Free Form Deformations or Deformations
Non-Constrained by Geometries or Topologies

Romain Raffin

Abstract Free-form deformations are widely used to model 3D objects. In these
methods “free-form” designates: “whatever the object is, whatever its description
and topology, we are able to deform if’. They limit the user interaction to pull
some points of an embedding rough mesh. From the user point-of-view, it does
not matter if the object manipulated is 3-dimensional, of 0-genus or a parametric
surface, he or she always uses the same process to model a complex object: load
an initial object from a library and deform it via FFD methods to follow his (her)
needs. A large number of deformation methods have been published, allowing new
deformations, new kinds of controls or enhancing the description of resulting objects.
In fact advantage of deformation non-constrained by geometries is also a drawback:
as it only manipulates points it could only result in points, so its necessary to use
and maintain the neighborhood (the topology) or the surface expression on a second
hand, as these methods do not care of object description.

1 Free-Form Deformations from the Beginning

The work of creating an object from an empty scene is quite tedious, first methods
of mesh manipulation [28, 31] highlight the future needs of user-oriented, efficient
modeling methods. They first deform an object from a single vertex, diffusing the
deformation on neighbors according to edges distance weights. The work of Barr [2]
initiates free-form deformation techniques. It permits to deform an existing object
globally (see Fig. 1), with mathematical functions (taper, bend, twist). Since it was
not a “vertex by vertex” displacement method it simplifies the creation process. This
method does not act on topology, keeping the neighbors as they were, with the edges
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Fig. 1 Barr [2] global deformations. a Initial object; b taper; ¢ bend; d twist

and faces (in a B-rep model) providing links between vertices. The deformation func-
tions are described by matrices, as transformations (rotate, scale, translate) and the
method allows composition and application of a stack of deformations, compliantly
with a CSG modeling environment.

As Barr methods are made to be applied globally, locality of a deformation is
obtained by the developer with conditional instructions, as this is not described by
the transformation matrices.

2 FFD: Free Form Deformation

The method created by Sederberg and Parry [37] tends to give a virtual sculpture
approach. In a global view the method considers the object to be deformed embedded
in a parallelepipedical grid (see Fig.2). Once the local coordinates of all vertices
of the object (the teapot in Fig.2) are expressed in the grid frame, pulling a grid
point transmits the deformation to the initial object by a simple re-expression of the
coordinates of the object in the world frame.

Authors described (in words) the process of FFD:

A good physical analogy for FFD is to consider a parallelpiped of clear, flexible plastic in

which is embedded an object, or several objects, which we wish to deform. The object is
imagined to also be flexible, so that it deforms along with the plastic that surrounds it.

More formally expressed, a FFD is a R®> — R3 application using a trivariate
product of Bernstein polynomials. First step is to define object vertices coordinates
in grid space. It needs an origin X and frame vectors: TS), T and 7 (in 3D space
but 2D or 4D adaptation can be made trivially).

Figure 3a shows the local frame and expression of local object coordinates (s, ¢
and u) of a point X, following:

— — — —
XoX=s5sS +tT +ulU

A way to compute (s, f, u) values is:
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Fig. 2 FrD deformation of a teapot. a Initial object and surrounding FFD mesh; b changes in mesh
configuration involve object deformation

(@ (b)

Fig. 3 FrFD schema. a FFD local associated frame; b FFD embedding mesh construction
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If a point X lies in the grid it verifies: 0 <s < 1,0 <f < 1 and 0 < u < 1. The
- = —

grid is cut in [, m, n parts according to S, 7 and U dimensions respectively. In

the example of Fig.3b, we defined a uniform/ = m = n = 3 grid.

Each vertex P;j; of the embedding grid is associated to a control point of a

. - = = . . .
parametric volume. In the frame (Xo, S, 7, U ), their locations are given by:

— =k
XoPijr=-8 + LT +-TUwithi €[0...1), j[0...m], k€[0...n]
m n

~ ~
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Fig. 4 Local FFD. a Initial object and local range grid; b deformation by a local grid

We can express the position of X in the grid frame (denoted X sr4) with these
control points, and weights given by Bernstein polynomial values:

1 m "
=3 (oo | S (oo [E()aor-n]
i=0 j=0 k=0

D

Computing local coordinates of each point of the initial object is made with for-
mulae (1) and attach the object’s points to control points of the grid. Local influence
of these control points is underlaid in the Bernstein polynomial weights. The more a
control point is close from an object vertex, the more it weighs in local coordinates
expression, and the more its displacement acts on point deformation. Conversely
control points influence all object vertices: even if an extreme control point is dis-
placed, the entire deformed object must be recomputed (an analogy is evident with
Bézier curve control points).

