Chapter 2
Progressive Type-II Censoring: Distribution
Theory

2.1 Joint Distribution

The general quantile representation for progressively Type-II censored order statis-
tics due to Balakrishnan and Dembinska [96] (see also Balakrishnan and Dembiniska
[97] and Cramer and Kamps [301]) provides a powerful tool in the derivation of
distributional results. Many identities can be obtained first for uniform distributions
and then transferred to any particular distribution of interest.

Theorem 2.1.1. Suppose Xi:mus - » Xmzmen and Utanens .« o, Uy @re progres-
sively Type-Il censored order statistics based on a cumulative distribution function
F and a uniform distribution, respectively. Then,

d
(Xj:m:n)lfjsm = (F(_(Uj:m:”))lgjfm .

Proof. Let Xi,...,X, and Uy,...,U, be IID samples from F and a uniform
distribution on a probability space (£2, 2, P), respectively. Then,

X1, X)) S (F(UY),..., FT(Uy))

and we conclude that the vector (Xi.nm, ..., Xmum:n) has the same distribution
as progressively Type-II censored order statistics based on the sample
F<(U)),..., F~(U,). Therefore, it is sufficient to prove that these progressively
Type-II censored order statistics have the same values as the random variables
(F<Ujmn)), <j<n forany fixed @ € £2 in the underlying probability space. For
brevity, let u; = Uj(w), 1 < j < n,and u} = Ujyn(w), 1 <i < m. Notice that

F* is an increasing function and that for given numbers xi, ..., X,
min F<(x;) = F‘_( min xk). @.1)
1<k<r 1<k<r
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22 2 Progressive Type-1I Censoring: Distribution Theory

From the generation process 1.1.3, we find that u;‘ is defined by the minimum of a
selection M; of numbers. Thus,

u;‘:minu,-, 1<j<m,
iGMj

and we obtain from (2.1) that

F*@}) = min F* (), 1<j<m
1EM;
This yields the desired quantile representation. O

The result can alternatively be proved by using the mixture representation in
Theorem 10.1.1 due to Fischer et al. [371]. It is worth mentioning that the quantile
representation in Theorem 2.1.1 shows that

FX* = FU" o (F*m). 2.2)

In particular, any marginal cumulative distribution function can be written in this
way. For instance, FXrmin = FUrmn o F | FXrmnXsmin = FUrminUsmn o (F| F), etc.

An important tool in the analysis of progressively Type-II censored order
statistics is the joint density function of uniform progressively Type-II censored
order statistics which is given in the following theorem. A formal proof is provided
in Sect. 10.2 for the more general INID situation.

Theorem 2.1.2. The joint density function of uniform progressively Type-Il

censored order statistics Uyy:ny - -+ s Upimen 1S given by
m
fUl:m:nw.,Um:m:n (um) — l_[ [)/](1 _ uj)Rj:I , 0 f u S f U S 1 (23)
j=1

If F is absolutely continuous, the joint density function of progressively
Type-II censored order statistics is given in the following corollary (cf. Cohen
[267], Herd [440], and Balakrishnan and Aggarwala [86]). It follows directly from
Theorems 2.1.1 and 2.1.2 [see also (2.2)].

Corollary 2.1.3. The joint density function of progressively Type-Il censored
order statistics Xi:mms -« - » Xmem:n based on a cumulative distribution function F
with density function f is given by

m

P00 = [T fep = Fapp™]. m< < @4)

Jj=1
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Example 2.1.4.

(i)

(iii)

For order statistics, i.e., m =n, Z =(0"")and y; =n—j+1,1<j <n,
the joint density function is given by

le:n ..... Xnn (x,) = n! l_[ fxj), x1<--<x, (2.5)

Jj=1

A
A
=

(cf. Arnold et al. [58] and David and Nagaraja [327]).

The censoring plan Z = (R*™) with equal removal number R € Nj is
called equi-balanced censoring scheme. Progressively Type-Il censored order
statistics with such a censoring scheme possess the joint density function

g o () = T [y () (0 = Fx;))*]

=1

=m! [TIR+Dfx)A=F;) ], xi<--<xn (26)

Jj=1

Notice that y; = (m —j + 1)(R+ 1), 1 < j < m (see also Table 1.2).
Defining g by g(t) = (R + 1) f(¢)(1 — F(¢))%, we find that the density
function in (2.6) equals the joint density function of order statistics from a
sample of size m and with density function g. Hence, this particular scheme
does not lead to a new model. It can be seen simply as an order statistic
model from a different distribution. Notice that this distribution is the same
as that of the minimum of R+1 IID random variables from f. This comment
applies also to the models with non-absolutely continuous distribution.

In the OSP-case with censoring scheme Oy, k € {1,...,m}, the joint density
function is given by

X% ) = [1‘[ i £0e)] (1= F ey

—k
-] s - For s
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2.2  On the Connection to Generalized Order Statistics
and Sequential Order Statistics

It is obvious from the joint density function of uniform progressively Type-II
censored order statistics presented in Theorem 2.1.2 that uniform progressively
Type-II censored order statistics can be seen as particular uniform generalized order
statistics introduced by Kamps [498,499] (see also Cramer [285,288], Cramer and
Kamps [300, 301], and Kamps [502]). Commonly, generalized order statistics are
parametrized by one of the following sets of parameters which are very similar to
those for progressively Type-II censored order statistics given on page 7:

) k.my,...,mu_1,
@{1) y1,... 0 > 0.

The density function of uniform generalized order statistics is usually given as
(see Kamps [498, p. 49])

n—1 n—1
fU(l,n,m,k),...,U(n,n,m,k)(un) — k( 1_[ VJ)I:H(I _ Mj)mj:l(l _ I/tn)k_l,
j=l1 j=l1
O0<u =---=u =1, 2.7
where m = (my,...,m,_1). Generalized order statistics X(1,n,m,k),...,

X(n,n,m, k) based on an arbitrary cumulative distribution function F are defined
via the quantile transformation

X(j,n,mk) = F-(U(j,n,mk)), 1=<j<n,

so that the same comment applies to progressively Type-II censored order statistics
from an arbitrary cumulative distribution function using the representation in terms
of the quantile function (see, e.g., the density function given in Corollary 2.1.3).

Hence, the joint density function has a similar form as (2.7) (see (2.4) for
progressively Type-II censored order statistics). Sometimes, the parameters are
suppressed in the notation and (uniform) generalized order statistics are also denoted
by U1, ..., Usx,. Notice that m and n are differently used in both models. However,
we have the correspondences R; = m; and k equals the last y;. To be more specific,
we consider uniform progressively Type-II censored order statistics with censoring
scheme Z. Then, they can be seen as uniform generalized order statistics

U(lvmv‘%bm—ls Rm + 1)7 D) U(msmsf@Dm—ls Rm + 1)7
where Z>m—1 = (Ry,..., Ry—1) denotes a right truncated censoring scheme

[see (1.6)]. Thus, progressively Type-II censored order statistics are generalized
order statistics in distribution wherein some restrictions have to be imposed on the
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parameters y, ..., ¥» > 0 of generalized order statistics as introduced in Cramer
and Kamps [301] [see also (1.3)]:

) y;eNj=1,....m,

Therefore, in the model of progressively Type-II censored order statistics, the
parameters yy, ..., Vn are strictly decreasingly ordered positive integers. Although
this difference seems to be minor, the picture becomes simpler for progressively
Type-II censored order statistics in many cases. In particular, calculations become
easier and representations get simpler. An example may be the representation of
the marginal density functions (see (2.28) for progressively Type-II censored order
statistics and Cramer and Kamps [301] for the density functions of generalized order
statistics in terms of Meijer’s G-functions). Moreover, it turns out that many results
obtained for generalized order statistics are valid for progressively Type-II censored
order statistics without imposing further restrictions on the parameters.

Notice that the connection is only of distributional nature, but it can be used
in many areas. For instance, results for moments can be directly applied to
progressively Type-II censored order statistics. Similar comments apply to char-
acterizations, stochastic orders, reliability properties, inferential results, etc., which
are available for generalized order statistics with arbitrary parameters. Therefore,
many results can be directly taken from properties of generalized order statistics.
We utilize this connection in the following by reformulating the results in terms
of progressively Type-II censored order statistics. On the other hand, extensions to
generalized order statistics are also possible in many settings.

However, one has to be careful using this connection because many results for
generalized order statistics are often obtained only for the so-called m-generalized
order statistics. In this case, the parameters satisfy the conditionm| = -+ = m,,_;.
For progressively Type-II censored order statistics, this corresponds to the case of
an equi-balanced censoring scheme Z = (Ry, ..., R;;) = (R*") with R € Ny.

Moreover, it has to be mentioned that some results are also available in terms of
sequential order statistics from some cumulative distribution functions Fi, ..., Fy,.
This model has been introduced in Kamps [498] in order to extend the model
of k-out-of-m systems (see also Burkschat [230], Cramer [288], and Cramer
and Kamps [300]). According to Cramer and Kamps [301], the distribution of
sequential order statistics X il) R, ¢ im) (based on Fi, ..., F,) can be represented
via quantile-type transformations

X =F(X") with XO =1-V,F,x!'™), 1<r<m,

where X io) = —o0, Fi,...,F, are cumulative distribution functions with
F=(1) <--- < Fy7(1),and V,...,V,, are independent random variables with
Vi, ~Beta(m—r+1,1),1 <r <m.

As pointed out in Cramer and Kamps [300], sequential order statistics can be seen
as generalized order statistics based on F if the cumulative distribution functions
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Fy, ..., F, satisfy the proportional hazards relation F j = FY , 1 <j < m,for
some continuous cumulative distribution function F and «y, . . ., a;, > 0. Using this
connection, results for sequential order statistics can also be applied to progressively
Type-II censored order statistics.

Finally, the distribution of exponential progressively Type-II censored order
statistics is connected to the distribution of order statistics from a Weinman
multivariate exponential distribution which is an extension of Freund’s bivariate
exponential distribution (see Block [206], Freund [383], and Weinman [896]).
As pointed out by Cramer and Kamps [297] and Cramer and Kamps [300], this
connection can also be utilized in the framework of progressively Type-II censored
order statistics.

2.3 Results for Particular Population Distributions

2.3.1 Exponential Distributions

In this section, progressively Type-II censored order statistics are based on a two-
parameter exponential distribution Exp(u, ), u € R, ¥ > 0. From Corollary 2.1.3,
we find directly the respective representation of the joint density function in the
exponential case.

