
Chapter 2
Fixed Point Results and Convergence of Powers
of Operators

In this chapter we establish existence and uniqueness of a fixed point for a generic
mapping, convergence of iterates of a generic nonexpansive mapping, stability of
the fixed point under small perturbations of a mapping and many other results.

2.1 Convergence of Iterates for a Class of Nonlinear Mappings

Let K be a nonempty, bounded, closed and convex subset of a Banach space
(X,‖ · ‖). We show that the iterates of a typical element (in the sense of Baire’s
categories) of a class of continuous self-mappings of K converge uniformly on K

to the unique fixed point of this typical element.
We consider the topological subspace K ⊂ X with the relative topology induced

by the norm ‖ · ‖. Set

diam(K) = sup
{‖x − y‖ : x, y ∈ K

}
. (2.1)

Denote by A the set of all continuous mappings A : K → K which have the follow-
ing property:

(P1) For each ε > 0, there exists xε ∈ K such that

‖Ax − xε‖ ≤ ‖x − xε‖ + ε for all x ∈ K. (2.2)

For each A,B ∈A, set

d(A,B) = sup
{‖Ax − Bx‖ : x ∈ K

}
. (2.3)

Clearly, the metric space (A, d) is complete.

We are now ready to state and prove the following result [149].

Theorem 2.1 There exists a set F ⊂A such that the complement A\F is σ -porous
in (A, d) and each A ∈F has the following properties:
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(i) There exists a unique fixed point xA ∈ K such that

Anx → xA as n → ∞, uniformly for all x ∈ K;
(ii)

‖Ax − xA‖ ≤ ‖x − xA‖ for all x ∈ K;
(iii) For each ε > 0, there exist a natural number n and a real number δ > 0

such that for each integer p ≥ n, each x ∈ K , and each B ∈ A satisfying
d(B,A) ≤ δ,

∥∥Bpx − xA

∥∥ ≤ ε.

The following auxiliary result will be used in the proof of Theorem 2.1.

Proposition 2.2 Let A ∈ A and ε ∈ (0,1). Then there exist x̄ ∈ K and B ∈ A such
that

d(A,B) ≤ ε (2.4)

and

‖x̄ − Bx‖ ≤ ‖x̄ − x‖ for all x ∈ K. (2.5)

Proof Choose a positive number

ε0 < 8−1ε2(diam(K) + 1
)−1

. (2.6)

Since A ∈A, there exists x̄ ∈ K such that

‖Ax − x̄‖ ≤ ‖x − x̄‖ + ε0 for all x ∈ K. (2.7)

Let x ∈ K . There are three cases:

‖Ax − x̄‖ < ε; (2.8)

‖Ax − x̄‖ ≥ ε and ‖Ax − x̄‖ < ‖x − x̄‖; (2.9)

‖Ax − x̄‖ ≥ ε and ‖Ax − x̄‖ ≥ ‖x − x̄‖. (2.10)

First we consider case (2.8). There exists an open neighborhood Vx of x in K such
that

‖Ay − x̄‖ < ε for all y ∈ Vx. (2.11)

Define ψx : Vx → K by

ψx(y) = x̄, y ∈ Vx. (2.12)

Clearly, for all y ∈ Vx ,

0 = ∥∥ψx(y) − x̄
∥∥ ≤ ‖y − x̄‖ and

∥∥Ay − ψx(y)
∥∥ = ‖Ay − x̄‖ < ε. (2.13)
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Consider now case (2.9). Since A is continuous, there exists an open neighborhood
Vx of x in K such that

‖Ay − x̄‖ < ‖y − x̄‖ for all y ∈ Vx. (2.14)

In this case we define ψx : Vx → K by

ψx(y) = Ay, y ∈ Vx. (2.15)

Finally, we consider case (2.10). Inequalities (2.10), (2.6) and (2.7) imply that

‖x − x̄‖ ≥ ‖Ax − x̄‖ − ε0 > (7/8)ε. (2.16)

For each γ ∈ [0,1], set

z(γ ) = γAx + (1 − γ )x̄. (2.17)

By (2.17), (2.10) and (2.16), we have
∥∥z(0) − x̄

∥∥ = 0 and
∥∥z(1) − x̄

∥∥ = ‖Ax − x̄‖ ≥ ‖x − x̄‖ > (7/8)ε. (2.18)

By (2.6) and (2.18), there exists γ0 ∈ (0,1) such that
∥∥z(γ0) − x̄

∥∥ = ‖x − x̄‖ − ε0. (2.19)

It now follows from (2.17), (2.19) and (2.7) that

γ0
(‖x − x̄‖ + ε0

) ≥ γ0‖Ax − x̄‖ = ∥∥γ0Ax + (1 − γ0)x̄ − x̄
∥∥

= ∥∥z(γ0) − x̄
∥∥ = ‖x − x̄‖ − ε0

and

γ0 ≥ (‖x − x̄‖ − ε0
)(‖x − x̄‖ + ε0

)−1 = 1 − 2ε0
(‖x − x̄‖ + ε0

)−1

≥ 1 − 2ε0‖x − x̄‖−1. (2.20)

Inequalities (2.20) and (2.16) imply that

γ0 ≥ 1 − 2ε0
(
(7/8)ε

)−1
. (2.21)

By (2.17), (2.1), (2.21) and (2.6),
∥
∥z(γ0) − Ax

∥
∥ = ∥

∥γ0Ax + (1 − γ0)x̄ − Ax
∥
∥

= (1 − γ0)‖Ax − x̄‖ ≤ (1 − γ0)diam(K) ≤ 16ε0(7ε)−1 diam(K)

≤ 3ε0 diam(K)ε−1 ≤ (3/8)ε

and
∥∥z(γ0) − Ax

∥∥ ≤ (3/8)ε. (2.22)
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Relations (2.19) and (2.22) imply that there exists an open neighborhood Vx of x in
K such that for each y ∈ Vx ,

∥∥z(γ0) − Ay
∥∥ < ε and

∥∥z(γ0) − x̄
∥∥ < ‖y − x̄‖. (2.23)

Define ψx : Vx → K by

ψx(y) = z(γ0), y ∈ Vx. (2.24)

It is not difficult to see that in all three cases we have defined an open neighborhood
Vx of x in K and a continuous mapping ψx : Vx → K such that for each y ∈ Vx ,

∥∥Ay − ψx(y)
∥∥ < ε and

∥∥x̄ − ψx(y)
∥∥ ≤ ‖y − x̄‖. (2.25)

Since the metric space K with the metric induced by the norm is paracompact, there
exists a continuous locally finite partition of unity {φi}i∈I on K subordinated to
{Vx}x∈K , where each φi : K → [0,1], i ∈ I , is a continuous function such that for
each y ∈ K , there is a neighborhood U of y in K such that

U ∩ supp(φi) 
= ∅
only for finite number of i ∈ I ;

∑

i∈I

φi(x) = 1, x ∈ K;

and for each i ∈ I , there is xi ∈ K such that

supp(φi) ⊂ Vxi
. (2.26)

Here supp(φ) is the closure of the set {x ∈ K : φ(x) 
= 0}. Define

Bz =
∑

i∈I

φi(z)ψxi
(z), z ∈ K. (2.27)

Clearly, B : K → K is well defined and continuous.
Let z ∈ K . There are a neighborhood U of z in K and i1, . . . , in ∈ I such that

U ∩ supp(φi) = ∅ for any i ∈ I \ {i1, . . . , in}. (2.28)

We may assume without any loss of generality that

z ∈ supp(φip ), p = 1, . . . , n. (2.29)

Then
n∑

p=1

φip (z) = 1 and Bz =
n∑

p=1

φip (z)ψxip
(z). (2.30)
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Relations (2.26), (2.29) and (2.25) imply that for p = 1, . . . , n and z ∈ Vxip
,

∥∥Az − ψxip
(z)

∥∥ < ε and
∥∥x̄ − ψxip

(z)
∥∥ ≤ ‖x̄ − z‖.

By the equation above and (2.30),

‖Bz − Az‖ =
∥∥∥∥∥

n∑

p=1

φip (z)ψxip
(z) − Az

∥∥∥∥∥

≤
n∑

p=1

φip (z)
∥∥ψxip

(z) − Az
∥∥ < ε,

‖x̄ − Bz‖ =
∥∥∥∥∥
x̄ −

n∑

p=1

φip (z)ψxip
(z)

∥∥∥∥∥

≤
n∑

p=1

φip (z)
∥∥x̄ − ψxip

(z)
∥∥ ≤ ‖x̄ − z‖,

and

‖Bz − Az‖ < ε, ‖x̄ − Bz‖ ≤ ‖x̄ − z‖.
Proposition 2.2 is proved. �

Proof of Theorem 2.1 For each C ∈ A and x ∈ K , set C0x = x. For each natural
number n, denote by Fn the set of all A ∈A which have the following property:

(P2) There exist x̄, a natural number q , and a positive number δ > 0 such that

‖x̄ − Ax‖ ≤ ‖x̄ − x‖ + n−1 for all x ∈ K,

and such that for each B ∈A satisfying d(B,A) ≤ δ, and each x ∈ K ,

∥∥Bqx − x̄
∥∥ ≤ n−1.

Define

F =
∞⋂

n=1

Fn. (2.31)

Lemma 2.3 Let A ∈ F . Then there exists a unique fixed point xA ∈ K of A such
that

(i) Anx → xA as n → ∞, uniformly on K ;
(ii) ‖Ax − xA‖ ≤ ‖x − xA‖ for all x ∈ K ;
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(iii) For each ε > 0, there exist a natural number q and δ > 0 such that for each
B ∈ A satisfying d(B,A) ≤ δ, each x ∈ K , and each integer i ≥ q ,

∥∥Bix − xA

∥∥ ≤ ε.

Proof Let n be a natural number. Since A ∈ F ⊂ Fn, it follows from property (P2)
that there exist xn ∈ K , an integer qn ≥ 1, and a number δn ≥ 0 such that

‖xn − Ax‖ ≤ ‖xn − x‖ + n−1 for all x ∈ K; (2.32)

(P3) For each B ∈A satisfying d(B,A) ≤ δn, and each x ∈ K ,
∥∥Bqnx − xn

∥∥ ≤ 1/n.

Property (P3) implies that for each x ∈ K , ‖Aqnx − xn‖ ≤ 1/n. This fact implies, in
turn, that for each x ∈ K ,

∥∥Aix − xn

∥∥ ≤ 1/n for any integer i ≥ qn. (2.33)

Since n is any natural number, we conclude that for each x ∈ K , {Aix}∞i=1 is a
Cauchy sequence and there exists limi→∞ Aix. Inequality (2.33) implies that for
each x ∈ K ,

∥∥∥ lim
i→∞Aix − xn

∥∥∥ ≤ 1/n. (2.34)

Since n is an arbitrary natural number, we conclude that limi→∞ Aix does not de-
pend on x. Hence there is xA ∈ K such that

xA = lim
i→∞Aix for all x ∈ K. (2.35)

By (2.34) and (2.35),

‖xA − xn‖ ≤ 1/n. (2.36)

Inequalities (2.36) and (2.32) imply that for each x ∈ K ,

‖Ax − xA‖ ≤ ‖Ax − xn‖ + ‖xn − xA‖ ≤ 1/n + ‖Ax − xn‖
≤ 1/n + ‖x − xn‖ + 1/n ≤ 2/n + ‖x − xA‖ + ‖xA − xn‖
≤ ‖x − xA‖ + 3/n,

so that

‖Ax − xA‖ ≤ ‖x − xA‖ + 3/n.

Since n is an arbitrary natural number, we conclude that

‖Ax − xA‖ ≤ ‖x − xA‖ for each x ∈ K. (2.37)
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Let ε > 0. Choose a natural number

n > 8/ε. (2.38)

Property (P3) implies that
∥∥Bix − xn

∥∥ ≤ 1/n for each x ∈ K, each integer i ≥ qn,

and each B ∈A satisfying d(B,A) ≤ δn. (2.39)

Inequalities (2.39), (2.36) and (2.38) imply that for each B ∈ A satisfying d(B,A) ≤
δn, each x ∈ K , and each integer i ≥ qn,

∥∥Bix − xA

∥∥ ≤ ∥∥Bix − xn

∥∥ + ‖xn − xA‖ ≤ 1/n + 1/n < ε.

This completes the proof of Lemma 2.3. �

Completion of the proof of Theorem 2.1 In order to complete the proof of this the-
orem, it is sufficient, by Lemma 2.3, to show that for each natural number n, the set
A \Fn is porous in (A, d).

Let n be a natural number. Choose a positive number

α < (16n)−12−1((diam(K) + 1
)216 · 8n

)−1
. (2.40)

Let

A ∈A and r ∈ (0,1]. (2.41)

By Proposition 2.2, there exist A0 ∈A and x̄ ∈ K such that

d(A,A0) ≤ r/8 (2.42)

and

‖A0x − x̄‖ ≤ ‖x − x̄‖ for each x ∈ K. (2.43)

Set

γ = 8−1r
(
diam(K) + 1

)−1 (2.44)

and choose a natural number q for which

1 ≤ q
((

diam(K) + 1
)216n · 8r−1)−1 ≤ 2. (2.45)

Define Ā : K → K by

Āx = (1 − γ )A0x + γ x̄, x ∈ K. (2.46)

Clearly, the mapping Ā is continuous and for each x ∈ K ,

‖Āx − x̄‖ = ∥∥(1 − γ )A0x + γ x̄ − x̄
∥∥

= (1 − γ )‖A0x − x̄‖ ≤ (1 − γ )‖x − x̄‖. (2.47)
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Thus Ā ∈A. Relations (2.3), (2.46), (2.1), (2.44) and (2.47) imply that

d(Ā,A0) = sup
{‖Āx − A0x‖ : x ∈ K

}

= sup
{
γ ‖x̄ − A0x‖ : x ∈ K

} ≤ γ diam(K) = r/8.

Together with (2.42) this implies that

d(Ā,A) ≤ d(Ā,A0) + d(A0,A) ≤ r/4. (2.48)

Now assume that

B ∈A and d(B, Ā) ≤ αr. (2.49)

Then (2.49), (2.40) and (2.47) imply that for each x ∈ K ,

‖Bx − x̄‖ ≤ ‖Bx − Āx‖ + ‖Āx − x̄‖ ≤ ‖x − x̄‖ + αr ≤ ‖x − x̄‖ + 1/n. (2.50)

In addition, (2.49), (2.48) and (2.40) imply that

d(B,A) ≤ d(B, Ā) + d(Ā,A) ≤ αr + r/4 ≤ r/2. (2.51)

Assume that x ∈ K . We will show that there exists an integer j ∈ [0, q] such that
‖Bjx − x̄‖ ≤ (8n)−1. Assume the contrary. Then

∥∥Bix − x̄
∥∥ > (8n)−1, i = 0, . . . , q. (2.52)

Let an integer i ∈ {0, . . . , q − 1}. By (2.49) and (2.47),

∥∥Bi+1x − x̄
∥∥ = ∥∥B

(
Bix

) − x̄
∥∥

≤ ∥∥B
(
Bix

) − Ā
(
Bix

)∥∥ + ∥∥Ā
(
Bix

) − x̄
∥∥

≤ d(B, Ā) + ∥∥Ā
(
Bix

) − x̄
∥∥

≤ αr + (1 − γ )
∥∥Bix − x̄

∥∥

and
∥∥Bi+1x − x̄

∥∥ ≤ αr + (1 − γ )
∥∥Bix − x̄

∥∥.

When combined with (2.52), (2.40) and (2.44), this inequality implies that

∥∥Bix − x̄
∥∥ − ∥∥Bi+1x − x̄

∥∥ ≥ ∥∥Bix − x̄
∥∥ − αr − (1 − γ )

∥∥Bix − x̄
∥∥

= γ
∥
∥Bix − x̄

∥
∥ − αr > (8n)−1γ − αr ≥ (16n)−1γ,

so that
∥∥Bix − x̄

∥∥ − ∥∥Bi+1x − x̄
∥∥ ≥ (16n)−1γ.
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When combined with (2.1), this inequality implies that

diam(K) ≥ ‖x − x̄‖−∥
∥Bqx − x̄

∥
∥ ≥

q−1∑

i=0

(∥∥Bix − x̄
∥
∥−∥

∥Bi+1x − x̄
∥
∥) ≥ q(16n)−1γ

and

q ≤ diam(K)16n/γ,

a contradiction (see (2.45)). The contradiction we have reached shows that there
exists an integer j ∈ [0, . . . , q − 1] such that

∥∥Bjx − x̄
∥∥ ≤ (8n)−1. (2.53)

It follows from (2.49) and (2.47) that for each integer i ∈ {0, . . . , q − 1},
∥∥Bi+1x − x̄

∥∥ = ∥∥B
(
Bix

) − x̄
∥∥ ≤ ∥∥B

(
Bix

) − Ā
(
Bix

)∥∥ + ∥∥Ā
(
Bix

) − x̄
∥∥

≤ d(Ā,B) + ∥∥Ā
(
Bix

) − x̄
∥∥ ≤ αr + ∥∥Bix − x̄

∥∥

and
∥∥Bi+1x − x̄

∥∥ ≤ ∥∥Bix − x̄
∥∥ + αr.

This implies that for each integer s satisfying j < s ≤ q ,
∥∥Bsx − x̄

∥∥ ≤ ∥∥Bjx − x̄
∥∥ + αr(s − j) ≤ ∥∥Bjx − x̄

∥∥ + αrq. (2.54)

It follows from (2.53), (2.54), (2.45) and (2.40) that
∥∥Bqx − x̄

∥∥ ≤ αrq + (8n)−1 ≤ (2n)−1.

Thus we have shown that the following property holds:
For each B satisfying (2.49) and each x ∈ K ,

∥
∥Bqx − x̄

∥
∥ ≤ (2n)−1 and ‖Bx − x̄‖ ≤ ‖x − x̄‖ + 1/n

(see (2.50)). Thus
{
B ∈A : d(B, Ā) ≤ αr/2

} ⊂ Fn ∩ {
B ∈A : d(B,A) ≤ r

}
.

In other words, we have shown that the set A \ Fn is porous in (A, d). This com-
pletes the proof of Theorem 2.1. �

2.2 Convergence of Iterates of Typical Nonexpansive Mappings

Let (X,‖ · ‖) be a Banach space and let K ⊂ X be a nonempty, bounded, closed and
convex subset of X. In this section we show that the iterates of a typical element (in
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the sense of Baire category) of a class of nonexpansive mappings which take K to
X converge uniformly on K to the unique fixed point of this typical element.

Denote by Mne the set of all mappings A : K → X such that

‖Ax − Ay‖ ≤ ‖x − y‖ for all x, y ∈ K.

For each A,B ∈Mne , set

d(A,B) = sup
{‖Ax − Bx‖ : x ∈ K

}
. (2.55)

It is clear that (Mne, d) is a complete metric space. Denote by M0 the set of all
A ∈ Mne such that

inf
{‖x − Ax‖ : x ∈ K

} = 0. (2.56)

In other words, M0 consists of all those nonexpansive mappings taking K into X

which have approximate fixed points. Clearly, M0 is a closed subset of Mne .
Every nonexpansive self-mapping of K belongs to M0. In order to exhibit two

classes of nonself-mappings of K that are also contained in M0, we first recall that
if x ∈ K , then the inward set IK(x) of X with respect to K is defined by

IK(x) := {
z ∈ X : z = x + α(y − x) for some y ∈ K and α ≥ 0

}
.

A mapping A : K → X is said to be weakly inward if Ax belongs to the closure
of IK(x) for each x ∈ K . Consider now a weakly inward mapping A ∈ Mne. Fix
a point z ∈ K and t ∈ [0,1) and let the mapping S : K → X be defined by Sx =
tAx + (1 − t)z, x ∈ K . This strict contraction is also weakly inward and therefore
has a unique fixed point xt ∈ K by Theorem 2.4 in [118]. Since ‖xt − Axt‖ → 0 as
t → 1−, we see that A ∈ M0.

If K has a nonempty interior int(K) and a nonexpansive mapping A : K → X

satisfies the Leray-Schauder condition with respect to w ∈ int(K), that is, Ay −w 
=
m(y − w) for all y in the boundary of K and m > 1, then it also belongs to M0.
This is because the strict contraction S : K → X defined by Sx = tAx + (1 − t)w,
x ∈ K , also satisfies the Leray-Schauder condition with respect to w ∈ int(K) and
therefore has a unique fixed point [117].

Set

ρ(K) = sup
{‖z‖ : z ∈ K

}
. (2.57)

Our purpose is to show that the iterates of a typical element (in the sense of Baire
category) of M0 converge uniformly on K to the unique fixed point of this typical
element. As a matter of fact, we are able to establish a more refined result, involving
the notion of porosity.

We are now ready to formulate our result obtained in [152].

Theorem 2.4 There exists a set F ⊂ (M0, d) such that its complement M0 \F is
a σ -porous subset of (M0, d) and each B ∈F has the following properties:

1. There exists a unique point xB ∈ K such that BxB = xB ;
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2. For each ε > 0, there exist δ > 0, a natural number q , and a neighborhood U of
B in (Mne, d) such that:

(a) if C ∈ U , y ∈ K , and ‖y − Cy‖ ≤ δ, then ‖y − xB‖ ≤ ε;
(b) if C ∈ U , {xi}qi=0 ⊂ K , and Cxi = xi+1, i = 0, . . . , q − 1, then ‖xq −

xB‖ ≤ ε.

Although analogous results for the closed subspace of (M0, d) comprising all
nonexpansive self-mappings of K were established by De Blasi and Myjak in [49,
50], Theorem 2.4 seems to be the first generic result dealing with nonself-mappings.
In this connection see also [131, 137].

We begin the proof of Theorem 2.4 with a simple lemma.
Denote by E the set of all A ∈ Mne for which there exists x ∈ K satisfying

Ax = x. That is, E consists of all those nonexpansive mappings A : K → X which
have a fixed point.

Lemma 2.5 E is an everywhere dense subset of (M0, d).

Proof Let A ∈ M0 and ε > 0. By (2.56), there exists x̄ ∈ K such that

‖x̄ − Ax̄‖ < ε/2.

Define

By = Ay + x̄ − Ax̄, y ∈ K. (2.58)

Clearly, B ∈ Mne and Bx̄ = x̄. Thus B ∈ E. It is easy to see that d(A,B) = ‖x̄ −
Ax̄‖ < ε. This completes the proof of Lemma 2.5. �

Proof of Theorem 2.4 For each natural number n, denote by Fn the set of all those
mappings A ∈M0 which have the following property:

(P1) There exist a natural number q , x∗ ∈ K , δ > 0, and a neighborhood U of A in
Mne such that:

(i) if B ∈ U and if z ∈ K satisfies ‖z − Bz‖ ≤ δ, then ‖z − x∗‖ ≤ 1/n;
(ii) if B ∈ U and if {xi}qi=0 ⊂ K satisfies xi+1 = Bxi , i = 0, . . . , q − 1, then

‖xq − x∗‖ ≤ 1/n.

Set

F =
∞⋂

n=1

Fn.

We intend to prove that M0 \F is a σ -porous subset of (M0, d). To meet this goal,
it is sufficient to show that for each natural number n, the set M0 \ Fn is a porous
subset of (M0, d).

Indeed, let n be a natural number. Choose a positive number

α ≤ 2−11(ρ(K) + 1
)−1

n−1. (2.59)
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Let

A ∈ M0 and r ∈ (0,1]. (2.60)

By Lemma 2.5, there are A0 ∈ E and x∗ ∈ K such that

d(A0,A) < r/8 and A0x∗ = x∗. (2.61)

Set

γ = [
32

(
ρ(K) + 1

)]−1
r (2.62)

and

δ = (4n)−1γ − 2αr. (2.63)

By (2.63), (2.62) and (2.56),

δ > 0. (2.64)

Now choose an integer q ≥ 4 such that

(1 − γ )q2
(
ρ(K) + 1

)
< (16n)−1. (2.65)

Define

A1y = (1 − γ )A0y + γ x∗, y ∈ K. (2.66)

Clearly, A1 ∈Mne and

A1x∗ = x∗. (2.67)

By (2.55), (2.66), (2.61) and (2.57),

d(A1,A0) = sup
{‖A1y − A0y‖ : y ∈ K

} = sup
{‖γA0y − γ x∗‖ : y ∈ K

}

= γ sup
{‖A0y − A0x∗‖ : y ∈ K

}

≤ γ sup
{‖y − x∗‖ : y ∈ K

} ≤ 2γρ(K),

so that

d(A1,A0) ≤ 2γρ(K). (2.68)

By (2.68), (2.61) and (2.62),

d(A,A1) ≤ d(A,A0) + d(A0,A1) ≤ r/8 + 2γρ(K) ≤ r/4. (2.69)

Assume that B ∈Mne satisfies

d(B,A1) ≤ 2αr. (2.70)

Assume further that

z ∈ K and ‖z − Bz‖ ≤ δ. (2.71)
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By (2.67) and (2.66),

‖A1z − x∗‖ = ‖A1z − A1x∗‖
= (1 − γ )‖A0z − A0x∗‖ ≤ (1 − γ )‖z − x∗‖. (2.72)

By (2.55), (2.70) and (2.72),

‖Bz − z‖ ≥ ‖A1z − z‖ − ‖Bz − A1z‖ ≥ ‖A1z − z‖ − d(B,A1)

≥ ‖A1z − z‖ − 2αr ≥ ‖z − x∗‖ − ‖x∗ − A1z‖ − 2αr

≥ ‖z − x∗‖ − (1 − γ )‖z − x∗‖ − 2αr = γ ‖z − x∗‖ − 2αr.

When combined with (2.71) and (2.63), this inequality implies that

δ ≥ ‖Bz − z‖ ≥ γ ‖z − x∗‖ − 2αr

and

‖z − x∗‖ ≤ γ −1(δ + 2αr) ≤ (4n)−1.

Thus we have shown that

if z ∈ K satisfies ‖z − Bz‖ ≤ δ, then ‖z − x∗‖ ≤ (4n)−1. (2.73)

Now assume that

{xi}qi=0 ⊂ K, Bxi = xi+1, i = 0, . . . , q − 1. (2.74)

By (2.74), (2.55), (2.70), (2.66) and (2.61), for i = 0, . . . , q − 1, there holds

‖xi+1 − x∗‖ = ‖Bxi − x∗‖ ≤ ‖Bxi − A1xi‖ + ‖A1xi − x∗‖
= ‖Bxi − A1xi‖ + ‖A1xi − A1x∗‖
≤ d(B,A1) + (1 − γ )‖A0xi − A0x∗‖
≤ 2αr + (1 − γ )‖xi − x∗‖,

that is,

‖xi+1 − x∗‖ ≤ 2αr + (1 − γ )‖xi − x∗‖.
In view of this inequality, which is valid for i = 0, . . . , q − 1, we get

‖xq − x∗‖ ≤ 2αr

q−1∑

i=0

(1 − γ )i + (1 − γ )q‖x0 − x∗‖

≤ 2αrγ −1 + (1 − γ )q‖x0 − x∗‖ ≤ 2αrγ −1 + 2ρ(K)(1 − γ )q.
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When combined with (2.62), (2.65) and (2.59), this last inequality implies that

‖xq − x∗‖ ≤ (1 − γ )q2ρ(K) + 2α
[
32

(
ρ(K) + 1

)]

≤ (16n)−1 + 64α
[
ρ(K) + 1

] ≤ (16n)−1 + (32n)−1 < (8n)−1.

Thus we have shown that

if {xi}qi=0 ⊂ K satisfies (2.74), then ‖xq − x∗‖ ≤ (8n)−1. (2.75)

By (2.75), (2.74) and (2.73), each C ∈ M0 which satisfies d(C,A1) ≤ αr has prop-
erty (P1). Therefore

{
C ∈M0 : d(C,A1) ≤ αr

} ⊂ Fn.

