Chapter 2
Fixed Point Results and Convergence of Powers
of Operators

In this chapter we establish existence and uniqueness of a fixed point for a generic
mapping, convergence of iterates of a generic nonexpansive mapping, stability of
the fixed point under small perturbations of a mapping and many other results.

2.1 Convergence of Iterates for a Class of Nonlinear Mappings

Let K be a nonempty, bounded, closed and convex subset of a Banach space
(X, Il - II). We show that the iterates of a typical element (in the sense of Baire’s
categories) of a class of continuous self-mappings of K converge uniformly on K
to the unique fixed point of this typical element.

We consider the topological subspace K C X with the relative topology induced
by the norm || - ||. Set

diam(K) = sup{[lx — y| : x,y € K }. 2.1)

Denote by A the set of all continuous mappings A : K — K which have the follow-
ing property:
(P1) For each & > 0, there exists x. € K such that

[Ax — x¢|| < |lx —xc|| +& forallx € K. 2.2)
Foreach A, B € A, set
d(A, B) =sup{||Ax — Bx| :x € K}. (2.3)
Clearly, the metric space (A, d) is complete.

We are now ready to state and prove the following result [149].

Theorem 2.1 There exists a set F C A such that the complement A\ F is o -porous
in (A, d) and each A € F has the following properties:
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(1) There exists a unique fixed point x4 € K such that
A"x — x4 asn—> oo, uniformly forall x € K;
(i1)
|Ax —xall <llx —xall forallx € K;

(iii) For each e > 0, there exist a natural number n and a real number § > 0
such that for each integer p > n, each x € K, and each B € A satisfying
d(B,A) <4,

HBpx —Xa || <e.
The following auxiliary result will be used in the proof of Theorem 2.1.

Proposition 2.2 Let A € A and € € (0, 1). Then there exist x € K and B € A such
that

d(A,B)<¢ (2.4)
and

|lx —Bx|| <|lx —x| forallx K. (2.5)

Proof Choose a positive number

1

go < 87'e?(diam(K) +1) . (2.6)
Since A € A, there exists X € K such that
|Ax — %] < ||lx — || + &0 forallx € K. 2.7)
Let x € K. There are three cases:
[Ax — x|l <e&; (2.8)
[Ax —x[|=¢ and [JAx — x|l < |lx —X][; (2.9)
|Ax —x|| >¢e and |Ax —Xx| >|x —x]|. (2.10)

First we consider case (2.8). There exists an open neighborhood V, of x in K such
that

|Ay — x|l <e forallye V. (2.11)
Define ¢ : Vy — K by
Yx(y) =%, y€Vi. (2.12)
Clearly, for all y € V,,

0=|vx(y)—%| <lly—% and [Ay—v.(»)|=IlAy—%l<e. (2.13)



2.1 Convergence of Iterates for a Class of Nonlinear Mappings 17

Consider now case (2.9). Since A is continuous, there exists an open neighborhood
V, of x in K such that

Ay — x| <|ly —x|| forallye V,. (2.14)
In this case we define i, : Vy — K by
Ux(y)=Ay, yeV.. (2.15)
Finally, we consider case (2.10). Inequalities (2.10), (2.6) and (2.7) imply that
lx =X = [|Ax — x| — &0 > (7/8)e. (2.16)

For each y € [0, 1], set
72(y)=yAx+ (1 —y)x. 2.17)
By (2.17), (2.10) and (2.16), we have

|z0) = %[ =0 and |z(1) =% =lAx —X|| > x — %] > (7/8)e.  (2.18)
By (2.6) and (2.18), there exists yp € (0, 1) such that
lz(vo) — %[ = llx — Xl — 0. (2.19)
It now follows from (2.17), (2.19) and (2.7) that
w(lx — Xl +€0) = wllAx — x| = |[yoAx + (1 — )% — x|
= [zv0) = %[ = llx = %Il — &0
and
vo= (Ix — Zl| — o) (Ilx — %l +0) ' =1—2e0(llx — %[l +0) "
>1—2gollx — x| " (2.20)
Inequalities (2.20) and (2.16) imply that
yo = 1—260((7/8)¢) . 2.21)
By (2.17), (2.1), (2.21) and (2.6),
lz(v0) — Ax| = | wAx + (1 — yo)% — Ax||

= (1 — yo)llAx — %[l < (1 — yp) diam(K) < 16e0(7¢) " diam(K)
< 3ggdiam(K)e ™! < (3/8)¢

and

lz(v0) — Ax| < (3/8)e. (2.22)
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Relations (2.19) and (2.22) imply that there exists an open neighborhood V; of x in
K such that for each y € Vy,

lz(v0) — Ay| <& and |z(v0) — x| < lly — %Il (2.23)
Define ¢, : Vy — K by
Yx(y) =z(0), Y€ Vr. (2.24)

It is not difficult to see that in all three cases we have defined an open neighborhood
V. of x in K and a continuous mapping ¥, : V, — K such that for each y € V,,

[Ay —v()| <& and [T =y <lly — I (2.25)

Since the metric space K with the metric induced by the norm is paracompact, there
exists a continuous locally finite partition of unity {¢;};c; on K subordinated to
{Vi}xek, where each ¢; : K — [0, 1], i € I, is a continuous function such that for
each y € K, there is a neighborhood U of y in K such that

U N supp(¢;) # 9

only for finite number of i € [;

D b =1 xek;

iel
and for each i € I, there is x; € K such that
supp(e;) C Vy;. (2.26)

Here supp(¢) is the closure of the set {x € K : ¢ (x) # 0}. Define

Bz = Z¢>i @Yy (), ze€K. 2.27)

iel

Clearly, B : K — K is well defined and continuous.
Let z € K. There are a neighborhood U of z in K and iy, ..., i, € I such that

UNsupp(¢;) =@ foranyiel\{ii,...,in}. (2.28)
We may assume without any loss of generality that
z € supp(éi,), p=1,...,n. (2.29)

Then

Y i, =1 and Bz=) ¢;, (¥, (2. (2.30)

p=1 p=1
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Relations (2.26), (2.29) and (2.25) imply thatfor p=1,...,nand z € V;

ip?
|Az - Vi, (2) | <e and |x-— V, (2) | <1I% —zlI.

By the equation above and (2.30),

Y ¢, @V, (2) — Az

p=1

Bz — Azl =

<> i, @ |V, @) — Az|| <,

p=1

I¥ = Bzl = |¥ = Y ¢i,@v, (2)

p=1

<Y ¢i,@[F =¥y, @ <15 -zl

p=1
and
Bz — Az|| <e, lx — Bzl < llx — zl|.

Proposition 2.2 is proved. d

Proof of Theorem 2.1 For each C € A and x € K, set C°x = x. For each natural
number 7, denote by F;, the set of all A € A which have the following property:

(P2) There exist x, a natural number ¢, and a positive number § > 0 such that
| — Ax|| < |X¥ —x||+n~" forallx €K,
and such that for each B € A satisfying d(B, A) <§, and each x € K,
1

Hqu—)E” <n'.

Define

F=()F (2.31)

Lemma 2.3 Let A € F. Then there exists a unique fixed point x4 € K of A such
that

(i) A"x — x4 as n — oo, uniformly on K
(1) ||Ax —xall <|lx —xall forall x € K;
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(iii) For each ¢ > 0, there exist a natural number q and § > 0 such that for each
B € A satisfying d(B, A) <8, each x € K, and each integer i > q,

||Bix —xA“ <e.

Proof Let n be a natural number. Since A € F C F,, it follows from property (P2)
that there exist x,, € K, an integer ¢, > 1, and a number §,, > 0 such that

%y — Ax|| < |lxy — x| +n~" forallx € K; (2.32)

(P3) For each B € A satistying d(B, A) <4,,and each x € K,
“Bq”x — Xy || <1/n.

Property (P3) implies that for each x € K, ||A%x — x,|| < 1/n. This fact implies, in
turn, that for each x € K,

||Aix — Xp || <1/n for any integer i > g,,. (2.33)

Since n is any natural number, we conclude that for each x € K, {A"x};?i1 is a
Cauchy sequence and there exists lim;_, o, A’x. Inequality (2.33) implies that for
eachx € K,

lim A'x — x,
i—o00

<1/n. (2.34)

Since 7 is an arbitrary natural number, we conclude that lim;_, o Alx does not de-
pend on x. Hence there is x4 € K such that

x4 = lim A’x forallx € K. (2.35)
11— 00
By (2.34) and (2.35),
lxa —xpll < 1/n. (2.36)

Inequalities (2.36) and (2.32) imply that for each x € K,

[Ax —xall < [Ax = xull + llxp —xall = 1/n+ [[Ax — x|
<l/n+|x—x,| +1/n<2/n+||x —xall + llxa — xx]l
<llx —xall +3/n,

so that
[Ax —xall < [lx —xall + 3/n.

Since n is an arbitrary natural number, we conclude that

|[Ax — x4l <|lx —xal foreachx e K. (2.37)
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Let £ > 0. Choose a natural number
n>8/e. (2.38)
Property (P3) implies that

||Bix — X || <1/n foreachx € K, each integer i > ¢,

and each B € A satisfying d(B, A) <4,. (2.39)

Inequalities (2.39), (2.36) and (2.38) imply that for each B € A satisfying d(B, A) <
én, each x € K, and each integer i > ¢,

||Bix —xA|| < HB’)C —x,,|| + lx, —xall <1/n+1/n<e.
This completes the proof of Lemma 2.3. d

Completion of the proof of Theorem 2.1 In order to complete the proof of this the-
orem, it is sufficient, by Lemma 2.3, to show that for each natural number 7, the set
A\ F, is porous in (A, d).
Let n be a natural number. Choose a positive number
o < (16n) 127" ((diam(K) +1)°16 - 82) . (2.40)
Let
AeA and re(0,1]. (2.41)

By Proposition 2.2, there exist Ag € A and x € K such that

d(A, Ag) <r/8 (2.42)

and
| Agx — %|| < |lx — || foreachx € K. (2.43)

Set
y =8"r(diam(K) + 1) (2.44)

and choose a natural number g for which

1 < g((diam(K) +1)*16n - 8~1) ™"

<2. (2.45)
Define A : K — K by
Ax=(1—y)Aox +yX, xecK. (2.46)
Clearly, the mapping A is continuous and for each x € K,
IAx — %l = [ (1 = y)Aox + v 7 — |
= =pY)lAox —x[| = (I = p)llx — X (2.47)
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Thus A € A. Relations (2.3), (2.46), (2.1), (2.44) and (2.47) imply that

d(A, Ag) = sup{||Ax — Aox|| : x € K}
= sup{y ¥ — Aox| : x € K} <y diam(K) =r/8.

Together with (2.42) this implies that
d(A, A) <d(A, Ag) +d (Ao, A) <r/4. (2.48)

Now assume that
BeA and d(B,A)<ar. (2.49)
Then (2.49), (2.40) and (2.47) imply that for each x € K,

|Bx —x|| < ||Bx — Ax|| + ||[Ax — X|| < |lx — X|| + ar < ||x — X[ + 1/n. (2.50)
In addition, (2.49), (2.48) and (2.40) imply that
d(B,A) <d(B,A)+d(A, A) <ar+r/4<r/2. (2.51)

Assume that x € K. We will show that there exists an integer j € [0, ¢] such that
|B/x — x| < (8n)~!. Assume the contrary. Then

|B'x —%|> @', i=0,....q. (2.52)
Let an integer i € {0, ..., g — 1}. By (2.49) and (2.47),
|87 % = %] = |[B(B'x) - ¥

= |B(B'x) - A(B'x) | + | A(B'x) — ¥

<d(B,A)+|A(B'x) — &

<ar+(1—y)|B'x —x|
and

|B*'x —%|| <ar+ (1 —y)|B'x—x|.
When combined with (2.52), (2.40) and (2.44), this inequality implies that
|Bx 5] = | B x =¥ = [ B'x = 5] —er =1 =) B'x — 5]
=y|Bx =% —ar> @)y —ar > 16n)"'y,

so that

|B'x — x| — | B t'x — x| = (16n)~'y.
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When combined with (2.1), this inequality implies that

qg—1
diam(K) > |lx — x| — |BIx — x| = ) (| B'x — %[ — | B 'x —x[|) = g(16m) "'y
i=0

and
q <diam(K)16n/y,

a contradiction (see (2.45)). The contradiction we have reached shows that there
exists an integer j € [0, ..., g — 1] such that

|B/x — x| < 8n)~". (2.53)
It follows from (2.49) and (2.47) that for each integer i € {0, ..., q — 1},
|87 x — x| = [ B(B'x) — ¥ = | B(B'x) — A(B'x)| + | A(B'x) - %]
<d(A,B)+||A(B'x) —%| <ar+ | B'x — |
and
[B'H'x — x| < || B'x — x| +ar.

This implies that for each integer s satisfying j <s <gq,

|B'x — x| < | B/x — x| + ar(s — j) < | B/x — X || + arg. (2.54)
It follows from (2.53), (2.54), (2.45) and (2.40) that

|BIx — x| <arg+ @n)~' < @n)~ .

Thus we have shown that the following property holds:
For each B satisfying (2.49) and each x € K,

|Bix — x| <2n)™" and ||Bx —X|| < |lx — %]+ 1/n
(see (2.50)). Thus
{BeA:d(B,A)<ar/2}CF,N{BeA:d(B,A) <r}.

In other words, we have shown that the set A \ F,, is porous in (A, d). This com-
pletes the proof of Theorem 2.1. O

2.2 Convergence of Iterates of Typical Nonexpansive Mappings

Let (X, || - ||) be a Banach space and let K C X be a nonempty, bounded, closed and
convex subset of X. In this section we show that the iterates of a typical element (in
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the sense of Baire category) of a class of nonexpansive mappings which take K to
X converge uniformly on K to the unique fixed point of this typical element.
Denote by M,,, the set of all mappings A : K — X such that

|[Ax — Ay|| <|lx —y|| forallx,yeK.
For each A, B € M,,., set
d(A, B) = sup{||Ax — Bx| :x € K }. (2.55)

It is clear that (M,,, d) is a complete metric space. Denote by M the set of all
A € M, such that

inf{lx — Ax||:x e K} =0. (2.56)

In other words, M consists of all those nonexpansive mappings taking K into X
which have approximate fixed points. Clearly, My is a closed subset of M.

Every nonexpansive self-mapping of K belongs to My. In order to exhibit two
classes of nonself-mappings of K that are also contained in My, we first recall that
if x € K, then the inward set /g (x) of X with respect to K is defined by

I (x) :={zeX:z=x+oz(y—x) forsomeyeKandaiO}.

A mapping A : K — X is said to be weakly inward if Ax belongs to the closure
of Ik (x) for each x € K. Consider now a weakly inward mapping A € M,,. Fix
apoint z € K and ¢ € [0, 1) and let the mapping S : K — X be defined by Sx =
tAx + (1 — 1)z, x € K. This strict contraction is also weakly inward and therefore
has a unique fixed point x; € K by Theorem 2.4 in [118]. Since ||x; — Ax;|| — 0 as
t — 17, we see that A € M.

If K has a nonempty interior int(K) and a nonexpansive mapping A : K — X
satisfies the Leray-Schauder condition with respect to w € int(K), thatis, Ay —w #
m(y — w) for all y in the boundary of K and m > 1, then it also belongs to M.
This is because the strict contraction S : K — X defined by Sx =tAx + (1 — H)w,
x € K, also satisfies the Leray-Schauder condition with respect to w € int(K) and
therefore has a unique fixed point [117].

Set

p(K) =sup{|iz|| :z€ K}. (2.57)

Our purpose is to show that the iterates of a typical element (in the sense of Baire
category) of My converge uniformly on K to the unique fixed point of this typical
element. As a matter of fact, we are able to establish a more refined result, involving
the notion of porosity.

We are now ready to formulate our result obtained in [152].

Theorem 2.4 There exists a set F C (Mo, d) such that its complement Mg \ F is
a o -porous subset of (Mo, d) and each B € F has the following properties:

1. There exists a unique point xg € K such that Bxp = xp;
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2. For each ¢ > 0, there exist 6 > 0, a natural number q, and a neighborhood U of
B in (M., d) such that:

(@ ifCel,yeK,and ||y — Cy| <8, then ||y —xp| <¢;
() if C €U, {x;}_y C K, and Cx; = xi41, i =0,...,q — 1, then ||x; —
xgll <e.

Although analogous results for the closed subspace of (Mj, d) comprising all
nonexpansive self-mappings of K were established by De Blasi and Myjak in [49,
50], Theorem 2.4 seems to be the first generic result dealing with nonself-mappings.
In this connection see also [131, 137].

We begin the proof of Theorem 2.4 with a simple lemma.

Denote by E the set of all A € M, for which there exists x € K satisfying
Ax = x. That is, E consists of all those nonexpansive mappings A : K — X which
have a fixed point.

Lemma 2.5 E is an everywhere dense subset of (Mg, d).

Proof Let A € My and ¢ > 0. By (2.56), there exists x € K such that

lx — Ax|| <&/2.
Define
By=Ay+x—Ax, yeKk. (2.58)
Clearly, B € M,,, and Bx = x. Thus B € E. It is easy to see that d(A, B) = ||x —
AXx|| < e. This completes the proof of Lemma 2.5. U

Proof of Theorem 2.4 For each natural number n, denote by F,, the set of all those
mappings A € My which have the following property:

(P1) There exist a natural number g, x, € K, § > 0, and a neighborhood ¢/ of A in
M, such that:

(1) if BelU andif z € K satisfies ||z — Bz|| <46, then ||z — x«|| < 1/n;
(i) if B €U and if {x;}]_, C K satisfies xj1; = Bx;, i =0,...,q — 1, then
g — x.ll < 1/n.

Set

We intend to prove that Mg \ F is a o -porous subset of (M, d). To meet this goal,
it is sufficient to show that for each natural number n, the set Mg \ F, is a porous
subset of (Mg, d).

Indeed, let n be a natural number. Choose a positive number

a<2M(p)+1)"'n. (2.59)



26 2 Fixed Point Results and Convergence of Powers of Operators

Let
AeMy and re(0,1]. (2.60)

By Lemma 2.5, there are Ag € E and x, € K such that

d(Ag, A) <r/8 and Agx, = xs. (2.61)
Set
y =[32(pK)+1)] ' (2.62)
and
§=(4n)"'y = 2ar. (2.63)

By (2.63), (2.62) and (2.56),
§>0. (2.64)

Now choose an integer g > 4 such that

(1=y)72(p(K) + 1) < (16n) " (2.65)
Define
Aly=(0—-y)Aoy +yx., yeK. (2.66)
Clearly, A € M, and
Ay = X4 (2.67)

By (2.55), (2.66), (2.61) and (2.57),
d(Ay, Ag) =sup{l|A1y — Aoyl : y € K} =sup{lly Aoy — yx«ll : y € K}
=y sup{[[ Aoy — Aoxs| : y € K}
<ysup{lly —xill : y € K} <2yp(K),
so that
d(A1, Ag) <2yp(K). (2.68)
By (2.68), (2.61) and (2.62),
d(A, A1) <d(A, Ag) +d (Ao, A1) <7/8+2yp(K) <r/4. (2.69)
Assume that B € M,,, satisfies
d(B, A)) <2ar. (2.70)

Assume further that

ze K and |z— Bz| <. 2.71)
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By (2.67) and (2.66),

A1z — x4l = A1z — Arxll
=1 =Y)Aoz — Aox«ll < (I — Y)llz — x4ll. (2.72)

By (2.55), (2.70) and (2.72),
Bz —zll > |1A1z — zll = [|1Bz — A1zll > [|A1z — z|| — d(B, A1)
> [l A1z = zll = 20r = |l = %]l = s — Ayz]l - 2ar
>z = xell = (A =)z = xxll = 2ar = yllz — x| — 2.
When combined with (2.71) and (2.63), this inequality implies that
d=|Bz—zll z yllz — x«ll — 2ar
and
lz = xell <y~ (84 20r) < (4n)~".
Thus we have shown that
if z € K satisfies ||z — Bz|| <8, then ||z — x| < (4n)~ L. (2.73)
Now assume that
(xi}_, CK, Bx;=xi11, i=0,...,q—1. (2.74)
By (2.74), (2.55), (2.70), (2.66) and (2.61), fori =0, ..., g — 1, there holds
lxie1 — xall = | Bxi — xill < 1Bxi — Arxill + | A1xi — x|
= |Bx; — Arx;|| + [[A1x;i — Arxyl|

<d(B,A)+ (1 =p)|lAox; — Apx«|l
<2ar + (I = y)llxi — xxll,

that is,
Ixi41 — xsll < 2ar + (1 = p)llxi — x|
In view of this inequality, which is valid fori =0, ...,q — 1, we get
qg—1
g = xill < 20r Y (1= ) + 1 =) [lx0 — x
i=0

<2ary ™" + (1 = ) |lx0 — x|l < 20ry ™" +2p(K)(1 — p)?.
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When combined with (2.62), (2.65) and (2.59), this last inequality implies that
Ixg = x4l < (1 = ¥)12p(K) + 2[32(p(K) + 1)]
< (16n)"" +64a[p(K) + 1] < (16m) ' +32n) ' < Bn) .
Thus we have shown that
if {x,-}?:O C K satisfies (2.74), then [|x; — x| < 8n)~ L. (2.75)

By (2.75), (2.74) and (2.73), each C € M which satisfies d(C, A1) < ar has prop-
erty (P1). Therefore

{C e Mp:d(C, Ay) fozr} C Fn.
When combined with (2.59) and (2.69), this inclusion implies that
{CeMo:d(C,A) <ar} C{BeMy:d(B,A)<r}|NF,.

