Multipole Expansion Method
in Micromechanics of Composites

Volodymyr 1. Kushch

Introduction

In scientific literature, the Multipole Expansion Method is associated with a group
of techniques and algorithms designed to study behavior of large scale collections
of interacting objects of various nature, from atoms and molecules up to stars and
galaxies. Analytical in nature, this method provides a theoretical basis of very effi-
cient (e.g., [18]) computer codes and found numerous applications in cosmology,
physics, chemistry, engineering, statistics, etc. This list includes also mechanics of
heterogeneous solids and fluid suspensions, where a certain progress is observed in
development of the multipole expansion based theories and applications.

The author’s opinion is, however, that importance of this method for the micro-
mechanics of composites is underestimated and its potential in the area is still not
fully discovered. The contemporary studies on composites are still often based on
the single inclusion model even if this is inappropriate in the problem under study.
As known, the single inclusion-based theories provide O(c) estimate of effective
properties, ¢ being the volume content of inclusions, so their application is justified
to the composites with low ¢ only. In order to get the next, O(c?) virial expansion
term of the effective property, the pair interaction effect must be taken into account
by means of the two-inclusion model (e.g., [26]). Further accuracy improvement
requires the model with several interacting inclusions to be considered. The multi-
pole expansion is an efficient tool for studying, from the multiple inclusion models,
the effects caused by micro structure on the local fields and effective properties being
the central problem of the science of composites.

It should be mentioned that some diversity exists in literature in using the words
“multipole” and “multipole expansion”. The idea of multipoles is traced back to
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Maxwell [57] who defined them as the complex point charges and studied the
relationship between the potential fields of multipoles and spherical harmonics.
To avoid confusing, the notions “multipole” (point source), “multipole field” (poten-
tial) and “multipole moment” (strength) should be clearly distinguished. Among sev-
eral available in literature definitions, the most general one, probably,
is [25]:

“...A multipole expansion is a series expansion of the effect produced by a
given system in terms of an expansion parameter which becomes small as the
distance away from the system increases”.

The basis functions and the expansion coefficients are referred as the potential
fields and moments (strengths) of multipoles, respectively. What is important, this
definition imposes no restrictions on the basis functions and, in what follows, we
accept it.

By tradition, we call the method exposed in this Chapter the Multipole Expan-
sion Method (MEM) despite the fact that multipole expansion is only a part of
solution procedure. The basic idea of the method consists in reducing the boundary
value problem stated on the piece-homogeneous domain to the ordinary system of
linear algebraic equations. In so doing, a considerable analytical effort involving
the mathematical physics and theory of special functions is required. This effort is
quite rewarding, in view of the obtained this way remarkably simple and efficient
computational algorithms.

MEM is essentially the series method, where the partial solutions of differential
equation obtained by separation of variables in an appropriate coordinate system
constitute a countable set of basis functions. The specific curvilinear coordinate
system is dictated by the inclusion shape and introduced in a way that the matrix-
inclusion interface coincides with the coordinate surface. An important for our study
feature of the basis functions is that at this coordinate surface they form a full and
orthogonal set of surface harmonics and thus provide an efficient way of fulfilling
the interface boundary conditions.

In this Chapter, we review the work done for the scalar (conductivity) and vec-
torial (linear elasticity) problems. Two matrix type composites under study are (a)
particulate composites with spherical and spheroidal inclusions and (b) unidirec-
tional fibrous composite materials with circular and elliptic (in cross-section) fibers.
The isotropic as well as anisotropic properties of constituents are considered. The
review is structured as follows.

The homogenization problem, in particular, the rational way of introducing the
macro parameters and effective properties of composite is briefly discussed in Sect. 1.
The general formulas for the macroscopic flux vector and stress tensor are derived
in terms of corresponding average gradient fields and dipole moments (stresslets) of
the disturbance fields, i.e., in the form most appropriate for the multipole expansion
approach.
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In Sect.2, we consider the Multipole Expansion Method in application to con-
ductivity of composite with spherical inclusions as the most widely used and
traditionally associated with multipoles geometry. This problem is well explored
and we revisit it with aim to demonstrate the basic technique of the method
and discuss the principal moments. In the subsequent Sections, the Multipole
Expansion Method is applied to the elasticity problem as well as expanded on
the composites with more complicated geometry of inclusions and properties of
constituents.

All the Sections are structured uniformly, in accordance with the MEM solution
flow. We begin with the problem for a single inclusion, immersed in non-uniform
far field. These results, on the one hand, provide a necessary background for the
subsequent study. On the other hand, they can be viewed as the generalized Eshelby’s
model expanded on the case of non-uniform far load—but still readily implanted in
that or another self-consistent scheme.

Next, the Finite Cluster Model (FCM) is considered. To obtain an accurate solu-
tion of the multiple inclusion problem, the above solution for a single inclusion
is combined with the superposition principle and the re-expansion formulas for a
given geometry of inclusion. These results constitute the intermediate, second step
of the method and will be further developed in order to obtain the full-featured
model of composite. At the same time, this model can be viewed as the gen-
eralized Maxwell’s model, where the particle-particle interactions are taken into
account.

Then, the Representative Unit Cell (RUC) model of composite is studied. Here,
the periodic solutions and corresponding lattice sums are introduced. A complete
solution of the model provides a detailed analysis of the local fields, their ana-
Iytical integration gives the exact, only dipole moments containing expressions
of the effective conductivity and elasticity tensors.This model can be viewed as
the generalized Rayleigh’s model expanded on the general type geometry (both
regular and random) of composite, with an adequate account for the interaction
effects.

1 Homogenization Problem

The homogenization problem is in the focus of the composite mechanics for the
last 50years. The various aspects of this problem including (a) structure levels, (c)
representative volume element (RVE) size and shape, (b) way of introducing the
macro parameters and effective properties of composite, etc., were widely discussed
in several books and thousands of papers. Our aim is more limited and specific: here,
we will discuss how the multipole expansion solutions apply to the homogenization
problem.
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1.1 Conductivity

1.1.1 Definition of Macroscopic Quantities: Volume Versus
Surface Averaging

The macroscopic, or effective, conductivity tensor A* = {)\l*]} is defined by the
Fourier law:

(q) = =A™ - (VT). (1.1)

In(1.1), (VT) and (q) are the macroscopic temperature gradient and heat flux vector,
respectively. Their introduction is not as self-obvious and the researchers are not
unanimous in this matter. In most publications, (VT') and (q) are taken as the volume-
averaged values of corresponding local fields:

1 1
(VT) = V/erdv, (q) = V/quv, (1.2)

where V is a volume of the representative volume element (RVE) of composite solid.
For the matrix type composite we consider, V = z(l;;o V4, V4 being the volume
of gth inclusion and Vjy being the matrix volume inside RVE. An alternate, surface
averaging-based definition of the macroscopic conductivity parameters is [90]:

1 1
(VT) = V/SO TndS, (q)= v N (q-n)rdsSs. (1.3)

Itis instructive to compare these two definitions. We employ the gradient theorem
[64] to write

N
1 / 1 / 1
— [ vrav=— [ TOnds+—> / 7@ — 7O)ngs, (1.4)
V 174 V SO Vq=1 Sq ( )

where S is the surface of V,;, Sp is the outer surface of RVE and n is the unit normal
vector. As seen from (1.4), the compared formulas coincide only if temperature is
continuous (T(O) = T(q)) at the interface. Noteworthy, (1.3) holds true for com-
posites with imperfect interfaces whereas (1.2) obviously not. On order to compare
two definitions of (q), we employ the identity q = V - (q ® r) and the divergence
theorem [64] to get

n %Z/S [(q“ -n) — (q@ - n)]rds.



Multipole Expansion Method in Micromechanics of Composites 101

Again, two definitions coincide only if the normal flux g, = q - n is continuous
across the interface—and again Eq. (1.3) holds true for composites with imperfect
interfaces.

Thus, (1.2) is valid only for the composites with perfect thermal contact between
the constituents. The definition (1.3) is advantageous at least in the following aspects:

e Itinvolves only the observable quantities—temperature and flux—at the surface of
composite specimen. In essence, we consider RVE as a “black box” whose interior
structure may affect numerical values of the macro parameters—but not the way
they were introduced.

e This definition is valid for composites with arbitrary interior microstructure and
arbitrary (not necessarily perfect) interface bonding degree as well as for porous
and cracked solids.

e Numerical simulation becomes quite similar to (and reproducible in) the exper-
imental tests where we apply the temperature drop (voltage, etc.) to the surface
of specimen and measure the heat flux (current, etc.) passing the surface. Macro-
scopic conductivity of composite is then found as the output-to-input ratio. In
so doing, we have no need to study interior microstructure of composite and/or
perform volume averaging of the local fields.

1.1.2 Formula for Macroscopic Flux

Now, we derive the formula, particularly useful for the effective conductivity study
by the Multipole Expansion Method. We start with the generalized Green’s theorem

/( Lv — vLu)dV / LR O (1.5)
- = e .
, ulLv u S uaM oM ,
where
- 0%u ou - Ou
Lu = i = iini—. 1.
u HZZIA, oor, oM ,»,Z:lmj e (1.6)

In our context, m = 2 or 3. Physical meaning of the differential operators (1.6) is
clear from the formulas

Lu=V-(A-Vu)=-V-qu); 88—;4 =(A-Vu) -n=—q,u). (1.7)

We apply Egs. (1.5) and (1.7) to the matrix part (V) of RVE: with no loss in generality,
we assume the outer boundary of RVE S entirely belonging to the matrix. In new
notations,
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/ [TOV.q(T") = T'V-q(T?)]dV

N
— Z/ [TQg,(T") — T'qa(TP)]ds, (1.8)

where 7' is an actual temperature field in matrix phase of composite and 7" is a trail
temperature field obeying, as well as T(?, the energy conservation law V-q (T) = 0
in every point of Vj. Therefore, the volume integral in the left hand side of (1.8) is
identically zero.

In the right hand side of (1.8), we take T’ = x; and multiply by the Cartesian
unit vector ix to get

N
Z/ [T©Ao -0+ g, (TP)r]ds =0,
4=0"%

where r = xi is the radius-vector and n = ni; is the unit normal vector to the
surface S,. In view of g, (T?) = q (T?) - n and (1.3), we come to the formula

1 N
(@ =—Ao- (T} + 5, ; / [T () Orlas. (9

where we denote g, (r) = g, (x)ix.
This formula is remarkable in several aspects.

e First, and most important, this equation together with (1.1) provide evaluation of
the effective conductivity tensor of composite solid. Using RUC as the represen-
tative volume enables further simplification of Eq. (1.9).

e In derivation, no constraints were imposed on the shape of inclusions and inter-
face conditions. Therefore, (1.9) is valid for the composite with anisotropic con-
stituents and arbitrary matrix-to-inclusion interface shape, structure and bonding
type.

e Integrals in (1.9) involve only the matrix phase temperature field, 7. Moreover,
these integrals are identically zero for all but dipole term in the 7© multipole
expansion in a vicinity of each inclusion and, in fact, represent contribution of
these inclusions to the overall conductivity tensor.

e In the Multipole Expansion Method, where temperature in the matrix is initially
taken in the form of multipole expansion, an analytical integration in (1.9) is
straightforward and yields the exact, finite form expressions for the effective
properties.
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1.2 Elasticity

The fourth rank effective elastic stiffness tensor C* = {C};,} is defined by
(o) =C*: (), (1.10)

where the macroscopic strain (¢) and stress (o) tensors are conventionally defined
as volume-averaged quantities:

1 1
(e) = V/VEdV’ (o) = V/VUdV. (1.11)

This definition is valid for the composites with perfect mechanical bonding—and
fails completely for the composites with imperfect interfaces. Also, this definition is
“conditionally” correct for the porous and cracked solids.

Analogous to (1.3) surface averaging-based definition of the macroscopic strain
and stress tensors [4]

1
:ﬁ So(n®u+u®n)dS; <0>:V Sor®(a~n)dS; (1.12)

(e)

resolves the problem. In the case of perfect interfaces, this definition agrees with the
conventional one, (1.11). This result is known in elastostatics as the mean strain the-
orem (e.g., [20]). Also, it follows from the mean stress theorem [20] that the volume
averaged (o) in (1.11) is consistent with (1.12) in the case of perfect mechanical
contact between the matrix and inclusions. What is important for us, (1.12) holds
true for the composites with imperfect interfaces (e.g., [11]).

1.2.1 Formula for Macroscopic Stress

The Betti’s reciprocal theorem [20] written for the matrix domain V{y of RVE states
that the equality

N
Z/ [T, @) ' —T,@) u@]as =0
=075

is valid for any displacement vector u’ obeying the equilibrium equation
V - (C:Vu) = 0. Following [44], we take it in the form ul/.j = i;z;. The dot

product T, u®)y. u;i = al.(lo)nla: ; and, by definition (1.12),

/ T, ) uj,dS =V (o).
So
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On the other hand,
_ 0 _
Tn(ul/‘j) u? = Okl (u;]’)nluk = Ci(jlzlnluk ;

comparison with (1.12) gives us
L 1) u®ds = )
v /s n(u;;) - u = Cijus (exa) -
0

Thus, we come out with the formula
|
0
(oi) = Cloytew) + v Z/S [T, @) uf; — T,u)) - u®@]ds  (1.13)
g=1""4

consistent with [74].
The Eq.(1.13) is the counterpart of (1.9) in the elasticity theory and everything
said above with regard to (1.9) holds true for (1.13).

e This formula is valid for the composite with arbitrary (a) shape of disperse phase,
(b) anisotropy of elastic properties of constituents and (c) interface bonding type.

e Together with (1.10), (1.13) enables evaluation of the effective stiffness tensor of
composite provided the local displacement field u?) is known/found in some way.

e An yet another remarkable property of this formula consists in that the integral it
involves (stresslet, in [74] terminology) is non-zero only for the dipole term in the
vector multipole expansion of u(®.

2 Composite with Spherical Inclusions: Conductivity
Problem

The multipoles are usually associated with the spherical geometry, and the most work
in the multipoles theory have been done for this case. In particular, the conductiv-
ity problem for a composite with spherical inclusions has received much attention
starting from the pioneering works of Maxwell [57] and Rayleigh [73]. Now, this
problem has been thoroughly studied and we revisit it to illustrate the basic technique
of the method. To be specific, we consider thermal conductivity of composite. These
results apply also to the mathematically equivalent physical phenomena (electric
conductivity, diffusion, magnetic permeability, etc.).
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2.1 Background Theory

2.1.1 Spherical Harmonics
The spherical coordinates (r, 6, ¢) relate the Cartesian coordinates (x1, z2, x3) by

x] +iry =rsinfexp(ip), z3=rcosf (r>0,0<6<m 0=<¢p <?2m).
@2.1)

Separation of variables in Laplace equation
AT(r)=0 2.2)

in spherical coordinates gives us a set of partial (“normal”, in Hobson’s [23] termi-
nology) solutions of the form

r'Pf(cos0) exp(isp) (—oo <t <00, —t<s<t) (2.3)

referred [57] as scalar solid spherical harmonics of degree t and order s. Here, P are
the associate Legendre’s functions of first kind [23]. With regard to the asymptotic
behavior, the whole set (2.3) is divided into two subsets: regular (infinitely growing
with r — 00) and singular (tending to zero with r — o0) functions. We denote them
separately as

r! (r—9)!

y® =@ e Xm=—mmxi@e) 20,050, @4

respectively. In (2.4), x7 are the scalar surface spherical harmonics
X; (0, ) = P} (cos b)) exp(isy). (2.5)
They possess the orthogonality property

1 s T ga b @+
g/SXz X dS = QrsOrkOst, Qs = 2t——|—1(t——s)" (2.6)

where integral is taken over the spherical surface S; over bar means complex con-

jugate and ¢;; is the Kronecker’s delta. Adopted in (2.4) normalization is aimed to
simplify the algebra [29, 71]: so, we have

Y () = (=D’yi(r), Y7 (r) = (=1)*Y(r). 2.7)

‘We mention also the differentiation rule [23]:
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Diy; =y}, Dayi =—yt|, Dyl =y o8
DY} =Y, Da¥f ==Y, Ds¥p=—vi; '
or, in the compact form,
1
(D2)* (D3)'™* (;) = (=D'r () (2.9)

where D; are the differential operators

0 0 — 0 0 0
Di={——-1— Dy=Di=—+1— Dy = —. 2.10
1 ( i ) 2 1 (83:1 +18:c2)’ 3 B3 (2.10)

These operators can be viewed as the directional derivatives along the complex
Cartesian unit vectors e; defined as

e = (i +ii1)/2,e2 = €1, e3 = 1i3. (2.11)

2.1.2 Spherical Harmonics Versus Multipole Potentials

Maxwell [57] has discovered the relationship between the solid spherical harmonics
(2.7) and the potential fields of multipoles. So, the potential surrounding a point
charge (being a singular point of zeroth order, or monopole) is 1/r = Y(? (r). The
first order singular point, or dipole, is obtained by pushing two monopoles of equal
strength—but with opposite signs—toward each other. The potential of the dipole
to be given (up to rescaling) by the directional derivative Vy, (1/r), where u; is the
direction along which the two monopoles approach one another. Similarly, pushing
together two dipoles with opposite signs gives (up to rescaling) a quadrupole with
potential Vy, Vi, (1/7), where u s the direction along which the dipoles approach,
and so on. In general, the multipole of order ¢ is constructed with aid of 2’ point
charges and has the potential proportional to Vy, Vy, ... Vy, (1/7). The latter can
be expanded into a weighted sum of 27 4+ 1 spherical harmonics of order ¢, i.e.,
Y (r), —t < s <t. And, vise versa, Y/ (r) can be written as Vy, Vy, ... Vy,(1/7)
provided the directions u; are taken in accordance with the formula (2.9). This is
why the series expansion in terms of solid spherical harmonics (2.7) is often referred
as the multipole expansion.

2.2 General Solution for a Single Inclusion

Let consider the regular, non-uniform temperature far field 7, in unbounded
solid (matrix) of conductivity Ag. We insert a spherical inclusion of radius R and
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conductivity A inclusion assuming that its presence does not alter the incident field.
The inclusion causes local disturbance Ty;; of temperature field vanishing at infinity
and depending, besides 7., on the shape and size of inclusion, conductivities of
the matrix and inclusion materials and the matrix-inclusion bonding type. The tem-
perature field 7 (T = 7O in the matrix, 7 = TV in the inclusion) satisfies (2.2).
At the interface S (r = R), the perfect thermal contact is supposed:

((T11=0; [lg-11=0; (2.12)

where [[ f]] = (f o _ f (1))|,: R is a jump of quantity f through the interface S and
gn = —AVT - n is the normal heat flux. Our aim is to determine the temperature in
and outside the inclusion.

2.2.1 Multipole Expansion Solution

The temperature field in the inclusion 7! is finite and hence its series expansion
contains the regular solutions y; (r) (2.4) only:

o0 t
TOw =2 > diy; ) (2.13)

=0 s=—t

where d; are the unknown coefficients (complex, in general). Temperature is a real
quantity, so (2.7) leads to analogous relation between the series expansion coeffi-
cients: d; s = (—1)*dys. In accordance with physics of the problem, temperature
T© in the matrix domain is written as T© = Trar + Tyis, where Ty (r) — 0 with
] — oo. It means that 7y;, series expansion contains the singular solutions Y/’
only. So, we have

o0 t
TOw) = Trar (@) + D D ALY (x), (2.14)

t=1 s=—t

where A;; are the unknown coefficients. Again, A; _; = (=1)*A,,. The second,
series term in (2.14) is the multipole expansion of the disturbance field Ty;;.

2.2.2 Far Field Expansion

We consider Ty, as the governing parameter. It can be prescribed either analytically
or in tabular form (e.g., obtained from numerical analysis). In fact, it suffices to
know T'r4, values in the integration points at the interface S defined by » = R. Due
to regularity of T, in a vicinity of inclusion, its series expansion is analogous to
(2.13), with the another set of coefficients c;s. In view of (2.6), they are equal to
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(t +5)!

Cts = 5
47 R? 0y

/ Ttar X{ dS. (2.15)
s

For a given T ¢4, we can consider ¢, as the known values. Integration in (2.15) can
be done either analytically or numerically: in the latter case, the appropriate scheme
[42] comprises uniform distribution of integration points in azimuthal direction ¢
with Gauss-Legendre formula [1] for integration with respect to 6.

2.2.3 Resolving Equations

The last step consists is substituting 7@ (2.14) and 7" (2.13) into the bonding
conditions (2.12). From the first, temperature continuity condition we get for r = R

0 t
PIDILE (t+ )vX' 0, 0) +Z Z Ats R,H) X; (0, ¢) (2.16)

=0 s= =] s=—t
l‘

—t
o0 t
Z_Z IETRA

t=0 s=—t

From here, forr = 0 (X(O) = 1) we get immediately dpg = cop. For ¢ # 0, in view of
x; orthogonality property (2.6), we come to a set of linear algebraic equations

=) (t+s9)!

R2t+1 Als + Cig = dl_y. (217)

The second, normal flux continuity condition gives us also

DR

¢ R2[+1 AlS + Cts = Wdl_SW (2.18)

where w = A{/\g. By eliminating d;; from (2.17) to (2.18), we get the coeffi-
cients A;g:

WH14+1/) (t — ) (t +5)!

