLn/zj).
Then, for 0 <k < |n/2],
MitD 2k % n—2ky ~3 gt , .
Ny = q 2 (n,'_k)q z(nj_k)q zﬁ:j,k(‘])Ei,j,k ifk<i,j<n-—k,
0 otherwise.

Proof (i) Leti >u,andlet Y C X with X € B(q,n); and Y € B(q, n),. The num-
ber of chains of subspaces X, € X,,;1 C€--- C X; with X, =Y, X; = X, and
dim(X;) =1 foru <[ <iisclearly (i —u)y(i —u — 1)4---(1)4. Thus, the ac-
tion of M, on V(B(q,n),) is times the action of U'™* on
V(B(q,m)u)-

Now the subspace spanned by each SIC in J(g, n) is closed under U and D. It
thus follows by (8) that the subspace spanned by each SJIC in J (g, n) is closed under
4 (q, n). The result now follows from Theorem 1(ii) and the dimension count (9).

(i) Fix 0 < k < [n/2].If both i, j are not elements of {k, ..., n —k}, then clearly
N =0. So we may assume that k <i, j <n — k. Clearly, Ny = AE; j ; for some A.
We now find A = N (i, j).

Letu €{0,...,n}. Write @(M;fu) = (A%, ..., AL[I’I/2J)' We claim that

1
(i*u)q(ifufl)q"'(])q

k(i—u)
2

i—u

1 _1
a0, P03, B ik zusn—k

0 otherwise.
The otherwise part of the claim is clear. If k <u <n — k and i < u, then we have

Ay = 0. This also follows from the right-hand side since the g-binomial coefficient
(Z)q is 0 for b < 0. So we may assume that k <u <n — k and i > u. Clearly, in this

case we have A} = aE; , x for some o. We now determine a = A} (i, u). We have,
using Theorem 1(ii) and expression (10),

, 1 _1
Hiu_:lu {q% (n—k— w)q (’llu_—zlf)q ) (wn-l-_lzi{k)q 2}

(i —ugl—u—1Dg---(1)y

Al u) =
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) <n k- u) (n - 21<) : <n . 2k> -3
=q 2 . . .
i—u g\U— k p i—k q
Similarly, if we write (D(M,’j’j) =(BY,..., B’L‘nm), then we have

kG=w) ;g _ L _1 .
pr =9 T (njfu")q("u_ik);(';_ik)q PEujx ifk<u<n—k,

0 otherwise.

So, from (8) we have

n n—k
M= o0 (1) apg = 0O () g
u=0 q

u=k q
Thus,

n—k n—k
u=k ! 9\ =k
nk —t u
_ Z(_l)u—lq( 2 )<t> Ay, u)B (u, j)
u=k
ki-w n—k—u n—2k %n—2k =
q i—u q u—=k q i—k q
wiew (n—k—u\ (n—2k\ ?(n—2k\ "2
xq 2 . .
Jj—u J\Nu—k), \j—k/,
M(n—zk) —%(n—zk) [
=4q . .
i—k q j—k q

_Q

Sy

u=0

n—k—u n—k—u n—2k
X )
i—u J\ j—u J,\u—-k/,
completing the proof. g

We now explicitly diagonalize %A (q,n,i). Let 0 <i <n. We set i~ = max{0,
2i —n} and m(i) = min{i,n — i} (note that i~ and m (i) depend on both i and n.
The n will always be clear from the context). It follows from (6) that %(q, n, i) has a
basis consisting of M’ ,fori™ <t <i (here we think of M’ as B(q,n); x B(q,n);
matrices). The cardmahty of this basis is 1 +m(i). Since %(q n, i) is commutative,
it follows that V (B(q, n);) is a canonical orthogonal direct sum of 1 +m (i) common
eigenspaces of the Ml.” ;i <t =i (these eigenspaces are the irreducible G(g, n)-
submodules of V (B(q, n);)).

