
Chapter 2
Fundamentals of Machine Learning

2.1 Learning Methods

Learning is a fundamental capability of neural networks. Learning rules are algo-
rithms for finding suitable weights W and/or other network parameters. Learning of
a neural network can be viewed as a nonlinear optimization problem for finding a
set of network parameters that minimize the cost function for given examples. This
kind of parameter estimation is also called a learning or training algorithm.

Neural networks are usually trained by epoch. An epoch is a complete run when
all the training examples are presented to the network and are processed using the
learning algorithm only once. After learning, a neural network represents a com-
plex relationship, and possesses the ability for generalization. To control a learning
process, a criterion is defined to decide the time for terminating the process. The
complexity of an algorithm is usually denoted as O(m), indicating that the order of
number of floating-point operations is m.

Learning methods are conventionally divided into supervised, unsupervised, and
reinforcement learning; these schemes are illustrated in Fig. 2.1. xp and yp are the
input and output of the pth pattern in the training set, ŷp is the neural network output
for the pth input, and E is an error function. From a statistical viewpoint, unsuper-
vised learning learns the pdf of the training set, p(x), while supervised learning learns
about the pdf of p( y|x). Supervised learning is widely used in classification, approx-
imation, control, modeling and identification, signal processing, and optimization.
Unsupervised learning schemes are mainly used for clustering, vector quantization,
feature extraction, signal coding, and data analysis. Reinforcement learning is usually
used in control and artificial intelligence.

In logic and statistical inference, transduction is reasoning from observed, spe-
cific (training) cases to specific (test) cases. In contrast, induction is reasoning from
observed training cases to general rules, which are then applied to the test cases.
Machine learning falls into two broad classes: inductive learning or transductive
learning. Inductive learning pursues the standard goal in machine learning, which is
to accurately classify the entire input space. In contrast, transductive learning focuses
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Fig. 2.1 Learning methods. a Supervised learning. ep = ŷp − yp . b Unsupervised learning.
c Reinforcement learning

on a predefined target set of unlabeled data, the goal being to label the specific target
set.

Multitask learning improves the generalization performance of learners by lever-
aging the domain-specific information contained in the related tasks [30]. Multiple
related tasks are learned simultaneously using a shared representation. In fact, the
training signals for extra tasks serve as an inductive bias [30].

In order to learn accurate models for rare cases, it is desirable to use data and
knowledge from similar cases; this is known as transfer learning. Transfer learning
is a generalmethod for speeding up learning. It exploits the insight that generalization
may occur not only within tasks, but also across tasks. The core idea of transfer is that
experience gained in learning to perform one source task can help improve learning
performance in a related, but different, target task [154]. Transfer learning is related
in spirit to case-based and analogical learning. A theoretical analysis based on an
empirical Bayes perspective exhibits that the number of labeled examples required
for learning with transfer is often significantly smaller than that required for learning
each target independently [154].

Supervised Learning
Supervised learning adjusts network parameters by a direct comparison between the
actual network output and the desired output. Supervised learning is a closed-loop
feedback system, where the error is the feedback signal. The error measure, which
shows the difference between the network output and the output from the training
samples, is used to guide the learning process. The error measure is usually defined
by the mean squared error (MSE)

E = 1

N

N∑

p=1

∥∥ yp − ŷp

∥∥2 , (2.1)

where N is the number of pattern pairs in the sample set, yp is the output part of the
pth pattern pair, and ŷp is the network output corresponding to the pattern pair p.
The error E is calculated anew after each epoch. The learning process is terminated
when E is sufficiently small or a failure criterion is met.
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To decrease E toward zero, a gradient-descent procedure is usually applied. The
gradient-descent method always converges to a local minimum in a neighborhood
of the initial solution of network parameters. The LMS and BP algorithms are two
most popular gradient-descent based algorithms. Second-order methods are based
on the computation of the Hessian matrix.

Multiple-instance learning [46] is a variation of supervised learning. In multiple-
instance learning, the examples are bags of instances, and the bag label is a function
of the labels of its instances. Typically, this function is the Boolean OR. A unified
theoretical analysis for multiple-instance learning and a PAC-learning algorithm are
introduced in [121].

Deductive reasoning starts from a cause to deduce the consequence or effects.
Inductive reasoning allows us to deduce possible causes from the consequence. The
inductive learning is a special class of the supervised learning techniques, where
given a set of {xi , f (xi )} pairs, we determine a hypothesis h(xi ) such that h(xi ) ≈
f (xi ), ∀i . In inductive learning, given many positive and negative instances of a
problem the learner has to form a concept that supports most of the positive but no
negative instances. This requires a number of training instances to form a concept
in inductive learning. Unlike this, analogical learning can be accomplished from
a single example; for instance, given a training instance of plural of fungus as
fungi, one can determine the plural of bacilus: bacillus -> bacilli.

Unsupervised Learning
Unsupervised learning involves no target values. It tries to autoassociate information
from the inputs with an intrinsic reduction of data dimensionality or total amount of
input data. Unsupervised learning is solely based on the correlations among the input
data, and is used to find the significant patterns or features in the input data without
the help of a teacher. Unsupervised learning is particularly suitable for biological
learning in that it does not rely on a teacher and it uses intuitive primitives like neural
competition and cooperation.

A criterion is needed to terminate the learning process. Without a stopping cri-
terion, a learning process continues even when a pattern, which does not belong to
the training patterns set, is presented to the network. The network is adapted accord-
ing to a constantly changing environment. Hebbian learning, competitive learning,
and the SOM are the three well-known unsupervised learning approaches. Generally
speaking, unsupervised learning is slow to settle into stable conditions.

In Hebbian learning, learning is a purely local phenomenon, involving only two
neurons and a synapse. The synaptic weight change is proportional to the correlation
between the pre- and post-synaptic signals. Many neural networks for PCA and
associative memory are based on Hebbian learning. In competitive learning, the
output neurons of a neural network compete for the right to respond. The SOM is also
based on competitive learning. Competitive learning is directly related to clustering.
The Boltzmann machine uses a stochastic training technique known as simulated
annealing, which can been treated as a special type of unsupervised learning based
on the inherent property of a physical system.
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Reinforcement Learning
Reinforcement learning is a class of computational algorithms that specifies how
an artificial agent (e.g., a real or simulated robot) can learn to select actions in
order to maximize the total expected reward [11]. This computed difference, termed
reward-prediction error, has been shown to correlate verywell with the phasic activity
of dopamine-releasing neurons projecting from the substantia nigra in nonhuman
primates [124].

Reinforcement learning is a special case of supervised learning, where the exact
desired output is unknown. The teacher supplies only feedback about success or
failure of an answer. This is cognitively more plausible than supervised learning
since a fully specified correct answer might not always be available to the learner
or even the teacher. It is based only on the information as to whether or not the
actual output is close to the estimate. Reinforcement learning is a learning procedure
that rewards the neural network for its good output result and punishes it for the
bad output result. Explicit computation of derivatives is not required. This, however,
presents a slower learning process. For a control system, if the controller still works
properly after an input, the output is judged as good; otherwise, it is considered as
bad. The evaluation of the binary output, called external reinforcement, is used as
the error signal.

Semi-supervised Learning and Active Learning
In manymachine learning applications, such as bioinformatics, web and text mining,
text categorization, database marketing, spam detection, face recognition, and video-
indexing, abundant amounts of unlabeled data can be cheaply and automatically
collected. However, manual labeling is often slow, expensive, and error-prone.When
only a small number of labeled samples are available, unlabeled samples could be
used to prevent the performance degradation due to overfitting.

The goal of semi-supervised learning is to employ a large collection of unla-
beled data jointly with a few labeled examples for improving generalization perfor-
mance. Some semi-supervised learning methods are based on some assumptions that
relate the probability P(x) to the conditional distribution P(Y = 1|X = x). Semi-
supervised learning is related to the problem of transductive learning. Two typical
semi-supervised learning approaches are learning with the cluster assumption [147]
and learning with the manifold assumption [18]. The cluster assumption requires
that data within the same cluster are more likely to have the same label. The most
prominent example is the transductive SVM [147].

Universum data are given a set of unlabeled examples and do not belong to either
class of the classification problem of interest. Contradiction happens when two func-
tions in the same equivalence class have different signed outputs on a sample from
the Universum. Universum learning is conceptually different from semi-supervised
learning or transduction [147], because the Universum data is not from the same
distribution as the labeled training data. Universum learning implements a trade-off
between explaining training samples (using large margin hyperplanes) andmaximiz-
ing the number of contradictions (on the Universum).
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In active learning, or so-called pool-based active learning, the labels of data points
are initially hidden, and the learner must pay for each label he wishes to be revealed.
The goal of active learning is to actively select the most informative examples for
manual labeling in these learning tasks, that is, designing input signals for optimal
generalization [55]. Based on conditional expectation of the generalization error,
a pool-based active learning method effectively copes with model misspecification
by weighting training samples according to their importance [135]. Reinforcement
learning can be regarded as a formof active learning.At this point, a querymechanism
proactively asks for the labels of some of the unlabeled data.

Examples of situations in which active learning can be employed are web search-
ing, email filtering, and relevance feedback for a database or website. The first two
examples involve induction. The goal is to create a classifier that works well on
unseen future instances. The third situation is an example of transduction [147]. The
learner’s performance is assessed on the remaining instances in the database rather
than a totally independent test set.

The query-by-committee algorithm [56] is an active learning algorithm for clas-
sification, which uses a prior distribution over hypotheses. In this algorithm, the
learner observes a stream of unlabeled data and makes spot decisions about whether
or not to ask for each point’s label. If the data is drawn uniformly from the surface
of the unit sphere in Rd , and the hidden labels correspond perfectly to a homoge-
neous (i.e., through the origin) linear separator from this same distribution, then it is
possible to achieve generalization error ε after seeing O((d/ε) log(1/ε)) points and
requesting just O(d log(1/ε)) labels: an exponential improvement over the usual
O(d/ε) sample complexity of learning linear separators in a supervised setting. The
query-by-committee algorithm involves random sampling from intermediate version
spaces; the complexity of the update step scales polynomially with the number of
updates performed.

An information-based approach for active data selection is presented in [89]. In
[134], a two-stage sampling scheme for reducing both the bias and variance is given,
and based on it, two active learning methods are given.

In a framework for batch mode active learning [75], a number of informative
examples are selected for manual labeling in each iteration. The key feature is to
reduce the redundancy among the selected examples such that each example provides
unique information for model updating. The set of unlabeled examples that can
efficiently reduce the Fisher information of the classification model is chosen [75].

2.2 Learning and Generalization

Froman approximation viewpoint, learning is a hypersurface reconstruction based on
existing examples, while generalization means estimating the value on the hypersur-
face where there is no example. Mathematically, the learning process is a nonlinear
curve-fitting process, while generalization is the interpolation and extrapolation of
the input data.
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The goal of training neural networks is not to learn an exact representation of
the training data itself, but rather to build a statistical model of the process which
generates the data. Theproblemof reconstructing themapping is said to bewell-posed
if an input always generates a unique output, and themapping is continuous. Learning
is an ill-posed inverse problem. Given examples of an input-output mapping, an
approximate solution is required to be found for the mapping. The input data may be
noisy or imprecise, and also may be insufficient to uniquely construct the mapping.
The regularization technique can transform an ill-posed problem into a well-posed
one so as to stabilize the solution by adding some auxiliary non-negative functional
for constraints [105, 139].

When a network is overtrained with too many examples, parameters or epochs, it
may produce good results for the training data, but has a poor generalization capa-
bility. This is the overfitting phenomenon, and is illustrated in Fig. 2.2. In statistics,
overfitting applies to the situation wherein a model possesses too many parameters,
and fits the noise in the data rather than the underlying function. A simple network
with smooth input-output mapping usually has a better generalization capability.
Generally, the generalization capability of a network is jointly determined by the
size of the training pattern set, the complexity of the problem, and the architecture
of the network.