@—1) R+ ts = —Cis; (2.19)

then, the d;, coefficients can be found from (2.17). The obtained general solution
is exact and, in the case of polynomial far field, finite one.

2.3 Finite Cluster Model (FCM)

Now, we consider an unbounded solid containing a finite array of N spherical inclu-
sions of radius R, and conductivity A, centered in the points Oy. In the (arbitrarily
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introduced) global Cartesian coordinate system Oxjx2x3, position of gth inclusion
is defined by the vector R, = Xj,€;, + Xog€,, + X34€:3,9 = 1,2,..., N. Their
non-overlapping condition is |R[,q| > R, + R,, where the vector Ry, = R; — R,
gives relative position of pth and gth inclusions. We introduce the local, inclusion-
associated coordinate systems Ox14224%34 With origins in Oy . The local variables
r, =r — R, of different coordinate systems relate each other by r, =r, — R,,.

2.3.1 Superposition Principle

A new feature of this problem consists in the following. Now, a given inclusion
undergoes a joint action of incident far field and the disturbance fields caused by all
other inclusions. In turn, this inclusion affects the field around other inclusions. This
means that the problem must be solved for all the inclusions simultaneously. For this
purpose, we apply the superposition principle widely used for tailoring the solution
of linear problem in the multiple-connected domain. This principle [81] states that

a general solution for the multiple-connected domain can be written as a
superposition sum of general solutions for the single-connected domains whose
intersection gives the considered multiple-connected domain.

The derived above general solution for a single-connected domain allows to write
a formal solution of the multiple inclusion problem. Moreover, the above exposed
integration based expansion procedure (2.15) provides a complete solution of the
problem. An alternate way consists in using the re-expansion formulas (referred
also as the addition theorems) for the partial solutions. This way does not involve
integration and appears more computationally efficient. The re-expansion formulas
is the second component added to the solution procedure at this stage.

2.3.2 Re-Expansion Formulas

In notations (2.4), the re-expansion formulas for the scalar solid harmonics take the
simplest possible form. Three kinds of re-expansion formulas are: singular-to-regular
(S2R)

oo k
Y r+R) =D > (DY Ry @), el < IR]: (2.20)
k=0 I=—k
regular-to-regular (R2R)

t k
yir+R) =D > Ry (r); 2.21)

k=01=—k
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and singular-to-singular (S2S)

Y (r+R) = ZZ( DR ®YE@), el > IRl (2.22)
k=tl=—k

The formula (2.21) is finite and hence exact and valid for any r and R. In [77],
(2.21) and (2.22) are regarded as translation of regular and singular solid harmonics,
respectively. In [19], they are called translation of local and multipole expansions
whereas (2.20) is referred as conversion of a multipole expansion into a local one. The
formulas (2.20)—(2.22) can be derived in several ways, one of them based on using
the formula (2.15). Noteworthy, these formulas constitute a theoretical background
of the Fast Multipole Method [19].

2.3.3 Multipole Expansion Theorem

To illustrate the introduced concepts and formulas, we consider a standard problem
of the multipoles theory. Let N monopoles of strength ¢, are located at the points
R,,. We need to find the multipole expansion of the total potential field in the point
r where ||r|| > R, and Ry = max, |R, . In other words, we are looking for the
multipole expansion outside the sphere of radius R, containing all the point sources.

Since the monopoles possess the fixed strength and do not interact, the total

potential is equal to
T(r) = Z - R (2.23)

ol

being a trivial case of the superposition sum. Next, by applying the formula (2.22)
for t = s = 0, namely,

1 o0 t
R = R =2 > W RV ), (2.24)
[r=R,| parf
valid at |r|| > Ry for all p, one finds easily
00 t N
T(r) =) > AgY @), As=> g,y R)). (2.25)
t=0 s=—t p=1
For the truncated (¢ < fax) series (2.25), the following error estimate exists:

Tmax (Rs/r)ldeJrl N
HOEDY Z AsY ()| < A=———— A= |g,. (2.26)

t=0 s=—t — K
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These results constitute the multipole expansion theorem [19]. The more involved
problem for the multiple finite-size, interacting inclusions is considered below.

2.4 FCM Boundary Value Problem

Let temperature field 7 = T© in a matrix, 7 = TP in the pth inclusion of radius
R, and conductivity A = X,. On the interfaces r, = R, perfect thermal contact
(2.12) is supposed. Here, (rp, 0p, ¢ p) are the local spherical coordinates with the
origin O, in the center of the pth inclusion.
2.4.1 Direct (Superposition) Sum
In accordance with the superposition principle,
N
TOw) = Tror @) + D Ty (x)) 2.27)
p=1
where Ty = G - r = G;x; is the linear far field, and
o0 t
TP => > Ay, (2.28)
t=1s=—t
is a disturbance field caused by pth inclusion centered in O: Td(i,) (r,) — 0 with
|l = oo

2.4.2 Local Series Expansion

In a vicinity of Oy, the following expansions are valid:

o0 t
Trar@t) =D > e yiry). (2.29)
t=0 s=—t

where ¢ff) = G- Ry, cff) = G5, ¢\ = G1 —iGa. | = ¥ and ¢ = 0
otherwise. In (2.27), Td(l.qs) is already written in gth basis. For p # ¢, we apply the

re-expansion formula (2.20) to get
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o0 t
AN 35 3" LTRSS 3 35 P TR et

=0 s=—1 pq k=1 1=—k
(2.30)

By putting all the parts together, we get

TO(r,) = Z Z ALY (r,) + Z Z (@@ + DYy () 2.31)

t=1 s=—t t=0 s=—t

and the problem is reduced to the considered above single inclusion study.

2.4.3 Infinite Linear System

By substituting 7O (2.31) and 7@ (2.13) written in local coordinates into (2.12),

A;Q)

we come to the set of equations with unknowns A;;’, quite analogous to (2.17).

Namely,

(Wq—i-l-l-l/l) (t—=s)(t+s)! ) @ _ @)
Ay +a =—c (wg = Ag/N0); (2.32)
— 2t+1 ts Ays ts q q
(wg =1 (Rq)

or, in an explicit form,

Wg +14+1/D =) E+9)! (o

A (2.33)
_ 2t+1 ts
©g = 1) (Rq)
+ ( 1)[+S Z Z Z A([’)yl-‘r;‘(qu) _ C[(g)
p#q k=11=—k

A total number of unknowns in (2.33) can be reduced by a factor two by taking

account of A(p)l =(-1) A(p).

The theoretical solution (2 33) we found is formally exact—but, in contrast to
(2.17), leads to the infinite system of linear algebraic equations. The latter can be
solved, with any desirable accuracy, by the truncation method provided a sufficient
number of harmonics (with r < fy,¢) is retained in solution [17, 27]. Hence, the
numerical solution of the truncated linear system can be regarded as an asymp-
totically exact, because any accuracy can be achieved by the appropriate choice
of fmax. The smaller distance between the inhomogeneities is, the higher harmon-
ics must be retained in the numerical solution to ensure the same accuracy of
computations.
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2.4.4 Modified Maxwell’s Method for Effective Conductivity
Since we have Ag?) found from (2.33), one can evaluate the temperature field in
any point in and around the inclusions. Moreover, this model allows to evalu-
ate an effective conductivity of composite with geometry represented by FCM. In
fact, it was Maxwell [57] who first suggested this model and derived his famous
formula by equating “the potential at a great distance from the sphere” (in fact, total
dipole moment) of an array of inclusions to that of the equivalent inclusion with
unknown effective conductivity. In so doing, Maxwell neglected interaction between
the inclusions—but wrote “...when the distance between the spheres is not great
compared with their radii..., then other terms enter into the result which we shall not
now consider.” Our solution contains all the terms and hence one can expect better
accuracy of the Maxwell’s formula. In our notations, it takes the form

>\eff _ 1—2c¢ (Al())
Ao 1+c(Aj)

(2.34)

where Acrr is the effective conductivity of composite with volume content ¢ of
spherical inclusions, the mean dipole moment (A1) = % Zgzl A%) and A%) are
calculated from (2.33) for G3 = 1.

Recently, this approach was explored in [63]. The reported there numerical data
reveal that taking the interaction effects into account substantially improves an accu-
racy of (2.34). Among other FCM-related publications, we mention [26] and similar
works where an effective conductivity was estimated up to O (c?) from the “pair-of-
inclusions” model.

2.5 Representative Unit Cell Model

The third model we consider in our review is so-called “unit cell” model of
composite. Its basic idea consists in modeling an actual micro geometry of com-
posite by some periodic structure with a unit cell containing several inclusions. It
is known in literature as “generalized periodic”, or “quasi-random” model: in what
follows, we call it the Representative Unit Cell (RUC) model. This model is advan-
tageous in that it allows to simulate the micro structure of composite and, at the
same time, take the interactions of inhomogeneities over entire composite space into
account accurately. This makes the cell approach appropriate for studying the local
fields and effective properties of high-filled and strongly heterogeneous composites
where the arrangement and interactions between the inclusions substantially affects
the overall material behavior. RUC model can be applied to a wide class of compos-
ite structures and physical phenomena and, with a rapid progress in the computing
technologies, is gaining more and more popularity.
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Noteworthy, this model stems from the famous work by Lord Rayleigh [73] who
considered “a medium interrupted by spherical obstacles arranged in rectangular
order” and has evaluated its effective conductivity by taking into account the dipole,
quadrupole and octupole moments of all inclusions. Almost a century later, the
complete multipole-type analytical solutions are obtained for three cubic arrays of
identical spheres [59, 60, 75, 82, 90]. In a series of more recent papers ([5, 29, 79,
88], among others), the conductivity problem for the random structure composite
was treated as a triple-periodic problem with random arrangement of particles in the
cubic unit cell.

2.5.1 RUC Geometry

The RUC model is essentially the above considered FCM model, periodically con-
tinued (replicated) in three orthogonal directions with period a, without overlapping
of any two inclusions. In fact, we consider an unbounded solid containing a number
N of periodic, equally oriented simple cubic (SC) arrays of inclusions. For a given
geometry, any arbitrarily placed, oriented along the principal axes of lattice cube
with side length @ can be taken as RUC. It contains the centers of exactly N inclu-
sions, randomly (but without overlapping) placed within a cell. The inclusions may
partially lie outside the cube and, vise versa, a certain part of cube may be occupied
by the inclusions which do not belong to the cell, Fig. 1a. Equally, one can take
the unit cell as a cuboid with curvilinear boundary (but parallel opposite faces): for
convenience, we assume with no loss in generality that the cell boundary Sy entirely
belongs to the matrix, see Fig. 1b.

It should be noted that the model problem is formulated and solved for a whole
composite bulk rather than for the cube with plane faces. The RUC concept is nothing
more than convenient “gadget” for introducing the model geometry and averaging the
periodic strain and stress fields—and we use it for this purpose. We define geometry
of the cell by its side length a and position R; = Xj,i; of gth inclusion center

(a) ; periodic continuation | (b) ' periodic continuation

periodic continuation !
1
|
1
|
1
1
O |
i
periodic continuation !
periodic continuation |
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/ \
\
periodic continuation
N 7/
~__-

/\ N )/ -
N~ - ‘\
B / —
periodic continuation ; ; periodic continuation
N 7

Fig.1 RUC model of composite
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(g =1,2,..., N)wherei; are the unit axis vectors of the global Cartesian coordinate
system Oz jz223. Number N can be taken large sufficiently to simulate arrangement
of disperse phase in composite. We assume the inclusions equally sized, of radius
R, and made from the same material, their volume content is ¢ = N %WR3 /a3. In
what follows, the parameter R, = R, — R, is understood as the minimal distance
between the inclusions of pth and gth SC arrays.

Several methods ([79, 83, 89], among others) have been developed to generate the
random structure RUC statistically close to that of actual disordered composite. The
generated arrangement of particles, likewise the real composite micro structure, can
be characterized by several parameters: packing density, coordination number, radial
distribution function, nearest neighbor distance, etc. [7, 83]. Another parameter,
often introduced in this type models, is the minimum allowable spacing dmin =
min 4 ( || R,y ” /2R —1) [9]. Itis also known as impenetrability parameter, in terms of
the cherry-pit model [83]. A small positive value is usually assigned to this parameter
in order to separate inclusions and thus alleviate analysis of the model problem.

2.5.2 RUC Model Problem

The macroscopically uniform temperature field in the composite bulk is considered.
This means constancy of the volume-averaged, or macroscopic, temperature gradient
(VT) and heat flux (q) vectors. Here and below, ( f) = V_lfvf dV and V = a3 is
the cell volume; (VT) is taken as the load governing parameter. In this case, period-
icity of geometry results in quasi-periodicity of the temperature field and periodicity
of the temperature gradient and heat flux:

T(x+ai)=T(@)+a(VT) -i;; (2.35)
VT (r +ai;) = VT (r); q(r+ai;))=q().

2.5.3 Temperature Filed

The conditions (2.35) are satisfied by taking 7" inthe form T (r) = (VT) -r+Ty;s (r),
Tyis being now the periodic disturbance field. In the matrix domain, we write it as
a sum of linear mean field and disturbances form the infinite, periodic arrays of
particles:

N
TO® =G r+ > 7,7, (2.36)
p=1

The Eq.(2.36) is similar to (2.27), where the single inclusion disturbance terms Td(l.’i)

are replaced with their periodic counterparts given by the sums over all the lattice
nodes k = k;i; (—o0 < k; < 00):
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TP (r,) = Z T\ (v, + ak), (2.37)

In view of (2.37) and (2.27), T;i(sp ) can be expressed in terms of the periodic harmonic
potentials Y/

TP (r,) = Z z APYE(r), where  Yji(ry) = > Yi(r, +ak).
t=1 s=—t k

(2.38)
In fact, this is a direct formal extension of the FCM model when a number of
particles becomes infinitely large—and, at the same time, direct extension of the
Rayleigh’s [73] approach. For almost a century, the Rayleigh’s solution was ques-
tioned due to conditional convergence of (2.38) for + = 1. The limiting process
has been legitimized by [59, 82] who resolved the convergence issue of dipole lat-
tice sums. An alternate, the generalized periodic functions based approach has been
applied by [75, 90]. In [15], the solution has been found in terms of doubly periodic
functions, in [88] the RUC problem was solved by the boundary integral method.
Not surprisingly, all the mentioned methods give the resulting sets of linear equations
consistent with

Wg +1+D =9 +9)! NS N L)
(wg — l)t 2t+1 Ay’ + (=D ZZ Z A Y s Rpg)
1 (Rq) p=lk=11=—k

(2.39)
= —011 [6,0G3 + 651 (G1 —iG2) — 65,1 (G1 +iG2)].

Among them, the multipole expansion method provides, probably, the most straight-
forward and transparent solution procedure. In fact, the system (2.39) is obtained
from (2.33) by replacing the matrix coefficients Y ,fjrf (Rpq) with the corresponding
lattice sums

Vi Rpg) = ZYé+f pq +ak). (2.40)

Convergence of the series (2.40) was widely discussed in literature and several fast
summation techniques have been developed for them ([17, 59, 88], among others)
and we refer there for the details

As would be expected, the Y;% definition (2.38) for r = 1 also suffers the above-
mentioned convergence problem Indeed, obtained with aid of (2.20) the multipole
expansion

oo k
YEm =Y+ > > DY Ry ) (2.41)

k=0l=—k
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also involves the conditionally convergent (“shape-dependent’”) dipole lattice sum
Yz*o (0). McPhedran et al. [59] have argued that the Rayleigh’s [73] result
Y5,(0) =4/ 3a3 is consistent with the physics of the problem. Alternatively, Y 1@
can be defined by means of periodic fundamental solution Sj [21] given by the triple
Fourier series. Specifically, we define

Yiy=—D3(S): Yii=-Y{_ =—Dy(S1): (2.42)

where D; are the differential operators (2.10). It appears that this definition is equiv-
alent to (2.41): differentiation of S multipole expansion [21] gives, in our notations,

[e.¢]

k
41
D3 (S) = —Y2(r) + 27 DU =DM Oy (2.43)
k=2l=—k

As expected, exactly the same result follows from the formula (2.41) where y(l) (r)is
replaced with x3 and Yz*o (0)—with its numerical value, 47/ 3a3.

2.5.4 Effective Conductivity

The second rank effective conductivity tensor A* = {)\;"j} is defined by (1.1). In
order to evaluate \7; for a given composite, one has to conduct a series of numerical
tests, with three different (VT), and evaluate the macroscopic heat flux it causes.
Specifically, )\l’.‘j = —{g;) for (VT) =i}, so we need an explicit expression of the
macroscopic temperature gradient and heat flux corresponding to our temperature
solution (2.36).

Evaluation of the macroscopic gradient, (VT') is ready. First, we recall that we take
the unit cell of RUC with Sy € Vj and, hence, T = 7O in (1.3). Next, we observe
that for the periodic part of solution (2.36) in the boundary points r, € Sp and
r, =rq+ai; € So belonging to the opposite cell faces we have Ty;s (rp) = Tyis (ra)
whereas the normal unit vector changes the sign: n (r;) = —n(r,). Hence, the
integrals of Ty;s over the opposite faces cancel each other and the total integral over
So equals to zero. Integration of the linear part of T© is elementary: the gradient
theorem yields

1 1
— (G-r)ndS:—/V(G-r)dV:G. (2.44)
V /s, v/

Comparison with (1.3) gives the expected (VT') = G provided T obeys (2.35).
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This is general result: the derived formula is invariant of the shape, properties
and arrangement of inclusions, interface bonding type and shape of the unit cell.
In the subsequent Sections, this equality will be applied without derivation.

For (q) evaluation, we employ the formula (1.9). In the considered here isotropic
case, g, (r) = gy, (v) iy = —Aon, it takes

oT®
(@) = —Ao- Z /S (

The unit vector m is expressed in terms of surface spherical harmonics as
n= X{ez — 2)@161 + X(l)eg. whereas the local expansion of the integrand in right
hand side of (2.45) is given by

or©
Ry Z Z [ 2t + 1)A(q)—(th+l)

=0 s=—t q

)ndS. (2.45)

Rt
+( — 1)(a[(;1>+cfg>) ; +qs)’:|xf(9q,<pq). (2.46)

Due to orthogonality of the surface spherical harmonics (2.6), the surface integral in

(2.45) equals to zero for all terms in Eq. (2.31) with 7 # 1. Moreover, r %r =y and
hence only the dipole potentials Y] contribute to (2.45). From here, we get the exact

finite formula involving only the dipole moments of the disturbance field, AEZ):

&i) -G+ —Z Re (2A§’{)e1 +AWe ) . (2.47)
0
gq=1

In view of (2.39), the coefficients A;f) are linearly proportional to G:
4r Y
No—5 > Re (24{7e; + Affles) =0A -G, 2.48
07,3 Z_: 11 €11 Ajg €3 (2.48)

The components of the JA tensor are found by solving Eq. (2.39) for G = i;. These
equations, together with Eq.(1.1), provide evaluation of the effective conductivity
tensor as

A* = Ag + JA. (2.49)
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3 Composite with Spherical Inclusions: Elasticity Problem

3.1 Background Theory

3.1.1 Vectorial Spherical Harmonics

Vectorial spherical harmonics S,(? = Sl(é) (0, ¢) are defined as [64]

0 e, 0
St =eg xS 3.1
s = g Xt + sin @ BgoX’ S
o . 9,
S = =L e

e sin@%xl Y]
SO =ex! (t=0.s| <.

The functions (3.1) constitute a complete and orthogonal on sphere set of vectorial
harmonics with the orthogonality properties given by

3 /S Siy - Sy’ dS = o) duddij. (3.2)

where at(;) = oz,(f) =t(t+1) oy and at(? = ayy given by (2.6). Also, these functions

possess remarkable differential

rv-SY =1+ 1)y v-SP =0 rv.SP =2y (3.3)
rv xS =-82: rvx8? =8P 4:1¢+DSY; rvxsP =52,

ts ts ts >

and algebraic

e xS =-87: e xS =8 e xS =0; 3.4
properties. In the vectorial—including elasticity—problems, the functions (3.1) play
the same role as the surface harmonics (2.5) in the scalar problems. With aid of
(3.3), (3.4), separation of variables in the vectorial harmonic Af = 0 and bihar-
monic AAg = 0 equations is straightforward [17, 30] and yields the correspond-
ing countable sets of partial solutions—vectorial solid harmonics and biharmonics,
respectively.