Let J(g,n) be an orthogonal SJB of V(B(q,n)) satisfying the conditions of
Theorem 1. For k =0,1,...,m(i), define
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J(g,n, i, k)= {v € J(g,n) :r(v) =i, and the Jordan chain containing v
starts at rank k}.

Let W(q, n, i, k) be the subspace spanned by J (g, n, i, k) (note that this subspace is
nonzero). We have an orthogonal direct sum decomposition

m(i)
V(B(q.n)) EBW(q n.i. k).

It now follows from Theorem 3 that the W (g, n, i, k) are the common eigenspaces
of the Ml.”i. The following result is due to Delsarte [4].

Theorem 4 Let 0 <i <n.Fori~ <t <iand 0 <k <m(i), the eigenvalue ofMl-”l.
on W(g,n,i, k)is

i(—l)u—tq(uz—t)+k(i—u) (u) (n —k— u) (i _ k)
- Pg\ E—u Jg\i—u q.

Proof Follows from substituting j =i in Theorem 3 and noting that
n—2k\ “'n—2k\ (n—k-u\ _[(i—k
i—k q u—k q i—u q_ i—u q' L

(n)={My: f € Ends, (V(B(n)))}.
and for i, j, k,t € {0, ..., n}, define

A w0 s [ o [ (|

Substituting ¢ =1 in Theorem 3, we get the following result of Schrijver [17]. We
shall use this result in the next section.

Set

Theorem 5 Let J(n) be an orthogonal SJIB of V (B(n)) satisfying the conditions of
Theorem 2. Define a B(n) x J'(n) unitary matrix N(n) as follows: for v € J'(n),
the column of N (n) indexed by v is the coordinate vector of v in the standard basis

B(n). Then

(i) N(n)*o/(n)N (n) consists of all J'(n) x J'(n) block diagonal matrices with
a block corresponding to each (normalized) SJC in J(n) and any two SJCs
starting and ending at the same rank give rise to identical blocks. Thus, there
are (Z)L—/(ijfl) identical blocks of size (n — 2k + 1) x (n — 2k + 1), for k =

, ln/2].
(i) Conmjugating by N(n) and dropping duplicate blocks thus gives a positive
semidefiniteness-preserving C*-algebra isomorphism
ln/2]
@ .o/ (n) = @ Mat((n — 2k + 1) x (n — 2k + 1)).
k=0
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It will be convenient to reindex the rows and columns of a block corresponding to a
SJC starting at rank k and ending at rank n — k by the set {k,k+1,...,n —k}. Let
i,j,t€{0,...,n}. Write

@(Mit,j) = (No, ..., Npns2p).
Then, for 0 <k < |n/2],

_1 -1
() O B Bk ifk<ij<n—k,

0 otherwise.

Ny =

4 Nonbinary Analog of Endg, (V (B(n)))

Let (V, f) be a pair consisting of a finite-dimensional inner product space V
(over C) and a linear operator f on V. Let (W, g) be another such pair. By an
isomorphism of pairs (V, f) and (W, g) we mean a linear isometry (i.e, an inner
product-preserving isomorphism) 6 : V.— W such that 0(f (v)) = g(@(v)),ve V.

Consider the inner product space V (B, (n)). An upper Boolean subspace of rank
t is a homogeneous subspace W C V (B, (n)) such that rankset(W) = {n —t,n—1+
1,...,n}, Wis closed under the up operator U, and there is an isomorphism of pairs
(V(B()),/p—1U) = (W, U) that sends homogeneous elements to homogeneous
elements and increases rank by n — t.

Consider the following identity:

n

p"=(p—2+2>"=Z<’;><p—2>12”’. (11)

=0

We shall now give a linear algebraic interpretation to the identity above. For sim-
plicity, we denote the inner product space V (A(p)), with A(p) as an orthonormal
basis, by V (p). Make the tensor product

n
RV =V(p)®---® V(p) (n factors)
i=1
into an inner product space by defining
W Uy, Ul ® - Qup) = (vi,u1) (v, Uy). (12)

There is an isometry

n
V(Bpy(n) = ® V(p) (13)
i=1
givenby a = (ay,...,ay) > a=a1 ® --- ®ay,a € By(n). The rank function (on

nonzero homogeneous elements) and the up and down operators, U and D, on
V(B (n)) are transferred to ®:7:1 V(p) via the isomorphism above.