Corollary 2.3.1. The joint density function of exponential progressively Type-
Il censored order statistics Zip, -+ s Zmzm:n from an Exp(u, ©)-distribution is
given by

27 (%)) = (]‘[ )exp{——Z(R 1)) — u)} X S < Xy
= =
(2.8)

The joint density function given in (2.8) yields directly the fundamental result
that the normalized spacings of exponential progressively Type-II censored order

statistics are ||D exponential random variables. This observation is due to Thomas
and Wilson [843] (see also Viveros and Balakrishnan [875]). Let

SZ =y (22— Z7 ), T =1,....m, (2.9)
be the (normalized) spacings of Z7 ..., ZZ  where ZZ = j. Moreover,
let % = (SZ#,...,S%) and Z” = (zlmn,.. . ZZ ). Then,

% = T(Z7 — ul) (2.10)
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with
yioo0 e e 0
—y 95 0 - 0
T=10 —ys7s :
: 0
0 -+ 0 —¥m Ym

Theorem 2.3.2. The spacings S‘@,...,Sff are independently and identically
distributed with S# ~ Exp(¢), r = 1,...,m.

Proof. Since y; > 0,1 < j <m, T is a regular matrix with

/yp 0 -oveen 0
Uy 1/y2 0 -+ 0 .
T'=| ¢ i : and detT =[] ;.
: : : j=l1
Uyi1/ys-e e 1/Ym

Now, the density transformation theorem yields the density function

75 = ST D), b= ). (21D

| detT'|

Noticing that y; —y;+1 = R; +1,1 < j <m—1,and y,, = R, + 1, we find

DR+ DTt 4 pul); — ] = (1 = Vaee o Yimot — Vi Ym) Tt

j=1

=1'T

:]l/tzzm:lj.

j=1

Thus, (2.11) in combination with (2.8) yields the density function f §% (t) = exp {—
% Z’;l=1 tj}, t1,...,ty = 0. This proves the desired result. O

Theorem 2.3.2 yields the following well-known result for spacings of order
statistics due to Sukhatme [826]. It follows from Theorem 2.3.2 by choosing the
censoring scheme Z = (0*").

Corollary 2.3.3 (Sukhatme [826]). The spacings Sy, ..., S, of exponential
order statistics Zy.y, ..., Zy: from an Exp(u, ©)-distribution are independently
and identically distributed with S, ~ Exp(¢), r = 1,...,n.
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The preceding result can be extended easily to one-parameter exponential
families.

Remark 2.3.4. Suppose the cumulative distribution function Fy of a one-
parameter exponential family is given by

Fo(x) =1—e 1040 x ¢ (a,w), (2.12)

with —00 < o < w < oo, da+) = limyetrd(x) = 0, dlw—) =
lim,_,— d(x) = oo, where d is nondecreasing and differentiable and 7 is positive
and twice differentiable. Then, the random variables y; (d(X j.n:n) —d (X j—1:m:n)),
1 < j < m, are lID exponential random variables with mean 1/5(0) (see, for
example, Cramer and Kamps [300]). This family is also discussed in the context
of Fisher information in Sect.9.1.3.

The exponential family defined via (2.12) can be characterized by the property
of hazard rate factorization, i.e., by Ag(x) = n(6)d’(x). It includes, for instance,
the exponential distribution (scale parameter), the extreme value distribution
(location parameter), the Weibull distribution (scale parameter), and the Pareto
distribution (shape parameter). Characterizations of distribution in terms of the
Fisher information are given by, e.g., Hofmann et al. [445], Zheng [941], and
Gertsbakh and Kagan [396].

Remark 2.3.5. Bairamov and Eryilmaz [78] discussed minimal and maximal
(non-normalized) spacings for exponential progressively Type-1l censored order
statistics, i.e.,

1
*XZ K Xz
Sl = ZSI = Zl:m:n’

1
S;%:foszZ - 77 J=2,....m.

Vi jm:n j—lLim:wn>
In particular, they were interested in the random indicators 1 and v with

S** = min $*#, $** = max S*Z.
v I<j<m 7 K 1<j<m
Clearly, Theorem 2.3.2 implies S;% ~ Exp(¢/y;), 1 < j < m. Bairamov and
Eryilmaz [78] obtained expressions for the joint probability mass function as well
as for the marginal probability mass functions of v and 7. For instance, for
k = 1,...,m and an underlying Exp(9)-distribution, S;%, 1 <j < m, are
independent random variables. This directly leads to the expressions

Vi
2}7=1 Vi

00 m
Pin=k) = / 1—eVi)e " dt,
=k = | [[ (1—e7")e

J=1j#k

Plv=k)=
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which are independent of the scale parameter . Moreover, the joint and marginal
cumulative distribution functions of the maximal spacing can be obtained. For
0<x <y, weget

P(S;7 =87 =) = [ (1 =e ) =TT (77 —em77),
j=1 j=1
PS;% =) = 1—exp{ = (D v )x/},
j=1
PS;” <y =[] —e7).
j=1

From (2.10), we find the following representation of exponential progressively
Type-II censored order statistics in terms of the spacings:

7 — 7 7 : 1 7
27 =T7'S"+pl or ZZ4,,=p+y —S¥1<r<m.  (213)
— v
j=1

Thus, we can write exponential progressively Type-II censored order statistics as a
weighted sum of independent exponential random variables. This expression will be
very useful in deriving marginal distributions, moments, recurrence relations, etc.

Moreover, (2.13) yields an interesting representation of progressively Type-
I censored order statistics. In particular, we have from Theorem 2.1.1 in the
exponential case

Zrimmn g m— 7910g(1 —Urinn), 1=r=<m,
or, equivalently, with Fexp(1) = 1 —e™¢ Wt >,

d
Fexp(Zr:m:n) =Urmm, 1=5r=<m.

From (2.13), we note that

r

%19\ Vi
FeXP(ZI‘:m:n) =1 l—[ (e—S‘/’?/ﬂ) J

Jj=1

with Sj@/ﬂ ~ Exp(1). Thus, U; = e_S}'@/ﬁ, 1 < j < m, are independent uniformly
distributed random variables. This yields the representation
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of U,.n:n as a product of independent random variables. Combining this expression
with the quantile representation from Theorem 2.1.1, we arrive at the following
theorem (see also Cramer and Kamps [301]).

Theorem 2.3.6. Let Xy, ..., Xy be progressively Type-ll censored order

statistics from an arbitrary cumulative distribution function F and Uy, ... Uy, x
U(0,1). Then,
,
Xy gF‘_(l—l—[UjW"), 1<r<m. 2.14)

J=1

Sometimes, the following representation in terms of exponential progressively
Type-II censored order statistics is useful which is immediate from Theorem 2.1.1
and the above theorem.

Corollary 2.3.7. Let Xy ..., Xppumen be progressively Type-ll censored order
statistics from an arbitrary cumulative distribution function F and Zj..,. ..,
Zm:m:n be progressively Type-Il censored order statistics with the same censoring
scheme. Moreover, let Zy,...,Z,, e Exp(l) and ¥(x) = FT (1—e™), x > 0.
Then,
1
Xr:m:n gF(_ (l_e—Zr:m:n) g W(Z_ZJ)’ 1<r<m.

Vi
J

The above representation can be simplified for order statistics. In this particular
setup, we find the following result which shows that uniform order statistics are beta
distributed. Therefore, order statistics have been called transformed beta variables
(see, e.g., Blom [208]).

Corollary 2.3.8. For uniform order statistics Uy, ..., Uy, we have U,., ~
Beta(r,n—r+1), 1 <r <n.

Proof. By definition, we have y; = n — j + 1,1 < j < n. Thus, we obtain for
uniform order statistics

1=U 2 TJU)". U ~Beta(n—j +1.1).
=1

Using a result of Rao [738] (see also Jambunathan [477], Kotlarski [545], Fan [359],
and Johnson et al. [484, p. 257]) we get
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r
l .
1_[ Uj/y’ ~ Beta(n —r + 1,r).
Jj=1

Hence, U,., has a Beta(r,n — r + 1)-distribution. O
A simple representation also holds for one-step censoring plans.

Corollary 2.3.9. Let 0y, 1 <k < m, be a one-step censoring plan. Then,

Urimin i U, 1251 <k,

o

Ur:m:n =1- (1 - Uk:n) ‘ (1 - ﬁr—k:m—k)a k + 1 <r =<m,
where ﬁ,_k;m_k denotes the (r — k)th order statistic in a sample ﬁl, e ﬁm_k
from a uniform distribution and independent of Uy, ..., U,. Thus, the distribution
of 1 = U, is given by the distribution of a product of independent beta random
variables with parameters (n —k + 1,k) and (m —r + 1,r — k), respectively.

Proof. FromTable 1.2, wehavey; =n—j+1,1<j <k,andy; =m—j +1,

k+1 < j < m. Thus, for 1 < r < k, we obtain from Corollary 2.3.8 that

U 4 wm ~ Beta(r,n —r + 1). Let r > k. Then, the product ]_[;=1 Ujl/y’

equals

k r k r—k

1/(n—j+1) 1/(m—j+1) _ 1/(n—j+1) 1/(m—k—j+1)
[Tv; [Ty =[]v; [Tv; :
j=1 j=k+1 j=1 J=1

The first product has a Beta(n — k + 1, k) distribution, while the second one has a
Beta(m — r 4+ 1, r — k) distribution. By the independence of the factors, we obtain
the desired result. ]

Since 1 — U, 4 U,—j+1:v, the result of Corollary 2.3.9 can be expressed as

Urimin é U, 151 =<k,
(2.15)

d
Urimn = 1= Up—kv 1k - Un—r+1:m—k» k+1<r=<m.

This representation can be used for simulation purposes (see Algorithm 8.1.8).

2.3.2 Reflected Power Distribution and Uniform Distribution

Theorem 2.3.6 has some interesting implications to generalized Pareto distributions
(see Definition A.1.11). In particular, we find for reflected power distributions with
F<(@t)=1— (-0 t € (0, 1), the following identity.
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Corollary 2.3.10. Let Xi.p, ..., X be progressively Type-ll censored order
statistics from a reflected power function distribution RPower(8), 8 > 0. Then,

’
Xr:m:n g 11— l_[ Ujl/(ﬂyj), 1 <r <m.
j=1

For B = 1, this yields the representation for the uniform distribution, i.e.,

,
U = 1= [0/, 1<r<m, (2.16)
j=1

Using this representation, we can easily derive the following result. For 8 = 1,
it can be found in Balakrishnan and Aggarwala [86].