Initially the FFD method does not describe local deformation of an object, but
authors propose to use a restricted grid on the local part to be deformed (as illustrated
at Fig.4). Continuity between unmoved and deformed parts is not defined (kept as
initially), as the deformation continuity exists only in embedding grid. Attention
must be paid to not create stretched faces by displacing the whole local grid far from
the object, or twisting it until self-intersection.

2.1 FrD Properties

FFD method is interesting because:

1. It conserves the object visual aspect. Even though its topology is not managed
by the deformation, it is not possible to create or remove holes, even if inverting
exterior and interior can be possible.
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2. It mainly uses polyhedral B-rep object but one can use parametric object as
input to increase potential resulting shapes. If this object obey to control network
displacement, deforming such an object consists in deforming the control points
net. As it deforms a control net of an approximating parametric surface, the
deformation effect is then nothing but user-friendly.

3. Aninformation on the volume of the deformed part of the object can be computed
studying the jacobian of the FFD [37] and volume-preserving methods have been
published [17, 35].

To conclude, the FFD method is a rapid and user-friendly method to deform an
object. Locality can be obtained with a restricted embedding grid. As the method is
easy to implement, it is mainly used in a wide range of applications. An important
drawback is the parallelepiped shape of the grid with an influence zone of a deforma-
tion difficult to place, to localize on the initial object or to manipulate finely. Starting
from this, another methods have been implemented, modifying some steps or tools
of the process (grids shapes, coordinates functions, objects that can be deformed).

2.2 Extensions and Classifications of FFD

The initial method proposed par Sederberg [37] initiate a lot of extensions. In this
section, we propose to list some of them sorted by geometry dimension as these
methods lie on point “grid”, curves or volumes (like the initial FFD).

2.3 0-Dimensional Methods

First dimension listed, it involves the deformation tool to be a single point. Vertices
of the initial object are expressed regarding this frame by a simple distance value
(mostly euclidean). The methods of [3, 4, 18, 36] or [29] can be cited, an other
definition of local coordinates can be found in [30]. We will develop some of these
methods later in the document. Hsu et al. [18] propose a direct manipulation of the
initial mesh, hiding to the user the complexity of the embedding grid. The latter exists
but the model interacts with the grid diffusing the initial object point displacement
to the grid and computing the resulting deformation on the entire object. B-splines
basis functions are used to ensure local action and continuity. Coordinates of a point
in space are obtained by:

0
Gijk(st,w) =" D Pitl jtmktnBi(s)Bu(t)By(u) )

I,m,n=-3

As previously seen, local coordinates (s, ¢, ) are computed for each object point.
For one single object point displacement with relative distances it moves the grid
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Fig. 5 FrD direct manipulation [18]. a Initial object and deformation profile; b profile placement;
c¢ resulting deformation

of control points solving a least-square problem (LSQ). Denoting B the B-spline
coefficients matrix and P the control points matrix, this can be written as:

q=BP
Gnew New location of point g is given by (A P contains control point displacement):

Qnesz(P+AP)
=BP+ BAP
=g+ Aq with Ag = BAP

Then, finding AP is done by:

AP =B 'Aq
=BT Aq

B is the pseudo-inverse matrix of B, obtained with LSQ method. It may occurs
that the resulting control points configuration obtained decrease continuity by repeat-
ing control points, authors add a matrix characterizing control points self-dependence
that solves this problem.

The preceding method works well if one move two object points that not share the
same control point. In the contrary, solving the constraint equations can not be done,
and a way to overcome this problem is to refine the initial mesh. It involves more
B-splines description but permits to separate their influence zones. Figure 5 shows
a deformation obtained by direct manipulation of object points. A tool (profile) is
put on the object, once pushed it displaces some object points, updates grid points
location and results in the object deformation.