Notes on Explicit Block Diagonalization 23

Fixa (p—1) x (p — 1) unitary matrix P = (m;;) with rows and columns indexed
. 1 . i
by {1,2,..., p — 1} and with first row ﬁ(l,l,...,l). Fori=1,...,p—1,
define the vector w; € V(p) by

p—1
w,-:Zmiij. (14)
j=1

—_1 ..
Note 1that wy = W(Ll +

Zf;l m;; of the elements of row i of P is 0. Thus we have, in V (p),

-+ L, 1) and that, for i =2,..., p — 1, the sum

Uw;)=Dw;)=0, i=2,...,p—1, (15)
U(wi) = D(Lo) =0, (16)
U(Lo)=+/p— 1wy, D(wy)=+/p—1Lo. (17)
Set
,Vp(n)z{(A,f):Ag[n],f:Ae{2,...,p—1}}, (18)
Hpn)={(A, f,B): (A, f) € Zp(n), B < [n] — A}. (19)
Note that
n n n n .
\yp<n>y=z<l)<p—2)’, I%@)?:Z(Z)(P—%’z g
=0 =0
For (A, f, B) € /), (n), define a vector v(A, f, B) =v1 ®---®v, € Q:_, V(p) by
wrg ifi€A,
v = w1 lfl GB,

Ly ifi e[n] — (AUB).

Note that v(A, f, B) is a homogeneous vector in ®7:1 V(p) of rank |A| + | B|. For
(A, f) € Fp(n), define V(4 r) to be the subspace of @)7_, V (p) spanned by the set
{v(A, f,B): B C[n]— A}. Set K,,(n) ={v(A, f, B) : (A, f, B) € Zp(n)}.

We have, using (15), (16), and (17), the following formula in ®?=1 V(p):

U(v(A, f,B)) = \/F{Zv(A, 1 B’)}, (20)

B’

where the sum is over all B’ C ([n] — A) covering B.
It follows from the unitariness of P and the inner product formula (12) that

(v(A, £, B),v(A", f', B'))=68((A, £, B), (A", f', B')), 1)

where (A, f, B), (A', f', B') € Jp(n).
We can summarize the discussion above in the following result.
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Theorem 6

(1) Kp(n) is an orthonormal basis of R, V(p).
(ii) For (A, f) € Fp(n), Via, ) is an upper Boolean subspace of Q;_, V(p) of
rank n — |A| and with orthonormal basis {v(A, f, B) : B C [n] — A}
(iii) We have the following orthogonal decomposition into upper Boolean sub-
spaces:

RQvim= B Van. (22)
i=1

(A, e pn)

with the right-hand side having (p — 2)" (';) upper Boolean subspaces of rank
n—I,foreachl=0,1,...,n.

Certain nonbinary problems can be reduced to the corresponding binary prob-
lems via the basis K, (n). We now consider two examples of this (Theorems 7 and
9 below).

For 0 <k <n, note that 0 <k~ <k and kK <n + k= — k. For an SSJC ¢ in
V(Bp(n)), starting at rank i and ending at rank j, we define the offset of ¢ to be
i + j —n. Itis easy to see that if an SSJC starts at rank k, then its offset / satisfies
k— <l <k,and the chainends atrankn +/ — k. ForO <k <mand k~ <[ <k, set

i n—I\ ( n—lI
sk == (O 0) - (22 )

The following result is due to Terwilliger [22].

Theorem 7 There exists a rank complete SSIB J,(n) of V(B (n)) such that

(i) The elements of Jp(n) are orthogonal with respect to (, ) (the standard inner
product).