3.1.2 Partial Solutions of Lame Equation

The said above holds true for the Lame equation
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2(1 —v)
——V(V-u) - VxVxu=0 3.5)
(1-2v)

being the particular case of vectorial biharmonic equation. In (3.5), u is the dis-
placement vector and v is the Poisson ratio. The regular partial solutions of (3.5)

ux) =u, S) (r) are defined as [30]

—1 t
W _ _r (s<‘> zs(3>) @ _ r e 16
Uy t+9) s TS ) Uy (t—i—l)(t—i—s)! ) (3.6)
t+1
G __r ( 1) (3)) 1454 =244y
w® = (gD 48P, gt o o2t
5= e s T b=t pary T @y

The singular (infinitely growing at » — 0 and vanishing at infinity) functions Ug)

are given by U = u(’)(lH) ;> with the relations S(_')[ Ly = =)=t~ 1+5)1S

taken into account. The functions u'” (r) and U (r) are the vectorial counterparts
of scalar solid harmonics (2.4).
At the spherical surface » = R, the traction vector T,, = ¢ - n can be written as

1 v 0 1
—T,(u) = ——e,(V-u) + —u + —e, x (Vxu), (3.7)
21 —2v 2

1 being the shear modulus. For the vectorial partial solutions (3.6), it yields [30]

t—1) t—-1)
Tl = D0, Ly o) Do, (3.8)
ZM r 21 2r
3
—Tr( D)= (o8 +as)

where b, = (t + 1)3; — 2(1 —v)/(t+1)and g; = (t + 1)y — 2v. In view of (3.6),
representation of T, (u,s ) in terms of vectorial spherical harmonics (3.1) is obvious.

The total force T and moment M acting on the spherical surface S of radius R are
given by the formulas

T=/ T,dS,M = r x T,dS, (3.9)
r Sy

Itis straightforward to show that T = M = 0 for all the regular functions u; © . Among

the singular solutions v

15 » we have exactly three functions with non-zero resultant
force T:

T (UR) = 1607 (v — Des: T (URY) = =T (U, ) = 32um(v — Dey. (3.10)
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By analogy with ¥, Uﬁ) can be regarded as the vectorial monopoles. The resultant
moment is zero for all the partial solutions but Ug) for which we get

M (U%)) = —8ume3; M (Uﬁ)) =M (Uf)_l) = —16ume;. (3.11)

3.2 Single Inclusion Problem

In the elasticity problem, we deal with the vectorial displacement field u (u = u®
in a matrix, u = u‘" in the spherical inclusion of radius R) satisfying (3.5). On the
interface S, perfect mechanical contact is assumed:

[[u]l = 0; [[T,(w]] =0; (3.12)
where T, is given by (3.7). The elastic moduli are (1, 1) for matrix material and

(p1, v1) for inclusion, the non-uniform displacement far field u s, is taken as the
load governing parameter.

3.2.1 Series Solution

The displacement in the inclusion u' is finite and so allows expansion into a series
over the regular solutions u; )(r) (3.6):

o] t
ul@) =3 dfuim (D=2 Z (3.13)

i1, it,s i=1 =0 s=—

where dt(i) are the unknown constants. The components of the displacement vector
= (=1)°d"”.In the
matrix domain, we writeu® = u far +Ugis, where the disturbance partug;s (r) — 0

are real quantities, so the property u,(l)_ s =Df ut(é) gives dt(’)_ s

with ||r|| — oo and hence can be written in terms of the singular solutions U,(f;) only:

u® @) = upe @+ > AU (1) (3.14)

i,t,s

where At(? are the unknown coefficients. By analogy with (2.14), the series term is
thought as the multipole expansion of ug;;.
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3.2.2 Far Field Expansion

Due to regularity of us,,, we can expand it into a series (3.13) with coefficients

ct(g) With aid of (3.6), we express us,, at r = R in terms of vectorial spherical

harmonics (3.1)

(i) 3
uer@® = culd @) = Z%fwaMRmWww (3.15)

Jotss

where UM is a (3 x 3) matrix of the form

B 10 rBw
UM, (r.v) = {UM (r,)} = 10— O 1, (3.16)
t 0 rzfy,(v)

Now, we multiply (3.15) by S(l) and integrate the left-hand side (either analytically
or numerically) over the interface S. In view of (3.2), analytical integration of the
right-hand side of (3.15) is trivial and yields

ho (t+s)! -5
79 = —(l_)/ufq, 89 as = ZUM”(R o) ¢ 3.17)
4T R2q,y /S =

From the above equation, we get the expansion coefficients in matrix-vector form as
cis = UML(R, vo) ™' s (3.18)

where ¢;; = {ct(é) and J;s = {J (1)} In the particular case of linear uys,, =
E - r, where E = { E; ]} is the uniform far-field strain tensor, the explicit analytical
expressions for the expansion coefficients are

e (E\i + E}E33) RO (2E33 — Eq1 — En)

0 3w P 3 ’ (3.19)
1 . 1 .

Cél) = E;3 —iE;, Céz) = E|1 — Ex —2iE;

cg) =(— l)Vc(l) and all other c( D are equal to zero.

3.2.3 Resolving Equations

Now, we substitute'(3.13) and (3.14) into the first condition of (3.12) and use the
orthogonality of S,(? to reduce it to a set of linear algebraic equations, written in
matrix form as (UG; = UM_41))
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(t — )1t + $)IUGL(R, 19) - Ars + UM (R, 1) - ¢t = UM (R, 1) - dss. (3.20)
The second, traction continuity condition gives us another set of equations:
t =)t +)'TG; (R, vp) - Ars + TM: (R, 1p) - €5 = WTM; (R, v1) - dyig, (3.21)
where w = p1/po. In (3.21), the TM is (3 x 3) matrix

r—1 0 r2b(v)
j j _ (t—1)
TM(r,v) = {TM(,0)} =r""2y 0 —55n 0 1. (322

tt—1 0 rlg)

where g; and b, are defined by (3.8); TG, = TM_41), Ay = {A;?}T and d;y =
iNT
{a}"
For all indices t+ > 0 and |s| < ¢, the coefficients A;; and d;; can be found from
linear system (3.20), (3.21). For computational purposes, it is advisable to eliminate
d;; from there and obtain the equations containing the unknowns A, only:

(t— )t + s)!(RM[)’lRG, Ay = —cyy, (3.23)
where

RG, = w[UM,(R, )] UG/(R, v9) — [TM,(R, v1)]” ' TG, (R, 1),
RM, = w [UM; (R, v1)] "' UM, (R, p) — [TM;(R, v1)]"' TM,(R, vp). (3.24)

This transformation is optional for a single inclusion problem but can be rather useful
for the multiple inclusion problems where the total number of unknowns becomes
very large.

The equations with t = 0 and r = 1 deserve extra attention. First, we note that
U(%) = U(()%)) = 0 and so we have only one equation (instead of three) in (3.23). It
can be resolved easily to get

1 4[1() + 3k1 o) 3)
Fmaoo = —COO (325)
where the relation “—8 = % (k being the bulk modulus) is taken into consideration.

Noteworthy, Eq. (3.25) gives solution of the single inclusion problem in the case of
equiaxial far tension: Ej; = Ey» = E33. For t = 1, the first two columns of the
matrix TM; (3.22) become zero: also, a1 +2b; = 0. From (3.23), we get immediately
A(2) _ A(3) -0

Is — s — ¥

The solution we obtain is complete and valid for any non-uniform far field.
For any polynomial far field of order 7., this solution is exact and conservative,
i.e., is given by the finite number of terms with ¢ < fp.. For example, in the
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Eshelby-type problem, the expansion coefficients with ¢ < 2 are nonzero only. The
solution procedure is straightforward and remarkably simple as compared with the
scalar harmonics-based approach (see, e.g., [72]). In fact, use of the vectorial spher-
ical harmonics makes the effort of solving the vectorial boundary value problems
comparable to that of solving scalar boundary value problems. Also, solution is writ-
ten in the compact matrix-vector form, readily implemented by means of standard
computer algebra.

3.3 Re-Expansion Formulas

The re-expansions of the vectorial solutions U,(? and ut(i) (3.5) are [30]: singular-to-
regular (S2R)

3 o0 k
U +R) =D >3 ()0 ®u @), el < IRI: (3.26)
j=1k=0l=—k
where
(16 ; L, (OM @) 3B _ ys—I.
Misi =0 7> 1 Mgy =Megt”™ =Myt = Yt (3.27)
oW _ S ! - . 3O _ @@ .
Mhkst =1 (; + z) Crk—1s Tkt = —4 A=)y k= 1
l
3D _ 3)©2) s—I s—1
tkst = k=151 T Zi— Vi
(t+k=1)7—(s=D?
X C_ Cr— ;
[ k1 +C+1),s + Cr—21
regular-to-regular (S2R):
_ ioti—j ok o ‘
R =2 > D Dy ®ug ) (3.28)
j=1 k=0 I=—k
where
O _ : . M@ _ @ _ 3G _ sl
Vasi =00 J>1 Vg =V = Vi = Vi (3.29)

@ _ - s l -1 . 32 _ @)(1).
Vikst ~ =1 (_t 1 ;) yzs—k+1’ Vst = —40 =) v
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e _ L oo =1 [(I —k+2)%— (s —1)?

—1 .
tksl = 3 Vrk=1,s0 4k = Yi ko — 2k +3 = Cis + CkZ,I} )

and singular-to-singular (S2S):

3 00 k
Ua+R =D > > e 00 ®)UY ), el > IR

j=lk=t—i+jl=—k

(3.30)
where
WP =0 St P =B = 2P = aan
W =i (3 ) e P =40 -0
R = — R <
~ Y i“ |:(t . k2; i);;(; Sk +Coqtnys + C(k+3),lj| .
In these formulas, Z} = 5— le and zj = %yf are the singular and regular,

respectively, scalar solid biharmonics and C;y = [(t + 1)2 — 52] Bs.

These formulas are the vectorial counterparts of (2.20)—(2.22): being combined
with FMM [19] scheme, they provide the fast multipole solution algorithm for
elastic interactions in the multiple inclusion problem.

For the Stokes interactions in suspension of spherical particles, similar work is
done in [77].

3.4 FCM

Analysis of the FCM elasticity problem is analogous to that of conductivity, so we
outline the procedure and formulas. For simplicity sake, we assume the far displace-
ment field to be linear: us,r = E - 1.

3.4.1 Direct (Superposition) Sum

We use the superposition principle to write
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N
u® @) =g @) + > ul)x,). (3.32)
p=1
where _ '
ul ) => APPUR ) (3.33)

it,s

is the displacement disturbance field caused by pth inclusion: u dl)(r p) — 0 as
s = oo

3.4.2 Local Expansion Sum

In a vicinity of Oy, the following expansions are valid:

s () = U (Ry) + U pg, (ry) =¥ - Ry + z Z cPul ), (334
1=0 s=—t
where c,(yg are given by (3.19). Displacement ufiqlz in (3.32) is written in the local
coordinate system of the gth inhomogeneity and ready for use. For p # g, we apply
the re-expansion formula (3.26) to get

u® () = =R, + D[4V CUL @) + ) el )] (3.35)
l l N
where
P#q J.kl

In matrix form,

a! = ZZ its Rp)]” - AL (3.37)

p#q k.l

where A = {A(’)(q)} a? ={a (l)(q)} and gy = (—HFH DG

3.4.3 Infinite System of Linear Equations

With the displacement within gth inhomogeneity represented by the series (3.13)

with coefficients dt(q){d (’)(q)} , we come to the above considered single inclusion
problem. The resulting infinite system of linear equations has the form
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N
_ T
=)+ RMD) RG AL DS [ Ry ] AL = —erp, (3.38)
p#q k.l

where RMt(q) = RM,(Ry, 9, v4) and RG;q) = RG,(R,, w, v,4) are given by
(3.24). Likewise (2.33), this system can be solved by the truncation method.

Again, the obtained solution is straightforward and remarkably simple: see, for
comparison, solution of two-sphere problem [8]. This approach enables an efficient
analytical solution to a wide class of 3D elasticity problems for multiple-connected
domains with spherical boundaries, in particular, study of elastic interactions between
the spherical nano inclusions with Gurtin-Murdoch type interfaces [54].

3.4.4 FCM and Effective Elastic Moduli

We define, by analogy with FCM conductivity problem, an equivalent inclusion
radius as Rs = N/c, ¢ being a volume fraction of inclusions, and compare, in
spirit of Maxwell’s approach, an asymptotic behavior of disturbances caused by the
finite cluster of inclusions and “equivalent” inclusion. To this end, we apply the (S2S)
re-expansion (3.30), giving us for |r| > max, ||Rp ||

N

Dullm) =D e Uul ), (3.39)

= i,t,s

where

N

_ (p)

= > > (s —Rp)]" - A (3.40)
p=1 k,l

and prist = {11y}
Now, we equate e;; given by (3.40) to a;s in (3.23) to determine the effective
moduli of composite. Considering the equiaxial far tension £ = €55 = €53 gives

us, in view of (3.25), an expression for the effective bulk modulus k. ¢

3ko + 4o ¢ <Agg>>

kepr = ,
3(1=cfai))
(n

where <A00 > v Z p=1 A(l)(p ) is the mean dipole moment. In the case we neglect

(3.41)

interactions between the inclusions, (3.41) reduces to the mechanical counterpart of
the original Maxwell’s formula (e.g., [58]).
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3.5 RUC

The stress field in the composite bulk is assumed to be macroscopically uniform,
which means constancy of the macroscopic strain (¢) and stress (o) tensors. We
take (¢) = E as input (governing) load parameter. Alike the conductivity problem,
periodic geometry of composite results in quasi-periodicity of the displacement field
and periodicity of the strain and stress fields:

u(r+ai;)) =u()+aE-i; (3.42)
e(r+aij) =e@); o(+aij) =o(r).

3.5.1 Displacement Field
The conditions (3.42) are fulfilled by taking u (r) = (¢) - r + ug; (r), where ug;; is

the periodic disturbance displacement field. In the matrix domain, we write u in the
form analogous to (2.36):

u®(m) =E-r+ ilﬁi?f (), (3.43)
p=1
where
up? (ry) = Z uf) (r, + ak) (3.44)
and
uf)r) =>" APUL ). (3.45)

it,s

Again, by analogy with (2.38), u d(p ) can be expressed in terms of the periodic
functions U*(l) [30]:

uil () = ZAE?’U;Z‘”(rp) U ) => U@, +ak).  (3.46)

its k

An alternate, mathematically equivalent set of vectorial periodic functions have been
written [76] in terms of fundamental periodic solutions [21]. The resulting linear
system closely resembles that for FCM (3.38):
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N
_ T
=)'+ RMI) TTRGY AL+ [, Rp)] AL = ¢y, (347)
p=1 ki

where ct(_i) are given by (3.19). The matrix coefficients n,ft 15 (Rpg) are the lattice sums
of corresponding expansion coefficients 77;: 15 (Rpg) (3.27). Their evaluation is mostly
based on the relevant results for scalar potential (2.40). The only new feature here is
the biharmonic lattice sum

Ziii-sRpg) = Z lecjrsz (Rpq + ak) ; (3.48)
K

for Z; definition, see Sect.3.3. This sum closely relates the fundamental solution S»
in [21]: its evaluation with aid of Evald’s technique is discussed there.

3.5.2 Effective Stiffness Tensor

The fourth rank effective elastic stiffness tensor C* = {C ;; kl} is defined by (1.10).
In order to evaluate Ci*jkl for a given geometry of composite, one must conduct
a series of numerical tests with different macro strains E;; and evaluate the macro
stress (o) Eq. (1.12). Specifically, C}5;; = (oij) for (mn) = Sk 6. For this purpose,
we need the explicit expressions of average strain and stress corresponding to our
displacement solution.

Evaluation of the macroscopic strain tensor, (¢) is elementary. First, we recall that
we have taken RUC with Sy € Vj, sou = u® in (1.12). Next, we observe that for
the periodic part of solution in the boundary points r, € Sp andr, =r, +ai; € S
belonging to the opposite cell faces we have ug;s (rp) = ug;s (ry) whereas the
normal unit vector changes the sign: n (rp) = —n (r,). Hence, the integrals of ug;
over the opposite faces cancel each other and the total integral over Sy equals to zero.
Integration of the linear part of u(®) is elementary: the divergence theorem gives the
expected () = E.

A suitable for our purpose expression of the macroscopic stress tensor (o) is given
by (1.13). Noteworthy, surface integration in (1.13) is greatly simplified by taking

ux) as a trial displacement vector u'. It follows from (3.19) that u(%) and ug) are

the linear function of coordinates. For example, u(()30) = r*yoS(()%) = Yor =7ouy,; also,

T, (u(()?))) = i—kué%), k being the bulk modulus. We get from Eq. (1.13)

0 l - 3ko ugy)
(0ie) = Ciigg Sere) + 37 D / [Tn(u“”) = —u<°>] 20 gs (3.49)
g=1"5 r 0

Now, we put here the local expansion of u” given by Eq.(3.35) and the analogous
expansion of T, [u(o)]:
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T, [u“”(rq)]=Z{A§§)(q>Tn[U§§)(rq)] + (@9 4 Y1, [ ]} (350)

i,t,s

For the explicit expression of T, (U,(?) and T, (u,(i)) in terms of vectorial spherical

harmonics sﬁf;), see [54]. By taking orthogonality of these harmonics on the sphere
into account we find that the only function giving non-zero contribution to the integral

in (3.49) is Uy = —2S{ for which T, (Ug) = 2 Uff) = %5, Thus, we
obtain

(3)
3k u
/ |:Tn(u(0)) — —Ou(o):l —0 g5
Sy r 0

2
= Aoy 5 (o + 3ko) /S (S - S0) S = 87 (4o + 3k) Ay .
q

By using in the same way the (simple shear mode) functions

1
uyy = uly — (uf; +uby)/2;

! .

“51) = (u}3 +u3)) /2 +i(uh; +ujy)/2;
! .

ujy = (uj; —uhy) /4 +i (ujy +uhy) /4;

for which T, (uzl)) =2 ug), we come to the finite exact formulas

N
(1+ ) 127w (1 V()) (H(q)
S S N =—E E E P — A ;
11+ 82+ 833 1 — )( 1+ Exn+ En)+ — & (1= 20 ) 00

167 3
2833 — S11 — Sp» =2E33 — Eq1 — Ep — a_3 (1 —vp) ZAEO)(q);
g=1

N
S11 — S22 —2iS12 = By — Exn — 21k — EE (1 —wp) E A(22)(q);
q=1

N
S13 — Sy = E13 —iE23 — 8—7: (1— ) > AR, (3.51)

as g
where S;; = (01) /210. The coefficients A';@ are linearly proportional to E. The
(a,- j) are uniquely determined from Egs. (3.47, 3.51) for Ej; given and, thus, these
equations together with (1.10) are sufficient for evaluation of the effective stiffness
tensor, C*. (3.51) involves only the expansion coefficients A,(')(lqz which can be
regarded as the dipole moments. The effective elastic moduli of composite with
simple cubic array of spherical inclusions have been found by [31, 76], for the RUC

type structure—by [17, 78].
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4 Composite with Spheroidal Inclusions

4.1 Scalar Spheroidal Solid Harmonics

The spheroidal coordinates (&, 77, ) relate the Cartesian coordinates (zp, x2, £3)
by [23]

z) +izy = d€fexp(ip), a3 = dén, (4.1)

E=2-1, P=1-n"(I<f<o0, —-1<n=<1,0<¢<2m). (42

At Re(d) > 0, the formulas (4.1) and (4.2) define a family of confocal prolate
spheroids with inter-foci distance 2d: to be specific, we expose all the theory for this
case. In the case of oblate spheroid, one must replace ¢ with i€ and d with (—id) in
these and all following formulas. For d — 0 and d€ — r, the spheroidal coordinates
system degenerates into spherical one, with 7 — cos 6.

Separation of variables in Laplace equation in spheroidal coordinates gives us the
sets of partial solutions, or solid spheroidal harmonics: regular

t—us)!
fi@ed) =P Ox;(n, ¢) = Eth;Pts(f)Xf(ﬁv ©) (4.3)
and irregular
FS d) = 0" s _([—S)! s s 4.4
t (r,d) = Qt (S)Xt (n, o) = (t+9) Qt (S)Xt 1, ¢) (4.4)

Here, OF are the associate Legendre’s functions of second kind [23]. The functions
(4.3) and (4.4) obey the properties analogous to (2.7). The functions F} — 0 with
r|| — oc and, by analogy with Y;’, can be regarded as spheroidal multipole poten-
tials. We mention the multipole type re-expansions between Y, and F; [13] which,
in our notations, take the form

Fir.d) = (=)' D KR @Yi®) (] > dy; (4.5)
k=t
Y = (=) > KL @F(r.d);
k=t
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where

g)k«H ﬁ
2} (&t
k@) = (E)H] (=D (k + 3)

1k Vil (5 1)

d
for (r —k) even and equal to zero otherwise. The analogous relations are also available
for the regular solid harmonics, y; and f;* [39].

kD) = ( (4.6)

4.2 Single Inclusion: Conductivity Problem

Let an unbounded solid contains a single prolate spheroidal inclusion with boundary
defined by £ = £y. The matrix-inclusion thermal contact obeys the conditions (2.9)

where g, is replaced with gc = —AVT -ec = d-! (Ez —1?)~1/29T /9¢. The solution
flow is quite analogous to that for the spherical inclusion, so we outline it briefly.