Corollary 2.3.11. Let Xi.p, ..., X be progressively Type-ll censored order
statistics from a reflected power function distribution RPower(8). Then, with
XO:m:n =0,

X, NP
I/]-:(IX#), l<j<m
1_)(j—l:m:n

are independent random variables with V; < Ujl/yj ~ Beta(y;,1),1 <j <m.
For B = 1, we have, with Up.,., = 0,

1- Uj:m:n

V=g
1- Uj—l:m:n

, 1 =<j<m,

to be independent random variables with V; 4 Ujl/y" ~ Beta(y;,1), 1 < j <m.

In the uniform case, this yields the following well-known result of Malmquist
[633].

Corollary 2.3.12. Let U;.,..., U,., be order statistics from a uniform distribu-
tion. Then, with Uy, = 0,

1_Uj:n .
Vi=———, 1=<j=<n,
1=Uj_in

are independent random variables with V; ~ Beta(n —j +1,1), 1 < j <n.
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2.3.3 Pareto Distributions

For Pareto distributions Pareto(e), we find with F<(t) = (1 —¢)~"/%, ¢t € (0, 1),
the following result.

Corollary 2.3.13. Let Xi.p, ..., X be progressively Type-ll censored order
statistics from a Pareto distribution Pareto(«), @ > 0. Then,

)
Xe = [JU7 1 <r<m,
j=1

Using this representation we can easily derive the following result (see also Bala-
krishnan and Aggarwala [86, p. 24]).

Corollary 2.3.14. Let Xin, ... X be progressively Type-ll censored order
statistics from a Pareto distribution Pareto(). Then, with Xg.,, = 1,
X
jm:n .
W; = X‘.*—’ 1<j<m,

j—Lim:n

are independent random variables with W; 4 Uj_l/yj ~ Pareto(y;), 1 = j <m.

In the case of order statistics, this yields a well-known result for Pareto
distributions which was first mentioned by Malik [632]. Further references are
Huang [458], Arnold [49], and Johnson et al. [483].

2.3.4 Progressive Withdrawal and Dual Generalized Order
Statistics

It is a well-known property of order statistics, X;.,, 1 < j < n, from a symmetric
distribution (symmetric about 0), that
d _

Xj:n n—j+1ln, 1 f] =n, (217)

or that, jointly,
d
(Xl:m”-,Xn:n) = (_Xn:na~--a_Xl:n); (218)
see, for example, David and Nagaraja [327] and Arnold et al. [58]. Thus, the

negatives of the order statistics are once again distributed as order statistics from
the same symmetric distribution. It will therefore be natural to see whether a
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similar connection holds for progressively Type-II censored order statistics from a
symmetric distribution as it will facilitate the handling of these random variables
(see, e.g., Sect.7.4). In the case of order statistics, the result in (2.18) is easily
observed by considering the joint density function of order statistics given in
Example 2.1.4. Using the representation in (2.5) and the fact that f(x) = f(—x),
x € R, the joint density function can be rewritten in the desired form. A similar
argument for the identity (2.17) using the marginal density function has been
employed in Balakrishnan and Aggarwala [86]. Alternatively, we may use the
quantile representation of order statistics given in Theorem 2.1.1. Using the identity
F(x) =1— F(—x), x € R, for the cumulative distribution function for symmetric
distributions, we get F < (¢) = —F*< (1 —¢),t € (0, 1). This implies for 1 <r <n

d d d
= _F(_(Ur:n) = F(_(l - Ur:n) = F(_(Un—r+l:n) = Xn—r-‘rl:ns

_Xr:n
where we have used Corollary 2.3.8 and that 1 — X ~ Beta(f, o) holds for a
Beta(«, B)-distributed random variable X .

However, in working with the progressively Type-II censored order statistics,
we begin with the joint distribution of all m progressively Type-II censored order

statistics. As before, let X ?M:nv X zm:n denote the sample of progressively Type-
II censored order statistics of size m obtained from a random sample of size n with
censoring scheme %Z = (Ry,..., R,) from a symmetric distribution. Multiplying

each random variable by —1 we get the decreasingly ordered sample

LY, =—-XZ

Iim:n-

Y, =-X7

m:m:in’ - °

It follows from the quantile representation in Theorem 2.3.6 and the quantile
function

F,(t)=—-F~(1—-1), te(0,1),

that
g m—r+1 " m—r+1 )
vEi-r(1- [T /") =r5( [ v/”) 1sr=m
j=1 j=1
This representation tells us that Yj,...,Y,, are connected to the so-called dual

generalized order statistics introduced by Burkschat et al. [234]. Moreover, we get
the following expression for the joint density function:

m

ftnn) = T fa)FO ] o <t

Jj=1
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As a result, the negatives of the progressively Type-II censored order statistics are
generally not jointly distributed as progressively Type-II censored order statistics.
Further results and applications can be found in Balakrishnan and Aggarwala [86,
p.- 71-81] and Burkschat et al. [234].

2.4 Marginal Distributions

Using the results of the preceding sections, explicit representations for the marginal
distributions of progressively Type-II censored order statistics can be established.
First, we notice that a right censored progressively Type-II censored sample can be
seen as progressively Type-II censored order statistics from the same distribution
with a modified censoring scheme. Thus, right censored progressively censored
samples can always be seen as a complete progressively censored sample with a
modified censoring scheme. In particular, we have the following result (see Bala-
krishnan and Aggarwala [86]).

Theorem 2.4.1. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a cumulative distribution function F' with censoring scheme #Z =
(Ri,..., Rp).

Then, for 1 < r < m, the right censored sample X7 ..., XZ  can be

seen as a complete sample of progressively Type-ll censored order statistics
X?fr’:n, e X,?,’:,, from the same population with censoring scheme %, =
(Rlv"' er—ls Yr— 1)
Proof. The iterative construction of progressively Type-II censored order statistics
presented in Procedure 1.1.3 yields directly the above property. The only property
that has to be shown is the particular structure of the censoring scheme. But,
according to the construction process 1.1.3, y, denotes the number of items in the
experiment before the rth failure. Thus, stopping the experiment after the rth failure
is equivalent to removing the remaining y, — 1 units.

Alternatively, the iterative construction in Theorem 2.3.6 can be used for this
purpose. O

Thus, right censoring of progressively Type-II censored samples results in the
same model with a reduced number of observations and a modified censoring
scheme. In particular, we can apply the preceding results and obtain, for example,

the joint marginal density function of X .., ..., Xyunon @S
r—1
X ) = T [y £ = FGp) R ]y ) (1= Oy
j=1
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In particular, Theorem 2.4.1 illustrates that any progressively Type-II censored order
statistic can be seen as a maximal progressively Type-II censored order statistic with
an appropriately chosen censoring scheme.

In order to calculate the marginal distributions, we consider the exponential case
first. The presentation of the following results uses the notation proposed in Kamps
and Cramer [503]. An alternative but equivalent representation has been established
in Balakrishnan et al. [132] using the integral identity (2.31) (see also Balakrishnan
[84] and Nagaraja [667]). This representation has also been exploited in many
papers.

2.4.1 Exponential Distribution

The marginal distributions of exponential progressively Type-II censored order
statistics can be derived using the sum representation (2.13). This expression shows
that we are interested in finding distributions of sums of independent but not
necessarily identically distributed exponential random variables. An important point
in the following derivations is that the y’s cannot be equal. Such problems have
been considered earlier by, e.g., LikeS [597] and Kamps [497] (see also Johnson
et al. [483, p. 552]). This type of distribution is called hyperexponential distribution
or generalized Erlang distribution (see Johnson and Kotz [482, p. 222]). A review
on this topic including various applications of hyperexponential distributions is
provided by Botta et al. [217]. This yields directly the following result.

Theorem 2.4.2 (Kamps and Cramer [503]). Let Ziuu,.... Zmm:n be
standard exponential progressively Type-Il censored order statistics. Then,

r r
1
FZrmn(f) = 1 — (]_[ )/i) 3 —aj,e 1>0, (2.19)
i — Vi
i J
where a;, = ]_[',f=1 1 1< j < r =< n. The density function of Z,.,., is
’ i#j Yi—Vj
given by
r r
[ (1) = (]_[ y,») Y aje 1> 0. (2.20)
j=1 j=1

Schenk [782] considered multiply censored samples of progressively Type-II
censored order statistics (see also Cramer [287]). He derived expressions for the
corresponding density functions. His derivations are based on the Markov property
of the thinned sample Z,ynu, - -« s Zipmn With 1 < ky < ky < --- < kg < m (see
Sect.2.5.1). Using the sum representation (2.13), we find
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k> 1 k> 1
Zkz:m:n = Z _S}Z = Zkl:m:n + Z _S}j
— vy, LY

Thus, the cumulative distribution function of Z,.,,.,, given Z,.;p., = s, is given
by P(Z, 1 7 S < t—s),t > s. Hence, the density function follows
from (2.20) as

ko
fzkz:m:nlzkl:m:n (t|s) — ( 1_[ yj) Z a(kl) (= S) >85> 0,

Jj=ki+1 Jj=ki+1

(k1) _ 11k2
where a Tk = [T k1 oy y . Combining these expressions, we arrive at the joint

vEj
density function of two exponential progressively Type-II censored order statistics

given in Kamps and Cramer [503] ( > s > 0):

kalim:nsZkz:m:n (S, t) — fzklim:n (s)fzkz:m:nlzkl:m:n (t|s)

~([Tn) 5 auafemeren

i=1 j=k+1

A repeated application of the preceding result yields the joint density function of
the multiply censored sample:

kalimZns---aZkl:m:n (xkl e, xkl)

14 ki ki

:H[< I1 7’1‘) Z af;if"e‘”‘“"‘f‘“"kf—l)], 2.21)

i=1 j=ki—1+1 j=ki—1+1
where kg = 0,0 = xp < x, <--+ < X, and

k.
d 1
;k;( D 1_[ — kici+1<j<k,1<i<{ (2.22)
vy 1 YV TV
v#Ej

This result can be directly applied to a general progressively Type-II censored

sample X ﬁ?rm e X,‘ﬁnﬁ‘:’n with the left truncated censoring scheme Z, =

(Rr+1,--.,Rn) € Cfg’ ~r1—r- The corresponding density function is given by
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er+1:m:n ----- Zm:mn (xr+1’ e xm)
n m m

= ( )( l—[ )/j)(l—e_errl)"exp{— Z (Rj'i‘l)Xj},
r j=r+1 j=r+1

0=<Xp41 =+ = Xu. (2.23)

2.4.2 Uniform Distribution

Due to its importance, it is useful to present the representations of the marginal
density functions and cumulative distribution functions for uniform progressively
Type-II censored order statistics. They can be taken directly from Theorem 2.4.2
using a quantile transformation.

