Chapter 2
Laplace’s Equation

2.1 Introduction

Potential theory has its origins in gravitational theory and electromagnetic theory.
The common element of these two is the inverse square law governing the interaction
of two bodies. A potential function relates to the work done in moving a unit charge
from one point of space to another in the presence of another charged body. A basic
potential function 1/7, the reciprocal distance function, has the important property
that it satisfies Laplace’s equation except when r = 0. A function u on aset Q2 C R”
satisfies Laplace’s equation if

0u 5%u
Au=—+---+—=0 2.1
u 8x12 + -+ o2 2.1

on €2 and is said to be harmonic if some additional continuity properties are satisfied.
Since the potential energy at a point due to a distribution of charge can be regarded
as the sum of a large number of potential energies due to point charges, the corre-
sponding potential function should also satisfy Laplace’s equation. Applications to
electromagnetic theory led to the problem of determining a harmonic function on a
region having prescribed values on the boundary of the region. This problem came
to be known as the Dirichlet problem. A similar problem, connected with steady-
state heat distribution, asks for a harmonic function with prescribed flux or normal
derivative at each point of the boundary. This problem is known as the Neumann
problem. Another problem, Robin’s problem, asks for a harmonic function satisfy-
ing a condition at points of the boundary which is a linear combination of prescribed
values and prescribed flux.

In this chapter, explicit formulas will be developed for solving the Dirichlet prob-
lem for a ball in n-space, uniqueness of the solution will be demonstrated, and the
solution will be proved to have the right “boundary values.” Not nearly as much
is possible for the Neumann problem. Explicit formulas for solving the Neumann
problem for a ball are known only for the n = 2 and n = 3 cases.

L. L. Helms, Potential Theory, Universitext, 9
DOI: 10.1007/978-1-4471-6422-7_2,
© Springer-Verlag London 2014



10 2 Laplace’s Equation

2.1.1 Exercises for Sect. 2.1

1. If u is a function of the polar coordinates (r, #) on an open set Q C R?, show that

u  10u 1 8%u

MO =2t o T e

2. Ifu satisfies Laplace’sequation Au = 0onR",a,b € R,a # 0,and v(y) = u(x)
where y = ax +b, x € R", show that v satisfies Laplace’s equation on the image
of  under the map x — y.

3. Find all polynomials of the form ax? + bxy + cy? that satisfy Laplace’s equation

on RZ
4. Find all harmonic functions u on R" of the form

n

u(x) = Z ajjXiXj.

ij=1

2.2 Green’s Theorem

In this section, only real-valued functions on a bounded open set 2 C R" will be
considered. The €2 will be required to have a smooth boundary, this being the case
when Q is a ball in R" or the interior of the region between two spheres, of which
one is inside the other. A precise definition of “smooth boundary” can be found in
Sect. 12.3.

Let v = (vi,...,v,) be a vector-valued function on £ whose components v;
have continuous extensions to 2~ and continuous first partials on 2. The divergence
of v is defined by

n

dv;
divo=>»" —L
vy ax]'

j=1

The outer unit normal to the surface 2 at a point x € 92 will be denoted by n(x).
The starting point for this chapter is the following theorem which can be found in
any advanced calculus textbook (e.g., [1]).

Theorem 2.2.1 (Gauss’ Divergence Theorem) If v € C 0@y N (), then

/divvdx: (v-m)do
Q R

where do denotes integration with respect to surface area.
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2.2 Green’s Theorem 11
By convention, whenever “n” appears in an integral over a smooth surface it is
understood to be the outer unit normal to the surface.
Suppose now that u is a function defined on a neighborhood of 2~ and has
continuous second partials on that neighborhood. The Laplacian of u, Au, is defined
by

~. N

n
8%u
Au = —.
! JZ_; Ox

If u is also a function of variables other than x and it necessary to clarify the
meaning of the Laplacian, A will signify that the Laplacian is relative to the
coordinates of x. Let v be a second such function. Then

uVv = (uDyv, ..., uD,v)
and
div(uVv) = ulAv+ (Vu - Vo).
It follows from the divergence theorem that

JouAvdx + [o(Vu-Vv)dx = [,o,uVv-n)do 2.2)
= [yquDnvdo )
since («Vv, n) = u (Vv, n) and the latter inner product is just the directional deriv-
ative Dpv of v in the direction n. The following important identity is obtained by
interchanging u and v and subtracting.

Theorem 2.2.2 (Green’s Identity) If u, v € C*(Q7), then

/(uAv —vAu)dx =/ (uDpv — vDqu)do. (2.3)
Q oQ

2.3 Fundamental Harmonic Function

A real-valued function # on R" having continuous second partials is called a har-
monic function if Au = 0on R".

Example 2.3.1 1f f is an analytic function of a complex variable z, then the real and
imaginary parts of f are harmonic functions. This fact follows from the Cauchy-
Riemann equations. Thus, u(x, y) = €* cosy and v(x,y) = €* siny are harmonic
functions since they are the real and imaginary parts, respectively, of the analytic
function f(z) = e°.
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Definition 2.3.2 The real-valued function u on an open set 2 C R" is harmonic
on Qifu e C*(Q) and Au = 0 on Q.

Remark 2.3.3 Note that harmonicity is preserved under rigid motions of R”"; that
is, if 7 : R" — R" is an orthogonal transformation followed by a translation,
7(Q) = {rx;x € Q}, and u” (y) = u(t~'y), y € (), then u” is harmonic on Q"
whenever u is harmonic on 2. This is easy to verify if 7 is a translation given by
7X =x +a,x € R", for some fixed a € R". Suppose 7 is defined by the equation
y = Ax where A is an orthogonal matrix. Since Al = AT,

Ou(x) du(ATy) dy; S Ou(ATy)
(X) o Z 8yj 8x,- o Za’” 6yj
j=l1

and

azu(ATy)
(x) a;iag; )
ox? ;JZI T By ou

Since D7, ajjag; is 1 or 0 according as j = k or j # k, respectively,

Apyux) = Agyu(ATy) = Agyu(A™'y) = Agyu” (y).
Therefore, Ayu"(y) = 0 whenever y = Ax and A(,u(x) = 0.

Remark 2.3.4 Note that directional derivatives are preserved under translation since
this is true of ordinary derivatives. Using properties of orthogonal transformations,
as in the above remark, it is easy to see that directional derivatives are preserved
under orthogonal transformations and, in fact, that inner products are also preserved.

Suppose u is harmonic on the open set Q2 and y € 2. Then u(x) can be regarded
as a function of the spherical coordinates (r, #) relative to y where r = |x — y| and
0 is the point of intersection of the line segment joining x and y and a unit sphere
with center at y. Suppose that u is a function of r only. Then Au, as a function of
spherical coordinates, is easily seen to be given by

(n—1)du

Au = )
dr r dr

r #0.

The only functions that are harmonic on R" ~ {y} and a function of r only are those
that satisfy the equation Au = 0 on R" ~ {y}. If n = 2, the general solution of
this equation is A logr + B, where A and B are arbitrary constants. The particular
solution u#(r) = —logr is harmonic on R" ~ {y} and is called the fundamental
harmonic function for R> with pole . If n > 3, the general solution is Ar "> 4 B;
the particular solution u(r) = r~"12 is called the fundamental harmonic function
for R" with pole y. The notations u, (x) and u(|x — y|) will be used interchangeably.
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2.3.1 Exercises for Sect. 2.3

—_—

. Show that the directional derivative is invariant under orthogonal transformations.

2. Show that the inner product of two vector-valued functions u(x) = (u1(x), ...,
uy(x)) and v(x) = (v1(x), ..., v,(x)) is invariant under orthogonal transforma-
tions.

3. If u and v are harmonic on the open set 2 C R", show that uv is harmonic on
if and only if Vu - Vo = 0.

4. If Q is an open connected subset of R” and both u and u? are harmonic on €2,
show that u is a constant function.

5. If u is a harmonic function on By s and is a function of the polar coordinate r

only, show that u is a constant function on By s.

2.4 The Mean Value Property

Most of the theorems about harmonic functions have their origin in the works of
Gauss and Green concerning electromagnetic and gravitational forces.

Theorem 2.4.1 (Gauss’ Integral Theorem) If u is harmonic on the ball B and u €
C'(B™), then

/ Dhudo = 0.
OB

Proof Put v = 1 in Green’s Identity, Theorem 2.2.2. 0O
Much more can be obtained from Green’s Identity.

Theorem 2.4.2 (Green’s Representation Theorem) If u has continuous second par-
tial derivatives on a closed ball B~ = B, , then

y.p
(i) forn=2andx € B,

ulx) = % /83 ((—logr)Dnpu — uDyp(—logr)) do(z)
—i/ Au(—logr)dz;
271' B

(ii) forn >3 andx € B,

1 —n+2 —
= Dot — uDpr"7?) do(z
u(x) on1=2) Jos (r nit — uDyr ) o(z)

1
——/ Au~r7"+2dz,
on(n—2) Jp



14 2 Laplace’s Equation

wherer = |x —z|,z € B™.

Proof of (ii) Consider a fixed x € B, and let v(z) = |x —z| "% = r "2 for z # x.
Then v is harmonic on R" ~ {x}. Consider ¢ > 0 for which B_; C By, ,, and let

be the open set By, , ~ B ;. By Green’s Identity,

/(uAv —vAu)dz = / (uDyv — vDyzu) do(z).
Q oQ

Since v is harmonic on 2 and 0Q = 0B, , U OBy s,

—/ vAudz = / (uDpv — vDpu) do(z)
Q 0By,
—/ (uDpv — vDpu) do(2). 2.4)
é)BM;

The minus sign precedes the second term on the right because the outer unit normal
to N2 at a point of 0By s is the negative of the outer unit normal to 9B, s. The next
step is to let 6 — 0 in Eq. (2.4). If it can be shown that v is integrable over By, ,, it
would follow from the boundedness of Au that vAu is integrable and that

lim vAudz :/ vAudz (2.5)
0—0 Jo B

Yy.p

by the Lebesgue dominated convergence theorem, applied sequentially. Since v is
bounded on €2, it need only be shown that v is integrable on B, s. By transforming
to spherical coordinates with pole x,

5
/ [v|dz = Un/ r" 2y = 6,62)2.
By 0

Therefore, v is integrable on B, s and Eq. (2.5) holds. Consider the right side of
Eq.(2.4). The first integral does not depend upon § and only the second must be
considered. Since

n 1/2
| Dou = Vi -m| < [nl|Vul = [Vu| = (Zui) :

i=1

and the first partials of u are bounded on B,

m. Thus,

| Dput| < mondBy s for some constant

/ vDpudo(z)| < m/ r "2 do(z) = moyd
OBy s OBy s
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and therefore,

lim vDhudo(z) = 0.
0—0 OBy s

Now consider

lim uDyvdo(z).
0—0 OBy.s

Since Dyv = D,v = (—n +2)5"*! at points of dB, s,

/ uDpvdo(z) = —0,(n —2) (;]/ udo(z)).
(()B_,(’é‘ O-n(sn OBy 5

The factor in parentheses is just the average of the continuous function u on 9By s,
and therefore has the limit #(x) as 6 — 0. This shows that

lim uDpvdo(z) = —(n — 2)o,u(x).
6—0 OB, .5

Taking the limit as § — 0 in Eq.(2.4),
—/ vAudz = / (uDyv — vDyzu) do(z) + (n — 2)o,u(x),
B OB

which is the equation in (ii). The proof of (i) is basically the same. m]
According to the following theorem, the value of a harmonic function at a point
y is equal to the average of its values over a sphere centered at y.

Theorem 2.4.3 (Mean Value Property) If u is harmonic on a neighborhood of the

closed ball Byf . then

1
uly) = ——— / u(z)do(z).
Onp 0

Y.p

Proof Only the n > 3 case will be proved since the n = 2 case is similar. By
Theorem 2.4.2 and the fact that Au =0on B = B, ,,

1 —n+2 —n+2
= — - Dpu — uDyly — d .
u@) Uﬂn_zyéBQy 22 Dgu — uDyly — 217"2) do ()

Forz € OB, |y — z| "% = p~"*? and

Duly — 2™ = Dpr " ,oy = —(n — 2)p "
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After substituting in the above integral,

p—n+2 1
uly) = ——— Dhudo(z) + T/ udo(z).
on(n —2) Jop onp 9B
The first integral on the right is zero by Gauss’ Integral Theorem. O

Averaging over a sphere in this theorem can be replaced by averaging over a solid
ball.

