
Chapter 2
Physics in External Gravitational Fields

I was made aware of these (works by Ricci and Levi-Civita) by my friend Grossmann in
Zürich, when I put to him the problem to investigate generally covariant tensors, whose
components depend only on the derivatives of the coefficients of the quadratic fundamental
form.

—A. Einstein (1955)

We already emphasized in the introduction that the principle of equivalence is one
of the foundation pillars of the general theory of relativity. It leads naturally to the
kinematical framework of general relativity and determines, suitable interpreted, the
coupling of physical systems to external gravitational fields. This will be discussed
in detail in the present chapter.

2.1 Characteristic Properties of Gravitation

Among the known fundamental interactions only the electromagnetic and gravita-
tional are of long range, thus permitting a classical description in the macroscopic
limit. While there exists a highly successful quantum electrodynamics, a (unified)
quantum description of gravity remains a fundamental theoretical task.

2.1.1 Strength of the Gravitational Interaction

Gravity is by far the weakest of the four fundamental interactions. If we compare
for instance the gravitational and electrostatic force between two protons, we find in
obvious notation

Gm2
p

r2
= 0.8 × 10−36 e2

r2
. (2.1)
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8 2 Physics in External Gravitational Fields

The tiny ratio of the two forces reflects the fact that the Planck mass

MPl =
(

�c

G

)1/2

= 1.2 × 1019 GeV

c2
� 10−5 g (2.2)

is huge in comparison to known mass scales of particle physics. The numerical fac-
tor on the right in Eq. (2.1) is equal to α−1m2

p/M2
P l , where α = e2/�c � 1/137 is

the fine structure constant. Quite generally, gravitational effects in atomic physics
are suppressed in comparison to electromagnetic ones by factors of the order
αn(m/MPl)

2, where m = me,mp, . . . and n = 0,±1, . . . . There is thus no chance to
measure gravitational effects on the atomic scale. Gravity only becomes important
for astronomical bodies. For sufficiently large masses it sooner or later predomi-
nates over all other interactions and will lead to the catastrophic collapse to a black
hole. One can show (see Chap. 7) that this is always the case for stars having a mass
greater than about

M3
P l

m2
N

� 2M�, (2.3)

where mN is the nucleon mass. Gravity wins because it is not only long range, but
also universally attractive. (By comparison, the electromagnetic forces cancel to a
large extent due to the alternating signs of the charges, and the exclusion principle
for the electrons.) In addition, not only matter, but also antimatter, and every other
form of energy acts as a source for gravitational fields. At the same time, gravity
also acts on all forms of energy.

2.1.2 Universality of Free Fall

Since the time of Galilei, we learned with increasing precision that all test bodies
fall at the same rate. This means that for an appropriate choice of units, the iner-
tial mass is equal to the gravitational mass. Newton established that the “weight”
of a body (its response to gravity) is proportional to the “quantity of matter” in it
already to better than a part in 1000. He achieved this with two pendulums, each
11 feet long ending in a wooden box. One was a reference; into the other he put
successively “gold, silver, lead, glass, common salt, wood, water and wheat”. Care-
ful observations showed that the times of swing are independent of the material. In
Newton’s words:

And by experiments made with the greatest accuracy, I have always found the quantity of
matter in bodies to be proportional to their weight.

In Newton’s theory of gravity there is no explanation for this remarkable fact.
A violation would not upset the conceptual basis of the theory. As we have seen in
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the introduction, Einstein was profoundly astonished by this fact.1 The equality of
the inertial and gravitational masses has been experimentally established with an ac-
curacy of one part in 1012 (For a review, see [96]). This remarkable fact suggests the
validity of the following universality of free fall, also called the Weak Equivalence
Principle:

Weak Equivalence Principle (WEP) The motion of a test body in a gravitational
field is independent of its mass and composition (at least when one neglects inter-
actions of spin or of a quadrupole moment with field gradients).

For the Newtonian theory, universality is of course a consequence of the equality
of inertial and gravitational masses. We postulate that it holds generally, in particular
also for large velocities and strong fields.

2.1.3 Equivalence Principle

The equality of inertial and gravitational masses provides experimental support for
a stronger version of the principle of equivalence.

Einstein’s Equivalence Principle (EEP) In an arbitrary gravitational field no lo-
cal non-gravitational experiment can distinguish a freely falling nonrotating system
(local inertial system) from a uniformly moving system in the absence of a gravita-
tional field.

Briefly, we may say that gravity can be locally transformed away.2 Today of
course, this is a well known fact to anyone who has watched space flight on televi-
sion.

Remarks

1. The EEP implies (among other things) that inertia and gravity cannot be
(uniquely) separated.

1In popular lectures which have only recently been published [70], H. Hertz said about inertial and
gravitational mass:

And in reality we do have two properties before us, two most fundamental properties of
matter, which must be thought as being completely independent of each other, but in our ex-
perience, and only in our experience, appear to be exactly equal. This correspondence must
mean much more than being just a miracle . . . . We must clearly realize, that the proportion-
ality between mass and inertia must have a deeper explanation and cannot be considered
as of little importance, just as in the case of the equality of the velocities of electrical and
optical waves.

2This ‘infinitesimal formulation’ of the priniple of equivalence was first introduced by Pauli in
1921, [1, 2], p. 145. Einstein dealt only with the very simple case of homogeneous gravitational
fields. For a detailed historical discussion, we refer to [81].



10 2 Physics in External Gravitational Fields

Fig. 2.1 EEP and blueshift

2. The formulation of the EEP is somewhat vague, since it is not entirely clear what
is meant by a local experiment. At this point, the principle is thus of a heuristic
nature. We shall soon translate it into a mathematical requirement.

3. The EEP is even for test bodies stronger than the universality of free fall, as can
be seen from the following example. Consider a fictitious world in which, by
a suitable choice of units, the electric charge is equal to the mass of the parti-
cles and in which there are no negative charges. In a classical framework, there
are no objections to such a theory, and by definition, the universality property
is satisfied. However, the principle of equivalence is not satisfied. Consider a
homogeneous magnetic field. Since the radii and axes of the spiral motion are
arbitrary, there is no transformation to an accelerated frame of reference which
can remove the effect of the magnetic field on all particles at the same time.

4. We do not discuss here the so-called strong equivalence principle (SEP) which
includes self-gravitating bodies and experiments involving gravitational forces
(e.g., Cavendish experiments). Interested readers are referred to [8] and [96].

2.1.4 Gravitational Red- and Blueshifts

An almost immediate consequence of the EEP is the gravitational redshift (or
blueshift) effect. (Originally, Einstein regarded this as a crucial test of GR.) Fol-
lowing Einstein, we consider an elevator cabin in a static gravitational field. For
simplicity, we consider a homogeneous field of strength (acceleration) g, but the re-
sult (2.4) below also applies for inhomogeneous fields; this is obvious if the height
H of the elevator is taken to be infinitesimal. Suppose the elevator cabin is dropped
from rest at time t = 0, and that at the same time a photon of frequency ν is emitted
from its ceiling toward the floor (see Fig. 2.1). The EEP implies two things:

(a) The light arrives at a point A of the floor at time t = H/c;
(b) no frequency shift is observed in the freely falling cabin.
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Fig. 2.2 Conservation of
energy

Consider beside A an observer B at rest in the shaft at the same height as the point
A of the floor when the photon arrives there. Clearly, B moves relative to A with
velocity v � gt (neglecting higher order terms in t ). Therefore, B sees the light
Doppler shifted to the blue by the amount (in first order)3

z := Δν

ν
� v

c
� gH

c2
.

If we write this as

z = Δφ

c2
, (2.4)

where Δφ is the difference in the Newtonian potential between the receiver and
the emitter at rest at different heights, the formula also holds for inhomogeneous
gravitational fields to first order in Δφ/c2. (The exact general relativistic formula
will be derived in Sect. 2.9.)

Since the early 1960s the consequence (2.4) of the EEP has been tested with
increasing accuracy. The most precise result so far was achieved with a rocket ex-
periment that brought a hydrogen-maser clock to an altitude of about 10,000 km.
The data confirmed the prediction (2.4) to an accuracy of 2 × 10−4. Gravitational
redshift effects are routinely taken into account for Earth-orbiting clocks, such as
for the Global Positioning System (GPS). For further details see [96].

At the time when Einstein formulated his principle of equivalence in 1907, the
prediction (2.4) could not be directly verified. Einstein was able to convince himself
of its validity indirectly, since (2.4) is also a consequence of the conservation of en-
ergy. To see this, consider two points A and B , with separation H in a homogeneous
gravitational field (see Fig. 2.2). Let a mass m fall with initial velocity zero from A

to B . According to the Newtonian theory, it has the kinetic energy mgH at point B .
Now let us assume that at B the entire energy of the falling body (rest energy plus
kinetic energy) is annihilated to a photon, which subsequently returns to the point A.
If the photon did not interact with the gravitational field, we could convert it back

3B is, of course, not an inertial observer. It is, however, reasonable to assume that B makes the
same measurements as a freely falling (inertial) observer B ′ momentarily at rest relative to B .
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to the mass m and gain the energy mgH in each cycle of such process. In order
to preserve the conservation of energy, the photon must experience a redshift. Its
energy must satisfy

Elower = Eupper + mgH = mc2 + mgH = Eupper

(
1 + gH

c2

)
.

For the wavelengths we then have (h is Planck’s constant)

1 + z = λupper

λlower

= hνlower

hνupper

= Elower

Eupper

= 1 + gH

c2
,

in perfect agreement with (2.4).

2.2 Special Relativity and Gravitation

That the special theory of relativity is only the first step of a necessary development became
completely clear to me only in my efforts to represent gravitation in the framework of this
theory.

—A. Einstein
(Autobiographical Notes, 1949)

From several later recollections and other sources we know that Einstein recognized
very early that gravity does not fit naturally into the framework of special relativity.
In this section, we shall discuss some arguments which demonstrate that this is
indeed the case.

2.2.1 Gravitational Redshift and Special Relativity

According to special relativity, a clock moving along the timelike world line xμ(λ)

measures the proper time interval

Δτ =
∫ λ2

λ1

√
−ημν

dxμ

dλ

dxν

dλ
dλ, (2.5)

where ημν is the Minkowski metric. In the presence of a gravitational field, (2.5)
can no longer be valid, as is shown by the following argument.

Consider a redshift experiment in the Earth’s gravitational field and assume that
a special relativistic theory of gravity exists, which need not be further specified
here. For such an experiment we may neglect all masses other than that of the Earth
and regard the Earth as being at rest relative to some inertial system. In a spacetime
diagram (height z above the Earth’s surface versus time), the Earth’s surface, the
emitter and the absorber all move along world lines of constant z (see Fig. 2.3).
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Fig. 2.3 Redshift in the
Earth field

The transmitter is supposed to emit at a fixed frequency from S1 to S2. The pho-
tons registered by the absorber move along world lines γ1 and γ2, that are not neces-
sarily straight lines at an angle of 45◦, due to a possible interaction with the gravita-
tional field, but must be parallel, since we are dealing with a static situation. Thus,
if the flat Minkowski geometry holds and the time measurement is given by (2.5),
it follows that the time difference between S1 and S2 must be equal to the time dif-
ference between A1 and A2. Thus, there would be no redshift. This shows that at
the very least (2.5) is no longer valid. The argument does not exclude the possibility
that the metric gμν might be proportional to ημν . (This possibility will be rejected
below.)

2.2.2 Global Inertial Systems Cannot Be Realized in the Presence
of Gravitational Fields

In Newtonian–Galileian mechanics and in special relativity, the law of inertia dis-
tinguishes a special class of equivalent frames of reference (inertial systems). Due
to the universality of gravitation, only the free fall of electrically neutral test bodies
can be regarded as particularly distinguished motion in the presence of gravitational
fields. Such bodies experience, however, relative accelerations. There is no oper-
ational procedure to uniquely separate inertia and gravitation. In spite of this, the
fiction of a linear affine Galilei spacetime (with a flat affine connection) is main-
tained in the traditional presentation of Newton’s theory,4 and gravity is put on the
side of the forces. But since the concept of an inertial system cannot be defined
operationally, we are deprived of an essential foundation of the special theory of
relativity.

We no longer have any reason to describe spacetime as a linear affine space.
The absolute, integrable affine structure of the spacetime manifold in Newtonian–
Galilean mechanics and in special relativity was, after all, suggested by the law of

4A more satisfactory formulation was given by E. Cartan, [67, 68] and K. Friederichs, [69] (see
also Exercise 3.2).
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inertia. A more satisfactory theory should account for inertia and gravity in terms
of a single, indecomposable structure.

2.2.3 Gravitational Deflection of Light Rays

Consider again the famous Einstein elevator cabin in an elevator shaft attached to
the Earth, and a light ray emitted perpendicular to the direction of motion of the
freely falling cabin. According to the principle of equivalence, the light ray propa-
gates along a straight line inside the cabin relative to the cabin. Since the elevator
is accelerated relative to the Earth, one expects that the light ray propagates along
a parabolic path relative to the Earth. This consequence of the EEP holds, a priori,
only locally. It does not necessarily imply bending of light rays from a distant source
traversing the gravitational field of a massive body and arriving at a distant observer.
Indeed, we shall see later that it is possible to construct a theory which satisfies the
principle of equivalence, but in which there is no deflection of light. (For a detailed
discussion of how this comes about, see [95].) At any rate, the deflection of light is
an experimental fact (the precise magnitude of the effect does not concern us at the
moment).

