Chapter 2
Representation of Texture

2.1 Introduction

As has been stated already, texture of a rolled sheet material is commonly represented
as {hkl} (uvw), which means that most of the grains in the sheet material are such
that their {hkl} planes are nearly parallel to the rolling plane and the (uvw) direc-
tions of the grains are nearly parallel to the rolling direction. In practice, however, it
may so happen that in a rolled sheet, a number of grains have their {Aki/;} planes
parallel to the rolling plane and their (ujviw;) directions parallel to the rolling direc-
tion; another few grains may have their {/>k>lr} planes parallel to the rolling plane
and their (uavowy) directions parallel to the rolling direction and so on. In that case,
we say that the texture of the sheet material has a few components represented by
{hikili} (uviwi), {hokalp} (upvows)..., and so on. Such a complex texture can be
represented as follows:

Overall texture = Y " w; - {hkl}; - (uvw); 2.1

Here, w; is a weighting factor that is introduced to allow for the relative intensities
or strengths of the different components. Broadly speaking, there are two ways of
representing texture: the pole figure method and the orientation distribution function
(ODF) method.

2.2 Pole Figure Method

A pole figure is a two-dimensional stereographic projection in which the positions
and intensities of specific crystallographic orientations are plotted in relation to the
specimen geometry.

We shall first discuss the salient features of a stereographic projection, which is
essential to understand a pole figure. A stereographic projection is a two-dimensional
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projection of a three-dimensional crystal (or unit cell) such that the angular relation-
ships between different planes, different directions and between planes, and directions
in the crystal (or unit cell) can be easily read out from the projection. Thus, a stereo-
graphic projection is an “angle-true” projection in just the same way as a geographic
atlas is a two-dimensional “‘area-true” projection of the three-dimensional globe. The
procedure for drawing a stereographic projection for a cubic crystal (or unit cell) is
outlined below.

2.2.1 Stereographic Projection

Let us consider a very small unit cell, so small that it can be taken as a point.
Construct a big sphere, called the reference sphere, around the point unit cell taken
as the center. Next, we draw perpendiculars to the six cube faces of the unit cell
and extend these till they cut the reference sphere. These points of intersection of
the plane normals with the reference sphere are known as the poles of the respec-
tive cube planes, (100), (100), (010), (010), (001) and (001). These poles have
all been marked in Fig. 2.1a.

We then place a source of light, say at the 001 pole position and then allow
the light rays passing through the poles 100, 100, 010 and 010 to fall on a piece
of paper put perpendicular to the 001-001 axis. The lower half of the reference
sphere will then be projected as a circle, known as the basic circle on the piece
of paper which is nothing but the projection plane, parallel to the (001) plane
of the unit cell. The pole 001 will be at the center of the basic circle, while the
poles 100, 100, 010 and 010 will appear on the periphery of the basic circle, as
shown in Fig. 2.1b. The basic circle, along with the poles of the different {100}-
type planes is nothing but a stereographic projection of the three-dimensional unit
cell, placed at the center of the reference sphere. Since the plane of the projection
is parallel to the (001) plane, the projection is known as the (001) stereographic
projection of the cubic unit cell. We can easily verify whether this projection is
really an “angle-true” projection or not. For example, in the projection, the angle
between the poles 100 and 010 is 90°; again, the angle between the planes (100)
and (010) in the cubic unit cell is also 90°. In this way, it can be verified by con-
sidering two planes or two directions or a plane and a direction that the stereo-
graphic projection is really an “angle-true” projection.

In the projection given in Fig. 2.1b, the poles of only the {100}-type planes of
the cubic unit cell have been plotted. Sometimes, we need to have stereographic
projections showing the poles of more than one type of plane. In general, such
projections, which contain the projected poles of many crystallographic planes, are
known as “standard projections.” Figure 2.2a shows such a standard stereographic
projection for a cubic unit cell showing the poles of {100}, {110}, and {111}
planes, with (001) as the plane of projection. In a similar manner, the poles of the
{100}, {110}, and {111} planes can also be plotted with, say (110) and (111), as
the projection planes, and the resulting stereographic projections (or stereograms)
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Fig. 2.1 Schematic representation of stereographic projection. (a) Plane normals of the cube
present at the center of the reference sphere intersect with the surface of the sphere and provide
the poles (100), (100), (010), (010), (001), and (OOi). (b) The basic circle from (a) depicting
the (001) stereographic projection

Fig. 2.2 a (001), b (110), and ¢ (111) stereograms for cubic materials
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are shown in Fig. 2.2b and c. As will be described later in this chapter, standard
stereographic projections can be very useful to identify texture in a pole figure.

Due to the symmetry of the cubic crystal structure, the stereographic projection
can be divided into 24 equivalent triangles. The three corners of each triangle are
the projected poles of {100}, {110}, and {111} (see Fig. 2.2). Figure 2.3 depicts
one such triangle in the (001) projection. Each point on this projection represents a
unit-cell orientation.

Such projections can also be drawn for the poles of as many planes as required
and with any (hkl) plane as the plane of projection. In fact, nowadays, standard
softwares are available for drawing stereographic projections for any type of crys-
tal on any (hkl) plane.