Theorem 2.4.4 Ifu is harmonic on the ball B = B, ,, then

1
n/u(z)dz.
Unp” JB

u(y) =

Proof Using spherical coordinates (r, €) relative to the pole y,

1 1 L
" / u(z)dz = - / r (/ u(r, 0) da(@)) dr.
Vnp™ JB vnp” Jo 10]=1

The integral within the parentheses is just the integal over a sphere of radius r relative
to a uniformly distributed measure of total mass o, and is equal to o, u(y) by the
mean value property. Therefore,

1 1 P n—1 In
u(z)dz = r"oau(y)dr = u(y).
vnp" JB vnp™ Jo nuy

The result follows from the fact that v,, = ¢, /n. m]

The content of the two preceding theorems is summarized by saying that the
harmonic functions are mean valued or satisfy the averaging principle. Averages
occur so frequently that a notation for them will be introduced. If u is a function
integrable relative to surface area on the boundary 0B of B = B, ), let

1
L(uy,p):T/ udo.
Onp 0B

If u is integrable on B relative to Lebesgue measure, let

1
Al :y,p) = Vpn/Budx.
n

Using this notation, if / is harmonic on the open set R, then

h(y) =L :y,p) =Ah :y,p)
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whenever B, , C R. A partial converse will be proved later.

2.4.1 Exercises for Sect. 2.4

1. If the function ¢ is convex on the open interval (a, b), show that ¢ cannot attain
a maximum value at a point of (a, b) unless it is a constant function.

2. Show that the function u = 2x(1 — y) is harmonic on R? and that its average
over 0By 1 is equal to its value at the center of the ball.

3. Verify that the value of the function # = 2x(1 — y) at the point (%, %) is equal to
its average over the the unit square [0, 1] x [0, 1] and equal to its average over
the boundary of the square.

4. If u is harmonic on £ C R" and B~ = B, , C €, use the averaging property
and the Divergence Theorem to show that |Du(x)| < (n/p) supycqp lu(y)l.

5. If u is harmonic on the bounded set 2 C R", I is a compact subset of €2, and «
is any multi-index, then

laf
sup |Du(x)] < (”'—i'm) sup Ju(2).

xel’ d(F, zeQ

(Hint: For x € I', consider the nested sequence of balls By C By C ... C By
where Bj = B, j5, 0 = d(x,~ Q)/|al).

2.5 Poisson Integral Formula

In the preceding section, it was shown that the value of a harmonic function at a
point y is equal to the average of its values over a sphere centered at y. It is natural
to ask if a similar result is true of any point inside the sphere. If u is harmonic on a
neighborhood of the closed ball B~ = B, ', then Green’s representation theorem in
the n > 3 cases reduces to

ux) = ———— (r_"+2Dnu - anr_"+2) do(2)
g 19)

where r = |x — z|],x € B,z € OB. This equation suggests the possibility of
representing the harmonic function u in terms of the restriction of u to the boundary
of B. For instance, if for each x € B a harmonic function v, could be found such
that » "2 4 v, (z) vanishes on 9B, then replacing "2 by this sum would result
in a representation of u in terms of just u|9p and would not involve Dpu on OB. This
is what will be done in the proof of the next theorem for the n > 3 case; the proof
in the n = 2 case is similar. The proof requires a mapping that allows passage back
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and forth between the interior and exterior of a sphere, called an inversion, which
was first introduced by Lord Kelvin [2].

Fix B = By, and x € B, and consider the radial line joining y to x. For x # y,
choose x* on this radial line so that

lx — yllx* =yl = p*. (2.6)

Then

e

ly — x|?

X =y+ x—1) 2.7)

and is called the inverse of x relative to the sphere B. Consider any z € 0B, and
let ¢ be the angle between z — y and x — y. Then

o= x*? = p* + [x* — y|* = 2p|x* — y| cos ¢
|z — x| = p* + |x — y|* = 2plx — y| cos ¢.

Replacing |x* —y| by p?/|x — y| in the first equation, solving for cos ¢ in the second,
and substituting for cos ¢ in the first,

2
2 = 21z — x|

|z —x .
ly — x|?

Thus, for x € B, x # y, z € OB, and x™ the inverse of x relative to 0B,

ly — x| |z —x*|

= (2.8)
P lz—x|

Theorem 2.5.1 If u is harmonic on a neighborhood of the closure of the ball B =
By, x € B, and x # y, then

(i) forn=2,

ly — x| |z — x|

u(x) = —i/ uDy (log ) do(2),
27 Jop p o lz—x|

(ii) forn >3,

1 1 P2 1
ux) =——— D ( )da(z)

uDy — — — —
on(n —2) Jop lz—x["=2 |y —x|"72 |z — x*[=2

where x* is the inverse of x relative to OB, ,.

Proof of (ii) By Green’s representation theorem,
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1 1 1
u(x) = =2 Jos (IZ 2 Dyu — uDy (—|Z - x|”2)) do(z) (2.9

*l—n+2

since Au = 0 on B. Since x* ¢ B™, |z — x is harmonic on a neighborhood

of B~ and it follows from Green’s Identity that

1 1 1
0= Dyt —uDp | ——55 ) ) do@.  (2.10
on(n —2) 8B(|Z—x*|”_2 nt n(|z—x*|n—2)) 0(). (2.10)
Multiplying both sides of this equation by « and subtracting from Eq. (2.9),
o s ol )
u(x) = ——— _a "
op(n —2) Jog |Z—X|"_2 |Z_x>k|n—2 n

1 1
—uDy, (IZ o — 04|Z — x*l”_z)] do(2).

Letting o = (p/|x — y|)" 2 and using Eq.(2.8),

n—2 *n—2
Z—x
a=—" 5 = | | 5, Z€0B,
ly — x|~ |z —x|"™
and the integral of the first term on the right is zero. O

The functions within the parentheses in (i) and (ii) of the preceding theorem are
called Green functions for the ball B.

Definition 2.5.2 If n = 2, the Green function for the ball B = B, , is given by

ly—x| [z—x*|

long forze B~ {x},x #y
Gp(x,z) = logﬁ forze B~ {x},x =y
+o00 forz =x

where x* is the inverse of x with respect to dB. If n > 3, the Green function is
given by

1 _ pnfz 1 £ cB N{ } ;é
‘Z—x|n*2 ‘x_y‘n—z |Z—X*|"72 or z x}, x y
Gp(x,2) = =2~ 2 forze B~{x},x =y

+00 for z = x.

Using Eq.(2.8), it is easy to see that lim,_,,, Gp(x, z) = 0 for all zo € OB and
fixed x € B. Note also that G p(x, z) has been defined by continuity for x = y since
x* is not defined when x = y. The appropriate value of G g(x, z) when x = y can
be obtained as follows in the n = 2 case. By Eqgs. (2.7) and (2.8),
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2
ly — x| |z —x* 1y =l (Z—y)—‘yf—x‘z(x—y) )
= —
P =l plz = x| =l

as x — y,x # y; thatis, limy_, Gp(x,2) = Gp(y,2),z € B ~ {y}.

If u is harmonic on a neighborhood of the closure of B = B, ,, then the equations
in (i) and (ii) of the preceding theorem can be written, respectively, as follows. For
n=2,

1
u(x) = ——/ uDnGp(x,z)do(z), x € B;
27T OB
forn >3
1
ux) = ——— uDhWGp(x,2)do(2). (2.11)
on(n—2) Jop

The proof of the following theorem is the same as that of Theorem 2.5.1 except
for the inclusion of the term involving Au in Green’s representation theorem.

Theorem 2.5.3 Ifu has continuous second partials on closure of the ball B = By,
then

(i) foreachx € Bandn =2,

u(x) = —i/ u(z)DnGp(x,2)do(z) — L/ Gp(x,2)Au(z)dz;
2w OB 2w B
(ii) foreachx € Bandn > 3,
1
u(x) = ——/ u(z) DnGp(x,z)do(z)
on(n —2) Jop

1
) /B Gp(x,2)Au(z) dz.

op(n —

By evaluating the normal derivatives of the Green functions in these equations, a
representation of the harmonic function u can be obtained that does not involve the
inverse x*. The following theorem will be proved only in the n = 3 case; the proof
of the n = 2 case is similar.

Theorem 2.5.4 (Poisson Integral Formula) If u is harmonic on the ball B =
By, ue CO(B_), and x € B, then

2 _ _ 2
/ =2 o).
o lz—x|"

ulx) =
Onp

Proof Suppose first that u# is harmonic on a neighborhood of B™. The gradient of
Gp(x, ) is easily seen to be
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n—2

(z—x)— P ! (z—x*)).
x*|n

|z — x| Ix —yl"=2 |z —

ViGp(x,z) = —(n—2) (

Using the definition of x* and Eq. (2.8),

-2 —x|?
Vo Gple o) =22 ((z—y)— v sz| (z—y)).

|z —x|*

Since the outer unit normal to OB at z € 9B is (z — y)/p,

DaGp(x,2) = VGp(x,72) - %
(n—2)
=—————(p" —ly—x. (2.12)
plz — x|

Substituting for Dy, G p(x, z) in Eq. (2.11),

2 _ .
/ w2 o).
OB

ulx) =
lz — x|

Onp

Suppose now that u is only harmonic on B and continuous on B™. Fix x € By,
and let {px } be a sequence of positive numbers increasing to p with x € B, ,, for all
k > 1. Since u is harmonic on a neighborhood of each B, ,,

2 —x 2
/ w@ AW 4,
0B Z— x|

ulx) =
Y. Pk |

On Pk

Letting z = pi0,

ulx) =

2 2

Py —ly—xI” ,_
/ u(ped) ==~ do(0).
0]=1 — x|

Tn Pk | Pk

By uniform boundedness of the integrands and continuity,

1 2 _ —x 2 B
u(x) = / up) = 1 g 0)
onp Jio|=1 |pt — x|

1 / p? —ly — x|
= u(z) ————do(z).
onp Jos |z — x|2 =

The definition of harmonicity of a function u on an open set €2 required that
u € C2(2). Much more is true as a consequence.

Lemma 2.5.5 Let U and C be open and compact subsets of R", respectively, and
letu = u(x,y) be a real-valued function on U x C with the property that Ou/0x
is continuous on U x C foreach j =1, ...,n. Then
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0 ou
a—/u(x,wdu(y):/ SLdpt)  xeU =1
XjJc c UXj

for any finite measure | on the Borel subsets of C.

Proof Let v be a unit vector. It will be shown now that

D, /C u(x. y) duly) = /C Dyulx. y) duy).

Consider a fixed x € U. The left side of this equation is

lim / ulx + v, y) —ulx,y) ().
C

A—0+ A

Let B be a ball with center x such that B~ C U, and consider only those \ for
which x + Av € B. By the mean value theorem of the calculus, for each such A and
each y € C, there is a point &), ,, on the line segment joining x to x + Av such that

/ ulx +Av) —u(x,y)
C

1
- dply) = / (Va6 - A dpty)
C

= /c Dyu(&yy, y) dp(y).

Since D, u is continuous on B~ x C, the integrand on the right is uniformly bounded
for such A and y € C. Since ;4(C) < +o0, the Lebesgue dominated convergence
theorem can be applied as A — 0+, sequentially, to obtain

Dy /C u(e. y) duly) = /C Dyu(x. y) du(y). .

Theorem 2.5.6 If u is harmonic on the open set 2, then all partial derivatives of u
are harmonic on Q.

Proof If y € Q, B =By, C B;p C Q,and x € B, then

2 _ 2
/ W do).
o lz—x|

ulx) =
anp

By the preceding lemma,

2 12
Oy = / 0 (u)u(z)do(z). (2.13)

Ox; onp Jop 0x; lz —x|"

By calculating the partial derivative under the integral sign and using the Lebesgue
dominated convergence theorem, it can be shown that Ou/0x; is continuous on B.
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In the same way, it can be shown that partial derivatives of all orders are continuous
on B. Since B can be any ball with B~ C €2, partial derivatives of all orders of u are
continuous on £2. Since

foreach j = 1, ..., n. Using continuity of the third partial derivatives, the order of
differentiation can be interchanged to obtain

" 0% du
——— =0, j=1,...,n.
Zaxlgaxj J n

i=1

Since Ou/0x; has continuous second partials on €2, Ou/0x; is harmonic on €2, as
well as all higher-order partial derivatives. O

Theorem 2.5.7 (Picard) If u is harmonic on R" and either bounded above or
bounded below, then u is a constant function.