4.2.1 Series Solution

The temperature field inside the inclusion is given by a series

[ee} t
TV =>" > disfi(r.d). (4.7)
t=0 s=—t

The temperature field outside the inclusion is a sum of far and disturbance fields:

oo

t
TOW) = Trar(®) + Tais(0), Tais(®) =D > AF(r,d).  (4.8)

t=1 s=—t

The second term in (4.8) can be thought as the spheroidal multipole expansion of the
disturbance field Ty;;. Noteworthy, at some distance from inclusion (namely, where
|lr]| > d) it can be also expanded, by applying formula (4.5), over the spherical
multipoles Y;’. The T'f4, series expansion in a vicinity of inclusion is analogous to
(4.7). In view of (2.6), the ¢, coefficients are equal to

@+ [
4P (&) Jo

Cts

T 1
dsﬁ/l Trar xi (n, @) dn. 4.9)
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4.2.2 Resolving Equations

The temperature continuity at £ = & gives, in view of x; (1, ¢) orthogonality (2.6),
a set of linear algebraic equations

0, (0)Ass + P} (Eo)ers = P (§0)dss. (4.10)
The second, normal flux continuity condition gives us also
07 (§0)Ars + P (0)ers = WP (§0)dss, (4.11)

where w = Aj/)\o and stroke means derivative with respect to argument. The final
formula for the coefficients A, is

1 [in(éo)_ ;S@o)]A _ .
w-D L P PE] "

4.12)

4.3 Re-expansion Formulas

We define the inclusion-related local coordinate system in a way that coordinate
surface coincides with the surface of inclusion. Spheroidal shape of inclusion dictates
the origin and, in contrast to spherical case, orientation of this system. A general
transformation of coordinates can be splitted into a sum of translation and rotation,
ie. rp = R+ O - ry where O is a symmetrical positively definite matrix with
det O = 1. Analogously, the general re-expansion formula is given by superposition
of two more simple formulas, one written for translation and another—for rotation.

4.3.1 Translation

Inthe case of co-axial (O = I) coordinate systems (d1, &1, 71, ¢1) and (da, &2, 72, ©2)
centered at the points O and O», respectively, the re-expansion formulas (addition
theorems) of three kinds for the spheroidal solid harmonics are [32, 35, 37]:

ook
Ff (e d) = " mius—1 R di,da) f{ (r2,da); 4.13)
k=01l=—k
t k
[ @nd) =27 D ks (R di, do) fi (12, do); (4.14)
k=0Il=—k
ook
Ffend) =" D" vt R di,do) Fi (r2, d). (4.15)

k=t I=—k
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A simple way to derive these formulas consists in combining the formulas (4.5),
(4.6) with the relevant re-expansions for spherical harmonics (2.20)—(2.22). Say, for
(4.13) this procedure yields

n,ks=a,kz(7) My (d1, d2) Y} g R) (4.16)
r=0

where

1 d t+1 d k
an = (=D (k + E) (?1) (32) , 4.17)

r

5
[ S — Ga/d)™ . @.18)
jZOJ!(r—j)!F(t+r—j +3/2) I'tk+j+3/2)

and I" (z) is the gamma-function [1]. For di = d3, this expression reduces to

_ (t+k+r+2),
S (t4r+3/2) I'(k+r+3/2)°

Mikr (4.19)

where (n),, is the Pochhammer’s symbol. Derived this way the coefficients in (4.14)
and (4.15) are

N (a7 ()< (1)
= (+3)(5) (%) 2(5) wew® oo

r=0

T (t+j—r+1/2)(d/d)¥
1\ —J
D 1 o AR iy

and

1 d t+1 d —(k+1) o d 2r
(M 1 2 1
in=(+3)(5) (5) Z(E) www e

r s 27
X Z(—l)j .,F(k - |] +1/2) (dz(dl) ! ,
= Jjlior—jNre¢+r—j+3/2)

respectively. Here, o = |t — k| — |s|. They are consistent with the formulas reported
by [13].

It appears, however, that formula (4.13) with coefficients (4.16) is valid only for
IIR|| > d; + da; this fact is due to the geometry restriction in (4.5) and (2.20) used
for derivation. A general, geometrical restrictions-free expression [32] is
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@ an (2T 1
Mis = (d_3) Z‘; Ffirinr (R, d3) (; +k+2r + 5) (4.22)

r r—j 2j

(D=7 (d; .
x D =\ o) T@+k+r+j+1/2) My, do)
i =) d3

The series (4.13) with coefficients (4.22) for d3 > d; converges in all points inside
the spheroid & = &, with the center at a point 02_and inter-foci distance 2d, if
point O lies outside the spheroid with semiaxes dx&0 and dx&0 + dy (12 > 5?2).
Here,

€Y, = cosh (arctanhdz—&o) (4.23)
2620 +d)

where (d12, €12, 12, @12) are spheroidal coordinates of vector R in a system with
origin in the point O, and dj» = (d2&20 + dp) /5(1)2. This is condition of non-
intersecting the spheroidal surface £, = £»¢ and infinitely thin spheroid with inter-
foci distance 2d; centered at point O; and holds true for any two non-intersecting
spheroids of finite size.

In the case ||R|| > d| + d3, both the representations, nt(,i?s_l and nt(,i)s_l are valid

and using the simpler expression (4.16) is preferable. For |R| < di + da, nt(ll,)s—l

diverges and 77;13,)s— ; should be used instead. Noteworthy, convergence rate of (4.23)
is geometry-dependent and the numerical difficulties may arise, e.g., for the closely
placed very elongated spheroids. In this situation, using the numerical integration
formula

2t +1)

Mtkys—l = ———7 . _
T anpPl€)

2T 1 -
/0 dio2 / R N[ d @420

analogous to (4.9) would be the most appropriate option.

4.3.2 Rotation

The re-expansion of spheroidal solid harmonics (4.3) and (4.4) due to the rotation of
the coordinate system (R = 0, d; = d» = d) is determined by

t

k
1
[endy=2"" > [l e, d) (=) (k + 5) (4.25)

k=0 I=—k

S, DT (B4 =D D! g,
2 (SN (5 (HE +3) ooty
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o0 k
F'(ry.d) = Z ’ Z Fl(r,d) (—1)** (k + %) (4.26)
k=t I=—k

00 =r r 1

$ ST
x / 7[ Sgrsr (W);
r=k 2 ! ’

where primes over the sums denote that they contain only terms with even (¢ — k)
and (t — r). Also, Sf’l are the spherical harmonics [3] in four-dimensional space,
w = {wi} is the unit four-dimensional vector determining uniquely the rotation
matrix

w%—w%—w3+w§ 2(wows —wiwyg) 2 (wiwy + wiwy)
0= 2 (waws + wiwy) w%—w%—w%—i—wi 2 (wiws — wawy)

2 2

2(wiwz —w3wg) 2 (wiws + wawy) wi — w5 — w% + w?‘

(4.27)

These results are similar to those derived by [13]. Coupled with (4.13)—(4.15), they
provide the representation of spheroidal solid harmonics in any arbitrary positioned
and oriented coordinate system and thus form a theoretical basis of solving the poten-
tial theory problems for multiply connected domains with spheroidal boundaries by
the Multipole Expansion Method.

44 FCM

Let consider an unbounded solid containing N spheroidal inclusions of conductivity
A4 centered in the points O, . Geometry of gthinclusion (¢ = 1, 2, ..., N)is defined
by two numbers: §o = §,40 and d = d,. Its position and orientation are given by the
vector R,, and matrix O, respectively. The local Cartesian (x4, T24, T34) and
spheroidal (dy, &;, 14, ¢4) coordinates are related by (4.1); r = R, + Oy - ry. The
linear far field Tr,r = G - r is prescribed.

Temperature in the matrix solid is given by the superposition sum (2.27), where
the disturbance field caused by pth inclusion is written now in terms of spheroidal
multipoles:

T (rp) = Z Z AP F(y.dp). (4.28)

t=1s=—t

In a vicinity of Oy, the following expansions are valid:

Trar(rg) = Z Z ol £ (xg), (4.29)

t=0 s=—t
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where ¢ = G Ry, ) = G O13¢dy. 7 = 2d,Gi(011g —i0129), ") | = —c{?
and ct(f) = 0 otherwise. The term Td(?s) is already written in gth basis; for p # g, we

apply the re-expansion formulas for irregular solid harmonics to get

o0 t N oo &k
(p) (@) s (@) (p), I—
Tyiy (xg) = Z Z ai [ (vg). a’ = Z Z Z AL M Ry, Opg).
1=0 s=—t p#q k=11=—k
(4.30)

Here, 77,1;; (Rpg, Opy) is the expansion coefficient obtained by consecutive applica-
tion of (4.13) and (4.25). In their calculation, one of three options—(4.13), (4.22) or
(4.24)—is used depending on the relative position of pth and gth particles.

By putting all the parts together, we get

o0

t o0 t
TOa)=> > APFa)+> > (aff +e?) ffwy. @3

t=1 s=—t t=0 s=—t

Substitution of (4.31) and T‘?) in the form (4.7) but written in gth local basis into

(2.12) gives an infinite set of linear equations with unknowns At(?), analogous to

(4.12) (wy = Ag/Ag):

! 07 (&0 _ Qés(ﬁqo)} AD L @ _ @ 430
(wg = 1) [“’q Tl e R

4.5 RUC

Likewise (2.33), the above solution can be used for evaluation of the effective
conductivity of composite with spheroidal inclusions by combining it with Maxwell’s
model. An alternate, advanced tool for this purpose is RUC model: here, we discuss it
briefly. For simplicity sake, we assume all the spheroids entering the unit cell oriented
in z3-direction: considering the case of arbitrarily oriented spheroids involves some
extra algebra but does not meet any other difficulties [39].

4.5.1 Periodic Potentials

To apply the procedure described in Sect. 2.5, we first introduce the periodic potentials
analogous to /% (2.38):

Fi(r.d) =) F (r+ak,d), (4.33)
k
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where summation is made over all the integer k1, k> and k3. The solution in the
matrix domain is given by the (2.36), (2.37), where now the pth lattice disturbance

TP r,) = Z Z APy, dy). (4.34)

t=1s=—t

The solution in the form (2.36), (2.37) satisfies the periodicity conditions. In fact,
what we need to complete the solution is to find local expansion of the functions
Fji(rp, dp) in a vicinity of gth inclusion in terms of spheroidal solid harmonics. In
the case p = g, we apply the formula (4.13) to all the terms of the sum (4.33) but
one with k = 0 to obtain, after change of summation order,

oo
Fii(rg. dg) = F; (rg.dg) + z Z Wit (0. dg. dg) fi (tg.dg), (435
k=0 [1]<k

where the expansion coefficients are the triple infinite (lattice) sums

M Ry do) =Dy R+ ak, di,d) . (4.36)
k£0

In the case p # ¢, r, = R, + 1, and

Fi(rp,dp) = Z Z [Thk Rpg. dp, dg) + 11 s—1 (Rpg, dp, dq)] f(eg.dy).

k=0 |l|<k
(4.37)

Recall, in RUC model R, is taken as a minimal distance between any two
particles of pth and gth lattices, so |Rpq|| < |Rpq + ak| for any k # 0. As was
discussed above, the first term, 77, !'in (4.33) can be evaluated from the appropriate
formula. Provided the RUC size a is sufficiently large, the formula (4.13) can be
used for evaluating the lattice sum 7~ ! . Specifically,

Mis—1 (Rpgs dp, Z O’ (Rpg +ak, dy, dy) (4.38)
k0

00 d 2r
=an Y (71) Mikr (dp. dg) Y} jpars—1 (Rpq) -
r=0

where Y7\, 5 (R,4) are the standard lattice sums of spherical multipoles (2.40).
After we found the local expansions (4.35) and (4.37), the problem is effectively
reduced to a set of single inclusion problems. An infinite linear set of equations with

unknowns A(q) has the form (4.32), where now
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k

N o
(p)
aif = z Z Z Al Mies—1 (Rpg. dp. dy) . (4.39)
p=1k=11=—k

4.5.2 Effective Conductivity
The effective conductivity tensor A* of composite is given by (1.1). In view of
the temperature field periodicity, averaging the temperature gradient in composite
with spheroidal inclusions follows the same way as in the spherical case and yields
(VT) = G. The macroscopic flux (q) is given by (1.9) where integration is made
now over the spheroidal surfaces S, : £, = &,0. To simplify derivation, we perform
itfor N = 1 omitting the ¢ index and, then, will write the formula for a general case.

For the composite with isotropic matrix we consider, the normal component heat
flux g, = q - n at the spheroidal surface equals

Gn =q¢ = —AVT -e¢ = —A\—— (4.40)

In this case, (1.9) simplifies to

1 TO
% = G- /S (T«»n = %r)d& (4.41)

The surface integration uses the local expansion (4.31), from where

T ‘Z, IZS__, i ), [An QO + (s + ) KON (442)

8T . .
Zt DI T ), [Ass O (©) + (s + e15) PPO]

Here, xi = X7 (0, ¢); a5 are given by (4.39). At the interface S : £ = const,

r=d(—2x; " el + Exler + ExJes). (4.43)
n=e =h(—26x7 e+ Exles + Exles).

By substituting these formulas into (4.41) we get

1 or© _
E (T(O)n - ) = 2(§§—€ §T<O>) xi e (4.44)
_aT©® _
+(§r<°>—££—8§§ )x%e2+g(r<°> 2 ) Jes
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Before integrating this expression, we note that

Aror,d _d d
fP(r,d)—g%so; efle.d) - T fl(g OED o 4as)
Also, it is directly testable that
g(cof - o)) =% 5 (col -EEoy) =1 (4.46)
& 2 3
and hence
OF)(r,d 1
FO(r, d) —5% X, 9); (4.47)
3
| OFl(r,d) 1 ,
EF(r,d) — 6——"— o€ —Exﬂmwl

The formula (4.41) readily transforms to

21 1
(q) 1 2// Oy 8T() &
— =-G—-—d T —dnd
o v e
0 1

By taking Eqs.(4.42)—(4.47) and orthogonality of the surface harmonics x§ into
account we find readily that

2w

1
TO 4

/ / ( 7O — )x?dndso = ——Aw; (4.48)

0 i 3¢
27 1 4

_ vis

/] (ff— - fT“”)xl \andp = Zn
0 —1

(q) Ard?
2 - G
Ao + 3a3

and, finally,

Re (A10e3 — 2A11€1) . (4.49)

In the limiting case where a spheroid degenerates into a sphere, Eq.(4.49) is
expected to reduce to (2.47). It is pertinent to mention here that (4.49) can be
derived directly from Eq.(2.47)—and this derivation is much easier as compared
with that performed above. First, we recognize that the overall structure of Eq. (4.49)
is pre-determined by (1.9), so we only need to find the dipole moments entering
this formula linearly. Next, (4.5) provides the necessary relationship between the
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moments of spherical and spheroidal multipole fields. For ¢+ = 1, the scaling factor
equals (—1)*d?/3: as would be expected, by introducing this factor into (2.47) we
immediately get (4.49).

Noteworthy, the effective conductivity of composite with spheroidal inclusions
depends not only on the volume fraction and conductivity of disperse phase but also
on the shape, arrangement and orientation of inclusions. Even for simplest cubic
symmetry case, this composite is anisotropic at macro level [35]. The infinitely thin
oblate spheroid can be used to model penny-shape crack or superconducting platelet.
Overall conductivity of solid is greatly affected by presence of these inhomogeneities
although their volume content is equal to zero [40].

4.6 Elasticity Problem

4.6.1 Vectorial Partial Solutions of Lame Equation

The following regular vectorial partial solutions fl(é) have been introduced by
[33, 34]:

£ —eif e el (4.50)
1
£2 — m[e>1(t —s+ DT s+ Dea T —essfr;

£ = e[ — (x1 —iz)Da £ — (@ = DDy ff + (¢ — s + Dt —s + 26, ]
+ e[ (@ +iz)Di 5] — (& — DDoff + (t + 5+ Dt +5 +2)8, £

+es[z3Dafi — &Daf — (t — s+ Dt +s + DB f4].

In (4.50), e; are the complex Cartesian vectors (2.11) and D; are the differential
operators (2.10). The irregular vectorial partial solutions F}? are obtained from (4.50)
by replacing the indext with —(¢ + 1) and f£* with F?. In (4.50), £’ and £2 are
the vectorial harmonic functions whereas f,(f ) is the vectorial biharmonic function.
It contains the harmonic term ggv f; added in spirit of [70] to simplify the f,(f ) and
T (f,(s3 )) expressions at the interface & = &p.

The vectorial harmonics (3.1) do not apply to spheroid; instead we will use the
vectorial surface harmonics in the form Cl(g)(n, ©) = € Xf" (n, ¢), where s; =

s—1, sa=s5+1 and s3 = s [43]. At the spheroidal surface £ = £, the functions
£ can be written as

t) =p5Hc? — P+ P CY (4.51)

t—1,s t—1,s t—1,s

o_ 1

W=l DPHCE + s+ DPTICT —sPTCY);
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£ = [t —s + &P + (1 —s + [ — 1+ ¢ —s + D]PICY,
_ _ —s—1 _ —s—1 2)
{0 =98P+ +s+D[ 1+ +s+DB]PIT G

_ — 3
+{t =5+ D& P — Cis P JC,

where P’ = P} (&), Cg) = Cfg)(n, ) and Cyy is defined in (3.31). In compact
form,

)
£

3
= S UMl . C) ., (4.52)
j=1
Analogously, for the irregular solutions we have

Fi

3
(=2 UGK G Cl L, (4.53)
j=1

At the spheroidal surface & = const, the traction vector T,, = o - n can be
written as

o 1
(3 (V~u)+za—£u+§e5 X (Vxu). (4.54)

1
_Tf (u) =

2u 1-2v

For the vectorial partial solutions (4.50), this yields

1 : 3 . .

2_TE (fg))‘ = Z i1 TMtjsl (o, v) Ct({l-)j—Z,s; (4.55)
H s I=

! 0N\ S pgi ()

@Tf (FIS )‘S - Zj:l TGts (&)’ V) Ct—j+2,s'

For the explicit expressions of TM,jSi and TGljsi , see [34, 37].
The net force vector T is non-zero for the functions Fﬁ) only:

T (F%)) — 16u7d(v—1)es: T (Fﬁ)) - T (Ff)_l) — _32urd(—1)e; (4.56)
Three functions with non-zero net moment M are

2 — 4
M (F7) = —%d%g; M (F) =M (F7) = %d%l. 4.57)

Hence, the singular solutions Sg) and Sg) enter the series expansion only if the total
force and torque, respectively, is non-zero.
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4.6.2 Single Inclusion Problem

The problem statement is analogous to that in Sect.3.2, with T¢ instead of T, in
the interface conditions (3.12). The far load in the form of displacement field u 4,
and the displacement in the inclusion uD are given by the series (3.13) and (3.15),
respectively, where the regular solutions ufl) (3.6) are replaced with their spher-
oidal counterparts, f,(sl). In the case of linear uy,, = E - r, the non-zero expansion

coefficients c( D are

d
) = (Eni + Exn + E3), ) = —(2E33 —E;—En), (458
370 (o)

1 1 i 1
Cél) = —c§ ) Ly =d(E;3—iE3), ng) = ( ) =d(Ey1 — Exn —2iEp).

In the matrix domain, u® = uyry + Uy, where the disturbance field ug;s(r) is
written as the multipole expansion series

s () = > AVF (x.d). (4.59)

i,t,s

We substitute (4.59), together with (3.13) and (3.15), into the first of conditions
(3.12). By applying (4.52) and (4.53), we get

> Z UM} (60.10) CY) ., (4.60)

i,t,s

3
+>° 40> UGl . €L, =D dd Z UM €. €, .

i,t,s j=1 i,t,s j=1

The orthogonality property of the complex-valued vectors C,(i ) enables reducing the
vectorial functional equality (4.60) to an infinite set of linear algebraic equations.
Convenient for the computer algebra form of this system is

UG: (S0, v0)A: + UM, (S0, vo)er = UM (§o, vi)d; (1 =1,2,..);  (4.61)

where the vector A; contains the unknowns AD.

t+i—
at@i 42,5 and dt )l 42.5» Tespectively. Obtaining the second set of equations from the

traction vector continuity condition

_, » the vectors a; and d; include

TG, (Lo, vo)A; + TM, (o, vo)e; = TM, (o, v1)d;. (4.62)

follows the same way (for more details, see [34]).
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The solution we obtain is complete and valid for any non-uniform far field. For
the polynomial far field of order #x, this solution is exact and conservative, i.e., is
given by the finite number of terms with ¢ < #;n,«. This result is consistent with [28];
in particular, f,0x = 1 gives us a complete solution of the Eshelby problem. And, to
complete this section, we note that the derived solution is also valid in the limiting
case of infinitely thin oblate spheroid often used to model the penny-shaped cracks.
The normal opening mode stress intensity factor (SIF) K; is defined by

K; = lim v27ro33 = V/7d lim €033, (4.63)
r—0 E—1

where r is the distance from the point in the plane z = 0 outside the crack to the
crack’s tip. An asymptotic analysis of the stress field near the crack’s tip gives a
series expansion of SIF:

\[TKI(@) Z Z

t=0 s=—t
4(1 —v)
|:t(2t -1

s) (1) is )
[A,S + T I)A,H’S (4.64)

— (- 2u)} AS?] exp (isy) ,

where the prime over the internal sum means that it contains only the terms with
(t + s) even. For the details of derivation, see [38].