2.2.2 Pole Figure

We shall illustrate here the principle involved in drawing a pole figure, by considering
a rolled sheet of a cubic material. A rectangular piece of such a sheet material is asso-
ciated with three mutually perpendicular specimen parameters, namely the normal
direction (ND), which is perpendicular to the sheet plane, the rolling direction (RD),
and the transverse direction (TD). If we imagine that the specimen is very small,
almost like a point, and place it at the center of a big reference sphere (Fig. 2.4a),
then following the procedure adopted for drawing a stereographic projection, we can
have a projection (parallel to the sheet surface), where ND will be at the center and
RD and TD will be on the periphery of the projection, as shown in Fig. 2.4b. Again,
let us consider the three mutually perpendicular planes (100), (010), and (001) of a
rectangular specimen, as shown in Fig. 2.4c. Let the normals to these three planes
be extended to intersect the reference sphere at the three x-marked points (Fig. 2.4c).
Obviously, these three plane normals will be mutually perpendicular to one another.
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Fig. 2.4 a Projection plane and reference sphere with a rolled sheet at the center. b Projection
of the poles RD, TD, and ND on the reference plane constituting the sample reference frame of a
pole figure. ¢ The points of intersection of the normal to the plane (100), (010), and (001) of the
specimen on the reference sphere. d The three poles 100, 010, and 001, as projected on the basic
circle. e Clustering of projected poles of (100), (010), and (001) planes from the different grains
of the specimen. f Pole densities shown as contour lines

The points 100, 010, and 001 in Fig. 2.4c are nothing but the poles of the planes with
these three sets of indices. Again, we project these poles on a projection plane which
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is parallel to the surface of the specimen, as shown in Fig. 2.4d. Clearly, this diagram
is a stereographic projection showing both the specimen parameters ND-RD-TD and
the crystallographic parameters 100-010-001.

Now, let us take into account all the 100, 010, and 001 poles from the differ-
ent grains in the sheet specimen and draw the projections of those poles on the
given projection plane. If it so happens that most of the projected poles are clus-
tered together, as shown in Fig. 2.4e, it will indicate that the material is textured.
If, on the other hand, the projected poles are distributed rather uniformly, then it
will indicate that the material is textureless or random. Figure 2.4e is nothing but a
pole figure of the given sheet material. Normally, the pole densities in a pole figure
are represented not as discrete points, as shown in Fig. 2.4e, but by way of some
contour lines, as shown in Fig. 2.4f. The number against each contour line repre-
sents the density of poles relative to that which would be expected for a specimen
which is textureless or random. Whereas, contour lines greater than 1 times ran-
dom will signify a concentration of poles; contour lines less than 1 times random
will imply a depletion of poles. Figure 2.4f is a {100} pole figure of a cubic mate-
rial which shows the spatial locations of only the {100}-type planes in the mate-
rial with respect to the locations of the specimen parameters. In a similar way, the
{111}, {110}, etc. pole figures for the same material can also be determined.

In real-life situation, the number of grains in a specimen, generally, will be
rather large and, therefore, the determination of individual orientations will be
impractical. The normal practice these days is to collect orientation data from
many grains simultaneously (using X-ray or neutron diffraction) or collect the
individual grain orientation data (using electron diffraction) and combine them to
present in the form of density contours on the pole figure. The exact experimental
methods for drawing a pole figure will be described in detail in Chap. 3.

2.2.3 Interpretation of a Pole Figure

Figure 2.5a shows the pole densities of the {111} type of planes in a heavily rolled
and recrystallized sheet sample of Ni, plotted in the form of a pole figure, which
also shows the locations of the specimen parameters: RD, TD, and ND. The pole
figure clearly indicates that the material is highly textured, with high densities of
{111} poles lying clustered at distinct locations of the pole figure. Now, the ques-
tion is how to read the texture plot in terms of identifying the texture components,
as represented in this pole figure.

As mentioned earlier, standard stereographic projections can be very use-
ful to identify the texture from a pole figure. For example, in this particular case,
if we superimpose the standard (001) stereographic projection of a cubic mate-
rial (Fig. 2.5b) on this pole figure (Fig. 2.5¢), we observe that the locations of the
highest pole densities in the pole figure lie at the specific {111} positions of the
standard stereographic projection. Now, in the above pole figure, only the {111}
poles have been plotted. If it so happens that most of the grains in the specimen of


http://dx.doi.org/10.1007/978-1-4471-6314-5_3

2.2 Pole Figure Method 17

100
(b)
= 101 /
1 11
010 -e
01 b 011 e
1 111
101
100
RD
@
V4 i ) 3 ™,
/S 4 N
-’r’ \
| I'|,
, ND [TD
"-.\.\ ,-'J
\\ Vi 4
\'\\ e :

110
112 N2
0 00 101
001 12 112 sl
_ 1" 010 A1
112 112
10

Fig. 2.5 a {111} pole figure for a rolled sheet. b (001) stereographic projection, and ¢ pole fig-
ure and stereographic projection in a and b are superimposed with each other, which shows that
(001) is the rolling plane and [010] is the rolling direction. d {110} pole figure for a rolled sheet.
e (110) standard stereographic projection, and f pole figure and stereographic projection in d and
e are superimposed on each other
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Ni are such that their {111} planes lie parallel to the sheet plane, in that case, all
the plane normals would be pointing toward ND and, therefore, the highest pole
densities would have been obtained in and around ND, i.e., at the central region
of the pole figure. The very fact that the highest pole densities lie shifted from the
central region indicates that it is not {111}, but some other {hkl} planes of most of
the grains which must be lying parallel to the sheet plane (the rolling plane).