Corollary 2.4.3. Let Uypeps ... Upinen be uniform progressively Type-ll cen-
sored order statistics. Then, for 1 <r <m,

FUrmn(t) =1 — (ﬁ%’) Zr: ;ajqr(l —n¥, telo,1]
Vi

i=1 j=1
The density function of U,.p,., is given by

r

fUr:m:n (Z) — (1_[ )/j) Za/”(l — [)V/—l, t e [0, 1] (2.24)

=1 J=1

2.4.3 General Distributions

Using the quantile transformation result 2.1.1, the preceding results can be directly
applied to arbitrary distributions. For brevity, we present only the expressions in the
univariate and bivariate case. From Theorem 2.4.2, we obtain the following result.

Corollary 2.4.4. Let Xinn, ... Xz be progressively Type-ll censored order
statistics from a cumulative distribution function F. Then, for 1 <r < m,

r

FXrmn (1) =1 — (ﬁ yi) Z %a,,,(l —F@)", teR. (2.25)

i=1 j=1"/
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From (2.25), we find with # — —oo the identity

r r 1

1= (]_[ y,-) 3 —aj.. (2.26)

i=1 j=1"7

Applying this identity and writing Fy.,;, = 1 — (1 — F)/, we get a representation
of the cumulative distribution function in terms of distributions of minima as

FXoman (1) = (1‘[ y,.) » %aj,rFlzyj 0. 2.27)
i=1 ~ j=1"/

Noticing that for order statistics the identity

. 1 — n n—j
(ilj[ly,)y—a,r—( 1) ’(,_1)<r_j>

holds, we find

_ - _1)\/—n+r—1 ]_1 h .

This identity is given, for instance, in David and Nagaraja [327, p. 46] and Arnold
et al. [58, p. 113] in terms of moments. For moments of order statistics, this result
is due to Srikantan [822].

For absolutely continuous distributions, we have the following representation of
the density function.

Corollary 2.4.5. Let Xy, ..., Xppunen be progressively Type-ll censored order
statistics from an absolutely continuous cumulative distribution function F with
density function f. Then, for 1 <r <m,

Frmny = fo(TTn) Yan = Fey»™, 1eR @28)
j=1

i=1

For 1 <k; <k, <m and t > s, the bivariate density function is given by

Xkl im:n stzimin
f (s.7)

=f(s)f(r)(]"[y,)2 S e Y‘,;;[ ﬁm (1= Fs)n~

j=1 i=1 j=k+1
(2.29)
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Remark 2.4.6. For order statistics, the representations given above simplify to
the well-known expressions

n

Frn(t) = Z (?)F"(Z)(l —F@)"™/, teR,
= (2.30)

Jran(t) = r(z)F’_l(Z)(l —F@O)""f@). teR

(see, e.g., Arnold et al. [58], David and Nagaraja [327]).

For the cumulative distribution function and x; < x;, the expression (2.29) yields
by integration the following representation which holds for any baseline cumulative
distribution function F':

FXkIZmZnstzimln (xl’ XZ) — FXklimZn (xl)

ki k2 ai ke, a 5]3 —y; ——r;
F j —FiV .
(| 1 y’>,§_1, Ek BT (o)1 =F" 7 ()|

The result can be established by using the relation
FXkl:mm’szzm:” (xlv x2) = FXkl:m:” (xl) - P(Xkl:m:n S X1, sz:m:n > xz)'

Assuming uniform progressively Type-II censored order statistics and using (2.29),
the probability on the right-hand side reads

ki ok
: - e [T 11 vi—vi=1(] vi=lgsd
Chky—1 E E Aij @ g, A 1=V (1—s) sat
X2

i=1 j=k+1
(kl)

ki Qi1
= Cly— 12 Z ik ( _x2))’j|:1_(1_xl)yi_)/j:|'

i=1 j=k+1 vitvi=v;)
Using the quantile transformation and (2.2), we arrive at the desired representation.
Notice that, for x, < x|, one has FXkimmXiamn (x1 xy) = FXkamn(x,).
Multiply Censored Progressively Type-II Censored Order Statistics
Similar results can be established for multiply censored samples (see (2.21) and,

for generalized order statistics, Cramer [287]). The joint density function of
progressively Type-II censored order statistics Xi,:m:n, - - . s Xk:m:n 1S given by
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kallmlnsmanlZmZn (xkl e, xk[)

14 ki ki
_1—[[ S ) ( I1 yA) 3 a(km)( 1 — F(x,) )w]
- — Y Jki _ ’
= 1= Flx) j=ki—1+1 Jj=ki—1+1 1= Fxe-)
where kg = 0, xo = —00, x¢, < --- < Xx,. For order statistics, the expression
simplifies to that given in Kong [543].
In the special case of a general progressively Type-II censored sample

ij:’m:n,...,Xn%ﬁ{n with the left truncated censoring scheme Zo, =
(Rr+1,...,Ry) € €77, _,, the corresponding joint density function is given

by ([see 86, p. 10] and (2.21) for the exponential distribution)

f(xr+ls---sxm) = (}:)Fr(xr+l)( 1_[ J/jf(xj)(l - F(xj))Rj)y

j=r+l

Xl <00 < X

An Important Recurrence Relation

The preceding results yield the following connection between cumulative distribu-
tion functions and density functions.

Corollary 2.4.7. Forr e {l,...,m—1},

1

Vr+1

FXrmn (£) — FXrtvmn (1) = (1= F(@)) fU+rmn(F(t)), teR.

Proof. From (2.25), we obtain

r r

FXrmn(ry =1 — (]"[ yi) > %a,,,a — F(t)".

i=1 j=1"/
Since ()/r.H — yj)aj,,_H =djr, 1< j <r,we get

FXr:m:n (t) _ FXr+1:m:n (t)

r

=(H J/i) (ar+1,r+1(1 —FO)"™+ + Y aj,(l- F(f))yj)

i=1 j=1

1 (1— F([))fUr+liln1n (F(t)), teR,
Yr+1

which yields the desired result. O
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For order statistics, the above relation simplifies to

FXrin (t) = FXrn: 0 _|_ (1 — F(Z))fUr'H "(F(1))
_ FX'Jrl"(t) + ( )F O —=F@)" ",

which can be found in David and Shu [328].

An Alternative Approach to Derive the Marginals

Balakrishnan et al. [132] presented an alternative approach to derive the marginals of
progressively Type-II censored order statistics. They tackled the problem through an
explicit evaluation of the resulting integrals as shown in Lemma 1 in Balakrishnan
et al. [132]. Using the notation introduced in (2.22), a version of this lemma adapted
to the present setting is as follows.

Lemma 2.4.8. Let Z = (Ry,..., R,+1) be a censoring scheme, r > k + 1 > 1.
Then, for a cumulative distribution function F with density function f and? <y,
the following identity holds:

r

// /xm l—[ FE)FY () ]dka

i=k+1

r+1
Z a;kr)_,_lF(Z)y"+l_yj7(J’)Yj_yr+l' (2.31)
j=k+1

For y — o0, we get

X2 T
[T [T [eF ..
i=k+1
— ai’f:l r+lF(t))’k+l_)’r+l_

This integral representation will be helpful in many settings. For instance, it will
be used later to derive the power function of precedence-type tests under Lehmann
alternative [see (21.9)].
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Connection of Marginals to Interpolation Polynomials

Cramer [289] established a connection of one-dimensional marginal density func-
tions and cumulative distribution functions to divided differences and Lagrangian
interpolation polynomials (see, e.g., Neumaier [679]). For t > 0, let

hy : [0,00) —> [0,00) be defined by h;(x) =1t*, x >0. (2.32)
Then, the divided differences 4,;[x;,...,x,] of order v — j at x; > -+ > Xx,, are
defined by

ht[-xj] =ht(xj),

helxicr, ..., x)] —helxi, ..., xp—
Bl ] = e[xj+1 ] — helx; v 1]7
Xy — Xj

for1 < j <v < m. Then,

fUma@y = (=) iy —1,....y,—1], t€][0,1].

Cramer [289] showed that the survival function of X,.,., can be written as a specific
Lagrangian interpolation polynomial P,F © evaluated at the point zero

r

r 1_[ ()
- v=1,v#j .
’Prl:(t)(o) =1— FXr.m.n (Z) — Z - FV,/ (Z)
J=1 1_[ (Vj - ")
v=1v#j
r [T O-w)
v=1v#j
=) ————h-roW).
j=1 1_[ (Vj - yv)
v=1,v#j
Thus, PrF ® interpolates the function /11— () given in (2.32) at the points y1, ..., ;.

Precisely, the evaluation of the polynomial at zero is an extrapolation since zero
does not belong to the range of the y;’s. In particular, this shows that the cumulative
distribution function of a progressively Type-II censored order statistic can be
understood as a Lagrangian interpolation polynomial.
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2.5 Conditional Distributions

2.5.1 Markov Property

From the joint density function of progressively Type-II censored order statistics
given in (2.4), the Markov property can be easily derived for an absolutely
continuous cumulative distribution function F. However, this property holds even
for continuous cumulative distribution function.

Theorem 2.5.1. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F.

Then, X1y ...y Xz form a Markov chain with transition probabilities
2<r=<m)

1— F(1)

P(Xpomn <t Xp—tzmm = 8) =1 — (1——F(S)

Yr
) , 8§ <t with F(s) < 1.