It is therefore not possible to describe the gravitational field (as in the Einstein–
Fokker theory, discussed in Sect. 3.2) in terms of a conformally flat metric, i.e., by a
metric field proportional to the Minkowski metric: gμν(x) = φ(x)ημν , where φ(x)

plays the role of the gravitational potential. Indeed, for such a metric the light cones
are the same as in the Minkowski spacetime; hence, there is no light deflection.

2.2.4 Theories of Gravity in Flat Spacetime

I see the most essential thing in the overcoming of the inertial system, a thing that acts upon
all processes, but undergoes no reaction. This concept is, in principle, no better than that of
the center of the universe in Aristotelian physics.

—A. Einstein (1954)

In spite of these arguments one may ask, how far one gets with a theory of gravity in
Minkowski spacetime, following the pattern of well understood field theories, such
as electrodynamics. Attempts along these lines have a long tradition, and are quite
instructive. Readers with some background in special relativistic (classical) field
theory should find the following illuminating. One may, however, jump directly to
the conclusion at the end of this subsection (p. 18).

Scalar Theory

Let us first try a scalar theory. This simplest possibility was studied originally by
Einstein, von Laue, and others, but was mainly developed by G. Nordstrøm, [62–
64].
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The field equation for the scalar field ϕ, generalizing the Newtonian potential, in
the limit of weak fields (linear field equation) is unique:

�ϕ = −4πGT . (2.6)

Here, T denotes the trace of the energy-momentum tensor T μν of matter. For a
Newtonian situation this reduces to the Poisson equation.

We formulate the equation of motion of a test particle in terms of a Lagrangian.
For weak fields this is again unique:

L
(
xμ, ẋμ

)= −√−ημνẋμẋν(1 + ϕ), (2.7)

because only for this the Newtonian limit for weak static fields and small velocities
of the test bodies comes out right:

L(x, ẋ) ≈ 1

2
ẋ2 − ϕ + const.

The basic equations (2.6) and (2.7) imply a perihelion motion of the planets, but
this comes out wrong, even the sign is incorrect. One finds (−1/6) times the value
of general relativity (see Exercise 2.3). In spite of this failure we add some further
instructive remarks.

First, we want to emphasize that the interaction is necessarily attractive, inde-
pendent of the matter content. To show this, we start from the general form of the
Lagrangian density for the scalar theory

L = −1

2
∂μφ∂μφ + gT · φ +Lmat , (2.8)

where φ is proportional to ϕ and g is a coupling constant. Note first that only g2 is
significant: Setting φ̃ = gφ, we have

L = − 1

2g2
∂μφ̃∂μφ̃ + T · φ̃ +Lmat ,

involving only g2. Next, it has to be emphasized that it is not allowed to replace
g2 by −g2, otherwise the field energy of the gravitational field would be negative.
(This “solution” of the energy problem does not work.) Finally, we consider the field
energy for static sources.

The total (canonical) energy-momentum tensor

T μ
ν = − ∂L

∂φ,μ

φ,ν + · · · + δμ
νL

gives for the φ-contribution

(Tφ)μν = ∂μφ∂νφ − 1

2
ημν∂λφ∂λφ + ημνgT φ.

For the corresponding total energy we find
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E =
∫

(Tφ)00 d3x = 1

2

∫ (
(∇φ)2 − 2gT φ

)
d3x

= 1

2

∫ (
φ(−Δφ) − 2gT φ

)
d3x = −1

2
g

∫
T φ d3x. (2.9)

Since Δφ = −gT , we have

φ(x) = g

4π

∫
T (x′)

|x − x′| d3x′.

Inserting this in (2.9) gives finally

E = − g2

4π

1

2

∫
T (x)T (x′)
|x − x′| d3x d3x′,

showing that indeed the interaction is attractive.
This can also be worked out in quantum field theory by computing the effective

potential corresponding to the one-particle exchange diagram with the interaction
Lagrangian Lint = gψ̄ψφm=0. One finds

Veff = − g2

4π

1

|x − x′|
both for fermion-fermion and fermion-antifermion interactions. The same result is
found for the exchange of massless spin-2 particles, while for spin-1 we obtain
repulsion between particles, and attraction between particles and antiparticles (see
Exercise 2.4).

The scalar theory predicted that there is no light deflection, simply because the
trace of the electromagnetic energy-momentum tensor vanishes. For this reason Ein-
stein urged in 1913 astronomers (E. Freundlich in Potsdam) to measure the light
deflection during the solar eclipse the coming year in the Crimea. Shortly before
the event the first world war broke out. Over night Freundlich and his German col-
leagues were captured as prisoners of war and it took another five years before the
light deflection was observed. For further discussion of the scalar theory we refer to
[97], and references therein.

Tensor (spin-2) Theory

We are led to study the spin-2 option. (There are no consistent higher spin equations
with interaction.) This means that we try to describe the gravitational field by a
symmetric tensor field hμν . Such a field has 10 components. On the other hand, we
learned from Wigner that in the massless case there are only two degrees of freedom.
How do we achieve the truncation from 10 to 2?

Recall first the situation in the massive case. There we can require that the trace
h = h

μ
μ vanishes, and then the field hμν transforms with respect to the homoge-

neous Lorentz group irreducibly as D(1,1) (in standard notation). With respect to the
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subgroup of rotations this reduces to the reducible representation

D1 ⊗ D1 = D2 ⊕ D1 ⊕ D0.

The corresponding unwanted spin-1 and spin-0 components are then eliminated by
imposing 4 subsidiary conditions

∂μhμ
ν = 0.

The remaining 5 degrees of freedom describe (after quantization) massive spin-2
particles (W. Pauli and M. Fierz, [98, 99]; see, e.g., the classical book [22]).

In the massless case we have to declare certain classes of fields as physically
equivalent, by imposing—as in electrodynamics—a gauge invariance. The gauge
transformations are

hμν −→ hμν + ∂μξν + ∂νξμ, (2.10)

where ξμ is an arbitrary vector field.
Let us first consider the free spin-2 theory which is unique (W. Pauli and M.

Fierz)

L = −1

4
hμν,σ hμν,σ + 1

2
hμν,σ hσν,μ + 1

4
h,σ h,σ − 1

2
h,σ hνσ

,ν . (2.11)

Let Gμν denote the Euler–Lagrange derivative of L,

Gμν = 1

2
∂σ ∂σ hμν + ∂μ∂νh − ∂ν∂

σ hμσ − ∂μ∂σ hσν

+ ημν

(
∂α∂βhαβ − ∂σ ∂σ h

)
. (2.12)

The free field equations

Gμν = 0 (2.13)

are identical to the linearized Einstein equations (as shown in Sect. 5.1) and de-
scribe, for instance, the propagation of weak gravitational fields.

The gauge invariance of L (modulo a divergence) implies the identity

∂νG
μν ≡ 0, “linearized Bianchi identity”. (2.14)

This should be regarded in analogy to the identity ∂μ(�Aμ − ∂μ∂νA
ν) ≡ 0 for the

left-hand side of Maxwell’s equations.
Let us now introduce couplings to matter. The simplest possibility is the linear

coupling

Lint = −1

2
κhμνT

μν, (2.15)

leading to the field equation

Gμν = κ

2
T μν. (2.16)
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This can, however, not yet be the final equation, but only an approximation for
weak fields. Indeed, the identity (2.14) implies ∂νT

μν = 0 which is unacceptable (in
contrast to the charge conservation of electrodynamics). For instance, the motion of
a fluid would then not at all be affected by the gravitational field. Clearly, we must
introduce a back-reaction on matter. Why not just add to T μν in (2.16) the energy-
momentum tensor (2)tμν which corresponds to the Pauli–Fierz Lagrangian (2.11)?
But this modified equation cannot be derived from a Lagrangian and is still not
consistent, but only the second step of an iteration process

Lf ree −→ (2)tμν −→ Lcubic −→ (3)tμν −→ · · · ?

The sequence of arrows has the following meaning: A Lagrangian which gives the
quadratic terms (2)tμν in

Gμν = κ

2

(
T μν + (2)tμν + (3)tμν + · · · ) (2.17)

must be cubic in hμν , and in turn leads to cubic terms (3)tμν of the gravitational
energy-momentum tensor. To produce these in the field equation (2.17), we need
quartic terms in hμν , etc. This is an infinite process. By a clever reorganization it
stops already after the second step, and one arrives at field equations which are
equivalent to Einstein’s equations (see [100]). The physical metric of GR is given in
terms of φμν = hμν − 1

2ημνh by

√−ggμν = ημν − φμν, (2.18)

where g := det(gμν).
At this point one can reinterpret the theory geometrically. Thereby the flat metric

disappears completely and one arrives in a pedestrian way at GR. This approach
is further discussed in [97]. There it is also shown that gμν is really the physical
metric.

Conclusion The consequent development of the theory shows that it is possible to
eliminate the flat Minkowski metric, leading to a description in terms of a curved
metric which has a direct physical meaning. The originally postulated Lorentz in-
variance turns out to be physically meaningless and plays no useful role. The flat
Minkowski spacetime becomes a kind of unobservable ether. The conclusion is in-
evitable that spacetime is a pseudo-Riemannian (Lorentzian) manifold, whereby the
metric is a dynamical field, subjected to field equations.

2.2.5 Exercises

Exercise 2.1 Consider a homogeneous electric field in the z-direction and a charged
particle with e = m. Show that a particle which, originally at rest, moves faster in
the vertical direction than a particle which was originally moving horizontally.
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Exercise 2.2 Consider a self gravitating body (star) moving freely in the neighbor-
hood of a black hole. Estimate at which distance D the star is disrupted by relative
forces due to inhomogeneities of the gravitational field (tidal forces).

Solution Relative gravitational accelerations in Newtonian theory are determined
by the second derivative of the Newtonian potential. A satellite with mass M and
radius R at distance r from a compact body (neutron star, black hole) of mass Mc

experiences a tidal force at the surface (relative to the center) of magnitude
∣∣∣∣ d

dr

(
GMc

r2

)
R

∣∣∣∣.
Once this becomes larger than the gravitational acceleration of its own field at the
surface, the satellite will be disrupted. The critical distance D is thus estimated to
be

D �
(

2Mc

M

)1/3

R.

Let us introduce the average mass density ρ̄ of the satellite by M = 4π
3 R3ρ̄, then

D �
(

3

2π

)1/3(
Mc

ρ̄

)1/3

Put in the numbers for Mc � 108M� and the parameters of the sun for the satellite.
Compare D with the Schwarzschild radius Rs = 2GMc/c

2 for Mc .

Exercise 2.3 Determine the perihelion motion for Nordstrøm’s theory of gravity
(basic equations (2.6) and (2.7)). Compare the result with that of GR, derived in
Sect. 4.3. Even the sign turns out to be wrong.

Exercise 2.4 Show that a vector theory of gravity, similar to electrodynamics, leads
necessarily to repulsion.

2.3 Spacetime as a Lorentzian Manifold

Either, therefore, the reality which underlies space must form a discrete manifold, or we
must seek the ground of its metric relations (measure conditions) outside it, in binding
forces which act upon it.

—B. Riemann (1854)

The discussion of Sect. 2.2 has shown that in the presence of gravitational fields
the spacetime description of SR has to be generalized. According to the EEP,
special relativity remains, however, valid in “infinitesimal” regions. This suggests
that the metric properties of spacetime have to be described by a symmetric ten-
sor field gμν(p) for which it is not possible to find coordinate systems such that
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gμν(p) = diag(−1,1,1,1) in finite regions of spacetime. This should only be pos-
sible when no true gravitational fields are present. We therefore postulate: The math-
ematical model for spacetime (i.e., the set of all elementary events) in the presence
of gravitational fields is a pseudo-Riemannian manifold M , whose metric g has
the same signature as the Minkowski metric. The pair (M,g) is called a Lorentz
manifold and g is called a Lorentzian metric.

Remark At this point, readers who are not yet familiar with (pseudo-) Riemannian
geometry should study the following sections of the differential geometric part at
the end of the book: All of Chaps. 11 and 12, and Sects. 15.1–15.6. These form a
self-contained subset and suffice for most of the basic material covered in the first
two chapters (at least for a first reading). References to the differential geometric
Part III will be indicated by DG.

As for Minkowski spacetime, the metric g determines, beside the metric proper-
ties, also the causal relationships, as we shall see soon. At the same time, we also
interpret the metric field as the gravitational potential. In the present chapter our
goal is to describe how it influences non-gravitational systems and processes.

Among the metric properties, the generalization of (2.5) of the proper time inter-
val for a timelike curve xμ(λ) (i.e., a curve with timelike tangent vectors) is

Δτ =
∫ λ2

λ1

√
−gμν

dxμ

dλ

dxν

dλ
dλ. (2.19)

A good (atomic) clock, moving along xμ(λ), measures this proper time.
The coupling of the metric to non-gravitational systems should satisfy two prin-

ciples. First, the basic equations must have intrinsic meaning in (M,g). In other
words, they should be expressible in terms of the intrinsic calculus on Lorentz man-
ifolds, developed in DG. Equivalently, the basic laws should not distinguish any
coordinate system. All charts of any atlas, belonging to the differential structure, are
on the same footing. One also says that the physical laws have to be covariant with
respect to smooth coordinate transformations (or are generally covariant). Let us
formulate this property more precisely:

Definition A system of equations is covariant with respect to the group G(M) of
(germs of) smooth coordinate transformations, provided that for any element of
G(M) the quantities appearing in the equations can be transformed to new quan-
tities in such a way that

(i) the assignment preserves the group structure of G(M);
(ii) both the original and the transformed quantities satisfy the same system of equa-

tions.