When we superimpose the standard (001) stereographic projection on {111}
pole figure of Ni, it implies that the projection plane for the stereogram [which is
(001)] is the same as the projection plane of the pole figure, which is nothing but
the sheet plane. And under this condition, the high-pole density locations in the
pole figure correspond unambiguously to the {111} locations of the standard (001)
stereographic projection. It means that we can account for the high-pole density
regions of the pole figure only if the sheet plane is (001). Under these conditions,
the RD of the pole figure lies exactly at the [100] location of the standard stereo-
gram. Hence, the texture of Ni, as represented in the pole figure, can be described
as (001) [100]. This is a very simple case of indexing a pole figure. There could be
situations where the {111} pole densities in the given pole figure may not coin-
cide with the {111} locations in the standard stereogram. Or, let us say, the {110}
pole densities in a given pole figure may not, at the first instance, coincide with
the {110} locations of a standard stereogram. In that case, pole figure needs to be
rotated around ND relatively to the relevant stereogram to make the poles coin-
cide. Such a situation is depicted in Fig. 2.5d—f. In this particular case, the texture
can be easily read as (110) [001]. This example clearly conveys that any suitable
standard stereogram can be used to index the texture components.

It is to be mentioned here that identification of the texture components for
hexagonal materials by the above method has some limitations. The pole figures
basically describe the crystallographic directions (plane normals). In the hexago-
nal system, the Miller-Bravais indices for many planes are not the same as their
normals; hence, the indexing of texture components {hkil} (uviw) becomes com-
plicated. In such cases, a double stereogram needs to be used (Fig. 2.6) which con-
tains the projections of both plane normals and rational directions.

2.2.4 Pole Figures Showing Ideal Orientations

For the interpretation of pole figures, it is necessary to have the locations of some
important ideal orientations in pole figure form. Figure 2.7a presents a series of
(200) pole figures, showing the ideal positions of a few important texture com-
ponents that are encountered in FCC and BCC materials [3]. The B {110} (112),
C {112} (111), and S {123} (634) components, shown in Fig. 2.7a, are nor-
mally found in the deformation texture of FCC materials. Recrystallized FCC
materials show a predominantly cube {100} (001) component. The compo-
nents {332} (113) and {113} (110), shown in Fig. 2.7b, are the major transfor-
mation texture components of BCC steel (ferrite), which are obtained from the
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Fig. 2.7 Standard (200) pole figures showing ideal texture components (a) deformation and
recrystallization components of a FCC material and (b and ¢) major texture components in a
transformed BCC material from FCC material plus some important components of the rolling
and recrystallization texture of ferrite. After [3]

deformation texture components of parent austenite phase. Similarly, the compo-
nent {100} (011) is obtained from the cube {100} (001) component of recrystal-
lized austenite upon transformation to ferrite. Again, the components {111} (112),
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Fig. 2.8 (001) Pole figure showing (110) fiber along. a ND, b RD, and ¢ TD

{554} (225), {111} (110), and {112} (110) presented in Fig. 2.7c are some of the
important texture components in cold-rolled and recrystallized BCC low-carbon
steels (ferrite).

We can as well plot important ideal orientations in terms of {111}-, {110}-type
pole figures, etc. It is quite apparent that plots of such ideal texture components
will be very much useful in identifying the texture component(s) present in experi-
mental pole figures.

2.2.5 Pole Figures Showing Fiber Texture

So far, in a pole figure, we have shown textures in terms of one or more com-
ponents, centered around ideal orientations. Such components are also known
as peak-type components. Very often, as in the wire-drawing operation, textures
are produced by axially symmetric deformation. Such textures usually exhibit
rotational symmetry, and as such, these can be described by specifying the crys-
tallographic direction (uvw), which is parallel or nearly parallel to the axis of
deformation. Such textures are called fiber textures, and the axis is called the fiber
axis. The components belonging to a fiber texture can be obtained by rotation
about the fiber axis, and such type of texture can be represented in the pole figure
by continuous bands of orientations, as shown in Fig. 2.8.

In Fig. 2.8, (110) fiber textures have been shown by bands of orientations in a
(001) pole figure. If the bands are populated uniformly by orientations, then it is
a perfect fiber. When these are populated only partially, the result is a partial fiber
texture.

Sometimes, fiber textures are observed in materials that may not have been
deformed by processes that are axially symmetric. In fact, such a situation some-
times occurs in rolled as well as rolled and annealed sheet materials, where the
texture may often be best described in terms of not one but several fibers.