An other method: DFFD [9] stands for Dirichlet based Free-Form Deformation.
As the preceding method it hides the embedding grid, using Sibson coordinates [13]
to control the weights of points. The grid is based on a set of points and influence
zones obtained automatically by Voronoi diagram of these points. Once done, the
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other points of the objects are inserted in this spatial arrangement to compute their
locale coordinates. Computing the difference between the two Voronoi configurations
before and after point deformation permits to diffuse deformation to regions (sets of
object points). This method is more local than the classical FFD as a point acts on its
Delaunay-neighbors and support easily multiresolution objects. It has been applied
to hand movements in virtual environments [20, 30].

2.4 Dimension 1: Curves

Curves can define deformation tools, local parametrization is obtained by distances
computations (so it can raise problems if points are projected on the same site on
the curve). Two principal methods are detailed here: AXDF [26] and WIRES [38].
AXDF [26] main idea is to express local coordinates according a curvilinear axis.
Apart of this, the process is merely the same:

1. creation of an axis passing through the object,

2. expression of object coordinates in axis ones with projection from R space to R
curve parameter,

. axis transformation,

4. computation of object’s vertices new locations.

W

End-user interacts with the deformation by defining the axis and its modification.
It remains mandatory to keep a well defined sliding frame, whose displacement along
the axis is constrained (Frenet based [6, 7]) to avoid axis inversions (see Fig. 6).

To solve this continuity problem, authors use a minimization method [21]. One
can retrieve in AXDF deformations the results of classical ones: rotation, tor-
sion (see Fig.6b, c). An interesting contribution of the method is that it defines
an influence area that restricts deformation spatially and preserves continuity, as
on Fig.7c. Three zones are used with two radii R,,;, and R,,,.. In the first one (if
distance from the axis is less than R,,;;) the deformation is maximal. From R,,;, to
Ryax influence decreases as the distance increases. Beyond R, the deformation
vanishes (Fig. 7a).

The WIRES [38] method is similar to the latter. It deforms a curve in another curve
in space, with all the belonging geometries. Two parametric curves are defined by the
user: R(¢) lies on the object and W (¢) figures the destination of R(¢). For each point
P in space, if we can compute the distance || R(p,) — P|| we can assign a deformation
value at this point. Denoting p, the parameter that correspond to the projection of
P onto R(t), we have: ||R(p;) — P|| = min (|| R(¢) — P]|) (see Fig.9a). The value
of p, is obtained by solving the equation R’(¢) - (R(¢) — P) = 0. The deformation
manage the constraint linked to R(#) according to a deformation function f.

An additional parameter s is introduced, allowing to “pinch” the deformation
along its axis. It attracts or repulses the deformed points following their distances to
R(t) curve.



56 R. Raffin

(b) (©)

JT

Fig. 6 AXDF construction [26]. a Example of construction; b object to be deformed and AXDF
axis; ¢ result of axis transformation

(b) (o) :
L

Fig. 7 Influences’ radii of AXDF [26]. a Radii examples; b influence’s radii projected on a plane;
c effects of axis displacement

Curves shown at Fig. 8a—c illustrate the impact of different s values. The location
of a deformed point P from its initial position P (see Fig.9b) is now given by:

R(p,)— P
Py = R(p,;) + (P — R(py)) (1 FG-Df (w))

In the preceding equation r is a radius that creates an isotropic influence around
the curve R(¢). The path from R(t) curve to W(z) is discretized to a set of posi-
tions that preserves tangential continuity and assure the displacement constraint.

—_— —_—

Tangent R’(p,) is collinear to W’(p,) according to the f function. Translation
Tew = (W(pr) — R(pp) f (w) is then applied. The Py, image of P
by the deformation (see Fig.9d) is obtained by:

R(py) — P
Pdef =P+ W(pr) — R(P)).f (”(pr#)
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Fig. 8 WIRES deformations obtained by different values of s.as < 1;bs =1;¢cs5 > 1

P, is an intermediate image of P by the rotations « and 6 around the axis R(p,)
_ — ) . - =
and R'(p;) A W/(p,) (see Fig.9c), where 0 is the angle (R’(pr), W’(pr)) and

a = f(P).
One can see that if W/(p,) = R'(p,) the displacement is reduced to a single
translation.