(i1) (Singular values) Let 0 <k <n, k= <l <k, and let (xi, ..., Xp+i—k) be any
SSJC in Jp(n) starting at rank k and having offset . Then we have, for k <
u<n+l!l—=k,

sl
oy =/p-Du+1-kmn+1—k—u). (23)
u

(iii) Let 0 <k <n and k= <1 < k. Then J,(n) contains p(n, k,1) SSJCs starting
at rank k and having offset l.

Proof Let V(4 r), with |A| =1, be an upper Boolean subspace of rank n —/ in
the decomposition (22). Let y : {1,2,...,n — [} — [n] — A be the unique order-
preserving bijection, i.e., y (i) = ith smallest element of [n] — A. Denote by I :
V(B(n — 1)) — V(a,r the linear isometry given by I'(X) = v(A, f,y (X)), X €
B(n—1).

Use Theorem 2 to get an orthogonal SIB J (n — 1) of V(B (n —[)) with respect to
VP — 1U (rather than just U) and transfer it to V(4 sy via I". Each SIC in J (n —I)
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will get transferred to a SSJIC in Q)_, V(p) of offset /, and, using (5), we see that
this SSJC will satisfy (23). The number of these SSICs (in V4, 1)) starting at rank
kis (n—l) _ ( n—l )

k—I k—I—1)"

Doing this for every upper Boolean subspace in the decomposition (22), we get
an orthogonal SSJB of @7_, V (p). Transferring via the isometry (13), we get an
orthogonal SSIB J,(n) of V(B,(n)) satisfying (23). Since the number of upper
Boolean subspaces in the decomposition (22) of rank n — 1 is (p — 2)! (7 ) Theorem 7
now follows. O

Denote by J 1/7 (n) the orthonormal basis of V (B,(n)) obtained by normalizing
Jp(n).

We represent elements of End(V (B (n))) (in the standard basis) as B, (n) x
B, (n) matrices. Our notation for these matrices is similar to that used in the previous
section. The group S, () has a rank- and order-preserving action on B (n). Set

szp(n) = {Mf i fe Endsp(n)(V(Bp(n)))},
By(n,i)={My: f € Ends,u(V(Bpn)))}.

Thus, 27, (n) and %, (n, i) are *-algebras of matrices.
Let f: V(Bp(n)) — V(Bp(n)) be linear, and w € S,(n). Then f is S, (n)-linear
if and only if

My(a,b) = Mf(n(a), n(b)) foralla,b e B,(n), 7 € Sp(n), (24)

i.e., My is constant on the orbits of the action of S, (n) on B,(n) x B,(n). Now it
is easily seen that (a, b), (¢, d) € By(n) X B),(n) are in the same S, (n)-orbit if and
only if

|S@)] = [S(c)

S0 =s@)

. [S@nS®)| =S NS

and |{i € S@)NS®):ai=bi}|=|{i € S(©)NSW@) :c; =d;}|.
ForO0<i, j, t,s <n,let Mf; be the B, (n) x Bp(n) matrix given by
1L i [S@)] =i, [SD)=j,IS@)NSbh)|=t,
Mijaby=1 i@ =b;#Lo}l=s,
0 otherwise.
Define
Iy ={G, j.t.5):0<s<t<i, ji+j—t=<n}
It follows from (24) and (25) that {Ml’; 2@, j,t,8) € Ip(n)} is a basis of &7, (n).

Note that

p=3 implies |.7,(n)|= dim o, (n) = (" I 4) (26)
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since (i, j, t,5) € Fp(n) if and only if (i —¢) 4 (j —1) 4 (t —s) 45 < n and all four
terms are nonnegative. When p = 2, this basis becomes {M;”jt, 2@, j,t, 1) € SHH(n)},
and its cardinality is ("1?).