It must be stated here that the textures formed in actual materials may be far
more complex to be described in terms of perfect peak-type components or perfect
fibers or both. In fact, multicomponent textures are very common in practice.
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Fig. 2.9 a A complete 001 inverse pole figure, showing (110) parallel to the wire axis, superim-
posed on a standard (001) stereogram. b A unit stereographic triangle A has been separated out

2.2.6 Inverse Pole Figures

The most common method of representing textural data for materials is by draw-
ing the conventional pole figures. However, sometimes, satisfactory description of
texture can also be given in terms of an inverse pole figure, in which the distri-
bution of a selected direction in the specimen, in relation to the crystal axes, is
depicted. As it appears from the name itself, the representation in an inverse pole
figure is exactly inverse of the pole figure. Here, sample directions are projected
into the crystal frame as opposed to pole figures which are essentially the projec-
tion of crystallographic directions in the sample frame of reference. The inverse
pole figures are sometimes also called the axis distribution charts. The projection
plane for an inverse pole figure is a standard projection of the crystal, of which
only the unit stereographic triangle needs be shown. For cubic crystal symmetry,
in the stereographic projection, 24 unit triangles are crystallographically similar
(Fig. 2.9a). Therefore, the data represented over 1/24th of the complete stereo-
graphic projection are sufficient for inverse pole figure representation (Fig. 2.9b).

Figure 2.9b shows the 001 inverse pole figure for the wire axis. Here, the con-
tour lines effectively show the frequency with which the given specimen direction,
here the wire axis, more or less coincides with the crystallographic axes, (100),
(110), and (111). The figure shows that most of the grains in the wire have their
(101) axis nearly aligned toward the wire axis.

When a material is subjected to axisymmetric deformation, where deformation
processes are such that only one axis needs to be specified, such as in case of a wire
or an extruded rod, an inverse pole figure can depict the texture quite satisfactorily.

Inverse pole figures can be used to represent rolled sheet textures also.
However, here, three separate projections are required to show the distribution
of three specimen axes, namely the normal direction (ND), the rolling direction
(RD), and the transverse direction (TD). The three inverse pole figures for a 95 %
cold-rolled nickel are shown in Fig. 2.10.
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Fig. 2.10 Inverse pole figures of 95 % cold-rolled nickel for a RD, b TD, and ¢ ND (Courtesy
R. Madhavan)

2.3 Orientation Distribution Function (ODF) Method

As stated earlier, a pole figure is a two-dimensional stereographic projection, in which
poles of a particular crystallographic plane (hkl) from an aggregate of grains or crystals
in a polycrystalline material are specified relative to the specimen geometry. Although
pole figures provide a useful description of the texture present in a material, the infor-
mation that could be extracted from pole figure is insufficient and at best semi-quantita-
tive. This is due to the fact that the crystal is a three-dimensional entity and pole figure
representation has only two angles (o, B) to describe the crystal orientation (Fig 2.11).
This leads to poor resolution of the orientation distribution on a pole figure. This prob-
lem can be mitigated by the use of the orientation distribution function (ODF).

The ODF method is based on describing a crystal orientation in a way which is
completely different from the traditional description of an orientation in the form
{hkl} (uvw). The orientation distribution function is a mathematical function that
describes the frequency of occurrence of particular crystal orientations in a three-
dimensional Euler space whose coordinates are defined by three Euler angles. These
angles result from three consecutive rotations that are needed to be given to each
crystallite in the specimen, in order to bring its crystallographic axes into coinci-
dence with the specimen axes. The details regarding these rotations will be described
in the next section. The complete description of orientation will then consist of the
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Fig. 2.11 Schematic
showing the two degrees
of freedom («, B) for an
orientation in a pole figure

sets of rotations related to all the crystallites in the specimen. Several mathematical
formulations have been developed which allow a mathematical function to be cal-
culated from the numerical data obtained from pole figures that could describe the
orientation of all the crystallites in a polycrystalline material collectively in a more
appropriate manner. Such procedures have been proposed independently by Bunge
[4], Roe [5], and Williams [6, 7]. While Williams used an iterative least squares solu-
tion, both Roe and Bunge used generalized spherical harmonic functions to calcu-
late the ODF. All these methods involve defining an orientation by three independent
parameters (Euler angles) in just the same way as the traditional description of an
orientation in the form {hkl} (uvw). There are two main methods for reconstructing
an orientation distribution function based on pole figure data: (i) harmonic method
that fits the coefficients of spherical harmonic functions to the data, and (ii) discrete
method that calculates orientation distribution directly in discrete representation via
an iterative process. It is a two-step method. The first step involves fitting coeffi-
cients to the available pole figure data. The intensity p at any angular position (a, )
on a pole figure is given by the following expression:

pla, B) = Zf:oOEfnz_,leP;”cosaeimﬂ (2.2)
where, Q;, are the coefficients to be determined, «, B are the declination and
azimuthal angle, P are the associated Legendre polynomials and / and m are the

integers that determine the shape of the function. Since the functions in the above
equation are orthogonal, it can be re-written as:

m 21w
O = / / pla, B)PI" (cosa)e ™Psinad fda (2.3)
0 0
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Fig. 2.12 Schematic
representation of Euler
angles, as defined by Bunge.
After [8]
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2.3.1 Description of an Orientation by the Euler Angles ¢,
D, and @)

All the three methods proposed by Bunge, Roe, and Williams employ different
definitions and use different symbols to describe the orientation of a given crys-
tallite. Out of the three, the Bunge notation is the one which is most commonly
used. Here, for a flat-rolled sheet material, the specimen geometry can be defined
by three mutually perpendicular directions, ND, RD, and TD, the so-called speci-
men frame (S). Similarly, for a grain or crystallite in a cubic material, a crystallo-
graphic frame (C) can be defined by the set of three mutually perpendicular axes,
[100], [010], and [001]. The determination of orientation of the given grain will
then involve the three rotations that are necessary to transform the specimen frame
(S) into the crystallographic frame (C) of the grain. The series of three rotations,
suggested by Bunge, are as follows (See Fig. 2.12).