Proof Since —u is harmonic if u is harmonic, it can be assumed that u is bounded
below. Since the sum of a harmonic function and a constant function is harmonic, it
can be assumed that u > 0. Let x and y be distinct points, and consider balls By s
and By . with B, D By 5. By Theorem 2.4.4,

v, 0" u(x) :/ u(z)dz 5/ u(z) dz = vpe'u(y)
B.s B

Y€

and u(x) < (¢/6)"u(y). Now let €, 6 — 400 in such a way that ¢/6 — 1 to obtain
u(x) < u(y). But since x and y are arbitrary points, u(y) < u(x) and u is a constant

function. O
According to the Poisson integral formula, if a harmonic function is zero on

the boundary of a ball, then it is zero on the ball. This fact suggests the following
principle, known as the maximum principle.

Definition 2.5.8 ! A function u defined on an open connected set Q obeys the
maximum principle if sup, .o #(x) is not attained on €2 unless u is constant on £2;
the minimum principle if inf , . #(x) is not attained on 2 unless u is constant on €2.

Theorem 2.5.9 [fu is continuous on the open connected set 2 and for each x € Q
there is a 5, > 0 such that

! This version of the maximum principle will be referred to later as the strong maximum principle.
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1
) = s /a ot

50

whenever § < 0y, then u obeys the maximum and minimum principles.

Proof Suppose u attains its maximum value at a point of  and let M = {x €
Q; u(x) = supycq u(y)} # @. Since u is continuous, M is relatively closed in €. It
will be shown now that M is open in Q. For x € M,

1
u(x) = m/@g Fu(y)da(y)

whenever § < d,. Consider any y € By s, and let 6o = |y — x| < d. Since

1
u) = — [ utdat,
O’n50 03):.5

0

/ ((x) — u(y)) do(y) = 0.
63}6,50

Since x € M, u(x) —u > 0 on 9By s, and therefore u(x) —u = 0 a.e. on 9By 5,.
By continuity, # = u(x) on OBy g, and, in particular, u(y) = u(x). This shows that
y € M, that B, 5. C M, and that M is both relatively closed and open in 2. By the
connectedness of 2, either M = J or M = 2. Since the first case has been excluded,
M =  so that u is constant on 2. O

Corollary 2.5.10 Ifu is harmonic on the open connected set 2, then u satisfies both
the maximum and minimum principles.

2.5.1 Exercises for Sect. 2.5

1. Show that the inversion x — x* relative to the sphere 9By, , defined by the
equation x* = (p2/|x|2)x,x = (X1,X2,...X),x" = (xi‘,x;, ..., X)) maps
lines and circles into lines and circles, not necessarily respectively; that is, the
equation

n n
ainz—i—Zbixi +c=0
i=1 i=1

is transformed into the equation

n n
a’Zx;"z + Zb’x;k +c =0.
i=1 i=1
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2. Using the equation |x*||x| = p?, where x* is the image of x under the inversion of

the preceding problem, determine the image of the sphere (x; — 5)2 +>7, xi2 =
’1—2 and the image of the sphere (x; — 3—1 0>+ >, xl.2 = %.

3. Verify that the Green function Gp(x, z) is a symmetric function of x and z.
(Hint: Consider xg,z9 € B,€ > 0, By, C B,By C B, Qe = B ~ (By,,e U
B o), u(x) = Gp(x, x0), v(z) = Gp(z, z0). Apply Green’s Identity to u and v
on Q¢ and let e = 0.)

4. Prove Theorem 2.5.4 in the n = 2 case.

5. Under the conditions of Theorem 2.5.4, show that the Poisson Integral in the
n =2 and B = By case can be transformed into polar coordinates as

e 1
u(r.0) = 27 /0 1+r2—rcos(6—¢)u(l’¢)d¢

where (r, 8) are the polar coordinates of a point in B.
6. If f(r,0) =1if0 <60 <mand f(r,0) =0 for m < 6 < 2, find a function u
harmonic on the ball By | C R? corresponding to the boundary function f(r, 6).

2.6 Gauss’ Averaging Principle

Among the many contributions of Gauss to potential theory, one of the best known is
the assertion that the gravitational potential at a point in space due to a homogeneous
spherical body is the same as if the entire mass were concentrated at the center of
the body. A classical version of this property will be stated first.

Lemma 2.6.1 If B, s C R", then
(i) forn=2andy e R?,
1 | log‘yl—x‘ if ly—x|>96

I d =
L —aO%) el g e
g 5 if ly—x[<9o

ﬁ 63}(‘(5
(ii) forn >3 andy € R",

1 / ;—2 lf |y_x| >4
—T ———do(z) =
020"t Jop, s ly —2"72 - if |y—x|<§.

Proof Only (i) will be proved, (ii) being the easier of the two. Fix x € R?and § > 0,
and let uy(z) = —logly —zl, z € R?. Three cases will be considered according as
Y € Bys,y € OBy, 0ty & B_ 5. Suppose first that y ¢ B_ 5. Then u,, is harmonic

on a neighborhood of B and the result follows from the mean value property.
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Consider now the case y € 0By s. Foreachn > I, lety, = x + (1 + %)(y — X).
Then |y, — x| = (1 + Dy — x| = (1 + 15, [y, — 2| < 35 forall z € OBy 5, and

1
log — Z € 0By 5.

1 5
8 35

lyn — 2| —

It follows that the sequence of functions on the left is lower bounded on 0B, 5. By
the preceding case and Fatou’s Lemma,

1 1
— log do(z) < liminf — log do(z)
276 Jop,;  ly—zl n—oco 210 Jop, s |Yn — 2
1
= liminf { log
=00 [y — x|
1
= log .
ly — x|

On the other hand, since |y, — z| > |y — z| for z € 9By 5,

log = lim log
ly — x| n—oo "y, —x
1
= lim — lo do(z)
w00 278 Jog, s - lygn — 2|
1
< — log do(z),
27 0By 5 |y_Z|

and the assertion is true for y € 0By ;5. Lastly, suppose y € By s. Letting u, s denote
the left side of the equation in (i) and applying Lemma 2.5.5 to it twice, it is easily
seen that u, s is harmonic on By ;5. Letting v denote the angle between the line
segment joining x to y and x to z,

2m
1
=— [ 1 d
U,5(Y) 27“5/0 0g|y_x|2+§2_25|y—x|008’7 K

and it is easily seen that uy s is a function of r = |y — x| only and, as in Sect. 2.3,
must be of the form a:logr + (3. Since

1 1
— 1 d = log —,
270 JoB, o8 |x — z| o(2) = log 0

Uy 5(x) =

a =0and 8 =log (1/6); that is, u, s(y) = log (1/6),y € By 5. O

The preceding lemma can be interpreted as a statement about the average value of

log (1/|y — z|) or 1/]y — z|"~2 for a unit mass concentrated on the point y. Arbitrary
mass distributions will be considered now.
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Some preliminary calculations will be carried out for the n = 2 and n > 3 cases
separately. If ;1 is a measure on the Borel subsets of R? with compact support S s let

1 1
Ul(y) = / log du(z) = / log du(z), ye R
ly — z| ly — z|

Sy

For a fixed y € R?,1log (1/]y — z|) is lower bounded on S, and the above integral is
defined as a real number or +o0c. Consider a fixed ball B, s. Since log (1/|y — z]) is
lower bounded on 0By 5 x S, Tonelli’s theorem (c.f. [3]) implies that

L Ul (y) do(y) L / / 1 !
y)aoly) = 0og
276 Jog, , 2o Jop, 5 Js, 1y —

! 1
/S (2775 /63“5 ®ly—a d”(y)) dp()

If 11 is a measure on the Borel subsets of R", n > 3, with compact support S,,, let

1
U ———du(2).
) = /| =2 dp(z) = /S =22 1(2)

1

du(z)do(y)
z|

The same argument implies that

1 1 1
L[ do )=/ —/ e Yaue.
O-n(sn_l /83ng Y Y Sy O—nén_l 12): %) |y - Zln—Z Y a

Only the n = 2 case of the following theorem will be proved, the n > 3 case
being essentially the same.

Theorem 2.6.2 (Gauss’ Averaging Principle [4]) Let 11 be a measure on the Borel
subsets of R" with compact support S,, and let B = By 5. If S;, N B~ = {J, then the
average of U over OB is U"(x); if S, C B~, the average of U* over OB depends
only upon the total mass of | and is equal to ;1(S,,) log (1/6) in the n = 2 case and
is equal to /1(5‘#)/5”_2 inthe n > 3 case.

Proof (n = 2) From the above discussion,

1 1 1
— Ut (y)do( )=/ —/ lo do(y) Vdu(z).
276 Jow, T T Jo \ 2w Jos,, Sy =2 T )

If S, € B, it follows from Lemma 2.6.1 that
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1 1
_ iz — log —
53 /an,[;U (y) do(y) /S og 5d/z(z)

1

= 1(Sy) log (1/9);

if §;, N B~ = 0, then log (1/|y — z|) is a harmonic function of y and

1 1
- / Ut (y) do(y) = / log du(z) = UM(x)
7o OBy 5 |x — z]

Sy

by the mean value property. O

2.6.1 Exercises for Sect. 2.6

—_

. Prove (ii) of Lemma 2.6.1

If a thin wire with endpoints at (a, 0, 0) and (b, 0, 0) has a uniform density of
mass d, find the potential at any point P = (x, y, z) in R>. Show that the potential
becomes infinite as the point P approaches a point on the wire.

. If a thin circular disk of radius r in R3 with center at (0, 0, 0), has the z-axis as

its axis, and has a uniform density J of mass, find the potential U (P) at any point
= (0, 0, ¢) on the axis. Show that the potential is continuous on the z-axis, the

integral is convergent at z = 0, and the gravitational force in the direction of the

z-axis has a jump of magnitude 467 at (0, 0, 0).

Show that the potential U (x) at a point x € R3 due to a uniformly distributed

mass of density § > 0 on a thin spherical shell of radius a is 4wda”/|x| if x is

external to the shell and is 47da if x is interior to the sphere.

. If B = Bg,g C R?is a ball with uniform density § > 0 and P is a point at a

distance r from the center of the ball, show that the value of U at P is %wé R3/r
when r > R. What can be said about the value of U at points interior to B? (Hint:
Choose a rectangular coordinate system so that P is a point on the z axis and use
spherical coordinates to evaluate the integral.)

If i1 is a measure on By 4 of density d(p) > 0,0 < p < a, show that

lxlé(p)pzdp+47rf|x‘ S(p)dp if |x| <a

\XI

2 Jo 5(p)p? dp if x| > a.
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2.7 The Dirichlet Problem for a Ball

If Q is a nonempty open subset of R"” with compact closure and f is a real-valued
function on 0<2, the Dirichlet problem is that of finding a harmonic function u on
Q such that lim,_,, yequ(y) = f(x) for all x € L. As was noted in Sect. 1.1,
this limiting behavior of u at the boundary of €2 implies that f is continuous on 0%2.
Generally speaking, the Dirichlet problem does not have a solution even when €2 is
a ball.

Theorem 2.7.1 The solution of the Dirichlet problem for a nonempty, open con-
nected set Q2 with compact closure and a continuous boundary function f is unique
if it exists.

Proof Let u; and u; be two solutions. Suppose there is a point z € €2 such that
u1(2) > u2(z). Then limy_, x yeolu(y) — uz(y)] = 0 for all x € 0. Let
w = Uy —up on 2
0 on 0Q.
Thus, w is harmonic on €2, continuous on 7, and zero on 92. Since w(z) > 0 and
w is continuous on 27, w must attain a positive supremum at some point of 2. By
the maximum principle, Corollary 2.5.10, w must be constant on 2. Since w = 0 on

022, w = 0 on 7, a contradiction. Therefore, u; < uy on Q. Interchanging u; and
uy, uy < uy, and the two are equal. O

According to the Poisson integral formula, the value of a harmonic function « at
an interior point of a ball B is determined by values of u on 0B, assuming that u has
a continuous extension to dB. It is natural to ask if a function f on B determines a
function u harmonic on B that has a continuous extension to B~ agreeing with f on
OB. More generally, it might be asked if a measure on the boundary of B determines
a harmonic function on B.