This means that My \ F,, is a porous set in (Mo, d) for all natural numbers n.
Therefore Mg \ F is a o-porous set in (Mo, d).
Now let A € F and ¢ > 0. Choose a natural number

n > 8(min{l, &))" (2.76)

Since A € F,, property (P1) implies that there exist a natural number ¢,, a number
8n > 0, a neighborhood U, of A in M,,., and a point x,, € K such that the following
property holds:

(P2) (i) if Bely,z€ K, and ||z — Bz|| <6y, then ||z — x, || < 1/n;
(i) if B € Uy, {Zi}?io CK,and zj+1 = Bz;, i =0,...,¢g, — 1, then |z4, —

Since A € My, there exists a sequence {y; ?il C K such that
Jim [ly; — Ay || =0. (2.77)
Hence there exists a natural number i( such that
lyi — Ayill <6, for all integers i > ip.
When combined with (P2)(i), this implies that
lxn, — yill < 1/n for all integers i > ip. (2.78)
In view of (2.78), for each pair of integers i, j > iy,

lyi = yill < llyi = Xall +llx0 = yjll =2/n <e.
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Since ¢ is an arbitrary positive number, we conclude that {y;};2, is a Cauchy se-
quence and therefore there exists

xa= lim y;. (2.79)
1—> 00

Clearly, Ax4 = x4. It is easy to see that x4 is the unique fixed point of A. Indeed,
if it were not unique, then we would be able to construct a nonconvergent sequence
{yi}72, satisfying (2.77).

By (2.78) and (2.79),
lxa —xull < 1/n. (2.80)
Now assume that
Bel,, z€eK, and |z— Bz| <é,. (2.81)
By (P2)(i) and (2.81),
lz —xnll < 1/n.
When combined with (2.80) and (2.76), this inequality implies that
lz = xall < llz = Xull + llxn —xall <2/n <.
Finally, suppose that
B €Uy, {zifl'oC K, and Bzi=ziy1, i=0,...,q,—1. (2.82)
Then by (P2)(ii) and (2.82),
lzg, — xull = 1/n.
When combined with (2.80) and (2.76), this last inequality implies that
l2g, = xall < llzg, — Xull + llXn — xall <2/n <.

This completes the proof of Theorem 2.4. g

2.3 A Stability Result in Fixed Point Theory

Let K C X be a nonempty, compact and convex subset of a Banach space (X, | - ||).
In this section, which is based on [153], we consider a complete metric space of all
the continuous self-mappings of K and show that a typical element of this space
(in the sense of Baire’s categories) has a fixed point which is stable under small
perturbations of the mapping.

Denote by A the set of all continuous mappings A : K — K. Foreach A, B € A,
set

d(A,B) = sup{||Ax —Bx|:xe K}
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Clearly, (A, d) is a complete metric space. By Schauder’s fixed point theorem, for
each A € A there exists x, € K such that Ax, = x,. We begin with the following
simple result.

Proposition 2.6 Let Ac A, 2 ={x € K : Ax = x}, and let ¢ > 0. Then there exists
a positive number 8 such that for each B € A satisfying d(A, B) <8 and eachx € K
satisfying Bx = x, there exists y € §2 such that ||x — y|| <e.

Proof Assume the contrary. Then there exist a sequence {B,};2 | C A satisfying

d(A, B,) <1/n forallintegersn > 1, (2.83)
and a sequence {x,}>° | C K such that for each integer n > 1,
Byx, =x, and inf{||xn —yl:ye Q} > e. (2.84)
Since K is compact, we may assume without loss of generality that there exists

Xy = lim x,. (2.85)

n—oo

It follows from (2.85), (2.84), (2.83) and the continuity of A that

|Axy — x4l < [[Axs — Axp|l + | Buxn — Axy|l + | Buxy — X ll + x50 — x|

< ||Axx — Axyll + 1/n+ ||xy, —x4|| > 0 asn — oo.

Thus Ax, = x4, x4« € £2, and (2.85) contradicts (2.84). The contradiction we have
reached proves Proposition 2.6. O

In view of this result, it is natural to ask if, given A € A, there is a fixed point
Xy € K of A with the following property:

For each & > 0 there exists § > 0 such that for each B € A satisfying d(A, B) <
8, there exists y € K such that By =y and ||y — x| <e.

Example 2.7 Let X = R, K=[0,1]and Ax =x,x € K. Clearly, the set of fixed
points of A is the interval [0, 1]. For each integer n > 1, define

Apx=(1—-1/n)x, B,x =min{x + 1/n,1} forall x €0, 1].

Clearly, B,,, A, — A as n — oo. It is easy to see that for each n > 1, the set of fixed
points of A, is the singleton {0} while the set of fixed points of B, is the interval
[1—1/n,1].

This example shows that in general the answer to our question is negative. Nev-
ertheless, we show in this section that for a typical A € A (in the sense of Baire’s
categories) the answer is positive.
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Let K C X be anonempty, closed and convex subset of a Banach space (X, || - ||).
Denote by A the family of all continuous mappings A : K — K such that the closure
of A(K) is a compact set in the norm topology. It is well known [171] that for each
A € A there is xa € K such that Axg = x4.

Foreach A, B € A set

d(A, B) =sup{||Ax — Bx| :x € K }. (2.86)
It is not difficult to see that (A, d) is a complete metric space.

Theorem 2.8 There exists a subset J C Awhich is a countable intersection of open
everywhere dense subsets of (A, d) such that for each A € F, there exists x, € K
such that

(1) Axy =xy; 5
(ii) for each € > O there exists § > 0 such that if B € A satisfies d(A, B) <8, then
there is z € K which satisfies Bz =z and ||z — x| <e&.

Two auxiliary propositions will precede the proof of Theorem 2.8.

Propositiop 29 Let A € /I, e > 0 and let x, € K satisfy Axy, = x«. Then there
exist B e A and § > 0 such that d(B, A) < ¢ and Bz = x, for each 7 € K satisfying
|z — x|l <8.

Proof There exists § > 0 such that for each z € K satisfying ||z — x4|| < 46, the
following inequality holds:
Az = xi ]l < €/4. (2.87)

By Urysohn’s theorem, there exists a continuous function A : X — [0, 1] such that

A(z) =1 foreach z € X satisfying ||z — x4]| <6 (2.88)
and
M(z) =0 for each z € X satisfying ||z — x4 || > 28. (2.89)
Define
Bz =A(2)xs + (1 — A(2)) Az (2.90)
forallze K.

Clearly, B : K — K is continuous, B(K) is contained in a compact subset of X,
and

Bx, = x,. (2.91)
By (2.90), (2.88) and (2.89), for each z € K satisfying ||z — x| < §, we have

Bz =x,, (2.92)
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and for each z € K satisfying ||z — x| > 26,
Bz =Az. (2.93)

It follows from (2.90) and the choice of é (see (2.87)) that for each z € K satisfying
lz — x4l <26,

1Bz = Azll = |A(@)xs + (1 = 1(2)) Az — Az
< llxe — Azll < e/4.
This completes the proof of Proposition 2.9. O
Proposition 2.10 Let A € A >0, let x, € K be a fixed point of A, and let
Be A, §>0 be as guaranteed by Proposition 2.9. Then for each C € A satisfy-
ing d(C, B) <4, there is y € K such that
Cy=y and |y—xl <d(C,B).

Proof By Proposition 2.9,

d(A,B)<¢ (2.94)
and
Bz =x, foreach z € K satisfying ||z — x| <. (2.95)
Assume that C € A satisfies
d(C, B) <. (2.96)
Set
Q={zeK:|z—x] <d(C, B)}. (2.97)

Clearly, §2 is a closed and convex set. It follows from (2.97), (2.96) and (2.95) that
for each z € §2,

X« — Czll < llxs — Bzl + | Bz — Cz|| = | Bz — Cz|| =d(C, B)

and Cz € £2. Thus C(£2) C £2. Clearly C(£2) C C(X) is contained in a compact
subset of X. By Schauder’s theorem there is y € §2 such that Cy = y. Proposi-
tion 2.10 is proved. O

Proof of Theorem 2.8 Let A € Aand e € (0, 1). By Propositions 2.9 and 2.10, there
exist

Ase A,  xp.€K and 84.€(0,1)

such that
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d(A, A,) <e, (2.98)
Agz=xa, foreachze K satisfying ||z — x4 ¢l <84, (2.99)

and the following property holds:
(P) Foreach C e A satisfying d(C, A;) <84, there is y € K such that

Cy=y, Iy = xa.ell =d(C, Ag).
For each integer i > 1, set
UA,e,i)={CeAd:d(C,A,) <8a.]i}. (2.100)

Define

F=NUu@.e.ir:ae A ec©.1). (2.101)
i=1

Clearly, F is a countable intersection of open and everywhere dense subsets of
(A, d). ~
Let B € F. For each integer i > 1, there are A; € A and ¢; € (0, 1) such that

BeclU(A; &, i0). (2.102)

It follows from (2.102), (2.100) and property (P) that for each integer i > 1, there
y; € K such that

By, = (2.103)

and
lyi = xaell <d(A, (Ai)e;) <da;ei/i- (2.104)
Since {y;}{2, C B(K), there is a subsequence {y;, }7=, which converges to x, € K.

Clearly, Bxy = x,.
Let € > 0. There exists a natural number k£ such that

ik_1 <87 !¢ and lyvi, —x«ll <&/8. (2.105)
It follows from (2.104) and (2.105) that
i = xa; e | < 1/ix < €/8. (2.106)
Inequalities (2.105) and (2.106) imply that
s = xa;, 5, 11 < 1 = Yi I+ 1yip — x4, 6, | < €/4. (2.107)
Let
C clU(A;, i, ik)- (2.108)
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It follows from (2.108), (2.100), (2.105) and property (P) that there exists a point
z € K such that

Cz=z and |lz—xa, ¢ Il < d(c, (Aik)e,vk) <1/ix <¢/8.
When combined with (2.107), this implies that

2 = x4l < llz = xa;.6;, | + X245, e, —X:ll <€/2.

i Eig i »Eig

Theorem 2.8 is proved. g

2.4 Well-Posed Null and Fixed Point Problems

The notion of well-posedness is of great importance in many areas of mathemat-
ics and its applications. In this section we consider two complete metric spaces of
continuous mappings and establish generic well-posedness of certain null and fixed
point problems. Our results, which were obtained in [154], are a consequence of
the variational principle established in [74]. For other related results concerning the
well-posedness of fixed point problems see [50, 139].

Let (X, || - ||, >) be a Banach space ordered by a closed convex cone X = {x €
X :x > 0} such that ||x|| < ||y]l for each pair of points x, y € X satisfying x < y.
Let (K, p) be a complete metric space. Denote by M the set of all continuous
mappings A : K — X. We equip the set M with the uniformity determined by the
following base:

E(e)={(A,B)e M x M :||Ax — Bx|| <¢ forall x € K}, (2.109)

where ¢ > 0. It is not difficult to see that this uniform space is metrizable (by a
metric d) and complete.
Denote by M, the set of all A € M such that

Axe X, forallxeK (2.110)

and
inf{||Ax||:xeK}=0. (2.111)

It is not difficult to see that M, is a closed subset of (M, d).
We can now state and prove our first result.

Theorem 2.11 There exists an everywhere dense G s subset F C M, such that for
each A € F, the following properties hold:

1. There is a unique x € K such that Ax = 0.
2. For any & > 0, there exist § > 0 and a neighborhood U of A in M, such that if
B € U and if x € K satisfies | Bx|| <6, then p(x,x) <e.
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Proof We obtain this theorem as a realization of the variational principle established
in Theorem 2.1 of [74] with fa(x) = ||Ax||, x € K. In order to prove our theorem
by using this variational principle we need to prove the following assertion:

(A) For each A e M, ar_ld each ¢ > 0, there are A ¢ Mp,8>0,x€K and a
neighborhood W of A in M, such that

(A,A) € E(e),
and if B € W and z € K satisfy || Bz|| <4, then
p(z,X) <e.
Let A e M, and ¢ > 0. Choose i € X such that
|| =e/4, (2.112)

and x € K such that
|AX| <e/8. (2.113)

Since A is continuous, there is a positive number r such that
r <min{l, ¢/16} (2.114)
and
|[Ax — Ax|| <¢e/8 foreach x € K satisfying p(x, x) <4r. (2.115)

By Urysohn’s theorem, there is a continuous function ¢ : K — [0, 1] such that

¢(x) =1 foreachx € K satisfying p(x,x) <r (2.116)
and
¢(x) =0 foreachx € K satisfying p(x, x) > 2r. 2.117)
Define
Ax=(1—¢(x))(Ax+12), xeK. (2.118)

It is clear that A : K — X is continuous. Now (2.116)—(2.118) imply that

Ax=0 foreachx e K satisfying p(x,x) <r (2.119)
and

Ax > i foreachx € K satisfying p(x, x) > 2r. (2.120)

It is not difficult to see that A € M ,. We claim that (A, A) € E(e).
Let x € K. There are two cases: either

o(x, %) >2r (2.121)
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or

p(x,x) <?2r.

(2.122)

Assume first that (2.121) holds. Then it follows from (2.121), (2.117), (2.118) and

(2.112) that
|Ax — Ax|| = ||| = /4.

Now assume that (2.122) holds. Then by (2.122), (2.118) and (2.112),

IAx — Ax|| = [ (1 = ¢())(Ax + @) — Ax| < ||all + || Ax]]

<e/4+||Ax].
It follows from this inequality, (2.122), (2.115) and (2.113) that

|Ax — Ax| <e&/4 + |Ax| < &/2.

Therefore in both cases || Ax — Ax|| < /2. Since this inequality holds for any x € K,

we conclude that

(A, A) € E(e).
Consider now an open neighborhood U of A in M p such that

Uc{BeM,:(A B)eE(/16)}.
Let
BeU, zeK

and

I Bz| < &/16.
Relations (2.126), (2.125), (2.124) and (2.109) imply that

I Az|l < ||Bz|l + || Az — Bz|| < &/16 + ¢/16.

‘We claim that
p(z,x) <e.

Assume the contrary. Then by (2.114),
p(z,x)>¢e>2r.
When combined with (2.120), this implies that

Az > i

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)
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It follows from this inequality, the monotonicity of the norm, (2.125), (2.124),
(2.109) and (2.112) that

IBzll = |Azl| — £/16 > [|a]| — /16 = £/4 — £/16 = 3¢/16.

This, however, contradicts (2.126). The contradiction we have reached proves
(2.128) and Theorem 2.11 itself. U

Now assume that the set K is a subset of X and
plx,y)=llx—yll, x,yek.
Denote by M,, the set of all mappings A € M such that
Ax>x forallx € K
and
inf{|Ax —x||:x € K} =0.
Clearly, M, is a closed subset of (M, d). Define amap J : M,, — M, by
J(A)x=Ax —x forallx e K

and all A € M,,. Clearly, there exists J -1 m p — M, and both J and its inverse
J~! are continuous. Therefore Theorem 2.11 implies the following result regarding
the generic well-posedness of the fixed point problem for A € M,,.

Theorem 2.12 There exists an everywhere dense Gg subset F C M, such that for
each A € F, the following properties hold:

1. There is a unique x € K such that Ax = X.
2. For any ¢ > 0, there exist § > 0 and a neighborhood U of A in M,, such that if
B e U and if x € K satisfies | Bx — x|| <6, then |x — x| <e¢.

2.5 Mappings in a Finite-Dimensional Euclidean Space

In this section we study the existence and stability of fixed points of continuous map-
pings in finite-dimensional Euclidean spaces. Our results [156] establish generic
existence and stability of fixed points for a class of nonself-mappings defined on
certain closed (but not necessarily either convex or bounded) subsets of a finite-
dimensional Euclidean space. In these results, we endow the relevant space of map-
pings with two topologies, one weaker than the other. In the first result we find an
open (in the weak topology) and everywhere dense (in the strong topology) set such
that each mapping in it possesses a fixed point. In the second result we construct a
countable intersection of open (in the weak topology) and everywhere dense (in the
strong topology) sets such that each mapping in this intersection has a stable fixed
point.
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Let K C R" be a nonempty, closed subset of the n-dimensional Euclidean space
(R™, || - |I). We assume that K is the closure of its nonempty interior int(K).

For each x € R" and each r > 0, set B(x,r) ={y € R" : ||lx — y|| <r} and fix
fek.

Denote by M the set of all continuous mappings A : K — R". We equip the
space M with the uniformity determined by the base

Ew(N,&)={(A,B)e M x M :||Ax — Bx|| <¢
forallx € B, N)NK}, (2.129)

where N, ¢ > 0.

Clearly, the space M with this uniformity is metrizable and complete. We equip
the space M with the topology induced by this uniformity. This topology will be
called the weak topology.

We also equip the space M with the uniformity determined by the base

&(e)={(A,B) e M x M : | Ax — Bx| <¢ forall x € K}, (2.130)

where ¢ > 0. Clearly, the space M with this uniformity is also metrizable and com-
plete. The topology induced by this uniformity on M will be called the strong topol-
ogy.

Denote by M ¢ the set of all A € M which have approximate fixed points. In
other words, the set M 1 consists of all A € M such that

inf{|lx — Ax||:x € K} =0. (2.131)

It is clear that M ¢ is a closed subset of M with the strong topology.

Note that if the set K is bounded, then M ¢ consists of all those elements of M
which have fixed points. Every self-mapping of K which is a strict contraction, that
is, has a Lipschitz constant strictly less than one, clearly belongs to M .

If K is bounded and convex and a continuous mapping A : K — R” satisfies the
Leray-Schauder condition with respect to w € int(K), that is, Ay — w # m(y — w)
for all y on the boundary of K and m > 1, then it also belongs to M ¢. If such an
A is a strict contraction, then this continues to be true even if K is neither bounded
nor convex.

We endow the topological subspace M y C M with both the relative weak and
strong topologies.

The following two results were obtained in [156].

Theorem 2.13 Let y € (0, 1). There exists an open (in the weak topology) and ev-
erywhere dense (in the strong topology) set F,, C My such that for each A € F,,
there are x4 € int(K), ra € (0, 1), and a neighborhood U of A in M y with the weak
topology such that

B(xa,ra) CK and Axp=2xyu,

and for each C € U, there is xc € K such that Cxc = xc and ||xc — xal|l < yra.
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Theorem 2.14 There exists a set F C My which is a countable intersection of
open (in the weak topology) and everywhere dense (in the strong topology) subsets
of My such that for each A € F and each y € (0, 1), there exist x5 € int(K),
ra € (0, 1), and a neighborhood U of A in M y with the weak topology such that

B(xa,ra) CK and Axa=2xa,
and for each C € U there is xc € K such that Cxc = xc and ||x¢c — x4l < yra.

Example 2.15 Letn =1, K = U?‘;O[Zj, 2j + 1], and define, for each integer j > 1
andeachx €[2/,2j + 1], Ax=x +277. Clearly, inf{|x — Ax|:x € K} =0but A
is fixed point free.

In order to prove Theorem 2.13 we need two auxiliary results.
Denote by & the set of all A € My for which there exist

x4 €int(K) and rg €(0,1) (2.132)
such that
B(xa,7rA) CK and Ay=x4 forallye B(xa,ra/4). (2.133)

Lemma 2.16 The set £ is an everywhere dense subset of M ¢ with the strong topol-
0gy.

Proof Let A € My and & > 0. By the definition of M ¢ (see (2.131)), there exists
xo € K such that

| Axo — xol < &/16. (2.134)

Since K is the closure of int(K) and A is continuous, there is x| € int(K) such that
lx1 —xoll <e/16 and | Ax; — Axo| <¢&/16. (2.135)

Set
Aly=Ay — Ax1 +x1, yeKk. (2.136)
Clearly, A; € M. In view of (2.136),

A1X1=)C1. (2.137)
By (2.136), (2.135) and (2.134), for each y € K,

Ay — Ayl = l[Ax1 — x1ll < [[Ax1 — Axoll + [[Axo — xoll + [lxo — x1|
<3g/16. (2.138)
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Since A has a fixed point (see (2.137)), it is clear that A; € M. Since A is
continuous and x; € int(K), there exists r; € (0, 1) such that

B(x1,r1)) CK and |A1x —Ax1]| <¢/16 forallx € B(x1,r1). (2.139)

Define
y)=1, tel0,r/2l, Y@)=0, te[r,o0),
| (2.140)
Y()=2(r —r;, ter/2,r),
and
By=vy(ly—xil)xi + (1 =y (ly —xill)) A1y, yeK. (2.141)

Clearly, B € M. It follows from (2.141) and (2.140) that for each y € B(xy, r1/2),
By =x;. (2.142)
Therefore B € £. We will now show that
|By — Ayl <e forallx € K.
Indeed, let y € K. There are two cases to be considered:

Xt =yl = ri; (2.143)
lx1 =yl > r1. (2.144)

If (2.144) holds, then (2.144), (2.141), (2.140) and (2.138) imply that
By=A1y and |By—Ayll=|[A1y— Ayl <e/4. (2.145)
Let (2.143) hold. Then by (2.143), (2.141), (2.140), (2.137) and (2.139),
IBy = Aryll = [ (ly —x1l) (x1 = Ay)|| < llx1 = Aryl = | A1x; — Aryll < g/16.
When combined with (2.138), this inequality implies that
By — Ayl < 1By — A1yl + A1y — Ayl = &/16 + 3e/16 = ¢ /4.

Thus

|By — Ay|| <e/4 forall y € K.
This completes the proof of Lemma 2.16. O
Lemma 2.17 Let A€ &, x4 €int(K), ra € (0, 1) satisfy (2.133) and let y € (0, 1).

Then there exists a neighborhood U of A in M g with the weak topology such that
foreach B €U, there is xp € K such that |xp — xa|| < yra/4 and Bxp = xp.
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Proof Set
A=yra/d (2.146)
and put
U= {B e My :||Bz — Az|| < Aforeach z € B(xy, rA)}. (2.147)

Clearly, U is a neighborhood of A in M ; with the weak topology.
Let B € U. It follows from (2.147), (2.133) and (2.146) that for each z €
B(xa,yra/4),

Bz —xall < 1Bz — Azl + |[Az — xall S A+ |Az — xall = A =yra/4.
Thus
B(B(xa,yra/4) C B(xa,yra/4).