2.5 Dimension 2: Surfacic Deformations

In the third stage of free-form deformations we will study surfacic deformation
tools [14, 22, 30]. We can include in this section the DFFD deformations [30] as they
use a neighborhood with the edges joining each vertex and describe a discrete mesh.
We develop herein the [14] method. If a parametric surface is used as a deformation
tool, a parametric surface S(u, v) must be defined and the projection of object’s
points on these surface gives the local coordinates in the tool space (as in AXDF
for curves). The H (u, v) surface (“height” surface) allows the modification of the
distance between point P and initial surface S(u, v) (see Fig. 10).
More formally, the deformation is expressed as follow:

e The two parametric surfaces that construct the deformation tool

mg Ny mp np

S, v) =D SijBik, W)Bjk, () and H(u,v) = D> SijBik,, u)Bj, ()

i=0 j=0 i=0 j=0
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Fig. 9 WIRES deformation schema. a Construction of R(p,); b construction of Py; ¢ construction

of

Pg; d deformation

Initially, Feng et al.[14] use B-spline surfaces with node constraints to fix borders
curves.
P(x, y, z) a point of the object to be deformed and P’ (x’, y’, z’) the projection of

P on S(u, v). With the normal ]V; of S at P/, P is:
, — —
P=P +hyNs=S8up,vp) +hpNgup,vp)

where h, is the distance from point P to surface S(u, v). The parameters u, and
v, are those of P’ on S. If we denote Py, the new position of P after surface
deformations of S and H in S, and Hp,,, respectively:

%
Prew = Snew(upa Vp) + Hnew(upa Vp)hp N}’MW(M]M Vp)

where I_V)new is the normal vector of S,,,,,. Figure 10 shows construction and defor-
mations process. This deformation is limited to vertical displacements of the sur-
face H.Its extension to other displacements will increase rapidly the computational
costs to minimize displacements.
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Fig. 10 Surfacic deformation [14]. a P’ projection of P; b deforming S, obtaining P,,,; ¢ config-
uration of S and H; d S displacement; e H modification; f deformation by S and H

2.6 Dimension 3: Volumes

“Last” tool type (as we can increase easily space dimension of the embedding grid),
volumic deformations were the initiators of free-form deformations. Most of works
defines new volumes [16, 20, 23, 27], grid construction to define a wide range of
tools [8], continuous definition of the deformation [1] or dynamic characterization
to animate objects [12]. We will first describe the method of [8] which composes
FFD meshes. We will also see [23] for a new embedding grid definition. Last, we will
present a method combining implicit objects and deformations [10].

2.6.1 EFFD

Any intuitive it can be, the FFD method is disadvantaged by its simplicity. The
construction of a complex object and the definition of a precise deformation are
difficult with a parallelepiped embedding grid. As an example, the Fig. 11 shows a
deformation applied on a sphere, the rectangular definition of the grid projection on
the spherical surface produces a non-isotropic deformation (Fig. 11a, b). Conversely,
a cylindrical grid definition would override this problem (see Fig. 11c, d).

EFFD is an extension of FFD (Extended Free-Form Deformation), described by
Coquillart [8]. The deformation process is kept but it can use non-prismatic grids
(see Figs. 11, 12) or a combination of grids. The usable meshes are more interesting
for the final user, but their complexity can lead challenges to manipulate them. As
the grid manipulate the embedded object, if some details are needed one can increase
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Fig. 11 Isotropy failure in FFD. a FFD parallepiped grid; b deformation result of this FFD; ¢ cylin-
drical grid; d deformation result (EFFD)

Fig. 12 Non-prismatic grids combination [8]. a EFFD mesh building; b resulting deformation

locally the grid density, but as joints between grids also manage continuity, a balance
must be found (it also increases computational cost).

A hard part of the EFFD process is to express the global coordinates of the embed-
ded object in the grid. It requires to found the chunk an object point lies in and to
obtain the local coordinates in the grid volume. Fortunately, the grid is defined by
Bézier tensor products and it is possible to use the control networks convex hulls.
Once the chunk is found authors use a Newton approximation to compute coordinates
in this local grid.



Free Form Deformations 61

(a) (b)

Fig. 13 EFFD deformation example [8]. a Initial mesh; b grid modification; ¢ resulting object

This method is a great improvement of initial FFD. It brings intuitive control,
various grid shapes and grids combinations that serve the user wishes. Figure 13
shows the ease of construction of a star obtained from a deformation applied on a
plane.