Example 2.1 To approximate a noisy cosine function, with 20 random samples, we
employ a 1-30-1 feedforward network. The result is plotted in Fig. 2.2. The noisy
samples is represented by the “◦” symbols, and the true network response is given
by the solid line. Clearly, the learned network is overfitted, and it does not generalize
well. Notice that if the number of parameters in the network is much smaller than the
total number of points in the training set, then there is little or no worry of overfitting.
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2.2 Learning and Generalization 21

For a given network topology, we can estimate the minimal size of the train-
ing set for successfully training the network. For conventional curve-fitting tech-
niques, the required number of examples usually grows with the dimensionality of
the input space, namely, the curse of dimensionality. Feature extraction can reduce
input dimensionality and thus improve the generalization capability of the network.

The training set should be sufficiently large and diverse so that it could represent
the problem well. For good generalization, the size of the training set, N , should
be at least several times larger than the network’s capacity, i.e., N � Nw

Ny
, where

Nw the total number of weights or free parameters, and Ny the number of output
components [149].

2.2.1 Generalization Error

The generalization error of a trained network can be decomposed into two parts,
namely, an approximation error that is due to a finite number of parameters of the
approximation scheme used and an unknown level of noise in the training data,
and an estimation error that is due to a finite number of data available [97]. For a
feedforward network with J1 input nodes and a single output node, a bound on the
generalization error is associated with the order of hypothesis parameters NP and
the number of examples N [97]

O

(
1

NP

)
+O

([
NP J1 ln(NP N ) − ln δ

N

]1/2)
,with probability p > 1−δ, (2.2)

where δ ∈ (0, 1) is the confidence parameter, and NP is proportional to the number
of parameters, such as NP centers in an RBF network, or NP sigmoidal hidden units
in an MLP. The first term corresponds to the bound on the approximation error, and
the second to that on the estimation error.

As NP increases, the approximation error decreases since a larger model is used;
however, the estimation error increases due to overfitting (or alternatively, more
data). Thus, one cannot reduce the upper bounds on both the error components
simultaneously. Given the amount of data available, the optimal size of the model for

the tradeoff between the approximation and estimation errors is selected as NP ∝ N
1
3

[97]. After suitably selecting NP and N , the generalization error for feedforward

networks should be O
(

1
NP

)
. This result is similar to that for anMLPwith sigmoidal

functions [10].

2.2.2 Generalization by Stopping Criterion

Generalization can be controlled during training. Overtraining can be avoided by
stopping the training before the absolute minimum is reached. Neural networks
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trained with iterative gradient-based methods tend to learn a mapping in the hier-
archical order of its increasing components of frequency. When training is stopped
at an appropriate point, the network will not learn the high-frequency noise. While
the training error will always decrease, the generalization error will decrease to a
minimum and then begins to rise again as the network is being overtrained. Training
should stop at the optimum stopping point. The generalization error is defined in
the same form as the learning error, but on a separate validation set of data. Early
stopping is the default method for improving generalization.

Example 2.2 In order to use early stopping technique, the available data is divided
into three subsets. The first subset is the training set. The second subset is the valida-
tion set. The error on the validation set is monitored during the training process.
The validation error normally decreases during the initial phase of training, as
does the error on the training set. However, when the network begins to overfit
the data, the error on the validation set typically begins to rise. When the valida-
tion error increases for a specified number of iterations, training is stopped, and the
weights and biases at the minimum of the validation error are returned. The error on
the test set is not used during training, but it is used to compare different models. It is
also useful to plot the error on the test set during the training process. If the error on
the test set reaches a minimum at a significantly different iteration number than the
error on the validation set, this might indicate a poor division of the dataset. From
Example 2.1, the 40 data samples are divided by 60, 20, and 20% of samples as the
training, validation, and test sets. The relation is illustrated in Fig. 2.3.

Early stopping is implemented with crossvalidation to decide when to stop. Three
early-stopping criteria are defined and empirically compared in [106]. Slower stop-
ping criteria, which stop later than others, on average lead to small improvements in
generalization, but result in a much longer training time [106].
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Statistical analysis for the three-layerMLP has been performed in [4]. As far as the
generalization performance is concerned, exhaustive learning is satisfactory when
N > 30Nw. When N < Nw, early stopping can really prevent overtraining. When
N < 30Nw, overtraining may also occur. In the latter two cases, crossvalidation can
be used to stop training.

An optimized approximation algorithm [87] avoids overfitting in function approx-
imation applications. The algorithm utilizes a quantitative stopping criterion based
on the estimation of the signal-to-noise-ratio figure (SNRF). Using SNRF, overfitting
can be automatically detected from the training error only.

2.2.3 Generalization by Regularization

Regularization is a reliable method for improving generalization. The target function
is assumed to be smooth, and small changes in the input do not cause large changes
in the output. A constraint term Ec, which penalizes poor generalization, is added to
the standard training cost function E

ET = E + λc Ec, (2.3)

where λc is a positive value that balances the tradeoff between error minimization
and smoothing. In contrast to the early-stopping criterion method, the regularization
method is applicable to both the iterative gradient-based techniques and the one-step
linear optimization such as the singular value decomposition (SVD) technique.

Network-pruning techniques such as the weight-decay technique also help to
improve generalization [23, 108]. At the end of training, there are some weights
significantly different from zero, while some other weights are close to zero. Those
connections with small weights can be removed from the network. Biases should be
excluded from the penalty term so that the network yields an unbiased estimate of
the true target mean.

Early stopping has a behavior similar to that of a simple weight-decay technique
in the case of the MSE function [22]. The quantity 1

ηt , where η is the learning rate
and t is the iteration index, plays the role of λc. The effective number of weights,
that is, the number of weights whose values differ significantly from zero, grows as
training proceeds.

Training with a small amount of jitter in the input while keeping the same out-
put can improve generalization. With jitter, the learning problem is equivalent to a
smoothing regularization with the noise variance playing the role of the regulariza-
tion parameter [22, 108]. Training with jitter thus allows regularization within the
conventional layered feedforward network architecture. Although large networks are
generally trained rapidly, they tend to generalize poorly due to insufficient constraints.
Training with jitter helps to prevent overfitting.

In [76], noise is added to the available training set to generate an unlimited source
of training samples. This is interpreted as a kernel estimate of the probability density
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that describes the training vector distribution. It helps to enhance the generalization
performance, speed up the BP, and reduce the possibility of local minima entrapment.

In [73], each weight is encoded with a short bit-length to decrease the complexity
of the model. The amount of information in a weight can be controlled by adding
Gaussian noise and the noise level can be adapted during learning to optimize the
tradeoff between the expected squared error of the network and the amount of infor-
mation in the weights.

Weight sharing is to control several weights by a single parameter [119]. This
reduces the number of free parameters in a network, and thus improves generalization.
A soft weight-sharingmethod is implemented in [98] by adding a regularization term
to the error function, where the learning algorithm decides which of the weights
should be tied together.

Regularization decreases the representation capability of the network, but
increases the bias (bias–variance dilemma [59]). The principle of regularization is
to choose a well-defined regularizer to decrease the variance by affecting the bias as
little as possible [22].

2.2.4 Fault Tolerance and Generalization

Fault tolerance is strongly associated with generalization. Input noise during training
improves generalization ability [23], and synaptic noise during training improves
fault tolerance [94]. When fault tolerance is improved, the generalization ability is
usually better [52], and vice versa [42]. The lower the weight magnitude, the higher
the fault tolerance [20, 42] and the generalization ability [20, 82]. Based on the
Vapnik-Chervonenkis (VC) dimension, it is qualitatively explained in [102] why
adding redundancy can improve fault tolerance and generalization.

Fault tolerance is related to a uniform distribution of the learning among the differ-
ent neurons, but the BP algorithm does not guarantee this good distribution [52]. Just
as input noise is introduced to enhance the generalization ability, the perturbation of
weights during training also increases the fault tolerance of MLPs [52, 94]. Saliency,
used as a measurement of fault tolerance to weight deviations [94], is computed from
the diagonal elements of the Hessian matrix of the error with respect to the weight
values. A low value of saliency implies a higher fault tolerance.

An analysis of the influence of weight and input perturbations in an MLP is made
in [20]. Themeasurements introduced are explicitly related to theMSEdegradation in
the presence of perturbations, thus constituting a selection criterion between different
alternatives of weight configurations. Quantitative measurements of fault tolerance,
noise immunity, and generalization ability are provided, fromwhich several previous
conjectures are deduced. The methodology is also applicable to the study of the
tolerance to perturbations of other layered networks such as the RBF networks.

When training the MLP with on-line node fault injection, hidden nodes randomly
output zeros during training. The trained MLP is able to tolerate random node fault.
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The convergence of the algorithm is proved in [136]. The corresponding objective
functions consist of an MSE term, a regularizer term, and a weight decay term.

Six common fault/noise-injection-based online learning algorithms, namely,
injecting additive input noise, injecting additive/multiplicative weight noise, inject-
ing multiplicative node noise, injecting multiweight fault (random disconnection of
weights), injecting multinode fault during training, and weight decay with injecting
multinode fault, are investigated in [74] forRBFnetworks. The convergence of the six
online algorithms is shown to be almost sure, and their true objective functions being
minimized are derived. For injecting additive input noise during training, the objec-
tive function is identical to that of the Tikhonov regularizer approach. For injecting
additive/multiplicativeweight noise during training, the objective function is the sim-
ple mean square training error; thus, injecting additive/multiplicative weight noise
during training cannot improve the fault tolerance of an RBF network. Similar to
injective additive input noise, the objective functions of other fault/noise-injection-
based online algorithms contain an MSE term and a specialized regularization term.

2.2.5 Sparsity Versus Stability

Stability establishes the generalization performance of an algorithm [26]. Sparsity
and stability are two desired properties of learning algorithms. Both properties lead
to good generalization ability. These two properties are fundamentally at odds with
each other and this no-free-lunch theorem is proved in [152, 153]: A sparse algorithm
cannot be stable and vice versa. A sparse algorithm can have nonunique optimal
solutions and is therefore ill-posed. If an algorithm is sparse, then its uniform stability
is lower bounded by a nonzero constant. This also shows that any algorithmically
stable algorithm cannot be sparse. Thus, one has to trade off sparsity and stability in
designing a learning algorithm.

In [152, 153], L1-regularized regression (LASSO) is shown to be not stable,
while L2-regularized regression is known to have strong stability properties and is
therefore not sparse. Sparsity promoting algorithms include LASSO, L1-norm SVM,
deep belief network, and sparse PCA.

2.3 Model Selection

Occam’s razor was formulated by William of Occam in the late Middle Ages.
Occam’s razor principle states: “No more things should be presumed to exist than
are absolutely necessary.” That is, if two models of different complexity fit the data
approximately equally well, the simpler one usually is a better predictive model.
From models approximating the noisy data, the ones that have minimal complexity
should be chosen.
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The objective ofmodel selection is to find amodel that is as simple as possible that
fits a given dataset with sufficient accuracy, and has a good generalization capability
to unseen data. The generalization performance of a network gives a measure of the
quality of the chosen model. Model-selection approaches can be generally grouped
into four categories: crossvalidation, complexity criteria, regularization, and network
pruning/growing.

The generalization error of a learning method can be estimated via either cross-
validation or bootstrap. In crossvalidation methods, many networks of different com-
plexity are trained and then tested on an independent validation set. The procedure
is computationally demanding and/or requires additional data withheld from the
total pattern set. In complexity criterion-based methods, training of many networks
is required and hence, computationally demanding, though a validation set is not
required. Regularization methods are more efficient than crossvalidation techniques,
but the results may be suboptimal since the penalty terms damage the representation
capability of the network. Pruning/growing methods can be under the framework of
regularization, which often makes restrictive assumptions, resulting in networks that
are suboptimal.

2.3.1 Crossvalidation

Crossvalidation is a standard model-selection method in statistics [78]. The total
pattern set is randomly partitioned into a training set and a validation (test) set. The
major part of the total pattern set is included in the training set, which is used to train
the network. The remaining, typically, 10–20%, is included in the validation set
and is used for validation. When only one sample is used for validation, the method
is called leave-one-out crossvalidation. Methods on conducting crossvalidation are
given in [106]. This kind of hold-out estimate of performance lacks computational
efficiency due to the repeated training, but with lower variance of the estimate.