Theorem 2.7.2 (Herglotz [5]) If i is a signed measure of bounded variation on the
Borel subsets of 0By, , then

1 2 |y — x|?
u(x) = —/ wdﬁt(z), x € By,
onp 0By, |z — x|

is harmonic on By .

Proof Using Lemma 2.5.5, it can be shown that u has continuous second partials
and that s 5
1 p~—ly — x|
/ Ay d(@).
OnP JOB,,, |z — x|

A tedious, but straightforward, differentiation shows that the integrand is zero for
X € By,p. O

Au(x) =
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Corollary 2.7.3 If f is a Borel measurable function on 0B, , and integrable relative
to surface area, then

ux) =

Onp lz — x|"

> 2
/ P ) do
0B,

is harmonic on By ,.

Since the Poisson integral formula will be referred to repeatedly, let

1 2 _ 2
PI(u: B)(x) = — / Pl ),
OB

onp |z —x|"

where B = B,, , and 1 is a signed measure of bounded variationon 0B.If B = B, ),
the dependence on the parameters y and p will be exhibited by using the notation
PI(n : y, p). If u is absolutely continuous relative to surface area on 9B, then for
each Borel set M € OB

p(M)z/ f()do(2)
M

for some integrable function f on JB. In this case, let PI(x : B) = PI(f : B). This
notation will also be used if the domain of f contains 9B. Note that PI(1 : B) =1,
that PI(xx : B) is linear in p, that PI(x : B) > 0 if p is a measure, and that
PI(f : B) > 0if f is nonnegative.

According to Corollary 2.7.3, an integrable boundary function f determines a
harmonic function # on a ball B. In what way is u related to f'? For example, is it
true that limy_, » yep u(y) = f(x) forx € OB? The following three lemmas answer
this question for a ball B = B, ,.

Lemma 2.7.4 If f is Borel measurable on OB, integrable relative to surface area
on 0B, u = PI(f : B) on B, and there is a constant k such that f < k a.e.(c) ona
neighborhood of xo € OB, then lim SUPy_, yy.xeB ulx) <k.

Proof It can be assumed that & > 0 for if not, replace f by f — k. Choose € > 0
such that f(z) < ka.e.(0) for z € By, N OB. Denoting the indicator function of
Byy.c bY gxp.e, forx € B

u(x) = Pl(gxy.cf : B) + PI((1 — gxy.0) f : B).
Since f(z) < k a.e.(0) forz € By, N OB,
PI(gy,,cf : B)(x) <PI(k : B)(x) = kPI(1 : B)(x) = k.

Suppose x € By and z € OB. Then |z — x| > €/2 when |z — xo| > € for
otherwise, |z — xo| < |z — x| + |x — xo| < €. Thus,
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A

1 p* — ly — x|?
PI(1 — gy, f : BY(%)| < LW\ f@)ld
IPI((I — gxg,e) f = B)(x)] Onp/~BX0.maB /2" |f(2)|do(z)
_ P —ly—xP

do(z).
onp(e/2)" /03|f(Z)| o(2)

Since |y — x| — pasx — xo, PL((1 — gxy,¢) f : B)(x) — 0as x — xq. Therefore,

limsupu(x) < limsupPI(gy,.ef : B)(x)

X—>Xx0 X—>x0

+ limsup PI((1 — gy,.e) f : B)(x) < k. o

X—>X(
Lemma 2.7.5 If f is Borel measurable on OB, integrable relative to surface area
on OB, and u = PI(f : B) on B, then for xy € OB

limsup u(x) < limsup f(x).
x—x0,XEB x—x0,x€0B

Proof 1t can be assumed that the right side is finite for otherwise there is nothing to
prove. If k is any number greater than the right member of the last inequality, then
f(x) <k for all x € OB in a neighborhood of xg. By the preceding lemma,

limsup u(x) < k;
x—Xx0,XEB

but since & is any number greater than limsup,_, - c5p f(x), the lemma is proved.
]

Lemma 2.7.6 If f is Borel measurable on OB, integrable relative to surface area
on OB, continuous at xo € OB, andu = PI(f : B) on B, then

lim Bu(x) = f(xp).

X—>X0,X€

Proof By the preceding lemma, lim sup,_, , .cpu(x) < f(xo). Since PI(—f : B)
= —PI(f : B),

limsup —u(x) = limsup PI(—f : B) < — f(xo),

x—Xx0,XEB x—Xx0,X€B

or liminf,_, v, xep u(x) > f(x0) and the result follows. O

Theorem 2.7.7 (Schwarz [6])The Dirichlet problem is uniquely solvable for a ball
B and a continuous boundary function f. The solution is given by PI(f : B).

Proof Uniqueness was proven in Theorem 2.7.1. O

Remark 2.7.8 Put another way, if f € CY%(HB), thenu = PI(f : B) is harmonic on
B, has a continuous extension to B~, and agrees with f on 0B.
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According to Theorem 2.4.3, if u is harmonic on a neighborhood of a ball, then
u has the mean value property. This property characterizes harmonic functions.

Theorem 2.7.9 A function u on the open set Q@ C R" is harmonic if and only if
u € C%RQ) and

u(r) = #/@B (@) do2)

for every ball B, s C B sCS.

Proof The necessity follows from the continuity of harmonic functions and Theo-
rem 2.4.3. Consider a function u € C°() that satisfies the above equation for every
Bys C B ;C Q. Fix such a ball. By Lemma 2.7.6, there is a function v € co(Q)
that agrees with u on 0By s and is harmonic on B, ;. The difference u — v is then zero
on OBy s, and since it satisfies the hypothesis of Theorem 2.5.9, u — v satisfies both
the maximum and minimum principles on By s. It follows that u = v on By s and
u is harmonic on B, 5. Since By s is an arbitrary ball with B;(S C 2, u is harmonic
on €2 O

It is not necessary that the equation of the preceding theorem hold for every ball
Bys C B, 5 C .

Corollary 2.7.10 A function u on the open set Q2 C R" is harmonic if and only if
TS CO(Q) and for each x € Q, there is a 0, > 0 such that

u(x) = #/83 u(z)do(z) (2.14)
n x,0

forall 0 < § < 6y, in which case

1 1
u(x) = ﬁ/ u(z)do(z) = n/ u(z)dz
O-n(S OBM- V"(; By s

whenever B; s C Q.

Proof The necessity follows from the preceding theorem. Suppose u € C°(2) and
for each x € Q, there is a , > 0 such that Eq.(2.14) holds for all 0 < § < d,. If
B=B,,C B;p C , then u|pp is continuous and the function

_ | PI(u:x,p(y), ye€B,
) = [u(y), y € 0B,

is continuous on B~ by Lemma 2.7.6. By definition, u — v = 0 on dB. Since v is
harmonic on B, for each y € B

1
u(y) —v(y) = m/@g (u(z) —v(2))do(2)
n Y,
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for all sufficiently small 6 > 0. By Theorem 2.5.9, u — v satisfies the minimum and
maximum principles on B. If u — v attains its maximum at some point of B, then it
must be constant and therefore u — v = 0 on B; if u — v does not attain its maximum
at a point of B, then u — v < 0 on B. In either case, u < v on B. Since u — v also
satisfies the minimum principle on B, u = v on B and u is harmonic on B. Since B
is arbitrary, u is harmonic on 2. Lastly, since v,n = o,

1 10
- / u(z)dz = —n/ / u(x + p0)p"tdodp
vnd" /B, ; vnd" Jo Jig1=1

O e 1
= / (—/ u(x + pd) d0) Pt hdp
vnd" Jo \on Jigi=1

— On /6M(.x) n—ld
B Vn(S” 0 P P

= u(x). i

It is possible to relax the requirement of continuity in the preceding theorem at

the expense of replacing surface averages by solid ball averages. In the proof of the

following theorem, the symmetric difference of two sets A and B is denoted by AAB
and is defined by the equation AAB = (A ~ B) U (B ~ A).

Lemma 2.7.11 [fu is locally integrable on the open connected set 2 and

1
u = [ utay
Vn(s BX‘()'

whenever By s C Q, then u is continuous and obeys the maximum and minimum
principles on Q.

Proof Note first that u is real-valued. It will be shown now that the hypotheses imply
that u is continuous on 2. To see this, consider any x € © and any ¢ > 0 such that
B, 5 C Q. Forany y € By, Bys C B s Since By sAB, s C B s and u is

integrable on B_ 55

1
) —uwl = = [ w@ldz 0
Vn0" JB, sAB,

as y — x by the absolute continuity of the Lebesgue integral, which proves that u is
continuous at x. Suppose there is a point xg € 2 such that u(xg) = infq u. Letting
Y = {y; u(y) = infq u}, X is arelatively closed subset of €2 by continuity of u. For
any y € X and 0 > O with B, 5 C 2,

1
VO

/B @@ — () dz =0,
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Since y € X, u —u(y) > 0 on By 5 and it follows that u — u(y) = 0 a.e. in B, ;
thus, u = u(y) on B, s by continuity of u. This shows that B, 5 C ¥ and that X is an
open subset of Q2. By the connectedness of 2, ¥ =Jor X = Q. If £ = Q, then u
is constant on €2; otherwise, u does not attain its minimum at an interior point of €.
Since —u satisfies the same hypotheses, u satisfies the maximum principle on Q. O

Theorem 2.7.12 The function u is harmonic on the open set 2 if and only if u is
locally integrable on Q and

1
u = [ utay
1/,15 Bx,ri

whenever By 5 C 2.

Proof The necessity follows from the continuity of harmonic functions and Theo-
rem 2.4.3. As to the sufficiency, let u be locally integrable on €2 and satisfy the above
equation. Since it suffices to prove that u is harmonic on each component of €2, it
will be assumed that €2 is connected. Let B = By, , be any ball with B~ C Q. It
was shown in the preceding proof that u is continuous on 2. Consider the harmonic
function i = PI(ulpp : y, p). By Lemma 2.7.6, lim,_,  ;ep(u(z) — h(z)) = 0 for
all x € 0B. Since u — h satisfies both the minimum and maximum principles on B
by Lemma 2.7.11, u = h on B and u is harmonic on B. Since B is an arbitrary ball
with B~ C €2, u is harmonic on 2. m|

The requirement in the preceding theorem that u satisfy a global solid ball aver-
aging condition cannot be relaxed. This can be seen by examining the function u on
R? defined by

—1 ifx <0
ulx,y) =140 ifx=0
1 if x > 0.

This function is locally integrable and satisfies a local solid ball averaging principle
but is not harmonic.

If uy, ..., up are harmonic functions on the open set 2 and oy, ..., o) are real
numbers, then it is clear from the original definition of harmonic function that u =
Zf’zl a;u; is harmonic on 2. The following theorem extends this result to integrals.

Theorem 2.7.13 Let U and V be open subsets of R", let i be a measure on U,
and let H be a nonnegative function on U x V. If (i) for each y € V, H(-,y) is
continuous on U, (ii) for each x € U, H(x, -) is harmonic on V, and (iii) h(y) =
fU H(x,y)du(x) < 4o0o for each y € V, then h is harmonic on V.

Proof By hypothesis, H (x, y) is continuous in each variable separately. This implies
that H (x, y) is jointly measurable on U x V. To see this, for each k > 1 let
Ji Jit+1

;ifx,-< " ,i=1,...,n}

LG, - Jn) = {1, )
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where each j; € Z, the set of integers. Define a map ¢, : U — V by letting ¥y (x)
be any fixed point of VN Ix(ji, ..., jn) whenever x € VN I (ji, ..., ju). Note that
limg— o0 ¥x (x) = x forall x € U and that limg_, oo H (¢x(x),y) = H(x, y) for each
x € U and y € V. Since each function H (1x(x), y) is jointly measurable on U x V,
H (x, y) is also. Therefore, H (x, y) is a nonnegative jointly measurable function to
which Tonelli’s theorem can be applied. Suppose B,; s C V. Then

Ah,y,0) =A (/ H(x,)du(x) vy, 5)
U

=/ H(x,y)dp(x)
U

= h(y) < 4o00.