1. A first rotation by an angle ¢; is to be given around ND, which will take RD
to the position RD’ and TD to TD’. The amount of the angle ¢; should be such
that RD’ will be perpendicular to the plane formed by ND and [001].

2. A second rotation by an angle @ is to be given around RD’; the amount of ®
should be such that ND becomes coincident with [001]. By this process, TD’
will assume the position TD".

3. A third rotation by an angle ¢; is to be given around (ND = [001]), the amount
of ¢, being such that by this rotation RD’ goes to [100] and TD" into [010].

According to the scheme proposed by Bunge, a set of (¢, @, @) values signifies
the orientation of a crystal.
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The three Euler angles, suggested by Roe to define an orientation, are shown
in Fig. 2.13. Here, the two angles 6 and ¢ together fix the position of the sheet
normal direction (ND) with respect to the crystal axes, 001-010-100 as shown.
Obviously, the rolling direction (RD) of the sheet will then lie on a great circle
at 90° to ND and can be defined by a third Euler angle . Therefore, according
to Roe’s notation, the three Euler angles which describe an orientation are ¢, 6,
and .

According to Williams’s notation, the relevant Euler angles are «, p, and 8. The
relationship between these three sets of notations is as follows:

Bunge Roe Williams

w2+ 72 ¢ o

[} 0 P

@1 — /2 v B =¥ + tan~!(tana cosp)

The set of three angles, as derived above, can describe a three-dimensional
orientation space, in which each point represents a particular crystal, whose ori-
entation is represented by the value of the three Euler angles at that point. The
original treatment of ODF analysis was developed for materials with cubic crystal
structure and orthorhombic specimen symmetry, which is applicable to sheet prod-
ucts. However, at a later stage, the same treatment has been successfully applied to
materials with lower crystal symmetry, e.g., hexagonal and orthorhombic crystal
symmetries and also for the processes that involve sample symmetries other than
orthorhombic.
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2.3.2 The Orientation Distribution Function

Polycrystalline materials consist of crystallites of different shape, size, and ori-
entation. In the present context, orientations are the main distinguishing features
for the crystallites. Each crystallite can be represented by a specific set of Euler
angles, defined above, and the orientation of the crystallite ‘g’ can be written as

g =8(p1, @, ¢2) (2.4)

If we assume that all the crystallites, having an orientation “g” and with the
spread of “Ag,” are contained within a volume “AV” and if “V” is the total volume
of the sample, then an orientation distribution function f{g) can be defined as follows

AV
f(g)dg = Vv (2.5)

The orientation parameters, @1, ®, and ¢, can be used as three Cartesian coordinates to
define a three-dimensional orientation space. Each point within this space will have a spe-
cific value (¢, @, and ¢,) and as such will represent an orientation of a crystal or grain
with respect to the specimen frame of reference. Cluster of such points within the orienta-
tion space will indicate presence of a texture in the material. If, on the other hand, such
points are scattered in a random fashion, it will signify that the material is textureless.

According to Bunge and Morris [9], the density of the points distributed within
the three-dimensional orientation space can be represented by an orientation distri-
bution function (ODF), which may be expressed as a series of generalized spheri-
cal harmonics of the form:

oo + +l

flor®e) => " > (g (2.6)

1=0 m=—In=-1

oo + +l

or, flei®p) =D 3 > CmPI(d)e Moo .7

1=0 m=—In=-1

where C}™ are the. series coefficients and P;’"’(CIJ)e”"”‘/’Ze”"“”l are certain gen-
eralisations of the associated Legendre functions. The properties of this function
P" (@) as well as T}"" (g) are given in Bunge [8].

In Roe’s notation, an ODF is expressed as follows:

oo +1 4l

F(VOD) = Z Z Z W ZIM (cos@))e T ImY g ~in® (2.8)

1=0 m=—In=-1

where W™ are the series coefficients and Z™ cos(f) is a generalization of the
associated Legendre functions, the so-called augmented Jacobi polynomials.
Although the two methods are equivalent, henceforward, we shall be using only
the Bunge’s method (Eq. 2.7), which is more widely accepted.
A knowledge about the texture of a material can be obtained by knowing the
value of the orientation distribution function f{¢;®¢,) at different points within
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the orientation space. The spherical harmonic functions P;"*(®) e"impa pming
in Eq. (2.7) are standard mathematical functions which can be calculated for all
orientations, and these are usually stored in libraries [10, 11]. Therefore, an ODF
can be completely described by knowing the values of the series expansion coef-
ficients, C;™. The objective here is to find the value of the coefficients namely C;""
(Bunge’s notation) or W™ (Roe’s notation) that fit the pole figure data.

The values of C}" can be calculated from the same data which are used to
determine a pole figure. This can be illustrated as follows:

By virtue of the fact that a crystal is three dimensional, in order to describe the
orientation of the crystallite uniquely, we need three angular parameters.