When combined with (2.59) and (2.69), this inclusion implies that

{
C ∈ M0 : d(C,A1) ≤ αr

} ⊂ {
B ∈M0 : d(B,A) ≤ r

} ∩Fn.

This means that M0 \ Fn is a porous set in (M0, d) for all natural numbers n.
Therefore M0 \F is a σ -porous set in (M0, d).

Now let A ∈ F and ε > 0. Choose a natural number

n > 8
(
min{1, ε})−1

. (2.76)

Since A ∈ Fn, property (P1) implies that there exist a natural number qn, a number
δn > 0, a neighborhood Un of A in Mne, and a point xn ∈ K such that the following
property holds:

(P2) (i) if B ∈ Un, z ∈ K , and ‖z − Bz‖ ≤ δn, then ‖z − xn‖ ≤ 1/n;
(ii) if B ∈ Un, {zi}qn

i=0 ⊂ K , and zi+1 = Bzi , i = 0, . . . , qn − 1, then ‖zqn −
xn‖ ≤ 1/n.

Since A ∈M0, there exists a sequence {yi}∞i=1 ⊂ K such that

lim
i→∞‖yi − Ayi‖ = 0. (2.77)

Hence there exists a natural number i0 such that

‖yi − Ayi‖ ≤ δn for all integers i ≥ i0.

When combined with (P2)(i), this implies that

‖xn − yi‖ ≤ 1/n for all integers i ≥ i0. (2.78)

In view of (2.78), for each pair of integers i, j ≥ i0,

‖yi − yj‖ ≤ ‖yi − xn‖ + ‖xn − yj‖ ≤ 2/n < ε.
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Since ε is an arbitrary positive number, we conclude that {yi}∞i=1 is a Cauchy se-
quence and therefore there exists

xA = lim
i→∞yi . (2.79)

Clearly, AxA = xA. It is easy to see that xA is the unique fixed point of A. Indeed,
if it were not unique, then we would be able to construct a nonconvergent sequence
{yi}∞i=0 satisfying (2.77).

By (2.78) and (2.79),

‖xA − xn‖ ≤ 1/n. (2.80)

Now assume that

B ∈ Un, z ∈ K, and ‖z − Bz‖ ≤ δn. (2.81)

By (P2)(i) and (2.81),

‖z − xn‖ ≤ 1/n.

When combined with (2.80) and (2.76), this inequality implies that

‖z − xA‖ ≤ ‖z − xn‖ + ‖xn − xA‖ ≤ 2/n < ε.

Finally, suppose that

B ∈ Un, {zi}qn

i=0 ⊂ K, and Bzi = zi+1, i = 0, . . . , qn − 1. (2.82)

Then by (P2)(ii) and (2.82),

‖zqn − xn‖ ≤ 1/n.

When combined with (2.80) and (2.76), this last inequality implies that

‖zqn − xA‖ ≤ ‖zqn − xn‖ + ‖xn − xA‖ ≤ 2/n < ε.

This completes the proof of Theorem 2.4. �

2.3 A Stability Result in Fixed Point Theory

Let K ⊂ X be a nonempty, compact and convex subset of a Banach space (X,‖ · ‖).
In this section, which is based on [153], we consider a complete metric space of all
the continuous self-mappings of K and show that a typical element of this space
(in the sense of Baire’s categories) has a fixed point which is stable under small
perturbations of the mapping.

Denote by A the set of all continuous mappings A : K → K . For each A,B ∈A,
set

d(A,B) = sup
{‖Ax − Bx‖ : x ∈ K

}
.
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Clearly, (A, d) is a complete metric space. By Schauder’s fixed point theorem, for
each A ∈ A there exists x∗ ∈ K such that Ax∗ = x∗. We begin with the following
simple result.

Proposition 2.6 Let A ∈A, Ω = {x ∈ K : Ax = x}, and let ε > 0. Then there exists
a positive number δ such that for each B ∈A satisfying d(A,B) ≤ δ and each x ∈ K

satisfying Bx = x, there exists y ∈ Ω such that ‖x − y‖ ≤ ε.

Proof Assume the contrary. Then there exist a sequence {Bn}∞n=1 ⊂ A satisfying

d(A,Bn) ≤ 1/n for all integers n ≥ 1, (2.83)

and a sequence {xn}∞n=1 ⊂ K such that for each integer n ≥ 1,

Bnxn = xn and inf
{‖xn − y‖ : y ∈ Ω

} ≥ ε. (2.84)

Since K is compact, we may assume without loss of generality that there exists

x∗ = lim
n→∞xn. (2.85)

It follows from (2.85), (2.84), (2.83) and the continuity of A that

‖Ax∗ − x∗‖ ≤ ‖Ax∗ − Axn‖ + ‖Bnxn − Axn‖ + ‖Bnxn − xn‖ + ‖xn − x∗‖
≤ ‖Ax∗ − Axn‖ + 1/n + ‖xn − x∗‖ → 0 as n → ∞.

Thus Ax∗ = x∗, x∗ ∈ Ω , and (2.85) contradicts (2.84). The contradiction we have
reached proves Proposition 2.6. �

In view of this result, it is natural to ask if, given A ∈ A, there is a fixed point
x∗ ∈ K of A with the following property:

For each ε > 0 there exists δ > 0 such that for each B ∈ A satisfying d(A,B) ≤
δ, there exists y ∈ K such that By = y and ‖y − x∗‖ ≤ ε.

Example 2.7 Let X = R1, K = [0,1] and Ax = x, x ∈ K . Clearly, the set of fixed
points of A is the interval [0,1]. For each integer n ≥ 1, define

Anx = (1 − 1/n)x, Bnx = min{x + 1/n,1} for all x ∈ [0,1].
Clearly, Bn,An → A as n → ∞. It is easy to see that for each n ≥ 1, the set of fixed
points of An is the singleton {0} while the set of fixed points of Bn is the interval
[1 − 1/n,1].

This example shows that in general the answer to our question is negative. Nev-
ertheless, we show in this section that for a typical A ∈ A (in the sense of Baire’s
categories) the answer is positive.
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Let K ⊂ X be a nonempty, closed and convex subset of a Banach space (X,‖ ·‖).
Denote by Ã the family of all continuous mappings A : K → K such that the closure
of A(K) is a compact set in the norm topology. It is well known [171] that for each
A ∈ Ã there is xA ∈ K such that AxA = xA.

For each A,B ∈ Ã set

d(A,B) = sup
{‖Ax − Bx‖ : x ∈ K

}
. (2.86)

It is not difficult to see that (Ã, d) is a complete metric space.

Theorem 2.8 There exists a subset F ⊂ Ã which is a countable intersection of open
everywhere dense subsets of (Ã, d) such that for each A ∈ F , there exists x∗ ∈ K

such that

(i) Ax∗ = x∗;
(ii) for each ε > 0 there exists δ > 0 such that if B ∈ Ã satisfies d(A,B) ≤ δ, then

there is z ∈ K which satisfies Bz = z and ‖z − x∗‖ ≤ ε.

Two auxiliary propositions will precede the proof of Theorem 2.8.

Proposition 2.9 Let A ∈ Ã, ε > 0 and let x∗ ∈ K satisfy Ax∗ = x∗. Then there
exist B ∈ Ã and δ > 0 such that d(B,A) ≤ ε and Bz = x∗ for each z ∈ K satisfying
‖z − x∗‖ ≤ δ.

Proof There exists δ > 0 such that for each z ∈ K satisfying ‖z − x∗‖ ≤ 4δ, the
following inequality holds:

‖Az − x∗‖ ≤ ε/4. (2.87)

By Urysohn’s theorem, there exists a continuous function λ : X → [0,1] such that

λ(z) = 1 for each z ∈ X satisfying ‖z − x∗‖ ≤ δ (2.88)

and

λ(z) = 0 for each z ∈ X satisfying ‖z − x∗‖ ≥ 2δ. (2.89)

Define

Bz = λ(z)x∗ + (
1 − λ(z)

)
Az (2.90)

for all z ∈ K .
Clearly, B : K → K is continuous, B(K) is contained in a compact subset of X,

and

Bx∗ = x∗. (2.91)

By (2.90), (2.88) and (2.89), for each z ∈ K satisfying ‖z − x∗‖ ≤ δ, we have

Bz = x∗, (2.92)
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and for each z ∈ K satisfying ‖z − x∗‖ ≥ 2δ,

Bz = Az. (2.93)

It follows from (2.90) and the choice of δ (see (2.87)) that for each z ∈ K satisfying
‖z − x∗‖ ≤ 2δ,

‖Bz − Az‖ = ∥∥λ(z)x∗ + (
1 − λ(z)

)
Az − Az

∥∥

≤ ‖x∗ − Az‖ ≤ ε/4.

This completes the proof of Proposition 2.9. �

Proposition 2.10 Let A ∈ Ã, ε > 0, let x∗ ∈ K be a fixed point of A, and let
B ∈ Ã, δ > 0 be as guaranteed by Proposition 2.9. Then for each C ∈ Ã satisfy-
ing d(C,B) ≤ δ, there is y ∈ K such that

Cy = y and ‖y − x∗‖ ≤ d(C,B).

Proof By Proposition 2.9,

d(A,B) ≤ ε (2.94)

and

Bz = x∗ for each z ∈ K satisfying ‖z − x∗‖ ≤ δ. (2.95)

Assume that C ∈ Ã satisfies

d(C,B) ≤ δ. (2.96)

Set

Ω = {
z ∈ K : ‖z − x∗‖ ≤ d(C,B)

}
. (2.97)

Clearly, Ω is a closed and convex set. It follows from (2.97), (2.96) and (2.95) that
for each z ∈ Ω ,

‖x∗ − Cz‖ ≤ ‖x∗ − Bz‖ + ‖Bz − Cz‖ = ‖Bz − Cz‖ ≤ d(C,B)

and Cz ∈ Ω . Thus C(Ω) ⊂ Ω . Clearly C(Ω) ⊂ C(X) is contained in a compact
subset of X. By Schauder’s theorem there is y ∈ Ω such that Cy = y. Proposi-
tion 2.10 is proved. �

Proof of Theorem 2.8 Let A ∈ Ã and ε ∈ (0,1). By Propositions 2.9 and 2.10, there
exist

Aε ∈ Ã, xA,ε ∈ K and δA,ε ∈ (0,1)

such that
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d(A,Aε) ≤ ε, (2.98)

Aεz = xA,ε for each z ∈ K satisfying ‖z − xA,ε‖ ≤ δA,ε, (2.99)

and the following property holds:

(P) For each C ∈ Ã satisfying d(C,Aε) ≤ δA,ε , there is y ∈ K such that

Cy = y, ‖y − xA,ε‖ ≤ d(C,Aε).

For each integer i ≥ 1, set

U(A, ε, i) = {
C ∈ Ã : d(C,Aε) < δA,ε/i

}
. (2.100)

Define

F =
∞⋂

i=1

⋃{
U(A, ε, i) : A ∈ Ã, ε ∈ (0,1)

}
. (2.101)

Clearly, F is a countable intersection of open and everywhere dense subsets of
(Ã, d).

Let B ∈ F . For each integer i ≥ 1, there are Ai ∈ Ã and εi ∈ (0,1) such that

B ∈ U(Ai, εi, i). (2.102)

It follows from (2.102), (2.100) and property (P) that for each integer i ≥ 1, there
yi ∈ K such that

Byi = yi (2.103)

and

‖yi − xAi,εi
‖ ≤ d

(
A, (Ai)εi

) ≤ δAi,εi
/i. (2.104)

Since {yi}∞i=1 ⊂ B(K), there is a subsequence {yik }∞k=1 which converges to x∗ ∈ K .
Clearly, Bx∗ = x∗.

Let ε > 0. There exists a natural number k such that

i−1
k < 8−1ε and ‖yik − x∗‖ ≤ ε/8. (2.105)

It follows from (2.104) and (2.105) that

‖yik − xAik
,εik

‖ ≤ 1/ik < ε/8. (2.106)

Inequalities (2.105) and (2.106) imply that

‖x∗ − xAik
,εik

‖ ≤ ‖x∗ − yik‖ + ‖yik − xAik
,εik

‖ ≤ ε/4. (2.107)

Let

C ∈ U(Aik , εik , ik). (2.108)
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It follows from (2.108), (2.100), (2.105) and property (P) that there exists a point
z ∈ K such that

Cz = z and ‖z − xAik
,εik

‖ ≤ d
(
C, (Aik )εik

) ≤ 1/ik ≤ ε/8.

When combined with (2.107), this implies that

‖z − x∗‖ ≤ ‖z − xAik
,εik

‖ + ‖xAik
,εik

− x∗‖ ≤ ε/2.

Theorem 2.8 is proved. �

2.4 Well-Posed Null and Fixed Point Problems

The notion of well-posedness is of great importance in many areas of mathemat-
ics and its applications. In this section we consider two complete metric spaces of
continuous mappings and establish generic well-posedness of certain null and fixed
point problems. Our results, which were obtained in [154], are a consequence of
the variational principle established in [74]. For other related results concerning the
well-posedness of fixed point problems see [50, 139].

Let (X,‖ · ‖,≥) be a Banach space ordered by a closed convex cone X+ = {x ∈
X : x ≥ 0} such that ‖x‖ ≤ ‖y‖ for each pair of points x, y ∈ X+ satisfying x ≤ y.
Let (K,ρ) be a complete metric space. Denote by M the set of all continuous
mappings A : K → X. We equip the set M with the uniformity determined by the
following base:

E(ε) = {
(A,B) ∈M×M : ‖Ax − Bx‖ ≤ ε for all x ∈ K

}
, (2.109)

where ε > 0. It is not difficult to see that this uniform space is metrizable (by a
metric d) and complete.

Denote by Mp the set of all A ∈ M such that

Ax ∈ X+ for all x ∈ K (2.110)

and

inf
{‖Ax‖ : x ∈ K

} = 0. (2.111)

It is not difficult to see that Mp is a closed subset of (M, d).
We can now state and prove our first result.

Theorem 2.11 There exists an everywhere dense Gδ subset F ⊂ Mp such that for
each A ∈F , the following properties hold:

1. There is a unique x̄ ∈ K such that Ax̄ = 0.
2. For any ε > 0, there exist δ > 0 and a neighborhood U of A in Mp such that if

B ∈ U and if x ∈ K satisfies ‖Bx‖ ≤ δ, then ρ(x, x̄) ≤ ε.
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Proof We obtain this theorem as a realization of the variational principle established
in Theorem 2.1 of [74] with fA(x) = ‖Ax‖, x ∈ K . In order to prove our theorem
by using this variational principle we need to prove the following assertion:

(A) For each A ∈ Mp and each ε > 0, there are Ā ∈ Mp , δ > 0, x̄ ∈ K and a
neighborhood W of Ā in Mp such that

(A, Ā) ∈ E(ε),

and if B ∈ W and z ∈ K satisfy ‖Bz‖ ≤ δ, then

ρ(z, x̄) ≤ ε.

Let A ∈Mp and ε > 0. Choose ū ∈ X+ such that

‖ū‖ = ε/4, (2.112)

and x̄ ∈ K such that

‖Ax̄‖ ≤ ε/8. (2.113)

Since A is continuous, there is a positive number r such that

r < min{1, ε/16} (2.114)

and

‖Ax − Ax̄‖ ≤ ε/8 for each x ∈ K satisfying ρ(x, x̄) ≤ 4r. (2.115)

By Urysohn’s theorem, there is a continuous function φ : K → [0,1] such that

φ(x) = 1 for each x ∈ K satisfying ρ(x, x̄) ≤ r (2.116)

and

φ(x) = 0 for each x ∈ K satisfying ρ(x, x̄) ≥ 2r. (2.117)

Define

Āx = (
1 − φ(x)

)
(Ax + ū), x ∈ K. (2.118)

It is clear that Ā : K → X is continuous. Now (2.116)–(2.118) imply that

Āx = 0 for each x ∈ K satisfying ρ(x, x̄) ≤ r (2.119)

and

Āx ≥ ū for each x ∈ K satisfying ρ(x, x̄) ≥ 2r. (2.120)

It is not difficult to see that Ā ∈Mp . We claim that (A, Ā) ∈ E(ε).
Let x ∈ K . There are two cases: either

ρ(x, x̄) ≥ 2r (2.121)
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or

ρ(x, x̄) < 2r. (2.122)

Assume first that (2.121) holds. Then it follows from (2.121), (2.117), (2.118) and
(2.112) that

‖Ax − Āx‖ = ‖ū‖ = ε/4.

Now assume that (2.122) holds. Then by (2.122), (2.118) and (2.112),

‖Āx − Ax‖ = ∥∥(
1 − φ(x)

)
(Ax + ū) − Ax

∥∥ ≤ ‖ū‖ + ‖Ax‖
≤ ε/4 + ‖Ax‖.

It follows from this inequality, (2.122), (2.115) and (2.113) that

‖Āx − Ax‖ ≤ ε/4 + ‖Ax‖ < ε/2.

Therefore in both cases ‖Āx−Ax‖ ≤ ε/2. Since this inequality holds for any x ∈ K ,
we conclude that

(A, Ā) ∈ E(ε). (2.123)

Consider now an open neighborhood U of Ā in Mp such that

U ⊂ {
B ∈ Mp : (Ā,B) ∈ E(ε/16)

}
. (2.124)

Let

B ∈ U, z ∈ K (2.125)

and

‖Bz‖ ≤ ε/16. (2.126)

Relations (2.126), (2.125), (2.124) and (2.109) imply that

‖Āz‖ ≤ ‖Bz‖ + ‖Āz − Bz‖ ≤ ε/16 + ε/16. (2.127)

We claim that

ρ(z, x̄) ≤ ε. (2.128)

Assume the contrary. Then by (2.114),

ρ(z, x̄) > ε ≥ 2r.

When combined with (2.120), this implies that

Āz ≥ ū.
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It follows from this inequality, the monotonicity of the norm, (2.125), (2.124),
(2.109) and (2.112) that

‖Bz‖ ≥ ‖Āz‖ − ε/16 ≥ ‖ū‖ − ε/16 = ε/4 − ε/16 = 3ε/16.

This, however, contradicts (2.126). The contradiction we have reached proves
(2.128) and Theorem 2.11 itself. �

Now assume that the set K is a subset of X and

ρ(x, y) = ‖x − y‖, x, y ∈ K.

Denote by Mn the set of all mappings A ∈ M such that

Ax ≥ x for all x ∈ K

and

inf
{‖Ax − x‖ : x ∈ K

} = 0.

Clearly, Mn is a closed subset of (M, d). Define a map J :Mn → Mp by

J (A)x = Ax − x for all x ∈ K

and all A ∈ Mn. Clearly, there exists J−1 : Mp → Mn, and both J and its inverse
J−1 are continuous. Therefore Theorem 2.11 implies the following result regarding
the generic well-posedness of the fixed point problem for A ∈Mn.

Theorem 2.12 There exists an everywhere dense Gδ subset F ⊂ Mn such that for
each A ∈F , the following properties hold:

1. There is a unique x̄ ∈ K such that Ax̄ = x̄.
2. For any ε > 0, there exist δ > 0 and a neighborhood U of A in Mn such that if

B ∈ U and if x ∈ K satisfies ‖Bx − x‖ ≤ δ, then ‖x − x̄‖ ≤ ε.

2.5 Mappings in a Finite-Dimensional Euclidean Space

In this section we study the existence and stability of fixed points of continuous map-
pings in finite-dimensional Euclidean spaces. Our results [156] establish generic
existence and stability of fixed points for a class of nonself-mappings defined on
certain closed (but not necessarily either convex or bounded) subsets of a finite-
dimensional Euclidean space. In these results, we endow the relevant space of map-
pings with two topologies, one weaker than the other. In the first result we find an
open (in the weak topology) and everywhere dense (in the strong topology) set such
that each mapping in it possesses a fixed point. In the second result we construct a
countable intersection of open (in the weak topology) and everywhere dense (in the
strong topology) sets such that each mapping in this intersection has a stable fixed
point.
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Let K ⊂ Rn be a nonempty, closed subset of the n-dimensional Euclidean space
(Rn,‖ · ‖). We assume that K is the closure of its nonempty interior int(K).

For each x ∈ Rn and each r > 0, set B(x, r) = {y ∈ Rn : ‖x − y‖ ≤ r} and fix
θ ∈ K .

Denote by M the set of all continuous mappings A : K → Rn. We equip the
space M with the uniformity determined by the base

Ew(N, ε) = {
(A,B) ∈M×M : ‖Ax − Bx‖ ≤ ε

for all x ∈ B(θ,N) ∩ K
}
, (2.129)

where N,ε > 0.
Clearly, the space M with this uniformity is metrizable and complete. We equip

the space M with the topology induced by this uniformity. This topology will be
called the weak topology.

We also equip the space M with the uniformity determined by the base

Es(ε) = {
(A,B) ∈ M×M : ‖Ax − Bx‖ ≤ ε for all x ∈ K

}
, (2.130)

where ε > 0. Clearly, the space M with this uniformity is also metrizable and com-
plete. The topology induced by this uniformity on M will be called the strong topol-
ogy.

Denote by Mf the set of all A ∈ M which have approximate fixed points. In
other words, the set Mf consists of all A ∈M such that

inf
{‖x − Ax‖ : x ∈ K

} = 0. (2.131)

It is clear that Mf is a closed subset of M with the strong topology.
Note that if the set K is bounded, then Mf consists of all those elements of M

which have fixed points. Every self-mapping of K which is a strict contraction, that
is, has a Lipschitz constant strictly less than one, clearly belongs to Mf .

If K is bounded and convex and a continuous mapping A : K → Rn satisfies the
Leray-Schauder condition with respect to w ∈ int(K), that is, Ay − w 
= m(y − w)

for all y on the boundary of K and m > 1, then it also belongs to Mf . If such an
A is a strict contraction, then this continues to be true even if K is neither bounded
nor convex.

We endow the topological subspace Mf ⊂ M with both the relative weak and
strong topologies.

The following two results were obtained in [156].

Theorem 2.13 Let γ ∈ (0,1). There exists an open (in the weak topology) and ev-
erywhere dense (in the strong topology) set Fγ ⊂ Mf such that for each A ∈ Fγ ,
there are xA ∈ int(K), rA ∈ (0,1), and a neighborhood U of A in Mf with the weak
topology such that

B(xA, rA) ⊂ K and AxA = xA,

and for each C ∈ U , there is xC ∈ K such that CxC = xC and ‖xC − xA‖ ≤ γ rA.
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Theorem 2.14 There exists a set F ⊂ Mf which is a countable intersection of
open (in the weak topology) and everywhere dense (in the strong topology) subsets
of Mf such that for each A ∈ F and each γ ∈ (0,1), there exist xA ∈ int(K),
rA ∈ (0,1), and a neighborhood U of A in Mf with the weak topology such that

B(xA, rA) ⊂ K and AxA = xA,

and for each C ∈ U there is xC ∈ K such that CxC = xC and ‖xC − xA‖ ≤ γ rA.

Example 2.15 Let n = 1, K = ⋃∞
j=0[2j,2j + 1], and define, for each integer j ≥ 1

and each x ∈ [2j,2j + 1], Ax = x + 2−j . Clearly, inf{|x − Ax| : x ∈ K} = 0 but A

is fixed point free.

In order to prove Theorem 2.13 we need two auxiliary results.
Denote by E the set of all A ∈Mf for which there exist

xA ∈ int(K) and rA ∈ (0,1) (2.132)

such that

B(xA, rA) ⊂ K and Ay = xA for all y ∈ B(xA, rA/4). (2.133)

Lemma 2.16 The set E is an everywhere dense subset of Mf with the strong topol-
ogy.

Proof Let A ∈ Mf and ε > 0. By the definition of Mf (see (2.131)), there exists
x0 ∈ K such that

‖Ax0 − x0‖ < ε/16. (2.134)

Since K is the closure of int(K) and A is continuous, there is x1 ∈ int(K) such that

‖x1 − x0‖ < ε/16 and ‖Ax1 − Ax0‖ < ε/16. (2.135)

Set

A1y = Ay − Ax1 + x1, y ∈ K. (2.136)

Clearly, A1 ∈M. In view of (2.136),

A1x1 = x1. (2.137)

By (2.136), (2.135) and (2.134), for each y ∈ K ,

‖Ay − A1y‖ = ‖Ax1 − x1‖ ≤ ‖Ax1 − Ax0‖ + ‖Ax0 − x0‖ + ‖x0 − x1‖
< 3ε/16. (2.138)
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Since A1 has a fixed point (see (2.137)), it is clear that A1 ∈ Mf . Since A1 is
continuous and x1 ∈ int(K), there exists r1 ∈ (0,1) such that

B(x1, r1) ⊂ K and ‖A1x − A1x1‖ ≤ ε/16 for all x ∈ B(x1, r1). (2.139)

Define

ψ(t) = 1, t ∈ [0, r1/2], ψ(t) = 0, t ∈ [r1,∞),

ψ(t) = 2(r1 − t)r−1
1 , t ∈ (r1/2, r1),

(2.140)

and

By = ψ
(‖y − x1‖

)
x1 + (

1 − ψ
(‖y − x1‖

))
A1y, y ∈ K. (2.141)

Clearly, B ∈M. It follows from (2.141) and (2.140) that for each y ∈ B(x1, r1/2),

By = x1. (2.142)

Therefore B ∈ E . We will now show that

‖By − Ay‖ ≤ ε for all x ∈ K.

Indeed, let y ∈ K . There are two cases to be considered:

‖x1 − y‖ ≤ r1; (2.143)

‖x1 − y‖ > r1. (2.144)

If (2.144) holds, then (2.144), (2.141), (2.140) and (2.138) imply that

By = A1y and ‖By − Ay‖ = ‖A1y − Ay‖ < ε/4. (2.145)

Let (2.143) hold. Then by (2.143), (2.141), (2.140), (2.137) and (2.139),

‖By −A1y‖ = ∥∥ψ
(‖y −x1‖

)
(x1 −A1y)

∥∥ ≤ ‖x1 −A1y‖ = ‖A1x1 −A1y‖ < ε/16.

When combined with (2.138), this inequality implies that

‖By − Ay‖ ≤ ‖By − A1y‖ + ‖A1y − Ay‖ ≤ ε/16 + 3ε/16 = ε/4.

Thus

‖By − Ay‖ ≤ ε/4 for all y ∈ K.

This completes the proof of Lemma 2.16. �

Lemma 2.17 Let A ∈ E , xA ∈ int(K), rA ∈ (0,1) satisfy (2.133) and let γ ∈ (0,1).
Then there exists a neighborhood U of A in Mf with the weak topology such that
for each B ∈ U , there is xB ∈ K such that ‖xB − xA‖ ≤ γ rA/4 and BxB = xB .
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Proof Set

Δ = γ rA/4 (2.146)

and put

U = {
B ∈ Mf : ‖Bz − Az‖ ≤ Δ for each z ∈ B(xA, rA)

}
. (2.147)

Clearly, U is a neighborhood of A in Mf with the weak topology.
Let B ∈ U . It follows from (2.147), (2.133) and (2.146) that for each z ∈

B(xA,γ rA/4),

‖Bz − xA‖ ≤ ‖Bz − Az‖ + ‖Az − xA‖ ≤ Δ + ‖Az − xA‖ = Δ = γ rA/4.

Thus

B
(
B(xA,γ rA/4)

) ⊂ B(xA,γ rA/4).

Since the mapping B is continuous, there is xB ∈ B(xA,γ rA/4) such that

BxB = xB.