This shows that & is locally integrable and satisfies the hypotheses of Theorem 2.7.12.
Thus, 4 is harmonic on V. O

It would appear from Theorem 2.7.2 that the class of functions harmonic on a ball
is much more extensive than the class obtained by solving the Dirichlet problem for
a Borel measurable boundary function. For example, consider a point zo € 9By,,
and a unit measure p concentrated on zg. Then for0 < A < 1

1 2 _ \z 2
w0 = P1Ge: Bz = —— [ ELEE g
onp Jos,, 12— Azol

1 1 — )2

o T (A= %

as A — 1—;thatis, PI(u : B)(x) — 400 as x approaches z( along a radial line. On
the other hand, if the measure p is concentrated on some point z; other than z(, then

)
onplz1 — Azol"

u(Azo) = PI( : B)(A\z0) =

as A — 1—. The function u is not determined by the boundary function f that is
+00 at zg and is O at all other points of 9By, since f = 0 a.e. (o) and PI(f : B)
=0on B.

Lemma 2.7.14 (Herglotz [5]) If u is harmonic on B = By, , and

1

m/ luldo <k < 400 forall § < p,
n (()By,g

then there is a signed measure |1 of bounded variation on OB suchthatu = PI(u : B)
on B.
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Proof 1f § < pand x € B s, then

6 —|x —yl?
—————u(z)do(2).
33%5 |

|z —x

ux) = 0,0

If M is a Borel subset of B, , and é < p, define

s (M) =/ u(z)do(2).
MﬂaBy_o‘
Then 5 is concentrated on 9B, 5 and

lls =/ u(2)|do(z) < kopd" ™" < koyp"™!

aBng

for all 0 < p. Let {¢;} be a sequence of positive numbers such that §; 1 p. By
Theorem 1.2.5, there is a subsequence of the sequence {us;} that converges to a
signed measure 1 in the w*-topology with ||| < ko, p"~!. It can be assumed that
the sequence {y;;} converges to y in the w*-topology. Since the signed measure
pe; is concentrated on OBy, 5; and 6 1 p, pu is concentrated on dBy, ,. Consider any
x € B. By dropping a finite number of terms, if necessary, it can be assumed that
ly — x| <6; < pforall j > 1. Then

1 0 —ly—x?
u(x) = — !

d,u(;.(Z).
(7116j 83%(5]. |z !

__x|l’l

Since the signed measures 45, are concentrated on the spherical shell {z; 61 < |z —
x| < p} and the sequence of integrands in the last equation converges uniformly to
(p* — |y — x|*)/|z — x|" on this shell, by Corollary 1.2.6,

1 p* =y —xI?
[ ), !
OnP JOB,, |z — x|

Theorem 2.7.15 [Herglotz] The harmonic function u on B = B, , is a difference
of two nonnegative harmonic functions if and only if there is a signed measure [ of
bounded variation on OB such that u = PI(u : B).

u(x) =

Proof Suppose u = u; — up, where u; and u, are nonnegative harmonic functions
on B.If 0 < § < p, then

1 / 1 1
L Iuldas—/ |u1|do+—/ 3] do
700" Jop, s 720" Jop 020" 1 Jop

Y0 Y.0

=u1(y) +uz(y) < +oo
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and the necessity follows from Lemma 2.7.14. If u = PI(x : B), where p is a signed
measure of bounded variation on dB, then y = p™ — pu~, where ™ and p ™ are finite
measures on OB, and so u = PI(u" : B) — PI(u~ : B). The sufficiency follows
from Theorem 2.7.2. O

2.7.1 Exercises for Sect. 2.7

1. If the function u is harmonic on the set @ = {y € R"; y, > 0}, continuous on
7, and equal to 0 on OS2, show that # has a harmonic extension /4 to all of R".

2.If x € B = Byps C R3,z € OB have spherical coordinates (p, 0, ¢) and
(6,6, @), respectively, and u is harmonic on B and continuous on B~, show
that

§ 2 pmw 52— ,02
u(x) = —/ / ~u(3,0,¢")sing’ d¢' o’
4t Jo Jo (82 + p?> —20pcosy)2

where cos v = cos ¢ cos ¢’ + sin ¢ sin ¢ cos (¢ — ¢).
3. Under the hypotheses of Theorem 2.5.4, show that the Poisson Integral in the
n > 3 and B = By, case can be written

I PPt =)
—u(r, ) = — , 0 do
u) = uln 0 =27 /m—l @+ —ag oy

where x and z have spherical coordinates (01, ..., 0,_1,r)and (0}, ..., 9;_1, o),
respectively.

4. Show that the Poisson Integral on a ball B = By , commutes with orthogonal
transformations. That is, if O = {0;;} is areal n x n orthogonal matrix and f is
integrable relative to surface area on 0B, then

PI(f, B)o O = PI(f o O, B)

where f o O denotes the composition of f with O.
5. If u is a positive harmonic function on the ball B = By, and foreach0 <7 < 1
and Borel set £ C OB,

e (E) = /E u(tx)do(x),

show that supy,_y [lp || < 400, that there is a positive measure 1 of bounded
variation on the Borel subsets of 9B, and a sequence {¢;} in [0, 1) increasing to
1 such that the sequence {/,;; j > 1} converges to 41 in the w*-topology; that is,

lim / fdu, =/ fduforall f e C%AB).
OB OB

j—00 J¢
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6. Show that the positive harmonic function of the preceding exercise has the rep-
resentation

1 p* — |x|?
ulx) = ——du(2), x€B
oB |z

Onp —x|"

and that y is unique.

2.8 Kelvin Transformation

Consider a ball B, , C R". The transformation x — x* defined by

2
T ARt S (2.15)

X =y+
ly

was used in the derivation of the Poisson integral formula and is called the Kelvin
transformation or inversion with respect to 9By, ,. The point x*, lying on the radial
line joining y to x, is called the inverse of x relative to JB, ,. Aside from the
derivation of the integral formula, the Kelvin transformation is useful for solving
other problems.
The following symmetry property of the Kelvin transformation will be used later
in the chapter. If x, y € B o then
Ix —zllx™ —yl = |y — zllx — y*I. (2.16)

This equation will be derived assuming that z = 0. Let y denote the angle between the
line segments joining O to x and O to y. Since x* = (p2/|x |%)x and y* = (p2/|y|2)y,

2

BT lyl* - 2ﬁ|ylcosv

% (_2 + x)? —2—|x|cos*y)
lx1= \ Iyl |yl

2
_ [yl o
x|?

4
p
Ix* —yl* =

2
|<.

Thus, |x|lx* — y| = lylly* — xI.

It is easily verified that the Kelvin transformation is a homeomorphism of R" ~
{y} onto itself. As with any other transformation, the effect of the transformation
on various geometric regions can be examined. Note first that the transformation
maps planes or spheres into planes or spheres, but not necessarily respectively. The
calculations will be much simpler if it is assumed that y = 0, in which case
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2 2

= —>x and x = p 2x*.
x| B

Starting with the general equation of a plane or sphere in R"

n n
ainz +Zb,~x,~ +c=0,
i=1 i=1

and making the substitution x; = (p*/|x* |2)x;", the equation

n n
ap* + p* Zbixi* —l—ch;"Z =0
i=1 i=1

is obtained, which is again the general equation of a plane or sphere. It is easily seen
that a plane outside the sphere 0By, , will map into a sphere inside the sphere 9By ,
which passes through the origin, and conversely, a sphere inside the sphere 0By, ),
which passes through the origin, will map onto a plane outside the sphere 9By ,.

The effect of the Kelvin transformation on functions will also be examined. Let 2
be an open subset of R" ~ {y} and let 2* be the image of 2 under the map x — x*
relative to 8By, p- If f is a function on €2, the equation

n—2 2

P fy+ f—2<x — ).

rn—2

[ =

where r = |x — y| and r"~2 = 1 if n = 2, defines a function on Q*. The mapping
f — f[* defined in this way will be called the Kelvin transform.

The following theorem can be proved by tedious calculation of the Laplacian of
f*. Instead the proof will be based on the characterization of harmonicity in terms of
averaging. To do this it is necessary to make a change of variable in an integral that
requires the computation of the Jacobian J(x*, x) of the transformation x — x*.
To simplify the notation, it will be assumed that the map x — x* is relative to the
sphere 0By ,. It is left to the exercises to show that

Ox* 2 2XiX: 2n

J(x*, x) = det | 24 —det |2 (5, — 25N - 2

Ox 2\ % 2 2
x] nxn r r nxn r

where 6;; = 1 or 0 according as j =i or j # i, respectively, and r = |x]|.

Theorem 2.8.1 If Q2 is an open subset of R" ~ {0} and f is harmonic (superhar-
monic) on 2, then the Kelvin transform f* of f is harmonic (superharmonic) on
Q*

Proof That positivity is preserved is obvious from the definition. Let B; s be a ball
with closure B_ ; C Q* Choose p > 0 such that B, ,NB ;= ¢ and consider the
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inversion x — x* relative to 9By, ,. Let By, . C By, be the pre-image of B; ; under
the inversion x — x*. Using Eq. (2.17),

1 . 1 / pn— p pZn
dx* = L) (L) a
o J = Ly e ) )

P e
= — d dt
1/5”ol%"2/|xzf( 2x) o(x)

n 1 (

3n 2
|p— )dxdt

vy 5 0 l3n
Noting that f ( 220) is a constant, reversing the steps

1
Uy O"

2
f (x*)dx* —f( |220) = (2.

Since this is true for every B, s C Q¥, it follows from Theorem 2.7.12 that f* is
harmonic on Q*. O

2.8.1 Exercises for Sect. 2.8

1. Show that the circle C C R? is invariant under an inversion with respect to the
circle 0By, if and only if it is orthogonal to 0By, that is, the normals to the
two curves at the points of intersection must be orthogonal. Formulate the same
proposition for spheres in R”. (Hint:To show that orthogonality implies invariance
use Steiner’s Theorem.)

2. Show that the Jacobian J(x*, x), x € R2, of the inversion x* — x relative to
0By, is —p*/|x|*.

3. Show that the Jacobian J(x*, x),x € R3, of the inversion x* — x relative to
OBy, is —p®/|x|5.

4. If a;,i = 1, ...n, are non-zero real numbers, show that

1 1+3"
det [61-,- n —} - % (a)
ai {nxn Hi:l aj

Use this result to show that the Jacobian J(x*, x), x € R", of the inversion
x* — x relative to 0By, is

2n
]()C*,X)Z—W. (b)
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5. Determine the Kelvin transform of the function f(x) = (|x|*>+3|x|)e™ ! relative
to the sphere 0By .

6. The function u(x) = log|x — xp| is harmonic on R% ~ {xo} and has a pole at
Xo. Show that the Kelvin transform u* of u relative to 0By, has poles at 0 and

kK _ P
Xn = —=X0.
0= TxP0

7. The function u(x) = 5 is harmonic on R" ~ {xo}, n > 3, and has a pole

1

lx—xo["~ ;

at xo . Show that the Kelvin transform «* of u relative to 9By , has a pole at
2

x5 = _LIXO\ZXO'
8. Determine the Kelvin transform u* of the function u(x) = 1/|x|, x # 0 relative
to the sphere 0By .

2.9 Poisson Integral for Half-Space

It was shown in the preceding section that a nonnegative harmonic function # on a
ball can be represented as the Poisson integral of a measure on the boundary of the
ball. A similar result holds for half-spaces. Throughout this section 2 will be the
half-space {(x1, ..., x,); x, > 0}.

Theorem 2.9.1 If u is a nonnegative harmonic function on the open half-space
Q = {(x1,...,xn); x, > 0}, then there is a nonnegative constant ¢ and a Borel
measure |1 on OS2 such that

2x,
u(x) =cx, +
1%}

du(z) forall x € Q.