Let 0 <i < n. Consider the S,(n)-action on V(B,(n);),0 <i < n. Given
a,b € By(n);, it follows from (25) that the pairs (a, b) and (b, a) are in the same
orbit of the §,(n)-action on B,(n); x B,(n);. It thus follows from (24) that the
algebra %, (n, i) has a basis consisting of symmetric matrices and is hence commu-
tative. Thus, V (B, (n);) is multiplicity-free as an S, (n)-module, and the *-algebra
%Bp(n,i) can be diagonalized. We now consider the more general problem of block
diagonalizing the *-algebra 7, (n).

Before proceeding, we observe that

n k
ZZ(n+l—2k+l)2=(n:4> 27)

k=01=k~
since both sides are polynomials in r of degree 4 (treating the cases n = 2r and
n =2r + 1 separately) and agree for r =0, 1,2, 3, 4.

Consider the linear operator on V (B, (n)) whose matrix with respect to the stan-
dard basis B, (n) is ijs . Transfer this operator to @Q"_, V (p) via the isomorphism
(13) above and denote the resulting linear operator by ///ltjs In Theorem 8 below
we show that the action of ///ltjs on the basis K, (n) mirrors the binary case.

Define linear operators A", 2, % : V(p) — V(p) as follows:

o X(Lo)=Loand Z(L;)=0fori=1,...,p—1,

o N (Lop)=0and &/ (L;)=L;fori=1,...,p—1,
° %(L0)=Oand<%’(Li)=(L1+~--+L,,_1)—Li fori=1,...,p—1.

Note that

Z(wi) =(p —2wi, (28)
H(w;)=—-w;, i=2,....,p—1, (29)
where the second identity follows from the fact that the sum of the elements of row
i,i>2,of P is zero.
Let there be given a 5-tuple 2" = (Sy, Sp, S v, So, S%) of pairwise disjoint
subsets of [n] with union [#] (it is convenient to index the components of § in this
fashion). Define the linear operator

F(2):Q V)~ QVp)

i=1 i=1
by F(Z)=F ®---® F,, where each F; is U or D or .4/ or & or % according
asi e Sy orSporS 4 or Sy or Sy, respectively.
Let b € B, (n). It follows from the definitions that

F(Z)(B)#0 iff SpUSyUSp=S®b), SyUSy=[n]—Sb). (30)
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Given a 5-tuple r = (ry, r2, 13, r4, rs) of nonnegative integers with sum n, define
I1(r) to be the set of all 5-tuples 2" = (Sy, Sp, Sy, S¢, S) of pairwise disjoint
subsets of [r] with union [r] and with |Sy| =71, |Sp| =12, [S 4| =13, S| =r4,
and |Sg| =rs.

Lemmal Let (i, j, t,s) € Ip(n)andr =G —t,j—t,s,n+t—i—j,t—s). Then

M= Y F@). (31)
el (r)

Proof Letb = (by,...,b,) € B,(n) and 2" = (Sy, Sp, Sy, S, Sgp) € I1(r). We
consider two cases:

(1) |S(b)| # j: In this case we have f///i”’js(l;) =0. Now |Sp|+ IS 4|+ |S%| =
j—t+s+1t—s=j. Thus, from (30) we also have F(2")(b) = 0.

(i) |S(b)| = j: Assume that F(2)(b) # 0. Then, from (30) we have that
F(2)(b) = > o a, where the sum is over all a = (ai,...,a,) € By(n); with
S@)=SyUS yUSp,ar #by, ke Syp,anday =by, ke S 4.

Going over all elements of I1(r) and summing, we see that both sides of (31)
evaluate to the same element on b. Il

Theorem 8 Let (A, f, B) € ), (n) with |A| =1,and (i, j, t,5) € Zp(n).

(i) ;7 (A, f.B) =01if |B| # j —L.
(i) If |B| =j — 1, then

L l
M (0(AL B =(p -1 T {Z(—Dl—g (é) (st B ;) (p— 2)’—1—”*»’}
g=0
x (ZU(A, 1 B/)>,
B/

where the sum is over all B’ C ([n] — A) with |B'|=i —land |BNB'| =t —1.