Proof. First, we consider the uniform distribution. According to representa-
tion (2.16), we find

Upmn = L =UM" (1 = Up—ymn), 2<71 <m. (2.33)

Using the independence of U;, 1 < j < m, the progressively Type-II censored
order statistics Uy, . . . » Upinsn form a Markov chain with (s <t < 1)

1—1t 1—r\"
P(Urmin < t|Up—imn = 5) = P(Url/yr z l—S) =1- (1—S) '

Using the properties of the quantile function in Lemma A.2.2 and Theorem 2.3.6,
we obtain from the continuity of F' and (2.33) that

Xr:m:n = F(_(Ur:m:n) = F(_(l - Url/yr [1 - Ur—l:m:n])
=F (1 =UY"[1 = F(F< (Ur=1zmm))])
=F (1 =UY"[1 = F(X,—1m))). (2.34)

Therefore, the independence of U, and X 1., - - - s Xp—1:m:n yields for sy < .-+ <
sr—1 <t with F(s,—1) < 1, the conditional cumulative distribution function

P(Xrimn fllXj:m:n =s5j,] = L....,r—=1)

<« » < _ " 1- F(t)
= P(F~(1-UM"[1 — F(s,_)]) <1) = P(UrI/V > m)

This proves the desired result. O
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As proved by Balakrishnan and Dembiniska [96], the above result does not hold
for noncontinuous distributions (see also Tran [854]). More details on the noncon-
tinuous case are provided in Sect.2.8. For order statistics, the Markov property
is a well-known property (see Arnold et al. [58] and David and Nagaraja [327]).
Obviously, Theorem 2.5.1 can be extended to the following result (see Balakrishnan
and Aggarwala [86, p. 15]).

Theorem 2.5.2. Let Xy, ..., Xy be progressively Type-ll censored order
statistics from a continuous cumulative distribution function F. Then, conditional
on X;—1:mm = Xy—1, the random variables X, .1, ..., Xp:m:n are progressively
Type-ll censored order statistics from a left truncated cumulative distribution
function

F(y) - F(xr)
Gy _ = —1 <y, F(x,—1) <1, 2.35
(V) == Faoy @ 1=V (xr—1) (2.35)
and left (truncated) censoring scheme Z<,—1 = (R, ..., Rp).

Proof. Applying (2.34) to the random variables X, .., - - - » Xpmumon, we find

Xrimen :F(_(l - Url/yr[l - F(Xr—l:m:n)]),

xamnzF*@—fﬁUﬂ”u—FanmaD

j=r

Since the quantile function of the truncated cumulative distribution function
in (2.35) is given by

G, ()=F (1—-0-=0)1-F(x-1))), te(0,1),

wefind forf =r,...,m,
¢ y ¢ y
Xl:m:n = F(_(l - l—[ Uj v [1 - F(Xl'—lim:”)]) = G;;—l:m:n (1 - l_[ Uj y])'
j=r j=r
Therefore, conditional on X,_j.,.;, = X,—1, Theorem 2.3.6 yields the assertion.
Notice that the parameters y,,..., ¥, yield the left truncated censoring scheme
RHar—1 = (R, ..., Rn). ]

For order statistics, the corresponding result is due to Scheffé and Tukey [781]
(see also Arnold et al. [58, p. 25-26] and David and Nagaraja [327]). Horn and
Schlipf [450] utilized this representation to develop an efficient algorithm for the
generation of Type-II doubly censored data.
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The Markov property yields the following factorization of the density function
of X#. For 2 < r < m, the conditional density function Jrir=tmn C18) of Xpomin,
given X,_j.n:n = §, is defined by

_Fy ! .
y,lfg()y) (}_58) , s <twith F(s) < 1,

Sramm (1), otherwise.

fr\r—l:m:n (I|S) =

Of course, fio:mn = fi:m:n is the marginal density function of X1..,.

Corollary 2.5.3. The density function of a progressively Type-Il censored sample
X7 factorizes as follows:

m
fXﬂ(Xm) = l_[ f;‘\r—l:m:n(xr|xr—l)v X1 =0 = Xy (236)
r=1

According to Cramer [287], a conditional P -density function exists provided
that the population cumulative distribution function F is continuous. It is given by

g 1—F@)\"™!
Jrir=tmn (1]8) = I_VF(S) : (1 — ng) Prae. (2.37)

2.5.2 Distributions of Generalized Spacings

The preceding results can be used to calculate the density functions of generalized
spacings (so-called subranges or contrasts), i.e., of the (r, s)-spacing

Sz*;% = Xr:m:n - Xs:m:m 1 <s<r =m. (238)
From Lemma 3 of Kamps and Cramer [503], we get the following expressions:
N
1—FW+w)\v
FS (r) —
"= 1_[ Vi / (l.z;la” ( 1—F() ))

- NS 4w
X (;ai,r(l—F(V))y)l_F(v) 1—F(V+W)

e . 1—-F(Wv+w) Xyomon
FS2 (w) =1 /R H,,S(—l_F 0 )dF ), (2.39)

where the function H is defined by H,5(z) = ([Tj=41 7)) Xizr41 a,(rs); i,z €
[0, 1] [see also (2.29)].
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2.5.3 Block Independence of Progressively Type-1I Censored
Order Statistics

In this section, we study the distribution of a progressively Type-II censored sample
randomly divided into two blocks by a threshold 7' € R.

Lemma 2.5.4. For a fixed time T, let D denote the number of progressively
Type-ll censored order statistics that do not exceed T, i.e.,

D= Tioor)(X;mmn). (2.40)
j=1
Then,

P(D=0)=1-F()",

d d+1
P(D =d) = (Hyi) Y ajari(1=FT)I, d=1,...m—1,
o= 2.41)
m m 1
P(D =m) = FXmmn(T) = | — ( y,-) > ain(1= F(T)".
i=1  j=1"]

Proof. Ford = 0,wehave P(D =0) = P(Xypn > T) = (1 — F(T))".
Letd € {1,...,m — 1}. From the definition of D, we have

P(D =d)=PXamn =T < Xatimn)
:P(Xd:m:n = T) - P(Xd+l:m:n = T) = FXd:m:” (T) - FXd+l:m:”(T)-

From Corollary 2.4.7, we conclude ford € {1,...,m — 1},
Xgm: Xattom: 1 Uyt tom:
F d:m:n (T) _ F d+1:m:n (T) — (1 _ F(T))f d+1:m:n F(T)). (2.42)
Yd+1

An application of (2.24), i.e.,

d+1 d+1

fUd+l:m:n (t) — ( l_[ y’) Zaj,d‘l'l(l — [)Vj—l 1 e (0, 1)7

i=1 j=l1

proves the desired result. The case d = m follows from P(D = m) = P(Xmunn <
T) = FXmma(T) and (2.25). O

In the case of order statistics, the distribution of D simplifies considerably. In
particular, we have (see Iliopoulos and Balakrishnan [469]) that D has a binomial
distribution with parameters n and F(T), i.e.,
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P(D =d) = (Z)Fd(T)(l —FT)™, d=0,...n.

This follows directly from (2.42) in the above proof.
The following conditional independence result for progressively Type-1I cen-
sored order statistics is due to Iliopoulos and Balakrishnan [469].

Theorem 2.5.5. Let d € {l,...,m — 1}, F be a cumulative distribution
function, Z = (Ry,..., R,) be a censoring scheme, and K; = (Ki,...,Ky)
be a discrete random vector on the Cartesian product X;{:l{O, ... R} with
probability mass function

Ki(le,) = — | @) (@) R;
PY k) = Gy FM @ = FT)™ ﬂnl(d)( )

where n;(d) = Y I_(k; +1), 1 <i <d.

Conditional on D = d, the two random vectors (len,.. dmn) and
(Xd+1 s -+ -+ X .,) are independent with
7 d
(len’ "chm:n) = (Vlg:Kd""’Vﬁ:Kd)
7 d
(Xﬁl;m:n’ . X’«fm n) = (M:m—d:yda st Wm—d:m—d:yd)
where ¥ =Ky, kg = Z’jzl(l + K;), and
(i) Vi,...,V, are IID random variables with the right truncated cumulative
distribution function Fr given by
F(t
Fri=—+8 i<t
F(T)’
(i) Wi,....,W,, are IID random variables with left truncated cumulative
distribution function G
1—F()
Grt)y=1—-—, t>T.
O =1- "y 12

Remark 2.5.6. Notice that the sample size k4 for the progressively Type-I
censored order statistics V7 Vd‘%(; g is a random variable. This repre-

1: d Kd’
sentation means that the dlstrlbutlon of (len, e den) given D = d, is
a mixture of distributions of progressively Type-Il censored order statistics with

mixing distribution p” . It is well known that the right truncation of progressively
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Type-Il censored order statistics does not result in progressively Type-Il censored
order statistics from the corresponding right truncated distribution (see, for
example, Balakrishnan and Aggarwala [86]). This is due to the fact that those
observations (progressively) censored before T could have values larger than T.

Proof of Theorem 2.5.5. First, notice that we can restrict ourselves to the uniform
distribution replacing T by F(T'). Then, notice that the conditional density function
of UZ = (Uiunens - - - » Upemen), given D = d, is given by

1

U%|D=d _
S (xm) = P(D =d)

S S gy 0 (F(T)).

Decomposing the joint density function of Uy, - - ., Upiin, We obtain

m

S ) =[] []=x0"

i=1  j=1

[ttt ][ fL o oo ]

i=1 i=1 i=d+1 i=d+1
d

= (1_[ Vi)hl(xd) cho(Xg41s s Xim).
i=1

Now, we consider /;. Let fix, denote the joint density function of progressively
Type-II censored order statistics X1, - - . » Xg:n:n from a right truncated uniform
distribution (at F (7)) and censoring scheme k; = (k, ..., kg). Then, by using the
binomial theorem, we find for0 < x; < --- < x4 < F(T),

d d
mxg) = [0 =x)® =[]0 = F(T) + F(T) = x)*

i=1 i=1

Al

i=1 | kj=0

d (R (p 1 o\
_ ! ki+1 _ Ri—k; _ !
=11 Z(k,-)F 0= (125

f) (F(T) = xp)(1 = F(T)R

1

Ry Ry d 1 R;
=3 S ) FMOT) (1= F(T))y' i@ {l—[ ) (k)}
i=1 1 !

k=0  kg=0
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= P(D =d) Ka(k
B (1= F(T))ra+1 ] 1—1 Vi /qX—:O kdX—:O Jua ) )

On the other hand, from y;4; = Z’;’ZdH(R,- + 1), we obtain for F(T) < x441 <
.o < 'xI’H’

ha(Xat1,. .. xm) = (1= F(T))"+! l_[ Vi l_[ F(T) (1 1— F)(CIT))

i=d+1 i= d+l
== F(TM) " gRypy R (Xd41, - Xm),

where gr,.,...r, denotes the joint density function of progressively Type-II
censored order statistics from the left truncated uniform distribution (at 1 — F (7))
with left truncated censoring scheme Z«; = (Rg+1,..., Ry). Combining all the
results, we find

fUl:m:ns---sUm:m:n|D=d (Xm)

Z kad(xd)pKd(kd) SRyt Ry (X113 Xin).

ki=0  kg=0

The factorization of the density function yields the independence result. Finally, the
joint density functions fx, and gg,,,...r,, yield the claimed distributions. O

In the case of order statistics, the above theorem simplifies. In particular, we find
from Ry = --- = R; = 0 that p¥¢ is a one-point distribution in (0*¢). Thus,
the corresponding result due to Iliopoulos and Balakrishnan [469] is given in the
following corollary.