Since the mapping B is continuous, there is xp € B(x4, yra/4) such that
Bxp =xp.
Lemma 2.17 is proved. g

Proof of Theorem 2.13 Let A € £. There exist x4 € int(K) and r4 € (0, 1) such that
(2.133) holds. By Lemma 2.17, there exists an open neighborhood U/ (A) of A in
M ¢ with the weak topology such that the following property holds:

(P1) Foreach B € U(f), there is xp € K such that
Bxp=xp and |xp—xall <yra/S. (2.148)
Set
F=Jfuw :aee}. (2.149)

By Lemma 2.16, F, is an open (in the weak topology) and everywhere dense (in
the strong topology) subset of M .
Let B € F,. By (2.149), there is A € £ such that

B elU(A). (2.150)
By property (P1), for each C € U{(A), there is xc € K such that
Cxc=xc and |lxc—xal <yra/8. (2.151)

Clearly,
lxg —xall <yra/8. (2.152)
It follows from (2.152) and (2.135) that

B(xp,ra/2) C B(xa,ra) C K. (2.153)
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By (2.151) and (2.152), for each C € U(A),
lxc —xgll < llxc —xall + llxa —xgll < yra/8+yra/8=yra/4.
This completes the proof of Theorem 2.13. g

Proof of Theorem 2.14 For each integer n > 1, let F,, be as guaranteed in Theo-
rem 2.13 with y = (2n)~!. Set

F=()Fn (2.154)
n=1

Clearly, F is a countable intersection of open (in the weak topology), everywhere
dense (in the strong topology) subsets of M .
Let A € F and y € (0, 1). Choose a natural number n such that

n~!l<y/8. (2.155)

Since A € F;, and the assertion of Theorem 2.13 holds with y = (2n)_l and F, =
Fu, there are x4 € int(K), r4 € (0, 1), and a neighborhood I/ of A in M ; with the
weak topology such that B(x4,74) C K, Axg = x4, and for each C € U, there is
xc € K such that Cx¢c = x¢ and

—1
lxc —xall Sran)™" <ray.

Thus Theorem 2.14 is also proved. O

2.6 Approximate Fixed Points
Let (K, p) be a complete metric space such that
sup{p(x,y):x,y € K} =00,
and let (X, || - ||, >) be a Banach space ordered by a closed convex cone
Xi={xeX:x>0}.

We assume that ||x|| < ||y|| for each x, y € X4 which satisfy x < y.
Denote by A the set of all continuous mappings A : K — X . We equip the set
A with the uniformity determined by the following base:

Eg(e)={(A,B)e Ax A:||Ax — Bx|| <¢forall x € K}, (2.156)

where ¢ > 0 [80]. Clearly, the uniform space obtained in this way is metrizable and
complete. The uniformity determined by (2.156) induces a topology on A which is
called the strong topology.
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Denote by Fy the set of all A € A for which
inf{||Ax|| 1x € K} > 0.

Theorem 2.18 The set Fy is an open everywhere dense subset of A with the strong
topology.
Proof Let A € Fg. There is r > 0 such that
|Ax|| >r forallx e K. (2.157)
Set
U={BeA:(B,A)€Er/4)}. (2.158)

Clearly, U is a neighborhood of A in A with the strong topology. Assume that
B € U. Then it follows from (2.157) and (2.158) that for each x € K,

[ Bx| = [[Ax|| — [|[Ax — Bx||
>r—||Ax — Bx||=r —r/4=3r/4.

Thus B € Fy. This implies that U C Fy. In other words, we have shown that Fy is
an open subset of Fo with the strong topology.

Now we show that Fy is an everywhere dense subset of A with the strong topol-
ogy. Let A € Fp and ¢ > 0. Choose u € X such that

ueXy and |ul=e/2, (2.159)

and set
Bx=Ax+4+u, xeKk. (2.160)
By (2.159) and (2.160), for each x € K,

[ Bx|| = l[Ax +ull = |lull = /2.

Thus B € Fy. In view of (2.160), (2.159) and (2.156), (A, B) € E,(¢e). Therefore
Fo is an everywhere dense subset of A with the strong topology. Theorem 2.18 is
proved. d

Now we equip the set A with a topology which will be called the weak topology.
Fix 0 € K. For each e,n > 0, set

Ey(e,n)= {(A, Bye Ax A:||Ax — Bx| <¢
for each x € K satisfying p(6,x) <n}. (2.161)
We equip the set A with the uniformity determined by the base

Ey(e,n), e,n>0.
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Clearly, the uniform space obtained in this way is metrizable and complete. The
uniformity determined by (2.161) induces in the set .4 a topology which is called
the weak topology.

Theorem 2.19 There exists a set F| C A which is a countable intersection of open
everywhere dense subsets of A with the weak topology such that for each A € Fi,

inf{||Ax| :x € K} =0. (2.162)

Proof Denote by £ the set of all A € A for which there is x € K such that Ax = 0.
First we show that £ is an everywhere dense subset of A with the weak topology.
Let A € A and ¢, n > 0. Choose x € K such that

p6,x)>4n + 4. (2.163)
By Urysohn’s theorem there is a continuous function ¢ : K — [0, 1] such that
px)=1 ifp(x,x) =<1
and
¢(x)=0 if p(x,x)>2. (2.164)
Set
Bx = (1 — qb(x))Ax, xeK. (2.165)
Clearly, B € A. In view of (2.164) and (2.165),
¢(x)=1 and Bx=0.
Thus B € £. Let x € K satisfy
p(x,0) <n. (2.166)
It follows from (2.166) and (2.163) that

p()zvx) > 10()2’0) - p(ewx)
>4dn+4—n=3n+4.
When combined with (2.164) and (2.165), this implies that
¢(x)=0 and Bx = Ax.

Thus Bx = Ax for each x € K satisfying (2.166). The definition of the base E,,
(see (2.161)) implies that (A, B) € Ey (&, n). In other words we have shown that £
is an everywhere dense subset of A with the weak topology.

Let A € £ and let n > 1 be an integer. There is x4 € K such that

Axs =0. (2.167)
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Since A is continuous, there is r € (0, 1) such that
lAx]| < (4n)_1 for each x € K satisfying p(x, x4) <r. (2.168)
Choose an open neighborhood U/ (A, n) of A in A with the weak topology such that
UA,n) C{BeA:(A,B)e Ey((4n) " n+4+4p0,x1)))}. (2.169)
Let
BelU(A,n), x ek, plx,x4)<r. (2.170)
By (2.170) and (2.168),
Il Ax] < @m)~". 2.171)
In view of (2.170) and since r < 1,
p(0,x) < p(0,xa) + p(xa,x)
<p@,x4)+r<p@,x4)+ 1.
Together with (2.169), (2.170) and (2.161), this inequality implies that
lAx — Bx|| < (4m)~".

When combined with (2.171), this inequality implies that ||Bx| < 1/n. Thus we
have shown that the following property holds:

(PO) Foreach BeU(A,n),inf{|Bz||:z€ K} <1/n.
Set

Fi :ﬂU{U(A,n):Aeg}. (2.172)

n=1

Clearly, F7 is a countable intersection of open everywhere dense (in the weak topol-
ogy) subsets of A.
Let B € F; and ¢ > 0. Choose a natural number n such that

8/n<e. (2.173)
By (2.172), there is A € £ such that
B cU(A,n).
It follows from this inclusion, property (P0O) and (2.173) that
inf{||Bz|| 1z € K} <l1/n<e.
Since ¢ is an arbitrary positive number, we conclude that
inf{||Bz|:z€ K} =0.

Theorem 2.19 is proved. g
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Assume now that K is a subset of X and that

px,y)=lx—yll, x,yek.

Denote by B the set of all continuous mappings A : K — X such that
Ax>x forallx e K.
For each A € B, denote by J(A) the mapping defined by
JAx=Ax—x, xek.
Clearly, J(B) = A, and if A|, A € B are such that
J(A1) = J(A),

then A; = A,. We equip the set B with the uniformity determined by the following
base:

E(e)={(A,B)eBx B:|Ax — Bx|| <¢forall x € K},

where ¢ > 0. It is not difficult to see that the space B with this uniformity is metriz-
able and complete. This uniformity induces in B a topology which is called the
strong topology. It is easy to see that the mapping J is a homeomorphism of the
spaces I3 and A with the strong topologies. Thus Theorem 2.18 implies the follow-
ing result.

Corollary 2.20 The set of all A € B for which
inf{||Ax — x|l :x EK} >0
is an open everywhere dense subset of B with the strong topology.
We also equip the set B with the uniformity determined by the following base:
Ewe,n)={(A,B) e Bx B:||Ax — Bx| <¢
for each x € K satisfying [|6 — x|| <n}

where n, ¢ > 0. It is not difficult to see that the space B with this uniformity is
metrizable and complete. This uniformity induces in B a topology which is called
the weak topology. It is easy to see that the mapping J is a homeomorphism of the
spaces 3 and .A with the weak topologies.

Therefore Theorem 2.19 implies the following corollary.

Corollary 2.21 There exists a set F C B which is a countable intersection of open
and everywhere dense subsets of B with the weak topology such that for each A € F,

inf{||Ax — x| :x € K} =0.

The results of this section were obtained in [157].
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2.7 Generic Existence of Small Invariant Sets

In this section we consider generic properties of mappings with approximate fixed
points. More precisely, let K be a closed and convex subset of a Banach space
(X, |l - ID- We consider a complete metric space of all the continuous self-mappings
of K with approximate fixed points. We show that a typical element of this space
(in the sense of Baire’s categories) has invariant balls of arbitrarily small radii. This
result was obtained in [146].

Denote by A the set of all mappings A : K — K such that

inf{||x — Ax|:x € K} =0. (2.174)
We equip the set A with the uniformity determined by the following base:
E(e)={(A,B)e Ax A:||Ax — Bx|| <¢ forall x € K}, (2.175)

where ¢ > 0. It is easy to see that the uniform space A is metrizable (by a metric d).
We first observe that (A, d) is a complete metric space.

Proposition 2.22 The metric space (A, d) is complete.

Proof Let {A;}72, C Abe aCauchy sequence. Then for any & > 0, there is a natural
number i, such that

|Ajx —Ajx|| <& forallintegersi, j >i.andallx € K. (2.176)
This implies that for each x € K, {A;x}72, is a Cauchy sequence and there exists

Ax:= lim A;x. 2.177)

11— 00

Let ¢ > 0 and let a natural number i, satisfy (2.176). Relations (2.176) and (2.177)
imply that for each integer j > i, and each x € K,

|[Ax — A;x|| = lim [|[A;x — Ajx| <e.
11— 00
Thus
|[Ax — Ajx| <& foreachinteger j > i. and each x € K. (2.178)

In order to complete the proof of Proposition 2.22, it is sufficient to show that the
mapping A satisfies (2.174).
Let 6 > 0. Then in view of (2.178) there is a natural number ig such that

|Ax — Ajyx|| <8/4 forallx € K. (2.179)
Since A;, € A, there is y € K such that

[ Aiy = yll < 8/4.
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When combined with (2.179), this inequality implies that
[Ay =yl < 1Ay — Aigyll + | Aigy =yl = 8/4 +8/4=145/2.

Since 8 is any positive number, we conclude that A € A. This completes the proof
of Proposition 2.22. d

Denote by A, the set of all continuous A € A. Clearly, A, is a closed subset of
(A, d).

Theorem 2.23 There exists a set F C A, which is a countable intersection of open
and everywhere dense subsets of A. such that each A € F has the following prop-

erty:
Foreach y € (0, 1), there are x,, € K, r € (0, 1], and a neighborhood U of A in
A such that for each C €U,
C({zeK:llz—xyl=r})Cc{zeK:llz—x,l <yr}. (2.180)

Corollary 2.24 Assume that for each x € K, the set {z € K : ||z — x| < 1} is com-
pact. Let F be as guaranteed by Theorem 2.23, and let A € F, y € (0, 1).

Then there are x4 € K and a neighborhood U of A in A, such that for each
C elU, thereis a point z € K so that ||z —xa|| <y and Cz =z.

Corollary 2.25 Assume that X is finite-dimensional. Then the assertion of Corol-
lary 2.24 holds.

Corollary 2.26 Assume that the assumptions of Corollary 2.24 hold, and that
A € Fand e > 0. Then there are x € K and r € (0, 1] such that

Ax=% and A({zeK:llz—x|<r})ClzeK:|z—X| <er}.
Proof Choose a positive number y such that
y<1/2 and y <¢g/8. (2.181)

By Theorem 2.23, there are x, € K and r € (0, 1] such that (2.180) holds with
C = A. By Schauder’s theorem, there is x € K such that

¥ —x, ]| <yr and Ax=x. (2.182)
We have, by (2.182),
{zGK iz = xpll Syr} C {ZGK Hlz = x|l §2VV}~
When combined with (2.180) (with C = A), this inclusion implies that

A({zeK:lz—xyll<r})c{zeK : |z —xl <2yr}. (2.183)
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On the other hand, by (2.181) and (2.182),
lzeK:lz—xll<r2}ClzeK:|z—x, |l <7} (2.184)
It now follows from (2.184), (2.183) and (2.181) that
A(fxeK:llz—xl<r2)) cA({xe K :llz—xy | <r})
ClzeK:llz—x| <er/4}.
Corollary 2.26 is proved. O

Corollary 2.27 Assume that X is finite-dimensional. Then the assertion of Corol-
lary 2.26 holds.

Corollary 2.28 Let K be compact. Then A is the set of all continuous mappings
A : K — K and the assertion of Corollary 2.26 holds.

We begin the proof of Theorem 2.23 with the following lemma.

Lemma 2.29 Let A € A. and ¢ > 0. Then there are x, € K, r > 0, and B € A,
such that

|Ax — Bx|| <e forallx €K,
Bx =x, forall x € K satisfying ||x — x«|| <r.

Proof Since A € A, (see (2.174)), there is x, € K such that

[Ax, — x4]| < €/8. (2.185)
There also is a number r € (0, 1) such that

|[Ax — Ax,|| <¢e/8 foreach x € K such that ||x — x.|| <2r. (2.186)
By Urysohn’s theorem, there exists a continuous function ¢ : K — [0, 1] such that
p(x)=1, xelzeK:|z—x. =r} (2.187)

and
d(x)=0, xe€K and |x — x| >2r.
Set
Bx=¢)x:+ (1 —¢(x))Ax, xeK. (2.188)

Clearly, B : K — K is continuous, and

Bx =x, forallx € K such that ||[x — x| <r. (2.189)
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Now we show that
|Bx — Ax|| <e forallx € K.

Let x € K. There are two cases: (1) ||x — x«|| <2r; 2) ||x — x| > 2r.
Consider the first case. Then (2.188), (2.185) and (2.186) imply that

|Ax — Bx|| = | Ax — p(x)xs — (1 — ¢ (x)) Ax ||

=0 () [lxx — Ax[| < [lxs — Ax|| < [lxx — Axi || 4 | Axyc — Ax]|

<e/8+¢/8=¢/4.
Consider now the second case. Then by (2.188) and (2.187),
|Ax — Bx|| = ||Ax — Ax|| =0.

Thus ||Ax — Bx|| < e forall x € K. Lemma 2.29 is proved.

O

Proof of Theorem 2.23 Denote by & the set of all A € A, with the following prop-

erty:

There are x, € K and r > 0 such that Ax = x, for all x € K satisfying ||x —

Xyl <.
By Lemma 2.29, £ is an everywhere dense subset of .A,.

Let A € £ and let n be a natural number. There are x4 € K and r4 € (0, 1) such

that
Ax =x4 forall x € K satisfying ||x — x4l <ra.

Denote by U/(A, n) the open neighborhood of A in A, such that
UA,n)C{BeA.: (A, B) € E(ra/n)}.
Let B €eU(A, n). Clearly,
|IBy — Ay|| <ra/n<1/n forallye K.

By (2.190) and (2.192), for all y € K such that ||y — x4|| <74,

By —xall < |IBy — Ayl + [|Ay — xall = | By — Ayl < ra/n.

Thus
IBy —xall <ra/m forally e K suchthat ||y —xa| <rj.

We have shown that the following property holds:
(P1) Foreach B el (A,n), (2.193) is true.

(2.190)

(2.191)

(2.192)

(2.193)
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Define

F= ﬁU{U(A,n):A e&}.

n=1

Clearly, F is a countable intersection of open and everywhere dense subsets of A,.
Let B € F and y € (0, 1). Choose a natural number n such that 8/n < y. By the
definition of F, there are A € £ such that

BelU(A,n). (2.194)
It follows from property (P1) and (2.193) that for each C € U (A, n),
C({zeK:llz—xall sra}) Clze K :llz—xall <ra/n}
clzeK:llz—xall<yra}.

This completes the proof of Theorem 2.23. 0

2.8 Many Nonexpansive Mappings Are Strict Contractions

Let K be a nonempty, bounded, closed and convex subset of a Banach space

(X, |l - II). In this section we consider the space of all nonexpansive self-mappings of

K equipped with an appropriate complete metric d and prove that the complement

of the subset of strict contractions is porous. This result was established in [150].
Set

rad(K) = sup{||x|| X € K} (2.195)
and
d(K) :sup{||x —yll:x,y€ K}
Foreach A: K — X, let
Lip(A) = supf{||Ax — Ayll/llx =yl :x,y € K, x # y} (2.196)

be the Lipschitz constant of A. Denote by A the set of all nonexpansive mappings
A : K — K, that is, all self-mappings of K with Lip(A) < 1, or equivalently, all
self-mappings of K which satisfy

|Ax — Ay|| < |lx —y|| forallx,y e K. (2.197)

We say that a self-mapping A : K — K is a strict contraction if Lip(A) < 1. Our
new metric is defined by

d(A, B) =sup{||Ax — Bx| : x € K} + Lip(A — B), (2.198)

where A, B € A. It is not difficult to see that the metric space (A, d) is complete.
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Theorem 2.30 Denote by F the set of all strict contractions A € A. Then A\ F is
porous.

Proof Fix a number « > 0 such that
a < (1+2rad(K)) 327" (2.199)
and fix® € K.Let A€ Aandletr € (0, 1]. Set
y =(1+2rad(K))"'r/8 (2.200)
and put
Ayx=(0-y)Ax+y6, xeKk. (2.201)
Clearly, A, € Aand foreachx,y € K,
[Ayx = Ayyll=0=p)[Ax = Ay = (1 = p)llx = |- (2.202)
By (2.201), (2.195), (2.196) and (2.198), for each x € K,
[Ayx — Ax|| = |[(1 — y)Ax + y0 — Ax| =y 6 — Ax||
<2y rad(K),

Lip(4y — A) =sup{[[(A) — A)x — (A, = A)y|/lIx =yl :x,y € K, x # y}
=sup{||(y0 —yAx) = (y6 —y AV)|/llx =yl :x,y € K, x # y}
=ysup{|lAx — Ayll/lx =yl :x,y e K,.x #y} <,

and
d(A, Ay) <2yrad(K) +y =y (1 +2rad(K)). (2.203)
Relations (2.200) and (2.203) imply that
d(A,A)) <r/8. (2.204)
Assume that B € A,
d(B,A,) <ar. (2.205)
In view of (2.205), (2.198), (2.202) and (2.200), we see that
Lip(B) <Lip(A,) +Lip(B — A,) <Lip(A,) +d(B, A,)
<Lip(A))+ar<(1—y)+ar
=1-—(r/8)(1 —|—2rad([())_1 +r(32(1+ 21rad(K))_1

<1—(/16)(1+2rad(K)) " <1
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and so B € F. Clearly, by (2.205), (2.204) and (2.199),
d(B,A) <d(B,Ay)+d(Ay,,A) <ar+r/8=r.

Thus for each B € A satisfying (2.205), B € F and d(B, A) < r. This completes
the proof of Theorem 2.30. g

Now let F be a nonempty closed convex subset of K. For each x € K, set
p(x, F)=inf{|x —y|| : y € F}. (2.206)
Assume that there exists P € A such that
P(K)=F, Px=x, xeF. (2.207)
Denote by A the set of all A € A such that
Ax=x, x€F. (2.208)

Clearly, A is a closed subset of (A, d).
Theorem 2.31 Denote by F the set of all A € AP which have the following prop-
erty:
There is a number q € (0, 1) such that
p(Ax, F)<qp(x,F) forallxeK.
Then A\ F is a porous subset of (A", d).
Proof Fix a number o > 0 such that

o < (1+2rad(K))~'3270. (2.209)

Let A e A and r € (0, 1]. Set

y = (1+2rad(K))”'r/8 (2.210)
and put
Ay x=(1-y)Ax+yPx, xek. 2.211)
Clearly, A}, € A,
Ayx=x, xeF, and A,eAD. (2.212)

For each x € K and y € F, we have by (2.211),
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p(Ayx, F)=p((1 — y)Ax +y Px, F)
< | =y)Ax +yPx —((1 —y)y +yPx)|
=1 -PIAx —yll <1 =p)lx =yl

Hence

p(Ayx, F) < (1 —y)inf{llx =yl :y € F} = (1 = y)p(x, F).
Thus
p(Ayx, F)<(1—-y)px,F), xecKk. (2.213)
By (2.211), (2.195), and (2.199), we have for x € K,
[Ayx — Ax| = (1 — y)Ax +y Px — Ax| = y||Px — Ax|| <2y rad(K),
Lip(A, — A) = Lip((l —y)A+yP— A)
=Lip(yP —yA) <2y

and

d(A,A)) <2yrad(K)+2y =2y (rad(K) + 1). (2.214)
It follows from (2.214) and (2.210) that

d(A,A)) <r/4. (2.215)
Assume now that
Be AP
and
d(B,Ay) <ar. (2.216)

Then by (2.216), (2.215) and (2.209),
d(B,A)<d(B,A,)+d(A,, A) <ar+r/4<r. (2.217)

Let x € K and y € F. It follows from (2.208), (2.212), (2.211), (2.196), (2.198),
(2.216), (2.209) and (2.210) that

p(Bx,F) < |Bx— (1 —y)y+yPx)|
<|IBx — Ayx|+ |Ayx — [(1 = y)y +y Px]|
< |(Bx = By) — (Ayx — A, y) | + (1 — )| Ax — y||
<[|B—-A)x—(B-A)y|+A=p)lx—yl
<Lip(B— Ay)llx =yl + (1 —y)lx =yl
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<arllx =yl+ A =p)llx =yl =llx = yllar+1—y)
< lx = yll(1 = (1+2rad(K)) "' /16).
Therefore
p(Bx, F)<(1—(1+ 2rad(K))*‘/16) inf{||lx — y||: y € F}
= (1— (1 +2rad(K)) "' /16) p(x, F).