Lemma 2.17 is proved. �

Proof of Theorem 2.13 Let A ∈ E . There exist xA ∈ int(K) and rA ∈ (0,1) such that
(2.133) holds. By Lemma 2.17, there exists an open neighborhood U(A) of A in
Mf with the weak topology such that the following property holds:

(P1) For each B ∈ U(f ), there is xB ∈ K such that

BxB = xB and ‖xB − xA‖ ≤ γ rA/8. (2.148)

Set

Fγ =
⋃{

U(A) : A ∈ E
}
. (2.149)

By Lemma 2.16, Fγ is an open (in the weak topology) and everywhere dense (in
the strong topology) subset of Mf .

Let B ∈ Fγ . By (2.149), there is A ∈ E such that

B ∈ U(A). (2.150)

By property (P1), for each C ∈ U(A), there is xC ∈ K such that

CxC = xC and ‖xC − xA‖ ≤ γ rA/8. (2.151)

Clearly,

‖xB − xA‖ ≤ γ rA/8. (2.152)

It follows from (2.152) and (2.135) that

B(xB, rA/2) ⊂ B(xA, rA) ⊂ K. (2.153)
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By (2.151) and (2.152), for each C ∈ U(A),

‖xC − xB‖ ≤ ‖xC − xA‖ + ‖xA − xB‖ ≤ γ rA/8 + γ rA/8 = γ rA/4.

This completes the proof of Theorem 2.13. �

Proof of Theorem 2.14 For each integer n ≥ 1, let Fn be as guaranteed in Theo-
rem 2.13 with γ = (2n)−1. Set

F =
∞⋂

n=1

Fn. (2.154)

Clearly, F is a countable intersection of open (in the weak topology), everywhere
dense (in the strong topology) subsets of Mf .

Let A ∈F and γ ∈ (0,1). Choose a natural number n such that

n−1 < γ/8. (2.155)

Since A ∈ Fn and the assertion of Theorem 2.13 holds with γ = (2n)−1 and Fγ =
Fn, there are xA ∈ int(K), rA ∈ (0,1), and a neighborhood U of A in Mf with the
weak topology such that B(xA, rA) ⊂ K , AxA = xA, and for each C ∈ U , there is
xC ∈ K such that CxC = xC and

‖xC − xA‖ ≤ rA(2n)−1 < rAγ.

Thus Theorem 2.14 is also proved. �

2.6 Approximate Fixed Points

Let (K,ρ) be a complete metric space such that

sup
{
ρ(x, y) : x, y ∈ K

} = ∞,

and let (X,‖ · ‖,≥) be a Banach space ordered by a closed convex cone

X+ = {x ∈ X : x ≥ 0}.
We assume that ‖x‖ ≤ ‖y‖ for each x, y ∈ X+ which satisfy x ≤ y.

Denote by A the set of all continuous mappings A : K → X+. We equip the set
A with the uniformity determined by the following base:

Es(ε) = {
(A,B) ∈ A×A : ‖Ax − Bx‖ ≤ ε for all x ∈ K

}
, (2.156)

where ε > 0 [80]. Clearly, the uniform space obtained in this way is metrizable and
complete. The uniformity determined by (2.156) induces a topology on A which is
called the strong topology.
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Denote by F0 the set of all A ∈A for which

inf
{‖Ax‖ : x ∈ K

}
> 0.

Theorem 2.18 The set F0 is an open everywhere dense subset of A with the strong
topology.

Proof Let A ∈ F0. There is r > 0 such that

‖Ax‖ ≥ r for all x ∈ K. (2.157)

Set

U = {
B ∈A : (B,A) ∈ Es(r/4)

}
. (2.158)

Clearly, U is a neighborhood of A in A with the strong topology. Assume that
B ∈ U . Then it follows from (2.157) and (2.158) that for each x ∈ K ,

‖Bx‖ ≥ ‖Ax‖ − ‖Ax − Bx‖
≥ r − ‖Ax − Bx‖ ≥ r − r/4 = 3r/4.

Thus B ∈ F0. This implies that U ⊂ F0. In other words, we have shown that F0 is
an open subset of F0 with the strong topology.

Now we show that F0 is an everywhere dense subset of A with the strong topol-
ogy. Let A ∈F0 and ε > 0. Choose u ∈ X such that

u ∈ X+ and ‖u‖ = ε/2, (2.159)

and set

Bx = Ax + u, x ∈ K. (2.160)

By (2.159) and (2.160), for each x ∈ K ,

‖Bx‖ = ‖Ax + u‖ ≥ ‖u‖ = ε/2.

Thus B ∈ F0. In view of (2.160), (2.159) and (2.156), (A,B) ∈ Es(ε). Therefore
F0 is an everywhere dense subset of A with the strong topology. Theorem 2.18 is
proved. �

Now we equip the set A with a topology which will be called the weak topology.
Fix θ ∈ K . For each ε,n > 0, set

Ew(ε,n) = {
(A,B) ∈A×A : ‖Ax − Bx‖ ≤ ε

for each x ∈ K satisfying ρ(θ, x) ≤ n
}
. (2.161)

We equip the set A with the uniformity determined by the base

Ew(ε,n), ε, n > 0.
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Clearly, the uniform space obtained in this way is metrizable and complete. The
uniformity determined by (2.161) induces in the set A a topology which is called
the weak topology.

Theorem 2.19 There exists a set F1 ⊂ A which is a countable intersection of open
everywhere dense subsets of A with the weak topology such that for each A ∈ F1,

inf
{‖Ax‖ : x ∈ K

} = 0. (2.162)

Proof Denote by E the set of all A ∈ A for which there is x ∈ K such that Ax = 0.
First we show that E is an everywhere dense subset of A with the weak topology.
Let A ∈A and ε,n > 0. Choose x̄ ∈ K such that

ρ(θ, x̄) ≥ 4n + 4. (2.163)

By Urysohn’s theorem there is a continuous function φ : K → [0,1] such that

φ(x) = 1 if ρ(x, x̄) ≤ 1

and

φ(x) = 0 if ρ(x, x̄) ≥ 2. (2.164)

Set

Bx = (
1 − φ(x)

)
Ax, x ∈ K. (2.165)

Clearly, B ∈A. In view of (2.164) and (2.165),

φ(x̄) = 1 and Bx̄ = 0.

Thus B ∈ E . Let x ∈ K satisfy

ρ(x, θ) ≤ n. (2.166)

It follows from (2.166) and (2.163) that

ρ(x̄, x) ≥ ρ(x̄, θ) − ρ(θ, x)

≥ 4n + 4 − n = 3n + 4.

When combined with (2.164) and (2.165), this implies that

φ(x) = 0 and Bx = Ax.

Thus Bx = Ax for each x ∈ K satisfying (2.166). The definition of the base Ew

(see (2.161)) implies that (A,B) ∈ Ew(ε,n). In other words we have shown that E
is an everywhere dense subset of A with the weak topology.

Let A ∈ E and let n ≥ 1 be an integer. There is xA ∈ K such that

AxA = 0. (2.167)
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Since A is continuous, there is r ∈ (0,1) such that

‖Ax‖ ≤ (4n)−1 for each x ∈ K satisfying ρ(x, xA) ≤ r. (2.168)

Choose an open neighborhood U(A,n) of A in A with the weak topology such that

U(A,n) ⊂ {
B ∈A : (A,B) ∈ Ew

(
(4n)−1, n + 4 + ρ(θ, xA)

)}
. (2.169)

Let

B ∈ U(A,n), x ∈ K, ρ(x, xA) ≤ r. (2.170)

By (2.170) and (2.168),

‖Ax‖ ≤ (4n)−1. (2.171)

In view of (2.170) and since r < 1,

ρ(θ, x) ≤ ρ(θ, xA) + ρ(xA, x)

≤ ρ(θ, xA) + r < ρ(θ, xA) + 1.

Together with (2.169), (2.170) and (2.161), this inequality implies that

‖Ax − Bx‖ ≤ (4n)−1.

When combined with (2.171), this inequality implies that ‖Bx‖ ≤ 1/n. Thus we
have shown that the following property holds:

(P0) For each B ∈ U(A,n), inf{‖Bz‖ : z ∈ K} ≤ 1/n.

Set

F1 =
∞⋂

n=1

⋃{
U(A,n) : A ∈ E

}
. (2.172)

Clearly, F1 is a countable intersection of open everywhere dense (in the weak topol-
ogy) subsets of A.

Let B ∈ F1 and ε > 0. Choose a natural number n such that

8/n < ε. (2.173)

By (2.172), there is A ∈ E such that

B ∈ U(A,n).

It follows from this inclusion, property (P0) and (2.173) that

inf
{‖Bz‖ : z ∈ K

} ≤ 1/n < ε.

Since ε is an arbitrary positive number, we conclude that

inf
{‖Bz‖ : z ∈ K

} = 0.

Theorem 2.19 is proved. �
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Assume now that K is a subset of X and that

ρ(x, y) = ‖x − y‖, x, y ∈ K.

Denote by B the set of all continuous mappings A : K → X such that

Ax ≥ x for all x ∈ K.

For each A ∈ B, denote by J (A) the mapping defined by

J (A)x = Ax − x, x ∈ K.

Clearly, J (B) =A, and if A1,A2 ∈ B are such that

J (A1) = J (A2),

then A1 = A2. We equip the set B with the uniformity determined by the following
base:

Es(ε) = {
(A,B) ∈ B ×B : ‖Ax − Bx‖ ≤ ε for all x ∈ K

}
,

where ε > 0. It is not difficult to see that the space B with this uniformity is metriz-
able and complete. This uniformity induces in B a topology which is called the
strong topology. It is easy to see that the mapping J is a homeomorphism of the
spaces B and A with the strong topologies. Thus Theorem 2.18 implies the follow-
ing result.

Corollary 2.20 The set of all A ∈ B for which

inf
{‖Ax − x‖ : x ∈ K

}
> 0

is an open everywhere dense subset of B with the strong topology.

We also equip the set B with the uniformity determined by the following base:

Ew(ε,n) = {
(A,B) ∈ B ×B : ‖Ax − Bx‖ ≤ ε

for each x ∈ K satisfying ‖θ − x‖ ≤ n
}

where n, ε > 0. It is not difficult to see that the space B with this uniformity is
metrizable and complete. This uniformity induces in B a topology which is called
the weak topology. It is easy to see that the mapping J is a homeomorphism of the
spaces B and A with the weak topologies.

Therefore Theorem 2.19 implies the following corollary.

Corollary 2.21 There exists a set F ⊂ B which is a countable intersection of open
and everywhere dense subsets of B with the weak topology such that for each A ∈F ,

inf
{‖Ax − x‖ : x ∈ K

} = 0.

The results of this section were obtained in [157].
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2.7 Generic Existence of Small Invariant Sets

In this section we consider generic properties of mappings with approximate fixed
points. More precisely, let K be a closed and convex subset of a Banach space
(X,‖ · ‖). We consider a complete metric space of all the continuous self-mappings
of K with approximate fixed points. We show that a typical element of this space
(in the sense of Baire’s categories) has invariant balls of arbitrarily small radii. This
result was obtained in [146].

Denote by A the set of all mappings A : K → K such that

inf
{‖x − Ax‖ : x ∈ K

} = 0. (2.174)

We equip the set A with the uniformity determined by the following base:

E(ε) = {
(A,B) ∈A×A : ‖Ax − Bx‖ ≤ ε for all x ∈ K

}
, (2.175)

where ε > 0. It is easy to see that the uniform space A is metrizable (by a metric d).
We first observe that (A, d) is a complete metric space.

Proposition 2.22 The metric space (A, d) is complete.

Proof Let {Ai}∞i=1 ⊂A be a Cauchy sequence. Then for any ε > 0, there is a natural
number iε such that

‖Aix − Ajx‖ ≤ ε for all integers i, j ≥ iε and all x ∈ K. (2.176)

This implies that for each x ∈ K , {Aix}∞i=1 is a Cauchy sequence and there exists

Ax := lim
i→∞Aix. (2.177)

Let ε > 0 and let a natural number iε satisfy (2.176). Relations (2.176) and (2.177)
imply that for each integer j ≥ iε and each x ∈ K ,

‖Ax − Ajx‖ = lim
i→∞‖Aix − Ajx‖ ≤ ε.

Thus

‖Ax − Ajx‖ ≤ ε for each integer j ≥ iε and each x ∈ K. (2.178)

In order to complete the proof of Proposition 2.22, it is sufficient to show that the
mapping A satisfies (2.174).

Let δ > 0. Then in view of (2.178) there is a natural number i0 such that

‖Ax − Ai0x‖ ≤ δ/4 for all x ∈ K. (2.179)

Since Ai0 ∈A, there is y ∈ K such that

‖Ai0y − y‖ ≤ δ/4.
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When combined with (2.179), this inequality implies that

‖Ay − y‖ ≤ ‖Ay − Ai0y‖ + ‖Ai0y − y‖ ≤ δ/4 + δ/4 = δ/2.

Since δ is any positive number, we conclude that A ∈ A. This completes the proof
of Proposition 2.22. �

Denote by Ac the set of all continuous A ∈ A. Clearly, Ac is a closed subset of
(A, d).

Theorem 2.23 There exists a set F ⊂ Ac which is a countable intersection of open
and everywhere dense subsets of Ac such that each A ∈ F has the following prop-
erty:

For each γ ∈ (0,1), there are xγ ∈ K , r ∈ (0,1], and a neighborhood U of A in
Ac such that for each C ∈ U ,

C
({

z ∈ K : ‖z − xγ ‖ ≤ r
}) ⊂ {

z ∈ K : ‖z − xγ ‖ ≤ γ r
}
. (2.180)

Corollary 2.24 Assume that for each x ∈ K , the set {z ∈ K : ‖z − x‖ ≤ 1} is com-
pact. Let F be as guaranteed by Theorem 2.23, and let A ∈F , γ ∈ (0,1).

Then there are xA ∈ K and a neighborhood U of A in Ac such that for each
C ∈ U , there is a point z ∈ K so that ‖z − xA‖ ≤ γ and Cz = z.

Corollary 2.25 Assume that X is finite-dimensional. Then the assertion of Corol-
lary 2.24 holds.

Corollary 2.26 Assume that the assumptions of Corollary 2.24 hold, and that
A ∈F and ε > 0. Then there are x̄ ∈ K and r ∈ (0,1] such that

Ax̄ = x̄ and A
({

z ∈ K : ‖z − x̄‖ ≤ r
}) ⊂ {

z ∈ K : ‖z − x̄‖ ≤ εr
}
.

Proof Choose a positive number γ such that

γ < 1/2 and γ < ε/8. (2.181)

By Theorem 2.23, there are xγ ∈ K and r ∈ (0,1] such that (2.180) holds with
C = A. By Schauder’s theorem, there is x̄ ∈ K such that

‖x̄ − xγ ‖ ≤ γ r and Ax̄ = x̄. (2.182)

We have, by (2.182),
{
z ∈ K : ‖z − xγ ‖ ≤ γ r

} ⊂ {
z ∈ K : ‖z − x̄‖ ≤ 2γ r

}
.

When combined with (2.180) (with C = A), this inclusion implies that

A
({

z ∈ K : ‖z − xγ ‖ ≤ r
}) ⊂ {

z ∈ K : ‖z − x̄‖ ≤ 2γ r
}
. (2.183)
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On the other hand, by (2.181) and (2.182),
{
z ∈ K : ‖z − x̄‖ ≤ r/2

} ⊂ {
z ∈ K : ‖z − xγ ‖ ≤ r

}
. (2.184)

It now follows from (2.184), (2.183) and (2.181) that

A
({

x ∈ K : ‖z − x̄‖ ≤ r/2
}) ⊂ A

({
x ∈ K : ‖z − xγ ‖ ≤ r

})

⊂ {
z ∈ K : ‖z − x̄‖ ≤ εr/4

}
.

Corollary 2.26 is proved. �

Corollary 2.27 Assume that X is finite-dimensional. Then the assertion of Corol-
lary 2.26 holds.

Corollary 2.28 Let K be compact. Then Ac is the set of all continuous mappings
A : K → K and the assertion of Corollary 2.26 holds.

We begin the proof of Theorem 2.23 with the following lemma.

Lemma 2.29 Let A ∈ Ac and ε > 0. Then there are x∗ ∈ K , r > 0, and B ∈ Ac

such that

‖Ax − Bx‖ ≤ ε for all x ∈ K,

Bx = x∗ for all x ∈ K satisfying ‖x − x∗‖ ≤ r.

Proof Since A ∈Ac (see (2.174)), there is x∗ ∈ K such that

‖Ax∗ − x∗‖ ≤ ε/8. (2.185)

There also is a number r ∈ (0,1) such that

‖Ax − Ax∗‖ ≤ ε/8 for each x ∈ K such that ‖x − x∗‖ ≤ 2r. (2.186)

By Urysohn’s theorem, there exists a continuous function φ : K → [0,1] such that

φ(x) = 1, x ∈ {
z ∈ K : ‖z − x∗‖ ≤ r

}
(2.187)

and

φ(x) = 0, x ∈ K and ‖x − x∗‖ ≥ 2r.

Set

Bx = φ(x)x∗ + (
1 − φ(x)

)
Ax, x ∈ K. (2.188)

Clearly, B : K → K is continuous, and

Bx = x∗ for all x ∈ K such that ‖x − x∗‖ ≤ r. (2.189)
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Now we show that

‖Bx − Ax‖ ≤ ε for all x ∈ K.

Let x ∈ K . There are two cases: (1) ‖x − x∗‖ ≤ 2r ; (2) ‖x − x∗‖ > 2r .
Consider the first case. Then (2.188), (2.185) and (2.186) imply that

‖Ax − Bx‖ = ∥∥Ax − φ(x)x∗ − (
1 − φ(x)

)
Ax

∥∥

= φ(x)‖x∗ − Ax‖ ≤ ‖x∗ − Ax‖ ≤ ‖x∗ − Ax∗‖ + ‖Ax∗ − Ax‖
≤ ε/8 + ε/8 = ε/4.

Consider now the second case. Then by (2.188) and (2.187),

‖Ax − Bx‖ = ‖Ax − Ax‖ = 0.

Thus ‖Ax − Bx‖ ≤ ε for all x ∈ K . Lemma 2.29 is proved. �

Proof of Theorem 2.23 Denote by E the set of all A ∈ Ac with the following prop-
erty:

There are x∗ ∈ K and r > 0 such that Ax = x∗ for all x ∈ K satisfying ‖x −
x∗‖ ≤ r .

By Lemma 2.29, E is an everywhere dense subset of Ac.
Let A ∈ E and let n be a natural number. There are xA ∈ K and rA ∈ (0,1) such

that

Ax = xA for all x ∈ K satisfying ‖x − xA‖ ≤ rA. (2.190)

Denote by U(A,n) the open neighborhood of A in Ac such that

U(A,n) ⊂ {
B ∈Ac : (A,B) ∈ E(rA/n)

}
. (2.191)

Let B ∈ U(A,n). Clearly,

‖By − Ay‖ ≤ rA/n ≤ 1/n for all y ∈ K. (2.192)

By (2.190) and (2.192), for all y ∈ K such that ‖y − xA‖ ≤ rA,

‖By − xA‖ ≤ ‖By − Ay‖ + ‖Ay − xA‖ ≤ ‖By − Ay‖ ≤ rA/n.

Thus

‖By − xA‖ ≤ rA/n for all y ∈ K such that ‖y − xA‖ ≤ rA. (2.193)

We have shown that the following property holds:

(P1) For each B ∈ U(A,n), (2.193) is true.
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Define

F =
∞⋂

n=1

⋃{
U(A,n) : A ∈ E

}
.

Clearly, F is a countable intersection of open and everywhere dense subsets of Ac.
Let B ∈F and γ ∈ (0,1). Choose a natural number n such that 8/n < γ . By the

definition of F , there are A ∈ E such that

B ∈ U(A,n). (2.194)

It follows from property (P1) and (2.193) that for each C ∈ U(A,n),

C
({

z ∈ K : ‖z − xA‖ ≤ rA
}) ⊂ {

z ∈ K : ‖z − xA‖ ≤ rA/n
}

⊂ {
z ∈ K : ‖z − xA‖ ≤ γ rA

}
.

This completes the proof of Theorem 2.23. �

2.8 Many Nonexpansive Mappings Are Strict Contractions

Let K be a nonempty, bounded, closed and convex subset of a Banach space
(X,‖ · ‖). In this section we consider the space of all nonexpansive self-mappings of
K equipped with an appropriate complete metric d and prove that the complement
of the subset of strict contractions is porous. This result was established in [150].

Set

rad(K) = sup
{‖x‖ : x ∈ K

}
(2.195)

and

d(K) = sup
{‖x − y‖ : x, y ∈ K

}
.

For each A : K → X, let

Lip(A) = sup
{‖Ax − Ay‖/‖x − y‖ : x, y ∈ K,x 
= y

}
(2.196)

be the Lipschitz constant of A. Denote by A the set of all nonexpansive mappings
A : K → K , that is, all self-mappings of K with Lip(A) ≤ 1, or equivalently, all
self-mappings of K which satisfy

‖Ax − Ay‖ ≤ ‖x − y‖ for all x, y ∈ K. (2.197)

We say that a self-mapping A : K → K is a strict contraction if Lip(A) < 1. Our
new metric is defined by

d(A,B) = sup
{‖Ax − Bx‖ : x ∈ K

} + Lip(A − B), (2.198)

where A,B ∈ A. It is not difficult to see that the metric space (A, d) is complete.
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Theorem 2.30 Denote by F the set of all strict contractions A ∈ A. Then A \F is
porous.

Proof Fix a number α > 0 such that

α <
(
1 + 2 rad(K)

)−1
32−1 (2.199)

and fix θ ∈ K . Let A ∈ A and let r ∈ (0,1]. Set

γ = (
1 + 2 rad(K)

)−1
r/8 (2.200)

and put

Aγ x = (1 − γ )Ax + γ θ, x ∈ K. (2.201)

Clearly, Aγ ∈A and for each x, y ∈ K ,

‖Aγ x − Aγ y‖ = (1 − γ )‖Ax − Ay‖ ≤ (1 − γ )‖x − y‖. (2.202)

By (2.201), (2.195), (2.196) and (2.198), for each x ∈ K ,

‖Aγ x − Ax‖ = ∥∥(1 − γ )Ax + γ θ − Ax
∥∥ = γ ‖θ − Ax‖

≤ 2γ rad(K),

Lip(Aγ − A) = sup
{∥∥(Aγ − A)x − (Aγ − A)y

∥∥/‖x − y‖ : x, y ∈ K,x 
= y
}

= sup
{∥∥(γ θ − γAx) − (γ θ − γAy)

∥∥/‖x − y‖ : x, y ∈ K,x 
= y
}

= γ sup
{‖Ax − Ay‖/‖x − y‖ : x, y ∈ K,x 
= y

} ≤ γ,

and

d(A,Aγ ) ≤ 2γ rad(K) + γ = γ
(
1 + 2 rad(K)

)
. (2.203)

Relations (2.200) and (2.203) imply that

d(A,Aγ ) ≤ r/8. (2.204)

Assume that B ∈A,

d(B,Aγ ) ≤ αr. (2.205)

In view of (2.205), (2.198), (2.202) and (2.200), we see that

Lip(B) ≤ Lip(Aγ ) + Lip(B − Aγ ) ≤ Lip(Aγ ) + d(B,Aγ )

≤ Lip(Aγ ) + αr ≤ (1 − γ ) + αr

= 1 − (r/8)
(
1 + 2 rad(K)

)−1 + r(32
(
1 + 2 rad(K)

)−1

≤ 1 − (r/16)
(
1 + 2 rad(K)

)−1
< 1
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and so B ∈F . Clearly, by (2.205), (2.204) and (2.199),

d(B,A) ≤ d(B,Aγ ) + d(Aγ ,A) ≤ αr + r/8 ≤ r.

Thus for each B ∈ A satisfying (2.205), B ∈ F and d(B,A) ≤ r . This completes
the proof of Theorem 2.30. �

Now let F be a nonempty closed convex subset of K . For each x ∈ K , set

ρ(x,F ) = inf
{‖x − y‖ : y ∈ F

}
. (2.206)

Assume that there exists P ∈A such that

P(K) = F, Px = x, x ∈ F. (2.207)

Denote by A(F ) the set of all A ∈ A such that

Ax = x, x ∈ F. (2.208)

Clearly, A(F ) is a closed subset of (A, d).

Theorem 2.31 Denote by F the set of all A ∈ A(F ) which have the following prop-
erty:

There is a number q ∈ (0,1) such that

ρ(Ax,F ) ≤ qρ(x,F ) for all x ∈ K.

Then A(F ) \F is a porous subset of (A(F ), d).

Proof Fix a number α > 0 such that

α <
(
1 + 2 rad(K)

)−132−1. (2.209)

Let A ∈A(F ) and r ∈ (0,1]. Set

γ = (
1 + 2 rad(K)

)−1
r/8 (2.210)

and put

Aγ x = (1 − γ )Ax + γPx, x ∈ K. (2.211)

Clearly, Aγ ∈A,

Aγ x = x, x ∈ F, and Aγ ∈ A(F ). (2.212)

For each x ∈ K and y ∈ F , we have by (2.211),
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ρ(Aγ x,F ) = ρ
(
(1 − γ )Ax + γPx,F

)

≤ ∥∥(1 − γ )Ax + γPx − (
(1 − γ )y + γPx

)∥∥

= (1 − γ )‖Ax − y‖ ≤ (1 − γ )‖x − y‖.
Hence

ρ(Aγ x,F ) ≤ (1 − γ ) inf
{‖x − y‖ : y ∈ F

} = (1 − γ )ρ(x,F ).

Thus

ρ(Aγ x,F ) ≤ (1 − γ )ρ(x,F ), x ∈ K. (2.213)

By (2.211), (2.195), and (2.199), we have for x ∈ K ,

‖Aγ x − Ax‖ = ∥∥(1 − γ )Ax + γPx − Ax
∥∥ = γ ‖Px − Ax‖ ≤ 2γ rad(K),

Lip(Aγ − A) = Lip
(
(1 − γ )A + γP − A

)

= Lip(γ P − γA) ≤ 2γ

and

d(A,Aγ ) ≤ 2γ rad(K) + 2γ = 2γ
(
rad(K) + 1

)
. (2.214)

It follows from (2.214) and (2.210) that

d(A,Aγ ) ≤ r/4. (2.215)

Assume now that

B ∈A(F )

and

d(B,Aγ ) ≤ αr. (2.216)

Then by (2.216), (2.215) and (2.209),

d(B,A) ≤ d(B,Aγ ) + d(Aγ ,A) ≤ αr + r/4 ≤ r. (2.217)

Let x ∈ K and y ∈ F . It follows from (2.208), (2.212), (2.211), (2.196), (2.198),
(2.216), (2.209) and (2.210) that

ρ(Bx,F ) ≤ ∥∥Bx − (
(1 − γ )y + γPx

)∥∥

≤ ‖Bx − Aγ x‖ + ∥∥Aγ x − [
(1 − γ )y + γPx

]∥∥

≤ ∥∥(Bx − By) − (Aγ x − Aγ y)
∥∥ + (1 − γ )‖Ax − y‖

≤ ∥∥(B − Aγ )x − (B − Aγ )y
∥∥ + (1 − γ )‖x − y‖

≤ Lip(B − Aγ )‖x − y‖ + (1 − γ )‖x − y‖
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≤ αr‖x − y‖ + (1 − γ )‖x − y‖ = ‖x − y‖(αr + 1 − γ )

≤ ‖x − y‖(1 − (
1 + 2 rad(K)

)−1
/16

)
.

Therefore

ρ(Bx,F ) ≤ (
1 − (

1 + 2 rad(K)
)−1

/16
)

inf
{‖x − y‖ : y ∈ F

}

= (
1 − (

1 + 2 rad(K)
)−1

/16
)
ρ(x,F ).