On Q lz —x|"
Proof Consider an inversion relative to 3By,1 where y = (0,...,0,—1). The
image of 2 under this map is the open ball Q* = {z*;|z* — x§| < 1/2} where
xg = (0,...,0, —%). Let u* be the image of u# under the inversion. Then u* is a

nonnegative, harmonic function on the ball Q*. By Theorem 2.7.15, there is a Borel
measure 4* on J2* such that

2 1 _ x* — x*2
ut(x*) = _/ udu*(z*) for all x* € Q*.
on Jogr |7F—x*|"

Letc = (2/0)p*({y}) = 0 and let i} = p*|gg+~(y). Then

1 * *12 1 * *12
17— X" —xg] 2 17— X — x5
u*(x*) = C—*n + — *—*nduT(Z*)
ly — x*| on Jogr 12¥ —x*|

Letting 6 denote the angle between the line segment joining x* to y and the x,,-axis,
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_ |x* _x(>)l<|2

2 = —|x* —y> 4 |x* — y| cos b

by the law of cosines. Since [x* — y||x — y| = 1 by definition of x*,

_ |x* _x(>)k|2

1
) =—2(—1~|—|x—y|cos0).

lx —yl

Since |x — y|cos @ = x,, + 1, where x,, is the nth component of x,

2 n
— — |x* = x5l 5
4 lx —y

Letting ¢ be the angle between the line segment joining z* to y, where z € 9%, and
the line segment joining x* to ¥,

2" — x*|? = [F — yI* + |x* — y[* — 2|z* — ylIx* — y|cos p
B 1 n 1 2cos ¢
lz—yl>  |x—yl> lz—yllx -yl
1
Py G yl? + 1z = yI> =2z — yllx — yl cos )
o lz=xP
lz —yllx —y|?”
Therefore,

_ 2x _ z—y|"
u*(x*) = cxplx —y" T+ i x — vy 2/0 lz — gl dpf ()

On o |z —x|"

1 * (x—1) 2xy, / lz —yl"
—F= U + — =cx,; + d * Z* .
lx —y[n—2 (y lx —y? " on Jogr lz—xI m)

Note that the left side of this equation is just u(x). Denoting the map z* — z by
T, the measure ;] on OQ* induces a measure j1 on 02 by p11 = ,uTT_l. Defining
w(E) = fE |z — y|" dp(z) for any Borel set E, the last equation can be written

2xp
ulx) =cx, + —
19}

On

or

du(z). (2.18)
O

Q lz—x|"

Note There is no reason to believe that the measure in the last equation is finite.

The right side of Eq.(2.18) will be denoted by PI(c, i, 2)(x) and is called the
Poisson integral of the pair (c, ) for the half-space 2. The number ¢ can be any
real number and p any signed measure. As before, if 4 is the indefinite integral of
a measurable function f on ORQ relative to Lebesgue measure, let PI(c, f, Q) =
PI(c, p, 2); that is,
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Plc, £, Q)0) = cxy + 2 / @ 4. (2.19)
on Joq lz —x|"

where x = (x1, ..., x,) with x,, > 0.
A partial converse of the preceding theorem for the half-space 2 will be taken up
now. It will be shown first that

1
/ | B dz < 400 (2.20)
oIz —X

whenever n > 2 and x € Q. To see this, let X be the projection of x = (x1, ..., x,)
onto IR and let z € OQ. Then |z — x|*> = x2 + |z — X|?, and

1 1 1
/ dz 5/ —dz—i—/ —d
o lz —x|" aQN{|z—x| <1} X1 aan(lz—x=1) 12 — X|"

Since the first integral on the right is finite, only the second need be considered.
Transforming to spherical coordinates in the (n — 1)-dimensional space OS2 relative
to the pole X,

—dz = —r"dldr = 0,1 < +00.
oan{lz—x|=1} 12 — X" 1 Jig=1 1"

It will be shown now that PI(0, 1, ) = 1 on Q. By Eq.(2.20),

2xp, 1
P10, 1, Q)(x) = i
on Jogo |z — x|

is finite for each x € Q. Equation (2.20) can also be used to show that PI(0, 1, 2) is
harmonic on 2. The argument is straightforward, but tedious, and involves justifica-
tion of differentiation under the integral. Note that the above integral, as a function
of x, is unaffected by adding to x a vector in 9€2. Such an operation is a translation of
x in a direction normal to the x,-axis. In other words, |, aq |z —x|7" dz is a function
of x, only. Let

2xy 1
g(xn) = PI(Ov ]a Q)(x) = dZ, Xn > 0
on Joa lz —x|"

Since g is harmonic on €2, dzg/x,% = 0 and g(x,) = ax, + b. It will be shown now
that @ = 0. Since
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) 2xn/ 1 J
Xp) = ————dz
T =750 Joq (22 + 2272
2 1 z
=—/ TR A O
on Joa Qz/xal> + D72\ &,

2 / 1 d
= — ——7 dz,
on Joo (2| + D"/2
g(x,) is a constant function and a = 0. By transforming to spherical coordinates

relative to the origin in 92, using the formula for the o, in Eq.(1.1), and using
standard integration techniques,

2 1
b=g(l)=— ————dz
s =2 /ag P+ D72

2 +o00 n—2

il / / S do(O)dr
on Jo =1 (r2 + D"/

20,—1 +o00 n—2

On /o (r2 4+ 1/

dr

=1

Therefore, g(x,) = 1 for all x;,, > 0; that is,

2 1
PI(0,1,2) = Al / dz =1 forall x € Q. 2.21)
on Joo lz —x|"

The relationship of the harmonic function determined by a boundary function to
the boundary function itself will be considered now.

Theorem 2.9.2 If f is a bounded measurable function on 02 and c is any real
number, then u = Pl(c, f, Q) is harmonic on Q. If f is continuous at zoy € 0K, then
limy 5, u(x) = f(z0); moreover, limy, o0 u(x)/x, = c.

Proof The latter statement will be proved first. It follows from Eq.(2.21) that

2 1
lim —

dz = 0.
xn—>+00 o Joq |z — x|"

Returning to Eq.(2.19) and using the fact that f is bounded,

. u(x ) 2 z
lim ()zc—i— lim — f@ dz =c
Xp—>+00 Xy x—+o0 o, Joq |72 — x|

Suppose now that f is continuous at zo € OS2 and that | f(z)| < M on 0R2. To show
that lim,_, ;,, u(x) = f(zo), it suffices to prove as in Lemma 2.7.4 that f(z) < k
in a neighborhood of zo implies that limsup, _, . u(x) < k for all z, where & > 0.
Suppose f(z) < k for all z € 9 N By, . Since the term cx, in Eq.(2.19) has the
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limit zero as x — zo, it suffices to consider just the integral term. The integral will be
written as a sum of two integrals by splitting the boundary OS2 into the two regions
0Q2N{|z—z0| < e} and IQN{|z—z0| > €}. Since f(z) < konIQLN{|z —z0| < €},

2 / F@ 4 < kP10.1.9) = k.
9]

on Joan{iz—z|<e) 12 — xI"

Letting X denote the projection of x onto 0%,

@, e
Tn Joqn(z—zl=e) 12 — xI" on  Joan(z—x=¢ |z — X"

Note that for z € 0 ~ By and x € By, (2, |z —X| > €¢/2. Using spherical
coordinates relative to X, for x € By ¢/2

1
[ ——
9Qn(1z—z0/z€) 12 — X| 9QN{|z— x\>e/2} lz —x|"

/ / 2 dr do
10]=1

_ 2001
==
Therefore,
AMx, 00—
lim sup/ /@ dz < lim sup I nOn-1 0.
x—>z0 JOQN{|z—z0|>¢€} |z — x|" X—2z0 On€
Hence,
lim sup u(x) §k+limsup/ LZ_)dZ <k.
X—>20 x—2z0 JOQN{|z—x>¢} lz —x|" O

The last theorem illustrates the difficulty with uniqueness of the Dirichlet problem
for unbounded regions. The solution for a bounded function on the boundary of a
half-space is not unique since the choice of ¢ in PI(c, f, 2) is arbitrary.

In some cases, a harmonic function can be extended harmonically across the
boundary of a region. This will be shown to be the case when the region is a half-
space under appropriate conditions. If y = (y1,...,y,) € R",y" will denote the
reflection of y across the x, = 0 hyperplane; that is, v = (y1, ..., Yn—1, —Yn). If
A C R", A" will denote the set {y; y € A}.

Lemma 2.9.3 Let Q = {(x1,...,x,) € R";x, > 0}, let " be a compact subset
of @, and let u be a function on Q™ that is continuous on Q= ~ T, harmonic on
Q ~ T, and equal to 0 on . Then the function i defined on R" ~ (' UT") by
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u(x) if xeQ~T
ux)=130 if x €0
—u(x") if xe(Q~D)

is harmonic on R" ~ (' UT).

Proof Since the function # is clearly continuous on R" ~ (I'UT'"), the result follows
from Corollary 2.7.10. O

This lemma will be used to prove a less trivial result. In the course of doing so,
the fact that the Kelvin transformation is idempotent will be used; that is, if f is
a real-valued function on an open set €2, not containing the reference point of the
inversion on which the transformation is based, then the Kelvin transform of f* on
Q* is just f on Q. This property follows immediately from the definition of the
transformation.

Theorem 2.9.4 Let 0 < 6 < p. If u is continuous on B P B_ s harmonic on
By ~ Bx_(S’ and equal to 0 on 8Bx’,,, then there is an ¢ > 0 such that u has a

harmonic extension to By ¢ ~ B; 5

Proof Let y be any point of 0B, , and consider an inversion relative to JBy 2.
Under this inversion, the ball By , maps onto a half-space €2, which can be taken
to be {(x1,...,x,); x, > 0} by choice of coordinates, with the hyperplane 02
externally tangent to B, ,, B = B, s maps onto a ball B* with closure B*~ C €,
and By, ~ B ; maps onto Q@ ~ B*™. The Kelvin transform u* of u is continuous

on 2~ ~ B* harmonic on 2 ~ B*~, and equal to 0 on 2. Now restrict u™ to Q~ ~
B~ . By the preceding lemma, ™ has a harmonic extension to R" ~ (B*~ U(B*™)"),
where (B*7)" is the reflection of B*™ across 0€2. By simple geometry, it can be seen
that a sufficiently small € > 0 can be chosen so that By 4. ~ B, 5 maps under the

inversion onto a neighborhood of 92 which also contains Q ~ B*~. Restricting u*
to this neighborhood, ™ will be harmonic thereon and its transform will be harmonic
on By p+e ~ B ,, thereby extending u harmonically across 0By p. O

2.9.1 Exercises for Sect. 2.9

L If Q= By, Q=N Ri, Qo = {x € Q; x,, = 0}, the function u is harmonic
on 4 and continuous on 4 U, and u = 0 on ¢, show that # has a harmonic
extension to 2.

2. If f is a bounded measurable function on 92 show that P(c, f, ) is a bounded
harmonic function if and only if ¢ = 0.

3. Use the Poisson Integral to find a bounded harmonic function u on the upper half
plane {(x,y); y > 0} satisfying the condition u(x,0) = f(x) where f(x) =
—lifx<-—-1,f(x)=xif -1 <x < l,and f(x) = 1ifx > 1.
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2.10 Neumann Problem for a Disk

Consider a nonempty open set 2 C R" having compact closure and a smooth
boundary. Given a real-valued function g on 02, the Neumann problem is that of
finding a harmonic function u on  such that Dyu(x) = g(x), x € Q. There is an
obvious difficulty with uniqueness of the solution if u satisfies the above conditions
and c is any constant, then u +-c satisfies the same conditions. Also, not every function
g can serve as a boundary function for the Neumann problem. If u € C?(Q7) solves
the Neumann problem for the boundary function g, then by taking v = 1 in Green’s
Identity

0:/ Dnu(z) do(z) =/ g(z)do(z);
oQ oQ

and it follows that a necessary condition for the solvability of the Neumann problem
is that the latter integral be zero.

Before getting into the details, the meaning of the statement Dyu(x) = g(x), x €
0%, should be clarified since the solution u of the Neumann problem may be
defined only on €. If n(x) is the outer normal to OS2 at x, by definition Dyu(x) =
lim;_ 1~ Dp(xyu(tx), where Dy(y)u denotes the derivative of u in the direction n(x).

The Poisson integral solved the Dirichlet problem for a disk of any dimension
n > 2. An analogous integral for the Neumann problem is not available for all
n > 2. The n = 2 case will be considered in this section and the n > 3 case in the
next section.