Let Di and Di , i = 1, . . . , m, be the data subsets of the total pattern set arising
from the i th partitioning, which are, respectively, used for training and testing. The
crossvalidation process trains the algorithm m times, and is actually to find a suitable
model by minimizing the log-likelihood function

Ecv = − 1

m

m∑

i=1

ln
(
L

(
Ŵ

(Di
)∣∣Di

))
, (2.4)

where Ŵ
(Di

)
denotes the maximum-likelihood (ML) parameter estimates on Di ,

and L
(

Ŵ
(Di

)∣∣Di
)
is the likelihood evaluated on the dataset Di .

Validation uses data different from the training set, thus the validation set is
independent from the estimated model. This helps to select the best one among
the different model parameters. Since this dataset is independent from the estimated
model, the generalization error obtained is a fair estimate. Sometimes it is not optimal
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if we train the network to perfection on a given pattern set due to the ill-posedness of
the finite training pattern set. Crossvalidation helps to generate good generalization
of the network, when N , the size of the training set, is too large. Crossvalidation is
effective for finding a large network with a good generalization performance.

The popular K -fold crossvalidation [133] employs a nonoverlapping test set selec-
tion scheme. The data universe D is divided into K nonoverlapping data subsets of
the same size. Each data subset is then used as a test set, with the remaining K − 1
folds acting as a training set, and an error value is calculated by testing the classifier
in the remaining fold. Finally, the K -fold crossvalidation estimation of the error is
the average value of the errors committed in each fold. Thus, the K -fold crossvalida-
tion error estimator depends on two factors: the training set and the partitioning into
folds. Estimating the variance of K -fold crossvalidation can be done from indepen-
dent realizations or from dependent realizations whose correlation is known. K -fold
crossvalidation produces dependent test errors. Consequently, there is no universal
unbiased estimator of the variance of K -fold crossvalidation that is valid under all
distributions [19].

The variance estimators of the K -fold crossvalidation estimator of the generaliza-
tion error presented in [91] are almost unbiased in the cases of smooth loss functions
and the absolute error loss. The problem of variance estimation is approached as a
problem in approximating the moments of a statistic. The estimators depend on the
distribution of the errors and on the knowledge of the learning algorithm. Overall, a
test set that use 25% of the available data seems to be a reasonable compromise in
selecting among the various forms of K -fold crossvalidation [91].

The leave-many-out variants of crossvalidation perform better than the leave-
one-out versions [104]. Empirically, both types of crossvalidation can exhibit high
variance in small samples, but this may be alleviated by increasing the level of
resampling. Used appropriately, leave-many-out crossvalidation is, in general, more
robust than leave-one-out crossvalidation [104].

The moment approximation estimator [91] performs better in terms of both the
variance and the bias than the Nadeau-Bengio estimator [95]. The latter is computa-
tionally simpler than the former for general loss functions, as it does not require the
computation of the derivatives of the loss function; but it is not an appropriate one
to be used for nonrandom test set selection.

Crossvalidation and bootstrapping are both resampling methods. Resampling
varies the training set numerous times based on one set of available data. One fun-
damental difference between crossvalidation and bootstrapping is that bootstrapping
resamples the available data at random with replacement, whereas crossvalidation
resamples the available data at random without replacement. Crossvalidation meth-
ods never evaluate the trained networks over examples that appear in the training set,
whereas bootstrapping methods typically do that. Crossvalidation methods split the
data such that a sample does not appear in more than one validation set. Crossvali-
dation is commonly used for estimating generalization error, whereas bootstrapping
finds widespread use in estimating error bars and confidence intervals. Crossvalida-
tion is commonly believed to be more accurate (less biased) than bootstrapping, but
to have a higher variance than bootstrapping does in small samples [104].
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2.3.2 Complexity Criteria

An efficient approach for improving the generalization performance is to construct
a small network using a parsimonious principle. Statistical model selection with
information criteria such as Akaike’s final prediction error criterion [1], Akaike
information criterion (AIC) [3], Schwartz’s Bayesian information criterion (BIC)
[125], andRissanen’sminimumdescription length (MDL)principle [112] are popular
and have been widely used for model selection of neural networks. Although the
motivations and approaches for these criteria may be very different from one another,
most of them can be expressed as a function with two components, one for measuring
the training error and the other for penalizing the complexity. These criteria penalize
large-size models.

Apossible approach tomodel order selection consists ofminimizing theKullback-
Leibler discrepancy between the true pdf of the data and the pdf (or likelihood) of
the model, or equivalently maximizing the relative Kullback–Leibler information,
which is sometimes called the relative Kullback–Leibler information. Maximizing
the asymptotic approximation of the relative Kullback-Leibler information with n,
the number of variables, is equivalent to minimizing the AIC function of n. AIC is
derived bymaximizing an asymptotically unbiased estimate of the relativeKullback–
Leibler information I . The BIC rule can be derived from an asymptotically unbiased
estimate of the relative Kullback–Leibler information [132]. BIC is the penalized
ML method.

The AIC and BIC criteria can be, respectively, represented by

EAIC = − 1

N
ln

(
L N

(
ŴN

)) + NP

N
, (2.5)

EBIC = − 1

N
ln

(
L N

(
ŴN

)) + NP

2N
ln N , (2.6)

where L N
(
ŴN

)
is the likelihood estimated for a training set of size N and model

parameters ŴN , and NP is the number of parameters in themodel.More specifically,
the two criteria can be expressed by [132]

AIC(NP ) = Remp(NP ) + 2NP

N
σ̂2, (2.7)

BIC(NP ) = Remp(NP ) + NP

N
σ̂2 ln N , (2.8)

where σ̂2 denotes an estimate of noise variance, and the empirical risk is given by

Remp(NP ) = 1

N

N∑

i=1

(yi − f (xi , NP ))2, (2.9)

and the noise variance can be estimated, for a linear estimator with NP parameters, as
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σ̂2 = N

N − NP

1

N

N∑

i=1

(yi − ŷi )
2. (2.10)

This leads to the following form of AIC known as final prediction error [2]:

FPE(NP ) = 1 + NP
N

1 − NP
N

Remp(NP ). (2.11)

The MDL principle stems from coding theory to find as short a description as
possible of a database with as few symbols as possible [112, 113]. The description
length of the model characterizes the information needed for simultaneously encod-
ing a description of the model and a description of the prediction errors of the model.
The best model is the one with the minimum description length. The total description
length EMDL has three terms: code cost for coding the input vectors, model cost for
defining the reconstruction method, and reconstruction error due to reconstruction
of the input vector from its code. The description length is described by the number
of bits. Existing unsupervised learning algorithms such as the competitive learning
and PCA can be explained using the MDL principle [73]. Good generalization can
be achieved by encoding the weights with short bit-lengths by penalizing the amount
of information they contain using the MDL principle [73]. The MDL measure can
be regarded as an approximation of the Bayesian measure, and thus has a Bayesian
interpretation. BIC rule has also been obtained by an approach based on coding
arguments and the MDL principle.

Generalization error Err is characterized by the sum of the training (approxima-
tion) error err and the degree of optimism O P inherent in a particular estimate [61],
that is, Err = err + OP. Complexity criteria such as BIC can be used for estimating
O P .

2.4 Bias and Variance

The generalization error can be represented by the sum of the bias squared plus the
variance [59]. Most existing supervised learning algorithms suffer from the bias-
variance dilemma [59]. That is, the requirements for small bias and small variance
are conflicting and a tradeoff must be made.

Let f
(
x; ŵ

)
be the best model in model space. Thus, ŵ does not depend on the

training data. The bias and variance can be defined by [22]

bias = ES( f (x)) − f (x; ŵ), (2.12)

var = ES
(
( f (x) − ES( f (x)))2

)
, (2.13)
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where f (x) is the function to be estimated, and ES denotes the expectation operation
over all possible training sets. Bias is caused by an inappropriate choice of the size
of a class of models when the number of training samples is assumed infinite, while
the variance is the error caused by the finite number of training samples.

Example 2.3 An illustration of the concepts of bias and variance in the two-
dimensional space is shown in Fig. 2.4. f (x; ŵ) is the underlying function; f1(x)

and f2(x) are used to approximate f (x; ŵ): f1(x) is an exact interpolation of the
data points, while f2(x) is a fixed function independent of the data points. For f1(x),
the bias is zero at the data points and is small in the neighborhood of the data points,
while the variance is the variance of the noise on the data, which could be significant;
for f2(x), the bias is high while the variance is zero.

The generalized error can be decomposed into a sum of the bias and variance

ES
([

f (x) − f (x, ŵ)
]2)

= ES
({

[ f (x) − ES( f (x))] + [
ES( f (x)) − f (x, ŵ)

]}2)

= ES
(
[ f (x) − ES( f (x))]2

)
+ ES

([
ES( f (x)) − f (x, ŵ)

]2)

+ 2ES
(
[ f (x) − ES( f (x))]

[
ES( f (x)) − f (x, ŵ)

])

= (Bias)2 + Var. (2.14)

A network with a small number of adjustable parameters gives poor generalization
on new data, since the model has very little flexibility and thus yields underfitting
with a high bias and low variance. In contrast, a network with too many adjustable
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Fig. 2.4 Bias and variance. Circles denote examples from a training set
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parameters also gives a poor generalization performance, since it is too flexible and
fits toomuch of the noise on the training data, thus yielding overfittingwith a low bias
but high variance. The best generalization performance is achieved by balancing bias
and variance, which optimizes the complexity of the model through either finding a
modelwith an optimal size or by adding a regularization term in an objective function.
For nonparametric methods, most complexity criteria based techniques operate on
the variance term in order to get a good compromise between the contributions made
by the bias and variance to the error. When the number of hidden cells is increased,
the bias term is likely to be reduced, whereas the variance would increase.

For three-layer feedforwardnetworkswith NP hidden sigmoidal units, the bias and

variance are upper bounded explicitly [10] by O
(

1
NP

)
and O

(
NP J1 ln N

N

)
, respec-

tively, where N is the size of the training set and J1 is the dimensionality of the
feature vectors. Thus when NP is large, the bias is small. However, when N is finite,
a network with an excessively large space complexity will overfit the training set.
The average performance can decrease as NP gets larger. As a result, a tradeoff needs
to be made between the bias and variance.

While unbiasedness is a beneficial quality of a model selection criterion, a low
variance is at least as important, as a nonnegligible variance introduces the potential
for overfitting in model selection as well as in training the model [33]. The effects of
this form of overfitting are often comparable to differences in performance between
learning algorithms [33]. This could be ameliorated by regularization of the model
selection criterion [32].

2.5 Robust Learning

When the training data is corrupted by large noise, such as outliers, conventional
learning algorithms may not yield acceptable performance since a small number of
outliers have a large impact on the MSE. An outlier is an observation that deviates
significantly from the other observations; thismay be due to erroneousmeasurements
or noisy data from the tail of the noise distribution functions. When noise becomes
large or outliers exist, the networks may try to fit those improper data and thus, the
learned systems are corrupted. The Student-t distribution has heavier tails than the
Gaussian distribution and is therefore less sensitive to any departure of the empirical
distribution from Gaussianity. For nonlinear regression, the techniques of robust
statistics [77] can be applied to deal with the outliers. The M-estimator is derived
from the ML estimator to deal with situations, where the exact probability model
is unknown. The M-estimator replaces the conventional squared error term by the
so-called loss functions. The loss function is used to degrade the effects of those
outliers in learning. A difficulty is the selection of the scale estimator of the loss
function in the M-estinator.

The cost function of a robust learning algorithm is defined by
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Er =
N∑

i=1

σ (εi ;β) , (2.15)

whereσ(·) is the loss function,which is a symmetric functionwith a uniqueminimum
at zero,β > 0 is the scale estimator, known as the cutoff parameter, εi is the estimated
error for the i th training pattern, and N is the size of the training set. The loss function
can be typically selected as one of the following functions:

• The logistic function [77]

σ(εi ;β) = β

2
ln

(
1 + ε2i

β

)
. (2.16)

• Huber’s function [77]

σ(εi ;β) =
{ 1

2 ε
2
i , |εi | ≤ β

β |εi | − 1
2β

2, |εi | > β
. (2.17)

• Talwar’s function [43]

σ (εi ;β) =
{ 1

2 ε
2
i , |εi | ≤ β

1
2β

2, |εi | > β
. (2.18)

• Hampel’s tanh estimator [35]

σ (εi ;β1,β2) =

⎧
⎪⎨

⎪⎩

1
2 ε

2
i , |εi | ≤ β1

1
2β

2
1 − 2c1

c2
ln 1+ec2(β2−|εi |)

1+ec2(β2−β1)
− c1 (|εi | − β1) , β1 < |εi | ≤ β2

1
2β

2
1 − 2c1

c2
ln 2

1+ec2(β2−β1)
− c1 (β2 − β1) , |εi | > β2

.