Thus B € F. This completes the proof of Theorem 2.31. 0

2.9 Krasnosel’skii-Mann Iterations of Nonexpansive Operators

In this section we study the convergence of Krasnosel’skii-Mann iterations of non-
expansive operators on a closed and convex, but not necessarily bounded, subset of
a hyperbolic space. More precisely, we show that in an appropriate complete metric
space of nonexpansive operators, there exists a subset which is a countable inter-
section of open and everywhere dense sets such that each operator belonging to this
subset has a (necessarily) unique fixed point and the Krasnosel’skii-Mann iterations
of the operator converge to it.

Let (X, p, M) be a complete hyperbolic space and let K be a closed and
p-convex subset of X. Denote by A the set of all operators A : K — K such that

p(Ax, Ay) <p(x,y) forallx,yeK. (2.218)
Fix some 6 € K and for each s > 0, set
B(s)={x €K :p(x,0) <s}. (2.219)
For the set A we consider the uniformity determined by the following base:
E(m)={(A,B)e Ax A:p(Ax, Bx) <n~'forallx, y € B(n)}, (2.220)

where 7 is a natural number. Clearly the uniform space A is metrizable and com-
plete.

A mapping A : K — K is called regular if there exists a necessarily unique
x4 € K such that

lim A"x =x, forallx € K.
n—oo

A mapping A : K — K is called super-regular if there exists a necessarily unique
x4 € K such that for each s > 0,

A"x — x4 asn — oo uniformly on B(s).
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Denote by I the identity operator. For each pair of operators A, B : K — K and
each r € [0, 1], define an operator rA & (1 — r) B by

(rA ® (- r)B)(x) =rAx® (1 —-r)Bx, xeKk.
In this section we prove the following three results [132].

Theorem 2.32 Let A : K — K be super-regular and let ¢, s be positive numbers.
Then there exist a neighborhood U of A in A and an integer ng > 2 such that for
each B € U, each x € B(s) and each integer n > n, the following inequality holds:
p(xa, B"x) <e.

Theorem 2.33 There exists a set Fo C A which is a countable intersection of open
and everywhere dense sets in A such that each A € Fy is super-regular.

Let {r,};2 | be a sequence of positive numbers from the interval (0, 1) such that

o
lim 7, =0 and E In = 00.
n—0o0 1

n=

Theorem 2.34 There exists a set F C A which is a countable intersection of open
and everywhere dense sets in A such that each A € F is super-regular and the
following assertion holds:

Let x4 € K be the unique fixed point of A € F and let §,s > 0. Then there exist
a neighborhood U of A in A and an integer ng > 1 such that for each sequence of
positive numbers {r,l}:‘;1 satisfying rp, € [rp, 11, n =1,2, ..., and each B € U the

following relations hold:
@)
p((raB® (L —r)I)--(r1B® (1 —rpl)x,
(mB® (A —=r)I)--(nB®A—r)l)y) <3

for each integer n > ng and each x,y € B(s);
(i) if B € U is regular, then

p((raB® A —r)I) - (rB® (1 —r)l)x,x4) <8
for each integer n > ng and each x € B(s).

Proof of Theorem 2.32 We may assume that ¢ € (0, 1). Recall that x4 is the unique
fixed point of A. There exists an integer no > 4 such that for each x € B(2s +2 +
2p(x4,0)) and each integer n > ny,

p(xa, A"x) <87 le. (2.221)
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Set
U={BeA:p(Ax, Bx) < (8n9) 'e,x € B(8s +8+8p(x4.0))}. (2.222)

Let B € U. It is easy to see that for each x € K and all integers n > 1,

p(A"x, B"x) < p(A"x, AB""'x) + p(AB"'x, B"x)
<p(A"'x, B"'x) + p(AB"'x, B"x) (2.223)
and
p(B"x,x4) < p(B"x, A"x) + p(A"x,x4) < p(B"x, A"x) + p(x,x4)

<p(B"x,A"x) + p(x,0) + p(0, x4). (2.224)

Using (2.222), (2.223) and (2.224) we can show by induction that for all x € B(4s +
444p(x4,0)),andforalln=1,2,...,nop,

p(A"x, B"x) < (8ng)~'en (2.225)
and
n 1
p(B"x,0) =2p(xa,0) + p(x,0) + 5.

Let y € B(s). We intend to show that p(x4, B"y) < ¢ for all integers n > ng. Indeed,
by (2.225),

p(@,Bmy)S%—i—Z,o(xA,@)—i—s, m=1,...,no. (2.226)
By (2.225) and (2.221),
p(xa, B"y) <e/2. (2.227)
Now we are ready to show by induction that for all integers m > ny,
p(xa, B"y) <e. (2.228)

By (2.227), inequality (2.228) is valid for m = ng.
Assume that an integer k > ng and that (2.228) is valid for all integers m €
[no, k]. Together with (2.226) this implies that

. 1
p(G,B’y)SE—i-Zp(xA,Q)—i-s, i=1,... k. (2.229)
Set
j=14+k—ny and x=B'y. (2.230)
By (2.229), (2.230), (2.221) and (2.225),
p(A™x, B"x) <¢/8, p(xa, A"x) <e/8 and p(xa, Bk+1y) <e/4.

This completes the proof of Theorem 2.32. g
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Proof of Theorem 2.33 Foreach A € Aand y € (0, 1), define A, : K — K by
Ay x=(1-y)Ax®y0, xeKk.
Let Ae Aand y € (0, 1). Clearly,

P(Ayx, Ayy) < (1 —y)p(Ax, Ay) = (1 —y)p(x,y), x,y€K.

Therefore there exists x(A, y) € K such that

Ay (x(A, ) =x(A, ).

Evidently, A, is super-regular and the set {4, : A € A,y € (0, 1)} is everywhere
dense in A. By Theorem 2.32, for each A € A, each y € (0, 1) and each inte-
ger i > 1, there exist an open neighborhood U (A, y,i) of A, in A and an integer
n(A, y,i) > 2 such that the following property holds:

(i) foreach B € U(A, y,i), each x € B(4'*!) and each n > n(A, y, i),
p(x(A,y), B"x) <4771,

Define

o0
Fo=UU@,y.):AcU,ye©D,i=q.q+1,..}
g=1

Clearly, Fy is a countable intersection of open and everywhere dense sets in A.
Let A € Fo. There exist sequences {Aq}02 | C A, {yg}g2; C (0,1) and a strictly

increasing sequence of natural numbers {iq}f]’o:1 such that
AcU(Agvq,19), qg=1,2,.... (2.231)
By property (i) and (2.231), for each x € B(4%*!) and each integer n > n(Ay,
Ya-iq)
p(x(Aq, Ya)s A”x) <471
This implies that A is super-regular. Theorem 2.33 is proved. O

In order to prove Theorem 2.34 we need the following auxiliary results.
Let

]

Fae@©1), n=12,..., lim 7, =0, Y =1 (2.232)
n—oo -

Lemma 2.35 Let A € A, S| > 0 and let ng > 2 be an integer. Then there exist a
neighborhood U of A in A and a number S, > S| such that for each B € U, each

sequence {ri}?izl C (0, 1] and each sequence {x,}?i | C K satisfying

x1 € B(S)), Xipi=rBxi®(A—rdx;, i=1,...,n9—1, (2.233)
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the following relations hold:
x; €B(Sy), i=1,...,np.
Proof Set
Sit1=285+2+2p0,A0), i=1,....,n0—1, and S,=S,,. (2234
Set
U:{BEA:,O(Ax,Bx)fl,xeB(S*)}. (2.235)

Assume that B € U, {r,-}jf’gl C (0,11, {x;}/2, C K and that (2.233) holds. We will
show that

p0,x)<Si, i=1,...,no. (2.236)

Clearly, (2.236) is valid for i = 1. Assume that the integer m € [1, n¢p — 1] and that
(2.236) holds for all integers i = 1,...,m. Then by (2.236) with i =m, (2.233),
(2.235) and (2.234),

PO, Xms1) = p(0, rm BCim) & (1 = 1))
< p(rmB(Q) D& —rp)xm, rmBx,) &0 — rm)xm)
+ (0, rmnB©) ® (1 — ri)xm)
<rmp©, xm) + p(0, BO)) + p(B©O), rmB©) & (1 — ryn)xm)
<Su+p(0,A®) + p(A©®), B©®)) + p(B®), xm)
<Su+p(0,A0) + 1+ p(xm,0) + p(6, A0) + p(A©), B(6))
<28u+2p(0, A©)) +2 = Spt1.
Lemma 2.35 is proved. O
For each A € A and each y € (0, 1), define A, : K — K by
Ayx=(1—-y)Ax®y0, xeck. (2.237)
Let Ae Aand y € (0, 1). Clearly,
p(Ayx,Ayy) =1 —y)px,y), x,yek. (2.238)
There exists x(A, ) € K such that
Ay (x(A,9)=x(A,y).

Clearly, A, is super-regular and the set {A, : A € A,y € (0, 1)} is everywhere
dense in A.



60 2 Fixed Point Results and Convergence of Powers of Operators
Lemma 2.36 Let Ac A,y €(0,1),r€(0,1]and x,y € X. Then
p(rAyx @ —r)x,rA,y® (1 —r)y) <(1—yr)p(x,y).
Proof By (2.238),
p(rAyx ® (1=r)x,rAyy ® (1 =r)y) <rp(Ayx, Ayy) + (1 =r)p(x,y)
= =nrpl,y)+rd—y)plx,y)
=pl, A —yr).

Lemma 2.36 is proved. g
Lemma 2.37 Let Ac A,y € (0,1) and 8, S > 0. Then there exist a neighborhood
U of A, in A and an integer ny > 4 such that for each B € U, each sequence of

numbersri € [ri,1],i=1,...,n0—1,and each x, y € B(S), the following inequal-
ity holds:

p((rag-1B @ (1 = rag—)1) -+ (n B & (1 — r)1)x,
(}’,10_13 ® (11— rng—l)l) e (rlB & (1— rl)I)y) <$.
Proof Choose a number

v € (0, y). (2.239)

Clearly, ]_[?il( 1 — yori) — 0 as n — oo. Therefore there exists an integer ng > 4
such that

no—1
@S+2) [] 1 —ypi) <8/2. (2.240)
i=l1

By Lemma 2.35, there exist a neighborhood U of A, in A and a number S, > 0

such that for each B € Uy, each sequence {r; };’i}l C (0, 1], and each sequence
{xi}2, C X satisfying

x1 € B(S), Xip1=riBx;®A —rp)x;, i=1,...,n0—1, (2.241)
the following relations hold:
xi€B(Sy), i=1,...,np. (2.242)
Choose a natural number m | such that
m;>28.+2 and 8m;' <8(y —yo)yri, i=1,....,ng—1, (2.243)

and define

U={BeU :p(Ayx,Bx) <m]',x € B(m)}. (2.244)
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Assume that Be U, r; €lri,1],i=1,...,n0—1, and
x,y € B(S). (2.245)
Set
x| =X, Y=Y, Xiy1 =1iBx; ® (1 —ri)xi,
) (2.246)
Vier=riByi® (1 —ri)yi, i=1,...,n0—L
It follows from the definition of U; (see (2.241) and (2.242)) that
vi,Xi € B(Sx), i=1,...,np. (2.247)
To prove the lemma it is sufficient to show that
P Xng, Yng) < 9. (2.248)
Assume the contrary. Then
pxi,yi)>68, i=1,...,np. (2.249)

Fixi €{l,...,ng—1}. It follows from (2.246), (2.247), (2.243), (2.244) and (2.237)
that

pigts Yig1) =p(riBx; & (1 —r)x;, ri By; & (1 —ri)y;)
<p(riAyxi ® (1 —ri)xi, riAyyi ® (1 —ri)y;)
+p(Ayx;, Bx;) + p(Ayyi, By;)
<rip(Ayxi, Ayyi) + (1 —r)p(xi, yi) +2m7"
<2m'+ (1 —r)p i, yi) +ripGi, yi) (1 — )
<2mi'+pi. y)(1—ri +ri(1 —y))
=2m7 " + p(xi, y)(1 = yri). (2.250)

By (2.250), (2.243) and (2.249),

PXit1, Yit1) < p(xi, yi) (L — yori),

and since this inequality holds for all i € {1, ...,no — 1}, it follows from (2.245)
and (2.240) that
no—1
P g ¥ug) <28 [ | (1 = wori) < 8/2.
i=1

This contradicts (2.249) and proves Lemma 2.37. O



62 2 Fixed Point Results and Convergence of Powers of Operators

Proof of Theorem 2.34 Let
o0
(Falazi €O, lim 7 =0, > Fy=o0. (2.251)
n=1

By Theorem 2.33, there exists a set 7o C .4 which is a countable intersection of
open and everywhere dense sets such that each A € Fy is super-regular.
For each A € A and each y > 0, define A, € A by

Ay x=(1-py)Axdyd, xek.

Clearly, A, is super-regular, and for each A € A and y € (0, 1), there exists
x(A,y) € K for which
A, (x(A, y)) =x(A,y). (2.252)

Let Ae A, y €(0,1) and let i > 1 be an integer. By Lemma 2.37, there exist an
open neighborhood U (A, y,i) of A, in A and an integer no(A, y, i) > 4 such that
the following property holds:

(a) foreach B € U1 (A, y, i), each sequence of numbers

rje[’_‘]al]v j=15"'an0(A’V7i)_1v

no(A,y,i) no(A,y,i)

and each pair of sequences {x;},_; AvitiZy C X satisfying
x1,y1 € BT (4+4p(x(A, 1),6))), (2.253)

Xi+1=71iBx; ® (1 —ri)x;, Yi+1 =riBy; ® (1 —ri)y;,
i=1,...,n0(A,y,i)—1, (2.254)

the following inequality holds:

0 Xng(Ap.i)» Yno(A,pi)) =< g1, (2.255)

Since A, is super-regular, by Theorem 2.32 there is an open neighborhood
U(A,y,i)of A, in A and an integer n(A, y, i), such that

UA,y,i) CUI(A, y, D), n(A,y, i) zno(A,y, i), (2.256)

and the following property holds: '
(b) for each B € U(A, y,i), each x € B2 + 2p(x(A,y),0))) and each
integer m > n(A, y,i),

p(x(A,y), B"x) <8~ (2.257)
Define

]-':]-"oﬂ[ﬂU{U(A,y,i):AeA,ye(O, 1),i=q,q+1,...}:|.

g=1

Clearly, F is a countable intersection of open and everywhere dense sets in .A.
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Let A € . Then A € Fg and it is super-regular. There exists x(A) € K such that
A(x(A)) =x(A). (2.258)

There also exist sequences {Aq};”; 1 CA vy }2021 C (0, 1) and a strictly increasing
sequence of natural numbers {iq}(‘;"=1 such that

AeU(Ay,vq,iq), q=1,2,.... (2.259)
Let 8, s > 0. Choose a natural number ¢g such that
29 >16(s+1) and 279 <8 ls, (2.260)

and consider the open set U (Ay, vy, 1q)-

Letrjelr,1], j=1,2,...,and B € U(Ay, y4,i4). By property (a), the first
part the theorem (assertion (i)) is valid.

To prove assertion (ii), assume, in addition, that B is regular. Then there is
x(B) € K such that

B(x(B)) =x(B). (2.261)

By property (b),

p(x(Ag, vg), x(A)), p(x(Ag, vg), x(B)) <87\, (2.262)
Let x; € B(s) and

Xjp1=riBx; ®(1 —rj)x;, j=12,....
It follows from property (a) and (2.261) that
p(xj, x(B)) < 87~ for all integers j > n(Ay, vy, ig)-
Together with (2.262) and (2.260), this implies that for all integers j > n(Ay, v4.1iq),
p(xj,x(A) <387 <.

This completes the proof of Theorem 2.34. g

2.10 Power Convergence of Order-Preserving Mappings

In this section we study the asymptotic behavior of the iterations of those order-
preserving mappings on an interval (0, u,) in an ordered Banach space X for which
the origin is a fixed point. Here u is an interior point of the cone of positive elements
X4 of the space X. Such classes of order-preserving mappings arise, for example,
in mathematical economics. We show that for a generic mapping there exists a fixed
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point which belongs to the interior of X4 such that the iterations of the mapping
with an initial point in the interior of X converge to it.

Let (X, || - |I) be a Banach space ordered by a closed cone X with a nonempty
interior such that || x| < ||y|| for each x, y € X satisfying x <y.Foreachu,v e X
such that u < v denote

(u,vy={xeX:u<x<v}
Let u, be an interior point of X . Define
lxll« =inf{r €[0,00) : —ru, <x <ruy}, xeX. (2.263)

Clearly, || - ||« is a norm on X which is equivalent to the norm || - ||.
An operator A : (0, u,) — (0, uy) is called monotone if

Ax <Ay foreachx,y e (0,u,) suchthatx <y. (2.264)

Denote by M the set of all monotone continuous operators A : (0, uy) — (0, u,)
such that

A0)=0 (2.265)
and
A(az) >aAz forallz € (0,u,) and o € [0, 1]. (2.266)

Geometrically, (2.266) means that the hypograph of A is star-shaped with respect to
the origin.
For the space M we define a metric p : M x M — [0, o0) by

p(A, B) =sup{||Ax — Bx|s:x € (0,us)}, A, BeM. (2.267)

It is easy to see that the metric space M is complete.
An operator A : (0, uy) — (0, u) is called concave if for all x, y € (0, u,) and
a [0, 1],

A((xx—i—(l —oe)y) >aAx + (1 —a)Ay. (2.268)

We denote by M., the set of all concave operators A € M. Clearly, M, is
a closed subset of M. We consider the topological subspace M., C M with the
relative topology.

The spaces M and M, are very important, for example, from the point of view
of mathematical economics. In this area of research order-preserving mappings A
are usually models of economic dynamics and the condition A(0) = 0 means that
if we have no resources, then we produce nothing. Concavity means that the com-
bination of resources allows one to produce at least the corresponding combination
of outputs and even more than this combination. Monotonicity means that a larger
input leads to a larger output. A particular class of concave operators are those oper-
ators which are positively homogeneous of degree m < 1. Such operators were stud-
ied by many mathematical economists in the finite dimensional case (see [105] and
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the references mentioned there). For more information on ordered Banach spaces,
order-preserving mappings and their applications see, for example, [3, 4].

We are now ready to state and prove the main result of this section. This result
was established in [164].

Theorem 2.38 There exist a set F C M which is a countable intersection of open
and everywhere dense sets in M and a set F., C F N Mg, which is a countable
intersection of open and everywhere dense sets in M, such that for each P € F,
there exists xp € (0, uy) for which the following two assertions hold:

1. The point xp is an interior point of X1 and lim;_, oo P'x = xp for each x €
(0, uy) which is an interior point of the cone X ;.

2. Foreach y,e € (0, 1), there exist an integer N > 1 and a neighborhood U of P
in M such that for each C € U, each z € (yuy, uy) and each integer T > N,

[T~ xs], <o
Proof of Theorem 2.38 For each x,y € X define
Ax, y) =sup{r€[0,00) : rx < y}. (2.269)
In the proof of Theorem 2.38 we will use several auxiliary results.

Lemma 2.39 The function y — ,M(uy, y), y € X4, is continuous, concave and pos-
itively homogeneous.

Proof All we need to show is that the function y — A(u, ¥), y € X4, is continuous.
To this end, assume that y € X, {y,}5°, C X4 and

lvw — ylls« = 0 asn— oo. (2.270)

We show that
AUy, yn) = Muy,y) asn— oo. 2.271)

It is well known that (2.271) is true if y is an interior point of X . Therefore we
may assume that y is not an interior point of X .
Clearly,

Aluy, y) =0. (2.272)
‘We show that
lim A(uy, yu) =0. (2.273)
n—oo

Assume the contrary. Then there exists a subsequence {yy, };°, and a number r > 0
such that

Vo = ry, k=12, (2.274)
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Together with (2.270) this implies that
y>ruy and  A(uy,y) >r.

Since this contradicts (2.272), we see that (2.273) does hold. This completes the
proof of Lemma 2.39. O

Define now an operator ¢ : (0, u,) — X4 by
G () = A, ) Puy,  x € (0, uy). (2.275)

By using Lemma 2.39 one can easily check that
¢ € M. (2.276)

Let A € M and let i > 1 be an integer. Define an operator A® : (0, uy) — (0, us)
by

ADx = (1 -27)Ax +27"¢(x), x € (0, u). (2.277)

Lemma 2.40 Let A € M and leti > 1 be an integer. Then AY) € M. Moreover, if
A€ M.y, then AD € M,,.

It is clear that for each A € M and each integer i > 1,
p(AD, A) <27 (2.278)
Lemma 2.41 Let A € M and let i > 1 be an integer. Then
AD(167 u,) > 87 u,. (2.279)
Proof By (2.277) and (2.275),
AD(167u,) = 27 ¢(167 1) = 271 (167) Pu, > 87 . 0

For each A € M and each integer i > 1, we now define the operator B9 :

(0, us) = (0, ux) by
B (x) = (1-167")ADx + min{A(us, x), 167 Juy,  x €(0,u,).  (2.280)
Lemma 2.42 Let A € M and leti > 1 be an integer. Then
BAD (167 u,) > (87 +271- 167 )uy (2.281)

and B e M. Moreover, if A e Mq,, then B@A:D e M,,.
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Proof 1t follows from (2.280) and (2.279) that
BAD(167 uy) > (1 - 167") (87 uy) + 16 uy > (87 +27 - 167 )u,.