2.6.2 NFFD

To control locality of the deformation Lamousin and Waggenspack [23] propose to
use NURBS instead of Bézier volumes (NFFD method). The embedding grid is no
longer divided in a uniform way but can be refined in areas where the deformation is
important and kept rough where the user want only to conserve the initial object shape.
The process is based again on FFD, where the local expression of grid coordinates
is the only module that is modified. If the grid mesh V; j x = (xi j.k, Yi,j ks Zi j.k)
is used, a weight W; ;i is given to each vertex (initially 1). With u, v and w the
axis of the local coordinate system, and a, b and ¢ the divisions of these axis, it
gives (@ + 1) x (b+ 1) x (c+ 1) grid points that embed the initial object. B-splines
basis functions follow the rules:

2<p<a+l
2<m<b+1

2<n<c+1
Nodal vectors are expressed for each coordinates by:

U= up,...,ug) withg =a+2(p—1)
V=Wwy...,vy)withr =b+2(m—1)
W = (wg,...,ws) withs =c+2n—1)

These vectors are non-uniforms and the nodes multiplicity is equal to basis functions
order at extremities to ensure borders interpolation. As in EFFD method, a minimiza-
tion is necessary to obtain, once the cell of the Nurbs volume is determined, the local
coordinates of every object vertices.
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2.6.3 IFFD

This method is described in [11] and is based on the use of implicit volumes instead
of polyhedral ones for the embedding grid (in addition a more global method can be
found in [19], manipulating scalar fields). Here again, the main difficulty is raised
by the local coordinates computation, as the deformation tool can be defined with
n + 1 objects Py, ..., P, with for each P;:

e a local coordinates system and its associated function ¢; : R? — R3 that gives
for every point M in global space its coordinates M; in P; by M; = ¢i(M).
This function is reversible and bijective to ensure the return from local to global
coordinates M; = ¢>lfl (M),

e a transformation function A; : R3 — R3 that permits, in local space, to displace
M ; to M l/ ,

e adensity function F; : R> — R that gives the influence of the implicit primitive.
It is a decreasing function with finite support.

The process is the same as in FFD:

v v
X Mo M, x/
My | = M| : = M| : = M|y
Freezing ~ Deforming ~ Combining /
M, M/ Z

n

Influence functions balance displacements according to the following two formu-
lations:

e Globally,
> F(M)(M] — M)

M =M+
im0 Fi(M)

e Locally, a function I; : R — [0, 1] is added to implement deformation range. The
blending function f; is based on [10]:

3—4¢

> 0<t<3
fim=420-n%* L<r<1
0 else

with:
St ol (3 — F(M)) F(M)(M] — M)

F(M)

M =M+

where F(M) = >"_, F;(M)

Images of Fig. 14 show some deformations that can be obtained with IFFD.
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Fig. 14 IFrD: implicit free-form deformation examples [10]. a Grid translation; b translation result;
c grid rotation; d rotation result

2.7 FFD Conclusion

This short survey of FFD methods declination shows that these methods are intu-
itive, quite easy to implement and easy to use. The complexity of the inner object
to be deformed is hidden by the embedding grid. A drawback is due to user needs
to go further in the definition of complex grids. Since the grids definitions must
ensure that every vertex coordinates of the initial object can be expressed in the
grid space, the algorithmic complexity increases as costs of computational process
and can raise singularity situation. This has the opposite effect to that intended:
the user can not understand this complexity and leaves the method. Another draw-
back is however the lack of constrained deformations (by positions, continuity, etc).
We propose to study in the next section free-form deformations that permits this
constraints description.

3 nD-Deformation

The previous methods we have compared have in common a description of a deforma-
tion but without displacement constraint satisfaction, this prevents the user to easily
place objects relatively. Considering the numerous variations based on FFD methods
and the hardness to overcome polyhedral grids in 2 or 3 dimensions, Bechmann [3]
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3D

Fig. 15 nD-deformation schema for a 2D deformation

creates a more generic deformation model, named “nD-deformation” that express the
deformation whatever the space dimensions. In this system, deformations are con-
sidered as constraints satisfactions, initial object is embedded in a space that permits
to solve deformation constraints and then reprojected in three or four dimensions
(with 4D deformations one can construct animations by deformation of space-time).
Figure 15 presents the main principle of nD-deformation. An initial object is embed-
ded in a space where more freedom-degrees exists (an upper dimensional space), in
this space constraints solving is made easier and can be processed. Once achieved,
the object is projected in a 3D space, eventually by different projection methods that
result, for the same constraints solving system, in a set of matching resulting objects.

