Chapter 2

Sequences and Series

In this chapter we give the basic properties of monotone, strictly monotone, and Cauchy
sequences in detail. In particular, we treat the convergence tests of Cauchy, D’ Alembert,
Leibniz, and Raabe. As examples, we consider the harmonic series, the geometric series,
and products of series. The convergence or divergence of the hyperharmonic series with
general term 1/nP is determined, depending on p. We explain the concept of conditionally
convergence and show that for any conditionally convergent series and any number S &
[—o0, 00|, there is a rearrangement of the given series such that the resulting series converges
to S. But the rearrangement of an absolutely convergent series yields another absolutely
convergent series having the same sum as the original one. Finally, it is pointed out that
sequences and series with complex terms enjoy analogous properties.

2.1 The Basic Properties of Convergent Sequences

In the fifth century B.C., the Greek philosopher Zeno proposed the following paradox: in
order for a runner to travel a given distance, the runner must first travel halfway, then half
the remaining distance, then half the distance that still remains, and so on ad infinitum.
But, Zeno argued, it is clearly impossible for a runner to accomplish these infinitely many
tasks in a finite period of time, so motion from one point to another must be impossible.
Zeno’s paradox suggests the infinite subdivision of [0, 1] into subintervals of length 1/2"
for each integer n = 1,2, 3,.... If the length of the interval is the sum of the lengths of the
subintervals into which it is divided, then it would appear that

=t +l+
27478 on

Similarly, in order for a man to live his life he must first live half life, then half the
remaining life, then half the life that still remains, and so on ad infinitum. But, if Zeno
were correct, it would be impossible for a man to get from the time of birth to the time of

death (T'). This would imply that man is immortal. On the other hand, it is clear that:
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Important examples of infinite sequences are the following.

(1) The equilateral polygonals inscribed in a circle.

(2) Arithmetic and geometric series.

(3) The sequence of rational numbers x; = 0,3, x, = 0,33, x3 = 0,333, ....

(4) The Fibonacci sequence defined as follows:
FF=1FK=1, Fy1 =F,_1+F,, n>2. This is a recursively defined sequence—
after the initial values are given, each following term is calculated from two of its

predecessors.

Informally speaking, the term “sequence” in mathematics is used to describe an unend-

ing succession of numbers. Before going into details, let us give some necessary definitions.

Definition 2.1. If to every natural number n € {1, 2, 3,...} there is associated real number

X,, then the set of real numbers
X1y X2y ovny Xpy oo 2.1)

is called a sequence and x,, is the n-th term of the sequence. More precisely, a sequence of
real numbers is a function defined on the set of all positive integers. Later on, we also write

{xn} for the sequence.

1 1 1

1
Example 2.1. If x, = 3 then {x,} = {1,23,33,...,n3

() ={-1,1,—1,...,(=1)",...}.

Remark 2.1. If the sequence

,} or, if x, = (—1)", then

Y1 Y25 o5 Yns o (2.2)
or, {y,} is another sequence, then from (2.1) and (2.2) can be formed the following se-
quences as a result of arithmetic operations: {x, 4y}, {xn —¥n}, {Xn - ¥n}> {x" } (yn #0).

Yn
Definition 2.2. The sequence {x,} is said to have the limit « if, given any € > 0, there is a
positive integer N(€) such that

|x, —a| <&, forall n>N(g). (2.3)

(The conclusion |x, — a| < € can be reformulated as a — € < x,, < a+ €, of course.) We

say that the sequence {x, } converges to the real number a, and we write

limx, =a or x, = a, n— .
n—yoo
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Thus, if we choose any positive number €, the terms in the sequence will eventually be
within € units of a.

A sequence {x,} that does not have a finite limit is said to diverge.

n
A

1
Example 2.2. Let x, = 0,§. . 3 We show that li_r)n X, =a= 5 For a given € > 0, by
Nn—roo

the definition of limits, we must find an integer N, which could depend on &, such that

Xp — 3 < & whenn > N = N(g). Obviously (see 1.4 of Chapter 1), for all integers n
0,3 3<1<03 3+ !
3...3< ;<03 Lo
Thus,
1 P 1
ST
Since ! < ! for all n > N, we can choose N satisfying the inequalit ! <e€
100 S 10v nzN,w ying qu leN .

1
Here, N = [[loggﬂ +1,if0<e<land N =1, if € > 1. Here, [x] is the integer part of

the decimal fraction x.

1
Example 2.3. (a) If x, = , then we show that liﬁm x, = 0. We need to show this: To each
n n—oo

positive number &, there corresponds an integer N such that for all n > N,

1
[, — 0| = x| = <&
n

1
It suffices to pick any fixed integer N = N(¢g) = [L]] + 1. Then n > N implies 1/n <
1/N < € as desired.

1 1
(b) Let x, = . We show lim,. x, = 0. Since |x, —0| = , forevery € >0, we can
n n

1
take N(g) = H Eﬂ + 1. Then |x, — 0| < € for all n > N(g).

Vv
Example 2.4. We show that the limit of the sequence {x,} = {1+ (—1)"} does not exist,
that is, we show that the sequence is divergent.

Suppose that the sequence is convergent. Then there exists a real number a and positive
number N = N(g)such that for all n > N(g),

|x, —al < €. (2.4)
If we set € = 1, then for all even integers n > N(1),
2—a|<1or 1 <a<3,
but for all odd numbers n > N(1),

laj <1 or —l<a<l.
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Obviously, there does not exist any such number a, simultaneously satisfying both these

inequalities. This contradiction proves that the sequence diverges.
Theorem 2.1. The limit of a convergent series {x,} is unique.

O On the contrary, let us suppose that the sequence {x,} has two limits a and b (a # b).
Then for any given € > 0, there are positive numbers N (¢) and N»(€) such that |x, —a| < €
for all n > Ny (&) and |x, — b| < € for all n > N (€). Let us choose € = |“;b‘ and N(g) =
max{N; (€),N>(€)}. Then we have
|a—b|
5

—b
oy — b < '“2 )

|x, —al <

These inequalities imply that
la—b| = |a—x,+x, —b| < |xy —a| + |x, — b| < |a—b],

and so |a — b| < |a — b|. By this contradiction, the proof of the theorem is completed. W

Theorem 2.2. A convergent sequence is bounded, that is, there is a constant C > 0 such
that |x,| <C,n=1,2,3,...

[J  Assume that x, — a, n — oo, that is, given any number € > 0, there exists an integer
N = N(¢) such that |x, —a| < € for all n > N. Then we have |x,| = |x, —a+a| < |x, —a|

+la| < €+ |a|. Clearly, |x,| < C =max{|a| +&,|xi],...,|xn|} |

Remark 2.2. Obviously, the converse assertion to the theorem is not generally true. For
example, the sequence x, = 1 + {—1}" diverges (see Example 2.4), while |x,| < 2. Conse-

quently, bounded sequences may or may not converge.

Theorem 2.3. Suppose that the sequences {x,} and {y,} converge to limits a and b, re-
spectively, that is x, — a, yo — b, n — eo. Then the sequences {cxn}, {xnyn}, {xn Lt yn},

X,
{ " } (yn # 0) converge, for ¢ any constant, and moreover:
Yn

(1) limcx, =climx, =c-a,
n—oo n—oo
(2) lim(x, +y,) = lim x,, = lim y, = a + b,
n—yoo n—yoo n—yoo
(3) lim (x,-y,) = lim x, - limy, =a-b,
n—ro0 n—oo n—oo
lim x;,

. Xn N—so0
4) 1 = =
()ngI;loyn lim y, b(
n—oo

b#0).
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£

Bk Then there is a positive integer
c
N = N(g) such that |x, — a| < g for all n > N. Consequently, |cx, — ca| = |¢||x, — a] < &,

0 (1) Let € > 0 be any positive number and & =

that is, li_r)gcxn = ca.

2) rIl:or any € > 0, there exist integers N; (¢/2) and N»(€/2) such that |x, —a| < €/2
forall n > N;(€/2) and |y, — b| < €/2 for all n > N»(g/2).