4.6.3 Re-expansion Formulas for the Lame Solutions

Translation. Letr1 = R + rp Then,

3 o k
FOa) =Y > 0 Rodi.d) 8] (02, ), (4.65)
J=1k=01=—k
where
(H2) (HA3) 2)(3) . O _ , s—1 .
Mikst = Tiiest = Thiiest. =05 Nyt = nts+2—i,k—2+i’ (4.60)

@ _
Mtkest (_
l
3) M)
kst~ = 12; [

k
S
t
o0
3 ¢ —
x> [‘Um =20 kram — 11070 g + i (520)277f—{,k+2m+1} :

m=0

! 3 Q) s 1 I
) tkl Mikst = 2 ?+k M1k
+

—1
k= 1)} + Cr—2,1 — C_(z+1),s} nf_l’k_l + @2k —1)



Multipole Expansion Method in Micromechanics of Composites 145

In (4.66) 17, ! are the expansion coefficients for the scalar spheroidal harmonics F
(4.13). These, as well as the other (R2R and S2S) expansions have been derived by
[33]. '

Rotation. The re-expansion formulas for the partial irregular solutions Fx) due to
rotation of coordinate frame r; = Oy, - rp are:

3 t+i—j k
F(rd)=> > > RYY Wo.did) B (ra.dy).  (4.67)
j=1 k=0 I=—k

where
i t+i—«
@) M) () @ (@) p—s,p—l
Rtksl = Z Z Kt,erafi,s (d1) Kp,kJrjfoz,l (d2) S2p (W12) (4.68)
a=j p=k+j—a
t
33 22
+ 0012k — 1 Y @0 R = €0 RO |
n=k
and
B)G)(j . B i) B
Kr(ks)(l)(]) =0 for i <j; Kt(ks)(l)(l) = Kt(¥2'+2,k7i+2; (4.69)
B (1) S § B B2 S s B) .
Kiks = (% - ;) Ki's Kk =41 —-v) (% - ;) K ket

G _ § B3
Ktks - [ —K .

Certys = Coernre] Ky gy — = 1) ks
Here, K l(,? ) are given by the formulas (4.6), 8 = 1, 2. In (4.67), we keep in mind that
the vectorial functions standing in the opposite sides of equality are written in their
local coordinates and components. These formulas are written for the most general
case d; # dp and &1 # 0. The analogous formulas for the regular solutions are
exact and finite: for their explicit form, see [34, 39].

4.6.4 FCM and RUC

Now, we have in hands all the necessary theory to solve the elasticity problems for
multiple spheroidal inclusions. We take the displacement field in the matrix domain
in the form (3.32), where now multipole expansion of the disturbance caused by p-th
inclusion is written as

ullr,) = > AP, dy). (4.70)

s
i,t,s
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Fulfilling the interface conditions gives us the linear set of equations similar to (4.61),
(4.62)

UG (€0 )AL + UM (g0, w0) (af +¢*’) = UML (&0, v)d s 471)

TG: (&0, 1AL + T, (g0, 10) (2 + €”) = T, (g0, 1"

Here, ¢; is given by (4.58) and a,(q) is the contribution of all other inclusions (with

p # q) to the field around the ¢th inclusion:

o0
p#q k=1

in scalar form,

N 3 oo &k
a P =3 3 > >0 ALy Rogodpdg). (473)

p#q j=1k=01=—k

Here, we assumed all the spheroids equally oriented: O, = I. The case of arbitrarily
oriented spheroids is considered elsewhere [39]. By analogy with (3.39)—(3.41),
one can use this model to evaluate the effective stiffness of composite in spirit of
Maxwell’s method.

Extension of this solution to the periodic, RUC type model is analogous to that
for the spherical inclusions and so we do not repeat it here. In fact, it mostly consists
in replacing the expansion coefficients (4.66) with their periodic counterparts in the
matrix of linear system (4.71).

4.6.5 Effective Stiffness Tensor

The effective stiffness tensor C* of composite is given by (1.10). In view of the
displacement field periodicity, averaging the strain in composite with spheroidal
inclusions follows the same way as in the spherical case and yields (¢) = E. The
macroscopic stress (o) is given by Eq. (1.13) where integration is made now over the
spheroidal surfaces S, : {; = &;0. The integration procedure closely resembles that
exposed in Sect. 3 and is straightforward although somewhat laborious.

An alternate approach to obtaining the expressions for effective properties was
discussed already in this Section, in the conductivity context. This approach extends
to the elasticity problem: namely, an expression for the macroscopic stress in spher-
ical particle composite (3.51) transforms to the analogous formula for the aligned
spheroidal particle composite by taking into account that ford — 0

Vo (r.d) ~ NoUl (1) V5 (r, d) ~ N,US) (v);
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where the scaling factor Ny = (=D*d? /3. By inserting this factor into (3.51) we
obtain immediately the desired formulas:

o11) + (o22) + (o 410 N
(o11) + (022) + (033) =(E11+E22+E33)+(1+—)Z J,A0@

3k 3ko g=1""
(4.74)
2{033) — {o11) — {022) 3
20 = (2E33 — E1p — E22) —4 (1 — ) Z dpA éo)(q),
(o11) — (022) — 2i{012)
200 = (E1 — Exn —2iEpp) —8(1 — 1p) Z dpA ;32)((1),
(o13) —i{023) . ~ 3
2—M0 = (E13 —1E») +2(1 — 1) Zq:l dpA21 .

where 5’:,, =4r (d,,)2 /3a% and k = %

5 Spherical Particles Reinforced Composite with
Transversely-Isotropic Phases

In the Cartesian coordinate system Oxjx2x3 with Ox3 axis being the anisotropy
axis of transversely isotropic material, an explicit form of the generalized Hooke’s
law is

o1l Ci1Ci2Ci3 0 O 0 €11

o CpCiiCiz 0 0 0 €22

o3 | _ [ Ci3CizC 00 0 €33 .1
023 0 0 0 2Cy« O 0 s | ’
013 0O 0 0 0 2Cu 0 €13

o12 00 0 0 0 (Cii—Cr) €12

Here, two-indices notation C;; is adopted. The components of stress tensor o satisfy
the equilibrium equations V - o = 0 and the small elastic strain tensor ¢ is related to
the displacement vector u by £ = 5 [Vu + (V)7 ].

5.1 Background Theory

Based on representation of general solution in terms of three potential functions [70],

Kushch [43] has introduced the following, full for v; # 1, set of regular vectorial

solutions V(J ).
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v = 570w, dper — £, dpes + —= £ (xj, djes (j =1,2);
VY
(5.2)
3) _ ps—1 s+1 . _ .
Vi, (1) = f77(r3, dz)er + 77 (r3, d3)ey; t=0,1,2,...; |s|]<t+1

In (5.2), v3 = 2C44/ (C11 — C12) whereas v and 1, are the roots of equation
C11Caa/* — [(C44)2 —C11C33 — (Ci3+ C44)2] v+ C33Cy44 = 0. (5.3)

Expressions of k1 and k; are

Cyhvj—C vi(Ci3+C
K = 11Y] wu _ v (Ci3 44)’].:1’2. (5.4)
Ci3 4+ Cys C33 —vjCyy
The modified Cartesian r; and prolate spheroidal coordinates (5 JaMjs @ j) are given
for v; < 1by

r1+iry =21 iy = djf_jﬁj exp(iy;), x3 = vjr3; = Jvjdj&inj; (5.5)

In the case v; > 1, the oblate spheroidal coordinates must be used. The system (5.5)
is chosen in a way that §; = {;o = const at the spherical surface r = R; i.e., S is
the £-coordinate surface of (5.5). We provide this by defining

dj =R/&o, Ejo=+vi/|vi—1| (5.6)

In this case, moreover, we have ; = 0 and ¢; = ¢ for r = R, where (r, 0, ¢) are
the ordinary spherical coordinates corresponding to the Cartesian ones (x1, 22, 3).

This is the key point: no matter how complicated solution in the bulk is, at
the interface we get the linear combination of regular spherical harmonics
Y’ (0, ¢). Under this circumstance, fulfilling the contact conditions at interface
is straightforward.

The explicit form of the irregular vectorial solutions V,({ ) is given by the Eq. (5.2),

with the replace f by F;. According to [23], F} = f7 = 0 for |s| > t. This
condition makes it impossible to represent some irregular solutions in the form (5.2).
To resolve this issue, Kushch [43] has introduced the following, additional to (4.4)
functions of the form

1
FItr, )= oo HH©) PR iy expli (r + k) ], (5.7)
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(k=0,1,2,...) where
2t + k)! !
P () = ( tz)(tik) - / / / P, (p) (dp)'+*

2t + k)!

= (l—pzw Tiyk (5-8)
for 0 < p < 1;for p < 0, P/ (p) = (=1)*P!** (—p). 1t is straightforward
to show that the functions (5.7) are the irregular solutions of Laplace equation. In
contrast to (4.4), they are discontinuous at 3 = 0. In the general series solution,
however, these breaks cancel each other and give the continuous and differentiable
expressions of the displacement and stress fields. Remarkably, the functions F/ +h
are introduced in a way that for them are valid all the principal results including the
re-expansion formulas (4.13) and (4.15).

At the spherical surface r = R, the functions V,(i) and v§§)
compact form as

can be written in the

Vi), =

3 3
> uehcl, => umj ¢y, (5.9)
j=1 j=1

where C(/ )(9 ) is defined in (4.51). In (5.9), the matrix

TG 07 &) 07 (&)
UG, = {UG;JY} = | -0t €0 -0 (&0 0T (&) | (5.10)
ﬁQ?(flo) ﬁQ?(Szo) 0

UMy, has the form (5.10), where Q7 are replaced with P;.
To satisfy the stress boundary conditions, we need the similar representation for

the traction vector Ty, = o - n. For the explicit expressions of Tn(v(j )) at the surface

S, see [43]. These and analogous expressions for Ty (Vt(ﬁ )) also can be written in the
compact form

3 3
Ta(VY) )S =S 16l Tav) (S => rmjic. .11)
Jj=1 j=1

For the definiteness sake, we assume here and below | # 1. In the case of equal
roots v1 = v», solution (5.2) is not general because of ft(s1 ) = f,(s2 ) In this case, to get

a complete set of independent solutions, V( ) can be taken in the form [43]
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C13+3Cya,

2
Vo) = dy (:c3v o

) FEey, di) 4+ Jordy (€10)2 V£ (r1, dy).
(5.12)

For the expression of the corresponding traction vector, see [70].

5.2 Series Solution

Let us consider an infinite solid with a single spherical inclusion of radius R
embedded. The matrix and inclusion are made from transversely isotropic materials
and perfectly bonded:

(wt —u7)|g=0: (Tn(u") =Ty (u7))|g=0. (5.13)

In this Section, all the parameters associated with the matrix and inclusion are denoted
by the superscript “—” and “+4”, respectively. We assume the anisotropy axes of
both the matrix and inclusion materials to be arbitrarily oriented and introduce
the material-related Cartesian coordinate systems Ox| x, x5 and 01'_1'— x; x;” with
common origin in the center of inclusion. The point coordinates and the vector
components in these coordinate systems are related by

where O is the rotation matrix. Transformation of the vectors i; uses the formula

110
if =i, where 0*=D"'OD and D= —-ii0]. (5.15)
' 001

The displacement field within the inclusion u™ can be expanded into a series over
the regular solutions V,(f ) (5.2):

3 ™
=>4V ) (D=3 > (5.16)

J.t,s Jot,s j=11t=0 |s|<t+1

where d,(S] ) are the expansion coefficients to be determined from the contact conditions
(5.13). The displacement vector in the matrix domain is a sum of far field u s, =

E - r~ and disturbance uy;; whose multipole type expansion in terms of Vl(! ) is
given by

U =ugg tug =B+ > APV (7). (5.17)
Jst,s
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Expression (5.16) is ready for use; the similar expansion of u s, follows from
(5.2). Specifically,

war = 3V (), 19
Jst,s
where
d; vy
(1 1Y
=—1 1 [Eqnv; +k; (En+E
R S [E33v; (Eni + En)]:
dl_\/E
Cill) — _CEI)—I = = (E13 - lE23)a
1
glz) = 51)_2 = (E11 — Exn —2iEn); (5.19)
v, d, _ _
ey = _# [Essvi + ki (Eni+ En)];
172 — kv

RONS (%) V¥4

T T T (1 —k)(E13 —iE23);
1

all other coefficients c( i)

We note first that the functions V(()is) are the fundamental solutions representing
action of the point body forces in an infinite solid. Because no body forces is suggested
in the problem statement, we get immediately A(()ZS) = 0. The remaining coefficients

are equal to zero.

Ag) and Dt(‘i) will be determined from the interface boundary conditions (5.13). We
use (5.9) to write

Z(Z UGl A v UM e<“>) C (07.¢) (5.20)

Jst,l

and

=> (Z U Mi?*dfé”) Cy (0. ™). (5.21)

it,s

Note that u~ (5.20) and ut (5.21) are still written in the different coordinate
systems. Therefore, before substituting them into (5.13), u™ has to be expressed
in terms of the variables #~, ¢~ and vectors e~ . For this purpose, we apply the
Bateman’s transformation formula of the surface spherical harmonics due to rotation
of coordinate basis [3] and (5.15) to derive:
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3

[ (t+l) it—l; — —

ClOt =225 2 S Gl (0meT), 522
= s v

where S%g are the spherical harmonics in four-dimensional space and w is the vector
of Euler’s parameters related to the rotation matrix O by (4.27). By substitution
(5.22) into (5.21), we get

3
(t+l) sit—1; i NP
=220 2 Gyt >ZUsz+df?) Gl 0797

j.tl | i=1 |s|<t+1
(5.23)

Now, we put u~ (5.20) and transformed expression of u™ (5.23) into the first of
conditions (5.13) and make use of the orthogonality property of spherical harmonics
X} on the surface S to decompose vectorial functional equality u™ = u™ into a set
of linear algebraic equations. It is written in the matrix-vector form as

UG, Ay +UM; ey = > UM, dy, (5.24)
Is|<t+1
t=0,1,2,...;/| <t+1;

where
t+1; :
1s>? thvll = ij Et+ 5 §| ;t ey
- .
Ay = {A,(f)} , dy = {d,(;) , € = {e(l)

UM?, = W, ;UM T(w), (5.5

Obtaining the second set of equations follows the same procedure where, instead of
(5.9), the representation (5.11) of the normal traction vectors Ty (V(] )) and Ty, (V(j ))

on the surface r = R should be used. After transformations, we obtain
TG, - Ay +TM,, ey = D TMj, - dy, (5.26)
|s|<t+1
where TM,sl = WmlTM Form of the matrices TGy; and TM;; is clear form

(5.11). The Eqs (5.24) and (5.26) together form a complete set of linear equations
from where A?S) and d,(;) can be determined. For more details, see [43].

5.3 FCM and RUC

Let us consider now an unbounded domain containing N non-touching spherical
particles of radius R, with the centres located in the points Oy, ¢ = 1,2, ..., N and
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the elastic stiffness tensors C;;. We introduce the local material-related coordinate
systems Oqa:Tq x;rq x;rq which origin and orientation with respect to the global Carte-

sian coordinate system Ox| iy~ z~ is defined by the vector R, and the rotation matrix
O, . The matrix-inclusion interface boundary conditions (g = 1,2, ..., N) are

(u;r B u_) s, 0 (T" (u;’) ~ T (u_)) S,

q
the stress state of the heterogeneous solid is governed, as before, by the linear far
displacement field.
In (5.27), u(‘; is the displacement vector in the volume of gth inclusion: by analogy
with (5.16),

=0; (5.27)

Jit,s

The displacement vector u™ in the matrix domain is written as a superposition of
linear far field and the disturbance fields induced by each separate inclusion (3.32):

In turn, the disturbance term u;’i’z (r) allows the multipole expansion in the form

u;z;g( ) ZA(”)(”V(”( ) (5.29)

Jit.s

where A,(f YD) a5 well as dt(sq YD) in (5.28) are the unknown coefficients. The limiting
behavior of u” isu™ — E - r with |r|| — oo.

The separate terms of the superposition sum are written in the different coordinate
systems. To enable application the procedure described in the previous Section, we
need to express u”~ in variables of the local coordinate system. This transform uses
the re-expansion formulae for the irregular vectorial solutions V,(A’ ) due to translation
of coordinate system:

Vi () = Z > kst (Rpgs i) il (7). (5.30)

k=0 |l|<k+1
t=0,1,2,...; |s|<t+1;

The formulas (5.30) follow directly from the corresponding result for the scalar
harmonic functions F;’ (4.13). The explicit form of the coefficients 74 is given by
the formulas (4.16), (4.22) or (4.24).

We apply (5.30) to all the sum terms (5.29) but that one with p = ¢ written
initially in the variables of this local coordinate system. After some algebra, we find

u(r,) = Z [Afg)(j) Vfi) (rq—) + (at(?)(J) 4 c(q)(])) Vt({) ( )] ’ (5.31)

Jst,s
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where
iV =33 D s (Rpgodiydyy) A (5.32)
k=0 |I|<k+1 p=1p#q
and c,(?)(j ) are the expansion coefficients of the linear part of u™ given by the formula

(5.19), with replace dj_ to dq_j =Ry /fj_o-

After the local expansion of u™ in the vicinity of the point O, was found, the
remaining part of solving procedure follows the described above way. In fact, by
applying the re-expansion formula (5.30) we reduced the initial, multiple inclusion
problem to a coupled set of N problems for a solid with a single inclusion in the
non-uniform far field. The resulting infinite set of linear algebraic equations is

(9)— (@) (@)— (@) @Y _ (@*  4(q)
UG, -A,; +UM,;" - (atl +¢y ) = z UM, -dys7,
[s|<t+1
TGP AL e (o ) = Y M a6
[s|<t+1
g=1,2,...,N; t=0,1,2, ...; |l|<t+1;

where at(?) = {a,(g)(j), a,‘f)”’, a,(g)(j)}T and a,(g)(j) are given by (5.32). Its approx-

imate solution can be obtained by the truncation method, when the unknowns and
equations with ¢ < tnax only are retained in the (5.33). The solution is convergent
for fmax — 0o provided that the non-touching conditions |R,, | > R, + R, hold

true for each pair of inclusions. Thus, (5.33) can be solved for At(;’) and d,(g) with
any desirable accuracy by taking .« sufficiently large.

The above formalism applies also to solution of the RUC model problem. To this
()
ts

end, it is sufficient to replace V;;” with its periodic counterpart

Vi) => v (- ak) (5.34)
k

in (5.29) and a'? (5.32)—with

00 N
al =" > D i (Roa dpydi ) ALY, (5.35)

k=0 || <k+1 p=1

where 77}, . is the lattice sum (4.36). These sums appear in solution of the conductivity
problem for a composite with transversely isotropic phases [35]. There, the conver-
gence rate of the series (4.36) is discussed and the fast summation technique has
been proposed. The only difference here is the extended variation range of indices s
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and /. These series converge for all indices in the range |s| <t + land |/| <k + 1
provided the inclusions do not overlap.

5.4 Effective Stiffness Tensor

The macroscopic elastic stiffness tensor is defined by (1.10) where we consider RUC
a representative volume element of composite. In this case, integration of the local
strain and stress fields can be done analytically. The components of the effective
stiffness tensor are found as C?‘jkl = (ai j), where the stress o is calculated for
(ert) = 1, {exp) = 0 (k # k/, 1 # I’). It has been shown in Chap. 5 that E has a
meaning of macroscopic strain tensor. Hence, C;;; = (077} | Ep=idn -

To compute the macroscopic stress (1.12), we employ Eq.(1.13) valid for the
arbitrary orientation of inclusions and general type anisotropy of constituents. Inte-
gration in (1.13) has to be done over the matrix volume only: with the local series
expansions (5.31) taken into account, this task is straightforward. Moreover, it fol-
lows from the Betti’s theorem that these integrals are equal to zero for all regular
solutions V(J ) Among the singular solutions V,(f ), only those with = 1 contribute
to (0, ]) After some algebra analogous to that in Sect. 8.1, we get the exact explicit
formulas [44]:

12 4
Cy, -C - AU > A —_—
(o) = Cyylex) 11(\/ vy Ay +\/ ) >

) .
ReAgjz);

k7
"
(5.36)

Cp (L+k7)

(022) = Oy (E) C22(\/: Ajg +\/> AQ)) — \/»_] ReA'):
V.
j

_ [ ki~ ) @
(o33) = C3p (erx) — C33 —lAﬁo) + LAEO) ;
v VY2

Cp L+
(012) = Cg (e12) + %—_ImAﬁf;,
Vi

(o13) —i{023) = Cyy ({e13) —1i(e23))
L Cu [(1+2k YAWD + (1 4 2k5) AP — A“ﬁ?];

where


http://dx.doi.org/10.1007/978-94-007-5715-8_5
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Again, as expected, these formulas involve only the dipole moment of the disturbance
field caused by each inclusion contained in RUC.

6 Fibrous Composite with Interface Cracks

In this and subsequent Sections, we consider a series of two-dimensional (2D) mul-
tiple inclusion problems. This geometry can be viewed as the cross-section of uni-
directional fibrous composite (FRC) for which, in the case of transverse loading,
the 2D model is adequate. In 2D, the powerful method of complex potentials (e.g.,
[62, 67]) provides an efficient analysis of a wide range of the boundary value prob-
lems including those stated on the multiply-connected domains. This fact makes the
method complex potentials very useful in micromechanics of fibrous composites
and, in particular, in 2D version of Multipole Expansion Method ([6, 17, 24], among
others).