The relative frequency (or volume fraction) of crystallites within the sample, %,
having the orientation defined by the set of angles «  y within the limits of do df
dy, can then be written as

Av

—S=f@By)dadpdy 2.9)

Here, y is the angle about which a pole defined by an angle («, §) in a two-dimensional
pole figure can be rotated to represent the third dimension, keeping its angular location
invariant. By definition, flr 8 y) is nothing but the orientation distribution function. This
function can also be represented as flg1, ©, ¢2) where @1, ®, ¢, are the Euler angles.

A pole figure is the integral (or mean value) of the orientation distribution func-
tion (or ODF) taken over the angle y. If P (o, B) is the pole density for the par-
ticular pole p in the pole figure, we can write

2
1
Ppi(a, B) = o /f(Oé,BV)dV (2.10)
T
0
| 2
Or, P (e, B) = o /f(g)d)’ (2.11)
T
0

where g = g(¢1, @, ¢2).

The pole figure is thus a two-dimensional “projection” of the three-dimensional
ODF. The Eq. (2.10) essentially shows that we should be able to calculate an ODF
from the pole figure data. This equation therefore represents the “fundamental
equation for the computation of ODE.” The method of deriving an ODF from pole
figures is known as “pole figure inversion.”

2.3.3 Pole Figure Inversion Using Series Expansion

In the series expansion method, it is assumed that both the measured pole figures
and the ODF derived from those can be fitted by series expansions, using suitable
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mathematical functions. In this scheme, the ODF f(¢;, @, ¢») can be expanded in a
series of generalized spherical harmonic functions, 7;" (¢ ® ¢;) such as:

oo +l +i

flor®e) =3 > Y T (1 @) (2.12)

=0 m=—In=-1

As mentioned earlier, since T;""(¢1 ®¢>) can be calculated for all orientations (¢,
D, @), the ODF f(¢1, ®, ¢2) can be completely described by knowing the values
of the series expansion coefficients C;™.

In a manner similar to the orientation distribution function, the pole figures
can also be expanded in series expansion. Since an orientation in a pole figure is
characterized by two angles « and S, a pole figure can be expanded in a series of
spherical harmonic functions, K} (e, B) such as:

max +!

Pui(e, ) = Y > Fl(kDK] (o, B) 2.13)

=0 n=-I

where F}'(hkl) are the series expansion coefficients and K;""(«, B) are the spheri-
cal harmonic functions.
The coefficients Fj' (hkl) are related to the C*" coefficients by the relationship:

1
> CprKT (hkd) (2.14)

m=—I

n 4r

where K™ is the complex conjugate of K". The Eq. (2.14) forms a system of lin-
ear equations which can be solved to determine the values of the coefficient C}™.
Once the Clm" values are derived, the orientation distribution function fig, ®, ¢2)
can be calculated for any value of (¢, @, ¢2).

The series expansion given in Eq. (2.12) is a general one and does not take the
symmetries of the specimen and the crystal structure of the material into account.
In the presence of such symmetries, a modified function 7" (g) is to be used to
fulfill the symmetry conditions.

Once this is done, it will reduce the number of coefficients needed to calculate
the ODF. In Table 2.1, the total number of coefficients needed to evaluate the ODF
have been given vis-a-vis the number of coefficients required when the symmetry
conditions are considered.

2.3.4 Problems with the Series Expansion Method

An ODF computed by the series expansion method, as described above, may con-
tain two serious errors, namely (1) truncation error and (2) ghost error. The trunca-
tion error arises mainly due to the fact that the series expansions represented by
the Egs. (2.2), (2.3), (2.9), and (2.10) have to be truncated to a limited number of
terms to keep the computation time to practical limits. In all those equations, the
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Table 2.1 Total number of L cmn c’
M mn H L L

coefficients C}"" (without

symmetry) and C, 1” " (cubic— 1 1

orthorhombic symmetry) up 165 4

to [/ = L. After [8] 10 1771 24
16 6545 79
22 16215 186

summations are controlled by the index 1, which, in other words, means that the
maximum value of [« used to calculate the value of the series expansions will
determine the extent of this error. In practical terms, a value of [y,,x = 22 is gener-
ally taken as a limit for cubic materials, whereas for very sharp textures, a value of
Imax = 34 is considered to yield sufficiently accurate results.

The second, more severe error is the so-called ghost error. Very often, in an
ODF, orientation intensities may be missing in some locations where these should
have been, or wrong orientation intensities can appear in some locations, where
these should not have been. The former is known as negative ghost, whereas the
latter is known as positive ghost. It appears that these ghosts are caused by the lack
or absence of the odd-order series expansion coefficients, C;”". A complete ODF,
f(g) in fact, is composed of two parts, which can be written as

£ =F(g) +£(g (2.15)

where f(g) is defined by the even-order C-coefficients and f(g) is derived from the
odd-order C-coefficients. While the first term f(g) can be obtained from the diffrac-
tion pole figures, the second term f(g) cannot be so obtained. Because of the fact
that the odd-order C-coefficients assume a value zero for low / and have quite small
values for large /, the impact of the f(g) term will be limited in practice, and the
error involved in calculating f(g) without the f(g) has been estimated to be about
20 %. In order to derive a complete ODF, by correcting for the ghosts, the term
f(g) has to be determined. In general, the procedures adopted to derive the odd-
order C-coefficients assume that the ODF is non-negative for all orientations, i.e.,
flg) must be greater than zero, whatever be the orientation. The different methods
for deriving ghost-corrected ODFs, so far suggested, are the “zero-range method”
[13, 14], the “quadratic method” [15], the “positivity method” [16, 17], the “maxi-
mum entropy method” [18-21], and the method proposed by Liicke et al. [22, 23] in
which the experimental ODF is deconvoluted into a set of several individual orienta-
tions, from which a model ODF is calculated by assigning a Gaussian scatter around
each orientation. This last method produces a reasonably ghost-free complete ODF,
based on both the even-order and odd-order C-coefficients.