Then,

€ t €
|(xn£yn) — (a£b)| < |xn—al+|yn—b| < +2 =g, n>N(£):max{N1 (2) , Ny (2)}

N M

and the proof of part (2) is complete.
(3) By Theorem 2.2, there exists a constant C > 0 such that |x,| <C (n=1,2,...) and

) and N2( £ ) such that

|b] < C. For any € > 0 there exist positive integers N; ( 2C

€
2C

€ ) € €
|x, —a| < ’C when n > N, (ZC) and |y, — b| < C whenn > N, (ZC)'
Let N = N(¢) be the greater of Ny and N,.
Then
C-e C-¢
|Xpyn — ab| = |xpyn — xnb + x4b — ab| < |x,||yn — b| + |b||xn — a| < °C + e =€

1
(4) To begin with, let us show that lim = b Again by the definition of the limit,

n—yoo Yn

given any number € = |b|/2 there exists an integer N (&) such that |y, — b| < |b|/2 for all
n > Nj(€). Then, under the condition n > Nj (g),

b b
ol = b O = B)] > (o] — by — b > o]~ 12 = 21,
Moreover, let N(€) be the greater of Ny (&) and N, (€). Then
11 —bl 2 |p]?
S E R
yo bl [yallb] B2
Now, by part (3) of the theorem, we have lim e lim x,, - lim = a. | |
n—eo y, n—yoo n—seo y, b

Theorem 2.4 (Comparison Test). Let {x,}, {yn} and {z,} be sequences. Then

(1) (Limit inequality) If x, < yn for all n > N and {x,,}, {y»} are convergent, then
lim x, < lim y,,.
n—roo n—oo
(2) (Sandwich or squeeze property) If x, < yn < zn for all n > N and the sequences {x,},
{zn} have the same limits, then the sequence {y,} is convergent and the equalities

lim x, = lim y, = lim z, hold.
n—oo n—oo n—oo
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00 (1) Let limx, = a and lim y, = b where a > b. The sequences are convergent, and
n—oo n—o0
—-b —-b
so for any € = “ 5 there exist integers N; (&) and N»(€) such that |x, —a| < “ ) for
-b
all n > Ny(€) and |y, — b| < “ 5 for all n > N, (¢€). If Np(€) is the greater of N;(€) and

N, (¢), then for all n > Ny(¢)

xn_yn:(xn_a)_(yn_b)+(a_b)
> =[xy —a| = |yn—bl+ (a—1D)
a—b a->b

2 2

This contradiction proves that part (1) is true.

+(a—b)=0.

Q) If lgn Xp = li_I;Il Zn = a, then for any € > 0 there exist positive numbers N| = N (€),
n—yoo n—soo
N, =N, (€) such that |x, —a| < & forall n > N; and |z, —a| < € for all n > N,. In particular,

since a — € < x, and
zn <a+eforalln>Ny(e) (Np(e) =max{N;(€), N2(g)}),

for all integers n > N(€) = max{N, Nj, N} the inequality a — &€ < x, <y, <zm <a+e¢is

satisfied. In other words, lim y, = a. ||
n—yoo

Remark 2.3. If in part (1) of the theorem the strict inequality x, < y, holds, this does not

necessarily imply the strict inequality of their limits, that is, in general lim x,, < lim y,.
n—oo n—oo
1 1
For example, if x,, = < :but limx, = limy, =0.
p T 241 241 " n n—seo ! n—>ooyn
The same is true for sequences x, =a or y, =b, n=1,2,3,... (a, b are constants).

1
,yn= ,then
n n

1
Indeed, if x, =0and y, = then > 0. By passing to the limit, we have
n n

. .1 .
limy, =lim =0= lim x,.
n—soo n—eo n n—oo

1
Example 2.5. Find lim sin?n. At once it follows from the inequality 0 < sin?n < 1 that

n—eo 2
. 2 1
0< sin“n <
n
1 . . .
If we setx, =0,z, = ,, then by the Comparison Theorem we have lim x, = lim z, =0,
n n—oo n—oo
and as a result,

N
lim ) sinn = 0.
n—oo N1
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. . . 1 . .
Example 2.6. Suppose that y, satisfies the inequality 1 — <y, < cos . Find the limit
n n
lim y,. Clearly,
n—oo
. . 1 . . 1
limx,=1lim ( 1— ) =1 and limz, = limcos =1.
n—yoo n—yoo n n—oo n—oo n

By the Comparison Test, we then have li_1;n yp=1.
n—oo

Example 2.7. We compute the limit of the well-known sequence y, = /n— 1 (y, = 0).

Using the Binomial Formula, it is easy to see that

nn—1
n=(1+y)" > (n '

Thus,

2
Yn < \/an (n>2).

Consequently, we have
2
xngyn < Zn, xn:()7 in = .

n—1
By part (2) of Theorem 2.4, since limx, = limz, = 0, we have limy, =0, or
n—yoo n—oo n—oo
lim /n = 1.

n—oo
aﬂ
Example 2.8. For the sequence y, = | (a>0), find lim y,.
n! n—eo
Let N be a positive integer satisfying the inequality N > 2a. Clearly, for n > N, i.e., for

a
n > 2a,we have < 5 Thus,
n

a aN aan a"

B B a a a<a” "
n!  N!/(N+1)--n N! N+1 N+2 n N!'\2 '

a" a" 1 n—N
O=x< ) <&= (2) :

Here lim x, = lim z, = 0, and by the Comparison Test, the limit sought is zero:
n—oo n—oo

0<

As a result,

n
lim =0.
n—eo !
Definition 2.3. A sequence {x,} is called, respectively, increasing, nondecreasing, de-

creasing, or nonincreasing if
Xngl > Xny Xngl 2 Xn, Xptrl < Xpy, OF Xpp] <X, n=1,2,3....

A sequence that is either nondecreasing or nonincreasing is called monotone, and a
sequence that is increasing or decreasing is called strictly monotone. It is clear that a

strictly monotone sequence is monotone, but not conversely.
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Theorem 2.5. Every bounded monotone sequence converges.

O For definiteness, we prove the theorem for a nondecreasing sequence {x,} (the proofs
for the other cases are analogous). By hypothesis, A = {x, } is bounded, and so the supre-
mum supA = a exists. Thus, there is a number x,, € A such that x, < a,a—€ <xy < a

Observe that x, > xy for all integers n > N (the sequence is nondecreasing), and conse-

quently, a — € < x, <aora—¢& < x, <a-+¢forall n > N. Finally, |x, —a| <&, n>N.
|
an
By using this theorem, it can be shown that the limit of the sequence x, = , (a> 0)
n!
is equal to zero. Obviously, for integers n satisfying the inequality n > a — 1, we have the

relation x, 11 = X, - and then x, ;1 > x,. Moreover, the sequence {x,} is bounded

a
n.+ 1 ' . .

from below by zero. Finally, by Theorem 2.5, the sequence x;, is convergent, that is, x,, — x,

where x is a real number.

Thus, we have

a
x= hmx,,ﬂ = lim x,, - lim =x-0=0.
n—o0 n—oop 4+ 1

Example 2.9. In the theory of numerical analysis, in order to calculate the square root of

the positive number a, the following recurrence sequence is considered:

|
xn+1:2(xn+“), n=1,2,... (2.5)

Xn
Here, x; is an initial approach and can be any positive number. It is easy to see from
(2.5) thatx, >0 (n=1,2,...), that is, the sequence {x,} is bounded below by zero. On the
.. . . . 1
other hand, for a positive number 7 > 0 the inequality (r — 1)? > 0 gives us that  + ; = 2.

0. Then it follows from (2.5) that

Va
an:V (m ‘/") ‘é“( ) Ja (n=1,2,...).

Thus, for integers n > 2, the inequality x,, > /a holds. Next, let us show that the sequence

Now, let us putt =

{xn} (n > 2) is nonincreasing. We can rewrite (2.5) as follows:
X+ 1 1
= 1 . 2.6
Xy 2 < +x%> (2.6)

Since x,, = v/a (n > 2), from equality (2.6) we can derive that ntl

< 1orx,;1 <x,. Then
from Theorem 2.5, the sequence {x,} is convergent. By Theorem 2.4, hm 0 X, =X 2 Va.
Finally, by passing to the limit in (2.5), we deduce that
> (+3)
x=_|x
2 x/’

which implies that x = \/a.
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Example 2.10. (a) Find the limit of the sequence x,, = \/ a++/a+ \/ a-+---++/a, where
a > 0 and the number of radical signs is n. Here, as a recursively defined sequence, we can

set
Xpr1 =va+x, for (n=1,2,...), x; =+a. 2.7)
Firstly, let us show that the sequence (2.7) is increasing and bounded. We do this by
mathematical induction. Observe that x; = v/a < \/ a-++/a = x,. Suppose that x,, < x,11.

The inductive step is then to prove that x,, ;1 < x,12. By (2.7), the assertion x,, 11 < X472 is

equivalent to
Xnt1 = Va+ X, < \a+xpp1 = Xp2.
Butx, < x,1 by hypothesis, and so y/a + x,, < \/a + x,+1 as required for the inductive step.

We next prove that it is bounded (for example, by \/a+ 1). Clearly, x; = \/a < \/a+ 1. We

proceed by mathematical induction and so assume that for some integer n the inequality
Xy <+a+1 (2.8)

holds, whereas x,, 11 = v/a + x, it follows from (2.8) that

Xpp1 < \Ja+va+1< \/a+2\/a+1 :\/(\/a+1)2:\/a+1.