Only generally covariant laws have an intrinsic meaning in the Lorentz manifold.
If a suitable calculus is used, these can be formulated in a coordinate-free manner.
The general covariance is at this point a matter of course. It should, however, not
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be confused with general invariance. The difference of the two concepts will be
clarified later when we shall consider the coupled dynamical system of metric plus
matter variables. It will turn out that general invariance is, like gauge invariance, a
powerful symmetry principle (see Sect. 3.5).

From DG, Sect. 15.3, we know that in a neighborhood of every point p a coordi-
nate system exists, such that

gμν(p) = ημν and gμν,λ(p) = 0, (2.20)

where (ημν) = diag(−1,1,1,1). Such coordinates are said to be inertial or normal at
p, and are interpreted as locally inertial systems. We also say that such a coordinate
system is locally inertial with origin p. The metric g describes the behavior of
clocks and measuring sticks in such locally inertial systems, exactly as in special
relativity. Relative to such a system, the usual laws of electrodynamics, mechanics,
etc. in the special relativistic form are locally valid. The form of these laws for an
arbitrary system is to a large extent determined by the following two requirements
(we shall discuss possible ambiguities in Sect. 2.4.6):

(a) Aside from the metric and its derivatives, the laws should contain only quantities
which are also present in the special theory of relativity.5

(b) The laws must be generally covariant and reduce to the special relativistic form
at the origin of a locally inertial coordinate system.

These requirements provide a mathematical formulation of Einstein’s Equiva-
lence Principle. We shall soon arrive at a more handy prescription.

2.4 Non-gravitational Laws in External Gravitational Fields

We now apply this mathematical formulation of the EEP and discuss possible am-
biguities at the end of this section. Familiarity with the concept of covariant differ-
entiation (DG, Sects. 15.1–15.6) will be assumed. We add here some remarks about
notation.

Remarks (Coordinate-free versus abstract index notation) Modern mathematical
texts on differential geometry usually make use of indices for vectors, tensors, etc.
only for their components relative to a local coordinate system or a frame, i.e. a local
basis of vector fields. If indices for the objects themselves are totally avoided, com-
putations can, however, quickly become very cumbersome, especially when higher
rank tensors with all sorts of contractions are involved. For this reason, relativists
usually prefer what they call the abstract index notation. This has nothing to do with
coordinates or frames. For instance, instead of saying: “. . . let Ric be the Ricci ten-
sor, u a vector field, and consider Ric(u,u) . . .”, one says: “. . . let Rμν be the Ricci

5It is not permitted to introduce in addition to gμν other “external” (absolute) elements such as a
flat metric which is independent of g.
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tensor, uμ a vector field, and consider Rμνu
μuν , . . . .” In particular, the number and

positions of indices specify which type of tensor is considered, and repeated indices
indicate the type of contraction that is performed.

Some authors (e.g., R. Wald in his text book [9]) distinguish this abstract meaning
of indices from the usual component indices by using different alphabets. We do not
want to adopt this convention, since it should be clear from the context whether the
indices can be interpreted abstractly, or whether they refer to special coordinates
or frames which are adapted to a particular spacetime (with certain symmetries,
distinguished submanifolds, . . .).

When dealing, for example, with differential forms we often avoid abstract in-
dices and follow the habits of mathematicians. We hope that the reader will not be
disturbed by our notational flexibility. After having studied the present subsection,
he should be familiar with our habits.

2.4.1 Motion of a Test Body in a Gravitational Field

What is the equation of motion of a freely falling test particle? Let γ (τ) be its
timelike world line, parameterized by the proper time τ . According to (2.19) its
tangent vector γ̇ (four-velocity) satisfies

gμν

dxμ

dτ

dxν

dτ
= −1 or g(γ̇ , γ̇ ) =: 〈γ̇ , γ̇ 〉 = −1. (2.21)

Consider some arbitrary point p along the orbit γ (τ), and introduce coordinates
which are locally inertial at p. The weak equivalence principle implies

d2xμ

dτ 2

∣∣∣∣
p

= 0. (2.22)

Since the Christoffel symbols Γ
μ
αβ vanish at p, we can write this as

d2xμ

dτ 2
+ Γ

μ
αβ

dxα

dτ

dxβ

dτ
= 0 (2.23)

at p. This is just the geodesic equation (DG, Sect. 15.3), which is generally covari-
ant. Therefore, Eq. (2.23) holds in any coordinate system. Moreover, since the point
p is arbitrary, it is valid along the entire orbit of the test body. In coordinate-free
notation it is equivalent to the statement that γ̇ is autoparallel along γ

∇γ̇ γ̇ = 0. (2.24)

Note that (2.21) and (2.23) are compatible. This follows with the Ricci identity from

d

dτ
〈γ̇ , γ̇ 〉 = ∇γ̇ 〈γ̇ , γ̇ 〉 = 2〈∇γ̇ γ̇ , γ̇ 〉 = 0.
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The geodesic equation (2.23) is the Euler–Lagrange equation for the variational
principle

δ

∫ √
−gμν

dxμ

dλ

dxν

dλ
dλ = 0 (2.25)

(see the solution of Exercise 2.5).
The basic equation (2.23) can be regarded as the generalization of the Galilean

law of inertia in the presence of a gravitational field. It is a great triumph that the
universality of the inertial/gravitational mass ratio is automatic. It is natural to regard
the connection coefficients Γ

μ
αβ as the gravitational-inertial field strength relative to

the coordinates {xμ}.

2.4.2 World Lines of Light Rays

Using the same arguments, the following equations for the world line γ (λ) of a light
ray, parameterized by an affine parameter λ, are obtained

d2xμ

dλ2
+ Γ

μ
αβ

dxα

dλ

dxβ

dλ
= 0, (2.26a)

gμν

dxμ

dλ

dxν

dλ
= 0. (2.26b)

In other words, the world lines of light rays are null geodesics. (See also Exer-
cise 2.7.) Later (in Sect. 2.8) we shall derive these equations from Maxwell’s equa-
tions in the eikonal approximation.

At each spacetime point p ∈ M we can consider, as in Minkowski spacetime, the
past and future null cones in the tangent space TpM . These are tangent to past and
future light cones, generated by light rays ending up in p, respectively emanating
from p. The set of all these light cones describes the causal structure of spacetime.

Relativists are used to draw spacetime diagrams. A typical example that illus-
trates some of the basic concepts we have introduced so far is shown in Fig. 2.4.

2.4.3 Exercises

Exercise 2.5 Let

γ : [a, b] −→ M

τ �−→ γ (τ),



24 2 Physics in External Gravitational Fields

Fig. 2.4 Spacetime diagram representing a particle P , a body B and a light ray L emitted at e ∈ B

and absorbed at a point of P ’s worldline

be a smooth timelike curve (at least of class C2). Show that when γ minimizes the
distance

L(γ ) =
∫ b

a

√−〈γ̇ , γ̇ 〉dτ (2.27)

for fixed endpoints p and q , then γ is a geodesic if τ is the proper time.

Solution Note first that L(γ ) is independent of the parametrization. For simplic-
ity, we assume that the minimizing curve γ lies in the domain U of a chart with
associated coordinates {xμ}. Consider a family {γε}, −α < ε < α, of smooth (C2)
curves from p to q (γε ⊂ U , ε ∈ (−α,α)), defined by the coordinates xμ(τ, ε) =
xμ(τ) + εξμ(τ), with ξμ(a) = ξμ(b) = 0. We use the notation · = ∂/∂τ and
′ = ∂/∂ε. Since the quantity

L(γε) =
∫ b

a

[−gμν

(
x(τ, ε)

)
ẋμ(τ, ε)ẋν(τ, ε)

]1/2
dτ

attains a minimum at ε = 0, we have

L′(γε)|ε=0 = −1

2

∫ b

a

[
∂λgμν

(
γ (τ)

)
ξλẋμ(τ )ẋν(τ ) + 2gμν

(
γ (τ)

)
ξ̇ μ(τ )ẋν(τ )

]
dτ

= 0.

Integration by part of the second term gives

∫ b

a

[
(∂λgμν − 2∂μgλν)ẋ

μẋν − 2gλνẍ
ν
]
ξλ dτ = 0.
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By a standard argument, the curly bracket must vanish. Renaming some indices
and using the symmetry of gμν , one finds that xμ(τ) satisfies the geodesic equation
(2.23).

Remark We show in DG, Sect. 16.4 how this variational calculation can be done in
a coordinate-free manner. For the second derivative, see, e.g., [46], Chap. 10.

Exercise 2.6 Beside L(γ ) one can consider the energy functional

E(γ ) = 1

2

∫
〈γ̇ , γ̇ 〉dτ, (2.28)

which depends on the parametrization. From the solution of Exercise 2.5 it should
be obvious that minimization of E(γ ) again leads to the geodesic equation (we
shall often use this for practical calculations). Show by a direct calculation that the
geodesic equation implies

d

dτ

(
gμν

(
x(τ)

)
ẋμẋν

)= 0,

whence the parametrization is proportional to proper time. It should be clear that the
variational principle for the energy functional also applies to null geodesics.

Exercise 2.7 Consider a conformal change of the metric

g �−→ g̃ = e2φg. (2.29)

Show that a null geodesic for g is also a null geodesic for g̃.

Hints In transforming the geodesic equation one has to carry out a re-parametriza-
tion λ �−→ λ̃ such that dλ̃/dλ = e2φ . The relation between the Christoffel symbols
for the two metrics is

Γ̃
μ
αβ = Γ

μ
αβ + δμ

αφ,β + δ
μ
βφ,α − gαβgμνφ,ν . (2.30)

2.4.4 Energy and Momentum “Conservation” in the Presence of
an External Gravitational Field

According to the special theory of relativity, the energy-momentum tensor T μν of a
closed system satisfies, as a result of translation invariance, the conservation law

T μν
,ν = 0.

In the presence of a gravitational field, we define a corresponding tensor field on
(M,g) such that it reduces to the special relativistic form at the origin of a locally
inertial system.
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Example (Energy-momentum tensor for an ideal fluid) In SR the form of the
energy-momentum tensor is established as follows. A fluid is by definition ideal if a
comoving observer sees the fluid around him as isotropic. So let us consider a local
rest frame, that is an inertial system such that the fluid is at rest at some particular
spacetime point. Relative to this system (indicated by a tilde) the energy-momentum
tensor has at that point the form

T̃ 00 = ρ, T̃ 0i = T̃ i0 = 0, T̃ ij = pδij , (2.31)

where ρ is the proper energy density and p is the pressure of the fluid (c = 1). The
four-velocity uμ of the fluid has in the local rest frame the value ũ0 = 1, ũi = 0, and
hence we can write (2.31) as

T̃ μν = (ρ + p)ũμũν + pημν.

Since this is a tensor equation it holds in any inertial system.
In the presence of gravitational fields our general prescription leads uniquely to

T μν = (ρ + p)uμuν + pgμν, (2.32)

with the normalization

gμνu
μuν = −1. (2.33)

of the four-velocity field. For an introduction to special relativistic fluid dynamics,
see for instance [21].

Remark We shall discuss in Sect. 3.3.4 a general method of constructing the energy-
momentum tensor in the framework of the Lagrangian formalism.

At the origin p ∈ M of a locally inertial system we have, by the EEP, T
μν

,ν = 0
at p. We may just as well write T

μν

;ν = 0 at p, where the semicolon denotes the
covariant derivative of the tensor field. This equation is generally covariant, and
hence is valid in any coordinate system. We thus arrive at

T
μν

;ν = 0. (2.34)

Conclusion From this consideration, we conclude quite generally that the physical
laws of special relativity are changed in the presence of a gravitational field simply
by the substitution of covariant derivatives for ordinary derivatives, often called the
principle of minimal coupling (or comma −→ semicolon rule). This is an expression
of the principle of equivalence. (Possible ambiguities for higher order derivatives are
discussed at the end of this section.)

In this manner the coupling of the gravitational field to physical systems is deter-
mined in an extremely simple manner.
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We may write (2.34) as follows: General calculational rules give (DG, Eq.
(15.23))

T
μν

;σ = T μν
,σ + Γ

μ
σλT

λν + Γ ν
σλT

μλ.

Hence,

T
μν

;ν = T μν
,ν + Γ

μ
νλT

λν + Γ ν
νλT

μλ.

Now we have6

Γ ν
νλ = 1√−g

∂λ(
√−g), (2.35)

where g is the determinant of (gμν). Hence, (2.34) is equivalent to

1√−g
∂ν

(√−gT μν
)+ Γ

μ
νλT

λν = 0. (2.36)

Because of the second term in (2.36), this is no longer a conservation law. We cannot
form any constants of the motion from (2.36). This should also not be expected,
since the system under consideration can exchange energy and momentum with the
gravitational field.