2.3.5 Pole Figure Inversion Using Direct Methods

In addition to the series expansion methods, described above, some rather direct
methods of ODF calculation have been proposed, which can derive the ODF f{(g)
directly from the pole figure data.
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In all these methods, the orientation distribution function f{g) is considered only at
discrete orientations g; in the orientation space. Similarly, the pole figure Py (o, B) is
considered at a finite number of discrete points (¢, B);. In practice, both the pole fig-
ure and the orientation space are divided into regular grids with spacing of 2.5° or 5°.
Under the considerations of crystal geometry, a relation between the individual points
in the pole figure and the corresponding orientation cells in the orientation space can
now be easily established. In fact, the integral Eq. (2.11) can now be replaced by a
finite summation for each point (o, f); of the pole figure, as shown below:

J
Pua(et, B)i = Y Jiif (g)) (2.16)

J=1

The Eq. (2.16) describes a set of linear equations which can be solved, under
appropriate conditions, to yield the orientation distribution function f{g). From the
initially estimated ODF, the fit between the ODF values at the discrete orienta-
tions and the values at the associated individual pole figure points is continuously
improved by using an iterative procedure.

Some of the important direct methods to calculate an ODF are (1) the WIMV
method, named after Williams [6] and Imhof [24] who developed it, and which
was later improved by Mathies and Vinel [25, 26]; (2) the vector method, devel-
oped by Ruer and Baro [27] and by Vadon and Heizmann [28]; (3) the component
method, developed by Helming and Eschner [29]; and (4) the arbitrary defined
cells (ADC) method, developed by Pawlik [30], Pawlik et al. [31], and which is
based on the WIMV method. The reader can go through the relevant literature
to learn the details of all the above methods. Figure 2.14 shows the flow chart of
ODF calculation, developed according to the WIMV method [32].

The methods to calculate ODFs from pole figure data have now been developed
to quite an advanced stage, so much so that if good experimental data are available,
it is possible to routinely yield reliable and reproducible ODFs. However, in general,
the direct methods of ODF calculation require fewer pole figures, as compared to the
series expansion methods, for obtaining ODFs of satisfactory quality, and this may
be of particular interest while examining low-symmetry materials. On the credit side
of the series expansion methods, their major output are the C-coefficients, which
characterize the texture completely, and which can be more easily stored than the
entire ODF data. In addition to the information pertaining to orientation distribution
in a polycrystalline material, additional information on texture-related properties can
be derived from the C-coefficients by using them in appropriate equations.

2.4 Representation of Texture in the Orientation Space

As mentioned already, the three-dimensional orientation space is defined by three
Euler angles ¢;, ®, and ¢> (Bunge notation). Any orientation (of a crystal or
grain in a polycrystalline material) can be specified within this space by a point,
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Experimental ODF Recalculated pole
pole figure data calculation figures from ODF
Calculate ODF using Comparison of experimental
correction factors Unacceptable and recalculated pole figures
Acceptable
ODF
output

Fig. 2.14 Flowchart showing the procedure for calculating the orientation distribution function

Fig. 2.15 Schematic representation of random distribution of orientations in a Euler space, b
pole figure, and ¢ crystallites in a rolled sheet

which will have a unique set of ¢, ®, and ¢, values. The orientation distribution
function f(g) essentially describes a density distribution in the three-dimensional
orientation space. It is for this reason why texture analysis involving orientation
distribution function is known as “three-dimensional texture analysis.”

A typical three-dimensional orientation space for a polycrystalline material with
random orientation will display a uniform distribution of points in the Euler space
(Fig. 2.15a). The corresponding pole figure and crystallite distribution in a sheet
material is presented in Fig. 2.15b, c. On the other hand, for a strongly cube-textured
sheet, the orientation distribution will be localized at the corners of the Euler space
(Fig. 2.16a). The pole figure and the corresponding arrangement of crystallite in a
sheet material are also presented in Fig. 2.16b, c. These are, however, extreme cases
and are hardly realized in actual practice. In most practical situations, there is a dis-
tribution of intensities in the Euler space. The description of texture components is
accomplished by locating the local maximum values of f(g) in the orientation space.

The size of the orientation space, necessary to represent all possible orienta-
tions, is determined by the specimen and the crystal symmetries. For example,
for a material crystallizing in the cubic system (cubic symmetry) and for a sheet
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(a) (b) it (c)

Fig. 2.16 Schematic representation of a strongly cube-textured material in a Euler space, b pole
figure, and c crystallites in a rolled sheet

Fig. 2.17 ODF section 92 2
displaying three equivalent
regions owing to the threefold ¢
symmetry of cubic crystals.
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sample (orthorhombic symmetry), a cubic orientation space defined by ¢; = 0°-90°,
¢ = 0°-90°, ¢, = 0°-90° is what is needed to represent all possible orientations.
One orientation can appear three times in this cubic orientation volume. In fact, this
volume can again be subdivided into three symmetrically equivalent right prism-
like parts, where one single orientation will appear only once in any one of the three
parts. Here, the three basic volumes are indicated by different types of hatching
(Fig. 2.17). Thus, for a cubic material, only one of the three prismatic regions, I, II,
or III, will be needed to represent every possible orientation once and only once.