Thus B ∈ F . This completes the proof of Theorem 2.31. �

2.9 Krasnosel’skii-Mann Iterations of Nonexpansive Operators

In this section we study the convergence of Krasnosel’skii-Mann iterations of non-
expansive operators on a closed and convex, but not necessarily bounded, subset of
a hyperbolic space. More precisely, we show that in an appropriate complete metric
space of nonexpansive operators, there exists a subset which is a countable inter-
section of open and everywhere dense sets such that each operator belonging to this
subset has a (necessarily) unique fixed point and the Krasnosel’skii-Mann iterations
of the operator converge to it.

Let (X,ρ,M) be a complete hyperbolic space and let K be a closed and
ρ-convex subset of X. Denote by A the set of all operators A : K → K such that

ρ(Ax,Ay) ≤ ρ(x, y) for all x, y ∈ K. (2.218)

Fix some θ ∈ K and for each s > 0, set

B(s) = {
x ∈ K : ρ(x, θ) ≤ s

}
. (2.219)

For the set A we consider the uniformity determined by the following base:

E(n) = {
(A,B) ∈ A×A : ρ(Ax,Bx) ≤ n−1 for all x, y ∈ B(n)

}
, (2.220)

where n is a natural number. Clearly the uniform space A is metrizable and com-
plete.

A mapping A : K → K is called regular if there exists a necessarily unique
xA ∈ K such that

lim
n→∞Anx = xA for all x ∈ K.

A mapping A : K → K is called super-regular if there exists a necessarily unique
xA ∈ K such that for each s > 0,

Anx → xA as n → ∞ uniformly on B(s).
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Denote by I the identity operator. For each pair of operators A,B : K → K and
each r ∈ [0,1], define an operator rA ⊕ (1 − r)B by

(
rA ⊕ (1 − r)B

)
(x) = rAx ⊕ (1 − r)Bx, x ∈ K.

In this section we prove the following three results [132].

Theorem 2.32 Let A : K → K be super-regular and let ε, s be positive numbers.
Then there exist a neighborhood U of A in A and an integer n0 ≥ 2 such that for
each B ∈ U , each x ∈ B(s) and each integer n ≥ n0, the following inequality holds:
ρ(xA,Bnx) ≤ ε.

Theorem 2.33 There exists a set F0 ⊂A which is a countable intersection of open
and everywhere dense sets in A such that each A ∈ F0 is super-regular.

Let {r̄n}∞n=1 be a sequence of positive numbers from the interval (0,1) such that

lim
n→∞ r̄n = 0 and

∞∑

n=1

r̄n = ∞.

Theorem 2.34 There exists a set F ⊂ A which is a countable intersection of open
and everywhere dense sets in A such that each A ∈ F is super-regular and the
following assertion holds:

Let xA ∈ K be the unique fixed point of A ∈ F and let δ, s > 0. Then there exist
a neighborhood U of A in A and an integer n0 ≥ 1 such that for each sequence of
positive numbers {rn}∞n=1 satisfying rn ∈ [r̄n,1], n = 1,2, . . . , and each B ∈ U the
following relations hold:

(i)

ρ
((

rnB ⊕ (1 − rn)I
) · · · (r1B ⊕ (1 − r1)I

)
x,

(
rnB ⊕ (1 − rn)I

) · · · (r1B ⊕ (1 − r1)I
)
y
) ≤ δ

for each integer n ≥ n0 and each x, y ∈ B(s);
(ii) if B ∈ U is regular, then

ρ
((

rnB ⊕ (1 − rn)I
) · · · (r1B ⊕ (1 − r1)I

)
x, xA

) ≤ δ

for each integer n ≥ n0 and each x ∈ B(s).

Proof of Theorem 2.32 We may assume that ε ∈ (0,1). Recall that xA is the unique
fixed point of A. There exists an integer n0 ≥ 4 such that for each x ∈ B(2s + 2 +
2ρ(xA, θ)) and each integer n ≥ n0,

ρ
(
xA,Anx

) ≤ 8−1ε. (2.221)
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Set

U = {
B ∈ A : ρ(Ax,Bx) ≤ (8n0)

−1ε, x ∈ B
(
8s + 8 + 8ρ(xA, θ)

)}
. (2.222)

Let B ∈ U . It is easy to see that for each x ∈ K and all integers n ≥ 1,

ρ
(
Anx,Bnx

) ≤ ρ
(
Anx,ABn−1x

) + ρ
(
ABn−1x,Bnx

)

≤ ρ
(
An−1x,Bn−1x

) + ρ
(
ABn−1x,Bnx

)
(2.223)

and

ρ
(
Bnx,xA

) ≤ ρ
(
Bnx,Anx

) + ρ
(
Anx,xA

) ≤ ρ
(
Bnx,Anx

) + ρ(x, xA)

≤ ρ
(
Bnx,Anx

) + ρ(x, θ) + ρ(θ, xA). (2.224)

Using (2.222), (2.223) and (2.224) we can show by induction that for all x ∈ B(4s +
4 + 4ρ(xA, θ)), and for all n = 1,2, . . . , n0,

ρ
(
Anx,Bnx

) ≤ (8n0)
−1εn (2.225)

and

ρ
(
Bnx, θ

) ≤ 2ρ(xA, θ) + ρ(x, θ) + 1

2
.

Let y ∈ B(s). We intend to show that ρ(xA,Bny) ≤ ε for all integers n ≥ n0. Indeed,
by (2.225),

ρ
(
θ,Bmy

) ≤ 1

2
+ 2ρ(xA, θ) + s, m = 1, . . . , n0. (2.226)

By (2.225) and (2.221),

ρ
(
xA,Bn0y

) ≤ ε/2. (2.227)

Now we are ready to show by induction that for all integers m ≥ n0,

ρ
(
xA,Bmy

) ≤ ε. (2.228)

By (2.227), inequality (2.228) is valid for m = n0.
Assume that an integer k ≥ n0 and that (2.228) is valid for all integers m ∈

[n0, k]. Together with (2.226) this implies that

ρ
(
θ,Biy

) ≤ 1

2
+ 2ρ(xA, θ) + s, i = 1, . . . , k. (2.229)

Set

j = 1 + k − n0 and x = Bjy. (2.230)

By (2.229), (2.230), (2.221) and (2.225),

ρ
(
An0x,Bn0x

) ≤ ε/8, ρ
(
xA,An0x

) ≤ ε/8 and ρ
(
xA,Bk+1y

) ≤ ε/4.

This completes the proof of Theorem 2.32. �
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Proof of Theorem 2.33 For each A ∈A and γ ∈ (0,1), define Aγ : K → K by

Aγ x = (1 − γ )Ax ⊕ γ θ, x ∈ K.

Let A ∈A and γ ∈ (0,1). Clearly,

ρ(Aγ x,Aγ y) ≤ (1 − γ )ρ(Ax,Ay) ≤ (1 − γ )ρ(x, y), x, y ∈ K.

Therefore there exists x(A,γ ) ∈ K such that

Aγ

(
x(A,γ )

) = x(A,γ ).

Evidently, Aγ is super-regular and the set {Aγ : A ∈ A, γ ∈ (0,1)} is everywhere
dense in A. By Theorem 2.32, for each A ∈ A, each γ ∈ (0,1) and each inte-
ger i ≥ 1, there exist an open neighborhood U(A,γ, i) of Aγ in A and an integer
n(A,γ, i) ≥ 2 such that the following property holds:

(i) for each B ∈ U(A,γ, i), each x ∈ B(4i+1) and each n ≥ n(A,γ, i),

ρ
(
x(A,γ ),Bnx

) ≤ 4−i−1.

Define

F0 =
∞⋂

q=1

⋃{
U(A,γ, i) : A ∈ U,γ ∈ (0,1), i = q, q + 1, . . .

}
.

Clearly, F0 is a countable intersection of open and everywhere dense sets in A.
Let A ∈ F0. There exist sequences {Aq}∞q=1 ⊂ A, {γq}∞q=1 ⊂ (0,1) and a strictly

increasing sequence of natural numbers {iq}∞q=1 such that

A ∈ U(Aq, γq, iq), q = 1,2, . . . . (2.231)

By property (i) and (2.231), for each x ∈ B(4iq+1) and each integer n ≥ n(Aq,

γq, iq),

ρ
(
x(Aq, γq),Anx

) ≤ 4−iq−1.

This implies that A is super-regular. Theorem 2.33 is proved. �

In order to prove Theorem 2.34 we need the following auxiliary results.
Let

r̄n ∈ (0,1), n = 1,2, . . . , lim
n→∞ r̄n = 0,

∞∑

n=1

r̄n = 1. (2.232)

Lemma 2.35 Let A ∈ A, S1 > 0 and let n0 ≥ 2 be an integer. Then there exist a
neighborhood U of A in A and a number S∗ > S1 such that for each B ∈ U , each
sequence {ri}n0−1

i=1 ⊂ (0,1] and each sequence {xi}n0
i=1 ⊂ K satisfying

x1 ∈ B(S1), xi+1 = riBxi ⊕ (1 − ri)xi, i = 1, . . . , n0 − 1, (2.233)



2.9 Krasnosel’skii-Mann Iterations of Nonexpansive Operators 59

the following relations hold:

xi ∈ B(S∗), i = 1, . . . , n0.

Proof Set

Si+1 = 2Si + 2 + 2ρ(θ,Aθ), i = 1, . . . , n0 − 1, and S∗ = Sn0 . (2.234)

Set

U = {
B ∈A : ρ(Ax,Bx) ≤ 1, x ∈ B(S∗)

}
. (2.235)

Assume that B ∈ U , {ri}n0−1
i=1 ⊂ (0,1], {xi}n0

i=1 ⊂ K and that (2.233) holds. We will
show that

ρ(θ, xi) ≤ Si, i = 1, . . . , n0. (2.236)

Clearly, (2.236) is valid for i = 1. Assume that the integer m ∈ [1, n0 − 1] and that
(2.236) holds for all integers i = 1, . . . ,m. Then by (2.236) with i = m, (2.233),
(2.235) and (2.234),

ρ(θ, xm+1) = ρ
(
θ, rmB(xm) ⊕ (1 − rm)xm

)

≤ ρ
(
rmB(θ) ⊕ (1 − rm)xm, rmB(xm) ⊕ (1 − rm)xm

)

+ ρ
(
θ, rmB(θ) ⊕ (1 − rm)xm

)

≤ rmρ(θ, xm) + ρ
(
θ,B(θ)

) + ρ
(
B(θ), rmB(θ) ⊕ (1 − rm)xm

)

≤ Sm + ρ
(
θ,A(θ)

) + ρ
(
A(θ),B(θ)

) + ρ
(
B(θ), xm

)

≤ Sm + ρ
(
θ,A(θ)

) + 1 + ρ(xm, θ) + ρ(θ,Aθ) + ρ
(
A(θ),B(θ)

)

≤ 2Sm + 2ρ
(
θ,A(θ)

) + 2 = Sm+1.

Lemma 2.35 is proved. �

For each A ∈A and each γ ∈ (0,1), define Aγ : K → K by

Aγ x = (1 − γ )Ax ⊕ γ θ, x ∈ K. (2.237)

Let A ∈A and γ ∈ (0,1). Clearly,

ρ(Aγ x,Aγ y) ≤ (1 − γ )ρ(x, y), x, y ∈ K. (2.238)

There exists x(A,γ ) ∈ K such that

Aγ

(
x(A,γ )

) = x(A,γ ).

Clearly, Aγ is super-regular and the set {Aγ : A ∈ A, γ ∈ (0,1)} is everywhere
dense in A.
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Lemma 2.36 Let A ∈A, γ ∈ (0,1), r ∈ (0,1] and x, y ∈ X. Then

ρ
(
rAγ x ⊕ (1 − r)x, rAγ y ⊕ (1 − r)y

) ≤ (1 − γ r)ρ(x, y).

Proof By (2.238),

ρ
(
rAγ x ⊕ (1 − r)x, rAγ y ⊕ (1 − r)y

) ≤ rρ(Aγ x,Aγ y) + (1 − r)ρ(x, y)

≤ (1 − r)ρ(x, y) + r(1 − γ )ρ(x, y)

= ρ(x, y)(1 − γ r).

Lemma 2.36 is proved. �

Lemma 2.37 Let A ∈ A, γ ∈ (0,1) and δ, S > 0. Then there exist a neighborhood
U of Aγ in A and an integer n0 ≥ 4 such that for each B ∈ U , each sequence of
numbers ri ∈ [r̄i ,1], i = 1, . . . , n0 −1, and each x, y ∈ B(S), the following inequal-
ity holds:

ρ
((

rn0−1B ⊕ (1 − rn0−1)I
) · · · (r1B ⊕ (1 − r1)I

)
x,

(
rn0−1B ⊕ (1 − rn0−1)I

) · · · (r1B ⊕ (1 − r1)I
)
y
) ≤ δ.

Proof Choose a number

γ0 ∈ (0, γ ). (2.239)

Clearly,
∏∞

i=1(1 − γ0r̄i ) → 0 as n → ∞. Therefore there exists an integer n0 ≥ 4
such that

(2S + 2)

n0−1∏

i=1

(1 − γ0r̄i ) < δ/2. (2.240)

By Lemma 2.35, there exist a neighborhood U1 of Aγ in A and a number S∗ > 0

such that for each B ∈ U1, each sequence {ri}n0−1
i=1 ⊂ (0,1], and each sequence

{xi}n0
i=1 ⊂ X satisfying

x1 ∈ B(S), xi+1 = riBxi ⊕ (1 − ri)xi, i = 1, . . . , n0 − 1, (2.241)

the following relations hold:

xi ∈ B(S∗), i = 1, . . . , n0. (2.242)

Choose a natural number m1 such that

m1 > 2S∗ + 2 and 8m−1
1 < δ(γ − γ0)ri , i = 1, . . . , n0 − 1, (2.243)

and define

U = {
B ∈ U1 : ρ(Aγ x,Bx) < m−1

1 , x ∈ B(m1)
}
. (2.244)
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Assume that B ∈ U , ri ∈ [r̄i ,1], i = 1, . . . , n0 − 1, and

x, y ∈ B(S). (2.245)

Set

x1 = x, y1 = y, xi+1 = riBxi ⊕ (1 − ri)xi,

yi+1 = riByi ⊕ (1 − ri)yi, i = 1, . . . , n0 − 1.
(2.246)

It follows from the definition of U1 (see (2.241) and (2.242)) that

yi, xi ∈ B(S∗), i = 1, . . . , n0. (2.247)

To prove the lemma it is sufficient to show that

ρ(xn0, yn0) ≤ δ. (2.248)

Assume the contrary. Then

ρ(xi, yi) > δ, i = 1, . . . , n0. (2.249)

Fix i ∈ {1, . . . , n0 −1}. It follows from (2.246), (2.247), (2.243), (2.244) and (2.237)
that

ρ(xi+1, yi+1) = ρ
(
riBxi ⊕ (1 − ri)xi, riByi ⊕ (1 − ri)yi

)

≤ ρ
(
riAγ xi ⊕ (1 − ri)xi, riAγ yi ⊕ (1 − ri)yi

)

+ ρ(Aγ xi,Bxi) + ρ(Aγ yi,Byi)

≤ riρ(Aγ xi,Aγ yi) + (1 − ri)ρ(xi, yi) + 2m−1
1

≤ 2m−1
1 + (1 − ri)ρ(xi, yi) + riρ(xi, yi)(1 − γ )

≤ 2m−1
1 + ρ(xi, yi)

(
1 − ri + ri(1 − γ )

)

= 2m−1
1 + ρ(xi, yi)(1 − γ ri). (2.250)

By (2.250), (2.243) and (2.249),

ρ(xi+1, yi+1) ≤ ρ(xi, yi)(1 − γ0ri),

and since this inequality holds for all i ∈ {1, . . . , n0 − 1}, it follows from (2.245)
and (2.240) that

ρ(xn0 , yn0) ≤ 2S

n0−1∏

i=1

(1 − γ0ri) < δ/2.

This contradicts (2.249) and proves Lemma 2.37. �
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Proof of Theorem 2.34 Let

{r̄n}∞n=1 ⊂ (0,1), lim
n→∞ r̄n = 0,

∞∑

n=1

r̄n = ∞. (2.251)

By Theorem 2.33, there exists a set F0 ⊂ A which is a countable intersection of
open and everywhere dense sets such that each A ∈ F0 is super-regular.

For each A ∈A and each γ > 0, define Aγ ∈A by

Aγ x = (1 − γ )Ax ⊕ γ θ, x ∈ K.

Clearly, Aγ is super-regular, and for each A ∈ A and γ ∈ (0,1), there exists
x(A,γ ) ∈ K for which

Aγ

(
x(A,γ )

) = x(A,γ ). (2.252)

Let A ∈ A, γ ∈ (0,1) and let i ≥ 1 be an integer. By Lemma 2.37, there exist an
open neighborhood U1(A,γ, i) of Aγ in A and an integer n0(A,γ, i) ≥ 4 such that
the following property holds:

(a) for each B ∈ U1(A,γ, i), each sequence of numbers

rj ∈ [r̄j ,1], j = 1, . . . , n0(A,γ, i) − 1,

and each pair of sequences {xi}n0(A,γ,i)

i=1 , {yi}n0(A,γ,i)

i=1 ⊂ X satisfying

x1, y1 ∈ B
(
8i+1(4 + 4ρ

(
x(A,γ ), θ

)))
, (2.253)

xi+1 = riBxi ⊕ (1 − ri)xi, yi+1 = riByi ⊕ (1 − ri)yi,

i = 1, . . . , n0(A,γ, i) − 1, (2.254)

the following inequality holds:

ρ(xn0(A,γ,i), yn0(A,γ,i)) ≤ 8−i−1. (2.255)

Since Aγ is super-regular, by Theorem 2.32 there is an open neighborhood
U(A,γ, i) of Aγ in A and an integer n(A,γ, i), such that

U(A,γ, i) ⊂ U1(A,γ, i), n(A,γ, i) ≥ n0(A,γ, i), (2.256)

and the following property holds:
(b) for each B ∈ U(A,γ, i), each x ∈ B(8i+1(2 + 2ρ(x(A,γ ), θ))) and each

integer m ≥ n(A,γ, i),

ρ
(
x(A,γ ),Bmx

) ≤ 8−1−i . (2.257)

Define

F = F0 ∩
[ ∞⋂

q=1

⋃{
U(A,γ, i) : A ∈A, γ ∈ (0,1), i = q, q + 1, . . .

}
]

.

Clearly, F is a countable intersection of open and everywhere dense sets in A.
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Let A ∈F . Then A ∈ F0 and it is super-regular. There exists x(A) ∈ K such that

A
(
x(A)

) = x(A). (2.258)

There also exist sequences {Aq}∞q=1 ⊂ A, {γq}∞q=1 ⊂ (0,1) and a strictly increasing
sequence of natural numbers {iq}∞q=1 such that

A ∈ U(Aq, γq, iq), q = 1,2, . . . . (2.259)

Let δ, s > 0. Choose a natural number q such that

2q > 16(s + 1) and 2−q < 8−1δ, (2.260)

and consider the open set U(Aq, γq, iq).
Let rj ∈ [r̄j ,1], j = 1,2, . . . , and B ∈ U(Aq, γq, iq). By property (a), the first

part the theorem (assertion (i)) is valid.
To prove assertion (ii), assume, in addition, that B is regular. Then there is

x(B) ∈ K such that

B
(
x(B)

) = x(B). (2.261)

By property (b),

ρ
(
x(Aq, γq), x(A)

)
, ρ

(
x(Aq, γq), x(B)

) ≤ 8−iq−1. (2.262)

Let x1 ∈ B(s) and

xj+1 = rjBxj ⊕ (1 − rj )xj , j = 1,2, . . . .

It follows from property (a) and (2.261) that

ρ
(
xj , x(B)

) ≤ 8−iq−1 for all integers j ≥ n(Aq, γq, iq).

Together with (2.262) and (2.260), this implies that for all integers j ≥ n(Aq, γq, iq),

ρ
(
xj , x(A)

) ≤ 3 · 8−iq−1 < δ.

This completes the proof of Theorem 2.34. �

2.10 Power Convergence of Order-Preserving Mappings

In this section we study the asymptotic behavior of the iterations of those order-
preserving mappings on an interval 〈0, u∗〉 in an ordered Banach space X for which
the origin is a fixed point. Here u∗ is an interior point of the cone of positive elements
X+ of the space X. Such classes of order-preserving mappings arise, for example,
in mathematical economics. We show that for a generic mapping there exists a fixed
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point which belongs to the interior of X+ such that the iterations of the mapping
with an initial point in the interior of X+ converge to it.

Let (X,‖ · ‖) be a Banach space ordered by a closed cone X+ with a nonempty
interior such that ‖x‖ ≤ ‖y‖ for each x, y ∈ X+ satisfying x ≤ y. For each u,v ∈ X

such that u ≤ v denote

〈u,v〉 = {x ∈ X : u ≤ x ≤ v}.
Let u∗ be an interior point of X+. Define

‖x‖∗ = inf
{
r ∈ [0,∞) : −ru∗ ≤ x ≤ ru∗

}
, x ∈ X. (2.263)

Clearly, ‖ · ‖∗ is a norm on X which is equivalent to the norm ‖ · ‖.
An operator A : 〈0, u∗〉 → 〈0, u∗〉 is called monotone if

Ax ≤ Ay for each x, y ∈ 〈0, u∗〉 such that x ≤ y. (2.264)

Denote by M the set of all monotone continuous operators A : 〈0, u∗〉 → 〈0, u∗〉
such that

A(0) = 0 (2.265)

and

A(αz) ≥ αAz for all z ∈ 〈0, u∗〉 and α ∈ [0,1]. (2.266)

Geometrically, (2.266) means that the hypograph of A is star-shaped with respect to
the origin.

For the space M we define a metric ρ : M×M → [0,∞) by

ρ(A,B) = sup
{‖Ax − Bx‖∗ : x ∈ 〈0, u∗〉

}
, A,B ∈ M. (2.267)

It is easy to see that the metric space M is complete.
An operator A : 〈0, u∗〉 → 〈0, u∗〉 is called concave if for all x, y ∈ 〈0, u∗〉 and

α ∈ [0,1],
A

(
αx + (1 − α)y

) ≥ αAx + (1 − α)Ay. (2.268)

We denote by Mco the set of all concave operators A ∈ M. Clearly, Mco is
a closed subset of M. We consider the topological subspace Mco ⊂ M with the
relative topology.

The spaces M and Mco are very important, for example, from the point of view
of mathematical economics. In this area of research order-preserving mappings A

are usually models of economic dynamics and the condition A(0) = 0 means that
if we have no resources, then we produce nothing. Concavity means that the com-
bination of resources allows one to produce at least the corresponding combination
of outputs and even more than this combination. Monotonicity means that a larger
input leads to a larger output. A particular class of concave operators are those oper-
ators which are positively homogeneous of degree m ≤ 1. Such operators were stud-
ied by many mathematical economists in the finite dimensional case (see [105] and



2.10 Power Convergence of Order-Preserving Mappings 65

the references mentioned there). For more information on ordered Banach spaces,
order-preserving mappings and their applications see, for example, [3, 4].

We are now ready to state and prove the main result of this section. This result
was established in [164].

Theorem 2.38 There exist a set F ⊂ M which is a countable intersection of open
and everywhere dense sets in M and a set Fco ⊂ F ∩ Mco which is a countable
intersection of open and everywhere dense sets in Mco such that for each P ∈ F ,
there exists xP ∈ 〈0, u∗〉 for which the following two assertions hold:

1. The point xP is an interior point of X+ and limt→∞ P tx = xP for each x ∈
〈0, u∗〉 which is an interior point of the cone X+.

2. For each γ, ε ∈ (0,1), there exist an integer N ≥ 1 and a neighborhood U of P

in M such that for each C ∈ U , each z ∈ 〈γ u∗, u∗〉 and each integer T ≥ N ,
∥∥CT z − xP

∥∥∗ ≤ ε.

Proof of Theorem 2.38 For each x, y ∈ X+ define

λ(x, y) = sup
{
r ∈ [0,∞) : rx ≤ y

}
. (2.269)

In the proof of Theorem 2.38 we will use several auxiliary results.

Lemma 2.39 The function y → λ(u∗, y), y ∈ X+, is continuous, concave and pos-
itively homogeneous.

Proof All we need to show is that the function y → λ(u∗, y), y ∈ X+, is continuous.
To this end, assume that y ∈ X+, {yn}∞n=1 ⊂ X+ and

‖yn − y‖∗ → 0 as n → ∞. (2.270)

We show that

λ(u∗, yn) → λ(u∗, y) as n → ∞. (2.271)

It is well known that (2.271) is true if y is an interior point of X+. Therefore we
may assume that y is not an interior point of X+.

Clearly,

λ(u∗, y) = 0. (2.272)

We show that

lim
n→∞λ(u∗, yn) = 0. (2.273)

Assume the contrary. Then there exists a subsequence {ynk
}∞k=1 and a number r > 0

such that

ynk
≥ ru∗, k = 1,2, . . . . (2.274)
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Together with (2.270) this implies that

y ≥ ru∗ and λ(u∗, y) ≥ r.

Since this contradicts (2.272), we see that (2.273) does hold. This completes the
proof of Lemma 2.39. �

Define now an operator φ : 〈0, u∗〉 → X+ by

φ(x) = λ(u∗, x)1/2u∗, x ∈ 〈0, u∗〉. (2.275)

By using Lemma 2.39 one can easily check that

φ ∈Mco. (2.276)

Let A ∈ M and let i ≥ 1 be an integer. Define an operator A(i) : 〈0, u∗〉 → 〈0, u∗〉
by

A(i)x = (
1 − 2−i

)
Ax + 2−iφ(x), x ∈ 〈0, u∗〉. (2.277)

Lemma 2.40 Let A ∈ M and let i ≥ 1 be an integer. Then A(i) ∈ M. Moreover, if
A ∈ Mco, then A(i) ∈Mco.

It is clear that for each A ∈ M and each integer i ≥ 1,

ρ
(
A(i),A

) ≤ 2−i . (2.278)

Lemma 2.41 Let A ∈M and let i ≥ 1 be an integer. Then

A(i)
(
16−iu∗

) ≥ 8−iu∗. (2.279)

Proof By (2.277) and (2.275),

A(i)
(
16−iu∗

) ≥ 2−iφ
(
16−iu∗

) ≥ 2−i
(
16−i

)1/2
u∗ ≥ 8−iu∗. �

For each A ∈ M and each integer i ≥ 1, we now define the operator B(A,i) :
〈0, u∗〉 → 〈0, u∗〉 by

B(A,i)(x) = (
1 − 16−i

)
A(i)x + min

{
λ(u∗, x),16−i

}
u∗, x ∈ 〈0, u∗〉. (2.280)

Lemma 2.42 Let A ∈M and let i ≥ 1 be an integer. Then

B(A,i)
(
16−iu∗

) ≥ (
8−i + 2−1 · 16−i

)
u∗ (2.281)

and B(A,i) ∈ M. Moreover, if A ∈Mco, then B(A,i) ∈ Mco.
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Proof It follows from (2.280) and (2.279) that

B(A,i)
(
16−iu∗

) ≥ (
1 − 16−i

)(
8−iu∗

) + 16−iu∗ ≥ (
8−i + 2−1 · 16−i

)
u∗.