Equations (2.34) (or (2.36)) and (2.32) provide the basic hydrodynamic equations
for an ideal fluid in the presence of a gravitational field (see the exercises below).

Show that (2.36) is for a symmetric T μν equivalent to

1√−g
∂ν

(√−gTμ
ν
)− 1

2
gαβ,μT αβ = 0. (2.37)

Remark In the derivation of the field equations for the gravitational field, (2.34) will
play an important role.

2.4.5 Exercises

Exercise 2.8 Contract Eq. (2.34) with uμ and show that the stress-energy tensor
(2.32) for a perfect fluid leads to

∇uρ = −(ρ + p)∇ · u. (2.38)

6From linear algebra we know (Cramer’s rule) that ggμν is the cofactor (minor) of gμν , hence

∂αg = ∂g
∂gμν

∂αgμν = ggμν∂αgμν . This gives

Γ ν
να = gμν 1

2
(∂αgμν + ∂νgμα − ∂μgνα) = 1

2
gμν∂αgμν

= 1

2g
∂αg = 1√−g

∂α(
√−g).
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Exercise 2.9 Contract Eq. (2.34) with the “projection tensor”

hμν = gμν + uμuν (2.39)

and derive the following general relativistic Euler equation for a perfect fluid:

(ρ + p)∇uu = −gradp − (∇up)u. (2.40)

The gradient of a function f is the vector field gradf := (df )�.

2.4.6 Electrodynamics

We assume that the reader is familiar with the four-dimensional tensor formulation
of electrodynamics in SR. The basic dynamical object is the antisymmetric electro-
magnetic field tensor Fμν , which unifies the electric and magnetic fields as follows:

(Fμν) =

⎛
⎜⎜⎝

0 −E1 −E2 −E3
E1 0 B3 −B2
E2 −B3 0 B1
E3 B2 −B1 0

⎞
⎟⎟⎠

In the language of differential forms (DG, Chap. 14) Fμν can be regarded as the
components of the 2-form

F = 1

2
Fμν dxμ ∧ dxν

= (
E1 dx1 + E2 dx2 + E3 dx3)∧ dx0

+ B1 dx2 ∧ dx3 + B2 dx3 ∧ dx1 + B3 dx1 ∧ dx2, (2.41)

sometimes called the Faraday form. The homogeneous Maxwell equations are

∂λFμν + ∂μFνλ + ∂νFλμ = 0, (2.42)

expressing that the Faraday 2-form is closed:

dF = 0. (2.43)

Obviously, this law makes no use of a metric.
If jμ = (ρ,J ) denotes the current four-vector, the inhomogeneous Maxwell

equations are (c = 1),

∂νF
μν = 4πjμ. (2.44)

With the calculus of differential forms this can be written as

δF = −4πJ, (2.45)
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where δ is the codifferential7 and J denotes the current 1-form

J = jμ dxμ. (2.46)

The generalization of these fundamental equations to Einstein’s gravity theory
is simple: We have to define Fμν and jμ such that they transform as tensor fields,
and have the same meaning as in SR in locally inertial systems. Secondly, we must
apply the ∂μ −→ ∇μ rule. Maxwell’s equations in GR are thus

∇λFμν + ∇μFνλ + ∇νFλμ = 0, (2.47a)

∇νF
μν = 4πjμ, (2.47b)

with

Fμν = gμαgνβFαβ. (2.48)

Because of (2.43) the metric should drop out in (2.47a). The reader may verify
explicitly that the following identity

∇λFμν + · · · = ∂λFμν + · · ·
holds for any antisymmetric tensor field Fμν . A more general statement is derived
in DG, Sect. 15.4 (Eq. (15.25)).

As expected, the inhomogeneous equations (2.47b) imply (covariant) current
conservation

∇μjμ = 0. (2.49)

This follows from the identity ∇μ∇νF
μν ≡ 0. A simple way to show this is to

note that for an antisymmetric tensor field Fμν and a vector field jμ the following
identities hold (see Exercise 2.10)

∇νF
μν ≡ 1√−g

∂ν

(√−gFμν
)
, (2.50)

∇μjμ ≡ 1√−g
∂μ

(√−gjμ
)
. (2.51)

These can also be used to rewrite (2.47b) and (2.49) as

1√−g
∂ν

(√−gFμν
) = 4πjμ, (2.52)

∂μ

(√−gjμ
) = 0. (2.53)

In terms of differential forms, things are again much more concise. Due to the
identity δ ◦ δ = 0, Eq. (2.45) implies immediately δJ = 0, and this is equivalent to

7Note the sign convention for δ adopted in DG, Sect. 14.6.4, which is not universally used.
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(2.49) (see DG, Exercise 15.8). Because of Gauss’ Theorem (DG, Theorem 14.12),
the vanishing of the divergence of J implies an integral conservation law (conser-
vation of electric charge).

The energy-momentum tensor of the electromagnetic field can be read off from
the expression in SR

T μν = 1

4π

[
FμαF ν

α − 1

4
gμνFαβFαβ

]
. (2.54)

Note that its trace vanishes.
The Lorentz equation of motion for a charged test mass becomes in GR

m

(
d2xμ

dτ 2
+ Γ

μ
αβ

dxα

dτ

dxβ

dτ

)
= eFμ

ν

dxν

dτ
. (2.55)

The homogeneous Maxwell equation (2.43) allows us also in GR to introduce
vector potentials, at least locally. By Poincaré’s Lemma (DG, Sect. 14.4), F is lo-
cally exact

F = dA. (2.56)

In components, with A = Aμ dxμ, we have

Fμν = ∂μAν − ∂νAμ (≡ ∇μAν − ∇νAμ). (2.57)

As in SR there is a gauge freedom

A −→ A + dχ or Aμ −→ Aμ + ∂μχ, (2.58)

where χ is any smooth function. This can be used to impose gauge conditions, for
instance the Lorentz condition

∇μAμ = 0 (or δA = 0). (2.59)

We stay in this class if χ in (2.58) is restricted to satisfy

�χ := ∇μ∇μχ = 0. (2.60)

In terms of the four-potential Aμ we can write the inhomogeneous Maxwell equa-
tions (2.47b) as

∇ν∇νAμ − ∇ν∇μAν = −4πjμ. (2.61)

Let us impose the Lorentz condition. We can use this in the second term with the
help of the Ricci identity for the commutator of two covariant derivatives (DG,
Eq. (15.92))

(∇μ∇ν − ∇ν∇μ)Aα = Rα
βμνA

β. (2.62)
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This leads to

∇ν∇νAμ − Rμ
νA

ν = −4πjμ. (2.63)

Note that in SR (2.63) reduces to the inhomogeneous wave equation ∂ν∂
νAμ =

−4πjμ. If we would substitute here covariant derivatives, we would miss the cur-
vature term in (2.63). This example illustrates possible ambiguities in applying the
∂ −→ ∇ rule to second order differential equations, because covariant derivatives
do not commute. In passing, we mention that without the curvature term we would,
however, lose gauge invariance (see Exercise 2.11).

Let us finally derive a wave equation for F in vacuum (J = 0). With the calculus
of exterior forms this is extremely simple: From dF = 0 and δF = 0 we deduce

�F = 0, (2.64)

where

� = δ ◦ d + d ◦ δ. (2.65)

In Exercise 2.13 the reader is asked to write this in terms of covariant derivatives,
with the result (2.67).

2.4.7 Exercises

Exercise 2.10 Derive the identities (2.50) and (2.51).

Exercise 2.11 Show that the curvature term in (2.63) is needed in order to maintain
gauge invariance within the Lorentz gauge class.

Exercise 2.12 Use the Ricci identity (2.60), as well as ∇μ∇νf = ∇μ∇νf for func-
tions f , to derive the following Ricci identity for covariant vector fields

ωα;μν − ωα;νμ = Rλ
αμνωλ, (2.66)

and its generalization for arbitrary tensor fields.

Exercise 2.13 As an application of the last exercise apply ∇λ on the homogeneous
Maxwell equations in the form (2.47a) and use the vacuum Maxwell equations
∇νF

μν = 0 to show that

F
;λ

μν;λ + (
Rσ

μFνσ − Rσ
νFμσ

)+ RαβμνF
αβ = 0. (2.67)

Exercise 2.14 Show that Maxwell’s vacuum equations are invariant under confor-
mal changes g −→ e2φg of the metric.
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Exercise 2.15 Show that Maxwell’s equations (2.47a), (2.47b) imply for the
energy-momentum tensor of the electromagnetic field

T μν ;ν = −FμνJν. (2.68)

Exercise 2.16 Show that the equation

�ψ − 1

6
Rψ = 0 (2.69)

for a scalar field ψ is invariant under conformal changes g −→ e2φg of the metric
and the transformation law ψ −→ e−φψ .

Hints Use the formula

�ψ = 1√−g
∂μ

(√−g∂μψ
)
,

and the transformation law for R in Eq. (3.268).

2.5 The Newtonian Limit

For any generalization of a successful physical theory it is crucial to guarantee that
the old theory is preserved within certain limits. The Newtonian theory should be an
excellent approximation for slowly varying weak gravitational fields and small ve-
locities of material bodies. At this point we can check only part of this requirement,
because the dynamical equation for the metric field is not yet known to us.

We consider a test particle moving slowly in a quasi-stationary weak gravitational
field. For weak fields, there are coordinate systems which are nearly Lorentzian.
This means that

gμν = ημν + hμν, |hμν | � 1. (2.70)

For a slowly moving particle (in comparison with the speed of light) we have
dx0/dτ � 1 and we neglect dxi/dτ (i = 1,2,3) in comparison to dx0/dτ in the
geodesic equation (2.23). We then obtain

d2xi

dt2
� d2xi

dτ 2
= −Γ i

αβ

dxα

dτ

dxβ

dτ
� −Γ i

00. (2.71)

Thus only the components Γ i
00 appear in the equation of motion. To first order in

hμν these are given by

Γ i
00 � −1

2
h00,i + h0i,0. (2.72)
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Table 2.1 Numerical
illustration of Eq. (2.75) φ/c2 On the surface of

10−9 the Earth

10−6 the Sun

10−4 a white dwarf

10−1 a neutron star

10−39 a proton

For quasi-stationary fields we can neglect the last term, Γ i
00 � − 1

2h00,i , obtaining

d2xi

dt2
� 1

2
∂ih00. (2.73)

This agrees with the Newtonian equation of motion

d2x

dt2
= −∇φ, (2.74)

where φ is the Newtonian potential, if we set h00 � −2φ + const. For an isolated
system φ and h00 should vanish at infinity. So we arrive at the important relation

g00 � −1 − 2φ. (2.75)

Note that we only obtain information on the component g00 for a Newtonian
situation. However, this does not mean that the other components of hμν must be
small in comparison to h00. The almost Newtonian approximation of the other com-
ponents will be determined in Sect. 5.2. (In this connection an interesting remark is
made in Exercise 2.18.) Table 2.1 shows that for most situations the correction in
(2.75) is indeed very small.

Remark In the Newtonian limit, the Poisson equation for φ will follow from Ein-
stein’s field equation.

2.5.1 Exercises

Exercise 2.17 Use (2.75) to derive the Newtonian limit of the basic equation for an
ideal fluid.

Exercise 2.18 The result (2.75) might suggest that the metric for a Newtonian situ-
ation is approximately

g = −(1 + 2φ)dt2 + dx2 + dy2 + dz2.

Compute for this metric the deflection of light by the sun.
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Remark It turns out that the deflection angle is only half 8 of the value of GR that
will be derived in Sect. 4.4. The reason for this famous factor 2 is that the correct
Newtonian approximation will be found to be

g = −(1 + 2φ)dt2 + (1 − 2φ)
(
dx2 + dy2 + dz2). (2.76)

Thus, the spatial part of the metric is non-Euclidean. This result will be derived in
Sect. 5.2.

2.6 The Redshift in a Stationary Gravitational Field

The derivation of the gravitational redshift in this section is a bit pedestrian, but
instructive. A more elegant treatment will be given in Sect. 2.9.

We consider a clock in an arbitrary gravitational field which moves along an ar-
bitrary timelike world line (not necessarily in free fall). According to the principle
of equivalence, the clock rate is unaffected by the gravitational field when one ob-
serves it from a locally inertial system. Let Δt be the time between “ticks” of clocks
at rest in some inertial system in the absence of a gravitational field. In the locally
inertial system {ξμ} under consideration, we then have for the coordinate intervals
dξμ between two ticks

Δt =√−ημν dξμ dξν.

In an arbitrary coordinate system {xμ} we obviously have

Δt =√−gμν dxμ dxν.

Hence,

dt

Δt
=
(

−gμν

dxμ

dt

dxν

dt

)−1/2

, (2.77)

where dt = dx0 denotes the time interval between two ticks relative to the system
{xμ}. If the clock is at rest relative to this system, i.e. dxi/dt = 0, we have in par-
ticular

dt

Δt
= 1√−g00

. (2.78)

This is true for any clock. For this reason, we cannot verify (2.77) or (2.78) locally.
However, we can compare the time dilations at two different points with each other.
For this purpose, we specialize the discussion to the case of a stationary field. By this
we mean that we can choose the coordinates xμ such that the gμν are independent
of t . Now consider Fig. 2.5 with two clocks at rest at the points 1 and 2. (One can
convince oneself that the clocks are at rest in any other coordinate system in which

8Einstein got this result in 1911 during his time in Prague. He obtained the correct value only after
he found his final vacuum equation in November 1915.