Therefore (2.271) is valid. By Lemma 2.40, B“-D(0) = 0 and the operator B (4.0
is monotone. Lemmas 2.39, 2.40 and (2.280) imply that B+ is a continuous op-
erator. It follows from Lemma 2.39 that the operator

X — min{k(u*, x), 16_i}u*, x € (0, uy),
is concave. When combined with (2.280), Lemma 2.40 and (2.264), this implies that
B(A’i)(az) > aB@ Dz foreachze (0, uy) and each € [0, 1],

and that if A € M., then B is concave. This completes the proof of
Lemma 2.42. g

It follows from (2.280), (2.278) and (2.267) that for each A € M and each integer
i>1,

p(A, BAD) <27 + 167", (2.282)

Lemma 2.43 Let A € M and let i > 1 be an integer. Then

tim A((BD) (), (BAD) (167 u)) = 1. (2.283)
Proof Clearly,
(BADY T ) < (BADY (uy), 1=1,2,... (2.284)

and
(BAN (167 us) < (BAD) (wy), t=1,2,....
Lemma 2.42 (see 2.361)) implies that for each integer 7 > 1,
(BAD)Y (167 1,) = (BAD) (167 w,) = (877 427" 16 )uy.  (2285)
Fort=0,1,... we set
A= A((BD) (i), (BAD) (167 y)). (2.286)
By (2.284),

A <1, t=0,1,.... (2.287)

Let + > 0 be an integer. It follows from (2.280), (2.286), (2.269), (2.285),
Lemma 2.40 and (2.287) that
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(BAD) (167 ) = BAD (BADY (167 us)
= (1= 167)AD (BADY (167u.)
+ min{A (ug, (B4D) (1677u,)), 167 Jus
> (1= 167)AD (3, (BUD) (uy)) + 167"
> (1= 1672 AD ((BAD) () + 167"
= [(1 =167 AD((BADY (uy)) + 167 u,]
+ (1= 2)16 7 u,
= x[(1 =167 AD(BAD) ()
+ min{A (s, (BAD) ), 167 Jue] + (1 = 1) 16wy
=0 (BAD)Y ) + (1= 1) 167y
> (4 (1= 20167 (BAD) T ).
This implies that

A1 = he 4+ (1 =2)1670, (2.288)
Combining (2.287) and (2.288), we see that

A= lim A (2.289)

—>00
exists. By (2.289) and (2.288), A > A + (1 — A)16~!. By (2.287) this implies that
A =1.Lemma 2.43 is proved. g

Lemma 2.44 Let A € M and let i > 1 be an integer. Then there exists x@AD ¢
(0, uy) such that

xAD > (87 4271 167 u, (2.290)
and
lim (BAD) (167 u,) = lim (B4D) @) =20 2291)

Proof 1t is clear that inequalities (2.284) hold. Lemma 2.42 implies that for each
integer ¢ > 1, inequality (2.283) is also valid. By Lemma 2.43, (2.284) and (2.285),
. AN\ AN (1 o—i _

Jim [(BAD) u, — (BAD) (167 )] =0, (2.292)

and {(BA)u,}2 , as well as {(BAD) (167u,)}2

1= 1» are Cauchy sequences.
Therefore there exist x1, xp € (0, u) such that

x1 = lim (BAD)(167'u,) and xo = lim (B4))"u

t—00 —00
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By (2.292) and (2.285), x; = x2 > (8 + 27! . 167/)u,. This completes the proof
of Lemma 2.44. O

Lemma 2.45 Let A€ M, e >0, z € (0, uy) and let n > 1 be an integer. Then there
exists a neighborhood U of A in M such that for each C € U,

”an - AnZ”* <é.

Proof We prove the lemma by induction. It is clear that the assertion of the lemma
is valid for n = 1. Assume that it is valid for an integer n > 1. There exists

5€(0,87%) (2.293)
such that
|Ay — A(A"2)||, <87 e (2.294)

for each y € (0, u,) satisfying ||y — A"z||, < 4. Since the assertion of the lemma is
assumed to be valid for n, there exists a neighborhood Uy of A in M such that for
each C € U,

|c"z— A"z, <. (2.295)
Set
U={CelUy:p(C,A) <8 e}, (2.296)

and let C € U. The definition of U implies that
HAn-FlZ _ Cn—HZ”* < ||14i’1-|—1Z —AC”Z”* + ||ACnZ _ Cn+1Z||*

<A™z —ACz|, +87 e (2.297)

By (2.295),
Jare—crz]], <s.
It follows from this inequality and the choice of § (see (2.293) and (2.294)) that

|AC"z — A(A"z)|, <87 'e.
Together with (2.297) this implies that
Atz crtiz], <ate.
This completes the proof of Lemma 2.45. g

Let A€ M and leti > 1 be an integer. By Lemma 2.44, there exists an integer
N (A, i) > 4 such that

| (BAD)YNAD (167 u,) — (BAD)YNAD )|, < 167 (2.298)
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By Lemma 2.45, there exists an open neighborhood U (A, i) of B“) in M such
that

UA,i)c{CeM:p(C.BND)<16772], (2.299)
and foreach C e U(A, i),
cN@AD (1671, ) — (BAD N(A,Q) 16~ u < 16_i_2,
e (16 ) = (540) 0167w, = 0300,
H CN(A,[)(u*) _ (B(A,t))N(AJ)(M*)”* < 16=i72.

Lemma 2.46 Let A € M and let i > 1 be an integer. Assume that C € U(A, ).
Then

C'(167us) > 8 "uy, t=1,2,..., (2.301)

and for each 7 € (16 u,, uy) and each integer T > N (A, i), the following inequal-
ity holds:

|cTz —x(A D], <167+ 16772 (2.302)
Proof By the definition of U (A, i) (see (2.299)) and Lemma 2.42 (see (2.281)),
lc(167 u,) — BAD (167 uy) ||, < 16772
and
C(167u,) > BAD (167 u,) — 167 2u,
> (87 +27 167wy — 167Uy > 87w, (2.303)
Since the operator C is monotone, (2.303) implies that
C'(167u,) = C'(167'uy), t=0,1,.... (2.304)

Inequalities (2.304) and (2.303) imply (2.301), as claimed.

Assume that z € (16 "u, uy) and let T > N(A, i) be an integer. Since the op-
erator C is monotone, it follows from (2.304) and the definition of U (A, i) (see
(2.300)) that

CTze(CT (167 uy), €T (uy)) C(CV A (167 uy), CVADu,)
(B4 (167w
— 167 2u, (BADYNAD () 167 2u,). (2.305)
By Lemma 2.4, (2.281), (2.305) and (2.298),
CTz—x(A, 1) e ((BANY D (16710,) — 167 2u, — x(A, i),

(BADNYYAD ) 4167 2u, — x(A, D)
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and
x(A,i)—CTz,—x(A,)+Cz
< (B(A,i))N(A,i)(u*) . (B(A,i))N(A,i)(m—iu*) + 16—i—2u*
< (16771 + 167 ?)u,.
This implies (2.302) and completes the proof of Lemma 2.46. g

Completion of the proof of Theorem 2.38 Define
o0
F=NUlva.n:aeMi=g.q+1,..}
qg=1

and
o)
]:c(): ﬂU{U(A’i)mMCO:AeMco’i:q,é]—f‘l,...}.
qg=1

It is easy to see that F., C F N M, F is a countable intersection of open and
everywhere dense sets in M, and that F,, is a countable intersection of open and
everywhere dense sets in M,. Assume that P € F and ¢,y € (0, 1). Choose a
natural number g for which
64-279 < 64 ' min{e, y}. (2.306)
There exist A € M and a natural number i > ¢ such that
PeU(A,I). (2.307)
By Lemma 2.46,
C'(16'uy) > 8 'u, forallintegerst > landall C € U(A,i),  (2.308)

and

|CTz—x(A, )|, <1677+ 16772 forall C € U(A,i),

each integer T > N(A,i) and each z € (16_iu*, u*> (2.309)
Now (2.309), (2.306) and (2.307) imply that

|P"z—x(A,i)||, <& foreachinteger T > N(A,i)
and each z € (Yuy, uy). (2.310)
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Since ¢ is an arbitrary number in the interval (0, 1), we conclude that for each z €
(yus, uy), there exists lim;_, oo P'z. By (2.310),

lim PTz—x(A,i)” <g¢ foreach z € (yus, uy). 2.311)
— 00 *

Hence
lim P'zy = lim P’z
—00 —>00
for each z1, 22 € (Yuy, uy).
Since y € (0, 1) is also arbitrary, we conclude that
lim P'z=xp (2.312)
—>0o0
for each z € (0, u,) which is an interior point of X. By (2.308), xp is an interior
point of X . Now (2.309) implies that

xp—x(A, ). <1677 16772, (2.313)
%

Assume that C € U(A, i), 7 € (Yux, ux), and let T > N(A, i) be an integer. It fol-
lows from (2.309), (2.313) and (2.306) that

€7z =xp], = Jep = x4, + [xa. )~ €],
<1677 416772 4 |x(4,1) — €Tz,
<2(1677 1 +1677%) <.

This completes the proof of Theorem 2.38. g

2.11 Positive Eigenvalues and Eigenvectors

In this section we consider a closed cone of positive operators on an ordered Banach
space and prove that a generic element of this cone has a unique positive eigenvalue
and a unique (up to a positive multiple) positive eigenvector. Moreover, the normal-
ized iterations of such a generic element converge to its unique eigenvector. This
section is based on [140].

Let (X, || - ||) be a Banach space which is ordered by a closed convex cone X .
For each u, v € X such that u < v, we define (u,v) ={z€e X :u <z <v}.

We assume that the cone X | has a nonempty interior and that foreach x, y € X
satisfying x <y, the inequality ||x|| < ||y|| holds. We denote by int(X) the set of
all interior points of X .

Fix an interior point 7 of the cone X and define

Ixll, =inf{r € [0,00): —rp <x <rn}, xe€X. (2.314)

Clearly, | - ||;; is a norm on X which is equivalent to the original norm || - ||.
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Let X’ be the space of all linear continuous functionals f : X — R! and let
X, ={feX :f(x)=0forallx e X }.

Denote by A4 the set of all linear operators A : X — X such that A(X ) C X 4. Such
operators are called positive. For the set .4 we define a metric p(-, -) by

p(A, B)= sup{||Ax — Bx|l, :x €0, n)}, A,Be A

This metric p is equivalent to the metrics induced by the operator norms derived
from || - || and || - ||;;. It is clear that the metric space (A, p) is complete. Since many
linear operators between Banach spaces arising in classical and modern analysis are,
in fact, positive operators, the theory of positive linear operators and its applications
have drawn the attention of more and more mathematicians. See, for example, [3,
86, 170] and the references cited therein.

In this section we study the asymptotic behavior of powers of positive linear
operators on the ordered Banach space X. We obtain generic convergence to an
operator of the form f(-)n, where f is a bounded linear functional and 7 is a unique
(up to a positive multiple) eigenvector.

We denote by A, the set of all A € A such that A& = & for some & € int(X )
and by A, the closure of A, in (A, p). We equip the subspace A, C A with the
same metric p.

In our paper [125] we established the following result.

Theorem 2.47 There exists a set F C A, which is a countable intersection of open
and everywhere dense sets in Ax such that for each B € F, there exists an interior
point &g of X satisfying Bép =&p, Eglly = 1, and the following two assertions
hold:

1. There exists fp € Xﬁi_ such that imy_.« BT x = fe(x)ép,x € X.
2. For each & > 0, there exists a neighborhood U of B in A and a natural number
N such that for each C € U N Ay, each integer T > N and each x € (—n, n),

[CTx — fa)és| <e.

Since the existence of fixed points and the convergence of iterates is of funda-
mental importance, it is of interest to look for a larger subset of A for which such
a result continues to hold. To this end, we introduce the set Aq* of all A € A for
which there exist cg € (0, 1) and ¢ > 1 such that

con < A"n <cyn forall integersn > 1. (2.315)

Note that our definition of Aq* does not depend on our choice of 5. Since A, C Aq*,
it is natural to ask if there is also a generic result for the closure A, of Ay.. Note
that in contrast with A,, it is not clear a priori if A, is dense in /iq*. However, as
we show in our first result that this is indeed the case.
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Theorem 2.48 ftq* =A,.

Combining Theorems 2.47 and 2.48, we see that a generic element in flq* has a
unique (up to a positive multiple) positive fixed point and all its iterations converge
to some multiple of this fixed point.

Since the existence of positive eigenvectors which are not necessarily fixed points
is even more important, we devote most of the section to this problem.

Known results about the existence of positive fixed points and eigenvectors in-
clude the classical Perron-Frobenius and Krein-Rutman theorems. For a survey of
more recent results of the linear theory, see Sect. 2 in [106].

We begin with the following definition.

We say that an operator A € A is regular if there exist x4 € int(X4) satisfying
[xall;=1,a4 >0and f4 € X/, \ {0} such that

AxA =0axa, o, "A"x — fa(x)xa asn— oo,

uniformly for all x € (—n, n).

Note that in the definition above, x4, ¢4 and f,4 are all uniquely defined and that
if x € int(Xy), then [|A"x ||, ' A"x — x4 as n — oo.

We denote by A, the set of all regular operators in .4 and by flreg its closure
in the space (A, p). We endow the subspace flreg C A with the same metric p.

We continue with two theorems on regular operators.

Theorem 2.49 Let A € A,.q and & > 0. Then there exist an integer N > 1 and a
neighborhood U of A in A such that for each B € A,0.e NU,

lxa —xglly <e, loa —ap|<e¢
and for each x € (—n, n) and each integer n > N,
HotE"B"x — fa(x)xa Hn <e.

Theorem 2.50 Let A € Ayeq, ¢ > 0 and A € (0, 1). Then there exist an integer
N > 1 and a neighborhood U of A in A such that the following assertion holds:
Assume that B €U, xo € X1, g > 0, An < x9 < n and aoxg = Bxg. Then

llxa —xolly <e, loa —apl <e
and for each x € (—n, n) and each integer n > N,

Haa"B"x — fa(x)xa Hn <e.

These theorems bring out the importance of regular operators. Such operators
not only have a unique positive eigenvector but also enjoy certain convergence and
stability properties. Therefore we would like to show that most operators in an ap-
propriate space are indeed regular. Moreover, in analogy with the definition of A
we will also consider quasiregular operators.
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We say that an operator A € A is quasiregular if there exist @ > 0, ¢o € (0, 1) and
c1 > 1 such that

coa"n < A'n <cja’*n forall integers n > 1.

Denote by Ay, the set of all quasiregular A € A and by Ay, the closure of Agyeq
in (A, p). We endow the subspace A;,., C A with the same metric p.

Theorem 2.51 /_lqreg = /_lreg and there exists a set F C Ay.g which is a countable
intersection of open and everywhere dense subsets of Ayeg.

Theorems 2.48-2.51 were obtained in [140].

2.12 Proof of Theorem 2.48

In this section we are going to present the proof of Theorem 2.48. We precede this
proof by a few preliminary results.

As usual, we set A” = I (the identity) for each A € A. We denote by g - B the
composition of g € X’ and a linear operator B : X — X.

Proposition 2.52 Let A € A and assume that there exist c¢o € (0, 1) and ¢ > 1 such
that
con < A'n<cin forallintegersn > 1. (2.316)

Then there exists fa € X', such that
fam) >0 and fa-A= fa.

Proof There exists g € X/, such that g(17) = 1. Denote by S the convex hull of the
set{g-A":n=0,1,...}. Clearly foreach i € S,

co<h(m) <c1. (2.317)

Denote by S the closure of S in the weak-star topology o (X', X). Clearly (2.317)
holds for all 4 € S and S C X', . The set S is convex and by (2.317) compact in the
weak-star topology. The operator A’ : f — f- A, f € X', is weakly-star continuous
and A’(S) C S. By Tychonoff’s fixed point theorem, there exists f4 € S for which
fa - A= fa. Since (2.317) holds for all &1 € S, fa(n) > co. Proposition 2.52 is
proved. O

Corollary 2.53 Assume that A€ A, coe (0,1),c1 > 1,a > 0and
acon < A"n <a’cyn  forall integersn > 1. (2.318)

Then there exists fo € X', such that fa(n) >0and fo-A=afa.
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Lemma 2.54 Assume that A € A, there exist ¢y > 1 and a > 0 such that
A'n <da"cin  forall integersn > 1, (2.319)
and that there exists fa € X!, such that
fa-A=afa and fa(n)=1. (2.320)
Let y € (0, 1). Define A, € A by
Ayx=(1—-p)Ax +yafalx)n, xeX. (2.321)

(n)

Then fa - Ay, = afa and for each integer n > 1, there exist positive constants c; ",

i=0,...,n—1, such that

n—1
Y e =1-(1—yp) (2.322)
i=0
and
n—1 ' '
(Ay)'x=(1—p)"A"x +a" fa(0)Y (¢ 'c"A'y), xeX.  (2323)
i=0

Proof We will prove this lemma by induction. Clearly f4 - A, = fa and (2.322)
and (2.323) hold forn =1, co = y.

Assume that k > 1 is an integer and there exist positive constants cfk), i=
0,...,k — 1, such that (2.322) and (2.323) hold with n = k. It then follows from
(2.322) and (2.323) with n = k and (2.321) that for each x € X,

(A x = A, (AL x)
= (1= A[(A) ] +ayfa((A)) x)n
=ayak fa(x)n
k—1
+(1—=y)A |:(1 — )/)kAkx + aka(x) (Zaici(k)Ain>:|
i=0

k—1
+a fa(n) (1 - y)(Za—fcf’”A"“n)

i=0

— J/OlkaA(x)?? 4 (1 _ y)k+1Ak+1x
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+of a0 (1 - y)(Za e Al )

i=1

k
— (] _ y)k+1Ak+1x +ak+1fA(x) <yn + Z((l _ J/)(X C(k) Aln))

i=1

and
k
Z A=) =y + 0= -1=-n®)=1-1 -yt

Therefore (2 322) and (2.321) are true for n = k + 1 with ¢{*" =y and ™) =
a- y)cl 1»1=1,..., k. This completes the proof of Lemma 2.54. g

Lemma 2.55 Assume that A € A, there exist co € (0,1), ¢; > 1 and a > 0 such
that

acon < A"n <a’cin forall integersn > 1, (2.324)

and that there exists fa € X', such that (2.320) holds. Let y € (0, 1) and let A, € A
be defined by (2.321). Then there exists x4 €< con, c1n > such that

a "(Ay)"x — fa(x)xa — 0 asn— oo,
uniformly for all x € (0, n). Moreover, Ay x4 = axa.
Proof By Lemma 2.54 and (2.324), for each integer n > 1 there exists
Zn € (com, c1n) (2.325)

such that

A" x=0=p)"A'x+a"(1 =0 =p)") fa®)zn, x€X. (2.326)
For each integer n > 1, by (2.320), (2.324) and (2.325),

A)'n=0=p)"A"n+a"(1 -1 —=y)")z

€ (1 —y)"("con, " cin)+ o (1 — (1 — ¥)")(con, c1n)
ca’{con, c1n). (2.327)

Let ¢ > 0. By (2.326), there exists an integer n(e) > 1 such that for each x €
(con, c1n) and each integer n > n(e),

o™ (A))"x — fa(x)za| <e.
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Since {& ™" (A,) )2, C (con, c1n) and f4 - A, = afa, we conclude that for each
14 i=0 14

integer n > n(¢e) and each integer i > 0,
e = [la™"(A4))" (a7 (A)'n) = fale™ (A5 7))z]
= oA = 2

and therefore ||z, — zu4ill < 2¢. This implies that {z,,}°°, is a Cauchy sequence.
Hence there exists a vector x4 € (con, c1n) such that lim; .« ||z; — x4]| = 0. Let
& > 0. There exists an integer ng > 1 such that ||z; — x4|| < ¢/2 for all integers
i > no. By (2.326) and (2.324), there exists an integer n1 > ng such that for each
integer n > n1 and each x € (0, n),

lee ™ (Ay)'x = fa()za| <27 e

It follows from this last inequality and the definition of n¢ that for each x € (0, )
and each integer n > nj,

o™ (A)"x — fa(x)xa| <e.
This completes the proof of Lemma 2.55. U

Proof of Theorem 2.48 1t is, of course, sufficient to show that A, C A,.. Towards
this end, let A € Ay,. Then there exist ¢g € (0, 1) and ¢ > 1 such that

con < A"n <cyn forall integers n > 1.

By Proposition 2.52, there exists f4 € X/, \ {0} suchthat f4-A = fa and fa(n) = 1.
For each y € (0, 1), define A, € A by

Ayx=1—-p)Ax+yfax)n, xeX.

By Lemma 2.55, A, belongs to As. On the other hand, lim, _,¢+ A, = A. Thus
Ags C A and Theorem 2.48 is proved. O

2.13 Auxiliary Results for Theorems 2.49-2.51

For each x, y € X, define

A(x,y) =sup{i € [0, 00) : Ax <y},
(2.328)
r(x,y)= inf{r €[0,00):y < rx}.

Here we use the usual convention that the infimum of the empty set is co.
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Lemma 2.56 Assume that A € A, n > 1 is an integer and & > 0. Then there exists
a neighborhood U of A in A such that for each B € U and each x € (—n, n),

||A”x — B"x ”n <e.

Proof We prove the lemma by induction. Clearly for n = 1 the lemma is true. As-
sume that k > 1 is an integer and that the lemma holds for n =k, ..., 1. There is a
number ¢ > 0 such that | Ax||,, < ¢o for each x € (—n, n). Since the lemma is true
for n = k, there exists a neighborhood {; of A in A such that ||A¥x — ka||,7 <
(4 +4cg)~'e for each B € U; and for each x € (—n, n). It follows that there exists
c1 > 1 such that ||ka||,7 < ¢y for each B € U and each x € (—n, n). Since the
lemma holds for n = 1, there exists a neighborhood U C U of A in A such that for
each B €/ and each x € (—n, n), |[Ax — Bx||; < (4c) e
Assume now that B € I/ and x € (—n, n). Then

| A e — B x| < Ay — ABMx| + |ABSx — B | (2329)
It follows from the definition of cg and I/, that
| A%y — ABNx|, <e/4. (2.330)

By the definition of ¢/ and ¢y, |AB*x — Bk“xH,7 < ¢/4. Together with (2.329) and
(2.330), this implies that [|A¥*1x — B¥*1x||, <. In other words, the lemma also
holds for n = k 4 1. This completes the proof of Lemma 2.56. U

Let A € A be regular,
x4 €int(Xy), lxall, =1, ay >0,
fae X \{0},  Axa=oaaxa, (2.331)
a,"A"x = fa(x)xa asn— oo, uniformly on (—n,n).