6.1 Background Theory

In 2D plane, the point (z1, x2) it conveniently associated with the complex variable
z = z1 + izy. In the exponential form, z = pexp(if), where the modulus p = |z]
and argument # = Arg(z) are the polar coordinates corresponding to the Cartesian
x1 and z». The complex-valued, analytical in a vicinity of the point zo function f(z)
can be expanded into Laurent series

[ = a2 —20)", 6.1)

being inherently the 2D multipole expansion of f(z). The series (6.1) contains the
negative powers only if zg is the singularity point of f(z). By direct analogy with
(2.3), the powers of z can be regarded as the solid harmonics, regular for n > 0 and
singular otherwise. Moreover, at the circular line p = R, we get 7" = R" exp(inf)
where Fourier harmonics exp(inf) are viewed as the surface harmonics.

We also mention the re-expansion formulas analogous to (2.20)—(2.22). The most
famous one is the Newtonian binomial:

C+2) = (Z) Zn kK, 6.2)

k=0

where (Z) = n!/k!(n — k)! are the binomial coefficients. In our context, (6.2) can

be viewed as translation of regular solid harmonics (R2R). The local expansion of
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singular harmonics (S2R) takes the form

n — (n+k—1 —(n+k) _k
G+ =2 (""", 270K 2l < 1215 (6.3)
k=0

translation of singular harmonics (S2S) is given by

o0

c+2)" :Z("‘ 1)zk"zk, 2l > 1Z]. (64)

n—1
k=n

These results are sufficient to solve the conductivity problem for a multiply-
connected domain with circular boundaries in a way, quite analogous to that described
in Sect. 1. This multipole solution can be further extended, in obvious manner, to the
periodic and RUC type infinite arrays of inclusions, etc. For the details, we refer to
[17, 69], among others, where this work was done. In what follows, we focus on the
elasticity problem.

6.2 2D RUC Geometry

Two-dimensional RUC model of unidirectional FRC (Fig.2) contains the centers of
N aligned in x3-direction and circular in cross-section fibers. Within a cell, the fibers
are placed randomly but without overlapping. The fibers shown by the dashed line
do not belong to the cell while occupy a certain area within it. The whole composite
bulk is obtained by replicating the cell in two orthogonal directions. Geometry of the
cell is defined by its side length a and the coordinates (X4, X24) of gth fiber center
(g =1,2,..., N)in the global Cartesian coordinate system Oxx;. For simplicity

Fig. 2 RUC model of fibrous
composite
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sake, we assume the fibers equally sized, of radius R = 1, and made from the same
material. The fiber volume content is ¢ = N7 /a>.

We introduce the local, fiber-related coordinate systems O,z 1424 With origins
in Z,; and the associated complex variables z; = 14 + iz24. The global complex
variable z = z4+Z,, where Z, = X14+i1X24, ¢ = 1,2, ..., N.Thelocal variables
Zp = z — Zp relate each other by z, = z,, — Z),. Here, Zp; = X1pq +1X2p4 is
the complex number determining relative position of the fibers with indices p and
q inside the cell. Also, we introduce the complex number Z;’; ¢ defining the minimal
distance between the arrays of fibers with indices p and ¢. Here, we do not assume
that the both fibers are belonging to the same RUC, see Fig.2. In these notations,
the non-touching condition of any two fibers in entire composite space is written as

‘z;; .| > 2R.
This model is thoroughly studied ([9, 17, 22, 47, 69], among many others) in
the case of perfect matrix-fiber interfaces Ly, g = 1,2, ..., N. Here, we consider

more general problem where one part qu) of interface L, defined by the endpoints
zﬁq) = exp(iGE.Q)) (j = 1,2) (Fig.3) is separated and another part Ll()q) = Lq\LE.Q)
is perfectly bonded.

To simplify the subsequent algebra, we introduce the crack-related complex
variables (; = z4 /qu)’ where zgq) = exp(i@f.q)) is the crack midpoint: 95‘1) =
(95‘1) + 9;4)) /2. The interface crack size is measured by the angle 9;4) — 95‘1) = 2951);

in the prefect bonding case, 0% = 0.

6.3 Model Problem

We consider the plane strain problem (z3 = 0). Both the matrix and fiber materials
are taken isotropic and linearly elastic. The complex displacement u = uj + ius
corresponds to the Cartesian displacement vector u = (u1, uz)T. We denote u = ug

Fig. 3 A fiber with interface
crack
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in the matrix material with a shear modulus £i9 and Poisson ratio vy; ug, p1 and v
refer to displacement and elastic moduli, respectively, of gth fiber. The components
of the stress tensor o = {O’,’ j} are given by

ﬂ:si'+5i'u(€11+€zz) 6.5)
) ’

where ¢;; are the components of the strain tensor and x = 3 — 4v for the plane strain

problem. In the adopted by us open-crack model, the traction-free crack surface is
assumed. The relevant boundary conditions are:

[[u]]LZ‘Z) = [[Tr]]Ll(;l) = 07 Tr|L£!I) = 09 q = 15 27 ceey N (66)

where T, = o, + iog is the complex traction at the circular interface L@,

We consider the macroscopically uniform stress state of the composite bulk, which
implies constancy of the volume-averaged strain E = {E;;} = {(ei;)} and stress
S = {S,-j} = {(0',']')} tensors, where (f) = A1 fA fdAand A = a? is the cell area.
We take E a load governing parameter. Under the assumptions made, periodicity
of geometry gives rise to periodicity of local strain and stress fields ([10, 17, 68];
among others)

gij(z+a)=¢ij(z+ia)=¢;(); o0ij(z+a)=o0(z+ia)=o0i(). (6.7)

The corresponding to (6.7) displacement field is a quasi-periodic function of
coordinates:

u(z+a) —u@ = (En +iEn)a; u(z+ia) —u(z) = (Eip +iEp)a. (6.8)
Hence, (6.8) can be decomposed into a sum of the linear part u* being the far field

determined entirely by the E tensor and the periodic disturbance field caused by the
inhomogeneities.

6.4 Displacement Solution

The general displacement solution in a vicinity of the partially debonded fiber (6.6)
can be written in the form (e.g., [S1])

1\ —— 1
20 u;(Q) = Kjipi(€) — (< - E) 7O —w (?) , 6.9)

Jj = Ofor matrix and j = 1 for fiber. Representation (6.9) is valid for any inhomoge-
neous far field and so can be applied equally to the single- and multiple-fiber problem.
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In (6.9), ¢ is the complex plane variable, ¢; and w; are the complex potentials and
kj = 3 — 4v;. Also, the prime means a derivative with respect to the argument
and overbar means a complex conjugate. Expression (6.9) is advantageous in that
it simplifies greatly at the circle L defined by the condition |z| = 1. The complex
interface traction 7, = o, + i0,¢ also takes a simple form for ¢ € L, in terms of the
derivative complex potentials ¢’ (z) and w'(z).

The potentials ¢, and w, of the regular in a vicinity of the point z = 0 displacement
field u = u,(z) are given by power series

00 1
wr(z) = Zan " we(z) = Z cn 7. (6.10)
n=0

n=—00
Provided u, () is known, the series expansion coefficients a, and c, are given by
kagy —oxrar = Iy k>0, cx=-Iy, k<0, ci=ay; (6.11)

where 0y is the Kronecker delta and I; are the Fourier coefficients
2 L 27

= | u@i*ao. (6.12)
2w 0

I

6.5 Single Partially Debonded Fiber

Kushch et al. [51] have suggested the following form of the potentials ¢ ; and w; in
(6.9) for the matrix and fiber area, respectively:

1 —
( Ol)f(C)Jr

(@ = 55 C2homo: 6.13)
w© =52 10+ E2noro;
010 =22 10+ T 2horo;
@© =~ 10+ om0
Here,
L e L e R
wi1(ko + 1) + po(k1 + 1) wi(ko + 1) + po(k1 + 1)

are known as the bi-material constants [12],
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RA(Q) = (¢ — Gy = G, (6.15)

f(¢) and () are the analytical functions to be found. In (6.15), {; = exp(if;) and
A= —log (1 ™ 3) /27. The boundary conditions (6.6) are fulfilled exactly provided

the potentials ¢ ; and w; taken in the form (6.13). The solution (6.9), (6.13) is valid
for the arbitrary non-uniform far field u, = u(y,, w,) considered as input parameter.
The potentials f({) and i(() in (6.13) are written as Laurent series:

F©Q =2 hQ) =D " (6.16)
k k

The f; coefficients are given by the simple formulas

5 k<0 f k=1, f ReM; +i ImM; 6.17)
= —cp, < 0; =a, k>1,; = i ; (6.
LT o YT My My T My — Ms

for the explicit expression of M ;, see [51]. The hy coefficients are given by the series

= 4f > X1 —Nar, k > 0; (6.18)
(=555
k
1 .
= ﬂ(d_m)‘ Z Xk*l((d’ Nc, k< 0;

(1+0)

I=—00

where

n k
Xn(Ca M) = (D" D GG kNG ™ Gr(N) = H(

1+ 21)\ )
k=0 el

(6.19)

6.6 Finite Array of Partially Debonded Fibers

In accordance with the superposition principle, we write the total displacement field

ug in the matrix domain as a sum of the far field #°° and the disturbance fields u(p )
caused by each individual fiber:

uo(z) = u™® () + us(2), us(z) = Zz(”) P, (6.20)
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In (6.20), p = z/ zﬁ” ); the disturbance displacements are summed up in the global

coordinate system. We divide the local expansion of uo(z) in a vicinity of gth fiber

(@) (q)

into the regular ;" and singular ug" parts:

uo(Cy) = ul? () +ul? (¢, (6.21)

Here, uo(¢,) and uﬁq)(cq) are given by (6.9), with the potentials (6.13) and (6.10),
respectively. The disturbance field vanishes at infinity: u q)(g“q) — 0 for ¢; — oo.

The regular part u(q) (Gg) is a sum of the far field and the disturbance fields from all
fibers excluding that one with p = g:

(G = u™@ + Zz”’) (G- (6:22)
P#q

Provided the right hand side of (6.22) is known, the u(q) series expansion coeffi-

cients a,((q) and c,((q) can be found from (6.11) where, in view of (6.22), I (6.12) are
calculated by integrating along the interface L:

2po [T ) -
19 = i /0 OO(Z)+ZZ<”[ u? (¢p)] {1756, 623)

27z P#q
—oo<k<oo, g=1,2,...,N.
The Eqgs. (6.23), (6.11) and (6.17), (6.18) taken together form an infinite system of

linear algebraic equations, from where all the expansion coefficients are determined
uniquely provided u° is known.

6.6.1 Evaluation of the Integrals in (6.23)

The integrals entering (6.23) can be evaluated either analytically or numerically. In
what follows, #°°(z) is assumed to be linear function of coordinates, i.e.,

u™(z) = Nz — Iz (6.24)

where Iy and I are the arbitrary complex constants. Its analytical integration is
elementary and yields
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~2u0T% (2 “”) k=1

2010u™(Zy) /2@ k = 0;
2u0l, k= 1;

2T

@ _ 240 @), \,—k

=3 (q)/ U (Zg + 2"ty dly =
TZ¢

(6.25)

and I,f") = 0 otherwise.
Numerical integration is straightforward but not necessarily the perfect way of
evaluating the sum terms in (6.23). First, computational cost of this procedure is rela-

tively high. Second, the fact is that with Z,, (and, hence, () increase, ug (C ,,) tends

to uﬁ" ) (C ,,). This case requires a special attention: evaluation of ug" ) by subtraction

of two close numbers is not advisable because it may lead to substantial numerical

error. To avoid this problem, we derive an asymptotic expansion of uép ) using the
following Laurent series [51]:

1
S e 1> 1

6.26
>, a2 ¢l < 1; (©20)

h(Q)RA(C) = [
In (6.26),

(”—ZR Cas Vhnsm—1, g ==l )“ZR (Car =Nhum, (6.27)

m=0 m=0

where

n k
Ry(Cas M) = (=1)" D" He (W H,—x (NG ™", Hi(\) = H(

3+ 2iA 1)
k=0 j=1 .

(6.28)

In fact, it suffices to derive the asymptotic expansion of the singular potentials

O = o — o and w” = wy — wP. By combining the formulas (6.13), (6.26)

(6.10) and (6.17), one finds

o (Gr) = ﬁ h(<p>RA(<p>—za,§"> o (629)

. n=0
Z )Cn,

where

(I-a) 1-5) «
(p) _ (p) + gr(l )(p)

all) = =—==1i 5 n=1,2,...). (6.30)
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Analogously,

o0

WP (¢ Z P (6.31)

where

(1—a) 1+5 o
o) =~ f" + =P —dna” =12, (632)

In these notations, u(

fibers, i.e.

P) takes the same form as in the case of perfectly bonded

oo

2uous"><<p>—z[noa”’)<"+(<p—<p a3, ("“’—c,i"@”]

n=1

(6.33)

The expression (6.33) is appropriate for / k(q) evaluation provided ]Z pg | is sufficiently

large. Moreover, in this case integration can be done analytically, with aid of the re-
expansion formula (6.3) written for (), as

Zn ¢kl <z (6.34)
where k1) .
n —(n
=0 (@) @) B 639

for k > 0 and equal to zero otherwise. After some algebra, we get the explicit
expression of / ,fq) (6.23):

I(q) = 20 0x1 — 2p01 ( (q)) Ok, —1 (6.36)

5P @ 2 L )

AP, (P B 4 » DPaP

+Z (q)Z[ nka—n+n(B ) an n ],
p#q ¢ n=1
where
Pq
k> 0;
APq — Mk » ’ 6.37
nk [O, otherwise; ( )
vkl k42 ()T 2( <q))*" ~k+2)

Brll’]?: =D"" Gipi=m (ZC ) Ze Zp k= (6 38)

0, otherwise;
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—0)! n+2 —k 2 (n—k42
(=D* (n_inl)!_()—k_)! (ng)> (ZEQ)) |Zpg|* Zpg" P k< 0;

0, otherwise;

chl = (6.39)

qu _

P4 k<0
" —[n""‘ = (6.40)

0, otherwise.

Theoretically, the obtained formulas are valid for any two non-touching fibers
with indices p and g. However, for the closely placed fibers (|Z,4| ~ 2R) the
series (6.33) and (6.34) converge rather slow: in this case, direct numerical integra-
tion is preferable. The following empirical rule provides the reasonable compromise
between computational effort and accuracy: for |Z pq| < 2.5R, the integrals (6.23)
are evaluated numerically whereas for |Z »q | > 2.5R the explicit analytical formula
(6.36) is applied.

6.7 RUC Model of Fibrous Composite with Interface Cracks

Now, we consider the model problem for RUC geometry, with the macroscopic strain
E as a governing parameter. The periodicity conditions (6.7), (6.8) are fulfilled by
taking the displacement in matrix domain as a sum of linear mean field ¥* and
periodic disturbance field u}. Specifically,

N
up(z) = u® @) +ui (), ui(z)= Zzé”)uf“’)(gp). (6.41)
p=1

In comparison with (6.20), the single fiber disturbance terms u; are replaced with
their periodic counterparts given by the sums over all the square lattice nodes
k = {ki, ka} (00 < ki, kp < 00) :

* + W )
ui (¢ =D ul (Z”—") Wi = (ki +ika.  (6.42)

" ng)

In view of (6.33), u;‘(p ) canbe expressed in terms of the periodic complex (harmonic)
potentials S (z) and their biharmonic S;*(z) counterparts:

S =D G+ W) TS @ =D e+ Wil @+ W) (6.43)
k k

([17, 65], among others). In particular,
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o0

AP =3 al) () 81z (6.44)
n=1

The above procedure, with two amendments, applies to this problem. First, we
require u#((z) (6.41) to obey the periodicity conditions (6.8). This condition gives us
the far field u°°(z) (6.24) coefficients '] and I»>. It has been established elsewhere
[17, 65] that

SH(z) = Si(z+a) =S} (z+ia) — dy127i/a; (6.45)
S (z) =8 (z+a) =S (z+ia);

where 9, is the Kronecker delta. By substituting (6.41) into (6.8) and taking (6.45)
into consideration we find

En+E Ey — E _
FIZ%JrReF;; FQZ%ﬂ-l’ElZ‘Frz,‘; (6.46)
where
T < @ (LN o (L)
FEZVPZ_‘I /ioa_l(c ) —a"” (zc ) +elP (6.47)

Second, the formula (6.23) should be modified to take into account interactions of
an infinite array of fibers. To avoid the discussed above integration issues, we write
it as

@ _ 200 [T e () (
LY =—0 (z)+2z (6.48)
27rz(q) 0
¢ P#q
ad Zp, + Wk
z (p)z (» [ <p —k
+ Zec Ug ((—]7)) tq dﬁq
p=1 k0 <c

Here, the first sum contains contributions from the nearest neighboring fibers of pth
and gth arrays defined by Z7 , see Fig.2. It can be integrated either analytically or
numerically, in accordance with the rule formulated in Sect.6.6. The second sum
contains contributions from the “far” fibers. Provided a number of fibers in the cell
is sufficiently large, the cell size a > 2R and |Zq - Z p| > 2R for all fibers
contributing to this sum. In this case analytical integration is justified and yields

N ( ) oo
L= Z Z[HoAif’]a(”n) +n BT+ CPDa) + DT ‘1’)] (6.49)
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In (6.49), the coefficients A'F9, B*IY C'I'" and D} are given by the

formulas from (6.37) to (6.40), respectively, with replacing the Z;(I(n+k) to Z‘,ﬁz
and |qu |2 Zp;("fkﬂ) to Z‘,fgz*, where
2
* *k ‘Z;q + Wi
E =2 AW BT = (6.50)

* +2
k20 k0 (Z3, + Wi)"

are the standard harmonic and biharmonic lattice sums, respectively ([65]). Now,

with u®°(z) and Ik(q) expressed in terms of a(_I;) and c,(qp ) (formulas (6.24), (6.46),
(6.47) and (6.49), respectively), the problem is reduced to considered above [51].

6.8 Effective Stiffness Tensor

The obtained analytical solution provides an accurate evaluation of the local strain
and stress fields in any point of RUC and thus enables a comprehensive study of
stress concentration, stress intensity factors and energy release rate at the interface
crack tips in FRC. On the other hand, the strain and stress fields can be integrated
analytically to get the finite expression of the macroscopic stiffness tensor C* (1.10).
From the plane strain problem, the effective transverse elastic moduli C},;;, C},-
C3,,, and Cy,;, can be determined.

To simplify the integration procedure, we write the bulk and shear components
of the strain tensor as

B P
2 e — e +2iep = —25- (6.51)

€ €72 = 2Re—;
11 +exn 52 92

In what follows, we will use also the Gauss formula written in complex variables as

ou 1 .
—dV = —/u(m —inp)dL, (6.52)
A 32 2 L

where L is the boundary of A and (n1, n2)” is the outer normal to L unit vector.
First, by integrating the bulk stress

ont+on  4p u

5 = e 1)Rea—z (6.53)

we get

N

(o11) + (022) 4po / Oug 4y / du,
A = Re—dV 4+ —— Re—=dV (6.54
2 (ko—1)Js Oz (k1 —1) ; A, 0z (6.54)
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where A, = 7R is the area of gth fiber cross-section and Ag = a®> — NmwR? is the

matrix area inside the cell: A = Z;V:o Ay . Next, by applying the formula (6.52) we
obtain

(o11) + (o) 4po N .
4 2 (ko — 1) /Lo _qZ:‘I/Lq Re [ug (ny —in)]dL  (6.55)

N
4 '
" (k1 —1) CIZ_}/LqRe [ug (n1 —inp)]dL

where Ly is the outer boundary of the cell. In the case L, involves the interface crack
LE.‘”, ug and u, in (6.55) are integrated along the matrix and fiber, respectively, side
of the crack.

In view of (6.8), integration along L is elementary and yields
/ Re [ug (1] — in2)]dL = a* (E11 + E») . (6.56)
Lo

We recognize also that at the interface L, the integrands simplify to

4y

—_— 6.57
Ty (6.57)

Re[u; (n) —iny)]| = 2Re [Hj@j(tq) — wj(l/g)t_l}

(I{j—l) q

In view of (6.57), integration along L, is straightforward. With (6.13) and (6.32)
taken into consideration we come, after some algebra, to

/ Re”: e Ga] :|(”1 —inz)]dL=2 ot D) Eq)’ (6.58)
g LG =D Go— D (ro =D

(

where ¢, D s given by (6.32). Now, collecting all the terms gives us the exact formula:

2 E E 2 1
{o11) +(022) _ 2p0 (B + 22) 7r(f-ﬂoJr )z @) 6.59)
2 (ko — 1) % (ko — b
Averaging the shear part of stress tensor is quite analogous. It follows from (6.51)
that
. . du
022 — 011 + 2012 = 2u(exn — e11 + 2iepp) = —2Ma—z~ (6.60)

By applying the formula (6.52) and performing the transformations similar to those
exposed above, we get also



Multipole Expansion Method in Micromechanics of Composites 169

(022) — {o11) — 2i{012) = 20 (Ex2 — E11 — 2iE12) (6.61)

2m & @ (@)
q q
+ S0+ Y ()",
g=1

where a(j’f is given by (6.30). Together with (1.10), relations (6.59) and (6.61) enable
evaluation of the effective transverse elastic moduli C7,,,, C{{5, C35y, and Ci,y,
of unidirectional FRC with interface cracks [53]. To find C§323 and C ]k313, one has to
consider longitudinal shear in the fiber axis (x3) direction. In mathematical sense, this
problem is equivalent to the transverse conductivity (2D Laplace) problem, solved
recently in [52].

