Chapter 2
Power Assessment of a New Test
of Independence

P.N. Patil and D. Bagkavos

Abstract A new nonparametric test of independence between the components of
bivariate random vectors (X, Y) is motivated and evaluated in practice. The test
statistics is based on the fact that under independence, every quantile of ¥ given
X = x is constant. This is in contrast to the most commonly used basis that the
joint probability density or distribution function of X and Y, equals to the product of
their marginal probability densities or distributions, respectively. Emphasis is given
on the small sample power properties of the test. Through numeric simulations
with distributional data, the power of the test is benchmarked against standard
independence tests, already existing in the literature.
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2.1 Introduction

The present note is concerned with the general problem of testing the stochastic
independence between the components of bivariate random vectors. Historically, the
Cramer—Von Mises distance measure has provided the basis for several hypothesis
tests on this topic, e.g., [2,4-6, 11], and [12]. See also [14] for a broader view of the
subject.

A test of independence which originates from a different basis is investigated
here. The concept, first considered in [10] and further explored in [3] is that
independence is implied if every regression quantile of ¥ versus X = x is constant.
Under the linear quantile regression framework, c.f. [1], this idea is put to action
by applying density weighted conditional expectation on the first order condition
for minimization of the least absolute deviation criterion and integrating across
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all possible quantiles. This results in a new condition which under independence
between X and Y equals to zero, while otherwise takes large positive values.
Naturally, this provides a proper candidate for developing a consistent independence
test with its sample, kernel based, analogue as the proposed test statistic.

The purpose of this note is to provide insight on the practical performance of
the suggested hypothesis test. Specifically, the small sample distribution of the test
statistic under the null is approximated and then utilized in calculating the power
of the test as a function of the level of correlation between X and Y. Furthermore,
the power functions of the tests developed in [2] and [6] are used as a benchmark in
assessing the practical performance of the test presented here. We note here that the
test’s theoretical properties, including its asymptotic distribution under both the null
and alternative hypotheses, establishment of its consistency against all dependence
alternatives as well as a bandwidth choice rule which controls the trade-off between
the test’s power and size functions will be provided in future work.

The rest of the paper is organized as follows. Section 2.2 discusses the develop-
ment of the test and provides the test statistic. Numerical evidence on the power of
the test and comparison with the powers of the [2] and [6] tests is given in Sect. 2.3.

2.2 Motivation and Test Statistic

Let (X,Y) € R x R be a random variable with cumulative distribution function
F(x,y) and probability density function f(x,y). Denote with Fy(y|x) the
marginal distribution of ¥ conditional on X = x and with Fy '(y|x) its inverse.
The marginal (unconditional) distribution of Y is denoted by Fy (y) and by F;'(y)
its inverse. Obviously under independence between X and Y, Fy(y|x) = Fy ()
and Fy ' (y|x) = Fy ' (»).

The basis of the proposed test is that under independence, for every quantile p,
where 0 < p < 1, we have that F, ! (p|x) = ¢, where ¢, does not vary with x.

For example, F; !(p|x) can be modeled (see also [1]) by

Fy'(plx) = Bx + Fy ' (p). @2.1)

Under independence between X and Y, for any fixed p € (0, 1) the conditional
quantile function of ¥ given X = x does not depend on x and therefore

Fy ' (plx) = Fy ' (p).

Now, let ¥, (1) = sign(u)+2p—1andlet (X1, Y;) and (X>, ¥>) be two independent
random vectors with common probability density function f(x, y). Now set

J(p) = E{Kw(X1, X2)¥, (Y2 = Fy ' (p) ¥, (Y1 = Fy ()}

where Kj,(X1,X>) = h'K((X, — X»)h™"), K is a second order kernel and %
denotes bandwidth, i.e., the spread of the kernel. Observe that for every fixed
p € (0, 1), under the hypothesis of independence of X and Y,

gp(x) = E{y,(Y1 — Fy '(p)| X1 = x} =0.
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Therefore, under independence of X and Y, for every p € (0, 1) we have,
J(p) = E{Ky(X1, Xo)¥,(Ya = Fy ' (D)E{Y, (Y1 — Fy ' (p)|Xi}} =0
and consequently
1
J =/ J(p)dp = 0.
0

Under dependence we have

g,(X1) = E{y,(Y1 — Fy ' (p)| X1} # 0 as.

for at least one p € (0, 1). Assuming that g, is twice differentiable,

J(p) = E{Ky(X1, X2)¥, (Y2 — Fy ' (p)) ¥, (Y1 — Fy ' (p))}
=E{Ki(X1. X0)E{y, (Y2 — Fy ' (p)) ¥, (Y1 — Fy () [(X1. X2)}}

1
- [ @i+ 0w
Thus as & — 0, J(p) > 0 and since J(p) is a continuous function of p,

1
J = / J(p)dp > 0.
0
Therefore, J can be used for the following hypothesis test

ﬂ Hop, Hop: Fy'(plx) = ¢,

O<p<l

with the alternative specified by
U Hlp, Hlp : FY_I(PPC) = C(X)

O0<p<l

where now c¢(x) varies with x for at least one p € (0, 1).