Assumptions (2.331) and Lemma 2.56 imply the following result.

Lemma 2.57 Let ¢ > 0. Then there exists an integer N(¢) > 1 such that for each
integer N > N (¢), there exists a neighborhood U of A in A such that for each B € U
and each x € (—n, n),

lay"B"x — fAXAH,7 <e, n=N(),...,N.

Corollary 2.58 Assume that 0 < A1 < 1 < Ay and 6 > 1. Then there exists an
integer No > 1 such that for each integer N > Ny, there exists a neighborhood
U of A in A such that for each x € (An, Ayn), each B € U and each integer
n € [Ng, N],

B"x € (07 oy fa(x)xa, 0y fa(x)x4).
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Lemma 2.59 Assume that 0 < Ay <1 < Ay and 6 > 1. Then there exist an integer
No > 1 and a neighborhood U of A in A such that for each B € U, x € (A1, Axn)
and each integer n > Ny,

r(xA, B"x) < GA(xA, B"x). (2.332)
Proof We may assume that
Ay>60 and 0A1 <A(n,xa). (2.333)

Choose 6y > 1 such that
02 <. (2.334)

By Corollary 2.58, there exist an integer Ny > 1 and a neighborhood U of A in A
such that for each x € (A1n, Axn), each B € U and each integer n € [ Ng, 8Ng + 8],

B'x € (GalaZfA (x)xa, Boor's fa (x)xA). (2.335)

Assume that B € U and x € (A1n, Azn). By the definition of ¢/ and Ny, the inclu-
sion (2.335) is valid for each integer n € [Ny, 8 Ny + 8]. The relations (2.335) and
(2.334) imply that for each integer n € [Ny, 8 Ng + 8],

r(xa, B"x) < 6pa’y fa(x), A(xa, B"x) > QalaZfA(x)
and
r(xA, B"x) < Qg)\(xA, B"x) < GA(xA, B"x).

It remains to be shown that (2.332) is valid for all integers n > 8 Ny + 8.
Assume the contrary. Then there exists an integer

N1 >8Ny+8 (2.336)
such that
r(xA, B”x) < HA(xA, B"x) for all integers n € [Ny, N1 — 1] (2.337)
and
r(xa, BNx) > 0 (x4, BV'x). (2.338)

Consider the vector BN1=Nox . By (2.336) and (2.337), we see that
r(xa, BNMNox) <@x(xa, BN Nox) (2.339)

and

9_1r(xA, BN'_NOx)xA < BNi—Noy < r(xA, BNI_N"x)xA.
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By (2.338),
r(xa, B 0x) > 0. (2.340)
It follows from (2.339), (2.340), (2.331) and (2.333) that
r(xa. BleNox)*‘BNﬁNOx c (971XA,XA> c (971)»(771)6,4)77, W) € (A, Aa).
It follows from this relation and the definition of ¢/ and Ny (see (2.335)) that
r(xa, BNI—NO)C)_IBNI)C € (9()—1aif’°fA(x)xA, Goag"fa(x)“),

r(xa, BMx) < GOOtfofA(x)r(xA, BMi=Noy),

Mxa, BV x) = 05 ) fa ) (xa, BV NOx),
and by (2.333),

r(xa, BNx) < 0a(xa, BV'x),

an inequality which contradicts (2.338). Thus (2.332) is indeed valid for all n > Ny
and Lemma 2.59 is proved. g

Lemma 2.60 Ler y > 1. Then there exists a neighborhood U of A in A such that
foreach B € Areg NU, the inequalities y_le <xp <yxa hold.

Proof Choose a positive number 6 > 1 such that
6% <y. (2.341)

By Lemma 2.59, there exists an integer Ny > 1 and a neighborhood U of A in A
such that for each B € U/ and each integer n > Ny,

r(xA,B”n) SGA(xA,B"n). (2.342)

Assume that B € Ao, NU. Then
lim ap"B"n= fp(n)xp. (2.343)

n—>oo

By the definition of &/ and Ny, (2.342) is valid for each integer n > Ny. This implies
that for each integer n > N,

otg”)»(xA, B"n)xA <ap"B"n< al;"r(xA, B"n)xA
and
r(xa,ap"B"n) <0A(xa, 05" B"n).
When combined with (2.343), this implies that

r(xa, fe(xp) <O0*A(fe(mxp,xa) and r(xa,xp) <6%A(xa,xp). (2.344)
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It follows from (2.331), (2.334) and (2.341) that
Mxa,xB)xa <xp <r(xa,xp)xa <r(xa, Xp)n,
xa <A(xa,xp) 'xp < A(xa,xp) " 'n, r(xa,xp) > 1, Axa,xp) " >1,
r(xa,xp) <62, Axa, xp) > 07>

and finally, that

1

Yy x4 <07%x4 <xp <60%x4 < yxa.

Lemma 2.60 is proved. g

Lemma 2.61 Let 6 > 1 and A € (0, 1). Then there exists a neighborhood U of A in
A such that for each B €U, 7 € X and o > 0 satisfying

lzll, =1, z>An and Bz=uwuz, (2.345)
the following inequalities hold: 9_1xA <z <6xyu.

Proof By Lemma 2.59, there exists an integer No > 1 and a neighborhood U/ of A
in A such that for each B € I, each integer n > Ny and for each x € (4~ An, 4n),

r(xA, B"x) < GA(xA, B"x). (2.346)

Assume that B e U, z € X4, o > 0 and that (2.345) is valid. By (2.345) and the
definition of U/ and Ny (see (2.346)), for each integer n > Ny,

o"r(xp.2) =r(xa,a"z) =r(xa, B"z) <0i(xa, B"z)

(2.347)
= QK(XA, anz) =a"OA(xa,z) and r(xa,z) <OA(xa,2).
It follows from (2.345), (2.331) and (2.347) that

Axa,2)xa Sz2=5r(xa, 2)xa <r(xa, 2)n, r(xa,z) =1,
x4 <A(xa2) T2 <A(xa.2) ', Axa,z) <1,

r(xa,2) <6, Axa,2) =607
and finally, that #~'x4 < z < 6x4. This completes the proof of Lemma 2.61. O

Lemma 2.62 Let ¢ € (0, 1) and A € (0, 1). Then there exists a neighborhood U of
A in A such that for each B €U, z € X and a > 0 satisfying

lzll, =1, z>An and Bz=uaz, (2.348)

we have | —a ] <e.
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Proof Choose a number y > 1 for which
(@a+ Dy =1 =¢/8.

By Lemma 2.61, there exists a neighborhood U/ of A in A such that for each B € U],
z € X4 and o > 0 satisfying (2.348), the following inequalities hold:

y x4 <z<vyxa (2.349)
There exists a neighborhood &/ C U of A in A such that for each B e U,
Ay — Byll, <&/8 forallyey(—n,n). (2.350)

Assume that B € U, z € X4+, « > 0 and that (2.348) is true. Then by the definition
of U1, (2.349) holds.
It follows from (2.348) and (2.331) that

o —aal = llazlly — leaxally| < lez —aaxall, = 1Bz — Axally
<||Axa — Azlly + I|Az — Bz|),. (2.351)
By our choice of y, (2.349) and (2.331),
(I=p)aan < (1 —y)aaxa=A( — y)xa < Axg — Az
<(1—y ") Axa < (¥ — Daan
and
|Axa — Azlly < &/8. (2.352)
It follows from (2.349) and (2.350) that
z<yxa<yn and |Az—Bz|, <8 's

When combined with (2.351) and (2.352), this implies that ¢4 — «| < €. Lem-
ma 2.62 is proved. O

Lemmas 2.62 and 2.60 imply the following result.

Lemma 2.63 Let ¢ € (0, 1). Then there exists a neighborhood U of A in A such
that for each B € Arcg NU we have |lap —aa] <.

2.14 Proofs of Theorems 2.49 and 2.50

In this section we prove Lemma 2.64. Theorem 2.50 follows when this lemma is
combined with Lemmas 2.61 and 2.62. Theorem 2.49 is a consequence of Lem-
mas 2.60, 2.63 and 2.64.
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Lemma 2.64 Let A € A be regular and let ¢ and A belong to the interval (0, 1).
Then there exist an integer N > 1 and a neighborhood U of A in A such that the
following assertion holds:

If
Bel, X0 € int(X4),
(2.353)
An <x9 <, ao>0 and agxg= Bxy,
then for each x € (—n, n) and each integer n > N,
g™ B"x = fa(o)xal, <. (2.354)

Proof Choose a positive number &y for which
8ep <47 leA.

By Lemma 2.56, there exist a neighborhood ¢/ of A in A and an integer N > 1 such
that for each B € U],

ey BNx — fa)xal, <167"eo forallx € (—n,m). (2.355)
There exists a number ¢; > 1 such that
HBN)c”)7 <cy forxe({—n,n) and Bel;, and fa(n)<ci. (2.356)

There exists a number 81 € (0, min{1, o4 /8}) such that

—N

|o¢ - a;N|c1 <167 '¢y foreach« satisfying o — aa| < 1. (2.357)

By Lemmas 2.62 and 2.61 there exists a neighborhood U/, of A in A such that for
each B €, z € X4 and a > 0 satisfying An <z <n and Bz = az, the following
inequalities are true:

lo —ay| <8 and |z —xall, < 16" egc; " (2.358)

Set
U=UNU,. (2.359)

Assume that B € U, xg € X, ap > 0 and that (2.353) holds. By the definition of I/}
and N, (2.355) holds. It follows from the definition of U/, (see (2.358)) and (2.353)
that |og — an| < 81. By the latter inequality, (2.357), (2.356) and (2.355),

lag VBN x = fa)xal, <8 'eo forall x € (=n,n). (2.360)
By the definition of U (see (2.358)) and (2.353),

Ixo — xally < 16~ "ecy . (2.361)
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This inequality, when combined with (2.360) and (2.356), implies that
leg™ BN x = fa(x)xo ||,7 <8 e+ 1671y forallx e (—n,n).  (2.362)
By (2.362) and (2.353), we have
ag VBN x — fax)xo € 0(87 +1671)(—n,m) Ceo (87" +1671) A7 (—x0, x0)

for all x € (—n, n).
It follows from this relation and (2.353) that for each x € (—n, 1) and each integer
n>N,

ay"B"x — fa(x)xo=ay" TN B " N[ag VBN x — fa(x)x0]
Ceo(87 ' +167 1A el " BN (—x0, x0)
Ceo(8 ' +1671) A~ (—x0, x0)
Ceo(87'+1671 A"
and
g™ B"x = fa@)xo], < A7 'eo/4.

When combined with (2.361), (2.356) and (2.354), this implies that for each x €
(—n, n) and each integer n > N,

log" B"x — fati)xal, <A™ eo/4+167"eg <.

Lemma 2.64 is proved. g

2.15 Proof of Theorem 2.51

It follows fro_m Lemma 2.55 and Corollary 2.53 that Agr.g C flreg. This clearly
implies that A,.g = Agreg-
To construct the set F we let A € A,
xa €int(Xy), fa € X\ \{0}, as >0,
Axp=aaxa, fa-A=aa- fa, (2.363)
a,"A"x — fa(x)xa asn— oo, uniformly on (1, 7).
Let i > be an integer. By Lemmas 2.60 and 2.63, Theorem 2.49, Lemmas 2.61

and 2.62, and Theorem 2.50, there exist a number (A, i) € (0,4~") and an integer
N(A,i) > 1 such that the following two assertions hold:
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1. Assume that B € A, and p(A, B) <r(A,i). Then
(1—4)xp<xp<(1+47)xa,  laa —opl <47 min{l, s}
and
HaE”B"x — fa(x)xys Hn <47 forall x € (—n, n) and each integer n > N.

2. Assume that B € A, p(A, B) < r(A,i), xo € X4, ag > 0, agxg = Bxg and
471xA < x0 <n.Then

(1—47)xa <x0 = (1+47)xa, loa — ool <47 min{l, s}
and
leg" B — fatoona], <4
for all x € (—n, n) and each integer n > N (A, ).
Now set
UA,i)={BeA:p(B,A) <r(A, D))} (2.364)
and define
00
F= [ﬂU{U(A’i):AG»Areg}] N Areg. (2.365)
i=1

Evidently, F is a countable intersection of open and everywhere dense subsets
of Areg.

It remains to be shown that 7 C A,.,. To this end, assume that B € F. There
exist {Ak},fi 1 C Ayeg and a strictly increasing sequence of natural numbers {iy },fi 1
such that

B eU(Ay,ix) and U(Aks1,ik+1) CUAk ), k=1,2,.... (2.366)
Let £ > 1. It follows from assertion 1 and (2.366) that for each integer j > 1,
(1—47%)xp, <xar, < (1+47%)xg, (2.367)
and
lota, — otay, ;| <47 min{l, au, ).

It is clear that both {x4, }‘,’f’: p and {oq, }‘;f’:l are Cauchy sequences. Therefore there
exist the limits

Xe = lim x4, oy = lim ay,. (2.368)
§—> 00 §—>00
Set
A*=inf{k(xAk,n):k=1,2,...}. (2.369)
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By (2.367), A, is positive. By (2.367) and (2.368),

(1—47%)xg, <x < (L+47%)xy,,

' (2.370)
loa, —ax| <47 min{l,aa,}, x<n.
By (2.368) and (2.366),
Bx, = B( lim xAk> = lim Agxa, = lim oa xa, = 05Xy, 2.371)
k— o0 k— 00 k— 00

Let k > 1 be an integer. It follows from assertion 2, (2.366), (2.370) and (2.371) that
ez B"x — fa, (x)xa, Hn <47% forall x € (—n, n)
and each integer n > N (A, ix). (2.372)

Note that (see (2.363) and (2.369))

xa, = fac(xa)xa,, fa(xa) =1
and
Facm) = faGea) -2 =20
When combined with (2.372) and (2.370), this implies that
los" B x — fag()xal, <47 +4700! (2.373)

for all x € (—n, n) and each integer n > N (Ay, ix). Since k is an arbitrary natural
number, we obtain that for each x € X, there exists

lim o."B"x = fp(x)xy, (2.374)

n—o00

where fp € X; It follows from (2.373) and (2.374) that for each integer k > 1,
each integer n > N (Ag, ix) and each x € (—n, 1),

“ JBOO)X — fa, (X)X ”n <47 +4*"k)\;1

and
o B"x — fB(x)x, ||'7 <2(47% 447001,
Therefore B € A,.; and Theorem 2.51 is established.

2.16 Convergence of Inexact Orbits for a Class of Operators

In this section we exhibit a class of nonlinear operators with the property that their
iterates converge to their unique fixed points even when computational errors are
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present. We also show that most (in the sense of Baire category) elements in an
appropriate complete metric space of operators do, in fact, possess this property.

Assume that (X, p) is a complete metric space and let the operator A : X — X
have the following properties:

(A1) there exists a unique x4 € X such that Axg = x4;

(A2) A"x — x4 as n — oo, uniformly on all bounded subsets of X;
(A3) A is uniformly continuous on bounded subsets of X;

(A4) A is bounded on bounded subsets of X.

Many operators with these properties can be found, for example, in [23, 33, 50,
85, 108, 114, 126, 127, 137]. We mention, in particular, the classes of operators
introduced by Rakotch [114] and Browder [23]. Note that if X is either a closed
and convex subset of a Banach space or a closed and p-convex subset of a complete
hyperbolic metric space [124], then (A4) follows from (A3).

In view of (A2), it is natural to ask if the convergence of the orbits of A will be
preserved even in the presence of computational errors. In this section we provide
affirmative answers to this question. More precisely, we have the following results
which were obtained in [35].

Theorem 2.65 Let K be a nonempty, bounded subset of X and let € > 0 be given.
Then there exist § = 5(e, K) > 0 and a natural number N such that for each natural
number n > N, and each sequence {x; }f‘ o C X which satisfies

xo€e K and p(Axi,xit1) <6, i=0,....,n—1,
the following inequality holds:
p(xi,xa)<e, i=N,...,n.
Corollary 2.66 Assume that {x;}7°, C X, {x;};2 is bounded, and that

lim p(Ax;, xi41) =0.

1—> 00

Then p(x;,x4) = 0asi — oo.

Theorem 2.67 Let ¢ > 0 be given. Then there exists § = §(¢) > 0 such that for each
sequence {xi}?io C X which satisfies

p(x0,x4) <8 and p(xit1,Ax;) <6, i=0,1,...,
the following inequality holds:
p(xi,xa) <e, i=0,1,....

These results show that, roughly speaking, in order to achieve an e-approximation
of x4, it suffices to compute inexact orbits of A, that is, sequences {x;}7° such that
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xo€eX and p(xj41,Ax;) <8 foranyi >0,

where § is a sufficiently small positive number.

However, sometimes the operator A is not given explicitly and only some approx-
imation of it, B;, is available at each step i of the inexact orbit computing procedure.
The next result shows that for certain operators A, the procedure of approximating
x 4 by inexact orbits is stable in the sense that, even in this case, the orbits determined
by the sequence of operators B; approach x4 provided that each B; is a sufficiently
accurate approximation of A in the topology of uniform convergence on bounded
subsets of X. To be precise, we set, for each x € X and E C X,

p(x, E) =inf{,o(x, y):y€E E}

Denote by A the set of all self-mappings A : X — X which have properties (A3)
and (A4). Fix 6 € X. For each natural number n, set

E,={(A,B) e Ax A: p(Ax, Bx) < 1/nforallx € B@,n)}.  (2.375)

We equip the set .4 with the uniformity determined by the base E,, n = 1,2, ....
This uniformity is metrizable by a complete metric.

Denote by A, the set of all mappings A € A which satisfy (A1) and (A2), and
by Areg the closure of A,.¢ in A.

Theorem 2.68 Assume that A € Ay.q and x4 is a fixed point of A. Let m, & > 0 be
given. Then there exist a neighborhood U of A in A and a natural number N such
that for each x € B(6, m), each integer n > N, and each sequence {Bi}?:l cu,
p(Bi---Bix,x4)<e fori=N,...,n.
As a matter of fact, it turns out that the stability property established in this the-

orem is generic. That is, it holds for most (in the sense of Baire category) operators
in the closure of A, ,.

Theorem 2.69 The set A,., contains an everywhere dense G5 subset of ./ereg.

2.17 Proofs of Theorem 2.65 and Corollary 2.66

We first prove Theorem 2.65. To this end, set, for x € X and r > 0,
B(x,r)= {y eX:px,y) < r}.

We may assume without loss of generality that

e<1 and B(xs,4) CK. (2.376)
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By (A2), there exists a natural number N > 4 such that
p(A"x,x4) <e/4 forallintegersn > N andall x € K. (2.377)

By (A4), the set A" (K) is bounded for all natural numbers m. Hence there exists a
positive number S > 0 such that

AY(K)C B(xa,S8), i=0,...,2N. (2.378)

(Here we use the convention that A° is the identity operator.) By induction and (A3),
we define a finite sequence of positive numbers {J/,-}l.ziv0 so that

yon =¢/4
and, foreachi =0,1,...,2N — 1,
Yi < Vit (2.379)
and
p(Ax, Ay) <2 'y forallx,ye B(xa, S+4) with p(x,y) <. (2.380)
Set
5 =y/2. (2.381)
First, we prove the following auxiliary result.
Lemma 2.70 Suppose that {zi}%go C X satisfies
z0€ K and p(zi41,Azi) <6, i=0,...,2N —1. (2.382)
Then
p(zi,xa) <&, i=N,...,2N.
Proof We will show that fori =1,...,2N,
oz, Aizo) <. (2.383)

Clearly, (2.383) holds for i = 1 by (2.382) and (2.381).
Assume thati € {2,...,2N} and

p(zi-1, Ai*lzo) <Yi-1. (2.384)
Then (2.382) implies that
p(zi. A'20) < p(zis Azio1) + p(Azi—1. A(A"'20))
<8+ p(Azim1, A(A2)). (2.385)
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It follows from the definition of y;_1 (see (2.379)), (2.384), (2.382) and (2.378) that
A20,zi-1 € B(xa, S+ 1).

By these inclusions, the definition of y;_; (see (2.380) with j =i — 1) and (2.384),
p(A(A™ " 20), Azim1) <vi/2.

When combined with (2.385) and (2.381), this inequality implies that
p(zi, A'z0) <8 +vi/2 < vi.

Therefore (2.383) is valid for all i € {1,...,2N}. Together with (2.377), (2.379),
(2.382) and (2.383), this last inequality implies that for all i € {N,...,2N}, we
have

P xa) < p(2i. A'20) + p(A'20.x4) < yi +e/4 < /2.
Lemma 2.70 is proved. O

Now we are ready to complete the proof of Theorem 2.65.
To this end, assume that n > N is a natural number and that the sequence
{xi}!_y C X satisfies

xo€e K and p(Axj,xiy1) <68, i=0,...,n—1.

We will show that
pxi,xqg)<e, [i=N,...,n. (2.386)

If n < 2N, then (2.386) follows from Lemma 2.70. Therefore we may confine our
attention to the case where n > 2N . Again by Lemma 2.70,

p(xi,xa)<e, i=N,...,2N. (2.387)
Assume by way of contradiction that there exists an integer g € (2N, n] such that
o(xg,x4) > e. (2.388)
In view of (2.387), we may assume without loss of generality that
p(xi,xa)<e, €{2N,...,q—1}. (2.389)
Define {z;}?Y, C X by
Zi =Xigg-N, 1=0,...,N, Ziy1 =Azi, i=N,...,2N—1. (2.390)

We will show that the sequence {z; }1.21=VO satisfies (2.382). To meet this goal, we only

need to show that zg € K. By (2.390), (2.389) and (2.387),

20 =Xg—N and p(z0,x4) <e.
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The last inequality and (2.376) imply that zg € K. Therefore (2.382) holds. It now
follows from Lemma 2.70 and (2.390) that

p(xa,xg) =p(xa,zn) < €.

This, however, contradicts (2.388). The contradiction we have reached proves
(2.386) and this completes the proof of Theorem 2.65.

Finally, we are going to prove Corollary 2.66.

