Chapter 2
Lorentz Connections and Inertia

In Special Relativity, Lorentz connections represent inertial effects present in non-inertial
frames. In these frames, any relativistic equation acquires a manifestly Lorentz covariant
form due to the presence of the inertial connection. By virtue of the local equivalence be-
tween gravitation and inertia, these notions are essential for the study of the gravitational
interaction.

2.1 Purely Inertial Connection

In Special Relativity, Lorentz connections represent inertial effects present in a given
frame. In the class of inertial frames, for example, where these effects are absent,
the Lorentz connection vanishes identically. Since this is the class most used in
Field Theory, Lorentz connections usually do not show up in relativistic physics.
Of course, as long as Physics is frame independent, it can be described in any class
of frames. For the sake of simplicity, however, one always uses the class of inertial
frames.

To see how an inertial Lorentz connection shows up, let us denote by e, a
generic frame in Minkowski spacetime. The class of inertial (or holonomic) frames,
defined by all frames for which f’¢,;, = 0, will be denoted by ¢'“,, [see Eq. (1.14)
and around]. In a general coordinate system, the frames belonging to this class have
the holonomic form

€ =0,x", 2.1)
with x’¢ a spacetime-dependent Lorentz vector: x'¢ = x’%(x). The spacetime metric
My =€ ue’" v nap 22)

still represents the Minkowski metric, but in a general coordinate system. In the
specific case of cartesian coordinates, the inertial frame assumes the form

¢, =5 (2.3)
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and the spacetime metric 77;“) is given by (1.16). Under a local Lorentz transforma-
tion,

x4 = A% (x)x'?, (2.4)
the holonomic frame (2.1) transforms according to
ey = A(x)e'l . (2.5)
As a simple computation shows, it has the explicit form
%y = 0ux? + A% x" = Dx°, (2.6)
where
A%y = A% (X)0, ApE (x) Q.7

is a Lorentz connection that represents the inertial effects present in the new frame.
It is just the connection obtained from a Lorentz transformation of the vanishing

spin connection A’edu =0, as can be seen from Eq. (1.78):
A% = A% () A" g Ay (x) + A% (), Ap° (x). 2.8)

Starting from an inertial frame, in which A’ 4pu = 0, different classes of frames are
obtained by performing local (point-dependent) Lorentz transformations A% (x*).
Inside each class, the infinitely many frames are related through global (point-
independent) Lorentz transformations, A, = constant.

The inertial connection (2.7) is sometimes referred to as the Ricci coefficient of
rotation [1]. Due to its presence, the transformed frame e, is no longer holonomic.
In fact, its coefficient of anholonomy is given by

fCab=—(A% — A%u), (2.9)
where we have used the identity Aa be = Aa puec. The inverse relation is
Aabc = %(fbac + fcab - fabc)~ (2.10)

Of course, as a purely inertial connection, A“ by has vanishing curvature and torsion:
Iéabvu = 3UAabM — BMAabU + AaevAebM — AaeuAebv =0 (2.11)
and

T, = e, — 0%, + A% ety — A%, =0, (2.12)

2.2 Particle Equation of Motion

In the class of inertial frames ¢’“,,, a free particle is described by the equation of
motion

du/(l
do

=0, (2.13)
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with u’¢ the particle four-velocity, and
do? =1y, dx" dx" (2.14)

the quadratic Minkowski invariant interval, with o the proper time. In a anholo-
nomic frame ¢“;,, related to e u by the local Lorentz transformation (2.5), the
equation of motion assumes the manifestly covariant form

du? .

- T A% ulul =0, (2.15)
o

where

u® = A% (x)u't (2.16)
is the Lorentz transformed four-velocity, and

ut =ue, (2.17)
is the spacetime-indexed four-velocity, which has the usual holonomic form
dxH

=
It is important to remark that, since the anholonomy of the new frame e, is related
to inertial effects only, the spacetime metric

ut (2.18)

Nuv Zeauebvnahy (2.19)

still represents the Minkowski metric, though in a general x-dependent form.