Therefore (2.271) is valid. By Lemma 2.40, B(A,i)(0) = 0 and the operator B(A,i)

is monotone. Lemmas 2.39, 2.40 and (2.280) imply that B(A,i) is a continuous op-
erator. It follows from Lemma 2.39 that the operator

x → min
{
λ(u∗, x),16−i

}
u∗, x ∈ 〈0, u∗〉,

is concave. When combined with (2.280), Lemma 2.40 and (2.264), this implies that

B(A,i)(αz) ≥ αB(A,i)z for each z ∈ 〈0, u∗〉 and each α ∈ [0,1],
and that if A ∈ Mco, then B(A,i) is concave. This completes the proof of
Lemma 2.42. �

It follows from (2.280), (2.278) and (2.267) that for each A ∈ M and each integer
i ≥ 1,

ρ
(
A,B(A,i)

) ≤ 2−i + 16−i . (2.282)

Lemma 2.43 Let A ∈M and let i ≥ 1 be an integer. Then

lim
t→∞λ

((
B(A,i)

)t
(u∗),

(
B(A,i)

)t(16−iu∗
)) = 1. (2.283)

Proof Clearly,

(
B(A,i)

)t+1
(u∗) ≤ (

B(A,i)
)t

(u∗), t = 1,2, . . . (2.284)

and
(
B(A,i)

)t(16−iu∗
) ≤ (

B(A,i)
)t

(u∗), t = 1,2, . . . .

Lemma 2.42 (see 2.361)) implies that for each integer t ≥ 1,

(
B(A,i)

)t+1(16−iu∗
) ≥ (

B(A,i)
)t(16−iu∗

) ≥ (
8−i + 2−1 · 16−i

)
u∗. (2.285)

For t = 0,1, . . . we set

λt = λ
((

B(A,i)
)t

(u∗),
(
B(A,i)

)t(16−iu∗
))

. (2.286)

By (2.284),

λt ≤ 1, t = 0,1, . . . . (2.287)

Let t ≥ 0 be an integer. It follows from (2.280), (2.286), (2.269), (2.285),
Lemma 2.40 and (2.287) that
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(
B(A,i)

)t+1(16−iu∗
) = B(A,i)

((
B(A,i)

)t(16−iu∗
))

= (
1 − 16−i

)
A(i)

((
B(A,i)

)t(16−iu∗
))

+ min
{
λ
(
u∗,

(
B(A,i)

)t(16−iu∗
))

,16−i
}
u∗

≥ (
1 − 16−i

)
A(i)

(
λt

(
B(A,i)

)t
(u∗)

) + 16−iu∗

≥ (
1 − 16−i

)
λtA

(i)
((

B(A,i)
)t

(u∗)
) + 16−iu∗

= λt

[(
1 − 16−i

)
A(i)

((
B(A,i)

)t
(u∗)

) + 16−iu∗
]

+ (1 − λt )16−iu∗

= λt

[(
1 − 16−i

)
A(i)

(
B(A,i)

)t
(u∗)

+ min
{
λ
(
u∗,

(
B(A,i)

)t
(u∗)

)
,16−i

}
u∗

] + (1 − λt )16−iu∗

= λt

(
B(A,i)

)t+1
(u∗) + (1 − λt )16−iu∗

≥ (
λt + (1 − λt )16−i

)(
B(A,i)

)t+1
(u∗).

This implies that

λt+1 ≥ λt + (1 − λt )16−i . (2.288)

Combining (2.287) and (2.288), we see that

Λ = lim
t→∞λt (2.289)

exists. By (2.289) and (2.288), Λ ≥ Λ + (1 − Λ)16−1. By (2.287) this implies that
Λ = 1. Lemma 2.43 is proved. �

Lemma 2.44 Let A ∈ M and let i ≥ 1 be an integer. Then there exists x(A,i) ∈
〈0, u∗〉 such that

x(A,i) ≥ (
8−i + 2−1 · 16−i

)
u∗ (2.290)

and

lim
t→∞

(
B(A,i)

)t(16−iu∗
) = lim

t→∞
(
B(A,i)

)t
(u∗) = x(A,i). (2.291)

Proof It is clear that inequalities (2.284) hold. Lemma 2.42 implies that for each
integer t ≥ 1, inequality (2.283) is also valid. By Lemma 2.43, (2.284) and (2.285),

lim
t→∞

[(
B(A,i)

)t
u∗ − (

B(A,i)
)t(16−iu∗

)] = 0, (2.292)

and {(B(A,i))tu∗}∞t=1, as well as {(B(A,i))t (16−iu∗)}∞t=1, are Cauchy sequences.
Therefore there exist x1, x2 ∈ 〈0, u∗〉 such that

x1 = lim
t→∞

(
B(A,i)

)t(16−iu∗
)

and x2 = lim
t→∞

(
B(A,i)

)t
u∗.
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By (2.292) and (2.285), x1 = x2 ≥ (8−i + 2−1 · 16−i )u∗. This completes the proof
of Lemma 2.44. �

Lemma 2.45 Let A ∈ M, ε > 0, z ∈ 〈0, u∗〉 and let n ≥ 1 be an integer. Then there
exists a neighborhood U of A in M such that for each C ∈ U ,

∥∥Cnz − Anz
∥∥∗ < ε.

Proof We prove the lemma by induction. It is clear that the assertion of the lemma
is valid for n = 1. Assume that it is valid for an integer n ≥ 1. There exists

δ ∈ (
0,8−1ε

)
(2.293)

such that
∥∥Ay − A

(
Anz

)∥∥∗ ≤ 8−1ε (2.294)

for each y ∈ 〈0, u∗〉 satisfying ‖y − Anz‖∗ ≤ δ. Since the assertion of the lemma is
assumed to be valid for n, there exists a neighborhood U0 of A in M such that for
each C ∈ U0,

∥∥Cnz − Anz
∥∥∗ < δ. (2.295)

Set

U = {
C ∈ U0 : ρ(C,A) < 8−1ε

}
, (2.296)

and let C ∈ U . The definition of U implies that
∥∥An+1z − Cn+1z

∥∥∗ ≤ ∥∥An+1z − ACnz
∥∥∗ + ∥∥ACnz − Cn+1z

∥∥∗
≤ ∥∥An+1z − ACnz

∥∥∗ + 8−1ε. (2.297)

By (2.295),
∥∥Anz − Cnz

∥∥∗ < δ.

It follows from this inequality and the choice of δ (see (2.293) and (2.294)) that
∥∥ACnz − A

(
Anz

)∥∥∗ ≤ 8−1ε.

Together with (2.297) this implies that
∥∥An+1z − Cn+1z

∥∥∗ ≤ 4−1ε.

This completes the proof of Lemma 2.45. �

Let A ∈ M and let i ≥ 1 be an integer. By Lemma 2.44, there exists an integer
N(A, i) ≥ 4 such that

∥∥(
B(A,i)

)N(A,i)(16−iu∗
) − (

B(A,i)
)N(A,i)

(u∗)
∥∥∗ ≤ 16−i−1. (2.298)
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By Lemma 2.45, there exists an open neighborhood U(A, i) of B(A,i) in M such
that

U(A, i) ⊂ {
C ∈ M : ρ(

C,B(A,i)
) ≤ 16−i−2}, (2.299)

and for each C ∈ U(A, i),

∥∥CN(A,i)
(
16−iu∗

) − (
B(A,i)

)N(A,i)(16−iu∗
)∥∥∗ ≤ 16−i−2,

∥∥CN(A,i)(u∗) − (
B(A,i)

)N(A,i)
(u∗)

∥∥∗ ≤ 16−i−2.

(2.300)

Lemma 2.46 Let A ∈ M and let i ≥ 1 be an integer. Assume that C ∈ U(A, i).
Then

Ct
(
16−iu∗

) ≥ 8−iu∗, t = 1,2, . . . , (2.301)

and for each z ∈ 〈16−iu∗, u∗〉 and each integer T ≥ N(A, i), the following inequal-
ity holds:

∥∥CT z − x(A, i)
∥∥∗ ≤ 16−i−1 + 16−i−2. (2.302)

Proof By the definition of U(A, i) (see (2.299)) and Lemma 2.42 (see (2.281)),
∥∥C

(
16−iu∗

) − B(A,i)
(
16−iu∗

)∥∥∗ ≤ 16−i−2

and

C
(
16−iu∗

) ≥ B(A,i)
(
16−iu∗

) − 16−i−2u∗

≥ (
8−i + 2−1 · 16−i

)
u∗ − 16−i−2u∗ ≥ 8−iu∗. (2.303)

Since the operator C is monotone, (2.303) implies that

Ct+1(16−iu∗
) ≥ Ct

(
16−iu∗

)
, t = 0,1, . . . . (2.304)

Inequalities (2.304) and (2.303) imply (2.301), as claimed.
Assume that z ∈ 〈16−iu∗, u∗〉 and let T ≥ N(A, i) be an integer. Since the op-

erator C is monotone, it follows from (2.304) and the definition of U(A, i) (see
(2.300)) that

CT z ∈ 〈
CT

(
16−iu∗

)
,CT (u∗)

〉 ⊂ 〈
CN(A,i)

(
16−iu∗

)
,CN(A,i)u∗

〉

⊂ 〈(
B(A,i)

)N(A,i)(16−iu∗
)

− 16−i−2u∗,
(
B(A,i)

)N(A,i)
(u∗) + 16−i−2u∗

〉
. (2.305)

By Lemma 2.44, (2.281), (2.305) and (2.298),

CT z − x(A, i) ∈ 〈(
B(A,i)

)N(A,i)(16−iu∗
) − 16−i−2u∗ − x(A, i),

(
B(A,i)

)N(A,i)
(u∗) + 16−i−2u∗ − x(A, i)

〉
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and

x(A, i) − CT z,−x(A, i) + CT z

≤ (
B(A,i)

)N(A,i)
(u∗) − (

B(A,i)
)N(A,i)(16−iu∗

) + 16−i−2u∗

≤ (
16−i−1 + 16−i−2)u∗.

This implies (2.302) and completes the proof of Lemma 2.46. �

Completion of the proof of Theorem 2.38 Define

F =
∞⋂

q=1

⋃{
U(A, i) : A ∈ M, i = q, q + 1, . . .

}

and

Fco =
∞⋂

q=1

⋃{
U(A, i) ∩Mco : A ∈ Mco, i = q, q + 1, . . .

}
.

It is easy to see that Fco ⊂ F ∩ Mco, F is a countable intersection of open and
everywhere dense sets in M, and that Fco is a countable intersection of open and
everywhere dense sets in Mco. Assume that P ∈ F and ε, γ ∈ (0,1). Choose a
natural number q for which

64 · 2−q < 64−1 min{ε, γ }. (2.306)

There exist A ∈ M and a natural number i ≥ q such that

P ∈ U(A, i). (2.307)

By Lemma 2.46,

Ct
(
16−iu∗

) ≥ 8−iu∗ for all integers t ≥ 1 and all C ∈ U(A, i), (2.308)

and

∥∥CT z − x(A, i)
∥∥∗ ≤ 16−i−1 + 16−i−2 for all C ∈ U(A, i),

each integer T ≥ N(A, i) and each z ∈ 〈
16−iu∗, u∗

〉
. (2.309)

Now (2.309), (2.306) and (2.307) imply that

∥∥P T z − x(A, i)
∥∥∗ ≤ ε for each integer T ≥ N(A, i)

and each z ∈ 〈γ u∗, u∗〉. (2.310)
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Since ε is an arbitrary number in the interval (0,1), we conclude that for each z ∈
〈γ u∗, u∗〉, there exists limt→∞ P tz. By (2.310),

∥∥∥ lim
t→∞P T z − x(A, i)

∥∥∥∗ ≤ ε for each z ∈ 〈γ u∗, u∗〉. (2.311)

Hence

lim
t→∞P tz1 = lim

t→∞P tz2

for each z1, z2 ∈ 〈γ u∗, u∗〉.
Since γ ∈ (0,1) is also arbitrary, we conclude that

lim
t→∞P tz = xP (2.312)

for each z ∈ 〈0, u∗〉 which is an interior point of X+. By (2.308), xP is an interior
point of X+. Now (2.309) implies that

∥∥xP − x(A, i)
∥∥∗ ≤ 16−i−1 + 16−i−2. (2.313)

Assume that C ∈ U(A, i), z ∈ 〈γ u∗, u∗〉, and let T ≥ N(A, i) be an integer. It fol-
lows from (2.309), (2.313) and (2.306) that

∥∥CT z − xP

∥∥∗ ≤ ∥∥xP − x(A, i)
∥∥∗ + ∥∥x(A, i) − CT z

∥∥∗
≤ 16−i−1 + 16−i−2 + ∥∥x(A, i) − CT z

∥∥∗
≤ 2

(
16−i−1 + 16−i−2) < ε.

This completes the proof of Theorem 2.38. �

2.11 Positive Eigenvalues and Eigenvectors

In this section we consider a closed cone of positive operators on an ordered Banach
space and prove that a generic element of this cone has a unique positive eigenvalue
and a unique (up to a positive multiple) positive eigenvector. Moreover, the normal-
ized iterations of such a generic element converge to its unique eigenvector. This
section is based on [140].

Let (X,‖ · ‖) be a Banach space which is ordered by a closed convex cone X+.
For each u,v ∈ X such that u ≤ v, we define 〈u,v〉 = {z ∈ X : u ≤ z ≤ v}.

We assume that the cone X+ has a nonempty interior and that for each x, y ∈ X+
satisfying x ≤ y, the inequality ‖x‖ ≤ ‖y‖ holds. We denote by int(X+) the set of
all interior points of X+.

Fix an interior point η of the cone X+ and define

‖x‖η = inf
{
r ∈ [0,∞) : −rη ≤ x ≤ rη

}
, x ∈ X. (2.314)

Clearly, ‖ · ‖η is a norm on X which is equivalent to the original norm ‖ · ‖.
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Let X′ be the space of all linear continuous functionals f : X → R1 and let

X′+ = {
f ∈ X′ : f (x) ≥ 0 for all x ∈ X+

}
.

Denote by A the set of all linear operators A : X → X such that A(X+) ⊂ X+. Such
operators are called positive. For the set A we define a metric ρ(·, ·) by

ρ(A,B) = sup
{‖Ax − Bx‖η : x ∈ 〈0, η〉}, A,B ∈A.

This metric ρ is equivalent to the metrics induced by the operator norms derived
from ‖ · ‖ and ‖ · ‖η. It is clear that the metric space (A, ρ) is complete. Since many
linear operators between Banach spaces arising in classical and modern analysis are,
in fact, positive operators, the theory of positive linear operators and its applications
have drawn the attention of more and more mathematicians. See, for example, [3,
86, 170] and the references cited therein.

In this section we study the asymptotic behavior of powers of positive linear
operators on the ordered Banach space X. We obtain generic convergence to an
operator of the form f (·)η, where f is a bounded linear functional and η is a unique
(up to a positive multiple) eigenvector.

We denote by A∗ the set of all A ∈ A such that Aξ = ξ for some ξ ∈ int(X+)

and by Ā∗ the closure of A∗ in (A, ρ). We equip the subspace Ā∗ ⊂ A with the
same metric ρ.

In our paper [125] we established the following result.

Theorem 2.47 There exists a set F ⊂ Ā∗ which is a countable intersection of open
and everywhere dense sets in Ā∗ such that for each B ∈ F , there exists an interior
point ξB of X+ satisfying BξB = ξB , ‖ξB‖η = 1, and the following two assertions
hold:

1. There exists fB ∈ X′+ such that limT →∞ BT x = fB(x)ξB , x ∈ X.
2. For each ε > 0, there exists a neighborhood U of B in Ā∗ and a natural number

N such that for each C ∈ U ∩A∗, each integer T ≥ N and each x ∈ 〈−η,η〉,
∥∥CT x − fB(x)ξB

∥∥ ≤ ε.

Since the existence of fixed points and the convergence of iterates is of funda-
mental importance, it is of interest to look for a larger subset of A for which such
a result continues to hold. To this end, we introduce the set Aq∗ of all A ∈ A for
which there exist c0 ∈ (0,1) and c1 > 1 such that

c0η ≤ Anη ≤ c1η for all integers n ≥ 1. (2.315)

Note that our definition of Aq∗ does not depend on our choice of η. Since A∗ ⊂Aq∗,
it is natural to ask if there is also a generic result for the closure Āq∗ of Aq∗. Note
that in contrast with Ā∗, it is not clear a priori if A∗ is dense in Āq∗. However, as
we show in our first result that this is indeed the case.
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Theorem 2.48 Āq∗ = Ā∗.

Combining Theorems 2.47 and 2.48, we see that a generic element in Āq∗ has a
unique (up to a positive multiple) positive fixed point and all its iterations converge
to some multiple of this fixed point.

Since the existence of positive eigenvectors which are not necessarily fixed points
is even more important, we devote most of the section to this problem.

Known results about the existence of positive fixed points and eigenvectors in-
clude the classical Perron-Frobenius and Krein-Rutman theorems. For a survey of
more recent results of the linear theory, see Sect. 2 in [106].

We begin with the following definition.
We say that an operator A ∈ A is regular if there exist xA ∈ int(X+) satisfying

‖xA‖η = 1, αA > 0 and fA ∈ X′+ \ {0} such that

AxA = αAxA, α−n
A Anx → fA(x)xA as n → ∞,

uniformly for all x ∈ 〈−η,η〉.
Note that in the definition above, xA, αA and fA are all uniquely defined and that

if x ∈ int(X+), then ‖Anx‖−1
η Anx → xA as n → ∞.

We denote by Areg the set of all regular operators in A and by Āreg its closure
in the space (A, ρ). We endow the subspace Āreg ⊂A with the same metric ρ.

We continue with two theorems on regular operators.

Theorem 2.49 Let A ∈ Areg and ε > 0. Then there exist an integer N ≥ 1 and a
neighborhood U of A in A such that for each B ∈Areg ∩ U ,

‖xA − xB‖η ≤ ε, |αA − αB | ≤ ε

and for each x ∈ 〈−η,η〉 and each integer n ≥ N ,
∥∥α−n

B Bnx − fA(x)xA

∥∥
η

≤ ε.

Theorem 2.50 Let A ∈ Areg , ε > 0 and Δ ∈ (0,1). Then there exist an integer
N ≥ 1 and a neighborhood U of A in A such that the following assertion holds:

Assume that B ∈ U , x0 ∈ X+, α0 > 0, Δη ≤ x0 ≤ η and α0x0 = Bx0. Then

‖xA − x0‖η ≤ ε, |αA − α0| ≤ ε

and for each x ∈ 〈−η,η〉 and each integer n ≥ N ,
∥∥α−n

0 Bnx − fA(x)xA

∥∥
η

≤ ε.

These theorems bring out the importance of regular operators. Such operators
not only have a unique positive eigenvector but also enjoy certain convergence and
stability properties. Therefore we would like to show that most operators in an ap-
propriate space are indeed regular. Moreover, in analogy with the definition of Aq∗
we will also consider quasiregular operators.
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We say that an operator A ∈ A is quasiregular if there exist α > 0, c0 ∈ (0,1) and
c1 > 1 such that

c0α
nη ≤ Anη ≤ c1α

nη for all integers n ≥ 1.

Denote by Aqreg the set of all quasiregular A ∈A and by Āqreg the closure of Aqreg

in (A, ρ). We endow the subspace Āqreg ⊂A with the same metric ρ.

Theorem 2.51 Āqreg = Āreg and there exists a set F ⊂ Areg which is a countable
intersection of open and everywhere dense subsets of Āreg .

Theorems 2.48–2.51 were obtained in [140].

2.12 Proof of Theorem 2.48

In this section we are going to present the proof of Theorem 2.48. We precede this
proof by a few preliminary results.

As usual, we set A0 = I (the identity) for each A ∈ A. We denote by g · B the
composition of g ∈ X′ and a linear operator B : X → X.

Proposition 2.52 Let A ∈A and assume that there exist c0 ∈ (0,1) and c1 > 1 such
that

c0η ≤ Anη ≤ c1η for all integers n ≥ 1. (2.316)

Then there exists fA ∈ X′+ such that

fA(η) > 0 and fA · A = fA.

Proof There exists g ∈ X′+ such that g(η) = 1. Denote by S the convex hull of the
set {g · An : n = 0,1, . . .}. Clearly for each h ∈ S,

c0 ≤ h(η) ≤ c1. (2.317)

Denote by S̄ the closure of S in the weak-star topology σ(X′,X). Clearly (2.317)
holds for all h ∈ S̄ and S̄ ⊂ X′+. The set S̄ is convex and by (2.317) compact in the
weak-star topology. The operator A′ : f → f ·A, f ∈ X′, is weakly-star continuous
and A′(S̄) ⊂ S̄. By Tychonoff’s fixed point theorem, there exists fA ∈ S̄ for which
fA · A = fA. Since (2.317) holds for all h ∈ S̄, fA(η) ≥ c0. Proposition 2.52 is
proved. �

Corollary 2.53 Assume that A ∈A, c0 ∈ (0,1), c1 > 1, α > 0 and

αnc0η ≤ Anη ≤ αnc1η for all integers n ≥ 1. (2.318)

Then there exists fA ∈ X′+ such that fA(η) > 0 and fA · A = αfA.
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Lemma 2.54 Assume that A ∈A, there exist c1 > 1 and α > 0 such that

Anη ≤ αnc1η for all integers n ≥ 1, (2.319)

and that there exists fA ∈ X′+ such that

fA · A = αfA and fA(η) = 1. (2.320)

Let γ ∈ (0,1). Define Aγ ∈A by

Aγ x = (1 − γ )Ax + γ αfA(x)η, x ∈ X. (2.321)

Then fA · Aγ = αfA and for each integer n ≥ 1, there exist positive constants c
(n)
i ,

i = 0, . . . , n − 1, such that

n−1∑

i=0

c
(n)
i = 1 − (1 − γ )n (2.322)

and

(Aγ )nx = (1 − γ )nAnx + αnfA(x)

n−1∑

i=0

(
α−ic

(n)
i Aiη

)
, x ∈ X. (2.323)

Proof We will prove this lemma by induction. Clearly fA · Aγ = fA and (2.322)
and (2.323) hold for n = 1, c0 = γ .

Assume that k ≥ 1 is an integer and there exist positive constants c
(k)
i , i =

0, . . . , k − 1, such that (2.322) and (2.323) hold with n = k. It then follows from
(2.322) and (2.323) with n = k and (2.321) that for each x ∈ X,

(Aγ )k+1x = Aγ

(
Ak

γ x
)

= (1 − γ )A
[
(Aγ )kx

] + αγfA

(
(Aγ )kx

)
η

= αγαkfA(x)η

+ (1 − γ )A

[

(1 − γ )kAkx + αkfA(x)

(
k−1∑

i=0

α−ic
(k)
i Aiη

)]

= γ αk+1fA(x)η + (1 − γ )k+1Ak+1x

+ αkfA(x)(1 − γ )

(
k−1∑

i=0

α−ic
(k)
i Ai+1η

)

= γ αk+1fA(x)η + (1 − γ )k+1Ak+1x
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+ αk+1fA(x)(1 − γ )

(
k∑

i=1

α−ic
(k)
i−1A

iη

)

= (1 − γ )k+1Ak+1x + αk+1fA(x)

(

γ η +
k∑

i=1

(
(1 − γ )α−ic

(k)
i−1A

iη
)
)

and

γ +
k∑

i=1

(
(1 − γ )c

(k)
i−1

) = γ + (1 − γ )
(
1 − (1 − γ )(k)

) = 1 − (1 − γ )k+1.

Therefore (2.322) and (2.321) are true for n = k + 1 with c
(k+1)
0 = γ and c

(k+1)
i =

(1 − γ )c
(k)
i−1, i = 1, . . . , k. This completes the proof of Lemma 2.54. �

Lemma 2.55 Assume that A ∈ A, there exist c0 ∈ (0,1), c1 > 1 and α > 0 such
that

αnc0η ≤ Anη ≤ αnc1η for all integers n ≥ 1, (2.324)

and that there exists fA ∈ X′+ such that (2.320) holds. Let γ ∈ (0,1) and let Aγ ∈A
be defined by (2.321). Then there exists xA ∈< c0η, c1η > such that

α−n(Aγ )nx − fA(x)xA → 0 as n → ∞,

uniformly for all x ∈ 〈0, η〉. Moreover, Aγ xA = αxA.

Proof By Lemma 2.54 and (2.324), for each integer n ≥ 1 there exists

zn ∈ 〈c0η, c1η〉 (2.325)

such that

(Aγ )nx = (1 − γ )nAnx + αn
(
1 − (1 − γ )n

)
fA(x)zn, x ∈ X. (2.326)

For each integer n ≥ 1, by (2.320), (2.324) and (2.325),

(Aγ )nη = (1 − γ )nAnη + αn
(
1 − (1 − γ )n

)
zn

∈ (1 − γ )n
〈
αnc0η,αnc1η

〉 + αn
(
1 − (1 − γ )n

)〈c0η, c1η〉
⊂ αn〈c0η, c1η〉. (2.327)

Let ε > 0. By (2.326), there exists an integer n(ε) ≥ 1 such that for each x ∈
〈c0η, c1η〉 and each integer n ≥ n(ε),

∥∥α−n(Aγ )nx − fA(x)zn

∥∥ ≤ ε.
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Since {α−i (Aγ )iη}∞i=0 ⊂ 〈c0η, c1η〉 and fA · Aγ = αfA, we conclude that for each
integer n ≥ n(ε) and each integer i ≥ 0,

ε ≥ ∥∥α−n(Aγ )n
(
α−i (Aγ )iη

) − fA

(
α−i

(
Ai

γ η
))

zn

∥∥

= ∥∥α−n−i (Aγ )n+iη − zn

∥∥

and therefore ‖zn − zn+i‖ ≤ 2ε. This implies that {zn}∞n=1 is a Cauchy sequence.
Hence there exists a vector xA ∈ 〈c0η, c1η〉 such that limi→∞ ‖zi − xA‖ = 0. Let
ε > 0. There exists an integer n0 ≥ 1 such that ‖zi − xA‖ ≤ ε/2 for all integers
i ≥ n0. By (2.326) and (2.324), there exists an integer n1 > n0 such that for each
integer n ≥ n1 and each x ∈ 〈0, η〉,

∥∥α−n(Aγ )nx − fA(x)zn

∥∥ ≤ 2−1ε.

It follows from this last inequality and the definition of n0 that for each x ∈ 〈0, η〉
and each integer n ≥ n1,

∥
∥α−n(Aγ )nx − fA(x)xA

∥
∥ ≤ ε.

This completes the proof of Lemma 2.55. �

Proof of Theorem 2.48 It is, of course, sufficient to show that Aq∗ ⊂ Ā∗. Towards
this end, let A ∈Aq∗. Then there exist c0 ∈ (0,1) and c1 > 1 such that

c0η ≤ Anη ≤ c1η for all integers n ≥ 1.

By Proposition 2.52, there exists fA ∈ X′+ \{0} such that fA ·A = fA and fA(η) = 1.
For each γ ∈ (0,1), define Aγ ∈A by

Aγ x = (1 − γ )Ax + γfA(x)η, x ∈ X.

By Lemma 2.55, Aγ belongs to A∗. On the other hand, limγ→0+ Aγ = A. Thus
Aq∗ ⊂ Ā∗ and Theorem 2.48 is proved. �

2.13 Auxiliary Results for Theorems 2.49–2.51

For each x, y ∈ X+, define

λ(x, y) = sup
{
λ ∈ [0,∞) : λx ≤ y

}
,

r(x, y) = inf
{
r ∈ [0,∞) : y ≤ rx

}
.

(2.328)

Here we use the usual convention that the infimum of the empty set is ∞.
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Lemma 2.56 Assume that A ∈ A, n ≥ 1 is an integer and ε > 0. Then there exists
a neighborhood U of A in A such that for each B ∈ U and each x ∈ 〈−η,η〉,

∥∥Anx − Bnx
∥∥

η
≤ ε.