Set K ={x,:n=0,1,...} and let ¢ > 0 we given. Let § > 0 and a natural
number N be as guaranteed by Theorem 2.65. There exists a natural number j
such that for each integer i > j, we have p(Ax;, x;4+1) <§. It follows from the last
inequality and the choice of § that p(x;, x4) < ¢ for all integers i > j + N. Since
€ is an arbitrary positive number, this implies that lim; o, x; = x4. The proof of
Corollary 2.66 is complete.

Corollary 2.66 provides a partial answer to a question raised in [77] in the wake
of Theorem 1 of [75], which is also concerned with the stability of iterations.

2.18 Proof of Theorem 2.67

We may assume without loss of generality that ¢ < 1. By Theorem 2.65, there exist
a natural number N and a real number 8y € (0, £) such that the following property
holds.

(P1) For each natural number n > N and each sequence {y;}!_, C X which satisfies
yo € B(xa,4) and p(yit+1,Ayi) <8y, i=0,...,n—1, (2.391)

the following inequality holds:
p(i,xa)<e, i=N,...,n. (2.392)

By property (A4), the set Al (B(x4,4)) is bounded for any integer i > 1. Choose a
number s > 1 such that

N

A (B(xa.4) C B(xa,s). (2.393)
i=0

By induction and (A3), we define a finite sequence of positive numbers {y,-}f,v= o SO
that

yi<1l, i=0,...,N,

. (2.394)
YN =< 80/4, Vi <vit1, 1=0,...,N—1,
and foreach j € {0,..., N — 1},
p(Ax,Ay) <27y | forallx,y e B(xa,s+4)
i (2.395)

with  p(x,y) <y;.
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Set
§=w/4. (2.396)
Assume that {x;}°, C X,
p(xo,x4) <8 and p(xip1, Ax;)) <8, i=0,1,.... (2.397)
We will show that
p(Xi,xp) <€ (2.398)

for all integers i > 0. By (2.397), (2.396) and (P1), inequality (2.398) holds for all
integers i > N. Therefore we only need to prove (2.398) for i < N. Clearly, (2.398)
holds for i =0.

We will show that fori =0, ..., N, we have

p(xi,x4) = p(xi, A'xa) < vi. (2.399)
By (2.397) and (2.396), this is true for i = 0. Assume thati € {1,..., N} and
p(xi-1, AFIXA) = p(Xi—1,%X4) < ¥i-1. (2.400)
Then (2.397) implies that
p(xi,xA) < p(xi, Axi—1) + p(Axi—1,x4) <8+ p(Axi—1,x4). (2.401)
It follows from (2.400) and (2.394) that
Xi—1 € B(xa,s). (2.402)
By (2.402), (2.400) and the definition of y;_1 (see (2.395) with j =i — 1),
p(Axi—1,x4) <271y, (2.403)
Using (2.401), (2.403), (2.396) and (2.394), we obtain
p(xi,xa) <8+271y <.

Thus (2.399) indeed holds for all i € {0, ..., N}. This fact, when combined with
(2.394), implies that (2.398) is true for all i € {0, ..., N}. This completes the proof
of Theorem 2.67.

2.19 Proof of Theorem 2.68

We may assume, without any loss of generality, that ¢ < 1 and that m > 1 is an
integer such that

m> p(xa,0)+4. (2.404)
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By Theorem 2.65, there exist 6 € (0, €) and a natural number N such that the fol-
lowing property holds.

(P2) For each natural number n > N and each sequence {x;}"

o C X which satisfies
xo € B(O,m) and p(Ax;,xi41)<§8, i=0,....,n—1, (2.405)

the following inequality holds:
p(xi,xpa)<e, i=N,...,n. (2.406)

Set
Ko=B(@®,m) and Ky1={z€X:p(z, A(K)) <1},
i=0,1,.... (2.407)

Clearly, the set K; is bounded for any integer i > 0. Choose a natural number g > 8
such that

2N
ki cB@®.q) and 1/q<8/8. (2.408)
i=0

We are going to use the following technical result.
Lemma 2.71 Assume that
z€ B(O,m) and {Bi}%ivl C {C eA:(C, A€ Eq}, (2.409)

where E is given by (2.375). Then

p(Bi---B1z,x4)<e, i=N,...,2N. (2.410)
Proof Set
z0=z and z;=Bjz;i_1;, i=1,...,2N. (2.411)
We will show that
zi €K; (2.412)

fori =0,...,2N. Clearly, (2.412) holds for i = 0. Assume thati € {0,...,2N — 1}
and (2.412) is valid. Inclusions (2.412) and (2.408) imply that

zi € Ki CB,q). (2.413)
When combined with (2.409), (2.375) and (2.411), this last inclusion implies that

0(Azi, zi+1) = p(Azi, Bit1zi) < 1/q. (2.414)
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Consequently, (2.414), (2.413) and (2.407) imply that z;11 € K;41. Therefore

(2.412) is true forall i =0, ...,2N. This implies (see (2.408)) that

{z:}N, € B©, ¢).

It follows from this inclusion, (2.408), (2.409) and (2.411) that for i =0, ...,

2N — 1,
p(Zit+1, Azi) = p(Biy1zi, Azi) < 1/q <8.
By (P2), we see that

o(B;---Biz,x4) =p(zi,xa) <&, i=N,...,2N.

Lemma 2.71 is proved.

Now we are ready to complete the proof of Theorem 2.68. To this end, set

U={CeA:(C,A)eE,}

Letn > N be an integer, x € B(6, m), and {B; }?=1 C U. We will show that

p(Bi---Bix,x4)<e fori=N,...,n.

(2.415)

(2.416)

If n <2N, then (2.416) follows from Lemma 2.71. Therefore we may restrict our

attention to the case n > 2N. By Lemma 2.71,
p(Bi---Bix,xp)<e, i=N,...,2N.
Suppose now that there exists an integer p > 2N, p <n, such that
p(Bp---Bix,xp) > &.
According to (2.417), we may assume, without loss of generality, that
p(Bi---Bix,x4)<e, 1=2N,...,p—1.
Define {D; }?IIVO c Aby
Di=Biyp n, i=0,...,N, Di=A, i=N+1,...,2N,

and let
z=B,_y-- Bix.

It follows from (2.417), (2.419), (2.420) and (2.404) that

p(z,x4) <e and ze€ B(6,m).

(2.417)

(2.418)

(2.419)

(2.420)
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Applying now Lemma 2.71 to the mappings {D; }1.2/:\/0 defined by (2.420), we deduce
that

£>p(DN---Diz,x4) = p(xa, Bp---Bp_nN112) = p(xa, Bp--- B1x),

which contradicts (2.418). Hence (2.416) is true and Theorem 2.68 is established.

2.20 Proof of Theorem 2.69

Let A € Ay, and let k > 1 be an integer. There is x4 € K such that

Axg =x4. (2.421)
According to Theorem 2.68, there exist a natural number N (A, k) and an open
neighborhood U(A, k) of A in A such that the following property holds.

(P3) Foreach x € B(0, k), each natural numbern > N(A, k) andeach B e U(A, k),
we have p(B", x4) < 1/k.

Define

F= [ﬂ U{u(A, k): A€ Apeg, k> g an integer}:| N Apeg- (2.422)

g=1

Clearly, F is an everywhere dense G5 subset of fireg.

Let B € F. We claim that B € A,.,. Indeed, let ¢ be a natural number. There
exists a mapping Ay € Ay¢, with a fixed point x4, and a natural number k; > ¢
such that

Bel(Ay, ky). (2.423)
This inclusion together with (P3) imply that the following property holds.

(P4) For each point x € B(f,q) C B(0,k;) and each natural number n >
N(Ag, ky),

p(B"x,xa,) < kq_l <1/q.

Since ¢ is an arbitrary natural number, we obtain that for any x € X, the sequence
{B"x}>° | is a Cauchy sequence and its limit is the unique fixed point xz of B. Thus

lim BNz =xp foranyze X.
n—oo

Property (P4) implies that
p(xa,xp) =1/q. (2.424)
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Finally, it follows from property (P4) and (2.424) that for any x € B(6, ¢) and any
n>N (Aq > kq),

,o(B"x, xg) <2/q.

This implies that B"x — xp as n — oo, uniformly on any bounded subset of X.
This completes the proof of Theorem 2.69.

2.21 Inexact Orbits of Nonexpansive Operators

Let (X, p) be a complete metric space, A : X — X be a continuous mapping, and
let F(A) be the set of all fixed points of A. We assume that F(A) #  and that for
eachx,ye X,

p(Ax, Ay) < p(x,y). (2.425)

By A° we denote the identity self-mapping of A. We assume that for each x € X,
the sequence {A"x}°° | converges in (X, p). (Clearly, its limit belongs to F(A).)
The following result was obtained in [34].

Theorem 2.72 Let xo € X, {ry};°, C (0, 00), Yoo ot < 00,

{x,,} —0CX, pxpt1,Axy) <r,, n=0,1,.... (2.426)
Then the sequence {x,},° ; converges to a fixed point of A in (X, p).
Proof Fix a natural number k and consider the sequence {A"x;}° . This sequence
converges to yx € F'(A). By induction we will show that for each integer i > 0,

i+k—1
p(A'xk, xir1) < D rj = et (2.427)
j=k—1

Clearly, for i =0 (2.427) is valid. Assume that (2.427) is valid for an integer i > 0.
By (2.426), (2.425) and (2.427),

o (Xkgitn, AHIXk) < p (X1, Axiti) + p(Axpti, A(AiXk))
‘ itk
<1y + p(xkgin Alxg) < Z ri = Fk—1.

j=k—1

Therefore (2.427) holds for all integers i > 0.
By (2.427), we have for each integer i > 0,

o
PGty 1) < p(xaris Axe) + p(Alxe, yi) <D i+ p(Alxe, yi). (2428
j=k
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Since Alxy converges to yx in (X, p), there is an integer ip > 1 such that for each
integer i > i,

o]

p(Alxi, yi) <D rj/4 (2.429)
j=k

By (2.429) and (2.428), for each pair of integers iy, i» > i,
o0
P Xketiy s Xetrin) < P (Xeiy s V) + 0 (ks Xkiny) <3 er-
j=k

Thus we have shown that for each natural number k&, there is an integer ip > 1 such
that for each pair of integers iy, i > i,

oo
P (Xketiy » Xketiy) <3 Z rj.
Jj=k

Since Zjozl rj < oo, we see that {x,}7°  is a Cauchy sequence and there exists
X = limy,—, o0 X,. Together with (2.428), this equality implies that

o
pE ) =D 1.
Jj=k
Since Z?OZ | 'j < 00, this inequality implies that
T
= Jim
and Ax = x. Theorem 2.72 is proved. g

Now we present another result which was obtained in [34].
Let X be a nonempty closed subset of a Banach space (E, || - ||) with a dual space
(E*, || - Ils) and let A : X — X satisfy

|Ax — Ay|| < |lx — y|| foreachx,y e X. (2.430)

As usual, we denote by A° the identity self-mapping of X. Consider the following
assumptions.

(A1) For each x € X, the sequence {A"x}°° | converges weakly in X.
(A2) For each x € X, the sequence {A"x}7°, converges weakly in X to a fixed
point of A.

Theorem 2.73 Assume that (A1) holds. Let xo € X,
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o0
[l C (0,00), Y ry < 00, 2.431)
n=0
{xnlheo C X, [Xnt1 — Axpll <ruy n=0,1,.... (2.432)
o0

Then the sequence {x,}72.
limit is a fixed point of A.

| converges weakly in X . Moreover, if (A2) holds, then its

Proof Fix a natural number k and consider a sequence {A"x;}o° . This sequence
converges weakly to yx € X. (Note that if (A2) holds, then Ay; = yi.) By induction
we will show that for each integer i > 0,

) i+k—1
A —xepi < D0 =i (2.433)
j=k—1

It is clear that (2.433) is valid for i = 0. Assume that i > 0 is an integer and that
(2.433) is valid. By (2.432) and (2.430),

(BT ATy | < llotksier — Axppill + | Axgri — A(AiXk)\}

<Tk+i t+ ||Xk+i — Alxg ||

i+k—1 i+k
< rFk+i t+ Z rj—rg—1= Z rj—rg—1.
Jj=k—1 j=k—1

Therefore (2.433) holds for all integers i > 0. Fix an integer ¢ > 1. By (2.433), we
have

[e.0]

|ATxk = kg | <D 1 (2.434)
=k

By (2.430) and (2.434), we have for each integer i > 0,

o]

AT xp — Ay | < | A% — xigq | <D 1 (2.435)
j=k
In view of (2.435) and the definition of y; and yg 4,
o
1k = yergl <D rj (2.436)

Jj=k

Since the above inequality holds for each pair of natural numbers ¢ and & and since
Z?O:O rj < oo, we conclude that {y}72, is a Cauchy sequence and there exists

ye = lim yy (2.437)
k— 00
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in the norm topology of E. (Note that if (A2) holds, then Ay, = y..) By (2.437) and
(2.436),

o0
vk = y«ll < Z rj forall integers k > 1. (2.438)
Jj=k

In order to complete the proof it is sufficient to show that limy_, o xx = y, in the
weak topology.
Let f € E* be a continuous linear functional on E such that || f ||« < 1 and let

e > 0 be given. It is sufficient to show that | f(y, — x;)| < ¢ for all large enough
integers i.
There is an integer k > 1 such that

o0
er <e/4. (2.439)
j=k

By (2.438) and (2.434), for each integer i > 1,

|f O = xiad)| | F O = 0|+ | £ (ke — Alxil) | + | £ (A 3k — xati) |

<Ny — yell + | £ Ok — A'xi) | + | A"k — x|

0 00
< Do k= A) [+ (2.440)
J=k j=k
Since y; = lim;_ Alxt in the weak topology of X, there is a natural number iy
such that
’f()Jk — Aixk)’ <e&/4 for all natural numbers i > i. (2.441)
By (2.440), (2.439), (2.441), we have for each integer i > i,
| f s — xksi)| < &/d+ /4 + /4 =3¢ /4.

Theorem 2.73 is proved. 0

2.22 Convergence to Attracting Sets

In this section we continue to study the influence of errors on the convergence of
orbits of nonexpansive mappings in either metric or Banach spaces.

Let (X, p) be a metric space. For each x € X and each closed nonempty subset
ACX,put

p(x, A) =inf{,o(x, y):y€E A}.
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Theorem 2.74 Let T : X — X satisfy

p(Tx, Ty)<p(x,y) forallx,yeX.

Suppose that F is a nonempty closed subset of X such that for each x € X,

. i _
il_l)rgop(T X, F) =0.

Assume that {y,}°2, C (0,00), Y22 yn < 00,

{xnlhoo CX and p(xp41,Txp) <yn, n=0,1,....

Then

lim p(x,, F)=0.
n—o0

Proof Let ¢ > 0. Then there is an integer k > 1 such that

oo

Z Vi <E.

i=k
Define a sequence {y;}7°, by

yk = xk’
vi+1 =Ty; forallintegersi > k.
By (2.443) and (2.445),

P Xk+15 Ye+1) = Vi

Assume that ¢ > k + 1 is an integer and that fori =k + 1, ...

i—1

pxi yi) <Y ).

j=k

(Note that in view of (2.446), inequality (2.447) is valid when g =k + 1.)

By (2.442) and (2.447),
q—1
IO(qu1 qu) =< /O(yq, xq) < Zyj-
=k

When combined with (2.445) and (2.443), this implies that

»q,

qg—1
PCg i1 Ygr1) < pCgr1. Txg) + p(Txg. Tyg) < vg + ) v
=k

101

(2.442)

(2.443)

(2.444)

(2.445)

(2.446)

(2.447)

q
=D v
=k



102 2 Fixed Point Results and Convergence of Powers of Operators

so that (2.447) also holds for i = g + 1. Thus we have shown that for all integers
q>k+1,

q—1 00
PG X) Y Vi< Y vi<6 (2.448)
j=k j=k

by (2.444). In view of (2.445) and the hypotheses of the theorem we note that
lim p(y;, F)=0. (2.449)
1—> 00

By (2.448) and (2.449),
limsup p(x;, F) <e.

i—00
Since ¢ is an arbitrary positive number, we conclude that
lim p(x;, F) =0,
1—> 00
as asserted. U

Theorem 2.75 Let X be a nonempty and closed subset of a reflexive Banach space
(E,||-1I) and let T : X — X be such that

ITx —Ty|| <|lx —y|l forallx,yeX. (2.450)

Let F be a nonempty and closed subset of X such that for each x € X, the sequence
{T"x}02 | is bounded and all its weak limit points belong to F .

Assume that {y;}72, C (0,00), Y72 ¥ < 00, {xi}?2, C X and

lxiv1 — Txi|| <y; forallintegersi > 0. (2.451)

Then the sequence {x;};°, C X is bounded and all its weak limit points also belong

to F.

Proof Let € > 0 be given. There is an integer k > 1 such that

oo
> yvi<e (2.452)
i=k
Define a sequence {y;}7°, by
Vi = Xk, vit1 =Ty; forall integersi > k. (2.453)

Arguing as in the proof of Theorem 2.74, we can show that for all integers g > k+1,

q—1
lyg — x4l <Y v <e. (2.454)
j=k

Obviously, (2.454) implies that the sequence {x}72, is bounded.
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Assume now that z is a weak limit point of the sequence {x}72 . There exists a
subsequence {x;, }‘;":1 which weakly converges to z. We may assume without loss of
generality that { yip};oz | weakly converges to Z € F. By (2.454) and the weak lower
semicontinuity of the norm,

Iz —zll<e.

Since ¢ is an arbitrary positive number, we conclude that
zeF.

Theorem 2.75 is proved. g

Both Theorems 2.74 and 2.75 were obtained in [111].

2.23 Nonconvergence to Attracting Sets

In this section, which is based on [111], we show that both Theorems 2.72 and 2.74
cannot, in general, be improved. We begin with Theorem 2.72.

Proposition 2.76 For any normed space X, there exists an operator T : X — X
such that |[Tx —Ty| < |lx — y| forall x, y € X, the sequence {T"x};_ | converges
for each x € X and, for any sequence of positive numbers {y,},- . there exists a se-
quence {xn},;2 C X with ||xp+1 — Txy || < yn for all nonnegative integers n, which

converges if and only if the sequence {y,}72 , is summable, i.e., YotV < 00.

Proof This is a simple fact because we may take T to be the identity operator:
Tx = x, Vx. Then we may take x¢ to be an arbitrary element of X with ||xp| =1,
and define by induction

xn+l :Txn‘l')/nx()y n=07 1129""

Evidently, ||x,4+1 — Tx,|| = ¥ and x,4+1 = xo(1 + Z?:o y;) for all integers n > 0,
so that the convergence of {x,},° is equivalent to the summability of the sequence
{Vn }3020 . 0

Counterexamples to possible improvements of Theorem 2.74 are more difficult
to construct because this theorem deals with convergence to attracting sets. For sim-
plicity, we assume that the non-summable sequence {y;},°, decreases to 0 and that
y1 < 1.

Proposition 2.77 Let X be an arbitrary (but not one-dimensional) normed space
and let a non-summable sequence of positive numbers {y,},°, decrease to 0. Then
there exist a subspace F C X and a nonexpansive (with respect to an equivalent
norm on X) operator T : X — X such that p(T"u, F) — 0 as n — oo for any
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u € X, and there exists a sequence {u,}>>  C X such that ||uy41 — Tuy|| <y, for

all integers n > 0, but p(uy, F) does not tend to 0 as n — o0.

Proof We take any 2-dimensional subspace of X, identify it with R? (with coordi-
nates (x, y)), and perform all constructions and proofs only in this subspace, taking
as F the one-dimensional space L := {(x, y) € R>:y = 0}. The same counterex-
ample may be then applied to the whole space X if we take F to be an algebraic
complement of the one-dimensional space {(x, y) € R? : x = 0} which contains L.

So, consider a plane with orthogonal axes x, y and the norm ||u| = ||(x, ¥)|| =
max(|x]|, |y]) (recall that in a finite dimensional space all norms are equivalent). At
the first stage, we only consider the case where y,,4+1/v, > 1/2 for all n and we de-
fine a decreasing function y = y (x) which equals y,, at x =2n,n=1,2, ..., and is
linear on the intermediate segments. Finally, we define the operator T as the super-
position T = T4 137> T of the following four mappings: (a) 77 : (x, ¥) — (|x|, [¥]);
(®) T2 : (x,y) = (x,min(l, y)); (©) T3 : (x,y) = (x +2,y); (d) Ty : (x,y) —
([T =y )]y).

The principal point of the proof is to show that the operator T is nonexpansive.

This is obviously true for the first three mappings 77, 7> and 73, so we need
only consider the fourth operator 74. For simplicity, we may assume from the very
beginning that 7 = T4.

For arbitrary x| < x2, let u; = (x1, y1) and up = (x2, y2). Then Tu; = (x1, [1 —
y(xp)Iy1) and Tus = (x2, [1 — y(x2)]y2). Our aim is to show that ||Tu; — Tuz|| <
lur — uzll, where |luy — uz|l = max(xz — x1,|y2 — y1l) and [|[Tu; — Tus|| =
max(xy — x1, |[1 — y(x2)]y2 — [1 — y(x1)]y1]). Since after the application of the
first two mappings 77 and 7>, the second coordinate y already belongs to [0, 1], the
case where xp — x1 > 1 is trivial, because then || Tu| — Tusz|| = ||juy —uz|| = xo — x1.
Hence we may assume in what follows that x, — x| < 1 and thus we need only con-
sider one of the following two possibilities: either both x| and x; belong to the same
interval [2n, 2(n + 1)] or they belong to two adjoining intervals [2n, 2(n + 1)] and
[2(n+1),2(n +2)] for some n =1, 2, .... We claim that in both cases,

y(x1) —y(x2) < (x2 — x1)y (x1). (2.455)

If 2n < x1 < x2 <2(n + 1), then the points u; and u, lie on the straight line
connecting the points (2n, 1 —y;,) and (2(n+1), 1 —;,41), so that the ratio (y (x1) —
y(x2))/(x2 — x1) coincides with the slope of this line:

kn=n = n+1)/2 = Vn/2 < Yup1 Sy (x1).
In the second case the same ratio is less than or equal to max(ky, k,,+1), where
knt1 = (Vnt1 — Yut+2)/2 < Vnr1 Sy (x1),

and therefore inequality (2.455) is proved in both cases.
Note that in order to compare the distances between u and u», and between Tu
and T'uy, it is enough to show that

|v2[1 =y (2] = yi[1 = ¥ (x1)]| < max(x2 — x1, [y2 — y1l). (2.456)
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If y1 > yz, then

yi[l=y@D]=n[l—ya)] =01 —y2) — [y &) — 2y ()] < y1 — 2,

because y (x1) > y (x2). On the other hand,

yi[l=y@D]=»[1—ye)] =01 —y)[l =y )]+ yi[r(x2) — y(x1)]

> —(x2 —xDyEDn
by (2.455). Now inequality (2.456) follows because y (x1)y; < 1.
If yo — y1 >0, then also y2[1 — y(x2)] — y1[1 — y(x1)] = 0 and it suffices to

estimate this difference only from above. Bearing in mind that all y < 1, we obtain
by (2.455) that

[l —=y@)] =yl —ry&)]
= —yD[1—y&)]+»[ye) —yx)]
<2 —yD)[l = y&D]+y @) —x1) <max(xz —x1, y2 — y1),

as needed.