In the Fig. 15 the deformation is applied on object vertices, and is mathematically
described by a polynomial function f : R" — R™, with n = 2 the initial space
dimensions and m = 3 the embedding one. There is m degrees of freedom to solve
the deformation’s constraints and f defines locality controls on the deformation. 7 :
R™ — R" is a linear inverse projection, from the upper space R™ to the initial one.
The projection matrix corresponding to 7 is computed using pseudo-inverse methods
to satisfy constraints or least-squares ones to give approximate deformation. If the
space R™ is of sufficient high-order, user can also provides attracting or repulsing
constraints.

Formally, if we denote:

e O(xy,x2,x3,...,X,) apoint in space R”,
o AQ(Axy, Axp, Axz, ..., Axy) the displacement values of Q, with

AQ =d(Q) = (d(x1),d(x2),d(x3), ..., d(x,))"

If M is the projection matrix associated to 7', the deformation can be written as:

d(Q) =M.f(Q) 3)
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The deformation process is:

1. User gives r constraints C;,i € [1, r]inspace R" and their new positions. Authors
denote d(C;) = [d1(C}), d2(C}), ..., dy(C)]T the coordinates variation.
2. Matrix M is obtained by solving a system of n x r linear equations (each constraint
raises n equations):
d(Ci) =M.f(Ci) Viellr] 4)

3. Once M computed, the displacement d(Q) of a point Q in the initial space is
given by:
d(Q)=M.f(Q)

If we consider each line M; of M separately (with j a coordinate in R"), we can
solve the lines of M independently:

di(Ci)) = M;.f(C)= f1(C).M, Viell,rland; €[l,n]

For the j th coordinate, the set of constraints gives:

d;j(Cy) f;(Cl)
d;(C C

- /(12) ) f(:2) I 5
d;(Cy) £1(Cy)

with:
f1(C1) ... fiu(CY)
X — .

fl(Cr) . fm(Cr)

We can now aggregate these results to construct the matrix M:

d;j(Cy)
T — x-1 dj(C2)
i .

d;j(Cr)

One difficulty is to find the values for inverse matrix X —1 because of its size r x m.
This matrix is generally non-invertible. This led three cases:

e If m > r there is more unknown factors than equations, an infinity of solutions
can be computed whatever the rank of matrix X, each of them satisfying the
deformation constraints,

e If m = r and rank of X is r, there is only one solution, the set of constraints defines
fully the deformation,
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Fig. 16 4D deformation [3] of a circle

e If m < r no solution can be found, one can use approximation method to find a
“best-satisfying” solution according to the constraints.

The preceding list shows that it is necessary to use a value of m that is greater than
(or at least equal to) the constraints number. Authors [3] use a pseudo-inverse matrix
and a numerical method [5].

The initial 3D geometrical space can be extended to a 4D one that describe space-
time deformations and animations. Figure 16 shows a deformation of a circle defined
at initial time (up) and solved at end time (right down). Intermediate times explores
the set of transitional shapes from the initial one to the deformed one.

The function f is chosen to preserve deformed (and resulting) object continuity.
To obtain independent columns r of X, the f components must also be composed
of non-linear combinations of the n coordinates. They can be point-oriented with m
sub-functions, or axis-oriented with a tensor product of n vectors, or a mix between
these two definitions. Basis formulation of f with m sub-functions is:

F(Q) = (fi(Q), [2(Q),.... fm(Q))
The f; functions are defined as f; : R" — R for i € [1, m]. If we only use points as

constraints, the deformation is defined in R”. Each component f; of f is a product
of n values:

() = f ) A . ()

With fl.j ‘R — Rfori € [lI,m]and j € [1, n]. We can then write f as:

F@ = 7 with 7= (] G Sl )



Free Form Deformations 67

Each function can be managed separately and gives availability to specialize the
deformation on a specific axis, for example to favor a direction or a temporal axis.
f would be a tensor product of functions f k k € [1, n] defined from R”* into uy if:

YU eR", f(U) =) fHu) with f*: R — R
k=1

The dimension of the deformed objectis thenm = [];_, px and we could compute
the component of f(U) by:

n
Vjellml fiW) =[] £X; 0@ with 1 <5, k) < pe
k=1

If m = r and B-spline basis functions are used for f;, we obtain the method
SCODEF developed by [4] and presented hereafter.