Then, by Theorem 2.5, the sequence {x,} approaches some limit point, x. In order to
find x, we square both sides of (2.7). By passing to the limit as n approaches infinity, we
have

2
Wy =a+t,

limxﬁﬂ =x*=a+x=a+ limx,.
n—o0 n—oo

2

1
The quadratic equation here, x* —x — a = 0, has a unique positive root (x > 0) x = ’ (1 +

V1+ 4a), which is the required expression for the limit.

F,
(b) Let {F,} be the Fibonacci sequence. Assume that ¢ = lim < ;H) exists. We

n—roo n

1 L. .
show that a = 5 (1++/5). Taking into account that F,, | = F, + F,,_1, the equation
F,
a= lim ( ntl >
n—oo F,

a= lim (1+F’H> :1+1.

n—oo F, a

becomes

1
Thusa®> =a+1andsoa = 2(H—\/S) (note a > 0).
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2.2 Infinitely Small and Infinitely Large Sequences; Subsequences

Definition 2.4. If, for a given sequence {x,}, lgn x, = 0, then the sequence is said to be
friee)

an infinitely small (or infinitesimal) sequence.

Observe that if x,, — a, then y,, = x,, — a is an infinitely small sequence. Conversely, if
X, = a+y, and y, is an infinitely small sequence, then x,, — a.

Moreover, the limit of a sequence {x,} is said to be +oo (—o0) if for any positive real
number M there is an integer N = N(M) such that |x,| > M (x, < —M) for all n > N, and

is then written

lim y, = +oo (limx, = —o0) or x, — 4o (x, = —co).
n—yoo n—oo

Sometimes the sequences such that lim |x,| = 4o are called infinitely large sequences.
n—o0

Theorem 2.6. If {x,} and {y,} are two infinitely small sequences, then their sum and

product are infinitely small sequences.

[0 By the definition of infinitely small sequences, lijn x, =0 and ILm yn = 0. Then, by
n—oo N—so0
Theorem 2.3, lim (x, +y,) = lim x, + lim y, =0 and lim x, -y, = lim x,- limy, =0. W
n—oo n—oo n—yoo n—oo n—oo n—yoo
Theorem 2.7. The product of a bounded and an infinitely small sequence is an infinitely

small sequence.

O Let {x,} be bounded and let {y,} be infinitely small. By hypothesis, for some real
number C > 0, the inequality |x,| < C (n=1,2,...) holds and Jijgoy,l = 0. Because {y,}
is infinitely small, given any number & > 0 there is an integer N = N(€) such that [y,| < ¢
for all n > N. For such integers,
oyl = allyal < - .
C

In other words, lim x,y, = 0. | ]
n—oo

1
Theorem 2.8. If liﬁm |xy| = +ocandx, 20 (n=1,2,...), then {y,} = { } is an infinitely
N—yoo Xn

small sequence.

O By hypothesis, for any real number € > 0 there is an integer N such that |x,| > 1/€ for
all n > N. This implies |y,| < € for all n > N, that is, lim y, = 0. [ |
n—oo

Example 2.11. Suppose x, = n?, y, = 1 /n. Obviously, {x,} and {y,} are infinitely large

1 1 1

and infinitesimal sequences, respectively. Observe that { } = { 2} and { } =n.
Xn n Yn

The first is an infinitesimal sequence, but the second is an infinitely large sequence.
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Definition 2.5. Let {x,} be a sequence and let k; < ky < --- <k, < --- be an increasing se-
quence of natural numbers. Then {xi, } = {x¢,, X, .. Xk, ...} is said to be a subsequence

of the sequence.
Theorem 2.9. If lim x,, = a, then the limit of an arbitrary subsequence {Xk,, } is the same a.
n—oo

O By hypothesis, for any given € > 0 there is an integer N = N(€) such that |x, —a| <
eforanyn > N. Then from the inequality k, > n, it follows that [x;, —a| < €,n > N, that is,

X, — a. |

Theorem 2.10 (Bolzano'-Weierstrass®). Every infinite and bounded set in Euclidean

space has at least one limit point.

0 Let for simplicity M be an infinite and bounded set of the real axis. Let /; be a closed
interval including M, i.e., I, = [a,b] D M. Divide I; into two equal subintervals. Suppose
I, is one of them, containing infinitely many points of M. Then again we can divide the in-
terval I, into two equal subintervals such that one of them, say /3, contains infinitely many
points belonging to M. For k =2,3,4,..., repeat this bisection on /; and choose I the
same way. We have I; = [aj,bj] and I} DI, D --- DI, D ---. By Cantor’s Theorem (Theo-
rem 1.7), since jlgrolc (b j—a j) = }E’i b ;aj =0, the intersection nﬁl I, contains exactly one
point, say x. At the same time, x is a limit point of the set M: we see this as follows: since
lim 7,, = 0 for any small number € > 0, there is an integer n such that [, C (x—&,x+¢€). In

n—oo
other words, any e-neighborhood of the point x contains infinitely many points of . W

Corollary 2.1. If {x,} is bounded, then {x,} has a convergent subsequence.

O At first, assume that {x,} has only a finite number of different points. Then in our

constructed subsequence, at least one of those points can be repeated:
x:xk:xkl — e :xkn —_— ...

Therefore, the point x is a limit of such a subsequence {x, }.

Now, suppose that the sequence {x,} has infinitely many different points. By hypoth-
esis, the sequence is bounded, hence there is at least one limit point, say x. For any pos-
itive real number & (& > 0), the & -neighborhood of x contains infinitely many different
points of the sequence. Let us denote by x;, one such point, and form the & (& < &)-
neighborhood of x that does not contain xi, . Similarly, in this &-neighborhood of x we can

IB. Bolzano (1781-1848), Czech mathematician.
2K. Weierstrass (1815-1897), German mathematician.
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take another point x;, 7# x, ko > k;. Continuing this process, we form &;-neighborhoods of
the point x, where & — 0. Finally, we take the subsequence xy, , Xz, , ..., Xk, .. of {x,}, the

limit point of which is the point x. |

Remark 2.4. As is seen from the proof, this assertion is true for an infinite bounded se-
quence in the Euclidean space R”.

Let us denote by E the set of limit points of subsequences of the bounded sequence
{xn}. Obviously the set E is nonempty and bounded. In fact, if X, — X (x € E), then from
the inequality |xz, | < C we have |x| < C, where C is a positive constant. Since E is bounded,

sup £ and infE exist.

Definition 2.6. The numbers x* = supE and x, = infE are called the superior and inferior
limits of the sequence {x, }, respectively. Further, we use the symbols

x* = limx, and x, = lim x,,.
n—eo n—oo

If {x,} and {y, } are two sequences, we have

lim x,, + lim y, < lim (x, +y,) < 1
n—oo n—oo n

i im x, + lim y, < lim (x, +y,) < lim x, + lim y,
n—oo —ro0 n—oo n—oo n n—yoo

im,
Example 2.12. Find the inferior and superior limits of the sequence {x,} = {1+ (—1)"}.

Obviously, for even (n = 2k) and odd (n = 2k+ 1) numbers {xy; } = {2} and {x3141} =
{0}, respectively. Clearly, E = {2,0}. Here, r}groloxn =2, ,}i_riloxn = 0 because supE = 2 and
infE =0.

2.3 Cauchy Sequences

Definition 2.7. A sequence {x,} is a Cauchy’ sequence if for every & > 0 there exists an

integer N (&) such that |x,, —x,| < € for all m,n > N(€).

1
Letx, = ,.Form,n>N = N(¢g), say m > n, then we have
n

IR R
|xm_x"|_n2_m2<n2<N2'

1

For every € > 0, we can take an integer N > . Then m, n > N implies |x,, — x,| < N2 <

VE

€, so {x, } is a Cauchy sequence.

3A. Cauchy (1789-1857), French mathematician.
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Warning. This is stronger than claiming that, beyond a certain point in the sequence,
consecutive terms are within € of one another.
For example, consider the sequence x, = y/n. It is not hard to see that
Vn+l4yn 1
.\/n+1+\/n CVntl+yn’

Therefore |x,4+1 —xn| — 0 as n — oo. But |x,, — x| = /m — /n if m > n, and so for any

i1 =l = (Vi 1= Vi)

integer N = N(€&) we can choose n = N and m > N such that |x,, — x,| is as large as desired.

Thus the sequence {x,} is not a Cauchy sequence.
Theorem 2.11. If a sequence {x,} is a Cauchy sequence, then {x,} is bounded.

O Let & > 0 be any positive number and suppose {x,} is a Cauchy sequence, that is, for
any there is an integer such that |x, — x,,| < € for all. Let us take. Then |x,| = |[xy41 +
(v —xn+1)] < |xnvsi] + 20 — xn41] < |xngi| + € for all n > N Let C = max{|xy+1| +
€, |xil,...,|xa|}. Then for all n > N, the inequality |x,| < |xy+1|+ € implies the desired
inequality |x,| <C(n=1,2,...). |

Theorem 2.12. A sequence {x,} converges if and only if {x,} is a Cauchy sequence.