Corollary 2.5.7. Let d € {l,...,n — 1} and F be a cumulative distribution
function. Conditional on D = d, the random vectors (Xi.,..., X4:n) and
(Xa+1:n» -+ - » X)) are mutually independent with

d
(Xl:ns---st:n) = (Vlids---sVde)v
d
(Xd-l-l:ns s vXn:n) = (Wl:n—dv cees Vn—d:n—d) .

The distributions of Vi,...,V; and Wy, ..., W,_; are as given in Theorem 2.5.5.

Finally, it has to be mentioned that the result of Theorem 2.5.5 can be extended
to multiple cut-points —oco = Ty < 71 < -+ < Tk. Instead of D, the random
vector (D1, ..., Di) is considered, where D; counts the number of progressively
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Type-1II censored order statistics in the interval (T, 7;]. Further details are given
in Iliopoulos and Balakrishnan [469].

2.5.4 Dependence Structure of Progressively Type-I1I Censored
Order Statistics

In this section, we focus on the notion of multivariate total positivity. This property
of a density function is important in many areas including reliability theory, since
it implies association of the components of the corresponding random vector. This
notion of dependence was introduced by Esary et al. [354].

Definition 2.5.8. An n-dimensional real valued random vector X is associated if
Cov(g(X),n(X)) > 0

for every pair of increasing functions g, 7 : R" — R.

This definition has some interesting implications (cf. Szekli [829, Chap. 3]). An
important feature due to Esary et al. [354] is that any subset of associated random
variables is associated as well. For instance, this implies that two associated random
variables are positively correlated. Furthermore, association of a random vector
(X1,...,X,) implies the inequality

P(Xy>x1.... X, >x) = [[P(Xi > x). x1.....x, €R. (2.43)

i=1

Although association is a desirable feature of random variables, it is often difficult
to verify. A more restrictive property which implies association, but is often easy to
verify, is multidimensional total positivity.

Definition 2.5.9 (Karlin and Rinott [510]). A density function f : R* — R
is MTP, (multidimensional totally positive) if

fXfy) < fxAry) fxVvy), xyeR".

A random vector X is said to be MTP; if its density function is MTP,.

The basic properties of multidimensional total positivity are derived in Karlin
and Rinott [510]. In our setup, it is important that the indicator function Lg»_(-) is
MTP; and that a product of the form N

(]‘[ f,»(x,»)) g(xy)

i=1
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has this property provided that f; are nonnegative and that g is MTP,. Since the
joint density function of progressively Type-II censored order statistics has this
structure, it immediately yields the following result well known for order statistics
from absolutely continuous distributions (cf. Karlin and Rinott [510]). The MTP,
property for discrete order statistics was established by Riischendorf [761].

Theorem 2.5.10 (Cramer [287]). Let F be a continuous cumulative distri-
bution function. Then, progressively Type-ll censored order statistics Xf’:?m:n, el
Xﬁm:n based on F with censoring scheme Z are MTP;. In particular, covariances

. . '% L@ .
are nonnegative, i.e., Cov(Xj:mm,Xr:m:n) >0forall 1 <j,r <n.

Obviously, the MTP, property implies nonnegative covariances. For order
statistics, nonnegative correlation was first claimed by Bickel [201]. Further, it
should be noted that the MTP, property implies association of the progressively
Type-II censored order statistics (see, e.g., Cohen and Sackrowitz [275]). However,
as pointed out in Cramer and Lenz [303], the MTP, property does not hold in
general if the assumption of identical distribution is dropped for the data X1, ..., X,,.
Nevertheless, association still holds (see Sect. 10.3).

From Theorem 2.5.10, if follows for progressively Type-II censored order
statistics that any marginal distribution of at least two (different) progressively
Type-II censored order statistics has the MTP, property (cf. Karlin and Rinott
[510, Proposition 3.2 for the general result on associated random variables]).
This feature of progressively Type-II censored order statistics has many interesting
implications concerning the dependence structure of progressively Type-II censored
order statistics. As mentioned above, it implies association of progressively Type-II
censored order statistics which means that all the covariances are nonnegative. It
implies inequality (2.43) giving a lower bound for the multivariate survival function
in terms of the univariate survival functions.

Burkschat [229] has studied the dependence structure of spacings of generalized
order statistics. His results can be directly applied to spacings of progressively Type-
II censored order statistics [cf. (2.9)]

S =Xt =X d =2.m, ST =X (2.44)
First, the notion of conditionally increasing in sequence is discussed which is
defined as follows.

Definition 2.5.11. A random vector X = (Xi,..., X;,) is said to be condition-
ally increasing/decreasing in sequence (CIS/DIS) if

P(XJ > Zj|Xj_1 = Xj_l)

are increasing/decreasing in X;_; = (x1,...,x;—1) for any j € {2,...,m}.

Burkschat [229] proved the following result.
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Theorem 2.5.12. Let F be IFR (DFR). Then, the vector of spacings S*Z is
DIS (CIS).

Furthermore, he showed that spacings of progressively Type-II censored order
statistics have the MTP, property when the baseline distribution satisfies some addi-
tional conditions. A similar result is available for the MMR; property (see Burkschat
[229, Theorem 2.9]).

Theorem 2.5.13. Let Xy, ..., Xinm:n be progressively Type-1l censored order
statistics from an absolutely continuous cumulative distribution function F with
censoring scheme &% and hazard rate Ar. Moreover, let the density function f
be positive on the support (&, 00) of F. Then, provided that

(i) f is log-convex on (&, 00) or
(i) F is DFR and A is log-convex on («, 00),

the vector of spacings S*Z is MTP;.

2.6 Basic Recurrence Relations

The expression for the marginal cumulative distribution function given in (2.25) can
be used to establish a generalization of the triangle rule for cumulative distribution
functions of order statistics due to Cole [278] in the continuous case (see also David
and Joshi [325] and David and Nagaraja [327, p. 44]):

Frat = = Fri + (1= 2 ) Fras 17 <n—1, (2.45)
n n

In order to prove the required result, we use the following lemma.

Lemma 2.6.1. Let Z,,...,Z, 4, be lID exponential random variables and y; >
-++> 9,41 > 0. Then, fort € R,

r+1 1 r+1 1 r 1
p( —z,-5z)=(1—@)P(Z—zj5t)+MP(Z—Z,-§z).
= Vi 4! =1 Vi 4! =1 Vi

Proof. To prove the above recurrence relation, we make use of the Laplace
transform of the exponential random variables Z; /y;:
Vi

Ly ) =E@AM)y = —— 1>y 1<j<r+l
t+vy;
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Noticing that

Yi—Vr+1 _ 1 _ 1
i+ +10 v+t i+t

we find for the Laplace transform %4 of Zr+l 1 Z jrfort > —y,4q,
r+1
V1 = Yr+)ZL 1) = (Y1 — Vrs1) l—[
j=1! + Vi
r+1
_yll_[l-l-)/] _Vr+ljli[1t+y]

= L) — 12 (1),

where .4, and .%, are the Laplace transforms of Y _, + -2 and itz

i=ly J=2y;
respectively. A simple rearrangement yields the identity
7= (1= 1) g L,
V1 Y1
which proves the result. O

Theorem 2.6.2. Marginal cumulative distribution functions of progressively
Type-ll censored order statistics from an arbitrary cumulative distribution
function F and with censoring scheme & satisfy the recurrence relation

l1<r<m-—1. (2.46)

(R2,....Rip) Vr+1 * Vr+1l %
Fr:mz—l:n—Rl—l = (1 n )Fr+1mn + Fl m:n’
Proof. From the representation in Corollary 2.3.7, we conclude that it is sufficient
to consider exponential progressively Type-1I censored order statistics. But, the cor-
responding identity for exponential progressively Type-II censored order statistics
follows directly from Lemma 2.6.1 and (2.13) (see also Corollary 2.3.7). O

Remark 2.6.3.

(i) Relation (2.46) was first established by Kamps and Cramer [503] using
density representations;

(i) (Ra,...,Rn) = %<« is a left truncated censoring scheme. For order
statistics, this yields directly the classical triangle rule (2.45);

(iii) It is easy to see that the right-hand side of (2.46) is a convex combination of
cumulative distribution functions with probabilities 1 — 2L and =L Notice
that y’:‘ is the probability that a particular choice of random variables
remains in the experiment after the rth censoring step;
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(iv) The above identities hold for density functions and moments as well
(provided they exist):

(v) Obviously, the representation in Lemma 2.6.1 holds also for other choices
of y1 and y,41. Thus, we can obtain other identities by selecting other y's.

A similar relation has been established by Balakrishnan et al. [137] for bivariate
marginals. For 1 <r < s < m — 1, they obtained

F@<11

rs:m—1lin—R1—1

VYr+1 % Vr+1 = Vs+1 Vs+1 o
= (1 - n )Fr+l,s+l:m:n + —F + Fl

n r.s+1lim:mn n \SImin

(2.47)

This shows that the bivariate cumulative distribution function F r‘ig:;;‘_ ln—R,—1 Can be
written as a convex combination of three bivariate cumulative distribution functions
from a progressively censored sample with censoring plan %. This quadruple rule
extends a result for order statistics due to Srikantan [822] (see also David and Joshi

[325)):
r s—r S
Fr,s:n—l = —Fr4is+1n T _Fr,s-f—l:n + (1 - _)Fr.s:n-
n n n

Related results are given by Govindarajulu [409] and Balasubramanian and Beg
[164].