(2.19)

In the tanh estimator,β1 andβ2 are twocutoff points, and constants c1 and c2 adjust the
shape of the influence function (to be defined in (2.21)). When c1 = β1

tan(c2(β2−β1))
,

the influence function is continuous. In the interval of the two cutoff points, the
influence function can be represented by a hyperbolic tangent relation.

Using the gradient-descent method, the weights are updated by

Δw jk = −η
∂Er

∂w jk
= −η

N∑

i=1

ϕ (εi ;β)
∂εi

∂w jk
, (2.20)

where η is a learning rate or step size, and ϕ(·), called the influence function, is
given by

ϕ (εi ;β) = ∂σ (εi ;β)

∂εi
. (2.21)
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Fig. 2.5 Loss functions and their respective influence functions. For logistic, Huber’s, andTalwart’s
functions, β = 1. For Hampel’s tanh estimator, β1 = 1, β2 = 2, c2 = 1, and c1 = 1.313. a Loss
functions σ. b Influence functions ϕ

The conventional MSE function corresponds to σ (εi ) = 1
2 ε

2
i and ϕ (εi ;β) = εi .

To suppresses the effect of large errors, loss functions used for robust learning are
defined such that ϕ (εi ;β) is sublinear.

Example 2.4 The loss functions given above and their respective influence functions
are illustrated in Fig. 2.5.

τ -estimator [137] can be viewed as an M-estimator with an adaptive bounded
influence function ϕ(·) given by the weighted average of two functions ϕ1(·) and
ϕ2(·), with ϕ1(·) corresponding to a very robust estimate and ϕ2(·) to a highly
efficient estimate. τ -estimator simultaneously has a high breakdown point and a
high efficiency under Gaussian errors.

When the initial weights are not properly selected, the loss functions may not
be able to correctly discriminate against the outliers. The selection of β is also a
problem, and one approach is to select β as the median of the absolute deviation
(MAD)

β = c × median (|εi − median (εi )|) (2.22)

with c chosen as 1.4826 [77]. Some other methods for selecting β are based on
using the median of all errors [77], or counting out a fixed percentage of points as
outliers [35].

2.6 Neural Network Processors

A typical architecture of a neural network processor is illustrated in Fig. 2.6. It is com-
posed of three components: input preprocessing, a neural network for performing
inversion, and output postprocessing. Input preprocessing is used to remove redun-
dant and/or irrelevant information in order to achieve a small network and to reduce
the dimensionality of the signal parameter space, thus improving the generalization
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Fig. 2.6 Architecture of a
neural network processor

Output

Preprocessing

Input

Postprocessing

capability of the network. Postprocessing the output of the network generates the
desired information.

Preprocessing is to transform the raw data into a new representation before being
presented to a neural network. If the input data is preprocessed at the training stage,
accordingly at the generalizing stage, the input data also needs to be preprocessed
before being passed on to the neural network. Similarly, if the output data is pre-
processed at the training stage, the network output at the generalization stage is also
required to be postprocessed to generate the target output corresponding to the raw
output patterns.

For high-dimensional data, dimensionality reduction is the key to cope with the
curse of dimensionality. Preprocessing has a significant influence on the generaliza-
tion performance of a neural network. This process removes the redundancy in the
input space and reduces the space of the input data, thus usually resulting in a reduc-
tion in the amount or the dimensionality of the input data. This helps to alleviate the
problem of the curse of dimensionality. A network with preprocessed inputs may be
constrained by a smaller dataset, and thus one needs only to train a small network,
which also achieves a better generalization capability.

Preprocessing usually takes the form of linear or nonlinear transformation of the
raw input data to generate input data for the network. It can also be based on the prior
knowledge of the network architecture, or the problem itself. When preprocessing
removes redundant information in the input data, it also results in a loss of informa-
tion. Thus, preprocessing should retain as much relevant information as possible.

The data are sometimes called features, and preprocessing for input raw data can
be either feature selection or feature extraction. Feature selection concentrates on
selecting from the original set of features a smaller subset of salient features, while
feature extraction is to combine the original features in such a way as to produce
a new reduced set of salient features. The raw data may be orders of magnitude in
range, and linear scaling and data whitening of the raw data are usually employed as
a preprocessing step.

When some examples of the raw data suffer frommissing components, one simple
treatment is to discard those examples from the dataset. This, however, is applicable
only when the data is abundant, the percentage of examples with missing compo-
nents is small, and the mechanism for loss of data is independent of the data itself.
However, this may lead to a biased subset of the data. Methods should replace the
missing value with a value substituted according to various criteria. For function
approximation problems, one can represent any variable with a missing value as a
regression over the other variables using the available data, and then find the miss-
ing value by interpolating the regression function. For density estimation problems,
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the ML solution to problems with the missing data can be found by applying an
expectation-maximization (EM) algorithm.

Feature extraction reduces the dimension of the features by orthogonal transforms.
The extracted features do not have any physical meaning. In comparision, feature
selection decreases the size of the feature set or reduces the dimension of the features
by discarding the raw information according to a criterion.

Feature Selection
Feature selection is to select the best subset or the best subspace of the features out
of the original set, since irrelevant features degrade the performance. A criterion
is required to evaluate each subset of the features so that an optimum subset can
be selected. The selection criterion should be the same as that for assessing the
complete system, such as the MSE criterion for function approximation and the
misclassification rate for classification. Theoretically, the global optimum subset of
the features can only be selected by an exhaustive search of all the possible subsets
of the features.

Feature selection algorithms can be categorized as either filter or wrapper
approaches. During the process of feature selection, the generalization ability of
a subset of features needs to be estimated. This type of feature selection is called
a wrapper method [79]. The problem of searching the best r variables is solved by
means of a greedy algorithm based on backward selection [79]. The filter approach
basically pre-selects the features, and then applies the selected feature subset to the
clustering algorithm. Filter-based greedy algorithms using the sequential selection
of the feature with the best criterion value are computationally more efficient than
wrappers. In general, the wrapper method outperforms the filter method, but at the
expense of training a large number of classifiers.

Some nonexhaustive search methods such as the branch and bound procedure,
sequential forward selection, and sequential backward elimination are discussed in
[22]. Usually, backward selection is slower but is more stable in selecting optimal
features than forward selection. Backward selection starts from all the features and
deletes one feature at a time, which deteriorates the selection criterion the least,
until the selection criterion reaches a specified value. In contrast, forward selection
starts from an empty set of features and adds one feature at a time that improves the
selection criterion the most.

Mutual information based feature selection is a commonmethod for feature selec-
tion [15, 54]. The mutual information measures the arbitrary dependence between
random variables, whereas linear relations, such as the correlation-based methods,
are prone to mistakes. By calculating the mutual information, the importance levels
of the features are ranked based on their ability to maximize the evaluation criterion.
Relevant inputs are found by estimating the mutual information between the inputs
and the desired outputs. The normalized mutual information feature selection [54]
does not require a user-defined parameter.

Feature Extraction
Feature extraction is usually conducted by using orthogonal transforms, though the
Gram–Schmidt orthonormalization (GSO) is more suitable for feature selection.
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This is due to the fact that the physically meaningless features in the Gram–Schmidt
space can be linked back to the same number of variables of the measurement space,
resulting in no dimensionality reduction. In situations where the features are used
for pattern understanding and analysis, the GSO transform provides a good option.

The advantage of employing an orthogonal transform is that the correlations
among the candidate features are decomposed so that the significance of the indi-
vidual features can be evaluated independently. PCA is a well-known orthogonal
transform. Taking all the data into account, PCA computes vectors that have the
largest variance associated with them. The generated PCA features may not have
clear physical meanings. Dimensionality reduction is achieved by dropping the vari-
ables with insignificant variance. Projection pursuit [57] is a general approach to
feature extraction, which extracts features by repeatedly choosing projection vectors
and then orthogonalizing.

PCA is often used to select inputs, but it is not always useful, since the variance of
a signal is not always related to the importance of the variable, for example, for non-
Gaussian signals. An improvement on PCA is provided by nonlinear generalizations
of PCA, which extend the ability of PCA to incorporate nonlinear relationships in
the data. ICA can extract the statistically independent components from the input
dataset. It is to estimate the mutual information between the signals by adjusting the
estimatedmatrix to give outputs that are maximally independent [8]. The dimensions
to remove are those that are independent of the output. LDAsearches for those vectors
in the underlying space that best discriminate among the classes (rather than those
that best describe the data). In [83], the proposed scheme for linear feature extraction
in classification is based on the maximization of the mutual information between the
features extracted and the classes.

For time/frequency-continuous signal systems such as speech-recognition sys-
tems, the fixed time-frequency resolution FFT power spectrum, and the multireso-
lution discrete wavelet transform and wavelet packets are usually used for feature
extraction. The features used are chosen from the Fourier or wavelet coefficients
having high energy. The cepstrum and its time derivative remain a most commonly
used feature set [103]. These features are calculated by taking the discrete cosine
transform (DCT) of the logarithm of the energy at the output of a Mel filter and are
commonly called Mel frequency cepstral coefficients (MFCC). In order to have the
temporal information, the first and second time derivatives of the MFCC are taken.

2.7 Criterion Functions

TheMSE is by far the most popular measure of error. This error measure ensures that
a large error receives much greater attention than a small error. The MSE criterion
is optimal and results in an ML estimation of the weights if the distributions of the
feature vectors are Gaussian [120]. This is desired for most applications. In some
situations, other error measures such as the mean absolute error, maximum absolute
error, and median squared error, may be preferred.
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The logarithmic error function, which takes the form of the instantaneous relative
entropy or Kullback–Leibler divergence criterion, has some merits over the MSE
function [16]

E p(W) = 1

2

JM∑

i=1

[(
1 + yp,i

)
ln

(
1 + yp,i

1 + ŷp,i

)
+ (

1 − yp,i
)
ln

(
1 − yp,i

1 − ŷp,i

)]
(2.23)

for the tanh activation function, where yp,i ∈ (−1, 1). For the logistic activation
function, the criterion can be written as [92]
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)
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)
ln
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1 − ŷp,i

)]
, (2.24)

where yp,i ∈ (0, 1). In the latter case, yp,i , ŷp,i , 1 − yp,i , and 1 − ŷp,i are regarded
as probabilities. These criteria take zero only when yp,i = ŷp,i , i = 1, . . . , JM , and
are strictly positive otherwise. Another criterion function obtained by simplifying
(2.24) via omitting the constant terms related to the patterns is [131]

E p(W) = −1
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[
yp,i ln ŷp,i + (

1 − yp,i
)
ln

(
1 − ŷp,i

)]
. (2.25)

The problem of loading a set of training examples onto a neural network is NP-
complete [25, 130]. As a consequence, existing algorithms cannot be guaranteed
to learn the optimal solution in polynomial time. In the case of one neuron, the

logistic function paired with the MSE function can lead to
(

N
J1

)J1
local minima, for

N training patterns and an input dimension of J1 [6], while with the entropic error
function, the error function is convex and thus has only one minimum [16, 131].
The use of the entropic error function considerably reduces the total number of local
minima.

The BP algorithm derived from the entropy criteria can partially solve the flat-spot
problem. These criteria do not add computation load to calculate the error function.
They, however, remarkably reduce the training time, and alleviate the problem of
getting stuck at local minima by reducing the density of local minima [92]. Besides,
the entropy-based BP is well suited to probabilistic training data, since it can be
viewed as learning the correct probabilities of a set of hypotheses represented by the
outputs of the neurons.