O At first, let {x,} be convergent and x,, — x. We show that {x,} is a Cauchy sequence.
For a given € > 0, we can choose an integer N = N(¢g), such that |x, — x| < £/2 whenever
n > N. Then for all n, m > N, we have

€

€
2 y

€
[ — Xim| < |xn — x| + |xm — x| < ) +

i.e., {x,} is a Cauchy sequence.

Conversely, let {x,} be a Cauchy sequence. We prove that {x,} is convergent.

Observe that, by Theorem 2.11, the sequence {x,} is bounded. Moreover, by Corol-
lary 2.1, it has a subsequence {x, } that converges, say to x. Next, we show that 7}51010 Xp = X.

Let € > 0 be arbitrary. Since {x, } is a Cauchy sequence, there is an integer ng such that
m,n > N yields |x, — x| < €/2. Moreover, k, > n and so from the last inequality, setting
m =k, for all n > Ny, we have |x, —xz,| < €/2. Since the sequence {x;, } is convergent,
ie., x;, — x, there is an integer N; such that |x;, — x| < €/2 for all n > N;. Let N =
max{Ny, N }. Then for all n > N we have

£ €
[0 — x| < |0 — xp, | F 2w, — x| < 5 + , =&

That is, x,, — x. | |
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Let us apply this theorem to show the divergence of the sequence {x,}, where x, =

1 1
1+ ) +---+ . Letus take, in Definition 2.7, m = 2n. Then
n

| = | 1 - 1 . 1 1
Xn — Xn| = X2 — xu| = >n- =
e = n n+1 2n 2n 2

1
and so if we take € = 5 then there is no integer N such that for all m,n > N (m = 2n)

1
[Xm — xn| < 5 This means that {x,} is divergent.

Definition 2.8. The notion of a Cauchy sequence makes sense in the more general context
of a metric space (X,p). At first note that if {x,} C X and x € X, then x,, — x if and only if
P (xn,x) — 0. Then, by analogy, {x,} is a Cauchy sequence if p (x,,x,,) — 0 as m, n — co.

A metric space (X, p) is complete if every Cauchy sequence in X has a limit in X. At
once we note that the Euclidean space R" is complete.
Below we will see that the set of rational numbers with the corresponding metric is not

a complete space.

Remark 2.5. We remark that Theorem 2.12 is sometimes valid in the more general case of
a metric space (X, p). In this case, in Definition 2.7, the distance function p (x,,x,) < € is
used. For example, Theorem 2.12 is valid for the Euclidean space R”. But it is not true for
arbitrary metric spaces, i.e., it happens that a Cauchy sequence might not converge to an
element of the space in question. For example, let X be the set of all rational numbers. The
distance between two poir;ts ri, rp € X is given by p(ry,r2) = |r1 — r2|. Clearly X is a metric
space, and r, = (1 + " (n=1,2,...) are rational numbers. Observe that the sequence
{r,} is a Cauchy sequence, but its limit point e (¢ = 2,71828...) is an irrational number.
Finally, this sequence {r, } can not be considered as a convergent sequence within the spacle
n
X. In order to prove the convergence r, — e, we need Theorem 2.5. Let x,, = (1 + rlz) | .

We show that {x,} is a monotone decreasing sequence. We have

1 n

1+ 1 1\" 1
o BB ORI
Xp—1 14 n n n

n—1

1" 1) 1"
1 - 1 —(1- 1

that is, x,, < x,_1.
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Moreover, x, > 1 (n=1,2,...) and so, by Theorem 2.5, x, — e converges:

1 n+1 1 n+1
(1 + ) lim (l + )
n n—soo n

1 n
lim r,, = lim (l + ) = lim = —e.
Nn—yo0 n—soo n n—yoo 1 . 1
1+ lim <1 + )
n N—yo0 n

Note that in terms of sequences there is another definition of compactness than the one
given in Section 1.6; a subset M of a metric space (X,p) is compact if every sequence in
M has a subsequence which converges to an element of M. Compactness turns out to be a
stronger condition than completeness, though in some arguments one notion can be used in

place of the other.

2.4 Numerical Series; Absolute and Conditional Convergence

Suppose {x,} is an infinite sequence of real numbers. Then an infinite numerical series is

an expression of the form,

Y m=xitat At (2.9)
k=1

The number x,, is called the n-th term of the series. An example of an infinite series is
the series

i +1+1+ +1+
= 8 on

1
n’
To say what is meant by such an infinite sum, let us introduce the partial sums of the

This was mentioned in Section 2.1. The n-th term of this infinite series is x, =

series (2.9). The n-th partial sum S,, of the series (2.9) is the sum of its first n terms
Sp=x14++x,.
Thus, each infinite series has associated with it an infinite sequence of partial sums

S1, 82, 83, ey Spy oen

Definition 2.9 (Sum of an infinite series). We say that the infinite series (2.9) converges

(or is convergent), with sum S, provided that the limit of its sequence of partial sums {S, }

lim S, =S

n—roo
exists (and of course, is finite). Otherwise, we say that the series (2.9) diverges (or is

divergent). If a series diverges then it has no sum.
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Thus an infinite sum is a limit of finite sums

limS,=S= Zxk

n—yoo =1
provided that this limit exists.
Theorem 2.13 (The n-th term test for divergence). If the infinite series Y, xi is conver-

k=1
gent, then the limit of the n-th term is equal to zero, i.e., lim x, = 0.
n—yoo

[J Observe that the n-th term x,, is the difference
Xp =8 —Sh—1. (2.10)
Under the assumption that the series is convergent,

lim S, = thn 1 =3S. (2.11)

n—oo

Taking into account (2.11), and then passing to the limit in (2.10), we have:

hmxnfhm(S —8,-1)=8-85=0.

friress
|

Consequently, if hm 0 Xy # 0, then the series Z xy diverges. In other words, the condi-
tion x, — 0 is necessary but not sufficient for ckonlvergence. That is, a series may satisfy
the condition l}gr.}o x, = 0 and yet diverge. An important example of a divergent series with

terms that approach zero is the harmonic series below.

Example 2.13. The following series is called the harmonic series
=1 I 1 1
Y =1+ 4t A (2.12)
=k 2 3 n
Since each term of the harmonic series is positive, its sequence of partial sums {S,} is
monotone increasing. We shall prove that the harmonic series diverges, by showing that

there are arbitrarily large partial sums. We have

=14yt 2
2T Ty T2 Ty Ty
PR S (LI R
4TI T 2T 4Ty ) T T T
11 1 1 111 1 1 4
Sg =S84+ +6 7 8>S4+(8+8+8+8)—S4+2>2,

1
S2n>n+ .
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1
Now, if C is an arbitrarily large number and 7 is such that n—;— > C, then Sp» > C. This

means that the sequence of partial sums is unbounded, i.e., S, — .
Note that if the sequence of partial sums of the series (2.9) diverges to infinity, then we

say that the series itself diverges to infinity, and we write ) x, = oo.
n=1

Theorem 2.14 (Sum of the geometric series). If |x| > 1 then the geometric series

Y ax*~! (a # 0) diverges and if |x| < 1 then the geometric series is convergent and its
=

sum is
—x
[0 The elementary identity
1 _xn+1
T+x+x? 4 4x" = :
—x

follows after multiplying left and right hand sides by 1 —x.

1 —x"
Therefore, for x # 1, we have S,, = a(l=x") - ¢ _a X", and if |x| < 1, then
1—x 1—-x 1—x
S=1limS,= ¢ .
n—soo 1—x
If |x| = 1, that is, x = | or x = —1, then the n-th partial sums of the geometric series are

S,=n-aand S, =a—a+---+(—1)""a, respectively. In the first case, li_r>n S, = li_r}n na=
n—oo n—oco

oo (the sign depending on whether a is positive or negative). This proves divergence. In

the second case, the sequence of partial sums is

a,0,a,0,a,0,...
which diverges. Finally, if [x| > 1 then lgn Xn = liﬁm ax*~! = o0, and so the series diverges.
n—oo n—oo

Theorem 2.15. If Y, x; and Y. y; are convergent series, that is, ¥, xy =Aand Y, yy =B
k=1 k=1 k=1 k=1

with A, B real numbers, then the sum of these series, Y. (x; + yx), is convergent and equal

to C = A+ B. Furthermore, if Q is a nonzero constant, then the series Y, x; and Y, ox;
k=1 k=1
either both converge or both diverge. In the case of convergence, the sums are related by

i axp = 0o
k=1

 ng ki

Xy = o -A.

k=1

O LetA,, By, and C, be the n-th partial sums of the series Y x;, ¥ v, and Y (x + k),
k=1 k=1 k=1
respectively. Then by part (2) of Theorem 2.3,

C=limC, = lim (4, +B,) = lim A, + lim B, = A + B
n 0 n (o)

n—yoo n—oo
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On the other hand, by part (1) of Theorem 2.3,
lim A, = alim A, = 0tA.
n—yoo n—yoo
|
Further, we note that convergence or divergence is unaffected by deleting a finite num-

ber of terms from the beginning of a series, that is, for any positive integer N, the series

Y ox=xia e
k=1

and

o

Z X = XN +XN+1 T XN42 +
k=N

both converge or both diverge.