Comment 2.1 This allows a better characterization of the metrics defined by (1.27). Anholonomic
basis fields related by Lorentz transformations define one same metric. On the other hand, anholo-
nomic basis fields not related by Lorentz transformations define different metrics. This second
case is what happens in the presence of gravitation. In fact, a tetrad whose anholonomy repre-
sents a gravitational field cannot be obtained through a Lorentz transformation from a tetrad whose
anholonomy represents inertial effects only.

In terms of the holonomic four-velocity, the equation of motion (2.15) assumes
the form

duh
di PPt Ut =0, (2.20)
o

where

b

PP = el duel, + e Ay e, = e D e, 2.21)

is the spacetime-indexed version of the inertial spin connection A%y, obtained
through contractions with the trivial tetrad e“,,. Of course, since it has vanishing
torsion, it is symmetric in the last two indices:

Yoo =" (2.22)

The inverse relation is

A“bM =e’,0uep” + eyl per” = e, Ve (2.23)
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In an inertial frame e'“,,, where A’ “pu =0, we see from Eq. (2.21) that
VP =e.loec,. (2.24)

In cartesian coordinates, where ¢’ = 87;» the connection ¥'Pyu vanishes and the
equation of motion (2.20) assumes the usual form
du’'?
do

=0 (2.25)
with u'P =€’ u'.

We have shown above how inertial and coordinate effects show up in the equation
of motion of a free particle. Actually, this can be done for any relativistic equation.
For example, in an inertial frame, and using cartesian coordinates, the sourceless
Maxwell’s equation reads

oy FH* =0, (2.26)
where
FPY =gl AY — v AM (2.27)

is the field strength, with A* the electromagnetic potential. In a non-inertial frame,
and considering a general coordinate system, it assumes the manifestly covariant
form

V. F* =0, (2.28)
with the field strength given now by
FI = VIAY — VY AR = g1 AY — 3" A, (2.29)

the last equality coming from the symmetry of y*,,,, in the last two indices. And so
on for any relativistic equation of Physics. Of course, for the sake of simplicity, one
always uses inertial frames when dealing with field theory, where these effects are
absent and the inertial connection (2.7) vanishes.

Comment 2.2 Inertial frames can only be defined in absence of gravitation. In the presence of
gravitation, however, it is possible to define some generalizations. For example, one can introduce
the notion of inertia-free frames. In these global frames, the inertial connection A“ py vanishes,
and consequently their coefficients of anholonomy represent gravitation only, not inertia. This
kind of frame can only be defined in the context of Teleparallel Gravity, and will be studied in
more detail in Chap. 6. On the other hand, in the context of General Relativity, it is possible to
define what is usually called a locally inertial frame [2]. It is a local frame in which the general
relativistic spin connection Aa pv vanishes. In such local frame gravitation is exactly compensated
by inertial effects, so that gravitation becomes undetectable at a given point. Of course, in order to
produce an inertial effect that exactly compensates gravitation, this frame must be accelerated, and
consequently cannot be inertial. Its name comes from the fact that, in this local frame the laws of
Physics reduce to that of Special Relativity as described from an inertial frame.



2.3 Four-Acceleration and Parallel Transport 21
2.3 Four-Acceleration and Parallel Transport

Let us consider now a general riemannian spacetime with metric

v = Naph” . (2.30)
A curve y (s) on this spacetime, parametrized by proper time s, with
ds? = gy dx* dx", (2.31)
will have as four-velocity the vector of components
ut = ﬂ (2.32)
ds

The corresponding four-acceleration cannot be given a covariant meaning without
a connection—and each different connection I"”,, will define a different four-
acceleration

p_ vy o AW P v
a’=u"Vyuf = y + P utu’. (2.33)
s

But acceleration must remain a measure of the velocity variation with fime, and time
appears in that formula as the proper time defined by metric g,,. If acceleration is
to keep a meaning, it is necessary that the same metric be considered all along the
curve. In other words, the acceleration-defining connection must parallel-transport
&uv- satisfying the metricity condition (1.46).