Traditionally, classification problems are learned through error backpropagation
by providing a vector of hard 0/1 target values to represent the class label of a particu-
lar pattern. Minimizing an error function with hard target values tends to a saturation
of weights, leading to overfitting. The magnitude of the weights plays a more impor-
tant role in generalization than the number of hidden nodes [12]. Overfitting might
be reduced by keeping the weights smaller.
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The cross-entropy cost function can also be derived from the ML principle

EC E = −
N∑

i=1

C∑

k=1

tk,i ln(yk,i ) (2.26)

for training set {xi , t i }, C classes and N samples, and tk,i ∈ {0, 1}.
Marked reductions on convergence rates and density of local minima are observed

due to the characteristic steepness of the cross-entropy function [92, 131]. As a func-
tion of the absolute errors,MSE tends to produce large relative errors for small output
values. As a function of the relative errors, cross-entropy is expected to estimatemore
accurately small probabilities [62, 72, 131]. When a neural network is trained using
MSE or cross-entropy minimization, its outputs approximate the posterior probabil-
ities of class membership. Thus, in the presence of large datasets, it tends to produce
optimal solutions in the Bayes sense. However, minimization of the error function
does not necessarily imply misclassification minimization in practice. Suboptimal
solutions may occur due to flat regions in weight space. Thus, minimization of these
error functions does not imply misclassification minimization.

The MSE function can be obtained by the ML principle assuming the indepen-
dence and Gaussianity of the target data. However, the Gaussianity assumption of
the target data in classification is not valid, due to its discrete nature of class labels.
Thus, the MSE function is not the most appropriate one for data classification prob-
lems. Nevertheless, when using a 1-out-of-C coding scheme for the targets, with
large N and a number of samples in each class, the MSE trained outputs of the
network approximate the posterior probabilities of the class membership [62]. The
cross-entropy error function and other entropy-based functions are suitable for train-
ing neural network classifiers, because when interpreting the outputs as probabilities
this is the optimal solution.

Classification-based (CB) error functions [109] heuristically seek to directly min-
imize classification error by backpropagating network error only on misclassified
patterns. In so doing, they perform relatively minimal updates to network parame-
ters in order to discourage premature weight saturation and overfitting. CB3 is a
CB approach that learns the error function to be used while training [110]. This is
accomplished by learning pattern confidencemargins during training, which are used
to dynamically set output target values for each training pattern. In fact, CB3 saves
time by omitting the error backpropagation step for correctly classified patterns with
sufficient output confidences. The number of epochs required to converge is similar
for CB3 and cross-entropy training, generally about half as many epochs required
for MSE training.

The MSE criterion can be generalized into the Minkowski-r metric [64]

E p = 1

r

JM∑

i=1

∣∣ŷp,i − yp,i
∣∣r . (2.27)
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When r = 1, the metric is called the city block metric. The Minkowski-r metric
corresponds to the MSE criterion for r = 2. A small value of r (r < 2) reduces the
influence of large deviations, thus it can be used in the case of outliers. In contrast, a
large r weights large deviations, and generates a better generation surface when the
noise is absent in the data or when the data clusters in the training set are compact.

A generalized error function embodying complementary features of other func-
tions, which can emulate the behavior of other error functions by adjustment of a
single real-valued parameter, is proposed in [129].Many other criterion functions can
be used for deriving learning algorithms, including those based on robust statistics
[77] or regularization [105].

2.8 Computational Learning Theory

Machine learningmakes predictions about the unknown underlyingmodel based on a
training set drawn from hypotheses. Due to the finite training set, learning theory can-
not provide absolute guarantees of performance of the algorithms. The performance
of learning algorithms is commonly bounded by probabilistic terms. Computational
learning theory is a statistical tool for the analysis of machine learning algorithms,
that is, for characterizing learning and generalization. Computational learning theory
addresses the problem of optimal generalization capability for supervised learning.
Two popular formalisms of approaches to computational learning theory are the VC
theory [143] and the probably approximately correct (PAC) learning [142]. Both
approaches are nonparametric and distribution-free learning models.

The VC theory [143], known as the statistical learning theory, is a dependency-
estimation method with finite data. Necessary and sufficient conditions for consis-
tency and fast convergence are obtained based on the empirical risk minimization
(ERM) principle. Uniform convergence for a given class of approximating functions
is associated with the capacity of the function class considered [143]. The VC dimen-
sion of a function class quantifies its classification capabilities [143]. It indicates the
cardinality of the largest set for which all possible binary-valued classifications can
be obtained using functions from the class. The capacity and complexity of the func-
tion class is measured in terms of the VC dimension. The ERM principle has been
practically applied in the SVM [146]. The VC theory provides a general measure of
complexity, and gives associated bounds on the optimism.

PAC learning [142] aims to find a hypothesis that is a good approximation to
an unknown target concept with a high probability. The PAC learning paradigm
is intimately associated with the ERM principle. A hypothesis that minimizes the
empirical error, based on a sufficiently large sample, will approximate the target
concept with a high probability. The generalization ability of network training can
be established estimating the VC dimension of neural architectures. Boosting [122]
is a PAC learning-inspired method for supervised learning.
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2.8.1 Vapnik-Chervonenkis Dimension

The VC dimension is a combinatorial characterization of the diversity of functions
that can be computed by a given neural architecture. It can be viewed as a general-
ization of the concept of capacity first introduced by Cover [44]. The VC dimension
can be regarded as a measure of the capacity or expressive power of a network. VC
dimension is the measure of model complexity (capacity) used in VC theory. For lin-
ear estimators, the VC dimension is equivalent to the number of model parameters,
but is hard to obtain for other types of estimators.

Definition 2.1 (VC dimension) A subset S of the domain X is shattered by a class
of functions or neural networkN if every function f : S → {0, 1} can be computed
on N . The VC dimension of N is defined as the maximal size of a set S ⊆ X that
is shattered by N

dimVC(N ) = max
{|S|∣∣S ⊆ X is shattered by N }

, (2.28)

where |S| denotes the cardinality of S.
For example, for a neural networkwith the relation f (x,w, θ) = sgn

(
wT x + θ

)
,

it can shatter at most any three points inX , thus its VC dimension is 3. This is shown
in Fig. 2.7. The points are in general position, that is, they are linearly independent.

A hard-limiter function with threshold θ0 is typically used as the activation func-
tion for binary neurons. The basic function of the McCulloch–Pitts neuron has a
linear relation applied by a threshold operation, hence called a linear threshold gate
(LTG). A neural network with LTG has a VC dimension of O (Nw log Nw) [14],
where Nw is the number of weights in a network. The VC dimension has been gener-
alized for neural networks with real-valued output, and the VC dimension of various
neural networks has been studied in [14].

The VC dimension can be used to estimate the number of training examples for a
good generalization capability. The Boolean VC dimension of a neural network N ,
written dimBVC(N ), is defined as theVC dimension of the class of Boolean functions

Fig. 2.7 Shatter any three
points in X into two classes

+
+

++
+

+

+

+
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that is computed byN . The VC dimension is a property of a set of functions { f (α)},
and can be defined for various classes of function f .

The VC dimension for the set of functions { f (α)} is defined as the maximum
number of training points that can be shattered by { f (α)}. If the VC dimension is
d, then there exists at least one set of d points that can be shattered, but in general it
will not be true that every set of d points can be shattered.

Feedforward networks with threshold and logistical activation functions have VC
dimensions of O (Nw ln Nw) [17] and O

(
N 2

w

)
[80], respectively. Sufficient sample

sizes are, respectively, estimated by using the PAC paradigm and the VC dimension
for feedforward networks with sigmoidal neurons [127] and feedforward networks
with LTGs [17]. These bounds on sample sizes are dependent on the error rate of
hypothesis ε and the probability of failure δ. A practical size of the training set

for good generalization is N = O
(

Nw
ε

)
[70], where ε specifies the accuracy. For

example, for an accuracy level of 90 %, ε = 0.1.
It is not possible to obtain the analytic estimates of theVCdimension inmost cases.

Hence, a proposal is to measure the VC dimension of an estimator experimentally by
fitting the theoretical formula to a set of experimental measurements of the frequency
of errors on artificially generated datasets of varying sizes [145]. However, with this
approach it may be difficult to obtain an accurate estimate of the VC dimension due
to the variability of random samples in the experimental procedure. In [126], this
problem is addressed by proposing an improved design procedure for specifying the
measurement points (i.e., the sample size and the number of repeated experiments at
a given sample size). This leads to a nonuniform design structure as opposed to the
uniformdesign structure used in [145].Theproposedoptimizeddesign structure leads
to amore accurate estimation of theVC dimension using the experimental procedure.
A more accurate estimation of VC dimension leads to improved complexity control
using analytic VC-generalization bounds and, hence, better prediction accuracy.

2.8.2 Empirical Risk-Minimization Principle

Assume that a set of N samples, {(xi , yi )}, are independently drawn and identi-
cally distributed (iid) samples from some unknown probability distribution p(x, y).
Assume a machine defined by a set of possible mappings x → f (x,α), where α
contains adjustable parameters. When α is selected, the machine is called a trained
machine.

The expected risk is the expectation of the generalization error for a trained
machine, and is given by

R(α) =
∫

L (y, f (x,α)) dp(x, y), (2.29)
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where L (y, f (x,α)) is the loss function, measuring the discrepancy between the
output pattern y and the output of the learning machine f (x,α). The loss function
can be defined in different forms for different purposes:

L(y, f (x,α)) =
{
0, y = f (x,α)

1, y �= f (x,α)
(for classification), (2.30)

L(y, f (x,α)) = (y − f (x,α))2 (for regression), (2.31)

L(p(x,α)) = − ln p(x,α) (for density estimation). (2.32)

The empirical risk Remp(α) is defined to be the measured mean error on a given
training set

Remp(α) = 1

N

N∑

i=1

L (yi , f (xi ,α)) . (2.33)

The ERM principle aims to approximate the loss function by minimizing the empir-
ical risk (2.33) instead of the risk (2.29), with respect to model parameters.

When the loss function takes the value 0 or 1, with probability 1− δ, there is the
upper bound called the VC bound [146]:

R(α) ≤ Remp(α) +
√

d
(
ln 2N

d + 1
) − ln δ

4

N
, (2.34)

where d is the VC dimension of the machine. The second term on the right-hand
side is called the VC confidence, which monotonically increases with increasing d.
Reducing d leads to a better upper bound on the actual error. The VC confidence
depends on the class of functions, whereas the empirical risk and actual risk depend
on the particular function obtained by the training procedure.

For regression problems, a practical form of the VC bound is used [147]:

R(d) ≤ Remp(d)

(
1 −

√
p − p ln p + ln n

2n

)−1

, (2.35)

where p = d
n and d is the VC dimension. The VC bound (2.35) is a special case

of the general analytical bound [146] with appropriately chosen practical values of
theoretical constants.

The principle of structural riskminimization (SRM)minimizes the risk functional
with respect to both the empirical risk and the VC dimension of the set of functions;
thus, it aims to find the subset of functions that minimizes the bound on the actual
risk. The SRM principle is crucial to obtain good generalization performances for a
variety of learning machines, including SVMs. It finds the function that achieves the
minimum of the guaranteed risk for the fixed amount of data. To find the guaranteed
risk, one has to use bounds, e.g., VC bound, on the actual risk. Empirical comparisons
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between AIC, BIC and the SRM method are presented for regression problems in
[39], based on VC theory. VC-based model selection consistently outperforms AIC
for all the datasets, whereas the SRM and BIC methods show similar predictive
performance.

Function Approximation, Regularization, and Risk Minimization
Classical statistics and function approximation/regularization rely on the true model
that underlies generated data. In contrast, VC learning theory is based on the concept
of risk minimization, and does not use the notion of a true model. The distinc-
tion between the three learning paradigms becomes blurred when they are used to
motivate practical learning algorithms. Least-squares (LS) minimization for func-
tion estimation can be derived using the parametric estimation approach via ML
arguments under Gaussian noise assumptions, and it can alternatively be introduced
under the risk minimization approach. SVM methodology was originally developed
in VC-theory, and later re-introduced in the function approximation/regularization
setting [68]. An important conceptual contribution of the VC approach states that
generalization (learning) with finite samples may be possible even if accurate func-
tion approximation is not [41]. The regularization program does not yield good
generalization for finite sample estimation problems.