Theorem 2.16 (Cauchy’s Test). For the convergence of the series (2.9) it is necessary and
sufficient that for any € > 0 there is an integer N such that

n+p

L w

k=n+1

<e (2.13)

for all n > N and all natural numbers p.

O Let S, be n-th partial sum of the series (2.9). By Theorem 2.12, the sequence {S,}
converges if and only if {S,} is a Cauchy sequence, that is, for any number € > 0, there is
an integer N such that [S,, — S,| < € for all m,n > N. Then by settingm =n+p (p > 1) in

n+p
Yox
k=n+1

the last inequality, we have |S,.4+, — S| = <E. |

Definition 2.10. A series (2.9) is said to converge absolutely if the series of absolute values

o
Y |xx| converges.
=

Definition 2.11. A series (2.9) is said to be conditionally convergent if it is convergent, but
not absolutely convergent, that is, the series Y, |x¢| is divergent.

k=1
Y X

Theorem 2.17. If the series Y. |xi| converges, so does the series
k=1 k=1

=

O The series Y, |xi| is convergent and so, by Cauchy’s test (Theorem 2.16), for any € > 0
1

k=
n+p
there is an integer N such that | ). x| < € forall n > N and all positive integers p.
k=n+1
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Then, obviously,

n+p n+p
Z xi| < Z |xk| <E.
k=n+1 k=n+1
Hence, the series (2.9) converges. | |

Theorem 2.18. (1) If (2.9) is a series with positive terms, and if there is a constant K such
that S, < K for every n, then the series converges and the sum of the series S satisfies S < K.
If no such K exists then the series diverges.

(2) If (2.9) is a convergent series with nonnegative terms, then the series E vy obtained
from the series (2.9) by rearranging and renumbering its terms is also conf;;gent having

the same sum.

O (1) If an infinite series has positive terms, x; > 0 (k =1, 2,...), then the partial sums
S, form an increasing sequence, that is §; < S < S3--- < S, < ---. Then, since S, < K,
according to Theorem 2.4 the sequence of partial sums will converge to a limit S, satisfying
S < K. If no such constant exists, then r}grelo = oo,

(2) Let S be the sum of the series (2.9), that is lgn S, = S and y, be the partial sum of
Nn—yoo

the series Y, yx. Then for a fixed k we have
k=1

Yk:yl+y2+"'+yk:xn1 +xn2+"'+xnk

Thus denoting N = max{ny,...,n;} we can write ¥; < S; < S, which implies that the series
Y yr converges. Soif Y is its sum we derive that Y < S. Reasoning vice versa, we conclude
k=1

that Y = S ]

Theorem 2.19 (Comparison Test). Suppose |x,| < y, for all n > no, where ngy is some

natural number. Then the following assertions hold.

oo

(1) If the “bigger series” Y. y, converges, then the “smaller series” Y, x; converges
k=1 k=1
absolutely.
(2) If the “smaller series” Y. |xi| diverges, then the “bigger series” Y. y, also di-
k=1 k=1

verges.
L) (1) If the series Y, yx is convergent, then the Cauchy test is satisfied and hence, for
k=1

n+p
PIRY-
k=n+1

any € > 0 there is a natural number N(¢) such that 0 < < ¢ for all n > N(¢)
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and arbitrary natural number p. Then for all integers n > max{N(€), Ny}, the inequality

|x:| <y, holds, and so

n+p n+p
Y < Y w<e
k=n+1 k=n+1

Thus, the Cauchy test is satisfied by the series Y, |xi|. Consequently, the series Y. |xx
k=1 k=1

converges and so Y x; converges absolutely.
(2) This part is really just an alternative phrasing of part (1). In fact, if the series

Y |xx| diverges, then Y y; must diverge since the convergence of Y y; would imply the
k=1 k=1 k=1

convergence of Y |x;|, contrary to the hypothesis. |
k=1

2.5 Alternating series; Convergence tests

Definition 2.12. A series whose terms are alternately positive and negative is called an

alternating series. Such a series has the form:

=

Y (D) =a1—ar+az—--+ (1) a,+ - (2.14)
k=1
where a;, > 0,k=1,2,...

Theorem 2.20 (Leibniz*). An alternating series (2.14) converges if the following two con-
ditions are satisfied:
(1) The sequence {a,}, n=1,2,... is nonincreasing,

(2) lim a, = 0.
n—oo

O Let {S,} be the sequence of n-th partial sums of (2.14). Consider the subsequences
{S2m} and {Sa41}-. Since anpi1 = azmi2, the inequality Soy0 = Som + domi1 — Aom2 =
Som holds, which implies that the “even” subsequence {S»,,} is nondecreasing. On the
other hand, S2;+1 = Som—1 — @om + a2m+1 < S2m—1, and so the “odd” subsequence {S2+1}
is nonincreasing. Besides, S2,+1 = Som + @2m+1 = Som and then, since Sy, < Som1 <
Som—1 < -+ < 81 = ay, the “even” subsequence {S,,} is bounded above. According to
Theorem 2.5, the subsequence {S»,} converges, say Sz, — S. We next show that the
sequence {Som+1} also has the limit S. In fact, taking into account that a, — 0, we
have 12130S2m+1 = IEQOSZm + ILII}O@"H“ = §. Then the convergence of both S,,, — S and
Szm+1n — S impliesnthat S, — g‘ so the series converges. ]

4G. Leibniz (1646-1716), German mathematician.
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Remark 2.6. (a) It is not hard to see that Theorem 2.20 is valid in the nonincreasing case
ap = apt1 20(m=1,2,...), n > Ny, where ny is a positive integer.

(b) If an alternating series violates condition (2) of the alternating series test, then the
series must diverge by the divergence test (Theorem 2.13). However, if condition (2) is
satisfied, but (1) not, the series may either converge or diverge.

oo (—l)k"H

Example 2.14. (a) The series ), is called the alternating harmonic series. In the
k=1

1 1 1
tati f Definition 2.12, q; = 0. Clearly, = = k=1,2,..),
notation of De n1110n ay k> early. K ag > g4 k1 ( )
and klim ay = l}im P 0. Thus the series converges by the alternating series (Leibniz) test.
—»00 —500

We emphasize that the series of absolute values is the harmonic series, which is diverges
(Example 2.13). Hence, the alternating harmonic series is conditionally convergent (see

Definition 2.11).
(_ 1)k+1 1 1

1
(b) The series Z T 1— 3 + 57 + --- satisfies the hypothesis of Theo-
k=1 -

rem 2.20, and so converges. In Section 5.6 we will see that the sum of this series is 4

Theorem 2.21 (The Ratio Test of D’Alembert’). If, for all n > ny (ng an integer),

Xn+1

<p<l (u#0), (2.15)

n

then the series (2.9) converges absolutely, and if

Xn+1
Xn

Zp>1, (2.16)

then the series (2.9) diverges.

[ It follows from condition (2.15) that for all n > Nj,
bea| < pln1| <p |x,, 2| < 'gpniNO‘xNoL
Consider the series Z p*MNo|xy,| (0 < p < 1), which according to Theorem 2.14, is con-
k=1

vergent. Then, taking into account the inequality \xn| < p"M|xy, |, by Theorem 2.19 we

conclude that the series Z |x¢|, and so the series Z Xk, are convergent. Thus, the first part
k=1 k=1
of the theorem is proved. On the other hand, it follows from condition (2.16) that for all

n> Ny,
n| = Pt =+ = p" M0y | > [y > 0,

and so |x,| > |xy,| > 0. This implies that lim x, # 0, and so, by Theorem 2.13, the series
n—yoo
{x,} diverges. |
5J. D’ Alembert (1717-1783), French mathematician.
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Xn+1
Xn

Corollary 2.2. The limiting case li_r)n = p of the D’Alembert ratio test consists of
n—soo

the following:
(1) If p < 1, the series (2.9) converges absolutely.
2)If p > 1 or if p = oo, then the series (2.9) diverges.

3) If p = 1, no conclusion about convergence can be drawn from this test.