3.1 SCODEF

Basing their works on the preceding method, Borrel [4] introduces a radius of influ-
ence for each constraint: it is the SCODEF model (Simple Constrained Deformation).
As previously seen, it permits to fix the dimension value of R™ as the constraints
number, facilitating constraint solving and hiding the embedding process (even it is
always done). In the SCODEF model defined from R” to R” we have:

n the dimension of the space,

r the number of constraints,

C; the initial position of point,

D, the point displacement in the deformed space,

R; the influence radius associated with the C; constraint,
/i the deformation function linked to C;.

The deformation is point-oriented, its formulation is the same than Eq. 3, it says that:

d(Q) =D M;.fi(Q) 6)

i=1

This can be rewritten with the addition of spherical influences. Each f; function
gives the contribution of the ith constraint to the displacement d(Q) of a point Q. It
is a scalar function that depends on each C; constraint with its radius R;:

o (le—cil
fi(Q)—B,(—Ri )
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Where B; is a B-spline basis function, centered at 0 and decreasing to value O in 1.
If we denote U;(Q) = ||Q — Ci|l/R; and f;(Q) = B;(U;(Q)) we can con-
sider U;(Q) as a local parametrization of Q coordinates in C; constraint influence.
The value f(0) = 1 ensure constraint satisfaction. In a similar vein, the zero value of
the function after passing 1 cancel the deformation outside the range of the influence
radius. As in the Eq.5 we can write for the jth coordinate:

Dyj f;(cl)
Dy C

dj(Ci) = D;j = :21 = / ( ? M} =Xx-M]
ij fT(Cr)

Following the definition, a constraint C; influences a point Q if the distance
IC; — Q|| is lower than the constraint radius R;: ||C; — Q]| < R;. Three situations
must be evaluated:

e First case, the constraints are disjoints, the influence hull of each constraint does
not overlap an other one (see Fig. 17). Influence of each constraint is isotropic.
This mean for the constraint C;:

ICi —Cyll o ifi=j
Ujcy == =0
j 1 ifi#j

As fi(C)) = f(U;(Cy)) = §;j this gives f(C;) = (0,..., 1 0T As M;
rank i

is the ith vector of M, D; = d(C;) = (My, ..., M,).f(C;) = M;. This column

is also the displacement d(C;) of constraint C;. Based on Eq. 6 we have:

00 ZB (IIQ cn) ,

When the constraints are disjoints the displacement of a point Q is the weighted
average of the displacements of the constraints it is under influence. This weight
of a constraint C; is inversely proportional to the distance || Q — C; ||,

e Second case, the constraints are disjoints but there is an overlapping influence.
A point Q will be under control of all of these constraints if it lies inside the
overlapping area. It does not compromise the computation of matrix M and can
be treated by the first case,

e If two constraints self-influence each other, their radii and centers are overlapping,
this situation raises vectors dependance problem for the matrix M (see Fig. 18).
If we take an example with two constraints, and identical radius and deformation
function, i.e. Ry = Ry and f1(C) = f»(Cy) = «:
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@, o, M ©

1 dC,

-'.1 7
fo -

Fig. 17 Disjoints constraints in SCODEF method. a Constraints configuration; b showing associated
functions; ¢ deforming a line by these 2 constraints

<aa>ﬂa»=M(“ﬁ

ol
It implies:

o —

M = 1_a2d(C2) and M, = — 2

d(Cy) —

d(Cy) +

d(C2)

1 —a? 1 —o?

In the worst case d(C1) = —d(C3), that gives:

1
T

And finally the displacement of a point Q is given by:

d(Cy)
l—«

d(Q) = (f/1(Q) — f2(Q))

As much as the distance between the constraints decreases, i.e. @ — 1, displace-
ment vanishes, i.e. d(Q) — oo. The deformation raises a singularity, named as
“Space-tearing” in [4].