2.6 The Redshift in a Stationary Gravitational Field 35

Fig. 2.5 Gravitational
redshift in a stationary field

the gμν are independent of time. The concept “at rest” has an intrinsic meaning for
stationary fields. See Sect. 2.9 for a geometrical discussion.)

Let a periodic wave be emitted at point 2. Since the field is stationary, the time
(relative to our chosen coordinate system) which a wave crest needs to move from
point 2 to point 1 is constant.9 The time between the arrival of successive crests (or
troughs) at point 1 is thus equal to the time dt2 between their emission at point 2,
which is, according to (2.78)

dt2 = Δt
1√−g00(x2)

.

If on the other hand, we consider the same atomic transition at point 1, then, accord-
ing to (2.78) the time dt1 between two wave crests, as observed at point 1 is

dt1 = Δt
1√−g00(x1)

.

For a given atomic transition, the ratio of frequencies observed at point 1 for light
emitted at the points 2 and 1, respectively, is equal to

ν2

ν1
=
√

g00(x2)

g00(x1)
. (2.79)

For weak fields, g00 � −1 − 2φ with |φ| � 1, we have

Δν

ν
= ν2

ν1
− 1 � φ(x2) − φ(x1), (2.80)

in agreement with our previous result in Sect. 2.1. The experimental situation was
already discussed there.

9From gμν dxμ dxν = 0 along the light rays, we have

dt = 1

g00
· (−gi0 dxi −

√
(gi0gj0 − gij g00) dxi dxj

)
.

The time interval being discussed is equal to the integral of the right hand side from 2 to 1, and is
thus constant.
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2.7 Fermat’s Principle for Static Gravitational Fields

In the following we shall study in more detail light rays in a static gravitational
field. A characteristic property of a static field is that in suitable coordinates the
metric splits as

ds2 = g00(x) dt2 + gik(x) dxi dxk. (2.81)

Thus there are no off-diagonal elements g0i and the gμν are independent of time.
We shall give an intrinsic definition of a static field in Sect. 2.9.

If λ is an affine parameter, the paths xμ(λ) of light rays can be characterized by
the variational principle (using standard notation)

δ

∫ λ2

λ1

gμν

dxμ

dλ

dxν

dλ
dλ = 0, (2.82)

where the endpoints of the path are held fixed. In addition, we have (see Exer-
cise 2.6)

gμν

dxμ

dλ

dxν

dλ
= 0. (2.83)

Consider now a static spacetime with a metric of the form (2.81). If we vary only
t (λ), we have

δ

∫ λ2

λ1

gμν

dxμ

dλ

dxν

dλ
dλ =

∫ λ2

λ1

2g00
dt

dλ
δ

(
dt

dλ

)
dλ

=
∫ λ2

λ1

2g00
dt

dλ

d

dλ
(δt) dλ

= 2g00
dt

dλ
δt

∣∣∣∣
λ2

λ1

− 2
∫ λ2

λ1

d

dλ

(
g00

dt

dλ

)
δt dλ, (2.84)

where δ denotes the derivative ∂/∂ε|ε=0, introduced in the solution of Exercise 2.5.
The variational principle (2.82) thus implies (δt = 0 at the end points)

g00
dt

dλ
= const.

We normalize λ such that

g00
dt

dλ
= −1. (2.85)

Now consider a general variation of the path xμ(λ), for which only the spa-
tial endpoints xi(λ) are held fixed, while the condition δt = 0 at the endpoints is
dropped. If we require that the varied paths also satisfy the normalization condition
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(2.85) for the parameter λ, the variational formula (2.84) reduces to

δ

∫ λ2

λ1

gμν

dxμ

dλ

dxν

dλ
dλ = −2δt |λ2

λ1
= −2δ

∫ λ2

λ1

dt. (2.86)

The time lapse on the right is a functional of the spatial path. If the varied orbit is
also traversed at the speed of light (just as the original path), the left-hand side of
(2.86) is equal to zero and for the varied light-like curves the relation

√−g00 dt = dσ (2.87)

holds, where dσ 2 = gik dxi dxk is the 3-dimensional Riemannian metric of the spa-
tial sections. We thus have

δ

∫ λ2

λ1

dt = 0 = δ

∫
1√−g00

dσ. (2.88)

This is Fermat’s principle of least time. The second equality in (2.88) determines
the spatial path of the light ray. Note that the spatial path integral is parametrization
invariant. The time has been completely eliminated in this formulation: The second
equation in (2.88) is valid for an arbitrary portion of the spatial path of the light
ray, for any variation such that the ends are held fixed. A comparison with Fermat’s
principle in optics shows that the role of the index of refraction has been taken over
by (g00)

−1/2.
With this classical argument, that goes back to Weyl and Levi-Civita, we have

arrived at the interesting result that the path of a light ray is a geodesic in the spatial
sections for what is often called the Fermat metric

gF = gF
ik dxi dxk, (2.89)

where gF
ik = gik/(−g00). We thus have the variational principle for the spatial path

γ of a light ray

δ

∫ √
gF (γ̇ , γ̇ ) dλ = 0, (2.90)

where the spatial endpoints are kept fixed. Instead of the energy functional for gF

we can, of course, also use the length functional. This result is useful for calculating
the propagation of light rays in gravitational fields. In many situations it suffices to
use the almost Newtonian approximation (2.76) for the metric. The Fermat metric
is then

gF = 1 − 2φ

1 + 2φ
dx2, (2.91)

with dx2 = (dx1)2 + (dx2)2 + (dx3)2. Fermat’s principle becomes

δ

∫
(1 − 2φ)

∣∣ẋ(λ)
∣∣dλ = 0,
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where |ẋ| denotes the Euclidean norm of dx/dλ. This agrees with the Fermat prin-
ciple of geometrical optics

δ

∫
n
(
x(λ)

)∣∣ẋ(λ)
∣∣dλ = 0

for the refraction index

n = 1 − 2φ. (2.92)

This can be used as the starting point for much of gravitational lensing theory, an
important branch of present day astronomy. Section 5.8 will be devoted to this topic.

Exercise 2.19 Consider a stationary source-free electromagnetic field Fμν in a
static gravitational field g with metric (2.81). Show that the time independent scalar
potential ϕ satisfies the Laplace equation

Δ(gF )ϕ = 0, (2.93)

where Δ(gF ) is the 3-dimensional Laplace operator for the Fermat metric gF .

Hints Use the conformal invariance of Maxwell’s equations and work with the met-
ric g/g00.

2.8 Geometric Optics in Gravitational Fields

In most instances gravitational fields vary even over macroscopic distances so little
that the propagation of light and radio waves can be described in the geometric op-
tics limit (ray optics). We shall derive in this section the laws of geometric optics
in the presence of gravitational fields from Maxwell’s equations (see also the cor-
responding discussion in books on optics). In addition to the geodesic equation for
light rays, we shall find a simple propagation law for the polarization vector.

The following characteristic lengths are important for our analysis:

1. The wavelength λ.
2. A typical length L over which the amplitude, polarization and wavelength of the

wave vary significantly (for example the radius of curvature of a wave front).
3. A typical “radius of curvature” for the geometry; more precisely, take

R =
∣∣∣∣ typical component of the Riemannian tensor

in a typical local inertial system

∣∣∣∣
−1/2

.

The region of validity for geometric optics is

λ � L and λ � R. (2.94)
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Consider a wave which is highly monochromatic in regions having a size smaller
than L (more general cases can be treated via Fourier analysis). Now separate the
four-vector potential Aμ into a rapidly varying real phase ψ and a slowly varying
complex amplitude Aμ (eikonal ansatz)

Aμ = Re
{
Aμeiψ}.

It is convenient to introduce the small parameter ε = λ/min(L,R). We may expand
Aμ = aμ + εbμ + · · · , where aμ, bμ, . . . are independent of λ. Since ψ ∝ λ−1, we
replace ψ by ψ/ε. We thus seek solutions of the form

Aμ = Re
{
(aμ + εbμ + · · · )eiψ/ε

}
. (2.95)

In the following let kμ = ∂μψ be the wave number, a = √
(aμāμ) the scalar am-

plitude and fμ = aμ/a the polarization vector, where fμ is a complex unit vector.
By definition, light rays are integral curves of the vector field kμ and are thus per-
pendicular to the surfaces of constant phase ψ , in other words perpendicular to the
wave fronts.

Now insert the geometric-optics ansatz (2.95) into Maxwell’s equations. In vac-
uum, these are given (see Sect. 2.4.6)

A
ν;μ

;ν − A
μ;ν

;ν = 0. (2.96)

We use the Ricci identity

A
ν;μ

;ν = A
μ;ν

;ν + Rμ
νA

ν (2.97)

and impose the Lorentz gauge condition

Aν
;ν = 0. (2.98)

Equation (2.96) then takes the form

A
μ;ν

;ν − Rμ
νA

ν = 0. (2.99)

If we now insert (2.95) into the Lorentz condition, we obtain

0 = Aν
;ν = Re

{(
i
kμ

ε

(
aμ + εbμ + · · · )+ (

aμ + εbμ + · · · );μ
)

eiψ/ε

}
. (2.100)

From the leading term, it follows that kμaμ = 0, or equivalently

kμf μ = 0. (2.101)

Thus, the polarization vector is perpendicular to the wave vector. The next order in
(2.100) leads to kμbμ = iaμ

;μ. Now substitute (2.95) in (2.99) to obtain
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0 = −A
μ;ν

;ν + Rμ
νA

ν

= Re

{(
1

ε2
kνkν

(
aμ + εbμ + · · · )− 2

i

ε
kν
(
aμ + εbμ + · · · );ν

− i

ε
kν

;ν
(
aμ + εbμ + · · · )− (

aμ + · · · ) ν

;ν + Rμ
ν

(
aν + · · · )

)
eiψ/ε

}
. (2.102)

This gives, in order ε−2, kνkνa
μ = 0, which is equivalent to

kνkν = 0, (2.103)

telling us that the wave vector is null. Using kμ = ∂μψ we obtain the general rela-
tivistic eikonal equation

gμν∂μψ∂νψ = 0. (2.104)

The terms of order ε−1 give

kνkνb
μ − 2i

(
kνa

μ

;ν + 1

2
kν

;νa
μ

)
= 0.

With (2.103), this implies

kνa
μ

;ν = −1

2
kν

;νa
μ. (2.105)

As a consequence of these equations, we obtain the geodesic law for the propagation
of light rays: Eq. (2.103) implies

0 = (
kνkν

)
;μ = 2kνkν;μ.

Now kν = ψ,ν and since ψ;ν;μ = ψ;μ;ν we obtain, after interchanging indices,

kνkμ;ν = 0, (∇kk = 0). (2.106)

We have thus demonstrated that, as a consequence of Maxwell’s equations, the paths
of light rays are null geodesics.

Now consider the amplitude aμ = af μ. From (2.105) we have

2akνa,ν = 2akνa;ν = kν
(
a2)

;ν = kν
(
aμāμ

)
;ν

= āμkνaμ;ν + aμkνā
μ

;ν
(2.105)= −1

2
kν

;ν
(
āμaμ + aμāμ

)
,

so that

kνa,ν = −1

2
kν

;νa. (2.107)
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This can be regarded as a propagation law for the scalar amplitude. If we now insert
aμ = af μ into (2.105) we obtain

0 = kν
(
af μ

)
;ν + 1

2
kν

;νaf
μ

= akνf
μ

;ν + f μ

(
kνa;ν + 1

2
kν

;νa
)

(2.107)= akνf
μ

;ν

or

kνf
μ

;ν = 0, (∇kf = 0). (2.108)

We thus see that the polarization vector f μ is perpendicular to the light rays and is
parallel-propagated along them.

Remark The gauge condition (2.101) is consistent with the other equations: Since
the vectors kμ and f μ are parallel transported along the rays, one must specify the
condition kμf μ = 0 at only one point. For the same reason, the equations fμf̄ μ = 1
and kμkμ = 0 are preserved.

Equation (2.107) can be rewritten as follows. After multiplying by a, we have

(
kν∇ν

)
a2 + a2∇νk

ν = 0

or (
a2kμ

)
;μ = 0, (2.109)

thus a2kμ is a conserved “current”.
Quantum mechanically this has the meaning of a conservation law for the num-

ber of photons. Of course, the photon number is not in general conserved; it is an
adiabatic invariant, in other words, a quantity which varies very slowly for R � λ,
in comparison to the photon frequency.

Let us consider the eikonal equation (2.104) for the almost Newtonian metric
(2.76)

−(1 − 2φ)(∂tψ)2 + (1 + 2φ)(∇ψ)2 = 0.

Since φ is time independent we set

ψ(x, t) = S(x) − ωt (2.110)

and obtain (up to higher orders in φ)

(∇S)2 = n2ω2, n = 1 − 2φ. (2.111)

This has the standard form of the eikonal equation in ray optics with refraction
index n. The connection between n and the Newtonian potential φ was already
found earlier with the help of Fermat’s principle.
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2.8.1 Exercises

Exercise 2.20 Consider light rays, i.e., integral curves xμ(λ) of ∇μψ . Derive from
the eikonal equation (2.104) that ẋμ is an autoparallel null vector.