A schematic view of such a three-dimensional orientation space is shown in
Fig. 2.18a, which also shows the locations of some important orientations or tex-
ture components. An actual three-dimensional orientation space depicting the vari-
ation of f{g) is also shown in Fig. 2.18b. Since it is not very convenient to locate
the positions of orientation maxima in such a three-dimensional diagram, it is cus-
tomary to divide the three-dimensional orientation space into parallel two-dimen-
sional sections and spread these sections on a piece of paper (Fig. 2.18c). The
sections can be taken perpendicular to any of the ¢, @, ¢ axes.
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Fig. 2.18 a Three-dimensional Euler space representing important texture components. b
Orientation distribution depicted in 3D for Ni-20Co alloy rolled to 98 %. ¢ Corresponding 2D
projection of ¢, sections (Courtesy R Madhavan)

The important orientations for the deformation and recrystallization textures of
FCC materials generally appear in the ¢, sections, while the ¢; sections show the
major orientations connected with BCC materials. However, for researchers work-
ing on steels, the most important ODF section is the g2 = 45° section. Figure 2.19a
shows the ¢»-45° section of the ODF for a heavily cold-deformed sample of pure
copper. Clearly, orientation density “peaks” can be seen in this diagram. By contrast,
Fig. 2.19b shows the g2 = 45° section of the ODF for a cold-rolled and annealed deep
drawing quality steel. Obviously, here, the orientation density appears to lie along a
line (called a “fiber”) in the orientation space. An ODF plot can show both “peak”-
type and “fiber”’-type texture components. Some ideal texture components, normally
encountered in steels, are presented in the ¢, = 45° section of the ODF in Fig. 2.19c¢.

The characteristic texture fibers that are normally encountered in FCC and
BCC materials are depicted in Table 2.2. These fibers have also been indicated in
Fig. 2.20a and b.

Specific differences in the rolling and recrystallization textures of different mate-
rials can be more clearly understood by plotting the pole densities along these fibers.
It may be noted here that the course of the S fiber is not fixed in the Euler space, as
in case of others fibers. In fact, the § fiber connects the pole density maxima in sev-
eral ODF sections. For example, in FCC materials, the rolling texture at high defor-
mation levels can be characterized by the g fiber which, in the Euler space, runs
from Cu-orientation {112} (111), through the S {123} (634), ending up at the Brass
orientation {110} (112). Since the course of the B fiber is not fixed in the Euler
space, it is more appropriate to call it as an “orientation tube,” and the line depicting
the axis of this tube is known by the term “skeleton line.” Study of the details regard-
ing the location of the g fiber in the Euler space in the rolling texture may yield
valuable information about the underlying deformation mechanism. Figure 2.21a—c
shows the «, B,  fiber plots for a cold-rolled Ni3Al + B alloy [35]. The amounts of
cold deformation have been shown in the insets of these plots. It can be seen that the
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—| Constant ¢,
sections

Fig. 2.18 continued

variation in f{g) value along ¢, ®, or ¢ can give an idea about the textural changes
in the material as a function of the amount of deformation.

2.5 Volume Fraction of Texture Components

In quantitative texture analysis, it is often desirable to determine the volume
fractions of different texture components. The volume fraction of a texture compo-
nent is defined by

(2.17)

Here, AV (g) is the volume element corresponding to the orientation g and is related
to the orientation distribution function in a given volume V, by the following
expression,

dv
# =f(g)dg (2.18)
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Fig. 2.19 a ¢, = 45° section of the ODF for a cold-rolled copper (Courtesy: R Madhavan). b
¢ = 45° section of the ODF for a cold-rolled and annealed deep drawing quality steel. ¢ Ideal
texture components located in ¢ = 45° section. From [33]

Table 2.2 Texture fibers in Material Nomenclature of fiber Fiber axis
FCC and BCC materials

FCC (110) IND

(111) IND

(110) I'TD

Not a fiber in true sense
BCC (110) IRD

(111) IIND
(001) I RD
(110) Il ND
(110 II'TD

M3 R QR ™R R
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Fig. 2.20 Important texture fibers being embedded in the Euler space. a FCC [34]. b BCC [33]
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The volume fraction of the orientation g, defined by the three Euler angles (¢, &,
¢2), is given by

Y1+A¢1 P+AD p2+Ap

Vi(p1, @, ) = [ S S fe1, @, ¢2)dg (2.19)
p1—Ap; P—AD pr—Apy

Or, Vf(fpl,fb,fpz):///f(fpl,d>,<pz)sin<1> dp1d® dex  (2.20)

In practice, the volume fraction of a texture component located at (¢1, ®, ¢7) is
calculated by integrating the value of f{g) within a range of +5° in the orientation
space, though it can be customized based on the requirement.
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