Proof Letr =(i —t,j—t,s,n+t—i—j,t—s),andlet 2 = (Sy, Sp, S v, S#,
S#) € I1(r). Assume that F (2 )(v(A, f, B)) # 0. Then we must have (using (15)
and the definitions of 4", 2, and %)

SyUSx=[n]—A—B, ACSyUSy, Sp € B,
SyUSpUSyp=AUB.
Thus, |[Bl=n—1—|SyUSy|=n—1—(G—t+n+t—i—j)=j—1I(sopart(i)
follows).
Put|ANSyp|=1—g.Then|ANS 4| =g,and thus |[BNS 4| =5 — g. We have
IBNSx|=I1B—Sp—BNSy)|=j—1l—j+t—s+g=t—1—s5s+g.
We now have (using (17), (28), and (29))

F(2)(v(A, £, B)) = (=D)8(p =2 ~8(p — 1) ¥ 'v(A, £, B), (32)
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where B =Sy U(B —Sp)and |B'|=i—t+j—1—j+t=i—1,|BNB|=
|[B—Spl=j—1l—j+t=t—-1.

Formula (32) depends only on Sy, Sp, and |A N S4|. Once Sy, Sp are fixed, the
number of choices for S with |A N S| =1 — g is clearly (é) (St:;)

Going over all elements of I71(r) and summing, we get the result. g

Fori, j, k,t,s,1 €{0,...,n}, define

I
Ligi— AAYAE) i i
@i =p = DD ’{Z(—n’ (o2 “*g}ﬂ:’_/:,-’_,’,k_l-
§=0

ForO<k <mnand k™ <] <k, define E; jr,;tobethe m +1—-2k+1) x n+1—
2k + 1) matrix, with rows and columns indexed by {k,k+1,...,n+/—k} and with
entry in row i and column j equal to 1 and all other entries 0.

The following result is due to Gijswijt, Schrijver and Tanaka [9].

Theorem 9 Let p > 3, and let J,(n) be an orthogonal SSIB of V (Bp(n)) satisfy-
ing the conditions of Theorem 1. Define a B,(n) x J [/, (n) unitary matrix M (n) as
follows: forv e J }’, (n), the column of M (n) indexed by v is the coordinate vector of
v in the standard basis By(n). Then

(i) M(n)*a,(n)M (n) consists of all J}’7 (n) x J[’, (n) block diagonal matrices with
a block corresponding to each (normalized) SSJC in J,(n) and any two SSJCs
starting and ending at the same rank give rise to identical blocks. Thus, for each
0<k<n,k~ <l <k,thereare u(n,k,l) identical blocks of size (n +1 — 2k +
Dxm+1-2k+1).

(i) Conjugating by M (n) and dropping duplicate blocks thus gives a positive
semidefiniteness-preserving C*-algebra isomorphism

n k
@ : oy (n) =P P Mat((n +1 =2k + 1) x (0 +1 — 2k + 1)).
k=0 1=k~
It will be convenient to reindex the rows and columns of a block corresponding to
an SSJC starting at rank k and having offset | by the set {k,k+1,...,n+1 —k}.
Leti, j,t,s €{0,...,n}. Write
@(Mf;j) =(Nry), O0<k<nk <I<k.
Then
_l _l y . . .
O e e R VR S PR S
0 otherwise.