7 Composite with Elliptic in Cross-Section Fibers

In this Section, we consider a plane containing a finite array of elliptic inclusions.
No restrictions is imposed on their number, size, aspect ratio, elastic properties and
arrangement. For the sake of simplicity, the inclusions are assumed equally ori-
ented; extension of the below analysis to the case of arbitrarily oriented inclusions is
straightforward. We apply MEM to solve the elasticity problem: for the multipole-
type solution of the counterpart conductivity problem, see [86, 87].

7.1 Single Elliptic Inclusion in Non-uniform Far Field

Let consider an isotropic elastic plane with a single elliptic inclusion. The Cartesian
coordinate system Oxjx> is defined so that its origin coincides with the centroid
of ellipse whereas the Ox| and Ox; axes are directed along the major and minor
axes of the ellipse. An aspect ratio of the ellipse is e = I3 /[y, where /1 and [, are the
major and minor, respectively, semi-axes of the ellipse. Another derivative geometric

parameter is the inter-foci distance 2d, where d = /! 12 — l%.

7.1.1 Background Theory

We introduce the complex variables of two kinds. The first one is z = x| + iz, the
second variable ¢ = ( + in is defined by

z=w(&) =dcoshé&. (7.1)

Equation (7.1) specifies an elliptic coordinate system with ¢ and 7 as “radial” and
“angular” coordinates, respectively. So, the boundary of the ellipse is the coordinate
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line given by the equation

1 1
<=Co=§1n( +e); (7.2)

1—e

i.e., the points at matrix-elliptic fiber interface are the functions of angular coordinate
1 only. This fact makes the elliptic complex variable ¢ particularly useful in the
problems formulated on domains with elliptic boundaries/interfaces.

The complex displacement u = u; + iu, is expressed in terms of complex poten-
tials ¢ and 1 as

u=rp @) —2-2¢ @ —Y@. (7.3)

The expression (7.3) is slightly different in form but equivalent to that originally
suggested in [67]. Cartesian components of the corresponding to u (7.3) stress tensor
o are given by

on+on=4u(d @+7@): (74)
o — o1+ 20 =4u[@ - 2¢" (@) — ¢ () + ¢ (2)].

The displacement u and traction 7, are assumed to be continuous through the
elliptic matrix-inclusion interface S : ( = (p. Satisfying these conditions can be
greatly simplified by writing the complex displacement and traction in terms of their
curvilinear (actually, normal and tangential to interface ( = () components:

u=uc+iuyand T, = o¢c +iogy,. (7.5)
In terms of complex potentials [67],

@' (§)
|’ (©)]

occ —iog =2G [s&/ (@) +¢' () —

[kp(2) — =2 ¢ (@) =Y (@] (7.6)

@' ()
@' (§)

where, from (7.1), @' (§) = dz/d& = d sinh €.

uc +iuy =

(@—2¢" @) —¢ @+ (z)]} ,

7.1.2 Formal Solution

The key point is the proper choice of the form of potential functions ¢ and 7). We
take , by analogy with [61], as
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p=> A" (7.7)

The 1) potential, by analogy with the 3D case (4.50), is taken in the form [45]

T T M e DI N A

sinhé \vg v

where A, and B, are the complex coefficients, v = exp & and vy = exp({p). The
potentials ¢; and 1); for inclusion are also given by (7.7) and (7.8), with replacing
A, and B, to C,, and D,,, respectively.

With ¢ in the form (7.7) and %) in the form (7.8), the expressions of # and T}, (7.6)
at the interface ( = (p are simplified dramatically: specifically,

u |C=Co =Ky — o = Z (,%A,ﬂf" — an—”) (7.9)

n

and

T — _
@ Sl = ¢ =¥ =2 (=m (4w = Bo). (7.10)

n

For the details of derivation, see [45]. By virtue of (7.9), from the displacement
continuity condition one finds

Z(KOAne_nCO_im] _ B_ne—nC0+in7]) — Z(chne—nﬁo—imy _ D_ne—n(o-i-im])’

n n

(7.11)

where k; = k(1;). Orthogonality of Fourier harmonics exp(inmn) enables splitting
the functional equality (7.11) into an infinite set of linear algebraic equations

KoAnvy" — B_yvf = k1Cavy " — D). (7.12)

By applying the same procedure to the interface traction continuity condition, we
get another set of linear equations:

Anvy" + B_yv = w(Cpug" + D_yup)), (7.13)
where w = 1, pg.

Itis advisable, for computational purpose, to introduce new scaled variables A, =
Ay, ete.; we obtain



172 V. 1. Kushch

KoAn — B_p =r1Cp— D_y, (7.14)
Zn —i—E_n = w(gn —1—3_"), —00 < n < 0.

The form of Eq.(7.14) is remarkably simple, if not simplest (see, for comparison,
[61]) which clearly indicates rational choice of the potential functions (7.8).

The obtained solution is general and contains the extra degrees of freedom which
must be excluded by imposing the constraints drawn from physical considerations.
One obvious condition consists in that the displacement field must be regular, i.e.,
continuous and finite inside the inclusion. It means the Laurent series expansions of
corresponding complex potentials contain the terms with non-negative powers of z
only. It has been shown elsewhere [45] that the following relations between C,, and
D,, with positive and negative index n,

C,=C_,; D,=D_,+2nsinh(2(yp)C_,, n > 0; (7.15)

provide regularity of the displacement and stress fields inside the inclusion.

The displacement solution in the matrix domain comprises the regular and irreg-
ular parts: u©® = y" + 5. Here, u” is the regular far field whereas the disturbance
u® — 0 as |z] — oo. The potentials ¢ and 1) also can be splitted onto irregular and
regular parts:

p=¢" +¢, b=y +¢". (7.16)
The expression of ¢* and v is given by Egs. (7.7) and (7.8), respectively, where we
keep the terms with negative powers of v only to provide the required asymptotic
behavior, so

A, =B,=0 for n<0. (7.17)

On the contrary, u” is assumed to be regular, with the potentials

o = ;anv_”, =3 [bn _ 2na, sslﬂi? sinh(¢ — go)] v (7.18)

n

where a, and b, comply (7.15) as well.

7.1.3 Resolving Linear System

Representation of the linear displacement field corresponding to the constant far
strain tensor E

u" = (Enzy + Enx) + i(Epzr + Ena)) (7.19)
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takes the form (7.3) with the potentials (7.18), where

d Ei1 + Ex _y d .
=fzurrn. S (Ey — Ei1 +2iEp): 7.20
a-1=7 (o — 1) 1 =a_1v, +4( 2 11+ 2iEp) (7.20)

aj and by are given by (7.15) and all other a,, and b,, forn # %1 are equal to zero. The
displacement #" and corresponding traction 7, at the interface ¢ = (o take the form
(7.9) and (7.10), respectively. Applying the procedure analogous to that described
above gives us an infinite linear system

koAU " — B_,vl + Koanvy " — b_nvh = k1Cury " — D_,up; (7.21)
Anuy” +E_nv6’ + avy” +E_nv(’)’ = w(Cpvy" +5_nv6‘).

In the single-inclusion problem, we assume u” (or, the same, a, and b,) to be
known. In this case, the equations (7.21) together with (7.15) and (7.17) form a
closed set of linear algebraic equations possessing a unique solution. By substituting
(7.15) and (7.17) into (7.21) we come to the linear system

#0An — #1Cp 4 (D, — 2nsinh 26 C) 0" = —roan + b—nvi"; (7.22)

B, + anU%" -D, = Koa_nv(z)” — by

A, — wCp, — w(D, — 2nsinh 2<0C_,,)v8" = —a, — b_nvo ;
B, — anv(z)” —wD, = —a_nvén — by
n=1,2

with the unknowns A,,, B,, C, and D, (n > 0) and with the coefficients a,, and b,
entering the right-hand side vector. For the Eshelby-type problem, these coefficients
are given by (7.20). The corresponding resolving system (7.22) consists of four
equations forn = 1.

7.1.4 Stress Intensity Factors

The solution we derived is valid for any 0 < e < 1. To complete this section, we
consider the limiting case ¢ — 0 where an ellipse degenerates into the cut |z1| < d
in the complex plane (another limit, ¢ — 1 where an ellipse becomes a circle, is
trivial). By putting w = 0 we get a straight crack, the stress field around which is
known to have singularity at the crack tips. In the linear fracture mechanics, the stress
intensity factor (SIF) defined as

Ki+iKyg= liII}l V2w (z —d) (o2 +io12) (7.23)
—>
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is used to quantify the stress field around the crack tip. Taking this limit in the above
solution is straighforward: for e — 0 we have, from (7.2), (o — 0 and v9 — 1.
After simple algebra, we get the formula

o0
Ki+iKy=—2Goy/r/d Y n (A, +By). (7.24)
n=1

valid for the arbitrary, not necessarily uniform, far load.

7.2 Finite Array of Inclusions

Now, we consider a plane containing N non-overlapping equally oriented elliptic
inclusions with the semi-axes /1, [z, and elastic moduli ., and v}, centered in the
points Z, = X1, + iX2),. The variables of local, inclusion-associated coordinate
systems are related by

p =Zpg +2q, Where z, =1, +ixz, and Z,; =Z, — Z)p. (7.25)

We define the local curvilinear coordinates £, = (), +i7, by analogy with (7.1), i.e.,
Zp = dpcosh . In these variables, the geometry of the pth inclusion is specified by

a pair of parameters (§op, dp), where d), = 4/ (11 ,,)2 — (12 p)z. The matrix-inclusion

interfaces &, = &pp are perfectly bonded. The stress in and around the inclusions is
induced by the far field " taken in the form (7.19).

7.2.1 Direct (Superposition) Sum

We use the superposition principle to write the solution for a multiply-connected
matrix domain:

N
u® =u'(2)+ D ul(z - Zp), (7.26)
p=1

where uj) is the disturbance from pth inclusion, decaying at |z| — oo. The corre-
sponding complex potentials ), and ¢, ahave the form (7.7) and (7.8), where, by
analogy with (7.17), A,, = By, = 0forn < 0.

The sum in (7.26) contains the terms written in variables of different coordinate
systems. In order to fulfil the interface bonding conditions, we need to find local
expansion of (7.26). Our aim is to transform

U, = Kop), (zp) = (zp = Zp) ey’ (zp) = ¥y (zp). (7.27)
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where

o0
b= A, (7.28)

'(/); = '(/)fv)p - ’L/)fp = Z |: 2nAnp nh(gp - C()p):| v
n=0

COp
sinh &,

into u”, g Written in the same form as u , but in the gth coordinate basis, namely

Wy = K0Py (24) = (24 = Zg) Phi (24) = Vg (24)5 (7.29)

with
Phg = D anpgVy " (7.30)
n

sinh (o, .
;q = %pq - quq = Z [bnpq - 2”“npq-—q sinh(§g — COq):| vg"
- sinh &,

7.2.2 Re-expansion Formulas

For this purpose, we use the re-expansion formulas for irregular complex poten-
tials [45]

Znn,;’, Mon=1,2,...; (7.31)

Here, v, = eprp = Zp/dp + (Zp/dﬁ)2 -1, zp = Zq + ZP‘I; the expansion
coefficients 1y = Nam (Zpqg. dp. dy)

(1) pg * & —(n+m+2j) ( 1)] - mtal
Nm' = (— ZU Z G =D (7.32)
Jj=

n m+l+J—1)!
(=D ‘

X Mt (dps dy) &

where dpg = dy + dy and Vg = Zpg /dpg ++/ (Zpg/dpg)” — 1,

l

(dp/dg)™
Munt (@r2ds) = 2 e i vt v 1o O
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In the case |z,| > d, and |z4| < |Zpq| and |Z,g| > (d) + dy), the expansion
coefficients simplify to

ad -
" = ndl (=1 > A2 Myt (dp. dy) (n+m +il +211)' (7.34)
1=0 (2qu)
The series (7.31) converges within an ellipse centered in Z, with inter-foci
distance dp, and passing the pole of pth elliptic coordinate system closest to Z;.
This convergence area is sufficient to solve for any two non-overlapping ellipses. For
well-separated inclusions, both (7.34) and (7.32) give the same numerical value of
Nnm- Therefore, when we solve numerically for many inclusions, the computational
effort-saving strategy is to apply (7.32) to closest neighbors whereas interaction of
the rest, more distant inclusions is evaluated using more simple formula (7.34). In
the analogous to (7.31) addition theorem derived in [86], the expansion coefficients
are expressed in terms of hypergeometric function.
Also, we mention two useful consequences of the formula (7.31). The first of them
can be obtained by differentiating both parts of (7.31) with respect to z,. It gives us
U dp oM pg Vg
n

sinh&,  dy “ n ""sinh¢,’

(7.35)

being, in fact, an addition theorem for the alternate set of basic functions [45]. Another
differentiation of (7.31), this time with respect to Z 4, results in

Z/_L,l;glv_m (7.36)

smh§p B -

where ;an = % ﬁn%. For p;,, we also have two (general and simplified) expres-
sions obtained by differentiating (7.32) and (7.34), respectively.

7.2.3 Local Expansion

By applying (7.31) to ), one obtains

Z Anpv," Zanpqv =0y (7.37)

where

o
npg = D, Ampli (7.38)

m=1
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and 77 9 are the expansion coefficients given by (7 32). With a;,, in the form (7.38),
the first terms in (7.27) and (7.29) coincide, Kotp = Koy,

Determination of by, is more involved. From (7.37) we find also ga;/ (zp) =
<p;, 4; (z¢) and thus the second term in (7.27) can be written as

(2p = 2p) 0/ = (Zpg — Zpg) Ppg + (20 — %) g (7.39)

To provide u;, we determine by, in (7.30) from

Wpgs
Y=Y, + (Zpg — Zpq) Cg- (7.40)

To this end, all the terms in (7.40) should be expanded into a series of v,. For the
details of derivation procedure, see [45]. Here, we give the final expression of by,
forn < O:

o0
2
bpg = Z mpnmn+ZAmp[ (UOp U()_pl) fofiln (7.41)
m=1

2
+ [n (U&f — 1) —n (1 — vgpz)] nhd 4+ (voq — Uo_ql)
) 00
rq .
Z(Zk - n)nm 2U—n Z (qu - qu) Z(Zk +1- n)nm,2k+1n} ’

k=0
for n > 0, in accordance with (7.15),
_ 2 -2
bupg = b-npg + 1 (08, = V5) G- (7.42)
Now, we come back to (7.26) and write
N
D u(zp) = ) (zg) + 1) (29), (7.43)
p=1
where u; (zg) = Zp;tq u;,q (z¢) has the form (7.29), (7.30) with replace cp;,q to

r= r r ro_ ro.
¥q = Zpsﬁq Ppq> Vpq 0 Vg = Z[J;ﬁq Vg5 also,

ng = D npgs bug = D bupg (7.44)

P#q P#q

No problems arise with local expansion of the linear term in (7.26):

u (2) = Uz +u'(z4), (7.45)
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where U, = (X14E11 + X2gE12) + i(X14E12 + X24E2) is the constant and the
formulas (7.19) and (7.19) apply to expand u" (z4).
7.2.4 Resolving System
The resolving set of equations is:

K0Ang — kqCng + (D_nq — 2nsinh ZCOqC_,,q)v%Z = —K0lng + mv(z)z; (7.46)

o m wm T
By + /qu,,q'qu — Dpy = K0A—n,qVpg — bug;

- . =\, 2 T, on.
Ang — wgCng — wg(Dug — 2n sinh 2Coanq)UOZ = —dpg — b—n,qUOZv
E _ C 2n _ D _ 2n _ b .

ng — WqbngVoy — Wqlng = —A—n,qVyq ngs
n=12,...; g=1,2,...,N;

where w; = g4/ 10; Cng and Dy, are the expansion coefficients of solution in the
gth inclusion. To get it in an explicit form for direct solver one needs to substitute
(7.30) and (7.41) into (7.44) and then into (7.46). Alternatively, the simple iterative
solving procedure can be applied here: given some initial guess of A, , By, Cng and
Dy4 for 1 < g < N, we compute a,4 and b,y from (7.38), (7.41) and (7.44), then
substitute into the right-hand side of (7.46) and solve it for the next approximation
of unknown coefficients, etc. This procedure converges for a whole range of input
parameters excluding the case of nearly touching inclusions where an appropriate
initial approximation must be taken to provide convergence of numerical algorithm.
An extension of the above analysis to the infinite arrays of elliptic inclusions
is obvious. The appropriate periodic potentials for the conductivity problem have
been obtained in [86, 87]. The RUC model of elastic solid with various statistical
(both uniform and clustered) distributions of cracks is considered in [49, 50]. The
developed there theory, with minor modifications, applies to the RUC model of
composite reinforced by the equally oriented, elliptic in cross-section fibers.

8 Fibrous Composite with Anisotropic Constituents

In [48], the multipole expansion based approach has been developed to study the stress
field and effective elastic properties of unidirectional FRC composite with anisotropic
phases. The most general case of elastic anisotropy which can be considered in 2D
statement is the monoclinic symmetry with the Oxx; being the symmetry plane.
In two-index notation, the generalized Hooke’s law for this symmetry type has the
form
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o1 CiiCn2Ci3 0 0 Cye €11
op)) CoCxnnC3 0 0 Cy €22
o33 | _ | C13C3C33 0 0 C36 €33 @.1)
013 0 0 0 C45 C55 0 2513
o12 Ci6 Cx6C36 0 0 Ces 2e12

In the case of the fibers aligned in x3-direction, a composite possesses the same
anisotropy type of macroscopic elastic moduli.

8.1 Anti-Plane Shear Problem

8.1.1 Background Theory

In the case of shear deformation along the fiber axis, u3 is the only non-zero
component of the displacement vector:

uy =uy =0; uz = w(xry, x2). (8.2)

Also, we have two non-zero components of stress tensor, o3 and 073; the equilibrium
Equation V - ¢ = 0 takes the form

8013 80’23 -
8_561 + 3_332 =0. (8.3)

This problem is mathematically equivalent to the transverse conductivity problem in
FRC.
The stress function W (x1, x2) is introduced [55] as follows:

ow ow
=C—, =—C—. 8.4
013 022 023 01 (8.4)

The stress field (8.4) satisfies the equilibrium equation (8.3) identically. Also, we
need to provide the strain compatibility condition

0 0 1 9%
B _EB __ ¥ (8.5)
0xy ox| 2 0x 10wy
Inversion of (8.1) gives
2e13 = S55013 + S45023; (8.6)

2623 = S45013 + S44023;
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where Sss = Cys/C?, Sas = —Cys/C?, Sas = Cs5/C? and C =/ C44Cs5 — C5 > 0.
Substitution of (8.4) and (8.6) into (8.5) yields

Pw Pw 9w
— =28 S =0. 8.7
ax% 45 021022 + 855 (8.7)

S44

By introducing new complex variable £ = x| + pxs [55], where
= (—Cy5 +iC) /Cuq4 (8.8)

is the root of the characteristic equation

Caaps® +2Cysp+ Cs5 = 0, (8.9)
the Eq. (8.7) reduces to 2D Laplace equation % = 0. Hence, the theory of analytical

functions [67] applies to this problem. Specifically, W can be taken as W (x1, x2) =
Re®, where @ is an analytical function of complex variable &. In this case also
w = —Im@ and, thus, the boundary value problem for w can be formulated as the
potential theory problem, in terms of @. The traction at interface is written as

ow ow .
t, =o013n] +opny =C| —cosp — —siny
81:2 31‘1

Cc 9
— — ZRed, (8.10)
2p Op

where n and n, are the outward normal direction cosines and (p, ¢) are the circular
coordinates defined by x| 4+ ixa = pexp (iy).

Introducing the new variable £ = x; 4+ uxy is equivalent to affine trans-
formation of the complex plane. It reduces the elasticity theory problem to
that Laplace equation in the transformed coordinates. However, any affine
transformation deforms the circular matrix-fiber interface, where the bonding
conditions must be fulfilled, into elliptic one.

The exposed in the precious Section theory, with some modifications, is appropri-
ate for this purpose. The series expansion solution of the potential theory problem is

O => D", v=E/dE\(E/d)? -1 8.11)

In the v expression, sign before the square root is chosen to keep Imv > 0, d
is the matching parameter and D,, are the complex constants. The regularity of
@ (&) implies D_,, = D, [45]. In this case, @ is expressed in terms of Chebyshev
polynomial of complex variable &/d:
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V" + 07" = 2 cosh [nArccosh (£/d)]; (8.12)

forn = 1,2£/d = v + 1/v. In contrast, the multipole expansion of the disturbance
field contains the negative powers of v only: @ = > A,v™", where A, = 0 for
n<o.