Consider the n = 2 case, using polar coordinates (r, ) rather than rectangular
coordinates. Let g be a real-valued function on the boundary of the disk B = B, ,
which satisfies the condition

2w
/ g(p,0)do = 0. (2.22)
0

Fourier series will be used to construct a harmonic function # on B satisfying the
Neumann condition Dpu = g on dB. The use of Fourier series will not only provide a
method of approximating the solution, but will also lead to an integral representation
analogous to the Poisson integral. Suppose the function g(p, 6) has the Fourier series
expansion

ao

g(p, ) = >

o
+ Z(a,, cosnb + b, sinnb), (2.23)

n=1
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where
1 2
a, = —/ g(p,0)cosnddd n=>0
T Jo
1 2w
b,,:—/ g(p,0)sinnfdfd n>1.
T Jo

By Eq.(2.22),

1 2w
ap = —/ g(p, 0)do = 0.
™ Jo

Noting that the functions r” cos nf, r"* sinnf), n > 0, are harmonic on R? (as the real
and imaginary parts of z), it is conceivable that

o0
u(r,0) =ug + Z(anr" cosnf + B,r" sinnb)
n=1
is a harmonic function. Since Dyu = Ou/0r for a disk,
o0
Dyu(p, 0) = Z(nanp”_lcosnﬁ +nB,p" ' sinnd),
n=1
formally at least. Choosing the «,, and 3, so that

dn by,

@12

n>1,

npnfl’

it would appear that the Neumann condition Dyu = g on 9B, , is satisfied. Substi-
tuting these values of «, and (3, in the definition of u(r, 0),

00 n
u(r.0) = ug + > ——= (ay cosn + by sin nb). (2.24)
n=1 npn7

Since
1 2w
an cosnf + by, sinnf =— / cosngcosnb g(p, ) deo
T Jo
™

2m
_|_l/ sinng sinnf g(p, ¢) do
0

1 271'
:—/ cosn(p — 0)g(p, @) do,
7 Jo
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u(r, 0)

—Mo+—z = <ei”<@*(’>+e*""<¢*9>>g<p, ¢)d¢

2 [ io-0\" o —i(¢—0)\"
p 1 fre 1 fre
= — E — E - — ,0)d

for0 < r < p,0 < @ < 2. Using the fact that log (1 — 1) = — > .72, 1" /n for
[t <1,

p 2 P2
u(r, 9) = ug + ﬁ,/() lOg (pz _ zpr cos ((b _ 9) + rz)g(p7 ¢) dd)

The p? in the numerator can be dropped because of Eq.(2.22) resulting in Dini’s
formula

2
u(r, ) =up — %/0 log (p* + r* — 2pr cos(¢ — 0))g(p, ¢) do. (2.25)

Having found a formula for a solution to the Neumann problem for a disk, the
Fourier series method could be dispensed and the formula examined independently
of its origin. But in light of the fact that the Fourier series method also provides
approximate solutions, the method will be retained for the next theorem.

Theorem 2.10.1 If g(p, 0) is continuous and of bounded variation on [0, 27] and
fan/ , g(z) do(z) = 0, then the function

27
. 0) = g~ - /0 log (0% + 1> — 2pr cos (0 — ) g(p. ¢) db

belongs to C O(Bl; ) NC Z(By, p) and solves the Neumann problem for the boundary
function g.

Proof Under the conditions on g, the Dirichlet-Jordan test (c.f. [7] ) implies that
the Fourier series representation Eq.(2.23) of g(p, 0) is valid for each 6 € [0, 27].
Define u(r, ) for 0 < r < p as in Eq.(2.24). Applying Theorem 1.2.2 twice to the
series in (2.24) via the Weierstrass M-test, it is easy to show that u(r, #) is harmonic
on By, P Since the Fourier coefficients a, and b,, of g are O( 1) (cf. [7D and r < p,
the series defining u(r, #) in Eq. (2.24) converges uniformly on B, , and therefore

Y.
u € C%B; ). Theorem 1.2.2 can be applied again to show that

Y.p

X n—1
Dyu(r, 0) = z %(an cosnf + b, sinnb).

n=1
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By Abel’s limit theorem (c.f. [8] ),

lim D,u(r,0) = g(r,0), 0<6<2r. o
r—p—

The requirement that g be of bounded variation on 9B, , in the preceding theorem
is unnecessary for the conclusion.

Theorem 2.10.2 If g is continuous on OBy, , and fan g(z)do(z) = 0, then the
function u defined by -

u(x) = ug — —/B (log|x —z)g(zx)do(z) x € By,

solves the Neumann problem for the boundary function g.

Proof By Eq.(2.25) and Lemma 2.5.5,

2T
ya —2r +2pcos (¢ — 0)
ur(r0) = 2 ,/o p* +r2 —2prcos (¢ — e)g(p, ) do
p 27 P2 _ r2 P o
:%/0 p2+r2—2prcos(¢—9)g(p’¢)d¢_%/0 9(p.9)d9

_ gPI(g, (r, 0)).
By Lemma 2.7.6
Dnu(p, 0) = rglf}_ ur(r,0) = g(p, 0).
Converting Eq. (2.25) to rectangular coordinates,

u(x) =ug+ —/ |2g(z) do(z), x € By,.

Putting x = y, the log factor becomes a constant and it is clear that the constant u
is the value of the solution at the center of the disk.

Remark 2.10.3 Integral representations of solutions to the Neumann problem for
half-spaces, quadrants, circular annuli, etc., can be found in [9, 10].

2.10.1 Exercises for Sect. 2.10

1. Verify directly that 7" cosnf and r” sinnf are harmonic on R> without using
complex variables.
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2. Verify that the Fourier Series representation of a harmonic function on By, sat-
isfying the Neumann boundary condition

1 O0<f<m
Dnu(p,0)=g(p79)=[_1 T<6<2mw

is
u(r,0) =u +%§:£(1—(—1)") r nsinn@
) 0 7 2 ) P )

3. Show that any two solutions of the Neumann problem on the disk dB, , differ
only by a constant. (Hint: Use Eq.2.2)

2.11 Neumann Problem for the Ball

In constructing the Green function G p(x, z) and the Poisson integral formula for a
ball B = B, , C R", the representation

1 1 1
ux)= D M—MD _— dUZ
= a2 aB(|z—x|ﬂ—2 n “|z—x|"-2) ©

of a harmonic function was modified by adding an appropriate harmonic function v,
to 1/|z —x|"*~2 in order to eliminate the integral of the first term. It might be possible
to eliminate the integral of the the second term by adding a harmonic function v,
to 1/]z — x|"~? so that its normal derivative vanishes on dB. This goal is not quite
achievable, but the procedure can be used to produce a constant normal derivative.
The resulting function K p(x, z) should also be a harmonic function of x for each
z € OB. The procedure will produce the following representation of a harmonic
function u in terms of its boundary normal derivative Dpu:

1
u(x) = —/ Kp(x,z)Dnu(z)do(z) +C/ u(z)do(z), x € B.
on(n —2) Jop OB
(2.26)
Finding an explicit function v, accomplishing the above can be done only in the
n = 3 case. In this case, a function K g(x, z) and a constant ¢ will be exhibited such
that

AxKp(x,z) =0  foreachz € OB (2.27)
Dp)Kp(x,2) =c foreachx € B~,z € 0B, x # z, (2.28)
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where Dy;) denotes the outer unit normal derivative at z € 0B. Before reading on,
the reader should verify that the function log (w + +/u2 4+ v2 4+ w?), in the usual
calculus notation, is harmonic on its domain.

In order to simplify the notation, it will be assumed that the ball B is centered
at the origin; the general case will then follow by a translation. Returning to the
discussion at the beginning of this section, a solution K g(x, z) of Egs. (2.27) and
(2.28) of the form

1
Kp(x,z) = E + k(x, 2),

will be constructed where r = |x — z|. This will be done for a special case first.

Consider a fixed point xg = (0, 0, 1), 0 < ¢ < p, and the inverse x(‘)‘ = (0,0, p2/t)
of x¢ relative to 9By, ,. The procedure used in deriving the Poisson integral formula
will be mimicked by choosing k (xo, z) to be amultiple of 1/47r| where r; = x5 —z|.
Rather than leaving the multiplier undetermined, for the sake of brevity it will be
incorporated here by taking

p 1

k(xo,2) = Py

Letting z = (u, v, w) and r = |x¢ — z|,

1 1 Z
Dn | - = V@ T
r)lop lxo —zl/) plop

1 u v w—t ( )
= \-53 5= ) wvw
r3 r3 r3

P oB
tw — p?
— S .
pr OB
Replacing xq by x;,
1 t*w — p?
DI] - = —3 )
r OB prl OB

where t* = p?/t. By Eq.(2.16), tr] = pr on OB and
1 £/ Dw = p?
Dn | — =3 3

1) loB p pr
- w—t
2

OB
2

OB

and so
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1 1
Dn (_ + B_)
r tr
Since % = |xg — z|?> = u® + v> + (t — w)? = p> — 2tw + 1> on OB,
1 p 1
Dol —+LC
" (47rr + t 47rr1)

The addition of p/4ntr; to 1/4mpr does not result in a function K g (xo, z) satisfying
Eq. (2.28). Fortunately, there is another function, namely

2w — p? — 12
OB pr3

0B

B 1
OB 47 pr

OB

1
h(xg,2) = ——log (t" —w +r1),
4mp
which when added to k(xg, z) will come closer to satisfying Eq. (2.28). The gradient
of h(xg, z) is given by

1
_47rpr1(t* —w+ry)

Vih(xo,2) = (u, v, —ri +w—1").

Thus,
Dnh(x0, 2)lop = Viyh(x0,2) - 2|y
1 == +w(—r +w—1%)
T 4mp? ri(t* —w+rp) o8
_ 1 r - t*
 dmp? o g
1 t*
- —— (1= =
4 p? SWAFY:
1 1
dmpr dwp?|sp
Therefore,
Do 21 L log (1% —w+ ) :
— 4= ——1o —w+r =——7,
"\drr * t4nr 4mp & ! OB 4 p?
a constant. Adding —(1/47p?) logt to the function just constructed,
1 p 1 1 1 1
Dh|—+ - — —log (r* — — —logt =——.
" (47rr + t4nry 4mp el W) 4mp & ) OB 47 p?
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Define

Kp(o.2) = —— + 21 L g (t* —w+r1) — —— logr
x0,2) = —+—-—————1o —w+ry)) ——logt.
BX0. < drr  t4wry 4mp g ! 4mp g

Recall that the above discussion pertains to the special case xo = (0,0,7),0 < t < p.

Consider now a fixed point x = (x1,x2,x3) € B™. Letting s = ,/xlz + x% and
t = |x|, the point xo = (0, 0, #) will be mapped onto the point x = (x1, x2, x3) by
means of the orthogonal transformation

Lettingy = Azforz € B™,r = |xo —z| = |x —yl,and r| = |x§ —z| = |x* — y|
since an orthogonal transformation preserves distances. Since t* = p?/t = p?/|x|
and w = (x - y)/t, the function constructed above is mapped into the function

P 1
+_
dmlx —yl - |x|4w|x* =y
1 0P x-y 1
——dog (&= =2 e~y ) — —log xl.
i (1~ ) e

By Eq.(2.16), |x||x* — y| = |y||ly* — x| and it follows that the function

KB(.X, y) =

poxy

log (p* — x - y + |x|Ix* — y|) = log (— -
x| x|

+ [x* — yl) + log |x|

is a symmetric function of x and y; since it is a harmonic function of y for each x, itisa
harmonic function of x for each y. Likewise, 1/|x||x* —y/| is a symmetric function of
x and y and is a harmonic function of x fory € B~. Thus, A(;)Kg(x, y) = Oon B for
each y € JB. Moreover, by Remark 2.3.4, Dy Kg(x, y)|logp = DnKp(x0,2)|o =
—(1/4mp?) for each x € B. Since y* = y for y € OB,

2 1
Kp(x,y) = ——— — —log (0’ —x -y +plx —y), yedB.
4rlx —y|  4mp

Since adding a constant to K g(x, y) will not affect the validity of Eqs. (2.27) and
(2.28), Kp(x, y) can be adjusted so that

K5(x,y) Lo 2"
xX,Y) = — + —1o .
B = o=yl " amp S\ —x-y+plx—yl
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The function K g (x, z) is called the Green function for the Neumann problem on
the ball B or the Green function of the second kind for the ball B. The proof of

the following theorem is essentially the same as the proof of Green’s representation
theorem, Theorem 2.4.2.