Example 2.15. (a) For the series

10 102 103 107 ’
the n-th partial sum is
Sn:3+3+3+~~~+3.
10 102 103 107
Multiplying both sides of this equality by 1/10, we have
]Sn=3+3+---+3+3.
10 102 103 100 107+l
Then, by subtracting the second equality from the first, we can define the n-th partial sum
S, = ; (1 — lé ) Thus, the sum of the series is § = ’}iilgoSn = ;
(b) Let us see whether the series ): ! converges or diverges. Since the n-th
k=1 k(k+1)

partial sum

n n 1
; k+1 Z(k k+1) SISt

the limit lim S,, = 1. Notice that, since x,, = n(n+1)’ the limit that occurs in D’ Alembert’s
n—yo0

.. X, . n
testis lim | "] = lim =1.
n—eo | X, n—oo g +2
On the other hand we showed that (see Example 2.13) the Harmonic series is diver-
. 1 .. .. . . x
gent and since x; = o the limit occuring in the D’ Alembert ratio test is lim ol
n—eo | X,

lgn e = 1, also. Consequently, in both cases p = 1, yet one of them converges, while
n—oo

the other diverges. Hence, no conclusion can be drawn from D’ Alembert’s test when p = 1.

w 1k
Example 2.16. The series Y ! diverges by the D’Alembert ratio test since p =
k=1 K-
k
| (kD R . (k1) . 1
s A e N = S A e

and the series diverges.
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Theorem 2.22 (The Root Test of Cauchy). If, for all n = ng (ng is some integer),

Ul <p <1, 2.17)

then the series (2.9) converges absolutely.

On the other hand, if for all n > n,
lxal = p > 1, (2.18)

then the series diverges.

O  Firstly, it follows from condition (2.17) that |x,| < p”. Thus the series Y, |x¢| is
k=1

eventually dominated by the convergent geometric series ¥, p¥ (0 < p < 1). Hence, ¥ |x;]
k=1 k=1

converges, and so the series Y, x; converges absolutely. On the other hand, if (2.18) holds,
k=1
then |x,| > p" > 1 (n > ng) and hence lgn X, # 0. Therefore the n-th term divergence test
n—soo

(Theorem 2.13) implies that the series Y, x; diverges. |
k=1

Corollary 2.3. Suppose that lim {/|x,| = p. Then the infinite series ¥, x;
neree k=1
(1) Converges absolutely if p < 1,

(2) Divergesif p > 1.

If p =1, the root test is inconclusive.
Even though the ratio test is generally simpler to apply than the root test, there are

certain series for which the root test succeeds while the ratio test fails.

1
Example 2.17. (a) In the Example 2.15 it was shown that the series Z K(k+1) con-
k=1

verges. Now, applying the root test, we can see that this test is inconclusive. In fact,

1
’}grol(’(/ (n+1) ’Hw\/ \/n+1 =1 (see Example 2.7), that is, p = 1.
1

1 1 1 1 1
(b) Consider the series 20 k(1) =, + 1 + g + 4 + 1 +---. Then
L. fni
Wi _ )2 if n is even,
n é if n is odd.

Therefore, the limit required for the ratio test does not exist. On the other hand,

1 Un 1 1
iy /Vonl = iy (2n+< 1y ) = (2(—1)%) T

so the series converges by the root test.
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=1 \ k+1

o 3n=2\" . 3n-2
p = lim = lim =3>1.
n—soo n+1 n—eo p+ 1

(b) Obviously the series Y k is divergent. Nevertheless, p = lgn \”/ x| = liﬁm Vn=1.
k=1 n—oo n—o0

o (3k—2\*
Example 2.18. (a) The series ), ( ) diverges by the root test since

By setting x, = n, the proof of the next theorem can be obtained from Kummer’s®

theorem”’

=

Theorem 2.23 (Raabe® test). Let Y. x; be a series with positive terms and suppose that

k=1
lim [ n —1] ‘n=gq.
n—ee | Xpt1

Then:
(1) if g > 1, the series converges;

(2) if g < 1, the series diverges.

< 1-3-5--(2k—1
Example 2.19. Let us verify by the Raabe test that the series Y, 5.4 6( ok )
= 4.6

verges. We can easily establish that the quotient occuring in the test is

di-

X 2k+2
Xk+1 o 2k+1°
Then,
4= lim [211—!—2_1} _ 1.
n—eo | 2n 41 2

Since g < 1, the series diverges.

Theorem 2.24 (The Limit Comparison Test). Let Y, x; and Y. y; be series with positive
k=1 k=1

X . . . .
terms and assume that p = I}lm k. If p is finite and p # O, then either the series both
= Yk

converge or they both diverge.

0 By the definition of limit, for any € > O there is a positive integer N such that

* _pl<eforallk>Norp—e<* <pteforallk>N.
Yk Yk

Setting € = p /2 (p a positive number) in the last inequality, we have

—p

1 3
k> N.
2Pyk<xk<2PYk7 >

OE. Kummer (1810-1893), German mathematician
7See, Marian Nureshan, A Concrete Approach to Classical Analysis, Springer New, York, 2009.
8]. Raabe (1801-1859), German mathematician
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o

Now, if ) y; converges, then Y x; is eventually dominated by the convergent series
k=1 k=1

o 3 o = oo
Yy 2pyk, so by Theorem 2.15, the series Y, x; converges. If Y y; diverges, then } x;
k=1 k=1 k=1 k=1
o 1 oo
eventually dominates the divergent series Y. 2pyk, so Theorem 2.15 implies that ) x;
k=1 k=1
also diverges. Thus the convergence of either series implies the convergence of the other.

oo

1 1 1
Example 2.20. Show that the series Y, p 1 diverges. Let us take x; = 1 and y, = .
k=lk—4 T4
Then, by Theorem 2.24, since

= lim

P kaook—‘lt koo ] — 1

the series is divergent. |

Let Y x; be a series and {my} be an arbitrary sequence of natural integers such that
k=1

every natural number take place only once. In other words {my; } is some rearrangement of

the natural numbers. Setting y; = x,,,, consider the new numerical series ). y;. The series
k=1

i Vi 1s obtained as a result of rearrangement of the terms of the series i Xy, and contains
]e(;(l:h of the terms of the first series once only. -

A very important property of a sum of a finite number of summands is the commutative
property, that is, a rearrangement of the terms does not affect their sum. The following

example shows that this is not the case for arbitrary series.

Example 2.21. Consider the alternating harmonic series (Example 2.14 (a)): denote its
sum by S. Rearrange this series according to the rule: two negative terms after a positive

one. Then we can write

11 11 1 111
(1_2_4)+<3_6_8>+(5_10_12>+"" (2.19)

Denote by S, the n-th partial sum of series (2.19). Then we have

1 1 1 VA 1
Sw= ). (Zk—l _4k—2_4k) =L (41“2_41«)

k=1 k=1
1 1 1 1
= — = S
2k;<2k—1 Zk) 272
Finally, we can write
Son Son 1 Son 1

S3p = S3p—1 = S3p—2 = . 2.20
=50 Smor= ot S 2+(4n_2> (2.20)
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and then from (2.20) we deduce that

S
lim S3, = l1m S3,, 1= hm S3,, =
n—oo 2
. . .S
Thus we have found that the series (2.19) converges and its sum is 5 |

But the next theorem of Cauchy shows that for absolutely convergent series, any series

obtained from it by rearrangement has the same sum as the original series.

Theorem 2.25 (Cauchy). The rearrangement of an absolutely convergent series supplies

another absolutely convergent series having the same sum as the original one.

0 Let ¥ x; be an absolutely convergent series. Consider the positive and negative terms
k=1
of this series:

, ifxg =0, _ =X, ifx <0,
ap={ e T =g e T 2.21)
0, ifx <0, 0, ifx>0.

Obviously, x; = x;” —x; . Take the following two series with nonnegative terms ¥, x;”
k=1

and Z x]:. Since x;” < |x| and x; < |xg|, these series are convergent. Let ¥ yx be the
k=1

rearranged series of Z Xk In view of (2.21) by analogy, for it construct the series positive
=1

and negative parts

EMS»

yk , Y Y » respectively. Then by using the Theorem 2.18 it is easy
k=1
to see that
m_m S E A e e
Yo=Y 0 —x) Zxk Yo =X Y=Y 00 ) =Y e
k=1 k=1 k=1 k=1 k=1 k=1 k=1
|

Theorem 2.26 (Riemann®). Let Y x; be a conditionally convergent series. Choose an
k=1

S € [—oo,00]. Then there is a rearrangement of the series such that the resulting series

converges to S.