2.7 Shape of Density Functions

We now present unimodality properties of progressively Type-II censored order
statistics established in Cramer [286]. A cumulative distribution function F' is said
to be unimodal with a mode 7 if F' is convex on (—o0, 1) and concave on (1, co0). In
particular, we consider the stronger concept of log-concavity. This approach extends
well-known results for order statistics which are summarized in Dharmadhikari
and Joag-dev [339]. For instance, it is proved that progressively Type-II censored
order statistics based on a strongly unimodal cumulative distribution function F are
strongly unimodal (cf. Barlow and Proschan [167], Huang and Ghosh [460]).
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2.7.1 Log-Concavity of Uniform Progressively Type-I1
Censored Order Statistics

Cramer et al. [313] proved by an induction argument similar to that given in
Balakrishnan et al. [129, Lemma 2.7] that uniform generalized order statistics
are unimodal. Since uniform progressively Type-II censored order statistics are
a particular model of generalized order statistics, this implies the desired result.
Considering the notion of strong unimodality, the respective result is strengthened
and the proof is simplified.

A cumulative distribution function F is said to be strongly unimodal if the
convolution of F with any unimodal cumulative distribution function G is unimodal
(cf. Ibragimov [468] and Hajek and Sidak [429]). It can be seen (cf. Dharmadhikari
and Joag-dev [339]) that the set of strongly unimodal cumulative distribution
functions is closed under convolutions and weak limits and that any degener-
ate cumulative distribution function is strongly unimodal. A fundamental result
of Ibragimov [468] says that nondegenerate strongly unimodal distributions are
absolutely continuous with a log-concave density function (cf. Dharmadhikari and
Joag-dev [339, Theorem 1.9, Lemma 1.4]).

Definition 2.7.1. Let m € N. A nonnegative function g : R” — R is said
to be log-concave if logg is concave, i.e., logg(At + (1 — A)z) > Alogg(z) +
(1—=2A4)logg(z) forall t,z € R" and A € [0, 1].

The result of Ibragimov [468] links this property of the density function
with strong unimodality of the corresponding cumulative distribution function
(cf. Dharmadhikari and Joag-dev [339, Theorem 1.10]). If F' is a nondegenerate
cumulative distribution function, then F is strongly unimodal iff F is absolutely
continuous and its density function f is log-concave. At this point, it has to be
mentioned that log-concavity of the density f is equivalent to the property that f is
a Pélya frequency function of order 2 (for brevity, we write f PF,). Pélya frequency
functions of order 2 are functions such that K(x, y) = f(x — y) is totally positive
of order 2 (cf. Karlin [509]). Barlow and Proschan [168, p. 76] proved that the PF,
property of a cumulative distribution function F is equivalent to its IFR property.
In Lemma 5.8, they established that a strongly unimodal cumulative distribution
function has the IFR property.

In order to prove that the cumulative distribution function of a uniform progres-
sively Type-II censored order statistic is unimodal, it is shown that the associated
density function is log-concave. The following theorem shows that the joint density
of uniform progressively Type-II censored order statistics is log-concave.

Theorem 2.7.2. The joint density function fU'@ of uniform progressively Type-

Il censored order statistics is log-concave.

Proof. The joint density function of U, ..., Un:m:n can be expressed as
U () = cIlizigj @), 0 <up < -+ <y < 1, where g; (1) = (1 —1)%,
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t € [0, 1], are log-concave functions, 1 < j < m. Since a product of log-concave
functions is log-concave, f U7 s log-concave. O

The preceding theorem is now applied to the marginal distributions of uniform
progressively Type-II censored order statistics. We make use of the following lemma
which was established independently by Prékopa [729] and Brascamp and Lieb
[219] (see also Eaton [345]).

Lemma 2.7.3. Let m,n € N and f : R"*" — R be a log-concave density
function. Let g : R” —> R be defined by g(x) = [i. f(x.y)dy, x € R". Then,
g is log-concave on R™.

Corollary 2.7.4. Suppose Ul .-« s Upinen are uniform progressively Type-ll
censored order statistics. Then, any marginal density is log-concave. In particular,
FUrman g strongly unimodal and, thus, unimodal, 1 <r < m.

2.7.2 The Shape of Densities of Uniform Progressively Type-I11
Censored Order Statistics

In addition to the unimodality and log-concavity properties, the shape of the
density functions of uniform progressively Type-II censored order statistics can be
classified. The following result is taken from Bieniek [203] who established it in
the more general case of generalized order statistics.

Theorem 2.7.5. The density functions of uniform progressively Type-Il censored
order statistics have the following shapes:

(i) fUYimn is constant for n = 1, linear decreasing for n = 2, and convex
decreasing for n > 3;
(i) Let m > 2. fUzma s

(a) linear increasing for y, = 1 and y; = n = 2;

(b) concave increasing for y, =1 and y; = n > 3;

(c) concave increasing—decreasing for y, = 2;

(d) concave increasing, concave decreasing, and convex decreasing for
V2 >3

(i) Form >r >3, fUrmn is

) convex increasing for y, = 1 and y,—1 = 2;

) convex—concave increasing for y, = 1 and y,—; > 3;

) convex increasing, concave increasing, and concave decreasing for y, = 2;

) convex increasing, concave increasing, concave decreasing, and convex
decreasing for y, > 3.
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Fig. 2.2 Plots of f Vzimin for y2» = 1,n = 2 (solid line) y, = 1,n = 3 (dashed line), y, = 2,n =
3 (dotted line), and y, = 3,n = 4 (dashed—dotted line)

Figures 2.1, 2.2, and 2.3 illustrate the shapes of density functions of uniform
progressively Type-II censored order statistics given in (2.24).

In order to prove these shapes, Bieniek [203] established a variation diminishing
property of density functions of uniform progressively Type-II censored order
statistics. This property is well known for density functions of uniform order
statistics, i.e., Bernstein polynomials (see Schoenberg [786]). In particular, let
a = (a,...,ay) € R™\ {0}. Then, he proved that the number of zeros of any
linear combination

Hy =Y ajfUm (2.48)

J=1



2.7 Shape of Density Functions 59

2.51
2 4
'/'/ \:\
J \.'n//'——_
1.54 e N
;o // L
/s
/ , \
/ / \
1 7 / \
7 // \
Lo o
0.51 Iy L
s \
1.7y \
g .
0 :
0 0.2 0.4 0.6 0.8 1

Fig. 2.3 Plots of f Usimn for y3 = 1,7, = 2,n = 5 (solid line) y3 = 1,y, = 4,n = 5 (dashed
line), y3 = 2,y, = 4,n = 5 (dotted line), and y3 = 3, y, = 4,n = 5 (dashed—dotted line)

in the unit interval (0, 1) does not exceed the number of sign changes S~ (a) in the
sequence (ay, .. ., a,) (after deleting the zeroes in a). Denoting by Z( f) the number
of zeroes in (0, 1), the result is given as follows.

Theorem 2.7.6. For any censoring scheme &% and a=(ay,...,an) € R"\{0},
Z(Hy) =S (@) =m—1.

Moreover, Bieniek [203] obtained for progressively Type-II censored order
statistics that the sign of H, close to zero (1) is determined by the sign of the first
(last) nonzero element of a. The result for order statistics has been established by
Gajek and Rychlik [386].

2.7.3 Unimodality and Log-Concavity of Progressively Type-I11
Censored Order Statistics Based on F

For exponential distribution, strong unimodality is obvious.

Theorem 2.7.7. Any marginal density function of progressively Type-Il censored
order statistics based on an exponential distribution is log-concave. Moreover, the
one-dimensional cumulative distribution functions are strongly unimodal.

Huang and Ghosh [460] presented a proof that the cumulative distribution
function of an order statistic is strongly unimodal provided that the underlying
cumulative distribution function F is strongly unimodal. The same property was
obtained earlier by Barlow and Proschan [167, Theorem 7.2] in terms of PF,
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functions (which is an equivalent formulation of log-concavity of the density
function). This result has been extended to progressively Type-II censored order
statistics by Cramer [286]. Chen et al. [254, Theorem 2.1] present a more general
result in terms of generalized order statistics that covers the log-concavity property
as a special case. For a vector 7 = (t1,...,Ty—1) With0 < 7; < j, let

V(T) = (Xl:m:ns Xoomn — Xrl:m:nv vy Xopimen — er_lsm:n)v

where Xo.p:n = 0.

Theorem 2.7.8 (Chen et al. [254]). Let X1y, ..., Xy be progressively
Type-Il censored order statistics based on a cumulative distribution function F
with log-concave density function f. Then, V(7), and, thus, each subvector of
V(t), has a log-concave density function.

Choosing T = (0*"~!), the following result due to Cramer [286] is included as
a special case.

Corollary 2.7.9. Let Xy, ..., Xppunen be progressively Type-ll censored order
statistics based on a strongly unimodal cumulative distribution function F. Then,
any marginal density function is log-concave and FX = is strongly unimodal,
1<r<m.

Remark 2.7.10. As a consequence of Corollary 2.7.9, progressively Type-Il
censored order statistics based on strongly unimodal cumulative distribution
functions are strongly unimodal and, therefore, unimodal. Examples for strongly
unimodal cumulative distribution functions include the following distributions:
exponential, normal, truncated normal, Laplace, and particular Weibull and
gamma distributions. Further examples are presented in Héjek and Sidak [429,
Table 1, p. 16] and Barlow and Proschan [168, p. 79].

Theorem 2.7.8 includes also results for generalized p-spacings of progressively
Type-1I censored order statistics X, yu:n — Xjun:. For instance, it extends a
result of Misra and van der Meulen [651] for p-spacings of order statistics. For
completeness, we present the result for spacings.

Corollary 2.7.11. Let Xi.p, ..., X be progressively Type-ll censored order
statistics based on a strongly unimodal cumulative distribution function F. Then,
the vector S*# of spacings has a log-concave density function.

Alam [31] proves that order statistics based on an absolutely continuous cumula-
tive distribution function F with density function f are unimodal if the reciprocal
function 1/f is convex. Note that concavity of log f implies convexity of 1/f.
As pointed out by Huang and Ghosh [460], the Cauchy distribution has the above
property, but it is not strongly unimodal. In the next theorem, Alam’s [31] result
is extended to progressively Type-II censored order statistics. A generalization to
generalized order statistics is available in Cramer [285] and Alimohammadi and
Alamatsaz [39].
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Theorem 2.7.12 (Cramer [286]). Let Xiynus.-., Xmm:n be progressively
Type-Il censored order statistics based on an absolutely continuous cumulative
distribution function F' with density function f.