Proof Follows from Theorem 5 using Theorems 6 and 8 and the dimension counts
(26), (27). 0
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Remark 1 In Srinivasan [18] an explicit orthogonal SJB J (n) of V (B(n)) was con-
structed and given an S, -representation theoretic interpretation as the canonically
defined Gelfand-Tsetlin basis of V (B(n)). This explicit basis from the binary case,
together with a choice of the (p — 1) x (p — 1) unitary matrix P, leads to an ex-
plicit orthogonal SSIB J,(n) in the nonbinary case. Different choices of P lead to
different SSIBs J),(n). One natural choice, used in Gijswijt, Schrijver and Tanaka
[9], is the Fourier matrix. Another natural choice is the following. Consider the ac-
tion of the symmetric group S, on V = V({Ly,...,L,_1}). Under this action,
V splits into two irreducibles, the one-dimensional trivial representation and the
(p — 2)-dimensional standard representation consisting of all linear combinations

of Ly, ..., L,_1 with coefficients summing to 0. The first row of P is a basis of the
trivial representation, and rows 2, ..., p — 1 of P are a basis of the standard rep-
resentation. Choose rows 2, ..., p — 1 to be the canonical Gelfand-Tsetlin basis of

this representation. (Up to order) we can write them down explicitly as follows (see
[18]):fori=2,...,p—1,definevi=(G—1)L; —(L1+---+L;j—1) and u; = m
Sorows 2,...,p—1of Pareuy,...,up—1. The resulting matrix P is called the
Helmert matrix (see Sect. 7.6 in Rohatgi and Saleh [16]). It is interesting to study
the resulting orthogonal SSJB J, (n) from the point of view of representation theory
of the wreath product S,(n) (for which, see Appendix B of Chap. 1 in Macdonald

[11D).
We now explicitly diagonalize %, (n, i).

Lemma 2 Let 0 <i <n. Set

Li)={k,):i" <k<i,0<1<k},
Ri)={k,D):0<k<nk <l<kk<i<n+Il—k}.
Then |L(i)| = |R(i)|.

Proof The identity is clearly true when i < n/2. Now assume that i > n/2. Then
the set L (i) has cardinality ) ;_,;_, (k + 1). The defining conditions on pairs (k, /)
for membership in R (i) can be rewritten as 0 </ <k <i,0<k —1<n —i. For
0<j<n-—i,the pairs (k,]) withO <l <k <iand k —1=j are (j,0),(j +
L1),....0i—j), and their number is i — j + 1. Thus, for i > n/2, |R@G)| =
27;6(1' —j+ 1) =Y_,_,(+1). The result follows. O

Let 0 <i <n. It follows from (25) that %, (n, i) has a basis consisting of Mm"s

i’
for (¢,s) € L(i) (here we think of Ml.',’f as B,(n); x Bp(n); matrices). The cardi-
nality of this basis, by Lemma 2, is 7(i) (where 7(i) = |R(i)|). Since B, (n,i) is
commutative, it follows that V (B, (n);) is a canonical orthogonal direct sum of 7 (i)

common eigenspaces of the M f ’f, (t,s) € L(i) (these eigenspaces are the irreducible

Sp(n)-submodules of V (B(n);)).
Let0<i <n.For (k,]) € R(i), define
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Jp(n, ik, 1) = {v € Jp(n) : r(v) =i, and the Jordan chain containing v
starts at rank k and has offset / } (33)

Let W, (n, i, k,I) be the subspace spanned by J,(n, i, k,[) (note that this subspace
is nonzero). We have an orthogonal direct sum decomposition

V(B,(mi)= @ Wyn.ik.D.

(k,)eR()

It now follows from Theorem 9 that the W, (n, i, k, [) are the common eigenspaces
of the Ml.t”lfv. The following result is due to Tarnanen, Aaltonen and Goethals [21].

Theorem 10 Let 0 <i <n. For (t,s) € L(i) and (k,l) € R(i), the eigenvalue of
M"¥ on Wyn, i, k1) is

1
(p— l)i—t Z(_l)l—g(l)(t _l>([7 . Z)t—l—s-l-g
g=0 8/ \8—8&

n—I
it \(n—k—u i—k
) MX:;)( b (t—l><i—l—u><i—l—u>

Proof Follows from substituting j =i in Theorem 9 and noting that
nHl =2\ (n+1=-2k\(n—k—u\ ([ i—k .
i—k ut+l—k)\i—-l—-u) \i—-l—-u)
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