1 We split the series Z Xj into two series Z xk and Z x;, as introduced in the proof of
k=1 k=1 k=1

previous theorem (see (2.21)). Show that if 2 Xi be a conditionally convergent series, both
=1

series ): xk and ): X, generated by it are divergent, where xF—0,x, = 0asn— oo,
k=1 k=1

By Theorem 2.25 it is not hard to see, that for series ) x; to be absolutely convergent it
k=1

9G. Riemann (1826-1866), German mathematician



Sequences and Series 57

is necessary and sufficient that series ): xk and Z X, generated by it be convergent. By
k=1 =1
condition of theorem our serles isa condltlonally convergent series. Then it follows that

at least one of the series Z x; and Z x, generated by it is divergent, that is, Z X = oo,
k=1 k=1

Let us study the behavior of the right-hand side of sum Z X, = Z xk - Z Xj S 1 — oo,
k=1 k=1 k=1

Since Y xi is convergent, the second sum tends to infinite number. The first sum increases
k=1

to oo. Consequently, the sum ) x;~ increases to o as n — oo. As aresult if one of the series
k=1

Y x,(*, Y x, is divergent, the other is divergent, too. We remark, that since the series
k=1 k=1

o

Y. x; is convergent, the sequences {x,| } and {x; } tend to zero. It remains to show, that for
k=1
any S € [—oo, 0] wWe can construct a series

xf'—l—x;—i—---—i—x;;] —X] Xy Xy,
+x;1+1 +x;2+2+~--+x;2 Xy T T Xy Ee (2.22)
whose sum is equal to S. Series (2.22) contains all the terms of Z xk and ): X, only
k=1

k=1
once. At first we assume, that S is a real finite number. In this case the indices my, my,...

and np, ny, ... can be chosen as the smallest natural numbers for which the corresponding

inequalities
mp ]
szz>5, ﬁ2=ﬁ1—2x;<s,
=, =1 (2.23)
ﬁ3:ﬁ2+ Z X;>S, ﬁ4:B3_ Z X]:<S,
k*mlJrl k=n;+1

are fulfilled. Since the series Z xk and ): x,, have positive terms and diverge, at the p-th
step of this construction we mdeed can choose the natural numbers m,, and n,, satisfying the
p-th inequality. Then, taking into account the inequalities (2.23) and the fact that x;7 — 0,
X, — 0 as n — oo it follows that the series thus constructed converges to S. Note that in
the case S = +oo we can replace S in the right-hand side of the inequalities (2.23) by a
divergent sequence of the form 2, 1,4, 3,5,.... [ |

Theorem 2.27 (Dirichlet'?). (1) Let a series Z xi be given, and suppose that the se-

quence of n-th partial sums {A,} of this series is bounded

(2) Suppose that the sequence {y,} (n =0, 1,2,...), is nondecreasing and lim y, = 0.
n—yoo

Then the series Y, x;y; converges.
0

10p.G. Le Jeune-Dirichlet (1805-1859), German mathematician
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n
U LetA,= Y xx,n>0and A_; = 0. Then for 0 < p < g, we have

k=0
q—1
an)’n Z A —An1 Yn = ZAnyn Z AnYni1
n=p = n= p71
= ):A —Vur1) FAgyg — Ap_1Vp. (2.24)

On the other hand, by condition (1) of the theorem, there is a positive constant C such
that |A,| < C (n =0, 1,2,...). For any number € > 0 there is a positive integer N = N(¢)
such that y, < ) C' Then, since y, — y,41 = 0 for N < p < g, it follows from (2.24) that
g—1

Y On—yur1) Fya+yp|
n=p

g—1

Z An(Yn = Ynt1) +Agyg —Ap-13p
n=p

<C

q
Z Xn¥Yn| =

n=p

g—1
Y n=Yntr1) +Yg+Yp
n=p

q
Y XpYn
n=p

But

= 2y, and so <20y, <2C0yy < &.

Then by the Cauchy criterion (Theorem 2.16), the series ). x;y; converges. |
k=0

Theorem 2.28 (Cauchy’s Condensation Test). Ler {x,} be a nonincreasing series which

is bounded below by 0. Then the series Y, x, converges if and only if the series
n=1

Y 2Mxp = x4 2x0 + Ay 4 (2.25)

k=0
converges.

O By Theorem 2.5, it suffices to consider the boundedness of the sequences {A, }. (A, =
X1+ - +xp). Let S be the n-th partial sum of the series (2.25):

Sk:X1+2X2+"'+2kx2k
For n < 2
Ap <x1 4 (2 +23) - (tgk - F Xkt — 1) <xp 4 2x0 + - -+ 255, = 5.
On the other hand, for n > 2%,
An > x1 20+ (63 Hx4) oo (Xgpo1 g oo )

1
> 2x1 +x2+2x4+---+2k71x2k = _ 5

2
From the obtained inequalities, A, < Sy and 24, > S; we have that the sequences {A,} and

{8y} are simultaneously either bounded or unbounded. |
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The harmonic series is a special case, with p = 1, of a class of series called the p-

series, or, hyperharmonic series, Y, o We will determine the convergence or divergence
n=11

of the hyperharmonic series using the previous theorem. (Later, in Section 9.8, applying

the integral test, we will again investigate the convergence of this series.)
= 1
Theorem 2.29. The hyperharmonic series Y, , converges ifand only if p > 1.
n=1MNn

O If p <0, its divergence follows by the n-th term test for convergence (Theorem 2.13).

If p > 0, then by Theorem 2.28, setting x,x = we are led to the series

1
2kp >
o o

1
ok =Y okl=p),

Obviously, 2(1=P) < 1 if and only if 1 — p < 0, and the result follows by comparison with
the geometric series (Theorem 2.14), takinga = 1 and x = 21-p, | |

2.6 Products of Series

Definition 2.13. Let ) x; and Y, y; be two series. Then the series Y, z;, where
k=1 k=1 k=1

k
%= Y XiVk—i = XYk +X1Vk—1 + - + Xey0, (2.26)
i=0

is called the product of the two given series.

= oo

Theorem 2.30. Suppose the series Y, x; and Y, y; are convergent and their sums are A
k=0 k=0

=

and B, respectively, and one of them, say Y, xi, converges absolutely. Then the series Y, zi
k=0 k=0
converges and has the sum C = AB.

n n n
0 Letusdenote A, = Y xt, B, = Y yk,and C, = Y z;. By Definition 2.13,
k=0 K=0 k=0

Cn = x0y0 + (x0y1 +X1y0) 4+ + (X0yn +X1¥n—1 4+ +XnY0)
=xoBy+x1By—1+ -+ +x,Bo =x0(B+Rp) +x1(B+Ry—1)+ -+ +x,(B+Rp)
=AuB+ xR, +x1Ry—1+ - +x,Ro,

where R, = B,, — B — 0.

Therefore,
C,—A,B=xoR,,+ -+ xRy = ry. (2.27)

Now, we should show that liﬁm r, =0.
n—soo



60 Single Variable Differential and Integral Calculus

Let us denote Q = Y |x¢|. Since R, — 0, for a given € > 0 we can choose a positive
k=0
integer N such that |R,| < €/(2Q) for all n > N.

For n > N, we have

[Fn] < |Roxn -+ RyXp—n| + |RN41Xn—N—1 + - - - + RuXo]|

4
< |Roxn+ -+ + Rnxa—n| + ZQ(\xn—N—l |+ + |xol)
&

< |R0x,, +--- +Ran7N| + 5 (2.28)

Since x,, — 0, for fixed N we can find an integer ng such that for all n > N,

€
|[Roxn + - -+ Rnxp—n| < 5 (2.29)
Then the inequalities (2.28) and (2.29) imply that |r,| < € for all n > max{N, No}. Thus
r, — 0. Finally, by passing to the limit in (2.27) we have C = A - B. |
Remark 2.7. In the above proved Theorem 2.30, it is essential that one of the series con-
o (—1 k
verges absolutely. For example, the series ), ( k—: converges by Theorem 2.20, since it
k=0
1 1
is an alternating series, lim =0,and ;.| = > =a;(k=1,2,...). Butthe
g am l U T i i ( )
convergence is not absolute. In fact, k < Vi and by the Comparison Test (Theorem 2.19),
the series ¥ SO Setti (=1 e form the product series of
e series iverges. Setting x; = y; = , we form the product series o
=o| Vk+1 g g5 = Vk+1 P

the given series with itself,
i 1<1+1>+<1+1+1>
n=1-
= V2 V2 V3 V2v2 3

1 1 1 1
- <¢4+¢3¢2+¢2w3+¢4)+'"

so that
1y :
in = -1 " .
' S/ (n—k+1)(k+1)
Since
n 2 n 2 n 2
—k kD)= (1) = (-k) < (S +1),
(n—k+1)(k+1) 2+ 5 2+
we have

no2 2(n+2)

= = )
2| kg’on—&—Z n+2

so that lim z, # 0, and by the n-th term divergence test (Theorem 2.13), the series Y, z,
n—ee n=0
diverges.
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Definition 2.14. Let {x,} be a numerical series. Then an expression of the form
ka=x1x2~--xk--~ (2.30)
k=1

is called the infinite product of the numbers x,, n = 1,2, 3,.... The number P, = [] x; =

=1

X1Xx7 - - - xp 18 called the n-th partial product of the infinite product (2.30).