In the function approximation theory, the goal is to estimate an unknown true target
function in regression problems, or posterior probability P(y|x) in classification
problems. In VC theory, it is to find the target function that minimizes prediction
risk or achieves good generalization. That is, the result of VC learning depends on
(unknown) input distribution, while that of function approximation does not. The
important concept of margin was originally introduced under the VC approach, and
later explained and interpreted as a form of regularization. However, the notion of
margin is specific to SVM, and it does not exist under the regularization framework.
Any of the methodologies (including SRM and SVM) can be regarded as a special
case of regularization.

2.8.3 Probably Approximately Correct Learning

The PAC learning paradigm is concerned with learning from examples of a target
function called concept, by choosing from a set of functions known as the hypothesis
space, a function that is meant to be a good approximation to the target.

Let Cn and Hn , n ≥ 1, respectively, be a set of target concepts and a set of
hypotheses over the instance space {0, 1}n , where Cn ⊆ Hn for n ≥ 1. When
there exists a polynomial-time learning algorithm that achieves low error with high
confidence in approximating all concepts in a class C = {Cn} by the hypothesis space
H = {Hn} if enough training data is available, the class of concepts C is said to be
PAC learnable byH or simply PAC learnable. Uniform convergence of the empirical
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error of a function towards the real error on all possible inputs guarantees that all
training algorithms that yield a small training error are PAC. A function class is PAC
learnable if and only if the capacity in terms of the VC dimension is finite.

In this framework, we are given a set of inputs and a hypothesis space of functions
that maps the inputs onto {0, 1}. Assume that there is an unknown but usually fixed
probability distribution on the inputs, and the aim is to find a good approximation to
a particular target concept from the hypothesis space, given only a random sample
of the training examples and the value of the target concept on these examples.

The sample complexity of a learning algorithm, NPAC, is defined as the smallest
number of samples required for learning C byH, that achieve a given approximation
accuracy ε with a probability 1− δ. Any consistent algorithm that learns C byH has
a sample complexity with the upper bound [5, 69]

NPAC ≤ 1

ε
(
1 − √

ε
)

(
2 dimVC (Hn) ln

6

ε
+ ln

2

δ

)
, ∀ 0 < δ < 1. (2.36)

In other words, with probability of at least 1− δ, the algorithm returns a hypothesis
h ∈ Hn with an error less than ε.

In terms of the cardinality of Hn , denoted |Hn|, it can be shown [69, 144] that
the sample complexity is upper bounded by

NPAC ≤ 1

ε

(
ln |Hn| + ln

1

δ

)
. (2.37)

For most hypothesis spaces on Boolean domains, the second bound gives a bet-
ter bound. On the other hand, most hypothesis spaces on real-valued attributes are
infinite, so only the first bound is applicable. PAC learning is particularly useful
for obtaining upper bounds on sufficient training sample size. Linear threshold con-
cepts (perceptrons) are PAC learnable on both Boolean and real-valued instance
spaces [69].

2.9 No-Free-Lunch Theorem

Before the no-free-lunch theorem [150] was proposed, people intuitively believed
that there exists some universally beneficial algorithms for search, and many people
actually made efforts to design some algorithms. The no-free-lunch theorem asserts
that there is no universally beneficial algorithm.

The no-free-lunch theorem states that no search algorithm is better than another
in locating an extremum of a cost function when averaged over the set of all possible
discrete functions. That is, all search algorithms achieve the same performance as
random enumeration, when evaluated over the set of all functions.
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Theorem 2.1 (No-free-lunch theorem) Given the set of all functions F and a set
of benchmark functions F1, if algorithm A1 is better on average than algorithm A2
on F1, then algorithm A2 must be better than algorithm A1 on F − F1.

The performance of any algorithm is determined by the knowledge concerning the
cost function. Thus, it is meaningless to evaluate the performance of an algorithm
without specifying the prior knowledge. Practical problems always contain priors
such as smoothness, symmetry, and i.i.d. samples. For example, although neural
networks are usually deemed a powerful approach for classification, they cannot
solve all classification problems. For some arbitrary classification problems, other
methods may be efficient.

The no-free-lunch theorem was later extended to coding methods, early stopping
[31], avoidance of overfitting, and noise prediction [90]. Again, it has been asserted
that no one method is better than the others for all problems.

Following the no-free-lunch theorem, the inefficiency of leave-one-out crossvali-
dation was demonstrated on a simple problem in [158]. In response to [158], in [63]
the strict leave-one-out crossvalidation was shown to yield the expected results on
this simple problem, thus leave-one-out crossvalidation is not subject to the no-free-
lunch criticism [63]. Nonetheless, it is concluded in [114] that the statistical tests are
preferable to crossvalidation for linear as well as for nonlinear model selection.

2.10 Neural Networks as Universal Machines

The power of neural networks stems from their representation capability. On the one
hand, feedforward networks are proved to offer the capability of universal function
approximation. On the other hand, recurrent networks using the sigmoidal activa-
tion function are Turing equivalent [128] and simulates a universal Turing machine;
Thus, recurrent networks can compute whatever function any digital computer can
compute.

2.10.1 Boolean Function Approximation

Feedforward networks with binary neurons can be used to represent logic or Boolean
functions. In binary neural networks, the input and output values for each neuron are
Boolean variables, denoted by binary (0 or 1) or bipolar (−1 or +1) representation.
For J1 independent Boolean variables, there are 2J1 combinations of these variables.
This leads to a total of 22

J1 different Boolean functions of J1 variables. An LTG can
discriminate between two classes.

The function counting theorem [44, 65] gives the number of linearly separable
dichotomies of m points in general position inRn . It essentially estimates the sepa-
rating capability of an LTG.
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Theorem 2.2 (Function counting theorem) The number of linearly separable
dichotomies of m points in general position in Rn is

C(m, n) =
{
2

∑n
i=0

(m−1
i

)
, m > n + 1

2m, m ≤ n + 1
. (2.38)

A set of m points in Rn is said to be in general position if every subset of m or
fewer points is linearly independent.

The total number of possible dichotomies ofm points is 2m . Under the assumption
of 2m equiprobable dichotomies, the probability of a single LTG with n inputs to
separate m points in general position is given by

P(m, n) = C(m, n)

2m
=

{
2
2m

∑n
i=0

(m−1
i

)
, m > n + 1

1, m ≤ n + 1
. (2.39)

The fraction P(m, n) is the probability of linear dichotomy. Thus, if m
n+1 ≤ 1, P = 1;

if 1 < m
n+1 < 2 and n → ∞, P → 1. At m

n+1 = 2, P = 1
2 . Usually, m = 2(n + 1)

is used to characterize the statistical capability of a single LTG. Equation (2.39) is
plotted in Fig. 2.8.

A three-layer (J1-2J1 -1) feedforward LTG network can represent any Boolean
function with J1 arguments [45, 93]. To realize an arbitrary function f : R J1 →
{0, 1} defined on N arbitrary points in R J1 , the lower bound for the number of hidden

nodes is derived as O

(
N

J1 log2
N
J1

)
for N ≥ 3J1 and J1 → ∞ [16, 65]; for N points

in general position, the lower bound is N
2J1

when J1 → ∞ [65]. Networks with two
or more hidden layers are found to be potentially more size efficient than networks
with a single hidden layer [65].

Fig. 2.8 The probability of
linear dichotomy of m points
in n dimensions

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

m/(n+1)

P
(m

,n
)

n=1
6

36
∞



2.10 Neural Networks as Universal Machines 47

Binary Radial Basis Function
For three-layer feedforward networks, if the activation function of the hidden neurons
is selected as the binary RBF or generalized binary RBF and the output neurons are
selected as LTGs, one obtains binary or generalized binary RBF networks. Binary or
generalized binary RBF network can be used for the mapping of Boolean functions.

The parameters of the generalized binary RBF neuron are the center c ∈ Rn and
the radius r ≥ 0. The activation function φ : Rn → {0, 1} is defined by

φ(x) =
{
1, ‖x − c‖A ≤ r
0, otherwise

, (2.40)

whereA is any real, symmetric and positive-definite matrix, and ‖·‖A is the weighted
Euclidean norm. When A is the identity matrix I, the neuron becomes a binary RBF
neuron.

Every Boolean function computed by the LTG can also be computed by any gener-
alized binary RBF neuron, and generalized binary RBF neurons are more powerful
than LTGs [58]. As an immediate consequence, in any neural network, any LTG
that receives only binary inputs can be replaced by a generalized binary RBF neuron
having any norm, without any loss of the computational power of the neural network.

Given a J1-J2-1 feedforward network, whose output neuron is an LTG; we denote
the network asN1,N2, andN3, when the J2 hidden neurons are respectively selected
as LTGs, binary RBF neurons, and generalized binary RBF neurons. The VC dimen-
sions of the three networks have the relation [58]

dimBVC (N1) = dimBVC (N2) ≤ dimBVC (N3) . (2.41)

When J1 ≥ 3 and J2 ≤ 2J1+1

J 2
1 +J1+2

, the lower bound for the three neural networks is

given as [13, 58]
dimBVC (N1) = J1 J2 + 1. (2.42)

2.10.2 Linear Separability and Nonlinear Separability

Definition 2.2 (Linearly separable) Assume that there is a set X of N patterns
xi of J1 dimensions, each belonging to one of two classes C1 and C2. If there is a
hyperplane that separates all the samples of C1 from C2, then such a classification
problem is said to be linearly separable.

A single LTG can realize linearly separable dichotomy function, characterized by
a linear separating surface (hyperplane)

wT x + w0 = 0, (2.43)
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where w is a J1-dimensional vector and w0 is a bias toward the origin. For a pattern,
if wT x + w0 > 0, it belongs to C1; if wT x + w0 < 0, it belongs to C2.
Definition 2.3 (ϕ separable)Adichotomy {C1, C2} of setX is said to beϕ-separable
if there exists a mapping ϕ : R J1 → R J2 that satisfies a separating surface [44]

wT ϕ(x) = 0 (2.44)

such that wT ϕ(x) > 0 if x ∈ C1 and wT ϕ(x) < 0 if x ∈ C2. Here w is a J2-
dimensional vector.

A linearly inseparable dichotomy can become nonlinearly separable. As shown
in Fig. 2.9, the two linearly inseparable dichotomies become ϕ-separable.

The nonlinearly separable problem can be realized by using a polynomial thresh-
old gate, which changes the linear term in the LTG into high-order polynomials. The
function counting theorem is applicable to polynomial threshold gates; and it still
holds true if the set of m points is in general position in ϕ-space, that is, the set of m
points is in ϕ-general position.

Example 2.5 Some examples of linearly separable classes and linearly inseparable
classes in two-dimensional space are illustrated in Fig. 2.9. (a) Two linearly separable
classes with x1 − x2 = 0 as the delimiter. (b) and (c) are linearly inseparable classes,
where (b) is the exclusive-or problem.Note that the linearly inseparable classification
problems in cases (b) and (c) become nonlinearly separable, when the separating
surfaces are ellipses.

Higher-order neurons (or�-� units) are simple but powerful extensions of linear
neuron models. They introduce the concept of nonlinearity by incorporating mono-
mials, that is, products of input variables, as a hidden layer. Higher-order neurons
with k monomials in n variables are shown to have VC dimension at least nk + 1
[123].
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Fig. 2.9 a Linearly separable, b linearly inseparable, and c nonlinearly separable classification in
two-dimensional space. Dots and circles denote patterns of different classes
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2.10.3 Continuous Function Approximation

A three-layer feedforward network with a sufficient number of hidden units can
approximate any continuous function to any degree of accuracy. This is guaranteed
by Kolmogorov’s theorem [71, 81].

Theorem 2.3 (Kolmogorov) Any continuous real-valued function f (x1, . . . , xn)

defined on [0, 1]n, n ≥ 2, can be represented in the form

f (x1, . . . , xn) =
2n+1∑

j=1

h j

(
n∑

i=1

ψi j (xi )

)
, (2.45)

where h j and ψi j are continuous functions of one variable, and ψi j are monotonically
increasing functions independent of f .