Theorem 2.11.1 If u is harmonic on a neighborhood of B~, then for each x € B,

1 2 1 2p°
u(x) = —/ Dnu(y) + —log| — do(y)
4m Jom lx—yl p pe—x-y+plx —yl

1
+ W/m}u(y) do(y).

The following theorem is stated as an exercise by Kellogg in [11].

Theorem 2.11.2 If g € C°(OB) and faB g(z)do(z) = 0, then the function

u(x) =/ Kp(x,2)g(z)do(z)
0B

solves the Neumann problem for the boundary function g.

Proof (Sobolev [12]) If x € OB and 0 < ¢t < 1, the function K g(tx, z) is bounded
on 0B and the above integral defining u(zx) is finite. Letting r = |tx — z|,

OKp (tx; — zi)t 1 trzi — p(tx; — zi)t
T (ix gy = eIy T .
0x; 27r dpr(p> —t(x -z) + pr)

By Lemma 2.5.5,

3u (l‘ ) 8KB
G ) =
Ox; oB 0x;

(tx,2)g(z)do(z),
and therefore
D (xyu(tx) =/8 Dnx)Kp(tx,2)g(z) do(z).
B

Fix x € 0B. In order to show that Dyxyu(x) = lim;— 1~ Dyu(tx) = g(x), it will
first be shown that it suffices to prove the result for the special case g(x) = 0. Since
at least one of the components of x = (x1, x2, x3) is different from zero, it can be
assumed that x; # 0, say. Consider the linear function £(u, v, w) = (pg(x)/x1)u
for which

Dniyt(x) = (pg(x)/x1,0,0) - (x1/p, x2/p, x3/p) = g(x).

By Theorem 2.11.1 and the definition of u,
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y) —uy) = /aB Kp(y,2)(Dnl(z) — g(2)) do(z)

with Dyf(x) — g(x) = 0. If it can be shown that Dy (£ — u)(x) = 0, it would
follow that Dy(y)u(x) = Dp(x)€(x) = g(x). Henceforth, assume that g(x) = 0. To
show that Dy¢yyu(x) = 0, the special case x = (0, 0, p) will be proven, with the
general case following from an orthogonal transformation. Consider xo = (0, 0, ¢)
where p/2 <t < p. Then Dy(xyu(x) = lim;— ,— D,u(xp), where

Dyu(x) = /6 DiKp(x0. 9() o).

Fix ¢ > 0 and choose 79 € (0, 7/4) such that |g(z)| < e whenever the angle v
between the line segments joining 0 to x and O to z is less than 7g. Letting z =
(u,v,w)yandr = |xo — z|,

1 w—t 1 rw+pw—pt
DK ,7) = — .
+Kp(x0, 2) 27 13 4mpr p? —tw + pr

The above integral over 0 B will be split into a sum of four integrals I, I, I3, and I
where I is the integral of the first term of this function over 0BN(y < 49)N (¢t < w),
I is the integral of the first term over 9B N (v < 79) N (w < t), I3 is the integral
of the second term over 9B N (v < 7p), and Iy is the integral of both terms of the
function over B N (v > 7). Since t > p/2,

1 w—t
|| = 5= —3 9@ do(z)
OBN(y<y0)N(t<w) 2r r
€ —1
< — P do(z)
2w OBN(y<y)N(t<w) T
€ pr =12 1

< —
“2n Jop P p+t o)

< 2ePI(1 : B)(xq)
= 2e.

Next consider I. Forz € BN (v < y) N(w < t), r2=u?+02+ (w— t)2 =
(p* —tw) +1(t —w) > 1(t —w) > (p/2)(t — w), and therefore |t — w| < (2/p)r>.
It follows that

2 |t —w|
[I2| < ———=19(@)do(2)
dBN(y<ro)N(w=p) 4T T

€ 1
< — —do(z).
TP JOBN(y<ro)N(w=r) T
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By Theorem 2.6.1, (1/4mp?) Jog %da(z) = ]; so that

|| < 4e.

Turning to I3, since rw < p? andr = u? +v2 + (w —1)2 > |lw—t|on BN (y <
70), another application of Theorem 2.6.1 shows that

1 rw+ p(w —t)
I3 = | — / T 2y do(2)
4rtp OBN(y<0) r(p> —tw + pr)
€ 1
< — —do(2)
27rp OBN(y<v9) ¥
= 2e.

Lastly, since [, 9(z) do(z) =0 and | faBm(qu) g(2)do(z)| < 4mpe,

/ 9(x)do(z)| < 4mpe,
9BN(y=10)
or
1
———9(@)) do(@)| <e

IBN(y=70) 4mp
Thus,

2w—t 1 rw+pw—pt 1
[14] < gl — +— _(_ do(2)+e.

9BN(yzn) [4T 13 Ampr(p? —tw + pr) 42

Since r = |xg — z| = 12+ p> —2ptcosy > /124 p? —2ptcosyy > O for
¥ > 70, the integrand on the right tends to zero boundedly in z as t — p—. Thus,

lim sup/ DK p(x0,2)9(z) do(z) < 9e.
JB

t—>p—

Since € > 0 is arbitrary, Dy(yyu(x) = lim;—, ,— D;u(xp) = 0.

2.12 Spherical Harmonics

Solving the Neumann problem for a ball B = By , C R" is less satisfactory for the
n > 4 case than for the n = 2 and n = 3 cases since the Fourier series method is not
applicable, nor is there an explicit formula as in the n = 3 case. A series solution is
possible using functions called spherical harmonics. This method of solution will be
sketched only briefly. For further details, see [10, 11, 13, 14].
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Consider two points x,y € By, C R",y # 0,n > 3, and the fundamental
harmonic function r %2 = |x — y|™"*? with pole y. It is useful to think of y as
a parameter in what follows. Letting ~ denote the angle between the line segments
joining O to x and O to v,

1 1
=2 (x4 [yl? — 21x[lyl cos ) =272
1 1
ly"=2 ((x1/1yD? + 1 = 2(Jx|/|y]) cos ) =2/

(2.29)

Letting u = cos~y and v = |x|/|yl,

1 _ 1 1
=2 |y|"72 (1 —2uv + v2)(n—2)/2‘

Recalling the binomial coefficients

(:) —ala—1)x--x (a—n+1)/n,
defined for real o and n > 1, and applying the generalized binomial theorem

1 X f_n=2 5
= 2 . m
(1 = 2uv 4 v2)(=2)/2 1+ Z:l ( " ) QQuv — v°)
m=

provided |2uv — v < 1. Suppose v < V2 — 1. Since |u| < 1, 2uv — v?| <
2ulv +v2 < 2v+v> = (v+ 1)> — 1 < 1 and the above series is absolutely
convergent for v < /2 — 1. In fact, absolute convergence holds for v < 1 (c.f. [11]).
Applying the binomial theorem to the binomials (2uv — v?)",

1 L (—222N\ [
IS P Ty 1+>] ( Z ) (k ) (= 1ykgm—k g m—kymk

i o W2 uaN sy
- - - _1\knl—2k, 02k ¢
(1 = 2uv + v3) ==/ —1+ZZ(1&—/<)( k )( DR,
(2.30)
where [£/2] is the usual greatest integer function. The coefficient of v" in this series
will be denoted by P, ,, (1) and is given by
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& —122N\ (m—k kam—2k, m—2k
Pam@) =D\ 2 )77 ) (nfm

k=0
and, in the n = 3 case, is called a Legendre polynomial. Consider the factor
x-y m—2k |X| m
um—Zkvm — (_) (_) , 0 < k < m/2
lx Iyl |yl
1 m—2k | 12\k
= W(X Y) (1x1%)
in the general term of the series in Eq.(2.30). It is clear that the latter expression
is a polynomial in x1, x2, ..., x, of degree m. Recalling that a function f(x) is

homogeneous of degree m if f(Ax) = X" f(x), this factor is also homogeneous of
degree m. Thus, 1/r"~2 has the representation

1 | R— -
k
=2 7 |n-2-Z D kx5 (2.31)
Yy m=0 ki+--+k,=m

r

where the k1, ..., k, are nonnegative integers. It will be shown now that each term
of this series is a harmonic function. Let x = (|x1[, ..., |x:]), ¥ = (y1l, ..., |Ynl),
u=x-y/xlyl = &-y)/lx|lyl. Note thatv = [x|/[y] = |x|/|y| = v. As indicated
above, |2uv + v2| <2uv+v? < 1forv < V2 -1 Thus, the binomial series

n—2

1+>° (_mT) Quv + vH)™ (2.32)
m=1

converges absolutely for v < +/2 — 1. Thus, the positive series

n—2

L+ > (=" (_mT) Qv + %" (2.33)
m=1

converges for v < /2 — 1. Expanding the binomials as above, this series becomes
the following power series in |x1], ..., x|

o
DD bkl X x (234)

m=0 kj+-+ko=m

Since the latter two series are positive series and their partial sums are intertwined,
the latter series converges for v < V2 - 1; that is, the series Eq.(2.31) converges
absolutely and can be differentiated term by term for v < +/2 — 1. Thus, for |x| <
(V2= Dlyl,
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ki k
0= A(x) |n — Z Z akl ..... ke Aoy (X7 X e X ™),
m=0 ki+---+k,=
Since the series on the right is a power series in x1, . . . , x,, and none of the coefficients

vanish, each of the homogeneous polynomials in Eq.(2.31) is a harmonic function.

Example 2.12.1 Ifn = 3,m = 2,x = (x1,..., %),y = (W1,...,Yn), then
P3a(u) = (3/2)(? — §) and

( )2 |x|?
ixllyl) Iyl3

_3 ((X1y1 + x22 + X3y3)2 ) |x|?
2 Ix|2|y|? |y|3

1 (3<x1y1 +xay2 + 233”6+ 33 + D+ 13 + 1))
2| |5 1 2 Wi T TY3
2| |5 (y1(2x1 x%)—i—y%(Zx% —x% —x§)+y§(2x32 —x% —x%)

+ 6y1y2(x1x2) + 6y1y3(x1x3) + 6y2y3(x2X3).
Recalling that y = (y1, y2, y3) is regarded as a parameter, P3 > (\xllyl) :);:3 isa

linear combination of the following harmonic homogeneous polynomialsinxy, x2, x3
of degree 2:

2x12 — x% — x32, 2x% — x% — x%, 2x% — x12 — x%, X1X2, X1X3, X2X3.

Among these six polynomials, five are linearly independent. The first can be
expressed as the negative of the sum of the second and third.

Given a harmonic homogeneous polynomial Py, (x) in x = (x1,...,x,) of
degree m, putting x = |x|0, 6 € OBy 1 it can be written

Pn,m(x) |x| n, m(0) = |x|mYn,m(9)7

where Y, , (6) = Py () is a function defined on 0By 1, called an n-dimensional
spherical harmonic function of degree m. For each m > 1, there are k, , =
2m+n—2)(n+m —3)!/(n —2)!m! linearly independent n-dimensional spherical

harmonic functions of degree m, denoted by Y,ff‘,}l, k=1,...,kym,m(ctf [14]). Yn(k,),,
is the commonly used notation for the spherical harmonic functions. These functions
can be normalized so that the family {Y,fk,?h k=1,...,kym, m > 0} is a complete

orthonormal system relative to surface area on 6Bo 1 w1th Y( ) o €qual to a constant.
Now let g be a continuous function on J By , that satisfies the boundary condition
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/ 9(z)do(z) =0.
63()‘/,

Then g has the expansion

oo kn.m

9(p0) = DD bumi¥, ), (0).

m=1 k=1

where
bumi = [ 960)Y 5,0 do®).
330,1

with the term corresponding to m = 0 vanishing by the preceding equation and the
fact that Y( ) is a constant. The solution u of the Neumann problem for g is then
given by

oo knm

u(x)—uo+zzbnmk

m=1 k=1

Y(k) ),

where u( is an arbitrary constant (for further details see [10]).

For additional information about spherical harmonics, see the book by Axler,
Bourdon, and Ramey [15]. This book contains information on how to access free
software for generating spherical harmonic functions.

2.12.1 Exercises for Sect. 2.12

1. Show that [;, g(2)do(z) = 0if u € C*(B,,
Au = 0on By,p and Dy = gon 0By .

4.p) solves the Neumann problem
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