Proof We prove the lemma by induction. Clearly for n = 1 the lemma is true. As-
sume that k ≥ 1 is an integer and that the lemma holds for n = k, . . . ,1. There is a
number c0 > 0 such that ‖Ax‖η ≤ c0 for each x ∈ 〈−η,η〉. Since the lemma is true
for n = k, there exists a neighborhood U1 of A in A such that ‖Akx − Bkx‖η ≤
(4 + 4c0)

−1ε for each B ∈ U1 and for each x ∈ 〈−η,η〉. It follows that there exists
c1 > 1 such that ‖Bkx‖η ≤ c1 for each B ∈ U1 and each x ∈ 〈−η,η〉. Since the
lemma holds for n = 1, there exists a neighborhood U ⊂ U1 of A in A such that for
each B ∈ U and each x ∈ 〈−η,η〉, ‖Ax − Bx‖η ≤ (4c1)

−1ε.
Assume now that B ∈ U and x ∈ 〈−η,η〉. Then

∥∥Ak+1x − Bk+1x
∥∥

η
≤ ∥∥Ak+1x − ABkx

∥∥
η
+ ∥∥ABkx − Bk+1x

∥∥
η
. (2.329)

It follows from the definition of c0 and U1 that
∥∥Ak+1x − ABkx

∥∥
η

≤ ε/4. (2.330)

By the definition of U and c1, ‖ABkx − Bk+1x‖η ≤ ε/4. Together with (2.329) and
(2.330), this implies that ‖Ak+1x − Bk+1x‖η ≤ ε. In other words, the lemma also
holds for n = k + 1. This completes the proof of Lemma 2.56. �

Let A ∈A be regular,

xA ∈ int(X+), ‖xA‖η = 1, αA > 0,

fA ∈ X′+ \ {0}, AxA = αAxA,

α−n
A Anx → fA(x)xA as n → ∞, uniformly on 〈−η,η〉.

(2.331)

Assumptions (2.331) and Lemma 2.56 imply the following result.

Lemma 2.57 Let ε > 0. Then there exists an integer N(ε) ≥ 1 such that for each
integer N > N(ε), there exists a neighborhood U of A in A such that for each B ∈ U
and each x ∈ 〈−η,η〉,

∥∥α−n
A Bnx − fAxA

∥∥
η

≤ ε, n = N(ε), . . . ,N.

Corollary 2.58 Assume that 0 < Δ1 < 1 < Δ2 and θ > 1. Then there exists an
integer N0 ≥ 1 such that for each integer N > N0, there exists a neighborhood
U of A in A such that for each x ∈ 〈Δ1η,Δ2η〉, each B ∈ U and each integer
n ∈ [N0,N ],

Bnx ∈ 〈
θ−1αn

AfA(x)xA, θαn
AfA(x)xA

〉
.
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Lemma 2.59 Assume that 0 < Δ1 < 1 < Δ2 and θ > 1. Then there exist an integer
N0 ≥ 1 and a neighborhood U of A in A such that for each B ∈ U , x ∈ 〈Δ1η,Δ2η〉
and each integer n ≥ N0,

r
(
xA,Bnx

) ≤ θλ
(
xA,Bnx

)
. (2.332)

Proof We may assume that

Δ2 > θ and θΔ1 < λ(η, xA). (2.333)

Choose θ0 > 1 such that

θ2
0 < θ. (2.334)

By Corollary 2.58, there exist an integer N0 ≥ 1 and a neighborhood U of A in A
such that for each x ∈ 〈Δ1η,Δ2η〉, each B ∈ U and each integer n ∈ [N0,8N0 + 8],

Bnx ∈ 〈
θ−1

0 αn
AfA(x)xA, θ0α

n
AfA(x)xA

〉
. (2.335)

Assume that B ∈ U and x ∈ 〈Δ1η,Δ2η〉. By the definition of U and N0, the inclu-
sion (2.335) is valid for each integer n ∈ [N0,8N0 + 8]. The relations (2.335) and
(2.334) imply that for each integer n ∈ [N0,8N0 + 8],

r
(
xA,Bnx

) ≤ θ0α
n
AfA(x), λ

(
xA,Bnx

) ≥ θ−1
0 αn

AfA(x)

and

r
(
xA,Bnx

) ≤ θ2
0 λ

(
xA,Bnx

) ≤ θλ
(
xA,Bnx

)
.

It remains to be shown that (2.332) is valid for all integers n > 8N0 + 8.
Assume the contrary. Then there exists an integer

N1 > 8N0 + 8 (2.336)

such that

r
(
xA,Bnx

) ≤ θλ
(
xA,Bnx

)
for all integers n ∈ [N0,N1 − 1] (2.337)

and

r
(
xA,BN1x

)
> θλ

(
xA,BN1x

)
. (2.338)

Consider the vector BN1−N0x. By (2.336) and (2.337), we see that

r
(
xA,BN1−N0x

) ≤ θλ
(
xA,BN1−N0x

)
(2.339)

and

θ−1r
(
xA,BN1−N0x

)
xA ≤ BN1−N0x ≤ r

(
xA,BN1−N0x

)
xA.
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By (2.338),

r
(
xA,BN1−N0x

)
> 0. (2.340)

It follows from (2.339), (2.340), (2.331) and (2.333) that

r
(
xA,BN1−N0x

)−1
BN1−N0x ∈ 〈

θ−1xA,xA

〉 ⊂ 〈
θ−1λ(η, xA)η, η

〉 ⊂ 〈Δ1η,Δ2η〉.
It follows from this relation and the definition of U and N0 (see (2.335)) that

r
(
xA,BN1−N0x

)−1
BN1x ∈ 〈

θ−1
0 α

N0
A fA(x)xA, θ0α

N0
A fa(x)xA

〉
,

r
(
xA,BN1x

) ≤ θ0α
N0
A fA(x)r

(
xA,BN1−N0x

)
,

λ
(
xA,BN1x

) ≥ θ−1
0 α

N0
A fA(x)r

(
xA,BN1−N0x

)
,

and by (2.333),

r
(
xA,BN1x

) ≤ θλ
(
xA,BN1x

)
,

an inequality which contradicts (2.338). Thus (2.332) is indeed valid for all n ≥ N0
and Lemma 2.59 is proved. �

Lemma 2.60 Let γ > 1. Then there exists a neighborhood U of A in A such that
for each B ∈ Areg ∩ U , the inequalities γ −1xA ≤ xB ≤ γ xA hold.

Proof Choose a positive number θ > 1 such that

θ2 < γ. (2.341)

By Lemma 2.59, there exists an integer N0 ≥ 1 and a neighborhood U of A in A
such that for each B ∈ U and each integer n ≥ N0,

r
(
xA,Bnη

) ≤ θλ
(
xA,Bnη

)
. (2.342)

Assume that B ∈Areg ∩ U . Then

lim
n→∞α−n

B Bnη = fB(η)xB. (2.343)

By the definition of U and N0, (2.342) is valid for each integer n ≥ N0. This implies
that for each integer n ≥ N0,

α−n
B λ

(
xA,Bnη

)
xA ≤ α−n

B Bnη ≤ α−n
B r

(
xA,Bnη

)
xA

and

r
(
xA,α−n

B Bnη
) ≤ θλ

(
xA,α−n

B Bnη
)
.

When combined with (2.343), this implies that

r
(
xA,fB(η)xB

) ≤ θ2λ
(
fB(η)xB, xA

)
and r(xA, xB) ≤ θ2λ(xA, xB). (2.344)
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It follows from (2.331), (2.334) and (2.341) that

λ(xA, xB)xA ≤ xB ≤ r(xA, xB)xA ≤ r(xA, xB)η,

xA ≤ λ(xA, xB)−1xB ≤ λ(xA, xB)−1η, r(xA, xB) ≥ 1, λ(xA, xB)−1 ≥ 1,

r(xA, xB) ≤ θ2, λ(xA, xB) ≥ θ−2

and finally, that

γ −1xA ≤ θ−2xA ≤ xB ≤ θ2xA ≤ γ xA.

Lemma 2.60 is proved. �

Lemma 2.61 Let θ > 1 and Δ ∈ (0,1). Then there exists a neighborhood U of A in
A such that for each B ∈ U , z ∈ X+ and α > 0 satisfying

‖z‖η = 1, z ≥ Δη and Bz = αz, (2.345)

the following inequalities hold: θ−1xA ≤ z ≤ θxA.

Proof By Lemma 2.59, there exists an integer N0 ≥ 1 and a neighborhood U of A

in A such that for each B ∈ U , each integer n ≥ N0 and for each x ∈ 〈4−1Δη,4η〉,
r
(
xA,Bnx

) ≤ θλ
(
xA,Bnx

)
. (2.346)

Assume that B ∈ U , z ∈ X+, α > 0 and that (2.345) is valid. By (2.345) and the
definition of U and N0 (see (2.346)), for each integer n ≥ N0,

αnr(xA, z) = r
(
xA,αnz

) = r
(
xA,Bnz

) ≤ θλ
(
xA,Bnz

)

= θλ
(
xA,αnz

) = αnθλ(xA, z) and r(xA, z) ≤ θλ(xA, z).
(2.347)

It follows from (2.345), (2.331) and (2.347) that

λ(xA, z)xA ≤ z ≤ r(xA, z)xA ≤ r(xA, z)η, r(xA, z) ≥ 1,

xA ≤ λ(xA, z)−1z ≤ λ(xA, z)−1η, λ(xA, z) ≤ 1,

r(xA, z) ≤ θ, λ(xA, z) ≥ θ−1

and finally, that θ−1xA ≤ z ≤ θxA. This completes the proof of Lemma 2.61. �

Lemma 2.62 Let ε ∈ (0,1) and Δ ∈ (0,1). Then there exists a neighborhood U of
A in A such that for each B ∈ U , z ∈ X+ and α > 0 satisfying

‖z‖η = 1, z ≥ Δη and Bz = αz, (2.348)

we have |α − αA| ≤ ε.
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Proof Choose a number γ > 1 for which

(αA + 1)(γ − 1) ≤ ε/8.

By Lemma 2.61, there exists a neighborhood U1 of A in A such that for each B ∈ U1,
z ∈ X+ and α > 0 satisfying (2.348), the following inequalities hold:

γ −1xA ≤ z ≤ γ xA. (2.349)

There exists a neighborhood U ⊂ U1 of A in A such that for each B ∈ U ,

‖Ay − By‖η ≤ ε/8 for all y ∈ γ 〈−η,η〉. (2.350)

Assume that B ∈ U , z ∈ X+, α > 0 and that (2.348) is true. Then by the definition
of U1, (2.349) holds.

It follows from (2.348) and (2.331) that

|α − αA| = ∣∣‖αz‖η − ‖αAxA‖η

∣∣ ≤ ‖αz − αAxA‖η = ‖Bz − AxA‖η

≤ ‖AxA − Az‖η + ‖Az − Bz‖η. (2.351)

By our choice of γ , (2.349) and (2.331),

(1 − γ )αAη ≤ (1 − γ )αAxA = A(1 − γ )xA ≤ AxA − Az

≤ (
1 − γ −1)AxA ≤ (γ − 1)αAη

and

‖AxA − Az‖η ≤ ε/8. (2.352)

It follows from (2.349) and (2.350) that

z ≤ γ xA ≤ γ η and ‖Az − Bz‖η ≤ 8−1ε.

When combined with (2.351) and (2.352), this implies that |αA − α| ≤ ε. Lem-
ma 2.62 is proved. �

Lemmas 2.62 and 2.60 imply the following result.

Lemma 2.63 Let ε ∈ (0,1). Then there exists a neighborhood U of A in A such
that for each B ∈Areg ∩ U we have |αB − αA| ≤ ε.

2.14 Proofs of Theorems 2.49 and 2.50

In this section we prove Lemma 2.64. Theorem 2.50 follows when this lemma is
combined with Lemmas 2.61 and 2.62. Theorem 2.49 is a consequence of Lem-
mas 2.60, 2.63 and 2.64.
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Lemma 2.64 Let A ∈ A be regular and let ε and Δ belong to the interval (0,1).
Then there exist an integer N ≥ 1 and a neighborhood U of A in A such that the
following assertion holds:

If

B ∈ U , x0 ∈ int(X+),

Δη ≤ x0 ≤ η, α0 > 0 and α0x0 = Bx0,
(2.353)

then for each x ∈ 〈−η,η〉 and each integer n ≥ N ,
∥∥α−n

0 Bnx − fA(x)xA

∥∥
η

≤ ε. (2.354)

Proof Choose a positive number ε0 for which

8ε0 < 4−1εΔ.

By Lemma 2.56, there exist a neighborhood U1 of A in A and an integer N ≥ 1 such
that for each B ∈ U1,

∥∥α−N
A BNx − fA(x)xA

∥∥
η

≤ 16−1ε0 for all x ∈ 〈−η,η〉. (2.355)

There exists a number c1 > 1 such that
∥∥BNx

∥∥
η

≤ c1 for x ∈ 〈−η,η〉 and B ∈ U1, and fA(η) ≤ c1. (2.356)

There exists a number δ1 ∈ (0,min{1, αA/8}) such that
∣∣α−N − α−N

A

∣∣c1 ≤ 16−1ε0 for each α satisfying |α − αA| ≤ δ1. (2.357)

By Lemmas 2.62 and 2.61 there exists a neighborhood U2 of A in A such that for
each B ∈ U2, z ∈ X+ and α > 0 satisfying Δη ≤ z ≤ η and Bz = αz, the following
inequalities are true:

|α − αN | ≤ δ1 and ‖z − xA‖η ≤ 16−1ε0c
−1
1 . (2.358)

Set

U = U1 ∩ U2. (2.359)

Assume that B ∈ U , x0 ∈ X+, α0 > 0 and that (2.353) holds. By the definition of U1
and N , (2.355) holds. It follows from the definition of U2 (see (2.358)) and (2.353)
that |α0 − αN | ≤ δ1. By the latter inequality, (2.357), (2.356) and (2.355),

∥∥α−N
0 BNx − fA(x)xA

∥∥
η

≤ 8−1ε0 for all x ∈ 〈−η,η〉. (2.360)

By the definition of U2 (see (2.358)) and (2.353),

‖x0 − xA‖η ≤ 16−1ε0c
−1
1 . (2.361)
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This inequality, when combined with (2.360) and (2.356), implies that

∥∥α−N
0 BNx − fA(x)x0

∥∥
η

≤ 8−1ε0 + 16−1ε0 for all x ∈ 〈−η,η〉. (2.362)

By (2.362) and (2.353), we have

α−N
0 BNx − fA(x)x0 ∈ ε0

(
8−1 + 16−1)〈−η,η〉 ⊂ ε0

(
8−1 + 16−1)Δ−1〈−x0, x0〉

for all x ∈ 〈−η,η〉.
It follows from this relation and (2.353) that for each x ∈ 〈−η,η〉 and each integer

n ≥ N ,

α−n
0 Bnx − fA(x)x0 = α−n+N

0 Bn−N
[
α−N

0 BNx − fA(x)x0
]

⊂ ε0
(
8−1 + 16−1)Δ−1αN−n

0 Bn−N 〈−x0, x0〉
⊂ ε0

(
8−1 + 16−1)Δ−1〈−x0, x0〉

⊂ ε0
(
8−1 + 16−1)Δ−1〈−η,η〉

and
∥∥α−n

0 Bnx − fA(x)x0
∥∥

η
≤ Δ−1ε0/4.

When combined with (2.361), (2.356) and (2.354), this implies that for each x ∈
〈−η,η〉 and each integer n ≥ N ,

∥∥α−n
0 Bnx − fA(x)xA

∥∥
η

≤ Δ−1ε0/4 + 16−1ε0 < ε.

Lemma 2.64 is proved. �

2.15 Proof of Theorem 2.51

It follows from Lemma 2.55 and Corollary 2.53 that Aqreg ⊂ Āreg . This clearly
implies that Āreg = Āqreg .

To construct the set F we let A ∈Areg ,

xA ∈ int(X+), fA ∈ X′+ \ {0}, αA > 0,

AxA = αAxA, fA · A = αA · fA,

α−n
A Anx → fA(x)xA as n → ∞, uniformly on 〈η,η〉.

(2.363)

Let i ≥ be an integer. By Lemmas 2.60 and 2.63, Theorem 2.49, Lemmas 2.61
and 2.62, and Theorem 2.50, there exist a number r(A, i) ∈ (0,4−i ) and an integer
N(A, i) ≥ 1 such that the following two assertions hold:
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1. Assume that B ∈Areg and ρ(A,B) < r(A, i). Then

(
1 − 4−i

)
xA ≤ xB ≤ (

1 + 4−i
)
xA, |αA − αB | ≤ 4−i min{1, αA}

and
∥∥α−n

B Bnx − fA(x)xA

∥∥
η

≤ 4−i for all x ∈ 〈−η,η〉 and each integer n ≥ N.

2. Assume that B ∈ A, ρ(A,B) < r(A, i), x0 ∈ X+, α0 > 0, α0x0 = Bx0 and
4−1xA ≤ x0 ≤ η. Then

(
1 − 4−i

)
xA ≤ x0 ≤ (

1 + 4−i
)
xA, |αA − α0| ≤ 4−i min{1, αA}

and
∥∥α−n

0 Bnx − fA(x)xA

∥∥
η

≤ 4−i

for all x ∈ 〈−η,η〉 and each integer n ≥ N(A, i).

Now set

U(A, i) = {
B ∈A : ρ(B,A) < r(A, i)

}
(2.364)

and define

F =
[ ∞⋂

i=1

⋃{
U(A, i) : A ∈Areg

}
]

∩ Āreg. (2.365)

Evidently, F is a countable intersection of open and everywhere dense subsets
of Āreg .

It remains to be shown that F ⊂ Areg . To this end, assume that B ∈ F . There
exist {Ak}∞k=1 ⊂ Areg and a strictly increasing sequence of natural numbers {ik}∞k=1
such that

B ∈ U(Ak, ik) and U(Ak+1, ik+1) ⊂ U(Ak, ik), k = 1,2, . . . . (2.366)

Let k ≥ 1. It follows from assertion 1 and (2.366) that for each integer j ≥ 1,
(
1 − 4−ik

)
xAk

≤ xAk+j
≤ (

1 + 4−ik
)
xAk

(2.367)

and

|αAk
− αAk+j

| ≤ 4−ik min{1, αAk
}.

It is clear that both {xAp }∞p=1 and {αAp }∞p=1 are Cauchy sequences. Therefore there
exist the limits

x∗ = lim
s→∞xAs , α∗ = lim

s→∞αAs . (2.368)

Set

λ∗ = inf
{
λ(xAk

, η) : k = 1,2, . . .
}
. (2.369)
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By (2.367), λ∗ is positive. By (2.367) and (2.368),
(
1 − 4−ik

)
xAk

≤ x∗ ≤ (
1 + 4−ik

)
xAk

,

|αAk
− α∗| ≤ 4−ik min{1, αAk

}, x∗ ≤ η.
(2.370)

By (2.368) and (2.366),

Bx∗ = B
(

lim
k→∞xAk

)
= lim

k→∞AkxAk
= lim

k→∞αAk
xAk

= α∗x∗. (2.371)

Let k ≥ 1 be an integer. It follows from assertion 2, (2.366), (2.370) and (2.371) that
∥
∥α−n∗ Bnx − fAk

(x)xAk

∥
∥

η
≤ 4−ik for all x ∈ 〈−η,η〉

and each integer n ≥ N(Ak, ik). (2.372)

Note that (see (2.363) and (2.369))

xAk
= fAk

(xAk
)xAk

, fAk
(xAk

) = 1

and

fAk
(η) ≤ fAk

(xAk
) · λ−1∗ = λ−1∗ .

When combined with (2.372) and (2.370), this implies that
∥∥α−n∗ Bnx − fAk

(x)xA

∥∥
η

≤ 4−ik + 4−ik λ−1∗ (2.373)

for all x ∈ 〈−η,η〉 and each integer n ≥ N(Ak, ik). Since k is an arbitrary natural
number, we obtain that for each x ∈ X, there exists

lim
n→∞α−n∗ Bnx = fB(x)x∗, (2.374)

where fB ∈ X′+. It follows from (2.373) and (2.374) that for each integer k ≥ 1,
each integer n ≥ N(Ak, ik) and each x ∈ 〈−η,η〉,

∥∥fB(x)x∗ − fAk
(x)x∗

∥∥
η

≤ 4−ik + 4−ik λ−1∗

and
∥∥α−n∗ Bnx − fB(x)x∗

∥∥
η

≤ 2
(
4−ik + 4−ik λ−1∗

)
.

Therefore B ∈Areg and Theorem 2.51 is established.

2.16 Convergence of Inexact Orbits for a Class of Operators

In this section we exhibit a class of nonlinear operators with the property that their
iterates converge to their unique fixed points even when computational errors are
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present. We also show that most (in the sense of Baire category) elements in an
appropriate complete metric space of operators do, in fact, possess this property.

Assume that (X,ρ) is a complete metric space and let the operator A : X → X

have the following properties:

(A1) there exists a unique xA ∈ X such that AxA = xA;
(A2) Anx → xA as n → ∞, uniformly on all bounded subsets of X;
(A3) A is uniformly continuous on bounded subsets of X;
(A4) A is bounded on bounded subsets of X.

Many operators with these properties can be found, for example, in [23, 33, 50,
85, 108, 114, 126, 127, 137]. We mention, in particular, the classes of operators
introduced by Rakotch [114] and Browder [23]. Note that if X is either a closed
and convex subset of a Banach space or a closed and ρ-convex subset of a complete
hyperbolic metric space [124], then (A4) follows from (A3).

In view of (A2), it is natural to ask if the convergence of the orbits of A will be
preserved even in the presence of computational errors. In this section we provide
affirmative answers to this question. More precisely, we have the following results
which were obtained in [35].

Theorem 2.65 Let K be a nonempty, bounded subset of X and let ε > 0 be given.
Then there exist δ = δ(ε,K) > 0 and a natural number N such that for each natural
number n ≥ N , and each sequence {xi}ni=0 ⊂ X which satisfies

x0 ∈ K and ρ(Axi, xi+1) ≤ δ, i = 0, . . . , n − 1,

the following inequality holds:

ρ(xi, xA) ≤ ε, i = N, . . . , n.

Corollary 2.66 Assume that {xi}∞i=0 ⊂ X, {xi}∞i=0 is bounded, and that

lim
i→∞ρ(Axi, xi+1) = 0.

Then ρ(xi, xA) → 0 as i → ∞.

Theorem 2.67 Let ε > 0 be given. Then there exists δ = δ(ε) > 0 such that for each
sequence {xi}∞i=0 ⊂ X which satisfies

ρ(x0, xA) ≤ δ and ρ(xi+1,Axi) ≤ δ, i = 0,1, . . . ,

the following inequality holds:

ρ(xi, xA) ≤ ε, i = 0,1, . . . .

These results show that, roughly speaking, in order to achieve an ε-approximation
of xA, it suffices to compute inexact orbits of A, that is, sequences {xi}∞i=0 such that
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x0 ∈ X and ρ(xi+1,Axi) ≤ δ for any i ≥ 0,

where δ is a sufficiently small positive number.
However, sometimes the operator A is not given explicitly and only some approx-

imation of it, Bi , is available at each step i of the inexact orbit computing procedure.
The next result shows that for certain operators A, the procedure of approximating
xA by inexact orbits is stable in the sense that, even in this case, the orbits determined
by the sequence of operators Bi approach xA provided that each Bi is a sufficiently
accurate approximation of A in the topology of uniform convergence on bounded
subsets of X. To be precise, we set, for each x ∈ X and E ⊂ X,

ρ(x,E) = inf
{
ρ(x, y) : y ∈ E

}
.

Denote by A the set of all self-mappings A : X → X which have properties (A3)
and (A4). Fix θ ∈ X. For each natural number n, set

En = {
(A,B) ∈A×A : ρ(Ax,Bx) ≤ 1/n for all x ∈ B(θ,n)

}
. (2.375)

We equip the set A with the uniformity determined by the base En, n = 1,2, . . . .
This uniformity is metrizable by a complete metric.

Denote by Areg the set of all mappings A ∈ A which satisfy (A1) and (A2), and
by Āreg the closure of Areg in A.

Theorem 2.68 Assume that A ∈ Areg and xA is a fixed point of A. Let m,ε > 0 be
given. Then there exist a neighborhood U of A in A and a natural number N such
that for each x ∈ B(θ,m), each integer n ≥ N , and each sequence {Bi}ni=1 ⊂ U ,

ρ(Bi · · ·B1x, xA) ≤ ε for i = N, . . . , n.

As a matter of fact, it turns out that the stability property established in this the-
orem is generic. That is, it holds for most (in the sense of Baire category) operators
in the closure of Areg .

Theorem 2.69 The set Areg contains an everywhere dense Gδ subset of Āreg .

2.17 Proofs of Theorem 2.65 and Corollary 2.66

We first prove Theorem 2.65. To this end, set, for x ∈ X and r > 0,

B(x, r) = {
y ∈ X : ρ(x, y) ≤ r

}
.

We may assume without loss of generality that

ε ≤ 1 and B(xA,4) ⊂ K. (2.376)
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By (A2), there exists a natural number N ≥ 4 such that

ρ
(
Anx,xA

) ≤ ε/4 for all integers n ≥ N and all x ∈ K. (2.377)

By (A4), the set Am(K) is bounded for all natural numbers m. Hence there exists a
positive number S > 0 such that

Ai(K) ⊂ B(xA,S), i = 0, . . . ,2N. (2.378)

(Here we use the convention that A0 is the identity operator.) By induction and (A3),
we define a finite sequence of positive numbers {γi}2N

i=0 so that

γ2N = ε/4

and, for each i = 0,1, . . . ,2N − 1,

γi ≤ γi+1 (2.379)

and

ρ(Ax,Ay) ≤ 2−1γi+1 for all x, y ∈ B(xA,S +4) with ρ(x, y) ≤ γi. (2.380)

Set

δ = γ0/2. (2.381)

First, we prove the following auxiliary result.

Lemma 2.70 Suppose that {zi}2N
i=0 ⊂ X satisfies

z0 ∈ K and ρ(zi+1,Azi) ≤ δ, i = 0, . . . ,2N − 1. (2.382)

Then

ρ(zi, xA) ≤ ε, i = N, . . . ,2N.

Proof We will show that for i = 1, . . . ,2N ,

ρ
(
zi,A

iz0
) ≤ γi. (2.383)

Clearly, (2.383) holds for i = 1 by (2.382) and (2.381).
Assume that i ∈ {2, . . . ,2N} and

ρ
(
zi−1,A

i−1z0
) ≤ γi−1. (2.384)

Then (2.382) implies that

ρ
(
zi,A

iz0
) ≤ ρ(zi,Azi−1) + ρ

(
Azi−1,A

(
Ai−1z0

))

≤ δ + ρ
(
Azi−1,A

(
Ai−1z0

))
. (2.385)
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It follows from the definition of γi−1 (see (2.379)), (2.384), (2.382) and (2.378) that

Ai−1z0, zi−1 ∈ B(xA,S + 1).

By these inclusions, the definition of γi−1 (see (2.380) with j = i − 1) and (2.384),

ρ
(
A

(
Ai−1z0

)
,Azi−1

) ≤ γi/2.

When combined with (2.385) and (2.381), this inequality implies that

ρ
(
zi,A

iz0
) ≤ δ + γi/2 ≤ γi.

Therefore (2.383) is valid for all i ∈ {1, . . . ,2N}. Together with (2.377), (2.379),
(2.382) and (2.383), this last inequality implies that for all i ∈ {N, . . . ,2N}, we
have

ρ(zi, xA) ≤ ρ
(
zi,A

iz0
) + ρ

(
Aiz0, xA

) ≤ γi + ε/4 ≤ ε/2.