Exercise 2.21 Show that the energy-momentum tensor, averaged over a wave-
length, is (for ε = 1)

〈
T μν

〉= 1

8π
a2kμkν.

In particular, the energy flux is
〈
T 0j

〉= 〈
T 00〉nj ,

where nj = kj /k0. The Eqs. (2.106) and (2.109) imply

8π∇ν

〈
T μν

〉= ∇ν

(
a2kμkν

)= ∇ν

(
a2kν

)
kμ + a2kν∇νk

μ = 0.

2.9 Stationary and Static Spacetimes

For this section the reader should be familiar with parts of DG covered in Chaps. 12
and 13.

In Sect. 2.5 we defined somewhat naively a gravitational field to be stationary if
there exist coordinates {xμ} for which the components gμν of the metric tensor are
independent of t = x0. We translate this definition into an intrinsic property of the
spacetime (M,g). Let K = ∂/∂x0, i.e., Kμ = δ

μ
0. The Lie derivative LKg of the

metric tensor is then

(LKg)μν = Kλgμν,λ + gλνK
λ
,μ + gμλK

λ
,ν

= 0 + 0 + 0, (2.112)

so that

LKg = 0. (2.113)

A vector field K which satisfies (2.113) is a Killing field or an infinitesimal isometry.
This leads us to the

Definition 2.1 A spacetime (M,g) is stationary if there exists a timelike Killing
field K .

This means that observers moving with the flow of the Killing field K recognize
no changes (see DG, Theorem 13.11). It may be, as in the case for black holes, that
a Killing field is only timelike in some open region of M . We then say that this part
of spacetime is stationary.
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Fig. 2.6 Adapted
(stationary) coordinates

Let us conversely show that Definition 2.1 implies the existence of local coordi-
nates for which the gμν are independent of time. Choose a spacelike hypersurface
S of M and consider the integral curves of K passing through S (see Fig. 2.6). In
S we choose arbitrary coordinates and introduce local coordinates of M as follows:
If p = φt (p0), where p0 ∈ S and φt is the flow of K , then the (Lagrange-) coordi-
nates of p are (t, x1(p0), x

2(p0), x
3(p0)). In terms of these coordinates, we have

K = ∂/∂x0, and LKg = 0 implies (using (2.112))

gμν,0 + 0 + 0 = 0.

We call such coordinates to be adapted to the Killing field.
Static fields are special cases of stationary fields. The following heuristic con-

sideration will lead us to their proper definition. We choose adapted coordinates
and assume that g0i = 0 for i = 1,2,3. Then the Killing field is orthogonal to
the spatial sections {t = const.}. The 1-form ω corresponding to K (ω = K�,
ωμ = Kμ = gμνK

ν ) is then

ω = g00 dt = 〈K,K〉dt. (2.114)

This implies trivially the Frobenius condition

ω ∧ dω = 0. (2.115)

Conversely, let us assume that the Frobenius condition holds for a stationary
spacetime with Killing field K . We apply the interior product iK to (2.115) and use
Cartan’s formula LK = d ◦ iK + iK ◦ d :

0 = iK(ω ∧ dω) = (iKω)︸ ︷︷ ︸
ω(K)=〈K,K〉

dω − ω ∧ iK dω︸ ︷︷ ︸
LKω−d〈K,K〉

.

We expect that LKω = 0; indeed, for any vector field X we have

(LKω)(X) = K
(
ω(X)

)− ω
([K,X])= K〈K,X〉 − 〈

K, [K,X]〉.
On the other hand

0 = (LKg)(K,X) = K〈K,X〉 − 〈[K,K],X〉− 〈
K, [K,X]〉,
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and the right-hand sides of both equations agree.
Using the abbreviation V := 〈K,K〉 �= 0 we thus arrive at

V dω + ω ∧ dV = 0 or d(ω/V ) = 0. (2.116)

Together with the Poincaré Lemma we see that locally ω = V df for a function f .
We use this function as our time coordinate t ,

ω = 〈K,K〉dt. (2.117)

K is perpendicular to the spacelike sections {t = const.}. Indeed, for a tangen-
tial vector field X to such a section, 〈K,X〉 = ω(X) = V dt(X) = V (Xt) = 0. In
adapted coordinates we have therefore K = ∂t and g0i = 〈∂t , ∂i〉 = 〈K,∂i〉 = 0.

Summarizing, if the Frobenius condition (2.115) for the timelike Killing field is
satisfied, the metric splits locally as

g = g00(x) dt2 + gik(x) dxi dxk, (2.118)

and

g00 = 〈K,K〉, (2.119)

where K = ∂/∂t . This leads us to the

Definition 2.2 A stationary spacetime (M,g) with timelike Killing field is static, if
ω = K� satisfies the Frobenius condition ω∧dω = 0, whence locally ω = 〈K,K〉dt

for an adapted time coordinate t , which is unique up to an additive constant.

The flow of K maps the hypersurfaces {t = const.} isometrically onto each other.
An observer at rest moves along integral curves of K .

2.9.1 Killing Equation

According to DG, Eq. (15.104) we have for any vector field X and its associated
1-form α = X� the identity

∇α = 1

2
(LXg − dα). (2.120)

For the special case X = K and α = ω this gives

∇ω = −1

2
dω. (2.121)

In components, this is equivalent to the Killing equation

Kμ;ν + Kν;μ = 0. (2.122)
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A shorter derivation in terms of local coordinates goes as follows. From (2.112)
we obtain for a Killing field

Kλgμν,λ + gλνK
λ
,μ + gμλK

λ
,ν = 0.

Now introduce, for a given point p, normal coordinates with origin p. At this point
the last equation reduces to Kμ,ν +Kν,μ = 0 or, equivalently, to (2.122). But (2.122)
is generally invariant and so holds in any coordinate system.

The reader may wonder, how one might obtain (2.116) in terms of local coor-
dinates. We want to demonstrate that such a derivation can be faster. We write the
Frobenius condition (2.115) in components

KμKν,λ + KνKλ,μ + KλKμ,ν = 0.

The left hand side does not change if partial derivatives are replaced by covariant
derivatives. If then multiply the resulting equation by Kλ and use the Killing equa-
tion (2.122), we obtain

−Kμ

(
KλKλ

)
;ν + Kν

(
KλKλ

)
;μ + KλKλ(Kμ;ν − Kν;μ) = 0.

This implies [
Kν/〈K,K〉]

,μ
− [

Kμ/〈K,K〉]
,ν

= 0,

and this is equivalent to (2.116).

2.9.2 The Redshift Revisited

The discussion of the gravitational redshift in Sect. 2.6 was mathematically a bit
ugly. Below we give two derivations which are more satisfactory, mathematically.

First Derivation

In the eikonal approximation (see Sect. 2.8) we have for the electromagnetic field
tensor

Fμν = Re
(
fμνeiψ),

where fμν is a slowly varying amplitude. Light rays are integral curves of the vector
field kμ = ψ,μ and are null geodesics (see Sect. 2.8). Since kμψ,μ = 0, the light rays
propagate along surfaces of constant phase, i.e. wave fronts.

Consider now the world lines, parameterized by proper time, of a transmitter and
an observer, as well as two light rays which connect the two (see Fig. 2.7). Let the
corresponding phases be ψ = ψ0 and ψ = ψ0 + Δψ . We denote the interval of
proper time between the events at which the two light rays intersect the world line i
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Fig. 2.7 Redshift (first
derivation)

(i = 1,2) by Δτi . The four-velocities of the emitter and observer are denoted by u
μ
1

and u
μ
2 , respectively. Obviously,

u
μ
1 (∂μψ)1Δτ1 = Δψ = u

μ
2 (∂μψ)2Δτ2. (2.123)

If ν1 and ν2 are the frequencies assigned to the light by 1 and 2, respectively, then
(2.123) gives

ν1

ν2
= Δτ2

Δτ1
= 〈k,u1〉

〈k,u2〉 . (2.124)

This equation gives the combined effects of Doppler and gravitational redshifts (and
is also useful in SR).

Now, we specialize (2.124) to a stationary spacetime with Killing field K . For
an observer at rest (along an integral curve of K) with four-velocity u, we have

K = (−〈K,K〉)1/2
u. (2.125)

Furthermore, we note that 〈k,K〉 is constant along a light ray, since

∇k〈k,K〉 = 〈∇kk,K〉 + 〈k,∇kK〉 = 0.

Note that the last term is equal to kαkβKα;β and vanishes as a result of the Killing
equation; alternatively, due to (2.121) it is proportional to dω(k, k) = 0.

If both emitter and observer are at rest, we obtain from (2.124) and (2.125)

ν1

ν2
=
( 〈K,K〉2

〈K,K〉1

)1/2

. (2.126)

In adapted coordinates, K = ∂/∂t and 〈K,K〉 = g00, we can write (2.126) as

ν1

ν2
=
(

g00|2
g00|1

)1/2

. (2.127)
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Fig. 2.8 Redshift (second
derivation)

Remark At first sight this appears to be inconsistent with (2.79). However, the fre-
quencies are defined there differently. In Sect. 2.6, ν1 and ν2 are both measured at
1, but ν2 refers to a definite atomic transition at 2, while ν1 is the frequency of the
same transition of an atom at the observer’s position 1. In (2.127) the meaning of ν1
and ν2 is different: ν1 and ν2 are the frequencies assigned to the light by 1 and 2,
respectively.

Second Derivation

We again work in the limit of geometric optics, and consider the same situation as
before. Emitter and observer, with four-velocities u1 and u2, can be connected to
each other by null geodesics with tangent vectors k (see Fig. 2.8). We assume that
for a finite τ1-interval, null geodesics exist which are received by the observer. This
family of null geodesics can be parameterized by the emission time τ1 or by the
observer time τ2, and defines a function τ2(τ1). The frequency ratio r is clearly the
derivative of this function,

r = dτ2

dτ1
. (2.128)

We can parameterize the null geodesics by an affine parameters s, such that s = 0
along the world line 1 and s = 1 along 2. In what follows we parameterize the 1-
parameter family of null geodesics by (s, τ1) �−→ H(s, τ1). With this set up, we are
in a situation that has been studied generally in DG, Sect. 16.4. We use the concepts
and results which have been developed there (including Sect. 16.2 and Sect. 16.3).

k is a tangential vector field along the map H

k = T H ◦ ∂

∂s
. (2.129)

Beside this we also use the field of tangent vectors for curves of constant s

V = T H ◦ ∂

∂τ1
. (2.130)
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Note that

V |s=0 = u1, V |s=1 = ru2, (2.131)

because τ1 �−→ H(s = 1, τ1) is the world line 2, parameterized by τ1.
We shall show below that 〈V,k〉 is constant along a null geodesic. Using this, the

ratio r can easily be computed. We obtain the previous result (2.124) from

〈V,k1〉1 = 〈u1, k〉 = 〈V,k〉2 = r〈u2, k〉.
The rest is as before.

It remains to prove that 〈V,k〉 is constant. The null geodesics satisfy

〈k, k〉 = 0, ∇kk = 0. (2.132)

(We denote the Levi-Civita connection and the induced covariant derivatives for
vector fields along the map H by the same letter.) For the tangential vector fields
along H , such as k and V , we have (DG, Proposition 16.4 and 16.5)

∇AB − ∇BA = [A,B], (2.133)

where A,B ∈ X (H)T and

A′〈X,Y 〉 = 〈∇AX,Y 〉 + 〈X,∇AY 〉 (2.134)

for A = T H ◦ A′ and X,Y ∈X (H). Using this we get (for A′ = ∂/∂s)

∂

∂s
〈V,k〉 = 〈∇kV , k〉 + 〈V,∇kk〉 = 〈∇kV , k〉.

From (2.129) and (2.130) we see that [V,k] = 0 (see DG, Eq. (16.9)). Hence,

∂

∂s
〈V,k〉 = 〈∇kV , k〉 = 〈∇V k, k〉 = 1

2

∂

∂τ1
〈k, k〉 = 0.

2.10 Spin Precession and Fermi Transport

Suppose that an observer moves along a timelike world line in a gravitational field
(not necessarily in free fall). One might, for example, consider an astronaut in a
space capsule. For practical reasons he will choose a coordinate system in which
all apparatus attached to his capsule is at rest. What is the equation of motion of a
freely falling test body in this coordinate system? More specifically, the following
questions arise:

1. How should the observer orient his space ship so that “Coriolis forces” do not
appear?
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2. How does one describe the motion of a gyroscope? One might expect that it will
not rotate relative to the frame of references, provided the latter is chosen such
that Coriolis forces are absent.

3. It is possible to find a spatial frame of reference for an observer at rest in a sta-
tionary field, which one might call Copernican? What is the equation of motion
of a spinning top in such a frame of reference? Under what conditions will it not
rotate relative to the Copernican frame?

2.10.1 Spin Precession in a Gravitational Field

By spin we mean either the polarization vector of a particle (i.e., the expectation
value of the spin operator for a particle in a particular quantum mechanical state) or
the intrinsic angular momentum of a rigid body, such as a gyroscope.