Then, convexity of 1/f implies unimodality of FXrmn 1 <r <m.

Remark 2.7.13. Theorem 2.7.12 provides an alternative proof for the uni-
modality of the cumulative distribution function of a uniform progressively
Type-1l censored order statistic. Since the density of the standard uniform
distribution is constant on (0, 1) and, therefore, its reciprocal is trivially convex,
the theorem leads directly to the unimodality of the respective cumulative
distribution function. Further examples are normal, exponential, gamma, and
Cauchy distributions.

2.8 Discrete Progressively Type-II Censored Order Statistics

Progressively Type-II censored order statistics from noncontinuous distributions
have been studied in Balakrishnan and Dembinska [95,96,97]. The results are based
on the quantile representation of progressively Type-II censored order statistics
which has been established in Theorem 2.1.1 (see Balakrishnan and Dembinska
[96, 97]). For discrete distribution, the quantile representation yields directly the
following probability mass function. An extensive discussion of discrete order
statistics can be found in Arnold et al. [58, Chap. 3].

Theorem 2.8.1. The joint probability mass function of discrete progressively
Type-l censored order statistics X7 . ..., X% . from a discrete cumulative

distribution function F' with support D is given by

P(XZ, . =x;1<j<m) :/ FU p)duy, Xy € D™, (2.49)
A

jm:n
where
Az{um|u1 f---fum,F(xj—) < uj fF(Xj),j = 1,...,m}.

For discrete order statistics, the corresponding integral representation of the joint
probability mass function can be found in Arnold et al. [58, p. 46]. Obviously, a
similar representation holds for marginal probability mass functions by replacing
f U by the corresponding marginal density function of uniform progressively
Type-II censored order statistics. In particular, it follows that the one-dimensional
marginal cumulative distribution functions given in (2.25) hold also for discrete
parents.

Balakrishnan and Dembinska [96] pointed out that discrete progressively Type-
II censored order statistics do not form a Markov chain when the support contains
at least three points. The same results has been established independently in the
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more general setting of generalized order statistics in Tran [854] (see also Cramer
and Tran [307]). This work contains also expressions of density function w.r.t.
the product measure @', P for arbitrary discontinuous cumulative distribution
functions F'.

As in Gan and Bain [391], the concept of tie-runs is applied to obtain a simple
expression for the joint probability mass function in the discrete case.

Definition 2.8.2. Let x1,...,x, € R with x; < --- < x,. Then, x1,...,x, is
said to have k tie-runs with lengths 7,..., 7¢ if
xl — e :x_[l <x_[1+1 — "':xt1+t2 < e
o < X et L = 0 = X et

with Z];:l T, =7

Furthermore, we introduce the lexicographic distribution function to F' as given in
Arnold et al. [57] and Reiss [750, p. 34].

Definition 2.8.3. Let F : R — [0, 1] be a cumulative distribution function.
The function

JRx0,1] —[0,1]

L (x,u) > F(x—) +u[F(x) — F(x—)]

is said to be lexicographic distribution function of F.

This yields an alternative representation of the density function of progressively
Type-II censored order statistics.

Theorem 2.8.4 (Tran [854], Cramer and Tran [307]). Let Xy, - -+ Ximn
be progressively Type-ll censored order statistics from an arbitrary cumulative
distribution function F, and let A denote the set of points of discontinuity of
F,ie.,

Arp={xeR : F(x)— F(x—) > 0}.

For x; < --- < x;, let 71,..., 7% € N denote the lengths of tie-runs in this
sequence.

Then, the ®;=1 PF-joint density function of the first r progressively Type-I|
censored order statistics is given by

=1 / Lo (Lr (v, L (o))
j=1 r
[0,1]

x []‘[(1 — Lp(xj,uj))Rf]d/\’(u,) (2.50)

Jj=1
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(1 _ F(X].))ylj_l+l_ylj+l_rj
J

= Twtee [ IT

1
j=1 JEIf A
x| TT(Fa,) = Fx, =)™
J €l
lj
X/ 1_[ (1_Zl)Rlelj_l-f—l"'dZ[j:I?
Bjap) 1=, 41

where [; = Z{=1Tiv j=1,....k, lp, =0, ¥p41 = 0, and I = {j €
Lk X, € Apy, I ={1,... .k} \ I, and, for 1 € R,

Bj(t):{vtj : F(t_)§V1 E"'Svrj SF(Z)}Q [Os 1]25 .1 € Ik-

For order statistics, (2.50) yields a representation due to Arnold et al. [57,
Lemma 2.1],i.e.,

= / Lo (LG ), .. Lp(ru )Ly (6 ur)d A (uy).
[0.1]"

Remark 2.8.5. The representations in Theorem 2.8.4 simplify when the values

X1,...,X, are restricted to either continuity or discontinuity points.
For x; ¢ Ap, j = 1,...,r, and x; < -+ < Xx;, then I; = @ and I} =
{1,...,k}. Then, a representation of the ®;=1 P F_density function results which

is similar to that known in the continuous case [see (2.4)]:

r—1

e ¢,y = [ [ (0 = FOe)® (1= Fe )™

j=1
Forx; €e Ap, j=1,...,r,and x; <--- < Xx,, then
Xiomnsees Xrm: : ! uZ r
it = | TT (Fop = 520) | [ 7% @ o

=1

where B, = Xj_|[F(x;—). F(x;)]. This expression is seen to coincide
with (2.49) for r = m noticing that fXtmn-Xrma is given w.r.t. the product
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measure ®;=1PF. Multiplying f Xt Xrimn - \ith [T, PX; = x;) =
]_[;=l (F(xj) — F(xj—)) leads to (2.49). Since B, is a Cartesian product, one
gets

F(xj)

XimenseosXrimen ) = - y}
! ) l_[[F(x]‘)—F(X]‘—) F(xj—)

T ulE e = F o] | F o) = F )

— l—[Vj[F
ioi (Rj+ DIF(x;=) = F(x))] F(x,—) — F(x)

( —uj)Rfduj)}

=1

2.51)

Example 2.8.6. Suppose F is the cumulative distribution function of a geomet-
ric distribution with parameter p € (0, 1) and support N. Then, F(t) = (1— p)’,
t € Ny, and (2.51) simplifies to

r—1

o o Vi (xi— _ _
le.”l.ns~~~vX’".”l.n (Xr) — (1_[ R i'_ 1(1 _ p)R/ (X] 1))(1 _ p)(}/r D) (x, l)h(p)
j=1"

r—1

Y r=l o _ _
= (1_[ = ii_ 1)(1 — ) ZE R DA =D )
j=1"

where h(p) = p_"(]_[;_:ll[l — (1= p)R/+1])[1 —(1—-p)r].

Finally, we present a result on the Markovian structure due to Tran [854]
(see also Cramer and Tran [307]). It extends a result of Riischendorf [761]
for order statistics from arbitrary cumulative distribution function F. It shows
that progressively Type-II censored order statistics from discontinuous cumulative
distribution function form a Markov chain if the ties are taken into account.

Theorem 2.8.7. Let X¥ be the random vector of progressively Type-Il censored
order statistics. For 1 <r <m and x, = (x,...,x,) € R, let71,..., v € N
denote the lengths of the occurring ties in x,. Moreover, let 7. : RL —
{1,...,r} be a map defined by -

.
T =%0x) =Y lu(x). x €RL,
i=1

and let T, = 1, (Xlzm;,,, R X,.:m;,,). Then,

r r
(i) the joint @ (PF ® Y &/)-density of progressively Type-ll censored order
j=1 =1
statistics X1y .- » Xpomen and T, ..., T, is given by
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t,....t-,€N, x1,...,x € R,

where g; denotes the probability measure associated with the degenerate

distributionin/, [ =1,...,r;
(i) (Xjumm. Tj)i<j<m forms a Markov chain.
Remark 2.8.8.

(i) If F is continuous, then (T;)1<;<s equals (1,...,1) P a.e. This yields the
Markovian property of (X.u:)1<j<m as given in Theorem 2.5.1.

(i) Tran [854] and Balakrishnan and Dembiriska [96] showed that progressively
Type-1l censored order statistics (or, more generally, generalized order
statistics) do not form a Markov chain when the support of F has at least
three points (see also Balakrishnan and Dembiriska [95]). For order statistics,
this result is due to Nagaraja [661] (see also Arnold et al. [58]). For further
details on the dependence structure of order statistics, we refer to Arnold
et al. [57] and Nagaraja [662, 665].

2.9 Exceedances

Bairamov and Eryilmaz [78] addressed the problem of exceedance statistics.

Consider progressively Type-II censored order statistics Xy, -+« s Xinmen from a
continuous cumulative distribution function F and an |ID sample Y1, ..., Y; from
a continuous cumulative distribution function G. Then, for 1 < r < s < m, the

statistics Vr(:lﬁ,z:n and er];:)m:n are defined as

k k
k k
1/1'(:”2:’1 = Z ]l(_oonr:m:n)(Yvi)’ Wr(v)mn = Z ]]-(X’":”l:nsXA:lTI:H)(IIi)7

i=1 i=1
i.e., the number of Y’s not exceeding X,.,;, and included in the interval
(Xrumens Xs:m:m), respectively. Notice that I/V,ff)mm = VV(;];,):,, — V,.(;],Z:,,. Clearly,

EVE). = POV < Xpn) = / [l = FranO1dG () = pZ.  say.

Using arguments as in Bairamov [75] and Bairamov and Eryilmaz [77], Bairamov
and Eryilmaz [78] showed that

1 d 1 d
hm — 1/1‘(:12:’1 N PG(Xr:m:n)’ 11m — I/I/r(:l;z:n RN PG(X.\':m:n)_G(Xrimin)‘
k—oo k k—o0 k
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For F = G, the probability pr@ can be written as

r

1
% Upom: Vj
1 — F rimin (f dt Elr . 1 _
Dy /0 [ ( )] = riman — jl=|1 v; 1

(see Theorem 7.2.3). Since Zle 1 (—oou) (F(Y;)) is bin(k, u)-distributed, the exact

distribution of V,.(;]fz:,, under the hypothesis F' = G is given by

PV = ) = ('j‘.)(]‘[y,-)Za,-,rB(j +Lyi+k—j). 0. .k}

i=1 i=1
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