Kolmogorov’s theorem is the famous solution to Hilbert’s 13th problem. Accord-
ing to Kolmogorov’s theorem, a continuous multivariate function on a compact set
can be expressed using superpositions and compositions of a finite number of single-
variable functions. Based on Kolmogorov’s theorem, Hecht-Nielsen provided a the-
orem that is directly related to neural networks [71].

Theorem 2.4 (Hecht-Nielsen) Any continuous real-valued mapping f : [0, 1]n →
Rm can be approximated to any degree of accuracy by a feedforward network with
n input nodes, 2n + 1 hidden units, and m output units.

TheWeierstrass theoremasserts that any continuous real-valuedmultivariate func-
tion can be approximated to any accuracy using a polynomial. The Stone–Weierstrass
theorem [118] is a generalization of the Weierstrass theorem, and is usually used for
verifying a model’s approximation capability to dynamic systems.

Theorem 2.5 (Stone–Weierstrass) Let F be a set of real continuous functions on
a compact domain U of n dimensions. Let F satisfy the following criteria

1. Algebraic closure: F is closed under addition, multiplication, and scalar multi-
plication. That is, for any two f1, f2 ∈ F , we have f1 f2 ∈ F and a1 f1+a2 f2 ∈
F , where a1 and a2 are any real numbers.

2. Separability on U: for any two different points x1, x2 ∈ U , x1 �= x2, there exists
f ∈ F such that f (x1) �= f (x2);

3. Not constantly zero onU: for each x ∈ U , there exists f ∈ F such that f (x) �= 0.

Then F is a dense subset of C(U), the set of all continuous real-valued functions on
U . In other words, for any ε > 0 and any function g ∈ C(U), there exists f ∈ F
such that |g(x) − f (x)| < ε for any x ∈ U .

To date, numerous attempts have beenmade in searching for suitable forms of acti-
vation functions and proving the corresponding network’s universal approximation
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capabilities. Universal approximation to a given nonlinear functional under certain
conditions can be realized by using the classical Volterra series or the Wiener series.

2.10.4 Winner-Takes-All

The winner-takes-all (WTA) competition is widely observed in both inanimate and
biological media and society. Theoretical analysis [88] shows thatWTA is a powerful
computational module in comparison with threshold gates and sigmoidal gates (i.e.,
McCulloch–Pitts neurons). An optimal quadratic lower bound is given in [88] for
computing WTA in any feedforward circuit consisting of threshold gates. Arbitrary
continuous functions can be approximated by circuits employing a single soft WTA
gate as their only nonlinear operation [88].

Theorem 2.6 (Maass, 1 [88]) Assume that WTA with n ≥ 3 inputs is computed by
some arbitrary feedforward circuit C consisting of threshold gates with arbitrary
weights. Then C consists of at least

(n
2

) + n threshold gates.

Theorem 2.7 (Maass, 2 [88]) Any two-layer feedforward circuit C (with m analog
or binary input variables and one binary output variable) consisting of threshold
gates can be simulated by a circuit consisting of a single k-winner-take-all gate
(k-WTA) applied to n weighted sums of the input variables with positive weights,
except for some set S ⊆ Rm of inputs that has measure 0.

Any boolean function f : {0, 1}m → {0, 1} can be computed by a single k-WTA
gate applied to weighted sums of the input bits. If C has polynomial size and integer
weights and the size is bounded by a polynomial in m, then n can be bounded by a
polynomial in m, and all weights in the simulating circuit are natural numbers and
the circuit size is bounded by a polynomial in m.

For real valued input (x1, . . . , xn), a soft-WTA has its output (r1, . . . , rn), analog
numbers ri reflecting the relative position of xi within the ordering of xi . Soft-WTA is
plausible as computational function of cortical circuits with lateral inhibition. Single
gates from a fairly large class of soft-WTA gates can serve as the only nonlinearity
in universal approximators for arbitrary continuous functions.

Theorem 2.8 (Maass, 3 [88]) Assume that h : D → [0, 1] is an arbitrary continu-
ous function with a bounded and closed domain D ⊆ Rm. Then for any ε > 0 and for
any function g satisfying above conditions there exist natural numbers k, n, biases
α

j
0 ∈ R, and coefficients α

j
i ≥ 0 for i = 1, . . . , m, j = 1, . . . , n, so that the circuit

consisting of the soft-WTA gate soft-WTAg
n,k applied to the n sums

∑m
i=1 α

j
i zi + α

j
0

for j = 1, . . . , n computes a function f : D → [0, 1] so that | f (z) − h(z)| < ε
for all z ∈ D. Thus, circuits consisting of a single soft-WTA gate applied to positive
weighted sums of the input variables are universal approximators for continuous
functions.
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2.11 Compressed Sensing and Sparse Approximation

A rational behind sparce coding is the sparse connectivity between neurons in human
brain. In the sparse coding model for the primary visual cortex, a small subset of
learned dictionary elements will encode most natural images, and only a small subset
of the cortical neurons need to be active for representing the high-dimensional visual
inputs [99]. In a sparse representation a small number of coefficients contain a large
portionof the energy. Sparse representations of signals are of fundamental importance
in fields such as blind source separation, compression, sampling, and signal analysis.

Compressed sensing, or compressed sampling, integrates the signal acquisition
and compression steps into a single process. It is an alternative to Shannon/Nyquist
sampling for the acquisition of sparse or compressible signals that can bewell approx-
imated by just K � N elements from an N -dimensional basis [28, 48]. Compressed
sensing allows perfect recovery of sparse signals (or signals sparse in some basis)
using only a small number of random measurements. In practice, signals tend to
be compressible, rather than sparse. Compressible signals are well approximated by
sparse signals.

Modeling a target signal as a sparse linear combination of atoms (elementary
signals) drawn from a dictionary (a fixed collection), known as sparse coding, has
become a popular paradigm in many fields, including signal processing, statistics,
and machine learning. Many signals like audio, images, and video can be efficiently
represented by sparse coding. Sparse coding is also a type of matrix factorization
technique. The goal of sparse coding is to learn an over-complete basis set that
represents each data point as a sparse combination of the basis vectors.

2.11.1 Compressed Sensing

Compressed sensing relies on two fundamental properties: Compressibility of the
data and acquiring incoherent measurements. A signal x is said to be compressible if
there exists a dictionary� such thatα = �T x are sparsely distributed. In compressed
sensing, a signal x ∈ CN is acquired by collecting data of linear measurements

y = Ax + n, (2.46)

where the random matrix A is an M × N “sampling” or measurement matrix, with
the number of measurements M in y ∈ CM smaller than the number of samples N
in x: M < N , and n is a noise term. It focuses on underdetermined problems where
the forward operator A ∈ CM×N has unit-norm columns and forms an incomplete
basis with M � N .

In compressed sensing, random distributions for generating A have to satisfy the
so-called restricted isometry property (RIP) in order to preserve the information in
sparse and compressible signals, and ensure a stable recovery of both sparse and
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compressible signals x [28]. A large class of random matrices have the RIP with
high probability.

Definition 2.4 (K -restricted isometry property (K -RIP), [28])The M×N matrixA
is said to satisfy the K -restricted isometry property (K -RIP) if there exists a constant
δ ∈ (0, 1) such that

(1 − δ)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δ)‖x‖22 (2.47)

holds for any K -sparce vector x of length N . A vector x is said to be K -sparse when
‖x‖0 ≤ K , where ‖·‖0 : RN → R is L0-norm, which returns the number of nonzero
elements in its argument, i.e., when x has at most K nonzero entries. The minimum
of all constants δ ∈ (0, 1) that satisfy (2.47) is referred to as the restricted isometry
constant δK .

In other words, K -RIP ensures that all submatrices of A of size M × K are close
to an isometry, and therefore distance (and information) preserving. The goal is to
push M as close as possible to K in order to perform as much signal compression
during acquisition as possible. RIP measures the orthogonality of column vectors of
a dictionary.

Compressed sensing can achieve stable recovery of compressible, noisy signals
through the solution of the computationally tractable L1 regularized inverse problem

min
x

‖x‖1 subject to ‖Ax − y‖22 ≤ ε2. (2.48)

LP is the reconstruction method that achieves the best sparsity-undersampling
tradeoff, but having a high computational cost for large-scale applications. LASSO
[138] and approximate message-passing [50] are well-known low-complexity recon-
struction procedures.

The popular least absolute selection and shrinkage operator (LASSO) minimizes
a weighted sum of the residual norm and a regularization term ‖x‖1. LASSO has
the ability to reconstruct sparse solutions when sampling occurs far below the
Nyquist rate, and also to recover the sparsity pattern exactly with probability one,
asymptotically as the number of observations increases. The approximate message-
passing algorithm [50] is an iterative-thresholding algorithm, leading to the sparsity-
undersampling tradeoff equivalent to that of the corresponding LP procedure while
running dramatically faster.

Standard compressed sensing dictates that robust signal recovery is possible from
O(K log(N/K ))measurements. Amodel-based compressed sensing theory [9] pro-
vides concrete guidelines on how to create model-based recovery algorithms with
provable performance guarantees. Wavelet trees and block sparsity are integrated
into two compressed sensing recovery algorithms (Matlab toolbox, http://dsp.rice.
edu/software) and they are proved to offer robust recovery from just O(K )measure-
ments [9].

http://dsp.rice.edu/software
http://dsp.rice.edu/software
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2.11.2 Sparse Approximation

With a formulation similar to that of compressed sensing, sparse approximation has a
different objective.Assume that a target signal y ∈ RM can be represented exactly (or
at least approximated with sufficient accuracy) by a linear combination of exemplars
in the overcomplete dictionary A = (a1, a2, . . . , aN ):

y = Ax, (2.49)

where A is a real M × N matrix with N � M whose columns have unit Euclidean
norm: ‖a j‖2 = 1, j = 1, 2, . . . , N , and x ∈ RN . In fact, since the dictionary is
overcomplete, any vector can be represented as a linear combination of vectors from
the dictionary.

Sparsity has emerged as a fundamental type of regularization. Sparse approxima-
tion [36] seeks an approximate solution to (2.49) while requiring that the number
K of nonzero entries of x is only a few relative to its dimension N . Compressive
sensing is a specific type of sparse approximation problem.

Although the system of linear equations in (2.49) has no unique solution, if x is
sufficiently sparse, x can be uniquely determined by solving [48]

x = arg minx̃∈RN ‖x̃‖0 subject to y = Ax̃. (2.50)

The combinatorial problem (2.50) is NP-hard [96].
With weak conditions on A, the solution of the L0-norm minimization given by

(2.50) is equal to the solution of an L1-norm minimization [49]

x = arg minx̃∈RN ‖x̃‖1 subject to y = Ax̃. (2.51)

This convex minimization problem is the same as that given by (2.48). This indicates
that the problems of recovering sparse signals from compressed measurements and
constructing sparce approximation are the same in nature.

L1 regularization gives rise to convex optimization and are thus widely used
for generating results with sparse loadings, whereas L0 regularization does not and
furthermore yields NP-hard problems. However, sparsity is better achieved with L0
penalties based on prediction and false discovery rate arguments [85]. The relation
between L1 and L0 has been studied in the compressed sensing literature [48]. Under
the RIP condition the L1 and L0 solutions are equal [49]. However, L1 regularization
may cause biased estimation for large coefficients since it over-penalizes true large
coefficients [157].

As an extension of sparce approximation, the recovery of a data matrix from a
sampling of its entries is considered in [29]. It is proved that a matrix X ∈ Rm×n

of rank r , r ≤ min(m, n), can be perfectly recovered from a number k of entries
selected uniformly at random from the matrix with very high probability if k obeys
a certain condition [29]. The matrix completion problem is formulated as finding
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the matrix with minimum nuclear norm that fits the data. This can be solved using
iterative singular-value thresholding [27].

2.11.3 LASSO and Greedy Pursuit

The convex minimization problem given by (2.51) or (2.48) can be cast as an LS
problem with L1 penalty, also referred to as LASSO [138]

x = arg minx̃∈RN {‖Ax̃ − y‖22 + λ‖x̃‖1} (2.52)

with regularization parameter λ. Public domain software packages exist to solve
problem (2.52) efficiently.