In both cases this is initially defined only relative to a local inertial system in
which the body is at rest (its local rest system). In this system the spin is described
by a three vector S. For a gyroscope or for an elementary particle, the equivalence
principle implies that in the local rest system, in the absence of external forces,

d

dt
S(t) = 0. (2.135)

(We assume that the interaction of the gyroscope’s quadrupole moment with inho-
mogeneities of the gravitational field can be neglected; this effect is studied in Ex-
ercise 2.23 at the end of this section.) We now define a four-vector S which reduces
to (0,S) in the local rest system. This last requirement can be expressed invariantly
as

〈S,u〉 = 0, (2.136)

where u is the four-velocity.
We shall now rewrite (2.135) in a covariant form. For this we consider ∇uS. In

the local rest system (indicated by R) we have

(∇uS)R =
(

dS0

dt
,

d

dt
S

)
=
(

dS0

dt
,0
)

. (2.137)

It follows from Eq. (2.136) that

〈∇uS,u〉 = −〈S,∇uu〉 = −〈S,a〉, (2.138)

where a = ∇uu is the acceleration. Hence,

〈∇uS,u〉 = −dS0

dt

∣∣∣∣
R

= −〈S,a〉. (2.139)

From (2.137) and (2.139) we then have

(∇uS)R = (〈S,a〉,0
)= (〈S,a〉u)

R
. (2.140)
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The desired covariant equation is thus

∇uS = 〈S,a〉u. (2.141)

Equation (2.136) is consistent with (2.141). Indeed from (2.141) we find

〈u,∇uS〉 = 〈S,a〉〈u,u〉 = −〈S,a〉 = −〈S,∇uu〉,
so that ∇u〈u,S〉 = 0.

2.10.2 Thomas Precession

For Minkowski spacetime (2.141) reduces to

Ṡ = 〈S, u̇〉u, (2.142)

where the dot means differentiation with respect to proper time. One can easily
derive the Thomas precession from this equation.

Let x(τ) denote the path of a particle. The instantaneous rest system (at time τ )
is obtained form the laboratory system via the special Lorentz transformation Λ(β),
where β = v/c and v the 3-velocity. With respect to this family of instantaneous rest
systems S has the form S = (0,S(t)), where t is the time in the laboratory frame.
We obtain the equation of motion for S(t) easily from (2.142). Since S is a four
vector, we have, in the laboratory frame, with standard notation of SR

S =
(

γβ · S,S + β
γ 2

γ + 1
β · S

)
. (2.143)

In addition,

u = (γ, γβ), u̇ = (γ̇ , γ̇β + γ β̇). (2.144)

Hence,

〈S, u̇〉 = −γ̇ γβ · S + (γ̇β + γ β̇) ·
(

S + β
γ 2

γ + 1
β · S

)

= γ

(
β̇ · S + γ 2

γ + 1
β̇ · ββ · S

)
. (2.145)

From (2.142) and (2.145) we then obtain

(γβ · S)· = γ 2
(

β̇ · S + γ 2

γ + 1
β̇ · ββ · S

)
,

(
S + β

γ 2

γ + 1
β · S

)·
= βγ 2

(
β̇ · S + γ 2

γ + 1
β̇ · ββ · S

)
.
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After some rearrangements, one finds

Ṡ = S × ωT , (2.146)

where ωT = γ−1
β2 β × β̇ . This is the well-known expression of the Thomas preces-

sion.

2.10.3 Fermi Transport

Definition Let γ (s), with s the proper time, be a timelike curve with tangent vector
u = γ̇ satisfying 〈u,u〉 = −1. The Fermi derivative F u of a vector field X along γ

is defined by

F uX = ∇uX − 〈X,a〉u + 〈X,u〉a, (2.147)

where a = ∇uu.

Since 〈S,u〉 = 0 we may write (2.141) in the form

F uS = 0. (2.148)

It is easy to show that the Fermi derivative (2.147) has the following important
properties:

1. F u = ∇u if γ is a geodesic;
2. F uu = 0;
3. If F uX = F uY = 0 for vector fields X,Y along γ , then 〈X,Y 〉 is constant along

γ ;
4. If 〈X,u〉 = 0 along γ , then

F uX = (∇uX)⊥. (2.149)

Here ⊥ denotes the projection perpendicular to u.

These properties show that the Fermi derivative is a natural generalization of ∇u.
We say that a vector field X is Fermi transported along γ if F γ̇ X = 0. Since this

equation is linear in X, Fermi transport defines (analogously to parallel transport) a
two parameter family of isomorphisms

τF
t,s : Tγ (s)(M) −→ Tγ (t)(M).

One can show that

F γ̇ X
(
γ (t)

)= d

ds

∣∣∣∣
s=t

τF
t,sX

(
γ (s)

)
.

The proof is similar to that of Theorem 15.1 in DG.
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As in the case of the covariant derivative (see DG, Sect. 15.4), the Fermi deriva-
tive can be extended to arbitrary tensor fields such that the following properties
hold:

1. F u transforms a tensor field of type (r, s) into another tensor field of the same
type;

2. F u commutes with contractions;
3. F u(S ⊗ T ) = (F uS) ⊗ T + S ⊗ (F uT );
4. F uf = df/ds, when f is a function;
5. τF

t,s induces linear isomorphisms

Tγ (s)(M)rs −→ Tγ (t)(M)rs .

We now consider the world line γ (τ) of an accelerated observer (τ is the proper
time). Let u = γ̇ and let {ei}, with i = 1,2,3, be an arbitrary orthonormal frame
along γ perpendicular to e0 := γ̇ = u. We then have

〈eμ, eν〉 = ημν,

where (ημν) = diag(−1,1,1,1). For the acceleration a := ∇uu it follows from
〈u,u〉 = −1 that 〈a,u〉 = 0. We set

ωij = 〈∇uei, ej 〉 = −ωji. (2.150)

If eμ = ημνeν and ω
j
i := 〈∇uei, e

j 〉, we have

∇uei = 〈∇uei, e
α
〉
eα

= −〈∇uei, u〉u + 〈∇uei, e
j
〉
ej

= 〈ei,∇uu〉u + ω
j
i ej ,

so that

∇uei = 〈ei, a〉u + ω
j
i ej . (2.151)

Adding a vanishing term, this can be rewritten as ∇uei = −〈ei, u〉a + 〈ei, a〉u +
ω

j
i ej .

Let

(
ω β

α

)=
(

0 0
0 ω

j
i

)

Then ∇ueα = −〈eα,u〉a + 〈eα, a〉u + ω
β

α eβ , since for α = 0 the right-hand side is
equal to −〈u,u〉a + 〈u,a〉u = a = ∇uu. Using (2.147) this can be written in the
form

F ueα = ω β
α eβ. (2.152)
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ω
β

α thus describes the deviation from Fermi transport. For a spinning top we have
F uS = 0 and 〈S,u〉 = 0. If we write S = Siei , then

0 = F uS = dSi

dτ
ei + SjF uej = dSi

dτ
ei + Sjω i

j ei,

hence,

dSi

dτ
= ω i

j Sj . (2.153)

Thus the top precesses relative to the frame {ei} with angular velocity Ω , where

ωij = εijkΩ
k. (2.154)

We may write (2.153) in three-dimensional vector notation

dS

dτ
= S × Ω. (2.155)

If the frame {ei} is Fermi transported along γ , then clearly Ω = 0. We shall evaluate
(2.150) for the angular velocity in a number of instances. A first example is given in
Sect. 2.10.5.

2.10.4 The Physical Difference Between Static and Stationary
Fields

We consider now an observer at rest in a stationary spacetime with timelike Killing
field K . The observer thus moves along an integral curve γ (τ) of K . His four-
velocity u is

u = (−〈K,K〉)−1/2
K. (2.156)

We now choose an orthonormal triad {ei} along γ which is Lie-transported

LKei = 0, (2.157)

for i = 1,2,3. Note that the ei remain perpendicular to K and hence to u. Indeed, it
follows from

0 = LKg(X,Y ) = K〈X,Y 〉 − 〈LKX,Y 〉 − 〈X,LKY 〉
that the orthogonality of the vector fields X and Y is preserved when LKX =
LKY = 0. Also note that K itself is Lie-transported: LKK = [K,K] = 0.

The {ei} can then be interpreted as “axes at rest” and define what one may call
a “Copernican system” (see Fig. 2.9). We are interested in the change of the spin
relative to this system. Our starting point is (2.150) or, making use of (2.156)

ωij = (−〈K,K〉)−1/2〈ej ,∇Kei〉. (2.158)
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Fig. 2.9 Spin precession in
stationary fields relative to a
“Copernican system”

Now

0 = T (K, ei) = ∇Kei − ∇ei
K − [K,ei],

and [K,ei] = LKei = 0. Hence (2.158) implies

ωij = (−〈K,K〉)−1/2〈ej ,∇ei
K〉 = (−〈K,K〉)−1/2∇K(ej , ei),

where K = K�. Since ωij is antisymmetric

ωij = −(−〈K,K〉)−1/2 1

2

(∇K(ei, ej ) − ∇K(ej , ei)
)

or, since any one-form ϕ satisfies ∇ϕ(X,Y ) − ∇ϕ(Y,X) = −dϕ(X,Y ), we have
also

ωij = 1

2

(−〈K,K〉)−1/2
dK(ei, ej ). (2.159)

We shall show below that

ωij = 0, if and only if K ∧ dK = 0. (2.160)

From this it follows that a Copernican system does not rotate if and only if the
stationary field is static.

The one-form ∗(K∧dK) can be regarded as a measure of the “absolute” rotation,
because the vector Ω = Ωkek can be expressed in the form

Ω = −1

2
〈K,K〉−1 ∗ (K ∧ dK), (2.161)

where Ω denotes the one-form corresponding to Ω .
It remains to derive Eq. (2.161). Let {θμ} denote the dual basis of {eμ}, e0 = u.

From well-known properties of the ∗-operation (see DG, Sect. 14.6.2), we have

θμ ∧ (K ∧ dK) = η
〈
θμ,∗(K ∧ dK)

〉
. (2.162)

Since K = −(−〈K,K〉)1/2θ0, the left hand side of (2.162) is equal to −(−〈K,

K〉)1/2θμ ∧ θ0 ∧ dK and vanishes for μ = 0. From (2.159) we conclude that

dK = (−〈K,K〉)1/2
ωij θ

i ∧ θj + terms containing θ0.
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Hence we have

θμ ∧ (K ∧ dK) =
{

0 if μ = 0,

〈K,K〉εij lΩ
lθk ∧ θ0 ∧ θi ∧ θj = −2〈K,K〉ηΩk if μ = k,

where we used θk ∧ θ0 ∧ θi ∧ θj = −εijkη. From this and (2.162) we get

(
θμ,∗(K ∧ dK)

)=
{

0 if μ = 0,

−2〈K,K〉Ωk if μ = k.

The left-hand side of this expression is equal to the contravariant components of
∗(K ∧ dK) and hence (2.161) follows. Obviously (2.161) implies (2.160).

2.10.5 Spin Rotation in a Stationary Field

The spin rotation relative to the Copernican system is given by (2.161). We now
write this in terms of adapted coordinates, with K = ∂/∂t and gμν independent of
t = x0. Then

K = g00 dt + g0i dxi,

dK = g00,k dxk ∧ dt + g0i,k dxk ∧ dxi,

K ∧ dK = (g00g0i,j − g0ig00,j ) dt ∧ dxj ∧ dxi + g0kg0i,j dxk ∧ dxj ∧ dxi.

From DG, Exercise 14.7, we then have

∗(K ∧ dK) = g2
00

(
g0i

g00

)
,j

∗ (dt ∧ dxj ∧ dxi
)+ g0kg0i,j ∗ (dxk ∧ dxj ∧ dxi

)

= g2
00√−g

εij l

(
g0i

g00

)
,j

×
[(

glk dxk + gl0 dx0)−
(

gl0 dx0 + gl0gk0

g00
dxk

)]
,

where we used ∗(dt ∧ dxj ∧ dxi) = η0jilglμ dxμ = − 1√−g
εjilglμ dxμ in the last

step. We thus obtain

Ω = −g00

2
√−g

εij l

(
g0i

g00

)
,j

(
glk − gl0gk0

g00

)
dxk (2.163)

and it follows immediately that

Ω = −g00

2
√−g

εij l

(
g0i

g00

)
,j

(
∂k − gk0

g00
∂0

)
. (2.164)
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Fig. 2.10 Adapted
coordinates for accelerated
observer

We shall later apply this equation to the field outside of a rotating star or black hole.
At sufficiently large distances we have

g00 � −1, gij � δij ,
g0k

g00
� 1,

and a good approximation to (2.164) is given by

Ω � 1

2
εijkg0i,j ∂k. (2.165)

Since ek
∼= ∂k , the gyroscope rotates relative to the Copernican frame with angular

velocity (in three dimensional notation)

Ω � −1

2
∇ × g, (2.166)

where g := (g01, g02, g03).
We have shown that in a stationary (but not static) field, a gyroscope rotates

relative to the Copernican system (relative to the “fixed stars”) with angular velocity
(2.164). In a weak field this can be approximated by (2.166). This means that the
rotation of a star drags along the local inertial system (Lense–Thirring effect). We
shall discuss possible experimental tests of this effect later.