To solve the “Space-tearing” problem, authors propose to add another influence
radius for each constraint, and it looks like a constraint duplication (see Fig. 18d).
The larger radius permits to define the constraint influence on space, the smaller one
manage the co-influences between constraints. In the preceding example, if Cip;g
is the new constraint, duplicated from Ci, we have f1(Cipis) = 1, £2(Cipis) = «,
fipis(C1) = 1 and f1pis(C2) = 0, that gives for calculations of f:

lal
f=1al0
lal

This matrix can be inverted by the same method we see in [3], a large number of
solutions can be found varying the smaller radius of influence.
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(a)D1 D,

V)

(d)

Fig. 18 Non-disjoints constraints. a Constraints; b Functions; ¢ /ine deformation; d constraint
duplication avoids SCODEF singularity

3.1.1 Extensions of the SCODEF Model

Extensions of the SCODEF model with geometric tools to handle the deformation have
been made by [24, 32, 34] to form “Extended-SCODEF”. Authors propose a generic
expression of SCODEF model. They add new functions definitions, to vary the pinch of
the object part deformed. As another extension of the deformation function, authors
propose to consider the displacement to be curvilinear. The example of Fig. 19a
presents a Bézier curve to construct the deformation path from the constraint point
C to the displacement constraint d(C).
The deformation is then expressed by:

T (d(Q)) = T(ZMifi(Q))

i=1

Where T is a transformation of the deformation according to curve displacement.
To prevent twisted curve authors use a sliding Frenet-frame along the displacement
curve (see Fig. 19). This approach is quite near of sweeping techniques (see [39]).
They use this formal expression to complete influence hull’s definition and to
permit non-isotropic influences, Raffin et al. [32] use star-shaped shapes as a proof
of concept. As the center of this shape is always defined and interior, the computations
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(a) (b)

(© (d)

Fig. 19 Avoiding stretching in a curvilinear displacement. a Curvilinear displacement using a
Bézier curve. By ... B3 are the control points of the parametric curve; b frenet sliding frame;
¢ initial method; d frenet based curvilinear construction

of relatives distances is possible and extended-scodef can be applied. They also work
with polyhedral or implicit hulls.

Another important add is the use of curvilinear constraints (see Fig.21). As in
WIRES’s method, user can describe a curve to specify the trace of the deformation on
the object’s surface, taking into account of some neighboring points with influence
hull, and associated displacement (or curvilinear path [25, 33]). This method is more
user-friendly, as one can easily see the relation between deformation functions and
deformed object pinch, influence hull with object’s part deformed, etc.
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ac

(a) (b) (c) (@)

Fig.20 Complex deformation with a non-isotropic hull. a Initial plane and constraint; b curvilinear
displacement and spherical hull; ¢ same displacement and star-shaped hull; d resulting deformed
object

Fig. 21 Skeleton based constraint definition

4 Conclusion

All of the methods we have seen expect to deform objects of arbitrary topologies
or geometries. We do not pretend to be exhaustive in this paper, as dozens of other
methods and implementations exist. They are commonly used because they provide
easy ways to control a deformation by giving access to a rough mesh that embeds the
object and diffuse the grid displacement to some object’s points lying in the same
zone. This zone can be defined by parallelepiped mesh, spherical ones, compositions,
vertices’s distances, . . . and first initialized with the bounding box of the object. The
user can handle a set of intuitive tools to control influence range of a constraint (and
its shape), to describe a path of deformation the constraint will follow, or manage the
pitch of the deformed part like he (or she) would do with plasticine. We saw defor-
mations with freedom in deformed object and others with displacement constraint
satisfaction. Nevertheless, the methods presented here are non reversibles and do not
provide a way to recover the initial object from the deformed one (apart of saving
initial object obviously). Some works have also been made with the construction of
a deformation tree, that allow modifying, suppressing or moving a deformation, but
in case of close but non-dependent constraints maintaining that kind of construction
tree is not trivial (need to separate deformations influences).

Next things to be done on FFD related deformations is to take into account distance
on surface (geodesic) or mesh. Free-form deformations of surfaces is still difficult
as the user manipulate a grid that embeds the control points network of the surface.
This gives two level of abstractions for the manipulation of the initial surface and
its not “natural”. As subdivision surfaces can express simultaneously discrete mesh
and parametric surface in a single definition, [27] initiate free-form deformation on
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surfaces. The main problem of singularity is persistent, as the deformation is based
on constraints satisfaction with linear solving (to express vertex in local grid or
to ensure displacements), if the constraints are close the system becomes unstable
or its computational cost rapidly increases [15]. A very promising way for point-
based methods, without location constraints, has started with “cage-deformations”
methods.
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