Lemma 2.70 is proved. �

Now we are ready to complete the proof of Theorem 2.65.
To this end, assume that n ≥ N is a natural number and that the sequence

{xi}ni=0 ⊂ X satisfies

x0 ∈ K and ρ(Axi, xi+1) ≤ δ, i = 0, . . . , n − 1.

We will show that

ρ(xi, xA) ≤ ε, i = N, . . . , n. (2.386)

If n ≤ 2N , then (2.386) follows from Lemma 2.70. Therefore we may confine our
attention to the case where n > 2N . Again by Lemma 2.70,

ρ(xi, xA) ≤ ε, i = N, . . . ,2N. (2.387)

Assume by way of contradiction that there exists an integer q ∈ (2N,n] such that

ρ(xq, xA) > ε. (2.388)

In view of (2.387), we may assume without loss of generality that

ρ(xi, xA) ≤ ε, i ∈ {2N, . . . , q − 1}. (2.389)

Define {zi}2N
i=0 ⊂ X by

zi = xi+q−N, i = 0, . . . ,N, zi+1 = Azi, i = N, . . . ,2N − 1. (2.390)

We will show that the sequence {zi}2N
i=0 satisfies (2.382). To meet this goal, we only

need to show that z0 ∈ K . By (2.390), (2.389) and (2.387),

z0 = xq−N and ρ(z0, xA) ≤ ε.
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The last inequality and (2.376) imply that z0 ∈ K . Therefore (2.382) holds. It now
follows from Lemma 2.70 and (2.390) that

ρ(xA, xq) = ρ(xA, zN) ≤ ε.

This, however, contradicts (2.388). The contradiction we have reached proves
(2.386) and this completes the proof of Theorem 2.65.

Finally, we are going to prove Corollary 2.66.
Set K = {xn : n = 0,1, . . .} and let ε > 0 we given. Let δ > 0 and a natural

number N be as guaranteed by Theorem 2.65. There exists a natural number j

such that for each integer i ≥ j , we have ρ(Axi, xi+1) ≤ δ. It follows from the last
inequality and the choice of δ that ρ(xi, xA) ≤ ε for all integers i ≥ j + N . Since
ε is an arbitrary positive number, this implies that limi→∞ xi = xA. The proof of
Corollary 2.66 is complete.

Corollary 2.66 provides a partial answer to a question raised in [77] in the wake
of Theorem 1 of [75], which is also concerned with the stability of iterations.

2.18 Proof of Theorem 2.67

We may assume without loss of generality that ε ≤ 1. By Theorem 2.65, there exist
a natural number N and a real number δ0 ∈ (0, ε) such that the following property
holds.

(P1) For each natural number n ≥ N and each sequence {yi}ni=0 ⊂ X which satisfies

y0 ∈ B(xA,4) and ρ(yi+1,Ayi) ≤ δ0, i = 0, . . . , n − 1, (2.391)

the following inequality holds:

ρ(yi, xA) ≤ ε, i = N, . . . , n. (2.392)

By property (A4), the set Ai(B(xA,4)) is bounded for any integer i ≥ 1. Choose a
number s > 1 such that

N⋃

i=0

Ai
(
B(xA,4)

) ⊂ B(xA, s). (2.393)

By induction and (A3), we define a finite sequence of positive numbers {γi}Ni=0 so
that

γi ≤ 1, i = 0, . . . ,N,

γN ≤ δ0/4, γi ≤ γi+1, i = 0, . . . ,N − 1,
(2.394)

and for each j ∈ {0, . . . ,N − 1},
ρ(Ax,Ay) ≤ 2−1γj+1 for all x, y ∈ B(xA, s + 4)

with ρ(x, y) ≤ γj .
(2.395)
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Set

δ = γ0/4. (2.396)

Assume that {xi}∞i=0 ⊂ X,

ρ(x0, xA) ≤ δ and ρ(xi+1,Axi) ≤ δ, i = 0,1, . . . . (2.397)

We will show that

ρ(xi, xA) ≤ ε (2.398)

for all integers i ≥ 0. By (2.397), (2.396) and (P1), inequality (2.398) holds for all
integers i ≥ N . Therefore we only need to prove (2.398) for i < N . Clearly, (2.398)
holds for i = 0.

We will show that for i = 0, . . . ,N , we have

ρ(xi, xA) = ρ
(
xi,A

ixA

) ≤ γi . (2.399)

By (2.397) and (2.396), this is true for i = 0. Assume that i ∈ {1, . . . ,N} and

ρ
(
xi−1,A

i−1xA

) = ρ(xi−1, xA) ≤ γi−1. (2.400)

Then (2.397) implies that

ρ(xi, xA) ≤ ρ(xi,Axi−1) + ρ(Axi−1, xA) ≤ δ + ρ(Axi−1, xA). (2.401)

It follows from (2.400) and (2.394) that

xi−1 ∈ B(xA, s). (2.402)

By (2.402), (2.400) and the definition of γi−1 (see (2.395) with j = i − 1),

ρ(Axi−1, xA) ≤ 2−1γi. (2.403)

Using (2.401), (2.403), (2.396) and (2.394), we obtain

ρ(xi, xA) ≤ δ + 2−1γi ≤ γi .

Thus (2.399) indeed holds for all i ∈ {0, . . . ,N}. This fact, when combined with
(2.394), implies that (2.398) is true for all i ∈ {0, . . . ,N}. This completes the proof
of Theorem 2.67.

2.19 Proof of Theorem 2.68

We may assume, without any loss of generality, that ε < 1 and that m ≥ 1 is an
integer such that

m ≥ ρ(xA, θ) + 4. (2.404)
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By Theorem 2.65, there exist δ ∈ (0, ε) and a natural number N such that the fol-
lowing property holds.

(P2) For each natural number n ≥ N and each sequence {xi}ni=0 ⊂ X which satisfies

x0 ∈ B(θ,m) and ρ(Axi, xi+1) ≤ δ, i = 0, . . . , n − 1, (2.405)

the following inequality holds:

ρ(xi, xA) ≤ ε, i = N, . . . , n. (2.406)

Set

K0 = B(θ,m) and Ki+1 = {
z ∈ X : ρ(

z,A(Ki)
) ≤ 1

}
,

i = 0,1, . . . . (2.407)

Clearly, the set Ki is bounded for any integer i ≥ 0. Choose a natural number q ≥ 8
such that

2N⋃

i=0

Ki ⊂ B(θ, q) and 1/q < δ/8. (2.408)

We are going to use the following technical result.

Lemma 2.71 Assume that

z ∈ B(θ,m) and {Bi}2N
i=1 ⊂ {

C ∈A : (C,A) ∈ Eq

}
, (2.409)

where Eq is given by (2.375). Then

ρ(Bi · · ·B1z, xA) ≤ ε, i = N, . . . ,2N. (2.410)

Proof Set

z0 = z and zi = Bizi−1, i = 1, . . . ,2N. (2.411)

We will show that

zi ∈ Ki (2.412)

for i = 0, . . . ,2N . Clearly, (2.412) holds for i = 0. Assume that i ∈ {0, . . . ,2N − 1}
and (2.412) is valid. Inclusions (2.412) and (2.408) imply that

zi ∈ Ki ⊂ B(θ, q). (2.413)

When combined with (2.409), (2.375) and (2.411), this last inclusion implies that

ρ(Azi, zi+1) = ρ(Azi,Bi+1zi) ≤ 1/q. (2.414)
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Consequently, (2.414), (2.413) and (2.407) imply that zi+1 ∈ Ki+1. Therefore
(2.412) is true for all i = 0, . . . ,2N . This implies (see (2.408)) that

{zi}2N
i=0 ⊂ B(θ, q).

It follows from this inclusion, (2.408), (2.409) and (2.411) that for i = 0, . . . ,

2N − 1,

ρ(zi+1,Azi) = ρ(Bi+1zi,Azi) ≤ 1/q < δ.

By (P2), we see that

ρ(Bi · · ·B1z, xA) = ρ(zi, xA) ≤ ε, i = N, . . . ,2N.

Lemma 2.71 is proved. �

Now we are ready to complete the proof of Theorem 2.68. To this end, set

U = {
C ∈ A : (C,A) ∈ Eq

}
. (2.415)

Let n ≥ N be an integer, x ∈ B(θ,m), and {Bi}ni=1 ⊂ U . We will show that

ρ(Bi · · ·B1x, xA) ≤ ε for i = N, . . . , n. (2.416)

If n ≤ 2N , then (2.416) follows from Lemma 2.71. Therefore we may restrict our
attention to the case n > 2N . By Lemma 2.71,

ρ(Bi · · ·B1x, xA) ≤ ε, i = N, . . . ,2N. (2.417)

Suppose now that there exists an integer p > 2N , p ≤ n, such that

ρ(Bp · · ·B1x, xA) > ε. (2.418)

According to (2.417), we may assume, without loss of generality, that

ρ(Bi · · ·B1x, xA) ≤ ε, i = 2N, . . . ,p − 1. (2.419)

Define {Di}2N
i=0 ⊂ A by

Di = Bi+p−N, i = 0, . . . ,N, Di = A, i = N + 1, . . . ,2N, (2.420)

and let

z = Bp−N · · ·B1x.

It follows from (2.417), (2.419), (2.420) and (2.404) that

ρ(z, xA) ≤ ε and z ∈ B(θ,m).
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Applying now Lemma 2.71 to the mappings {Di}2N
i=0 defined by (2.420), we deduce

that

ε ≥ ρ(DN · · ·D1z, xA) = ρ(xA,Bp · · ·Bp−N+1z) = ρ(xA,Bp · · ·B1x),

which contradicts (2.418). Hence (2.416) is true and Theorem 2.68 is established.

2.20 Proof of Theorem 2.69

Let A ∈Areg and let k ≥ 1 be an integer. There is xA ∈ K such that

AxA = xA. (2.421)

According to Theorem 2.68, there exist a natural number N(A,k) and an open
neighborhood U(A, k) of A in A such that the following property holds.

(P3) For each x ∈ B(θ, k), each natural number n ≥ N(A,k) and each B ∈ U(A, k),
we have ρ(Bn, xA) ≤ 1/k.

Define

F =
[ ∞⋂

q=1

⋃{
U(A, k) : A ∈Areg, k ≥ q an integer

}
]

∩ Āreg. (2.422)

Clearly, F is an everywhere dense Gδ subset of Āreg .
Let B ∈ F . We claim that B ∈ Areg . Indeed, let q be a natural number. There

exists a mapping Aq ∈ Areg with a fixed point xAq and a natural number kq ≥ q

such that

B ∈ U(Aq, kq). (2.423)

This inclusion together with (P3) imply that the following property holds.

(P4) For each point x ∈ B(θ, q) ⊂ B(θ, kq) and each natural number n ≥
N(Aq, kq),

ρ
(
Bnx,xAq

) ≤ k−1
q ≤ 1/q.

Since q is an arbitrary natural number, we obtain that for any x ∈ X, the sequence
{Bnx}∞n=1 is a Cauchy sequence and its limit is the unique fixed point xB of B . Thus

lim
n→∞BNz = xB for any z ∈ X.

Property (P4) implies that

ρ(xAq , xB) ≤ 1/q. (2.424)
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Finally, it follows from property (P4) and (2.424) that for any x ∈ B(θ, q) and any
n ≥ N(Aq, kq),

ρ
(
Bnx, xB

) ≤ 2/q.

This implies that Bnx → xB as n → ∞, uniformly on any bounded subset of X.
This completes the proof of Theorem 2.69.

2.21 Inexact Orbits of Nonexpansive Operators

Let (X,ρ) be a complete metric space, A : X → X be a continuous mapping, and
let F(A) be the set of all fixed points of A. We assume that F(A) 
= ∅ and that for
each x, y ∈ X,

ρ(Ax,Ay) ≤ ρ(x, y). (2.425)

By A0 we denote the identity self-mapping of A. We assume that for each x ∈ X,
the sequence {Anx}∞n=1 converges in (X,ρ). (Clearly, its limit belongs to F(A).)

The following result was obtained in [34].

Theorem 2.72 Let x0 ∈ X, {rn}∞n=0 ⊂ (0,∞),
∑∞

n=0 rn < ∞,

{xn}∞n=0 ⊂ X, ρ(xn+1,Axn) ≤ rn, n = 0,1, . . . . (2.426)

Then the sequence {xn}∞n=1 converges to a fixed point of A in (X,ρ).

Proof Fix a natural number k and consider the sequence {Anxk}∞n=0. This sequence
converges to yk ∈ F(A). By induction we will show that for each integer i ≥ 0,

ρ
(
Aixk, xk+1

) ≤
i+k−1∑

j=k−1

rj − rk−1. (2.427)

Clearly, for i = 0 (2.427) is valid. Assume that (2.427) is valid for an integer i ≥ 0.
By (2.426), (2.425) and (2.427),

ρ
(
xk+i+1,A

i+1xk

) ≤ ρ(xk+i+1,Axk+i ) + ρ
(
Axk+i ,A

(
Aixk

))

≤ rk+i + ρ
(
xk+i ,A

ixk

) ≤
i+k∑

j=k−1

ri − rk−1.

Therefore (2.427) holds for all integers i ≥ 0.
By (2.427), we have for each integer i ≥ 0,

ρ(xk+i , yk) ≤ ρ
(
xk+i ,A

ixk

) + ρ
(
Aixk, yk

) ≤
∞∑

j=k

rj + ρ
(
Aixk, yk

)
. (2.428)



98 2 Fixed Point Results and Convergence of Powers of Operators

Since Aixk converges to yk in (X,ρ), there is an integer i0 ≥ 1 such that for each
integer i ≥ i0,

ρ
(
Aixk, yk

) ≤
∞∑

j=k

rj /4. (2.429)

By (2.429) and (2.428), for each pair of integers i1, i2 ≥ i0,

ρ(xk+i1, xk+i2) ≤ ρ(xk+i1, yk) + ρ(yk, xk+i2) ≤ 3
∞∑

j=k

rj .

Thus we have shown that for each natural number k, there is an integer i0 ≥ 1 such
that for each pair of integers i1, i2 ≥ i0,

ρ(xk+i1, xk+i2) ≤ 3
∞∑

j=k

rj .

Since
∑∞

j=1 rj < ∞, we see that {xn}∞n=1 is a Cauchy sequence and there exists
x̄ = limn→∞ xn. Together with (2.428), this equality implies that

ρ(x̄, yk) ≤
∞∑

j=k

rj .

Since
∑∞

j=1 rj < ∞, this inequality implies that

x̄ = lim
k→∞yk

and Ax̄ = x̄. Theorem 2.72 is proved. �

Now we present another result which was obtained in [34].
Let X be a nonempty closed subset of a Banach space (E,‖ · ‖) with a dual space

(E∗,‖ · ‖∗) and let A : X → X satisfy

‖Ax − Ay‖ ≤ ‖x − y‖ for each x, y ∈ X. (2.430)

As usual, we denote by A0 the identity self-mapping of X. Consider the following
assumptions.

(A1) For each x ∈ X, the sequence {Anx}∞n=1 converges weakly in X.
(A2) For each x ∈ X, the sequence {Anx}∞n=1 converges weakly in X to a fixed

point of A.

Theorem 2.73 Assume that (A1) holds. Let x0 ∈ X,
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{rn}∞n=0 ⊂ (0,∞),

∞∑

n=0

rn < ∞, (2.431)

{xn}∞n=0 ⊂ X, ‖xn+1 − Axn‖ ≤ rn, n = 0,1, . . . . (2.432)

Then the sequence {xn}∞n=1 converges weakly in X. Moreover, if (A2) holds, then its
limit is a fixed point of A.

Proof Fix a natural number k and consider a sequence {Anxk}∞n=0. This sequence
converges weakly to yk ∈ X. (Note that if (A2) holds, then Ayk = yk .) By induction
we will show that for each integer i ≥ 0,

∥
∥Aixk − xk+i

∥
∥ ≤

i+k−1∑

j=k−1

rj − rk−1. (2.433)

It is clear that (2.433) is valid for i = 0. Assume that i ≥ 0 is an integer and that
(2.433) is valid. By (2.432) and (2.430),

∥
∥xk+i+1 − Ai+1xk

∥
∥ ≤ ‖xk+i+1 − Axk+i‖ + ∥

∥Axk+i − A
(
Aixk

)∥∥

≤ rk+i + ∥∥xk+i − Aixk

∥∥

≤ rk+i +
i+k−1∑

j=k−1

rj − rk−1 =
i+k∑

j=k−1

rj − rk−1.

Therefore (2.433) holds for all integers i ≥ 0. Fix an integer q ≥ 1. By (2.433), we
have

∥∥Aqxk − xk+q

∥∥ ≤
∞∑

j=k

rj . (2.434)

By (2.430) and (2.434), we have for each integer i ≥ 0,

∥∥Aq+ixk − Aixk+q

∥∥ ≤ ∥∥Aqxk − xk+q

∥∥ ≤
∞∑

j=k

rj . (2.435)

In view of (2.435) and the definition of yk and yk+q ,

‖yk − yk+q‖ ≤
∞∑

j=k

rj . (2.436)

Since the above inequality holds for each pair of natural numbers q and k and since∑∞
j=0 rj < ∞, we conclude that {yk}∞k=1 is a Cauchy sequence and there exists

y∗ = lim
k→∞yk (2.437)
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in the norm topology of E. (Note that if (A2) holds, then Ay∗ = y∗.) By (2.437) and
(2.436),

‖yk − y∗‖ ≤
∞∑

j=k

rj for all integers k ≥ 1. (2.438)

In order to complete the proof it is sufficient to show that limk→∞ xk = y∗ in the
weak topology.

Let f ∈ E∗ be a continuous linear functional on E such that ‖f ‖∗ ≤ 1 and let
ε > 0 be given. It is sufficient to show that |f (y∗ − xi)| ≤ ε for all large enough
integers i.

There is an integer k ≥ 1 such that

∞∑

j=k

rj < ε/4. (2.439)

By (2.438) and (2.434), for each integer i ≥ 1,

∣∣f (y∗ − xk+i )
∣∣ ≤ ∣∣f (y∗ − yk)

∣∣ + ∣∣f
(
yk − Aixk

)∣∣ + ∣∣f
(
Aixk − xk+i

)∣∣

≤ ‖y∗ − yk‖ + ∣∣f
(
yk − Aixk

)∣∣ + ∥∥Aixk − xk+i

∥∥

≤
∞∑

j=k

rj + ∣∣f
(
yk − Aixk

)∣∣ +
∞∑

j=k

rj . (2.440)

Since yk = limi→∞ Aixk in the weak topology of X, there is a natural number i0
such that

∣∣f
(
yk − Aixk

)∣∣ ≤ ε/4 for all natural numbers i ≥ i0. (2.441)

By (2.440), (2.439), (2.441), we have for each integer i ≥ i0,

∣∣f (y∗ − xk+i )
∣∣ ≤ ε/4 + ε/4 + ε/4 = 3ε/4.

Theorem 2.73 is proved. �

2.22 Convergence to Attracting Sets

In this section we continue to study the influence of errors on the convergence of
orbits of nonexpansive mappings in either metric or Banach spaces.

Let (X,ρ) be a metric space. For each x ∈ X and each closed nonempty subset
A ⊂ X, put

ρ(x,A) = inf
{
ρ(x, y) : y ∈ A

}
.
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Theorem 2.74 Let T : X → X satisfy

ρ(T x,T y) ≤ ρ(x, y) for all x, y ∈ X. (2.442)

Suppose that F is a nonempty closed subset of X such that for each x ∈ X,

lim
i→∞ρ

(
T ix,F

) = 0.

Assume that {γn}∞n=0 ⊂ (0,∞),
∑∞

n=0 γn < ∞,

{xn}∞n=0 ⊂ X and ρ(xn+1, T xn) ≤ γn, n = 0,1, . . . . (2.443)

Then

lim
n→∞ρ(xn,F ) = 0.

Proof Let ε > 0. Then there is an integer k ≥ 1 such that

∞∑

i=k

γi < ε. (2.444)

Define a sequence {yi}∞i=k by

yk = xk,

yi+1 = Tyi for all integers i ≥ k.
(2.445)

By (2.443) and (2.445),

ρ(xk+1, yk+1) ≤ γk. (2.446)

Assume that q ≥ k + 1 is an integer and that for i = k + 1, . . . , q ,

ρ(xi, yi) ≤
i−1∑

j=k

γj . (2.447)

(Note that in view of (2.446), inequality (2.447) is valid when q = k + 1.)
By (2.442) and (2.447),

ρ(T yq,T xq) ≤ ρ(yq, xq) ≤
q−1∑

j=k

γj .

When combined with (2.445) and (2.443), this implies that

ρ(xq+1, yq+1) ≤ ρ(xq+1, T xq) + ρ(T xq,T yq) ≤ γq +
q−1∑

j=k

γj =
q∑

j=k

γj ,
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so that (2.447) also holds for i = q + 1. Thus we have shown that for all integers
q ≥ k + 1,

ρ(yq, xq) ≤
q−1∑

j=k

γj <

∞∑

j=k

γj < ε, (2.448)

by (2.444). In view of (2.445) and the hypotheses of the theorem we note that

lim
i→∞ρ(yi,F ) = 0. (2.449)

By (2.448) and (2.449),

lim sup
i→∞

ρ(xi,F ) ≤ ε.

Since ε is an arbitrary positive number, we conclude that

lim
i→∞ρ(xi,F ) = 0,

as asserted. �

Theorem 2.75 Let X be a nonempty and closed subset of a reflexive Banach space
(E,‖ · ‖) and let T : X → X be such that

‖T x − Ty‖ ≤ ‖x − y‖ for all x, y ∈ X. (2.450)

Let F be a nonempty and closed subset of X such that for each x ∈ X, the sequence
{T nx}∞n=1 is bounded and all its weak limit points belong to F .

Assume that {γi}∞i=0 ⊂ (0,∞),
∑∞

i=0 γi < ∞, {xi}∞i=0 ⊂ X and

‖xi+1 − T xi‖ ≤ γi for all integers i ≥ 0. (2.451)

Then the sequence {xi}∞i=0 ⊂ X is bounded and all its weak limit points also belong
to F .

Proof Let ε > 0 be given. There is an integer k ≥ 1 such that

∞∑

i=k

γi < ε. (2.452)

Define a sequence {yi}∞i=k by

yk = xk, yi+1 = Tyi for all integers i ≥ k. (2.453)

Arguing as in the proof of Theorem 2.74, we can show that for all integers q ≥ k+1,

‖yq − xq‖ ≤
q−1∑

j=k

γj < ε. (2.454)

Obviously, (2.454) implies that the sequence {xk}∞k=0 is bounded.



2.23 Nonconvergence to Attracting Sets 103

Assume now that z is a weak limit point of the sequence {xk}∞k=0. There exists a
subsequence {xip }∞p=1 which weakly converges to z. We may assume without loss of
generality that {yip }∞p=1 weakly converges to z̃ ∈ F . By (2.454) and the weak lower
semicontinuity of the norm,

‖z̃ − z‖ ≤ ε.

Since ε is an arbitrary positive number, we conclude that

z ∈ F.

Theorem 2.75 is proved. �

Both Theorems 2.74 and 2.75 were obtained in [111].

2.23 Nonconvergence to Attracting Sets

In this section, which is based on [111], we show that both Theorems 2.72 and 2.74
cannot, in general, be improved. We begin with Theorem 2.72.

Proposition 2.76 For any normed space X, there exists an operator T : X → X

such that ‖T x − Ty‖ ≤ ‖x − y‖ for all x, y ∈ X, the sequence {T nx}∞n=1 converges
for each x ∈ X and, for any sequence of positive numbers {γn}∞n=0, there exists a se-
quence {xn}∞n=0 ⊂ X with ‖xn+1 − T xn‖ ≤ γn for all nonnegative integers n, which
converges if and only if the sequence {γn}∞n=0 is summable, i.e.,

∑∞
n=0 γn < ∞.

Proof This is a simple fact because we may take T to be the identity operator:
T x = x, ∀x. Then we may take x0 to be an arbitrary element of X with ‖x0‖ = 1,
and define by induction

xn+1 = T xn + γnx0, n = 0,1,2, . . . .

Evidently, ‖xn+1 − T xn‖ = γn and xn+1 = x0(1 + ∑n
i=0 γi) for all integers n ≥ 0,

so that the convergence of {xn}∞n=0 is equivalent to the summability of the sequence
{γn}∞n=0. �

Counterexamples to possible improvements of Theorem 2.74 are more difficult
to construct because this theorem deals with convergence to attracting sets. For sim-
plicity, we assume that the non-summable sequence {γn}∞n=0 decreases to 0 and that
γ1 ≤ 1.

Proposition 2.77 Let X be an arbitrary (but not one-dimensional) normed space
and let a non-summable sequence of positive numbers {γn}∞n=0 decrease to 0. Then
there exist a subspace F ⊂ X and a nonexpansive (with respect to an equivalent
norm on X) operator T : X → X such that ρ(T nu,F ) → 0 as n → ∞ for any



104 2 Fixed Point Results and Convergence of Powers of Operators

u ∈ X, and there exists a sequence {un}∞n=0 ⊂ X such that ‖un+1 − T un‖ ≤ γn for
all integers n ≥ 0, but ρ(un,F ) does not tend to 0 as n → ∞.

Proof We take any 2-dimensional subspace of X, identify it with R2 (with coordi-
nates (x, y)), and perform all constructions and proofs only in this subspace, taking
as F the one-dimensional space L := {(x, y) ∈ R2 : y = 0}. The same counterex-
ample may be then applied to the whole space X if we take F to be an algebraic
complement of the one-dimensional space {(x, y) ∈ R2 : x = 0} which contains L.

So, consider a plane with orthogonal axes x, y and the norm ‖u‖ = ‖(x, y)‖ =
max(|x|, |y|) (recall that in a finite dimensional space all norms are equivalent). At
the first stage, we only consider the case where γn+1/γn ≥ 1/2 for all n and we de-
fine a decreasing function y = γ (x) which equals γn at x = 2n, n = 1,2, . . . , and is
linear on the intermediate segments. Finally, we define the operator T as the super-
position T = T4T3T2T1 of the following four mappings: (a) T1 : (x, y) �→ (|x|, |y|);
(b) T2 : (x, y) �→ (x,min(1, y)); (c) T3 : (x, y) �→ (x + 2, y); (d) T4 : (x, y) �→
(x, [1 − γ (x)]y).

The principal point of the proof is to show that the operator T is nonexpansive.
This is obviously true for the first three mappings T1, T2 and T3, so we need

only consider the fourth operator T4. For simplicity, we may assume from the very
beginning that T = T4.

For arbitrary x1 < x2, let u1 = (x1, y1) and u2 = (x2, y2). Then T u1 = (x1, [1 −
γ (x1)]y1) and T u2 = (x2, [1 − γ (x2)]y2). Our aim is to show that ‖T u1 − T u2‖ ≤
‖u1 − u2‖, where ‖u1 − u2‖ = max(x2 − x1, |y2 − y1|) and ‖T u1 − T u2‖ =
max(x2 − x1, |[1 − γ (x2)]y2 − [1 − γ (x1)]y1|). Since after the application of the
first two mappings T1 and T2, the second coordinate y already belongs to [0,1], the
case where x2 −x1 ≥ 1 is trivial, because then ‖T u1 −T u2‖ = ‖u1 −u2‖ = x2 −x1.
Hence we may assume in what follows that x2 − x1 < 1 and thus we need only con-
sider one of the following two possibilities: either both x1 and x2 belong to the same
interval [2n,2(n + 1)] or they belong to two adjoining intervals [2n,2(n + 1)] and
[2(n + 1),2(n + 2)] for some n = 1,2, . . . . We claim that in both cases,

γ (x1) − γ (x2) ≤ (x2 − x1)γ (x1). (2.455)

If 2n ≤ x1 < x2 ≤ 2(n + 1), then the points u1 and u2 lie on the straight line
connecting the points (2n,1−γn) and (2(n+1),1−γn+1), so that the ratio (γ (x1)−
γ (x2))/(x2 − x1) coincides with the slope of this line:

kn = (γn − γn+1)/2 ≤ γn/2 ≤ γn+1 ≤ γ (x1).