2.10.6 Adapted Coordinate Systems for Accelerated Observers

We again consider the world line γ (τ) of an (accelerated) observer. Let u = γ̇ and
let {ei} be an arbitrary orthonormal frame along γ which is perpendicular to e0 = u.
As before, a = ∇uu. Now construct a local coordinate system as follows: at every
point on γ (τ) consider spacelike geodesics α(s) perpendicular to u, with proper
length s as affine parameter. Thus α(0) = γ (τ); let n = α̇(0)⊥u. In order to distin-
guish the various geodesics, we denote the geodesic through γ (τ) in the direction n

with affine parameter s by α(s,n, τ ) (see Fig. 2.10). We have

n =
(

∂

∂s

)
α(0,n,τ )

, 〈n,n〉 = 1. (2.167)
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Each point p ∈ M in the vicinity of the observer’s world line lies on precisely
one of these geodesics. If p = α(s,n, τ ) and n = nj ej we assign the following
coordinates to p (

x0(p), . . . , x3(p)
)= (

τ, sn1, sn2, sn3). (2.168)

This means

x0(α(s,n, τ )
)= τ

xj
(
α(s,n, τ )

)= snj = snj = s〈n, ej 〉.
(2.169)

Calculation of the Christoffel Symbols Along γ (τ)

Along the observer’s world line, we have by construction

∂

∂xα

∣∣∣∣
γ

= eα, (2.170)

and hence gαβ = 〈∂α, ∂β〉 = ηαβ along γ (τ). If Γ α
βγ denote the Christoffel symbols

relative to the tetrad {eα} (see DG, Sect. 15.7), then ∇ueα = ∇e0eα = Γ
β

0αeβ and
thus

〈eβ,∇ueα〉 = ηβγ Γ
γ

0α. (2.171)

In particular,

Γ 0
00 = −〈u,∇uu〉 = 0,

Γ
j

00 = 〈ej ,∇uu〉 = 〈ej , a〉 = aj ,

Γ 0
0j = −〈u,∇uej 〉 = 〈ej , a〉 = aj .

If we make use of ωij = 〈∇uei, ej 〉 = −ωji , introduced in (2.150), and the angular
velocity Ωi ,

ωjk = εijkΩ
i, (2.172)

then

Γ
j

0k = −εijkΩ
i. (2.173)

The remaining Christoffel symbols can be read off from the equation for the
geodesics s �−→ α(s,n, τ ). According to (2.169) the coordinates xμ for these
geodesics are x0(s) = const. and xj (s) = snj , hence d2xα/ds2 = 0. On the other
hand, the geodesics satisfy the equation

0 = d2xα

ds2
+ Γ α

βγ

dxβ

ds

dxγ

ds
= Γ α

jkn
jnk.
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Hence, along the observer’s world line γ we have

Γ α
jk = 0. (2.174)

The partial derivatives of the metric coefficients can be determined from the
Christoffel symbols. The general relation is

0 = gαβ;γ = gαβ,γ − Γ μ
αγ gμβ − Γ

μ
βγ gαμ.

If we substitute gαβ = ηαβ along γ (τ) and our previously derived results for the
Christoffel symbols, we find

gαβ,0 = 0, gik,l = 0,

g00,j = −2aj , g0j,k = −εjklΩ
l.

These relations, together with gαβ = ηαβ along γ (τ), imply that the metric near γ

is given by

g = −(1 + 2a · x)
(
dx0)2 − 2εjklx

kΩl dx0 dxj

+ δjk dxj dxk + O
(|x|2)dxα dxβ. (2.175)

From this we see that

1. The acceleration leads to the additional term

δg00 = −2a · x. (2.176)

2. Since the observer’s coordinates axes rotate (Ωi �= 0), the metric has the “non-
diagonal” term

g0j = −εjklx
kΩl = −(x × Ω)j . (2.177)

3. The lowest order corrections are not affected by the curvature. The curvature
shows itself in second order.

4. If a = ∇uu = 0 and Ω = 0 (no acceleration and no rotation) we have a local
inertial system along γ (τ).

2.10.7 Motion of a Test Body

Suppose that the observer, whose world line is γ (τ) (an astronaut in a capsule, for
example), observes a nearby freely falling body. This obeys the equation of motion

d2xα

dτ 2
+ Γ α

βγ

dxβ

dτ

dxγ

dτ
= 0.
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We now replace the proper time τ of the test body by the coordinate time t , using

d

dτ
=
(

dt

dτ

)
d

dt
=: γ d

dt
.

Since dxα/dτ = γ (1, dxk/dt), we obtain

d2xα

dt2
+ 1

γ

dγ

dt

dxα

dt
+ Γ α

βγ

dxβ

dt

dxγ

dt
= 0. (2.178)

For α = 0, this becomes

1

γ

dγ

dt
+ Γ 0

βγ

dxβ

dt

dxγ

dt
= 0.

Substitution of this into (2.178) for α = j gives

d2xj

dt2
+
(

−dxj

dt
Γ 0

βγ + Γ
j
βγ

)
dxβ

dt

dxγ

dt
= 0. (2.179)

We work this out relative to the coordinate system introduced above for small
velocities of the test body. To first order in vj = dxj/dt the equation of motion is

dvj

dt
− vjΓ 0

00 + Γ
j

00 + 2Γ
j

k0v
k = 0. (2.180)

Since the particle is falling in the vicinity of the observer, the spatial coordinates
(2.169) are small. To first order in xk and vk we have

dvj

dt
= vjΓ 0

00|x=0 − Γ
j

00|x=0 − xkΓ
j

00,k|x=0 − 2vkΓ
j

k0|x=0.

The Christoffel symbols along γ have already been determined. If we insert
these, we find

dvj

dt
= −aj − 2εjikΩ

ivk − xkΓ
j

00,k|x=0.

The quantity Γ
j

00,k is obtained from the Riemann tensor (see DG, Eq. (15.30))

Rα
βγ δ = Γ α

βδ,γ − Γ α
βγ,δ + Γ α

γμΓ
μ
βδ − Γ α

δμΓ
μ
βγ ,

so that

Γ
j

00,k = R
j

0k0 + Γ
j

0k,0 − Γ
j
kμΓ

μ
00 + Γ

j

0μΓ
μ
0k.

For x = 0, we have
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Γ
j

0k,0 = −εjkmΩm
,0,

Γ
j
kμΓ

μ
00 = 0,

Γ
j

0μΓ
μ
0k = Γ

j

00Γ
0
0k + Γ

j

0mΓ m
0k = ajak + εmjnΩ

nεkmlΩ
l.

Hence,

xkΓ
j

00,k = xk
(
R

j

0k0 − εjkmΩm
,0 + ajak + εmjnΩ

nεkmlΩ
l
)
.

Expressed in three-dimensional vector notation, we end up with

v̇ = −a(1 + a · x) − 2Ω × v − Ω × (Ω × x) − Ω̇ × x + f , (2.181)

where

f j := R
j

00kx
k. (2.182)

The first term in (2.181) is the usual “inertial acceleration”, including the rela-
tivistic correction (1 + a · x), which is a result of (2.176). The terms containing Ω

are well-known from classical mechanics. The force R
j

00kx
k is a consequence of the

inhomogeneity of the gravitational field.
If the frame {ei} is Fermi transported (Ω = 0), the Coriolis force (third term)

vanishes. If the observer is freely falling, then also a = 0 and only the tidal force
f j remains. This cannot be transformed away. The equation of motion for the test
body then becomes

d2xj

dt2
= −Rj

0k0x
k. (2.183)

We shall discuss this equation of geodesic deviation in more detail at the beginning
of the next chapter.

2.10.8 Exercises

Exercise 2.22 Carry out the rearrangements leading to the Thomas precession
(2.146).

Exercise 2.23 A non spherical body of mass density ρ in an inhomogeneous grav-
itational field experiences a torque which results in a time dependence of the spin
four vector. Suppose that the center of mass is freely falling along a geodesic with
four-velocity u. Show that S satisfies the equation of motion

∇uS
ρ = ηρβαμuμuσ uλtβνR

ν
σαλ,

where tβν is the “reduced quadrupole moment tensor”
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tij =
∫

ρ

(
xixj − 1

3
δij

)
d3x

in the rest frame of the center of mass and tαβuβ = 0. It is assumed that the Riemann
tensor is determined by an external field which is nearly constant over distances
comparable to the size of the test body.

Solution Perform the computation in the local comoving Lorentz frame of the cen-
ter of mass of the body. The center of mass is taken as the reference point of the
equation of geodesic deviation (2.183). The relative acceleration of a mass element
at position xi due to the tidal force is thus −Rj

0k0x
k . Therefore, the ith component

of the torque per unit volume is equal to −εilj x
lρRj

0k0x
k . The total torque, which

determines the time derivative of the intrinsic angular momentum, is the right hand
side of the equation

dSi

dt
= −εiljR

j
0k0

∫
ρxlxk d3x,

if the variation of Rj
0k0 over the body is neglected. Because of the symmetry prop-

erties of the expression in front of the integral, this equation is equivalent to

dSi

dt
= −εilj tlkR

j
0k0,

where tlk is the “reduced quadrupole tensor” in the exercise. The invariant tensor
version of this equation is just the equation to be derived.

Exercise 2.24 Show that

H = 1

2
gμν(πμ − eAμ)(πν − eAν)

is the Hamiltonian which describes the motion of a charged particle with charge e

in a gravitational field (πμ is the canonical momentum).

Exercise 2.25 (Maxwell equations in a static spacetime) Let g be a static space-
time. In adapted coordinates

g = −α2 dt2 + gik dxi dxk, (2.184)

where α (the lapse) and gik are independent of t . We introduce an orthonormal tetrad
of 1-forms: θ0 = α dt , {θi} an orthonormal triad for the spatial metric. Relative to
this basis we decompose the Faraday 2-form as in SR

F = E ∧ θ0 + B, (2.185)

where E is the electric 1-form E = Eiθ
i and B the magnetic 2-form B = 1

2Bij θ
i ∧

θj .

1. Show that the homogeneous Maxwell equation dF = 0 splits as
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dB = 0, d(αE) + ∂tB = 0, (2.186)

where d is the 3-dimensional (spatial) exterior derivative.
2. Show that

∗F = −H ∧ θ0 + D, (2.187)

where

H = ∗B, D = ∗E. (2.188)

The symbol ∗ denotes the Hodge dual for the spatial metric gik dxi dxk .
3. Decompose the current 1-form J as

J = ρθ0 + jkθ
k ≡ ρθ0 + j

and show that the inhomogeneous Maxwell equation δF = −J splits as

δE = 4πρ, δ(αB) = ∂ tE + 4παj, (2.189)

where δ is the spatial codifferential.
4. Deduce the continuity equation

∂tρ + δ(αj) = 0. (2.190)

2.11 General Relativistic Ideal Magnetohydrodynamics

General relativistic extensions of magnetohydrodynamics (MHD) play an important
role in relativistic astrophysics, for instance in accretion processes on black holes.
In this section we present the basic equations in the limit of infinite conductivity
(ideal MHD).

We consider a relativistic fluid with rest-mass density ρ0, energy-mass density ρ,
4-velocity uμ, and isotropic pressure p. The basic equations of ideal MHD are easy
to write down. First, we have the baryon conservation

∇μ

(
ρ0u

μ
)= 0. (2.191)

For a magnetized plasma the equations of motion are

∇νT
μν = 0, (2.192)

where the energy-stress tensor T μν is the sum of the matter (M) and the electromag-
netic (EM) parts:

T
μν
M = (ρ + p)uμuν + pgμν, (2.193)

T
μν
EM = 1

4π

(
Fμ

λF
νλ − 1

4
gμνFαβFαβ

)
. (2.194)
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In addition we have Maxwell’s equations

dF = 0, ∇νF
μν = 4πJμ. (2.195)

We adopt the ideal MHD approximation

iuF = 0, (2.196)

which expresses that the electric field vanishes in the rest frame of the fluid (infinite
conductivity). Then the inhomogeneous Maxwell equation provides the current 4-
vector Jμ.

As a consequence of (2.195) and (2.196) we obtain, with the help of Cartan’s
identity Lu = iu ◦ d + d ◦ iu,

LuF = 0,

i.e., that F is invariant under the plasma flow, implying flux conservation. The basic
equations imply that

∗F = B ∧ u, (2.197)

where B = iu ∗ F is the magnetic induction in the rest frame of the fluid (seen by
a comoving observer); see the solution of Exercise 2.26. Note that iuB = 0. Fur-
thermore, one can show (Exercise 2.26) that the electromagnetic part of the energy-
momentum tensor may be written in the form

T
μν
EM = 1

4π

[
1

2
‖B‖2gμν + ‖B‖2UμUν − BμBν

]
, (2.198)

with ‖B‖2 := BαBα .

2.11.1 Exercises

Exercise 2.26 Derive Eq. (2.197). Consider, more generally, for an arbitrary Fara-
day form F , the electric and magnetic fields measured by a comoving observer

E = −iuF, B = iu ∗ F, (2.199)

and show that

F = u ∧ E + ∗(u ∧ B). (2.200)

Solution The right hand side of (2.200) can be written with the help of the identity
(14.34) as

u ∧ E + ∗(u ∧ iu ∗ F) = u ∧ E − iu(F ∧ u) = F. (2.201)

Exercise 2.27 Derive Eq. (2.198).
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