For deriving a test statistic, assume a sample (X;, Y;),i = 1,...,n from F(x, y)
and denote by ﬁy_ (y) the inverse of the empirical marginal distribution of Y,
Fy(y). The density weighted conditional expectation

E{y, (Y — Fy'(p) Ix} fx(x).

can be reasonably estimated (fixing x = X;) by

(n— Dh Z (X ==l )‘/fp(Yj - F7'(p) 2.2)
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where the real valued function K is called kernel and integrates to 1, while % is
called bandwidth and controls the spread of the kernel and therefore the amount of
smoothing applied. Based on (2.2), the sample version of J is

g - 1 X —X; Al
Tn<h)=/0 ;prm—Fy“@))(n_])hZK( p -’)vfp(Yj—F H(p)) dp
J#i

i=1

. . 1 R .
:mZZK(X’ hXj)/O Vp (Yi—FY_l(P)) v, (Y; — F~Y(p))dp

I<i<j<n

which is also the proposed test statistic. By denoting with R,,; the rank of Y; after
ordering the random sample (X;,Y;),i = 1,2,...,n with respect to ¥; and after
slightly modifying the definition of the empirical distribution function from Fy to
nn+1)~! Fy, a suitable for computational purposes form of the statistic is

2 Xi— X,
T"(h)zn(n—l)hZZK( I ])

I<i<j<n

% min(R,;, Ryj)?  n—max(Ry;, Ryj)? _ l} 2.3)

(n +1)? (n+1)2 3

The next section discusses the test’s operational characteristics and provides
numerical evidence on its power.

2.3 Numerical Evaluation of the Test’s Power

In this section, the implementation details of the suggested test are discussed and
then distributional data is used to exhibit the performance of the proposed test’s
power properties and asses its practical performance.

Throughout this section T, (k) is calculated on bivariate samples of size 50
by (2.3) with K being the uniform kernel. The bandwidth, %, is chosen so as to
maximize the test’s power under the null, subject to keeping the significance level
constant. Specifically, in each T},(h) implementation, the bandwidth is given by

h =ch*. (2.4)

In (2.4), for each given sample, &* is the optimal MISE regression bandwidth
of [13], implemented in package 1okern, R. The factor c is determined by a grid
search in a probe analysis and applies to all bandwidth calculations with samples
from the same distribution.

The probe analysis is designed to find ¢ so that the test’s size under the null
matches the user supplied level confidence level a. Specifically, for each of the 30
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equidistant ¢ points in (0, 3), 10,000 test statistic values, T, (ch*), under the null are
calculated. The probability a(ch*) = P(T,(ch*) > [,) is then calculated where
I, is the (1 — a)100 % quantile of the 10,000 7, values, calculated as described in
the next paragraph. The ¢ that corresponds to the highest among the 30 a(ch*)’s is
selected and used in (2.4).

The bandwidth choice rule employed here implicitly works as a selection rule
based on bootstrap/edgeworth expansion ideas considered in the past by [8]. The
benefit of such an approach is that it offers the means to control both power and
size. An additional advantage of this bandwidth procedure is that it offers the best
bandwidth both under the null and the alternative hypothesis.

As a cut-off point in the test’s power function approximation, we use the
(1 — a)100 % quantile of the numerical distribution of 7 (k). For this purpose,
definition 7 of [7], which is readily implemented in R by the quantile () func-
tion, is applied on 100,000 7}, () values. The T, (h) values result by applying (2.3),
implemented as described in the previous paragraph, on 100,000 uncorrelated
bivariate samples.The desired number of uncorrelated samples is obtained by
repeatedly generating bivariate samples (X;, Z;),i = 1,...,50 and keeping only
those for which the correlation between X and Z is less than 0.001.

Then, the power function of T, () is approximated by

#T,,(h) > cut — off
p ,

P(T,(h) > cut — off) = (2.5)

for m = 100 replications. Specifically, 40 equidistant correlation levels, p, between
0 and 1 are determined. For each p, 100 independent (i.e., corr(X, Z) < 0.001)
bivariate samples (X;, Z;),i = 1,...,50 are drawn. The actual samples used by
T,(h) are (X;, Y;),i = 1,...,50 where the Y;’s are obtained by the transformation

Y =pX + Z/1-p2.

The provision of drawing samples with corr(X, Z) < 0.001 is sought because this
ensures that the above transformation will return samples (X;, ¥;) with the desired
level of correlation. Then for each p, T, (%) is calculated 100 times using the (X, ¥;)
samples and the empirical power is calculated by (2.5).

The tests of [2] (noted as B,) and [6] (noted as D,,) are used for benchmarking
T, (h)'s behavior. The B, test is calculated as described in [9, p. 43]. Its power
function is approximated by (2.5) with T, () replaced by B, and with cut-off points
found in Table 2 of [9]. The D, test is implemented by the hoef fd function of
R (package Hmisc) which also returns its p-value for the given sample. It’s power
function is approximated by {#of D, p — values < a}/m.

Now, three examples are presented next to exhibit the test’s power behavior and
asses, its practical performance. For each distribution utilized in each example, the
power functions presented result by an average of 40 power functions calculated as
described above. Further, all three tests are always calculated on the same samples.

The first example (Fig. 2.1) utilizes the bivariate distribution with p.d.f.

fi(x,y) = exp(=(x +y)), x>0, y>0.
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Fig. 2.1 Empirical test powers for 7,, (dotted line), B, (solid line), and D, (dashed line),n = 50
with data from fi(x, y)
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Fig. 2.2 Empirical test powers for 7,, (dotted line), B, (solid line), and D, (dashed line),n = 50
with data from f;(x, y)

In implementing the power function of T, (%), the bandwidth factor ¢ = 0.32 has
been found optimal. The significance level is a = 1 %.
For the second example (Fig. 2.2) the bivariate distribution with p.d.f.

flxy) =2, 0=x=y=I,
is employed, a = 5 % and the bandwidth factor for 7,,(h) is found to be ¢ = 1.34.

The last example (Fig.2.3) uses the bivariate normal distribution and a = 5%.
T, (h) is implemented with bandwidth factor ¢ = 0.7.
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Fig. 2.3 Empirical test powers for 7,, (dotted line), B, (solid line), and D, (dashed line),n = 50
with data from the bivariate normal distribution
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