Definition 2.15. The infinite product (2.30) is said to be convergent if the sequence of n-th

partial sums {P,} converges, i.e., P, — P (P # 0). In this case we write
ka =P
k=1
Theorem 2.31. If the infinite product (2.30) converges, then lim x,, = 1.
n—eo
O According to Definition 2.15, the infinite product converges if P, — P (P # 0). Clearly,

the limit of the subsequence is the same, P. But P " =x,, and so
n—1

lim P,
. n—soco
limx, = . =1.
n—oeo lim P,
n—o0

Remark 2.8. It follows from the theorem that there is an integer Ny such that x,, > 0 for all
n > No. Hence, without loss of generality, we may assume x; > 0 for all k.
Moreover, the convergence of the infinite product with x; > 0 can be reduced to the
convergence of the series
iyk, where y, = Inx;. (2.31)
k=1
In reality, we observe that if P, and y, are the n-th partial product and n-th partial sum

of the infinite product (2.30) and (2.31), respectively, then
Y,=Inx;+Inxo+---+1Inx, =Inxixo---x, =InkP,
and so P, = ¥ If now there is the limit lim y, =Y, then P = ¢'. [ |
n—yoo

The following example shows that, generally, the converse statement of Theorem 2.31
does not hold. It occurs because the condition lim x, = 1 is only a necessary condition for
n—yoo

convergence of infinite products, and is not a sufficient condition.

d 1
Example 2.22. (1) Consider the infinite product [] (1 + k) .
k=1
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The n-th partial product is
= 1
P, = kl;ll (1 + k) —
Evidently, P, — +oc0 when n — oo, and so the infinite product diverges. Nevertheless,

1
limx, = lim | 1+ ):1.
n—oo n—oo n

s 1
(2) Test for convergence the infinite product [] (1 - (k1) 2) . The n-th partial prod-
k=1
uct is

o 1 oy k(k+2)  1-3 244 3.5 n(n+2) n+2
P"H<1 (k+1)2)k1:11(k+1)2 2232 42 (n+1)2 2m+1)]

1
Obviously, lim P, = 5 Thus, the infinite product converges. Naturally, the limit of the
n—co

. . . . 1
n-th partial product is equal to one: l}groloxn = ’}gr.}o (l — (n+ ])2) =1.

Remark 2.9. Generally, the definitions, concepts, and properties of the sequences and se-
ries of real numbers are also valid for sequences and series of complex numbers (with the
possible exception of some properties connected with comparison operations and the order
relations on the real line). For example, it is known that necessary and sufficient conditions
for the convergence of sequences of complex numbers {z,} (z, = a, + ib,) consist of the
same conditions as for the real series {a,} and {b,} (n=1,2,...). Since convergence of
the series of real numbers is given by means of sequences, the convergence of series E Zn

k=0
is defined by analogy.

2.7 Problems

Using the definition of limits prove the assertions in (1)—(5).

(1) lim ”1 —1.

n—eo p +

) ,}i_1>101°{’/a: 1(a>0).

1
(3) lim =0.

nn

n—oo
nk
@) lim  =0(a>1).
n—soo 't
2n
(5) lim  =0.
n—eo !

(6) (a) For all numerical sequences {x,} and {y,}, prove that

r}g?o(xn +yn) < r}gloloxn + nggoyn)
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(b) Prove that if for a sequence {x,}, any sequence whatever, {y,}, would provide
that
lim (x, +y,) = lim x,, + lim y,,
n—yo0 n—o0 n—roo
then the sequence {x,} must be convergent.
(7) Prove that for the existence of the limit (finite or infinite) of a sequence {x,}, the

condition lim x,, = llm 0 Xy is necessary and sufficient.

n—soo
1 3 2n—1

P th tl . =0.

(8) Prove tha im 24 o 0

Suggesnon. See Example 5 of Section 1.7.

1 1 1
(9) (a) Prove that lim (1 +1+  + 4+ ) —=e.
n—o0 2! 3! n!

1
Suggestion: Use the fact that lim <1 + ) =e.
n—oo n

1P 42P ...+ pnP o
np+1 Toptle
(10) Prove that if some subsequence of the monotone sequence {x,} converges, then the

(b) Prove that for a positive integer p, lim
n—soo

sequence {x,} is convergent.

(11) If x, — a, then investigate the limit lim el .
n—eo X,
T
(12) Find the limits lim x, and lim x, for the sequence x,, = " sin? " .
n—yo0 n—yeo n—+ 1 4

Answer: 0; 1.

(13) Prove the Stolz theorem, if (a) y,41 > yn (n =1,2,...), (b) 1i_1>n Yn = oo, and
n—yoo

. X . Xpl — X . X . Xp+l — X
(¢) lim ™" = lim "+ " exists, then lim ~" = lim """ "
n—o0 yn n—roo yn+1 — yn n—o0 yn n—ro0 yVl+1 — yn

(14) Prove that if {x,} converges, then the sequence 7, = (x;+---+x,) (n=1,2,...)
n
converges and lim #, = lim x;,.
n—soo n—soo
Suggestion: Use Problem (13).
(15) Let the sequence {x,} satisfies the condition 0 < X1 < X +x, (myn=1,2,...).

. X .
Prove that lim ~" exists.

n—e 1
(16) Prove that if hm N Xy = +o0, then ,}gr.}o Xt = oo,
(17) Let the sequence {x,} be defined as follows
xX1=a, xp=>b, x, = -l ;x"d (n=3,4,...).
Find lim x,,.
n—soo

1
Answer: 3 (a+2b).
(18) If the sequence {x,} converges and x, > 0 (n=1,2,...), prove that

lim {/x; -+ x, = lim x,,.
n—yoo n—roo
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1 1
19) Find the limit li .
(19) Find the limi nl—r>rolo(n+l+ +2n>
Answer: In2.
1 9
(20) Let the sequence {x,} be defined as xo > 0, x,,+1 = 5 (xn + ) (n=0,1,2,...).
Xn

Prove that lim x,, = 3.
n—soo

Find the sums of the series in problems (21)—(24).

1 —1)nt
PR

1
21) 1—
( ) + 8 on—1

2

Answer:

11 11 11
22
( )<2+3)+<22+32>+ +(2n+3n>+

A :
nswer 5

1 +
A :
2

;-

1 1
23
(23) 1~2+2‘3+ Jrn(n+1)Jr

Answer: 1.

1 3 5 2n—1
24
Q)+ttt L,
Answer: 3.

oo

(25) Determine whether the series ), sinnx converges or diverges.
n=1
Suggestion: For the values x # k7 (k integer) lim sinnx # 0.
n—oo

=

Determine whether the series Y x, converges or diverges.
1

1
V@en—1)(2n+1)

Answer: Diverges.
n
27 = .
QN xm=,

Answer: Diverges.

(28) xn:ln("H).

(26) x, =

n
Answer: Diverges.

29 = .

( ) xn (2]1 o ])2

Answer: Converges.

Suppose that the series ), x,% and Y yﬁ are convergent. Determine whether the following
n=1 n=1
series converge or diverge.

co 3 Pl

n=1 N
Answer: Converges.
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GD) X byl
Answer: Converges.
(32) ¥ (330
Answer: Converges.

oo

Use Cauchy’s criterion to determine the convergence of each series ) x, in (33)—(35).
1

n=

sinnx
(33 xm=",,
n
34) xn:coszx
n
S t"1< ! _ ! 1(723)
uggestion: a2 n(nfl)_nfl " n=23...).

n

a
(38) 3=, - lal <10.

o
Use the convergence tests to determine whether the series ) x, converges or diverges,
n=1

where:
!
(36) Xy = .
n}’l
Answer: Converges.
(n1)?
37) x, = o

Answer: Converges.

(38) x,,:\/2+\/2+\/2+--~+\/2.

n
Answer: Converges.

b4
Suggestion: \/2 = 2cos 4

1

39) x, = .

(39) xn Jinn
Answer: Diverges.
oo (71)[1nn]

“40) ¥ .
n=1 n
Answer: Diverges.

(41) ¥ sinn?.
n=1

Answer: Diverges.

Suggestion: Show that lim sinn? # 0.
n—so0

Determine whether the series in problems (42)—(44) converge absolutely or converge con-

ditionally.
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sin nr
@2 y 12
n— Inn

Answer: Converges conditionally.
o oM gi 2n

@3) ¥ (-t
n=1

b
Answer: (a) Converges absolutely, if |x — wk| < 4 (k integer).

(b) Converges conditionally, if x = wk 4 Z
o (1 n—1
“44) Y ( 27 .
—1 n

n=
Answer: (a) Converges absolutely, if p > 1.
(b) Converges conditionally, if 0 < p < 1.

(45) Show that the product of the divergent series

) 3 n ) 3 n—1 1
CEG) B G) ()

converges absolutely.
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