LASSO is probably the most popular supervised-learning technique that has been
proposed to recover sparse signals from high-dimensional measurements. LASSO
shrinks certain regression coefficients to zero, giving interpretable models that are
sparse. It minimizes the sum of squared errors, given a fixed bound on the sum
of absolute value of the regression coefficients. LASSO and many L1-regularized
regression methods typically need to set a regularization parameter.

LASSO solves a robust optimization problem. The sparsity and consistency of
LASSO are shown based on its robustness interpretation [152]. Furthermore, the
robust optimization formulation is shown to be related to kernel density estimation.
A no-free-lunch theorem is proved in [152] which states that sparsity and algorithmic
stability contradict each other, and hence LASSO is not stable. An asymptotic analy-
sis shows that the asymptotic variances of some of the robust versions of LASSO
estimators are stabilized in the presence of large variance noise, compared with the
unbounded asymptotic variance of the ordinary LASSO estimator [37].

TheLS ridge regressionmodel estimates linear regression coefficients,with the L2
ridge regularization on coefficients. To better identify important features in the data,
LASSO uses the L1 penalty instead of using the L2 ridge regularization. LASSO,
or L1 regularized LS, has been explored extensively for its remarkable sparsity
properties. For sparse, high-dimensional regression problems, marginal regression,
where each dependent variable is regressed separately on each covariate, computes
the estimates roughly two orders of magnitude faster than the LASSO solutions [60].

A greedy algorithm is usually used for solving the convex minimization problem
given by (2.51) or (2.48). Basis pursuit [36] is a greedy sparse approximation tech-
nique for decomposing a signal into a superposition of dictionary elements (basis
functions), which has the smallest L1 norm of coefficients among all such decom-
positions. It is implemented as pdco and SolveBP in the SparseLab toolbox (http://
sparselab.stanford.edu). A similar method [53] is implemented as SolveLasso in the
SparseLab toolbox.

Orthogonal matching pursuit (OMP) [101] is the simplest effective greedy algo-
rithm for sparse approximation. At each iteration, a column of A that is maximally
correlated with the residual is chosen, the index of this column is added to the list,

http://sparselab.stanford.edu
http://sparselab.stanford.edu


2.11 Compressed Sensing and Sparse Approximation 55

and then the vestige of columns in the list is eliminated from the measurements,
generating a new residual for the next iteration. OMP adds one new element of the
dictionary and makes one orthogonal projection at each iteration. Generalized OMP
[148] generalizes OMP by identifying multiple indices per iteration. Similarly, the
orthogonal super greedy algorithm [86] adds multiple new elements of the dictionary
and makes one orthogonal projection at each iteration. The performance of orthog-
onal multimatching pursuit, a counterpart of the orthogonal super greedy algorithm
in the compressed sensing setting, is analyzed in [86] under RIP conditions.

In order to solve the sparse approximation problem, a single sufficient condition
is developed in [140] under which both OMP and basis pursuit can recover an exactly
sparse signal. For every input signal, OMP can calculate a sparse approximant whose
error is only a small factor worse than the optimal error which can be attained with
the same number of terms [140]. OMP can reliably recover a signal with K nonzero
entries in dimension N given O(K ln N ) random linear measurements of that signal
[141].

A sparse LMS algorithm [38] takes advantage of the sparsity of the underlying
signal for system identification. This is done by incorporating two sparsity constraints
into the quadratic cost function of the LMS algorithm. A recursive L1-regularized
LS algorithm is developed in [7] for the estimation of a sparse tap-weight vector in
the adaptive filtering setting. It exploits noisy observations of the tap-weight vector
output stream and produces its estimate using an EM-type algorithm. Recursive L1-
regularized LS converges to a near-optimal estimate in a stationary environment. It
has significant improvement over the RLS algorithm in terms ofMSE, but with lower
computational requirements.

2.12 Bibliographical Notes

Some good books on machine and statistical learning are Duda et al. [51], Bishop
[22], Bishop [24], Ripley [111], Cherkassky and Mulier [40], Vapnik [147], and
Hastie et al. [68].
Functional data analysis
Functional data analysis is an extension of the traditional data analysis to functional
data [107]. Functional data analysis characterizes a series of data points as a single
piece of data. Examples of functional data are spectra, temporal series, and spa-
tiotemporal images. Functional data are usually represented by regular or irregular
sampling as lists of input-output pairs. Functional data analysis is closely related
with the multivariate statistics and regularization. Many statistical methods, such as
PCA, multivariate linear modeling and CCA, can be applied within this framework.
Conventional neural network models have been extended to functional data inputs,
such as the RBF network [115], the MLP [116], SVMs [117], and k-NN method
[21].



56 2 Fundamentals of Machine Learning

Parametric, semiparametric and nonparametric classification
Pattern classification techniques with numerical inputs can be generally classified
into parametric, semiparametric, and nonparametric groups. The parametric and
semiparametric classifiers need certain amount of a priori information about the
structure of the data in the training set. Parametric techniques assume that the form
of the pdf is known in advance except for a vector of parameters, which has to be
estimated from the sample of realizations. In this case, smaller sample size can yield
good performance if the form of the pdf is properly selected. When some insights
about the form of the pdf are available, parametric techniques offer the most valid
and efficient approach to density estimation. Semiparametric techniques consider
models having a number of parameters not growing with the sample size, though
greater than that involved in parametric techniques.

Nonparametric techniques aim to retrieve the behavior of the pdfwithout imposing
any a priori assumption on it; therefore, they require a sample size significantly higher
than the dimension of the domain of the randomvariable. Density estimationmethods
using neural networks or SVMs fall into the category of nonparametric techniques.
The Parzen’s windows approach [100] is a nonparametric method for estimating the
pdf of a finite set of patterns; it has a very high computational cost due to the very
large number of kernels required for its representation. A decision tree such as C5.0
(http://www.rulequest.com/see5-info.html) is an efficient nonparametric method. A
decision tree is a hierarchical data structure implementing the divide-and-conquer
strategy. It is a supervised learning method, and can be used for both classification
and regression.
Complexity of circuits
Complexity theory of circuits strongly suggests that deep architectures can be much
more efficient than their shallow counterparts, in terms of computational elements
and parameters required to represent some functions. Theoretical results on circuit
complexity theory have shown that shallow digital circuits can be exponentially less
efficient than deeper ones [66]. An equivalent result has been proved for architectures
whose computational elements are linear threshold units [67]. Any Boolean function
can be represented by a two-layer circuit of logic gates. However, most Boolean
functions require an exponential number of logic gates (with respect to the input
size) to be represented by a two-layer circuit. For example, the parity function,
which can be efficiently represented by a circuit of depth O(log n) (for n input bits)
needs O(2n) gates to be represented by a depth two circuit [155].
Categorical data
Categorical data can generally be classified into ordinal data and nominal data. Ordi-
nal and nominal data both have a set of possible states, and the value of a variable
will be in one of those possible states. The difference between them is that the states
in ordinal data are ordered but are unordered in nominal data. A nominal variable
can only have two matching results, either match or does not match. For instance,
hair color is a nominal variable that may have four states: black, blond, red, and
brown. Service quality assessment is an ordinal variable that may have five states:
very good, good, medium, poor, very poor.

http://www.rulequest.com/see5-info.html
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Ordinal regression is generally defined as the task where some input sample
vectors are ranked on an ordinal scale. Ordinal regression is commonly formulated
as a multiclass problem with ordinal constraints. The aim is to predict variables of
ordinal scale. In contrast to traditional metric regression problems, these ranks are of
finite types and themetric distances between the ranks are not defined. The naive idea
is to transform the ordinal scales into numerical values and then solve the problem
as a standard regression problem.
Occam’s razor
A widely accepted interpretation of Occam’s razor is: “Given two classifiers with
the same training error, the simpler classifier is more likely to generalize better.”
Domingos [47] rejects this interpretation and proposes that model complexity is
only a confounding factor usually correlated with the number of models from which
the learner selects. It is thus hypothesized that the risk of overfitting (poor general-
ization) follows only from the number of model tests rather than the complexity of
the selected model. The confusion between the two factors arises from the fact that
a learning algorithm usually conducts a greater amount of testing to fit a more com-
plexmodel. Experiements results on real-life datasets confirmDomingos’ hypothesis
[156]. In particular, the experiments test the following assertions. (i) Models selected
from a larger set of tested candidate models overfit more than those selected from a
smaller set (assuming constant model complexity). (ii) More complex models overfit
more than simpler models (assuming a constant number of candidate models tested).
According to Domingos’ hypothesis, the first assertion should be true and the second
should be false.
Learning from imbalanced data
Learning from imbalanced data is a challenging problem. It is the problem of learning
a classification rule from data that are skewed in favor of one class. Many real-world
datasets are imbalanced and the majority class has much more training patterns than
the minority class. The resultant hyperplane will be shifted towards the majority
class. However, the minority class is often the most interesting one for the task.

For the imbalanced datasets, a classifier may fail. The remedies can be divided
into two categories. The first category processes the data before feeding them into
the classifier, such as the oversampling and undersampling techniques, combining
oversampling with undersampling, and synthetic minority oversampling technique
(SMOTE) [34]. The oversampling technique duplicates the positive data by interpo-
lation while undersampling technique removes the redundant negative data to reduce
the imbalanced ratio. They are classifier-independent approaches. The second cate-
gory belongs to the algorithm-based approach such as different error cost algorithms
[84], and class-boundary-alignment algorithm [151]. The different cost algorithms
suggest that by assigning heavier penalty to the smaller class, the skew of the optimal
separating hyperplane can be corrected.
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Problems

2.1 A distance measure, or metric, between two points, must satisfy three conditions:

• Positivity: d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y;
• Symmetry: d(x, y) = d( y, x);
• Triangle inequality: d(x, y) + d( y, z) ≥ d(x, z).

(a) Show that the Euclidean distance, the city block distance, and the maximum
value distance are metrics.

(b) Show that the squared Euclidean distance is not a metric.
(c) How about the Hamming distance?

2.2 Is it possible to use a single neuron to approximate the function f (x) = x2?
2.3 Are the following set of points linearly separable?
Class 1: (0,0,0,0), (1,0,0,1), (0,1,0,1); class 2: (1,1,1,1), (1,1,0,0), (1,0,1,0).
2.4 For a K -class problem, the target tk , k = 1, . . . , K , is a vector of all zeros but
for a one in the kth position, show that classifying a pattern to the largest element of
ŷ, if ŷ is normalized, is equivalent to choosing the closest target, mink ‖tk − ŷ‖.
2.5 Given a set of N samples (xk, tk), k = 1, . . . , N , derive the optimal least squares
parameter ŵ for the total training loss

E =
N∑

n=1

(tn − wT xn)2.

Compare the expression with that derived from the average loss.
2.6Assume thatwe have a class of functions { f (x,α)} indexed by a parameter vector
α, with x ∈ R p, f being an indicator function, taking value 0 or 1. If α = (α0,α1)

and f is the linear indicator function I (α0 + α1x > 0), then the complexity of the
class f is the number of parameters p + 1.

The indicator function I (sin(αx) > 0) can shatter (separate) an arbitrarily large
number of points by choosing an appropriately high frequency α. Show that the set
of functions {I (sin(αx) > 0)} can shatter the following points on the line: x1 =
2−1, . . . , xM = 2−M , ∀M . Hence the VC dimension of the class {I (sin(αx) > 0)}
is infinite.
2.7 For an input vector x with p components and a target y, the projection pursuit
regression model has the form

f (x) =
M∑

m=1

gm(wT
m x),

where wm , m = 1, 2, . . . , M , are unit p-vectors of unknown parameters. The func-
tions gm are estimated along with the direction wm using some flexible smoothing
method. Neural networks are just nonlinear statistical models. Show how neural
networks resemble the projection pursuit regression model.
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2.8 The XOR operation is a linearly inseparable problem. Show that a quadratic
threshold gate

y =
{
1, if g(x) = ∑n

i=1 wi xi + ∑n
i=1

∑n
j=1 wi j xi x j ≥ T

0, otherwise

can be used to separate them. Give an example for g(x), and plot the separating
surface.
2.9 Plot four points that are in general position. Show how they are separated by
separating lines.
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