An appropriate choice of parameter d provides a remarkably simple form of (8.11)
at the circular interface p = R. In particular, ford = R\/1 + 2

1—ip\"?
v]per = ( Z) R exp(i) = R, exp(iy) (8.13)

so expression (8.11) at the interface appears to be the Fourier series of (. Noteworthy,
d can be viewed as the anisotropy parameter: for an isotropic solid, d = 0. In the
limiting case d — O, ‘%v — z = x1 + iz and %Ru — R. Hence, at least for a

weakly anisotropic material, the normalized expansion coefficients A, = (%) - Ay

- n . . .
and D, = (%) D, must be used in order to prevent possible numerical error accu-
mulation.

8.1.2 Single Inclusion Problem

Let consider a single inclusion of radius R embedded in an infinite matrix. Both
the matrix and inclusion materials are anisotropic, with the elastic stiffness tensors
C = {C;} and Ct = {C;; }, respectively. Hereafter, we will mark all the matrix-
related parameters by the sign “—”" and the inclusion-related ones by the sign “+”.
The uniform far field loading is prescribed by the constant strain tensor E = {Ei j};
in the anti-plane shear problem, only E3 and E;3 are non-zero. The perfect bonding
between the matrix and inclusion [[w]] = [[f,]] = O is assumed.

The regular displacement field w in the inclusion is expanded into series (8.11):

wt = —Imo*, & = ZDn (vh)™, (8.14)
n

where D_,, = D, and v is defined by (8.11), with d* = R\/1 + (%),

The displacement field w™ in the matrix is written as the superposition sum of far
linear field w, and the disturbance field w,; caused by the inclusion. We seek w™
in the form

o0

w=-Im®d ", ¢ =TI + ZA,, ()" = Z (An+ay) (v7)™", (8.15)

n=1
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where I' = I't +iI% and a, = %6,,1 I'd=, o, being the Kronecker’s delta. The

corresponding to E linear displacement field is w, = E1321 + E2372. On the other
hand,

_ , _ Cc- Cis
wy =—Im[(I1 +il) (21 +p " 22) | = =Dy — | N— — =2 )aa.

Cyy Cyy

(8.16)

This yields
Cp+iC™ C,,
F=— % _" Es+-HEs). 8.17
( o 13+ o En (8.17)

The interface bonding conditions in terms of complex potentials @~ and @ T take
the form

(07 = %) [pmr = (7 = &) |o=r . (8.18)
ct o

= 8@ (€D++q§+) |p R = 884)0 (@7 +F) }p:R )

By choosing the center of inclusion as a reference point, we get Dy = 0. All other
coefficients are found from (8.18). Substitution of (8.14) and (8.15) into the first
condition in (8.18) yields

Z[D (Rye) " &% = Dy (Ryr) ™" 7| (8.19)
_ Z —n —zmp A_n (R_;F)_n eimp
+ay (R,-) " e —a, (R,-) " 7).

By equating the Fourier coefficients in the left and right hand parts of (8.19), we
obtain a set of linear equations
(An+a) (R-)"—a (R,-)" =Dy (R+)" =Dy (R+)", (8.20)
n=1,2,....

The second condition in (8.18) gives rise to another set of equations:
—n —_ n _ C+ —n e~ n 8 2
(An+an) (Ry-) ™"+ (Rm)' = = [Dn (Rur) ™" + Dy (Ryr) ] (8.21)

n=12,....

The Eqs. (8.17), (8.20) and (8.21) form a closed infinite system of linear equations
with the unknowns A, and D,, which can be solved with any desirable accuracy by
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the truncation method [27]. In this specific problem, A, = D, = 0 forn > 1; an
explicit analytical solution of the problem is readily found from two equations in
(8.20) and (8.21) for n = 1. As seen from (8.20) and (8.21), the polynomial far
displacement field induces in the inclusion the polynomial displacement field of the
same order, in accordance with [28].

8.1.3 Finite Array of Inclusions

Now, we consider an infinite matrix domain containing a finite number N of circular
inclusions centered in the points Z, = X4 + i X»4. For simplicity, we put Z; = 0
and take all the inclusions identical: R, = R and C;I1r = C™*. The inclusions do not
overlap: |qu‘ > 2Ry, where Z,y = Z, — Z; = X1pq + iX2p,. The conditions
in the remote points and at the interfaces p, = R are the same as in the previous
problem and p, is defined by x1, + ixz2y = pg exp (icpq). Here, Oyx14224 is the
local coordinate system associated with gth inclusion. All other inclusion-related

[TPRLR

parameters are marked by subscript “g”: so, f;t =x1y+ /ﬁxzq and qu = Ejt Jd* +

+ 542
(& /d ) — 1.
By analogy with (8.14), the displacement field in gth inclusion is written as

—n
w) =-Imof, &f =>"D,, (v;) . (8.22)
n

The solution in the matrix domain is given by the superposition sum of far linear
field w, and the disturbance fields Wy from each individual inclusion:

N 00
wT=—Imd~, @T=T& + > &y ad @y =D Ay (v;) . (23)
p=1 n=1

The expansion coefficients D, (8.22) and A, (8.23) are determined from the inter-
face boundary conditions. For this purpose, we need the local expansion of w™ in a
vicinity of gth inclusion.

An expansion of wy, is simple: {~ = £ = §q_ + Elg, where Epy = Xipg +
pu” X2pg. Hence, wy = —ImI"§™ = —IrnFEq_ + Wy, where Wy = —Im (F Elq)
is the rigid body motion of gth inclusion. The singular in the point Z, term @ is
initially written in variables of gth local coordinate system. The terms &, in (8.23)
are regular in a vicinity and in the point Z, for p # g. Their local expansion in the
form analogous to (8.22) is obtained by applying the re-expansion formula (7.31)
[45], with the coefficients 7 = Num (Zpq. dp. dp) given by (7.32), (7.34). In fact,
we only replace in (7.31) z, with §, = x,, + py, and Z, with Z),,. In the problem
we consider, d, = d; = /1 + p> which simplifies 7, considerably.
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Applying (7.31) to the last sum in (8.23) yields

d- -~ -
0" =T+ TS (v + 170 ) + 05 + 2.3 A () 824)

r=1 n=1
P#4
—n
ZFqu+Z(Anq +anq) (Uq_) ,
n
where
N oo d-
ang = D > Ampiin + T'—-0n 1. (8.25)

p=1m=1

In (8.25), bk = 0 for p = q, Qng = a—p,g and A,y = 0forn < 0.

The interface conditions in terms of complex potentials take the form (8.18),
with replace @ to @ and (p, ¢) to (pg, ). Their fulfilling gives the analogous
to (8.20), (8.21) infinite system of linear algebraic equations of remarkably simple
form:

(Anq + anq) (Ru’)in —dng (Ru’) = Dyq (R;ﬁ)in - D_nq (Rﬁ)n’ (8.26)

_ ct _ J—
(Ang + ng) (R,) ™" 4+ (R)" = = [Dng (Rie) ™" + g (B)']
n = 15 27 ) q = 19 2’ ) N

8.1.4 Periodic Complex Potentials

The periodic complex potentials v are given by the 2D lattice sums:

i@ =D [v€—Lap)] ™" n=1.2....; (8.27)
a3

where L,3 = ca + p13a and o and 3 are the integer numbers: —oo0 < a, 8 < oo.

These functions possess a countable set of cuts centered in the points Z,3 = ca+i[3b
and yield the periodicity conditions [48]

v(@+a,y) —v, (@, y) =0; v, y+b) —v(z,y) = e (8.28)

The local expansion of v} (£,) in terms of v, = v(&p) (§p = p + pyp) is
obtained with aid of the formula (7.31):

Urp) = (vp) "+ D (vp) " (8.29)
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where
Mo = > "Mam (Lag. d. d) . (8.30)
a3

The upper strike means absence in this sum of the term with « = § = 0. An
expansion of v} (§,) in terms of v, for p # g also uses the re-expansion (7.31) and
yields

Ur(Ep) Zn*"q : (8.31)
where
! = Nam (Epg + Lap.d. d) . (8.32)
a3

The following efficient way of the lattice sums (8.27) evaluation takes an advan-
tage of two 1, expressions, nun’? (7.32) and 5iaP? (7.34). We write (8.32) as

[Zpg+Lap|<L*

+ Z Nnm (qu + Lo, d, d) ) (8.33)
|Epg+Lag|>L*

where L* is taken sufficiently large to provide applicability of the formula (7.34) to
all the terms of the second sum in (8.33). Next, we re-arrange (8.33) as

1 2
mal = > M+ > (8:34)
|Epg+Las|<L* |Epg+Lag|>L*
1 2 2
R (T W
|Epg+Lag|<L* a.f

The first sum in the right hand side of (8.34) is finite and no problem arise with its
evaluation. In the second sum, we change the summation order to get

5 d n+m+2l
N = n (=1)" Z SPTE ( ) Mot (n+m +20 — 1)1, (8.35)
a,B
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where

qu*ZZ(qu*'Laﬁ) - z Xpg +aa) + p(Ypg + Ba)] ™ n = 2.
B
(8.36)

The standard lattice sums S/7* (see also (6.50)) are computed using the Evald’s
method or another fast summation technique ([17, 18, 65]; among others).

8.1.5 RUC Model

In the framework of RUC model, we consider macroscopically uniform stress field in
FRC with anisotropic constituents. Periodicity of geometry induces the periodicity
of the local stress filed

oij (1 + a, x2) = 0jj (21, 12 + a) = 0ij (T1, T2) (8.37)
and quasi-periodicity of the displacement field w:

w(r1 +a, ) —w(x, r2) = Exaand w (z1, 22 +a) — w (x1, 22) = Ej3a.
(8.38)

To solve this model boundary value problem, it suffices to replace the singular
potentials @ ;" in (8.23) with their periodic counterparts

N 0o
w=-Im®~, &7 =TI + D drand &F =D A,viE,).  (8.39)
p=1

where v (£,,) are the periodic analytical functions (8.27). First, we substitute (8.39)
into (8.38) to obtain, with the periodicity of v} (8.28) taken into account,

d=mi &
— > A+, (8.40)

p=1

" abu

where I" is given by (8.17). The subsequent flow of solution resembles the above
procedure, with minor modifications. To get the local expansion, the formulas (8.29)
and (8.31) are used. An infinite algebraic system has the form (8.26), where in the
anq expression (8.25) the coefficients nid must be replaced with the corresponding
lattice sums 7,57 given by the formula (8.30) for p = ¢ and by the formula (8.32)
otherwise.
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8.2 Plane Strain Problem

In the plane strain problem, u; = u(x1, x2), up = v(x1, x2) and uz = 0. Non-zero
components of the strain tensor

u v 1 ( Ou n v 8.41)
I = -—, & = -, £ _ - _— _— B
1 8x1 2 8%2 12 2 83:2 811
relate the stress tensor components by
o1l Ci1 Ci2 Cis el
022 | = | Ci2 Cx2 Co6 €2 |- (8.42)
o1 Ci6 Ca6 Cos 2e12
The stress equilibrium equations take the form
Ooy1  Oona dop  Oox
—+t —=0, —+ —==0. 8.43
0x1 + 0xa Oxy * O 4

8.2.1 General Solution

A general solution of the plane strain problem (8.43) is written in terms of stress
functions [55] as

uy =2Rep;j®;; up; =2Req;P;; (8.44)
o1 = ZRC/L%@}; 0 = 2Re<1§}; o1 = 2Re,ujd>}.

In (8.44), ®; = @; (&) (j = 1,2) are the analytical functions of the complex
variable {j = x| + pj22 and @ = 9@ ;/9¢;. Hereafter, the summation convention

is assumed. The complex numbers 1; (Imz; > 0) are the roots of the characteristic
equation

Crip' = 2C161° + (2C12 + Co) 11 = 2Co6u +Cn =0 (8.45)

and
pj= Cuui —Ciopj +Cr2, qj =Crapj — Co6 + C2/pj, j=1,2. (8.46)
Thus, the problem consists in finding two analytical functions, @ ;. We assume

the perfect bonding between the matrix and inclusions: i.e., the displacement u and
normal traction t,, = o - n vectors are continuous through the interface:

([u]] = [[t.]] = 0. (8.47)
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In contrast to anti-plane problem, u and t,, contain two non-zero components.
The first condition in (8.47) equates the Cartesian components of u, from where
we get

[[Rep;®;]] =0: [[Req;®,]] =0. (8.48)

The normal stress continuity condition (8.47) is equivalent to [55]
[[Re®;]] =0; [[Reu;®,]] = 0. (8.49)
Thus, a general solution of the plane strain problem for anisotropic solid is expressed

in terms of harmonic potentials and hence the technique developed for the anti-plane
shear problem works equally to the plane strain problem.

8.2.2 Single Inclusion Problem
Let consider a single circular inclusion embedded into an infinite matrix. The uniform
far field is prescribed by the constant strain tensor E, with the non-zero components

E11, Ey and E1p = E31. By analogy with (8.15), the matrix displacement vector
u~ is the superposition sum of far field u; = E - r and disturbance field u,. The

potentials in the matrix 45]._ and inclusion QD;' are taken in the form

00 _ _
o7 =1 + > Ay (v7) . @f =3 Dy (vf) L =12 ®.50)
n=1 n

where I'j, Ayj and D,; are the complex constants. The I'; are entirely determined
by the far field:

Enxy+ Eppay = 2Repj_ijj_; Eppxy + Expxy = 2Req;F/£;. (8.51)
Taking account of §j_ =1+ p; gives the resolving set of equations for I';:

2R€pj_Fj = Eq1; ZRqu_Fj = 2Re,LL;pj_Fj = Eq»; ZRC,u;qj_Fj = Ep».
(8.52)
Next, we substitute (8.50) and (8.51) into (8.48), (8.49) and use (8.13) to get the
linear system analogous to (8.20), (8.21). The interface bonding conditions (8.48),

(8.49) are written in the unified form (no summation over k):

[[Rerjx®;]]=0 (k=1,2,3,4); (8.53)
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where kj1 = pj,kj2 = qj,xj3 = 1 and Kj4 = p;. We transform each of these
equations to get consequently:

+Ht o1 Tt — D - H—-
/fjkcbj +/<;jkq§j _njkcbj +/<ajkd>j,

& + - —ing |+ (P M ing
ZZ K jk Dnj (R,Lj*) e " A+ £y Dnj (Ruj-’) e (8.54)

j:l n

= 23 [ ) () e ) (7)) e

j=1 n

(i8]

where a,; = %5,,11"de._ and, finally,
2

>[5 G ) (87) "+ (8,0)'] @59

j=1

[+ e -
=Z[ijonj (Rur) + 5D (R.) ]; n=1,2..., k=1234
= |

Together with (8.52), these equations form a complete system of equations for A,
and D;;. In the Eshelby’s problem, A,; = D,; = 0 for n > 1 and the solution if
given by four Eq. (8.52).

8.2.3 Array of Inclusions

An analysis of the multiple-inclusion plane strain problem is a mere compilation

of the results exposed above, so here we give only a brief summary of the relevant
formulas. The interface conditions are written in terms of harmonic potentials as

+ ot ) —0- — . —
Re (15,2, =55 @7 ) o=k =0; k=1,2,3,4 g=12,..,N. (856)

Here,

—n
@1 =D Dugj (vq*,-) . j=12 (8.57)
n

/ 2
where §qij = x4 + ufmzq and vqij = f;tj/dj.E + (533. /d;—L) — 1. The local vari-

ables relate each other by §;j = §q_j + Epyj, where Epyj = X1pq + 1 X2pg-
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By analogy with (8.23),

N oo

—n

O =i+ > @y where @ =" Ay (v5) (8.58)
p=1 n=1

The local expansion for q§j— is analogous to that described above (see (8.24)). After
some algebra, we get

o
—n

®: =TEpgj+ D (Angj + ang)) (vq_j) : (8.59)
n=0

where

Fjd‘ o
Qngj = z Z Aml’JnnmJ 2] On,+1 and T};{anlj = Mam (quj,dj ,dj )
p=1m=1

(8.60)
The resulting infinite system of linear equations is

2 —_—
D ki (Angj + angy) (R~ n+n;kanq,- R,- ! (8.61)
J J

j=1
=~ e (7)) "

:Z[njanqj (Rut)" + 55wy () };
j=1

—1,2,..5 g=12,...,N; k=1234

The solution of the plane strain problem for the cell type model of FRC requires only
minor modification of the above formulas; for the details, we refer to [48].

8.3 Effective Stiffness Sensor

In order to get the analytical expression for the effective stiffness tensor C* (1.10)
of fibrous composite with anisotropic constituents, we average the local strain and
stress fields over the RUC, where V = a2 is the cell volume (unit length is assumed
in x3-direction). So,

Veij) = / / (uij+uji)dv, (8.62)
Vo —1 Vq

With aid of Gauss’ theorem, we transform the volume integral into surface one:
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2v(gij)=/ (w7 nj +ujni) ds (8.63)
P

Z[/ (sins ) as— [ (sg+uym) as

q

where X is the cell outer surface and n; are the components of the unit normal vector.
From the displacement continuity condition and decompositionu™ = E-r+ u, we

get (5,- j) = E;;; as expected, E is the macroscopic strain tensor.
The macroscopic stress tensor is written as

= v | o
N
= VC;H (ert) + ( ikl ,jkz) Z/V Ekl

q:l q

where V, = 7R? is the volume of gth fiber and Vo = ab — N7R? is the matrix

volume inside thecell: V = V0+Z —1 V4. By applying Gauss’ theorem, the integrals
in (8.64) are reduced to

1
V‘i

S

and can be taken analytically. In the anti-plane shear problem, only the /13 and I3
are non-zero. It is convenient to evaluate the following combination of these two:

2
113+i123=l wh (n1+in2)dS=5 Ww+| _g €¥dop. (8.66)
2 /s, 1 2 Jo 417

Taking account the explicit form of w;r series expansion at the interface p, = R
(8.19)

o0
wi =2 Im [an [(Ru+)" ¢ 4+ (Ry) ™" e—""v]] , (8.67)
n=1
we find
I3+ ilyy = =27 RIm (Dig/R,.+ ) (8.68)

This formula is sufficient for evaluation of the effective moduli C35,5, Cj3,3 and
C13,3 or, in two-index notation, C},, CZ5 and Cjs.
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The in-plane effective moduli, namely, C},, C3,, C},, C{g, C5¢ and C¢ are found
by integrating the strain and stress fields found from the plane strain problem. We have

1 R 2w ) )
I =/ €T1dV = 5/ uTI’lldS = 5/ Lt:]_ ’pq=R (e’“" +e_’“‘7) ng, (8.69)
v, s, 0

q

where, according to (8.57),

2 00
no. -n .
M;r pg=R = ZRGZP;F Z Dyy; |:(R/l7) einy 4 (Ru;r) emsﬁi| . (8.70)
j=1 n=0

Its substitution into (8.69) gives

2
I = 27RRe > p* Dy (Ru}f + l/RH+) . 8.71)
j=1
In the same way, we find
Iy = 2771qu1 Dig; ( ~1/R, ) . (8.72)
j=1
and
2
Ip = 7R |Re> qF Dig (Rulf + 1/RM+) (8.73)
=1 '

+ImZpJ Digj (R, = 1/R,+)

j=1

The effective moduli C75, C;}, C35 and C3; are found from the generalized plane
strain problem, see [16].

Summary of the Method

Here, we summarize briefly the specific features of the Multipole Expansion Method.

e The scheme of the method is simple and involves a few mandatory steps. In appli-
cation to the multiple-inclusion problem, they are:

— representation of solution in the multiply-connected domain as the superposition
sum;
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— local regular expansion of this sum, with aid of the relevant re-expansion
formulas, in a vicinity of each inclusion;

— fulfillment of the interface bonding conditions and thereby reduction of the
boundary value problem to a linear set of algebraic equations;

— numerical solution of the truncated linear system;

— evaluation of the field variables and effective properties of composite from the
explicit algebraic formulas.

e Application of the method is case-dependent in the sense that the geometry of
specific problem dictates the form of partial solutions. In many practically impor-
tant cases, these solutions and their properties are well established. Noteworthy,
with use the appropriate math—vectorial solutions in 3D and complex potentials
in 2D theory—the method appears equally simple for the scalar and vectorial
problems.

e The method gives a complete solution of the boundary value problem including the
local fields and effective properties. The obtained by this method exact analytical
and numerical results can be regarded as the benchmarks for other, existing or
newly developed, methods of the micromechanics of composites.

e Numerical efficiency of the method is high due to the fact that the most work on
solution is done analytically. The computational algorithm includes three simple
steps, namely

— evaluation of the matrix coefficients (minor computational effort),
— iterative solution of the linear system (major computational effort),
— evaluation of the local fields and effective moduli (negligible effort).

Remarkably, the bigger number of inclusions under study is, the more efficient
becomes the algorithm: on application of the fast multipole scheme to the large-
scale models, the total computational effort scales as O(N).

e Obtained by analytical integration, the exact finite formulas for the effective prop-
erties involve only the first, dipole moments of multipole expansion which can be
found with high accuracy from the small-size truncated linear system.

e The wide opportunities exist for further development of the method, both in terms
of theory and application area. The promising directions include the nano com-
posites, materials with hierarchical or clustered micro structure, composites with
imperfect/debonded interfaces, the multi-scale analysis of steady-state and tran-
sient phenomena, to mention only a few.
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