In the second case the same ratio is less than or equal to max(kn, kn+1), where

kn+1 = (γn+1 − γn+2)/2 ≤ γn+1 ≤ γ (x1),

and therefore inequality (2.455) is proved in both cases.
Note that in order to compare the distances between u1 and u2, and between T u1

and T u2, it is enough to show that
∣∣y2

[
1 − γ (x2)

] − y1
[
1 − γ (x1)

]∣∣ ≤ max
(
x2 − x1, |y2 − y1|

)
. (2.456)
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If y1 ≥ y2, then

y1
[
1 − γ (x1)

] − y2
[
1 − γ (x2)

] = (y1 − y2) − [
y1γ (x1) − y2γ (x2)

] ≤ y1 − y2,

because γ (x1) ≥ γ (x2). On the other hand,

y1
[
1 − γ (x1)

] − y2
[
1 − γ (x2)

] = (y1 − y2)
[
1 − γ (x2)

] + y1
[
γ (x2) − γ (x1)

]

≥ −(x2 − x1)γ (x1)y1

by (2.455). Now inequality (2.456) follows because γ (x1)y1 < 1.
If y2 − y1 ≥ 0, then also y2[1 − γ (x2)] − y1[1 − γ (x1)] ≥ 0 and it suffices to

estimate this difference only from above. Bearing in mind that all y ≤ 1, we obtain
by (2.455) that

y2
[
1 − γ (x2)

] − y1
[
1 − γ (x1)

]

= (y2 − y1)
[
1 − γ (x1)

] + y2
[
γ (x1) − γ (x2)

]

≤ (y2 − y1)
[
1 − γ (x1)

] + γ (x1)(x2 − x1) ≤ max(x2 − x1, y2 − y1),

as needed.
Let u = (x, y) be an arbitrary point in R2. Then T2T1u ∈ {(x, y) : x ≥ 0,0 ≤

y ≤ 1} and thereafter the operators T1 and T2 coincide with the identity mapping.
Defining the integer k by 2k ≤ x < 2(k + 1), we see that

ρ
(
T nu,F

) = y

n∏

i=1

[
1 − γ (x + 2i)

] ≤ y

k+n∏

i=k+1

(1 − γi) −→ 0

as n → ∞, because the series
∑∞

i=1 γi is divergent.
To finish the proof for the case where γn+1/γn ≥ 1/2 for all natural numbers n,

we define un = (2(n − 1),1) for n = 1,2, . . . . Then T un = T4T3un = (2n,1 − γn)

and ‖un+1 −T un‖ = γn. At the same time, ρ(un,F ) = 1 for all n and does not tend
to 0.

We now proceed to the general case where the given sequence {γn}∞n=0 does not
satisfy the condition γn+1/γn ≥ 1/2 for all n ≥ 0. We then define by induction a
new sequence:

γ ′
1 = γ1, γ ′

n+1 = max
{
γn+1, γ

′
n/2

}
, n = 1,2, . . . ,

so that γ ′
n+1/γ

′
n ≥ 1/2. Using the new sequence {γ ′

n}∞n=0, we construct the operator
T as before, replacing each γn by γ ′

n. The sequence {un}∞n=0 will be defined by
induction. Let u1 = (0,1). If the point un = (xn, yn) has already been defined, then
to obtain the next point un+1 = (xn+1, yn+1), we put xn+1 = xn + 2, yn+1 = yn if
γ ′
n = γn, and yn+1 = yn[1−γ ′

n] if γ ′
n > γn. Since T un = (xn+1, yn[1−γ ′

n]) for each
n, we find that ‖un+1 − T un‖ ≤ γn for all n, as needed.
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It is easy to see that

yn+1 =
n∏

k=1

(
1 − σkγ

′
k

)
,

where σk = 1 when γ ′
n > γn and σk = 0 otherwise. But the series

∑∞
k=1 σkγ

′
k con-

verges, since the ratio of any two consecutive nonzero terms here is not greater than
1/2. Therefore

ρ(un,F ) ≥
∞∏

k=1

(
1 − σkγ

′
k

)
> 0.

That is, the sequence {ρ(un,F )} again does not tend to zero, as claimed. �

2.24 Convergence and Nonconvergence to Fixed Points

In Sect. 2.23 we have shown that Theorems 2.72 and 2.74 cannot be, in general,
improved. However in Proposition 2.76 every point of the space is a fixed point of
the operator T and the inexact orbits tend to infinity. In Proposition 2.77 the attract-
ing set F is unbounded and the operator T depends on the sequence of errors. In
this section we construct an operator T on a complete metric space X such that all
of its orbits converge to its unique fixed point, and for any nonsummable sequence
of errors and any initial point, there exists a divergent inexact orbit with a conver-
gent subsequence. On the other hand, we emphasize that while the example of the
present section is for a particular subset of an infinite-dimensional Banach space,
the examples in Sect. 2.23 apply to general normed spaces, even finite-dimensional
ones.

Let X be the set of all sequences x = {xi}∞i=1 of nonnegative numbers such that∑∞
i=1 xi ≤ 1. For x = {xi}∞i=1, y = {yi}∞i=1 ∈ X, set

ρ
({xi}∞i=1, {yi}∞i=1

) =
∞∑

i=1

|xi − yi |. (2.457)

Clearly, (X,ρ) is a complete metric space.
Define a mapping T : X → X as follows:

T
({xi}∞i=1

) = (x2, x3, . . . , xi, . . .), {xi}∞i=1 ∈ X. (2.458)

In other words, for any {xi}∞i=1 ∈ X,

T
({xi}∞i=1

) = {yi}∞i=1, where yi = xi+1 for all integers i ≥ 1. (2.459)

Set T 0x = x for all x ∈ X. Clearly,

ρ(T x,T y) ≤ ρ(x, y) for all x, y ∈ X (2.460)
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and

T nx converges to (0,0, . . . , . . .) as n → ∞ (2.461)

for all x ∈ X.
The following result was obtained in [111].

Theorem 2.78 Let {ri}∞i=0 ⊂ [0,∞),

∞∑

i=0

ri = ∞, (2.462)

and x = {xi}∞i=1 ∈ X. Then there exists a sequence {y(i)}∞i=0 ⊂ X such that

y(0) = x, ρ
(
Ty(i), y(i+1)

) ≤ ri , i = 0,1, . . . ,

the sequence {y(i)}∞i=0 does not converge in (X,ρ), but (0,0, . . .) is a limit point of
{y(i)}∞i=0.

In the proof of this theorem we may assume without loss of generality that

ri ≤ 16−1 for all integers i ≥ 0. (2.463)

We precede the proof of Theorem 2.78 with the following lemma.

Lemma 2.79 Let z(0) = {z(0)
i }∞i=1 ∈ X and let k ≥ 0 be an integer. Then there exist

an integer n ≥ 4 and a sequence {z(i)}ni=0 ⊂ X such that

ρ
(
z(i+1), T z(i)

) ≤ rk+i , i = 0, . . . , n − 1,

and

ρ
(
z(n), (0,0,0, . . .)

) ≥ 4−1.

Proof There is a natural number m > 4 such that

∞∑

i=m

z
(0)
i < 16−1. (2.464)

Set

z(i+1) = T z(i), i = 0, . . . ,m − 1. (2.465)

Clearly,

z(m) = (
z
(0)
m+1, z

(0)
m+2, . . . , z

(0)
i , . . .

)
. (2.466)
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By (2.462), there is a natural number n > m such that

k+n∑

j=k+m

rj ≥ 2−1. (2.467)

By (2.467) and (2.463), n ≥ m + 7 and we may assume without loss of generality
that

k+n−1∑

j=k+m

rj < 1/2. (2.468)

In view of (2.457) and (2.463)

k+n−1∑

j=k+m

rj =
k+n∑

j=k+m

rj − rk+n ≥ 2−1 − 16−1. (2.469)

For i = m + 1, . . . , n, define z(i) = {z(i)
j }∞j=1 as follows:

z
(i)
j = z

(0)
j+i , j ∈ {1,2, . . .} \ {n + 1 − i},

z
(i)
n+1−i = z

(0)
n+1 +

k+i−1∑

j=k+m

rj .
(2.470)

Clearly, for i = m + 1, . . . , n, z(i) is well-defined and by (2.470), (2.464) and
(2.468),

∞∑

j=1

z
(i)
j =

∞∑

j=i+1

z
(0)
j +

k+i−1∑

j=k+m

rj ≤
∞∑

j=m

z
(0)
j +

k+n−1∑

j=k+m

rj ≤ 16−1 + 2−1 < 1.

Thus z(i) ∈ X, i = m + 1, . . . , n.
Let i ∈ {m, . . . , n − 1}. In order to estimate ρ(z(i+1), T z(i)), we first set

{z̃j }∞j=1 = T z(i). (2.471)

In view of (2.471), (2.458) and (2.459), z̃j = z
(i)
j+1 for all integers j ≥ 1. When

combined with (2.470), this implies that

z̃j = z
(0)
j+1+i for all j ∈ {1,2, . . .} \ {n − i} (2.472)

and

z̃n−i = z
(i)
n+1−i = z

(0)
n+1 +

k+i−1∑

j=k+m

rj .
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By (2.472), z̃j = z
(i+1)
j for all j ∈ {1,2, . . .}\{n− i}. Together with (2.473), (2.457),

(2.472) and (2.470), this equality implies that

ρ
(
z(i+1), T z(i)

) = ρ
(
z(i+1), {z̃j }∞j=1

) = ∣∣z(i+1)
n−i − z̃n−i

∣∣ = rk+i .

It follows from this relation, which holds for all i ∈ {m, . . . , n−1}, and from (2.465)
that

ρ
(
z(i+1), T z(i)

) ≤ rk+i , i = 0, . . . , n − 1.

By (2.457), (2.470) and (2.469),

ρ
(
z(n), (0,0,0, . . .)

) ≥ z
(n)
1 = z

(0)
n+1 +

k+n−1∑

j=k+m

rj ≥ 2−1 − 16−1.

This completes the proof of Lemma 2.79. �

Proof of Theorem 2.78 In order to prove the theorem, we construct by induction,
using Lemma 2.79, sequences of nonnegative integers {tk}∞k=0 and {sk}∞k=0, and a
sequence {y(i)}∞i=0 ⊂ X such that

y(0) = x, (2.473)

ρ
(
y(i+1), T y(i)

) ≤ ri for all integers i ≥ 0, (2.474)

t0 = s0 = 0, sk < sk+1 < tk+1 for all integers k ≥ 0, (2.475)

and for all integers k ≥ 1,

ρ
(
y(sk), (0,0,0 . . .)

) ≤ 1/k and ρ
(
y(tk), (0,0,0 . . .)

) ≥ 1/4. (2.476)

In the sequel we use the notation y(i) = {y(i)
j }∞j=1, i = 0,1, . . . .

Set

y(0) = x and t0, s0 = 0. (2.477)

Assume that q ≥ 0 is an integer and that we have already defined two sequences of
nonnegative numbers {tk}qk=0 and {sk}qk=0, and a sequence {y(i)}tqi=0 ⊂ X such that
(2.474) holds for all integers i satisfying 0 ≤ i < sq , (2.477) holds,

tk < sk+1 < tk+1 for all integers k satisfying 0 ≤ k < q,

and (2.476) holds for all integers k satisfying 0 < k ≤ q . (Note that for q = 0 this
assumption does hold.)

Now we show that this assumption also holds for q + 1.
Indeed, there is a natural number sq+1 > tq + 1 such that

∞∑

j=sq+1−1−tq

y
(tq )

j < (q + 1)−1. (2.478)



110 2 Fixed Point Results and Convergence of Powers of Operators

Set

y(i+1) = Ty(i), i = tq , . . . , sq+1 − 1. (2.479)

By (2.479), (2.457), (2.458), (2.459) and (2.478),

ρ
(
y(sq+1), (0,0, . . .)

) =
∞∑

j=1

y
(sq+1)

j =
∞∑

j=sq+1−tq+1

y
(tq )

j < (q + 1)−1. (2.480)

Applying Lemma 2.79 with

z(0) = y(sq+1) and k = sq+1, (2.481)

we obtain that there exist an integer n ≥ 4 and a sequence {y(i)}sq+1+n

i=sq+1
⊂ X such

that

ρ
(
y(i+1), T y(i)

) ≤ ri , i = sq+1, . . . , sq+1 + n − 1, (2.482)

and

ρ
(
y(sq+1+n), (0,0,0 . . .)

) ≥ 1/4. (2.483)

Put

tq+1 = sq+1 + n.

In this way we have constructed a sequence {y(i)}tq+1
i=0 ⊂ X and two sequences of

nonnegative integers {tk}q+1
k=0 and {sk}q+1

k=0 such that (2.477) holds, (2.474) holds for
all integers i satisfying 0 ≤ i < tq+1 (see (2.479) and (2.482)), tk < sk+1 < tk+1 for
all integers k satisfying 0 ≤ k < q + 1, and (2.476) holds for all integers k satisfying
0 < k ≤ q + 1 (see (2.480), (2.482) and (2.483)).

In other words, the assumption made concerning q also holds for q + 1. It fol-
lows that we have indeed constructed two sequences of nonnegative integers {tk}∞k=0
and {sk}∞k=0, and a sequence {y(i)}∞i=0 ⊂ X which satisfy (2.473)–(2.476). This com-
pletes the proof of Theorem 2.78. �

2.25 Convergence to Compact Sets

In this section, we study the influence of computational errors on the convergence
to compact sets of orbits of nonexpansive mappings in Banach and metric spaces.

Let (X,ρ) be a complete metric space. For each x ∈ X and each nonempty closed
subset A ⊂ X, put

ρ(x,A) = inf
{
ρ(x, y) : y ∈ A

}
.

For each mapping T : X → X, set T 0x = x for all x ∈ X.
The following result was obtained in [112].
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Theorem 2.80 Let T : X → X satisfy

ρ(T x,T y) ≤ ρ(x, y) for all x, y ∈ X. (2.484)

Suppose that for each x ∈ X, there exists a nonempty compact set E(x) ⊂ X such
that

lim
i→∞ρ

(
T ix,E(x)

) = 0. (2.485)

Assume that {γn}∞n=0 ⊂ (0,∞),
∑∞

n=0 γn < ∞,

{xn}∞n=0 ⊂ X and ρ(xn+1, T xn) ≤ γn, n = 0,1, . . . . (2.486)

Then there exists a nonempty compact subset F of X such that

lim
n→∞ρ(xn,F ) = 0.

Proof In order to prove the theorem it is sufficient to show that any subsequence of
{xn}∞n=0 has a convergent subsequence.

To see this, it is sufficient to show that for any ε > 0, the following assertion
holds:

(P1) Any subsequence of {xn}∞n=0 possesses a subsequence which is contained in a
ball with radius ε.

Indeed, there is an integer k ≥ 1 such that

∞∑

i=k

γi < ε/8. (2.487)

Define a sequence {yi}∞i=k by

yk = xk,

yi+1 = Tyi for all integers i ≥ k.
(2.488)

There exists a nonempty compact set E ⊂ X such that

lim
i→∞ρ(yi,E) = 0. (2.489)

By (2.486) and (2.488),

ρ(xk+1, yk+1) ≤ γk. (2.490)

Assume that q ≥ k + 1 is an integer and that for i = k + 1, . . . , q ,

ρ(xi, yi) ≤
i−1∑

j=k

γj . (2.491)
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(Note that in view of (2.490), inequality (2.491) is valid when q = k + 1.)
By (2.484) and (2.491),

ρ(Tyq,T xq) ≤ ρ(yq, xq) ≤
q−1∑

j=k

γj .

When combined with (2.486), this implies that

ρ(xq+1, yq+1) ≤ ρ(xq+1, T xq) + ρ(T xq,T yq) ≤ γq +
q−1∑

j=k

γj =
q∑

j=k

γj ,

so that (2.491) also holds for i = q + 1. Thus we have shown that for all integers
q ≥ k + 1,

ρ(yq, xq) ≤
q−1∑

j=k

γj <

∞∑

j=k

γj < ε/8 (2.492)

by (2.487). In view of (2.489), for all large enough natural numbers q , we have

ρ(xq,E) < ε/4. (2.493)

By (2.493), there exist an integer q0 > k and a sequence {zi}∞i=q0
⊂ K such that

ρ(xi, zi) < ε/3 for all integers i ≥ q0. (2.494)

Consider any subsequence {xqi
}∞i=1 of {xn}∞n=0. Since the set E is compact, the se-

quence {zqi
}∞i=1 possesses a convergent subsequence {zqij

}∞j=1.

We may assume without loss of generality that all elements of this convergent
subsequence belong to B(u, ε/16) for some u ∈ X.

In view of (2.494),

xqij
∈ B(u, ε/2) for all sufficiently large natural numbers j.

Thus (P1) holds and this completes the proof of the theorem. �

Note that Theorem 2.80 is an extension of Theorem 2.72.
The following result, which was obtained in [112], shows that both Theo-

rems 2.72 and 2.80 cannot, in general, be improved (cf. Proposition 2.77).

Proposition 2.81 For any normed space X, there exists an operator T : X → X

such that ‖T x − Ty‖ ≤ ‖x − y‖ for all x, y ∈ X, the sequence {T nx}∞n=1 converges
for each x ∈ X and, for any sequence of positive numbers {γn}∞n=0, there exists
a sequence {xn}∞n=0 ⊂ X with ‖xn+1 − T xn‖ ≤ γn for all nonnegative integers n,
which converges to a compact set if and only if the sequence {γn}∞n=0 is summable,
i.e.,

∑∞
n=0 γn < ∞.
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Proof This is a simple fact because we may take T to be the identity operator:
T x = x, ∀x. Then we may take as x0 to be an arbitrary element of X with ‖x0‖ = 1
and define by induction

xn+1 = T xn + γnx0, n = 0,1,2, . . . .

Evidently, ‖xn+1 − T xn‖ = γn and xn+1 = x0(1 + ∑n
i=0 γi) for all integers n ≥ 0,

so that the convergence of {xn}∞n=0 to a compact set is equivalent to the summability
of the sequence {γn}∞n=0. Proposition 2.81 is proved. �

2.26 An Example of Nonconvergence to Compact Sets

In the previous section, we have shown that Theorems 2.72 and 2.80 cannot, in
general, be improved. However, in Proposition 2.81 every point of the space is a
fixed point of the operator T and the inexact orbits tend to infinity. In this section,
we construct an operator T on a certain complete metric space X (a bounded, closed
and convex subset of a Banach space) such that all of its orbits converge to its unique
fixed point, and for any nonsummable sequence of errors and any initial point, there
exists an inexact orbit which does not converge to any compact set. This example is
based on [112].

Let X be the set of all sequences x = {xi}∞i=1 of nonnegative numbers such that∑∞
i=1 xi ≤ 1. For x = {xi}∞i=1 and y = {yi}∞i=1 in X, set

ρ
({xi}∞i=1, {yi}∞i=1

) =
∞∑

i=1

|xi − yi |. (2.495)

Clearly, (X,ρ) is a complete metric space.
Define a mapping T : X → X as follows:

T
({xi}∞i=1

) = (x2, x3, . . . , xi, . . .), {xi}∞i=1 ∈ X. (2.496)

In other words, for any {xi}∞i=1 ∈ X,

T
({xi}∞i=1

) = {yi}∞i=1, where yi = xi+1 for all integers i ≥ 1. (2.497)

Set T 0x = x for all x ∈ X. Clearly,

ρ(T x,T y) ≤ ρ(x, y) for all x, y ∈ X (2.498)

and

T nx converges to (0,0, . . . , . . .) as n → ∞ (2.499)

for all x ∈ X.
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Theorem 2.82 Let {ri}∞i=0 ⊂ [0,∞),

∞∑

i=0

ri = ∞, (2.500)

and x = {xi}∞i=1 ∈ X. Then there exists a sequence {y(i)}∞i=0 ⊂ X such that

y(0) = x, ρ
(
Ty(i), y(i+1)

) ≤ ri , i = 0,1, . . . , (2.501)

and that the following property holds:
there is no nonempty compact set E ⊂ X such that

lim
i→∞ρ

(
y(i),E

) = ∅.

In the proof of this theorem, we may assume without any loss of generality that

ri ≤ 16−1 for all integers i ≥ 0. (2.502)

We precede the proof of Theorem 2.82 with the following lemma.

Lemma 2.83 Let z(0) = {z(0)
i }∞i=1 ∈ X, let k ≥ 0 be an integer and let j0 be a natural

number. Then there exist an integer n ≥ 4 and a sequence {z(i)}ni=0 ⊂ X such that

ρ
(
z(i+1), T z(i)

) ≤ rk+i , i = 0, . . . , n − 1,

and

z(n) = (
z
(n)
1 , . . . , z

(n)
i , . . .

) = {
z
(n)
i

}∞
i=1

with z
(n)
j0+1 ≥ 4−1.

Proof There is a natural number m > 4 such that

m > j0 + 4,

∞∑

i=m

z
(0)
i < 16−1.

(2.503)

Set

z(i+1) = T z(i), i = 0, . . . ,m − 1. (2.504)

Then

z(m) = (
z
(0)
m+1, z

(0)
m+2, . . . , z

(0)
i , . . .

)
. (2.505)
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By (2.500), there is a natural number n > m such that

k+n∑

j=k+m

rj ≥ 2−1. (2.506)

By (2.506) and (2.502),

n ≥ m + 7 (2.507)

and we may assume without loss of generality that

k+n−1∑

j=k+m

rj < 1/2. (2.508)

In view of (2.506) and (2.502),

k+n−1∑

j=k+m

rj =
k+n∑

j=k+m

rj − rk+n ≥ 2−1 − 16−1. (2.509)

For i = m + 1, . . . , n, define z(i) = {z(i)
j }∞j=1 as follows:

z
(i)
j = z

(0)
j+i , j ∈ {1,2, . . .} \ {n + 1 + j0 − i},

z
(i)
n+1+j0−i = z

(0)
n+1+j0

+
k+i−1∑

j=k+m

rj .
(2.510)

Clearly, for i = m + 1, . . . , n, z(i) is well-defined and by (2.510), (2.503) and
(2.508),

∞∑

j=1

z
(i)
j =

∞∑

j=i+1

z
(0)
j +

k+i−1∑

j=k+m

rj ≤
∞∑

j=m

z
(0)
j +

k+n−1∑

j=k+m

rj ≤ 16−1 + 2−1 < 1.

Thus z(i) ∈ X, i = m + 1, . . . , n.
Let i ∈ {m, . . . , n − 1}. We now estimate ρ(z(i+1), T z(i)). If i = m, then by

(2.496), (2.497), (2.505) and (2.514),

ρ
(
z(i+1), T z(i)

) ≤ rk+i . (2.511)

Let i > m. We first set

{z̃j }∞j=1 = T z(i). (2.512)
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In view of (2.506), (2.496) and (2.497), z̃j = z
(i)
j+1 for all integers j ≥ 1. When

combined with (2.510), this implies that

z̃j = z
(0)
j+1+i for all j ∈ {1,2, . . .} \ {n − i + j0},

z̃n+j0−i = z
(i)
n+1+j0−i = z

(0)
n+1+j0

+
k+i−1∑

j=k+m

rj .
(2.513)

By (2.510) and (2.513),

z̃j = z
(i+1)
j (2.514)

for all j ∈ {1,2, . . .} \ {n + j0 − i}. It now follows from (2.512), (2.514), (2.510)
and (2.513) that

ρ
(
z(i+1), T z(i)

) = ρ
(
z(i+1), {z̃j }∞j=1

) = ∣∣z(i+1)
n+j0−i − z̃n+j0−i

∣∣

=
∣∣∣
∣∣
z
(0)
n+1+j0

+
k+i∑

j=k+m

rj −
(

z
(0)
n+1+j0

+
k+i−1∑

j=k+m

rj

)∣∣∣
∣∣
< rk+i .

When combined with (2.504), this implies that

ρ
(
z(i+1), T z(i)

) ≤ rk+i , i = 0, . . . , n − 1.

By (2.509) and (2.510),

z
(n)
j0+1 = z

(n)
n+1+j0−n ≥

k+n−1∑

j=k+m

rj ≥ 4−1.

This completes the proof of Lemma 2.83. �

Proof of Theorem 2.82 In order to prove the theorem, we construct by induction,
using Lemma 2.83, a sequence of nonnegative integers {sk}∞k=0 and a sequence
{y(i)}∞i=0 ⊂ X such that

y(0) = x,

ρ
(
y(i+1), T y(i)

) ≤ ri for all integers i ≥ 0, (2.515)

s0 = 0, sk < sk+1 for all integers k ≥ 0, (2.516)

and for all integers k ≥ 1,

y
(sk)
k+1 ≥ 1/4. (2.517)

In the sequel we use the notation y(i) = {y(i)
j }∞j=1, i = 0,1, . . . .
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Set

y(0) = x, s0 = 0. (2.518)

Assume that q ≥ 0 is an integer and we have already defined a (finite) sequence of
nonnegative integers {sk}qk=0 and a (finite) sequence {y(i)}sqi=0 ⊂ X such that (2.518)
is valid, (2.515) holds for all integers i satisfying 0 ≤ i < sq ,

si < si+1 for all integers i satisfying 0 ≤ i < q,

and that (2.517) holds for all integers k satisfying 0 < k ≤ q . (Note that for q = 0
this assumption does hold.)

Now we show that this assumption also holds for q + 1.
Indeed, applying Lemma 2.83 with

z(0) = y(sq ) and j0 = q + 1, k = sq,

we obtain that there exist an integer sq+1 ≥ 4 + sq and a sequence {y(i)}sq+1
i=sq

⊂ X

such that

ρ
(
y(i+1), T y(i)

) ≤ ri , i = sq, . . . , sq+1 − 1,

and

y
(sq+1)

q+2 ≥ 1/4.

Thus the assumption made for q also holds for q + 1. Therefore we have con-
structed by induction a sequence {y(i)}∞i=0 ⊂ X and a sequence of nonnegative inte-
gers {sk}∞k=0 which satisfy (2.515) and (2.516) for all integers i, k ≥ 0, respectively,
and (2.517) for all integers k ≥ 1.

Finally, we show that there is no nonempty compact set E ⊂ X such that

lim
i→∞ρ

(
y(i),E

) = 0.

Assume the contrary. Then there does exist a nonempty compact set E ⊂ X such
that

lim
i→∞ρ

(
yi),E

) = 0.

This implies that any subsequence of {y(k)}∞k=0 possesses a convergent subsequence.
Consider such a subsequence {y(sq)}∞q=1. This subsequence has a convergent sub-

sequence {ysqp }∞p=1. There are, therefore, a point z = {zi}∞i=0 ∈ X such that

z = lim
p→∞y(sqp )

and a natural number p0 such that

ρ
(
z, y(sqp )

) ≤ 16−1 for all integers p ≥ p0. (2.519)
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By (2.518) and (2.519), we have for all integers p ≥ p0,

∣∣zqp+1 − y
(sqp )

qp+1

∣∣ ≤ ρ
(
z, y(sqp )

) ≤ 16−1

and

zqp+1 ≥ y
(sqp )

qp+1 − 16−1 ≥ 8−1.

This, of course, contradicts the inequality
∑∞

i=1 zi ≤ 1. The contradiction we have
reached completes the proof of Theorem 2.82. �
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