Comment 2.3 Observe that, differently from the four-acceleration, the definition of the four-
velocity does not require a connection. In fact, even defined with an ordinary derivative, the four-
velocity u* turns out to be a four-vector. The reason is that x* is not a four-vector, but a set of four
scalar functions y*(s) parameterizing the curve y. As such, its ordinary derivative turns out to be
covariant. This is similar to what happens with a scalar field, whose ordinary four-derivative is (in
this case) covariant.

As a” is orthogonal to u”, its vanishing means that the u” keeps parallel to itself
along the curve. This leads to the notion of parallel transport: we say that u” is
parallel-transported along y when a” = 0. Further, as every vector field is locally
tangent to a curve (its local “integral curve”), a condition like

VP = Vo =0 (2.34)

says that u” is parallel-transported along the integral curve of z”. The metric com-
patibility condition (1.46) implies that

2’V gur =0 (2.35)

for any vector field z°, which is equivalent to say that the metric g, is parallel-
transported everywhere on spacetime. This is true, in particular, for the Levi-Civita
connection (1.66), in which case we get

2PV ,yguy =0. (2.36)
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2.4 Inertial Effects

Let us consider now an observer attached to a particle moving along curve y. An
observer is abstractly conceived as a timelike worldline [3, 4]. More: notice that the
four members of a tetrad are (pseudo-)orthogonal to each other. This means that one
of them is timelike, and the other three are spacelike. As

Nab = ha vhbv, (237)
then
hovho” = noo = +1,

so that, in our convention with y = diag(+1, —1, —1, —1), the member A is time-
like and has unit modulus. The remaining h; (k = 1,2, 3) are spacelike. We then
“attach” hg to the observer by identifying

—hy= 2 2.38
w=ho=-2 (2.38)

with components u* = ho**. Of course, ko will be the observer velocity. The tetrad
field, in this way, is made into a reference frame, with an observer attached to it.

Take now a general connection I” and examine the corresponding frame acceler-
ation

a?f) = h“paff) =h,I'"?,ho"ho” + h® ,ho (hop). (2.39)
Comparing with the spin connection components,
A%pe =0, Vp hp? = h® TP ™ he” + b phe(hp?), (2.40)
we see that
af’f) =A% (2.41)

for whatever connection. As A%y, is antisymmetric in the first two indices, only aé‘ B
is different from zero. The definition

A% =h" )NV hp?, (2.42)

which in words is the covariant derivative of & along k., projected along h,, pro-
vides a general interpretation for A%y: it is a generalized frame proper acceleration.
These considerations give a new perception of the acceleration
du* .
aé‘f) = + ARpeuluc, (2.43)
as seen from an accelerated frame. Besides the first, kinetic term, it includes contri-
butions from the frame itself. It can be decomposed in the form
k du* k .00 k 0 ki
a(f):K—{-a(f)u u +2[uxa)(f)] u + A ijuu’, (2.44)
where

of ) = 36" Aijo (2.45)
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is the space tetrad members angular velocity. Some of the terms turning up in (2.44)
can be easily recognized: piece

a{‘in = aff)uouo (2.46)

represents the frame linear acceleration, whereas piece
ak, =2[u x o) u’ (2.47)
represents the Coriolis force. The last piece represents additional inertial effects

present in the frame [5].

Comment 2.4 Another transport, distinct from parallel transport, can be introduced which absorbs
the inertial effects. Applied on a four-vector z”, it is given by the Fermi-Walker derivative:

V,fwzp =V, +au’z’ —alu,z’.
In the specific case of the Levi-Civita connection of General Relativity, it assumes the form
VEW p =V, 2P + auPz” — aPuuz’.
Applied to the four-velocity, it reads
V,fwu" =V,u? +a,ulu’ —alu,u’.
Using the identities u,u” = 1 and a,u" = 0, it reduces to
Vfwu" =V,uf —a’.
Since V,u” = a”, we see that it vanishes identically:
gFW p _
Vv, uf=0.
In particular,
gFWp oy p_°p_
Vho ho? =V ho? —a” =0

implies that /¢, by the Fermi-Walker transport, is kept tangent along its own integral curve.
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