Let u = (x, y) be an arbitrary point in RZ%. Then T e {(x,y):x>0,0<
y < 1} and thereafter the operators 77 and 7> coincide with the identity mapping.
Defining the integer k£ by 2k <x < 2(k + 1), we see that

n k+n
p(T"u, F)=y[[[1-yG+20] <y [] A =w)—0
i=1 i=k+1

as n — 0o, because the series Y o, y; is divergent.

To finish the proof for the case where y,,+1/y, > 1/2 for all natural numbers #,
we define u, = 2(n —1),1) forn=1,2,.... Then Tu,, = Ty Tzu, = 2n, 1 — y,)
and ||luy4+1 — Tu, || = yu. At the same time, p (u,, F') = 1 for all n and does not tend
to 0.

We now proceed to the general case where the given sequence {y,},-, does not
satisfy the condition y,1/y, > 1/2 for all n > 0. We then define by induction a
new sequence:

Y=, Yogr =max{yat1,v,/2}, n=12,...,

so that y, /¥, > 1/2. Using the new sequence {y, },2, we construct the operator

T as before, replacing each y, by y,. The sequence {u,}>°, will be defined by
induction. Let u1 = (0, 1). If the point u,, = (x,, y,,) has already been defined, then
to obtain the next point u, 1 = (Xp+41, Yn+1), W€ put X,41 = Xp + 2, Yug1 = yp if
Vi = V> and yp1 = yul[l =y, 1if y; > yp. Since Tuyp = (xXp+1, ya[1 —y,]) for each
n, we find that |lu,41 — Tu,|| <y, for all n, as needed.
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It is easy to see that
n
Ynt1 = H(l — OkVi)s

k=1

where o = 1 when y,; > ¥, and o} = 0 otherwise. But the series Z,fi 1 0k y,é con-
verges, since the ratio of any two consecutive nonzero terms here is not greater than
1/2. Therefore

—18

pln, F) = [ [(1 = oxyy) > 0.

k

Il
=

That is, the sequence {p (u,, F))} again does not tend to zero, as claimed. O

2.24 Convergence and Nonconvergence to Fixed Points

In Sect. 2.23 we have shown that Theorems 2.72 and 2.74 cannot be, in general,
improved. However in Proposition 2.76 every point of the space is a fixed point of
the operator 7 and the inexact orbits tend to infinity. In Proposition 2.77 the attract-
ing set F' is unbounded and the operator 7' depends on the sequence of errors. In
this section we construct an operator 7 on a complete metric space X such that all
of its orbits converge to its unique fixed point, and for any nonsummable sequence
of errors and any initial point, there exists a divergent inexact orbit with a conver-
gent subsequence. On the other hand, we emphasize that while the example of the
present section is for a particular subset of an infinite-dimensional Banach space,
the examples in Sect. 2.23 apply to general normed spaces, even finite-dimensional
ones.

Let X be the set of all sequences x = {x;}72, of nonnegative numbers such that
Y2 xi <L Forx={x}2,, y= {2, €X,set

00
(LS i) = ) i — yil- (2.457)
i=1
Clearly, (X, p) is a complete metric space.
Define a mapping 7 : X — X as follows:
T({xi}2)) = (2. x3, ..o xin ), (X2, € X. (2.458)
In other words, for any {x; };’il e X,
T({xi}2) ={yi}i2;, where y; = x4 for all integers i > 1. (2.459)
Set TOx = x forall x € X. Clearly,

p(Tx, Ty)<p(x,y) forallx,yeX (2.460)
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and
T"x converges to (0,0,...,...) asn— o0 (2.461)

forall x € X.
The following result was obtained in [111].

Theorem 2.78 Let {r;}°, C [0, 00),

oo
Y ri=o, (2.462)
i=0

and x = {x;}°, € X. Then there exists a sequence {y}>° C X such that
i=1 i=0

yO = p(TyD, y+Dy <p i=0,1,...,

the sequence {y(i)};?io does not converge in (X, p), but (0,0, ...) is a limit point of
{122,

In the proof of this theorem we may assume without loss of generality that
ri <16=! for all integers i > 0. (2.463)

We precede the proof of Theorem 2.78 with the following lemma.

Lemma 2.79 Let 70 = {zgo)}?i | € X and let k > 0 be an integer. Then there exist
an integer n > 4 and a sequence {z(i)};?zo C X such that

p(Z(H—l)’ Tz(i)) <rewi, i=0,...,n—1,

and

p(z™,(0,0,0,...)) =47

Proof There is a natural number m > 4 such that

oo
> ¥ <167l (2.464)
i=m
Set
LD 7D 0 m—1. (2.465)
Clearly,
2™ = (9,,29,.....29,..). (2.466)
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By (2.462), there is a natural number n > m such that

k+n
> orpz2h (2.467)

j=ktm

By (2.467) and (2.463), n > m + 7 and we may assume without loss of generality
that

k+n—1
Z ri<1/2. (2.468)
j=k+m
In view of (2.457) and (2.463)
k+n—1 k+n
dYoori= > rj—nam=2" =167\ (2.469)
Jj=k+m j=k+m
Fori=m+1,...,n,define 7 = {z(’)}oo | as follows:
(@) () . .
2 =25, JEll2 3\ fn+ 1=,
0 o kti—1 (2.470)
Zn+l i = n+1+ Z rj-
Jj=k+m

Clearly, for i =m + 1,...,n, z is well-defined and by (2.470), (2.464) and
(2.468),

k+i—1 k+n—1
P= T T s b et
Jj=1 Jj=i+l Jj=k+m j=k+m
Thus z2D e X, i=m+1,...,n
Leti € {m,...,n — 1}.In order to estimate p(z+V, Tz?), we first set
(Z152, =121, (2.471)

In view of (2.471), (2.458) and (2.459), z; = z | for all integers j > 1. When
combined with (2.470), this implies that

~ 0 . .
Zj=20, forall je (1,2, }\(n—i) (2.472)

and
k+i—1

~ _ (0)
Zn—i Zn+l —i 7 “n+l + Z rj-
j=k+m
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By (2.472),z; = Z§i+1) forall j € {1,2,...}\{n—i}. Together with (2.473), (2.457),
(2.472) and (2.470), this equality implies that
p(2HD, T20) = p(2FD (z;)52)) = |20 — z0 | = rea.
It follows from this relation, which holds for all i € {m, ..., n — 1}, and from (2.465)
that
,o(z(iH), Tz(i)) <rkt+i, 1=0,...,n—1.
By (2.457), (2.470) and (2.469),

k+n—1
p(z™.(0,0,0,..0) 22" =z + Y rz27t 167
Jj=k+m

This completes the proof of Lemma 2.79. U

Proof of Theorem 2.78 In order to prove the theorem, we construct by induction,
using Lemma 2.79, sequences of nonnegative integers {tx}7, and {sx}7° ), and a
sequence { y(i)}?io C X such that

yO =y, (2.473)
p(y(i+l), Ty(i)) <r; forall integersi > 0, (2.474)
to=1s50=0, Sk < Sk+1 < tg+1 for all integers k > 0, (2.475)
and for all integers k > 1,
p(y“%,(0,0,0..)) < 1/k and p(y™,(0,0,0...)) > 1/4. (2.476)

In the sequel we use the notation y(i) = {y](.i)};?ozl, i=0,1,....
Set
yO =x and 1,50 =0. (2.477)
Assume that g > 0 is an integer and that we have already defined two sequences of

nonnegative numbers {z‘k}Z:O and {sk}Z:O, and a sequence { y(")}i":O C X such that
(2.474) holds for all integers i satisfying 0 <i < s, (2.477) holds,

tr < Sk4+1 < tr41 for all integers k satisfying 0 <k < ¢,

and (2.476) holds for all integers k satisfying 0 < k < ¢g. (Note that for g = 0 this
assumption does hold.)

Now we show that this assumption also holds for g + 1.

Indeed, there is a natural number 5,11 > t, + 1 such that

o0
Yo W <@+n (2.478)

J=Sq+1—1-14
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Set
y(i+1):Ty(i), i:tq,---asq+l — 1. (2.479)
By (2.479), (2.457), (2.458), (2.459) and (2.478),

o o0
(O 0.0..0) =Yy = 3 Y <@+ (2480)
j=1

J=Sq+1—1g+1
Applying Lemma 2.79 with

Z(0) — y(Sq-H) and k=sg41, (2.481)

sq+1+n

we obtain that there exist an integer n > 4 and a sequence {y®} C X such

i=sq+1

that
p(YIT, TyD) <ri, i=sgqts. Sg 0 —1, (2.482)

and
p(y“ 11, (0,0,0...)) > 1/4. (2.483)

Put

tq+1 = Sq_;,_l +n.

. iV~ L
In this way we have constructed a sequence { y(l)}i‘g(; C X and two sequences of

nonnegative integers {tk}Zi(]) and {sk}Zi(l) such that (2.477) holds, (2.474) holds for
all integers i satisfying 0 <i < 1,41 (see (2.479) and (2.482)), 1y < sg41 < fx41 for
all integers k satisfying 0 < k < ¢ + 1, and (2.476) holds for all integers k satisfying
0 <k <g+1(see (2.480), (2.482) and (2.483)).

In other words, the assumption made concerning ¢ also holds for ¢ + 1. It fol-
lows that we have indeed constructed two sequences of nonnegative integers {#x}72
and {s¢}72,, and a sequence {y(i)};?io C X which satisfy (2.473)—(2.476). This com-
pletes the proof of Theorem 2.78. d

2.25 Convergence to Compact Sets

In this section, we study the influence of computational errors on the convergence
to compact sets of orbits of nonexpansive mappings in Banach and metric spaces.

Let (X, p) be a complete metric space. For each x € X and each nonempty closed
subset A C X, put

p(x, A) :inf{,o(x, y):y€ A}.

For each mapping 7 : X — X, set TOx = x for all x € X.
The following result was obtained in [112].
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Theorem 2.80 Let T : X — X satisfy
o(Tx, Ty)<p(x,y) forallx,yeX. (2.484)

Suppose that for each x € X, there exists a nonempty compact set E(x) C X such
that

illr&p(Tix, E(x)) =0. (2.485)
Assume that {y,}°2, C (0,00), Y22 yn < 00,
{xnlooo CX and p(xpy1,Txp) <yn, n=0,1,.... (2.486)
Then there exists a nonempty compact subset F of X such that

lim p(x,, F)=0.
n—od

Proof In order to prove the theorem it is sufficient to show that any subsequence of
{xn}72, has a convergent subsequence.

To see this, it is sufficient to show that for any ¢ > 0, the following assertion
holds:

e¢]

(P1) Any subsequence of {x,}
ball with radius &.

o Possesses a subsequence which is contained in a

Indeed, there is an integer k > 1 such that

o
> vi<e/s. (2.487)
=k
Define a sequence {y;}72, by
yk = xk’
(2.488)

vit+1 =Ty; forallintegersi > k.

There exists a nonempty compact set £ C X such that

lim p(y;, E) =0. (2.489)
11— 00

By (2.486) and (2.488),
PXk+15 Ve+1) = Vi (2.490)

Assume that g > k + 1 is an integer and that fori =k +1,...,q,

i—1
P y) <Y yj- (2.491)
j=k
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(Note that in view of (2.490), inequality (2.491) is valid when g =k + 1.)
By (2.484) and (2.491),

g—1
P(Tyg, Txg) < p(yg,xq) < Zyj~
j=k
When combined with (2.486), this implies that
q—1 q
PCgi1:Yg+1) < PGt Txg) + p(Txg. Ty) <vg+ Y vi = v,
j=k j=k

so that (2.491) also holds for i = g 4+ 1. Thus we have shown that for all integers
q=>k+1,

q—1 o0
pGg:X) <Y Vi< Y vi<e/8 (2.492)
j=k j=k

by (2.487). In view of (2.489), for all large enough natural numbers ¢, we have
p(xq4, E) <e/4. (2.493)

By (2.493), there exist an integer go > k and a sequence {z; }?iqo C K such that
p(xi,z;) <e/3 forall integers i > qp. (2.494)

Consider any subsequence {x4,}72, of {x,}°,. Since the set E is compact, the se-

o0 oo
quence {z4,}72 | possesses a convergent subsequence {Z(Iij } =1

We may assume without loss of generality that all elements of this convergent
subsequence belong to B(u, £/16) for some u € X.

In view of (2.494),
Xqi; € B(u,e/2) for all sufficiently large natural numbers j.
Thus (P1) holds and this completes the proof of the theorem. g

Note that Theorem 2.80 is an extension of Theorem 2.72.
The following result, which was obtained in [112], shows that both Theo-
rems 2.72 and 2.80 cannot, in general, be improved (cf. Proposition 2.77).

Proposition 2.81 For any normed space X, there exists an operator T : X — X
such that |[Tx —Ty| < |lx — y| forall x, y € X, the sequence {T"x};_ | converges
for each x € X and, for any sequence of positive numbers {y,}>2,, there exists
a sequence {x,},>  C X with ||xy+1 — Txy|| < yn for all nonnegative integers n,

o &S summable,

which converges to a compact set if and only if the sequence {y,}7°
ie., ZZO:O Vn < 00.
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Proof This is a simple fact because we may take 7 to be the identity operator:
Tx = x, Vx. Then we may take as xg to be an arbitrary element of X with ||xg|| = 1
and define by induction

xn+l :Txn+yn-x()y n=07 1721""

Evidently, [Ix,4+1 — Txn |l = ¥ and x,41 = xo(1 4+ Y _;_ yi) for all integers n > 0,
so that the convergence of {x,}7°, to a compact set is equivalent to the summability
of the sequence {y,}7 . Proposition 2.81 is proved. U

2.26 An Example of Nonconvergence to Compact Sets

In the previous section, we have shown that Theorems 2.72 and 2.80 cannot, in
general, be improved. However, in Proposition 2.81 every point of the space is a
fixed point of the operator 7 and the inexact orbits tend to infinity. In this section,
we construct an operator 7' on a certain complete metric space X (a bounded, closed
and convex subset of a Banach space) such that all of its orbits converge to its unique
fixed point, and for any nonsummable sequence of errors and any initial point, there
exists an inexact orbit which does not converge to any compact set. This example is
based on [112].

Let X be the set of all sequences x = {x;}72 | of nonnegative numbers such that
Y2 xi < 1.Forx ={x;}?°, and y = {y;}?2, in X, set

p (i), idey) le,—y, (2.495)

Clearly, (X, p) is a complete metric space.
Define a mapping 7 : X — X as follows:

T({xi};’i]) =(x2,X3,...,%,...), {x}2,€X. (2.496)

In other words, for any {x;}7°, € X,
T({xi}2)) ={yi}i2;, where y; = x4 for all integers i > 1. (2.497)

Set T9x = x forall x € X. Clearly,
o(Tx, Ty)<p(x,y) forallx,yeX (2.498)

and
T"x converges to (0,0,...,...) asn— o0 (2.499)
forall x € X.
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Theorem 2.82 Let {r;}°, C [0, 00),

o
> ri=o0, (2.500)
and x = {x;};2| € X. Then there exists a sequence {y(i)}ioio C X such that
YO=x,  p(Ty?y* V) <n, i=0,1,..., (2.501)

and that the following property holds:
there is no nonempty compact set E C X such that

1lim p(y(i), E) =0.

11— 00
In the proof of this theorem, we may assume without any loss of generality that
ri < 16~ forall integers i > 0. (2.502)

We precede the proof of Theorem 2.82 with the following lemma.

Lemma 2.83 Ler 79 = {zfo) };’il € X, letk > 0 be an integer and let jo be a natural
number. Then there exist an integer n > 4 and a sequence {z(i)}?zo C X such that

oz, TzD) <y, i=0,...,n—1,

and
) (™ m ) ={zm)°
7 —(Zl N & ,~--)—{Zi }i=1
. (n) -1

Proof There is a natural number m > 4 such that

m > jo+4,
iz O 16 (2.503)
i=m
Set
D =710 i=0,...,m—1. (2.504)
Then
2™ = (20,20, .20, (2.505)
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By (2.500), there is a natural number #n > m such that

k+n
> orp=2h (2.506)
Jj=k+m
By (2.506) and (2.502),
n>m+7 (2.507)

and we may assume without loss of generality that

k+n—1
> ori<1/2. (2.508)
Jj=k+m
In view of (2.506) and (2.502),
k+n—1 k+n
dYoori= > ri—namz2" —167" (2.509)
Jj=k+m j=k+m
Fori=m+1,...,n,define z) = {z( )}°° | as follows:

=20 jef, 2, I\ {n+1+jo—il,

J Jj+i?
(1) © k+i—1 (2.510)
n+1+jo i Zn+1+]o + Z Ty
Jj=k+m

Clearly, for i =m + 1,...,n, z® is well-defined and by (2.510), (2.503) and
(2.508),

Z (@) _ 0) Rk ) graing _
z; Z z; + Z rj < Zz + Z rj <16~ Iyt
Jj=i+l j=k+m Jj=k+m

Thus z2D e X, i=m+1,...,n
Let i € {m,...,n — 1}. We now estimate p(z/t", Tz®). If i = m, then by
(2.496), (2.497), (2.505) and (2.514),

P2V, T2D) < ey 2.511)
Let i > m. We first set

(Z152, =11, (2.512)
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In view of (2.506), (2.496) and (2.497), z; = z;.ij_l for all integers j > 1. When
combined with (2.510), this implies that

zjzzj.ojm forall j € {1,2,..}\{n —i+ jo},

0 0 keti—1 (2.513)
Zntjo—i = Znfiqjoi = Fntltjo T Z rj-
j=k+m
By (2.510) and (2.513),
=210 (2.514)

forall j € {1,2,...}\ {n + jo — i}. It now follows from (2.512), (2.514), (2.510)
and (2.513) that

p(z(z’—i—l)’ Tz(i)) — p(z(i+1), {Zj}}'il) — |Z(i+1) _ zn+j07i’

n+jo—i
k+i k+i—1
) 0)
Jj=k+m j=k+m
When combined with (2.504), this implies that
p(z ), 7:D) <y, i=0,...,n— 1.
By (2.509) and (2.510),
k+n—1
(n) () -1
21 = Zny i jon 2 Do riz4h
Jj=k+m
This completes the proof of Lemma 2.83. d

Proof of Theorem 2.82 In order to prove the theorem, we construct by induction,
using Lemma 2.83, a sequence of nonnegative integers {si};", and a sequence
{y(i)};’io C X such that

YO =x,
p(y(i+1), Ty(i)) <r; forallintegersi > 0, (2.515)
so =0, Sk < Sg+1 for all integers k > 0, (2.516)
and for all integers k > 1,
W9 = 1/4. 2.517)

In the sequel we use the notation y(i) = {y;i)}?il, i=0,1,....
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Set
y©O =y, 50 =0. (2.518)

Assume that g > 0 is an integer and we have already defined a (finite) sequence of
nonnegative integers {si }Z:O and a (finite) sequence { y(’)}f":O C X such that (2.518)
is valid, (2.515) holds for all integers i satisfying 0 <i < s4,

s; <sj+1 for all integers i satisfying 0 <i < ¢,

and that (2.517) holds for all integers k satisfying 0 < k < g. (Note that for ¢ =0
this assumption does hold.)

Now we show that this assumption also holds for g + 1.

Indeed, applying Lemma 2.83 with

2O =y6) and jo=g+1, k=s,

we obtain that there exist an integer 5,41 > 4 + 5, and a sequence { y(")}jq:t; cX
such that

p(yD YD) <ri, =g, sg — L,
and

(5g+1)
vy 3" = 1/4.

Thus the assumption made for g also holds for ¢ + 1. Therefore we have con-
structed by induction a sequence {y(")}?i0 C X and a sequence of nonnegative inte-
gers {sg};2, which satisfy (2.515) and (2.516) for all integers i, k > 0, respectively,
and (2.517) for all integers k > 1.
Finally, we show that there is no nonempty compact set £ C X such that
lim p(y?", E) =0.

i—00

Assume the contrary. Then there does exist a nonempty compact set £ C X such
that
lim p(y”, E) =0.
11— 00
This implies that any subsequence of {y®) Yoo POssesses a convergent subsequence.
Consider such a subsequence { y(S‘I)}f;o:1 . This subsequence has a convergent sub-
sequence {y*» }‘;f: |- There are, therefore, a point z = {z;}72, € X such that
)

z= lim y“o
p—> 00

and a natural number pg such that

oz, y(sqp)) <16~! for all integers p > p. (2.519)



118 2 Fixed Point Results and Convergence of Powers of Operators
By (2.518) and (2.519), we have for all integers p > po,

<p(z,y ) <167

(qu)
‘Z%H‘l - yqp-‘,-l

and
> (Sllp) 167] = 87]
qu—l—l et yq1;+1 - sl .
This, of course, contradicts the inequality Zf’il z; < 1. The contradiction we have
reached completes the proof of Theorem 2.82. g
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