Chapter 2
Reinsurance and Investment

In this chapter we present the two main ways to control the insurance risk process:
reinsurance and investment. We focus on the classical risk model.

2.1 Reinsurance in the Classical Risk Model

An insurance company can share the risk by a reinsurance contract. We only
consider the case in which this contract reduces the impact of each one of the
claims, that is, by paying to the reinsurance company some part of the premium;
this company covers some predetermined part of the claim. A reinsurance contract
has two elements:

¢ A Borel measurable function R : Ry — Ry (called retained loss function)
that satisfies 0 < R(«) < o, where R(w) is the part of the claim paid by the
insurance company when the size of the claim is « (the reinsurance company
covers @ — R(x)) .

e The premium rate gg paid to the reinsurance company. So the premium rate left
to the insurance company is pr = p — qr.

The part of the claim paid by the insurance company is the random variable R(U)
where U is the claim size. We define

Fr(x) = P(R(U) = x). 2.1)

The two more common examples of reinsurance contracts are proportional reinsur-
ance and excess-of-loss reinsurance. In the first case the reinsurance company covers
a fixed ratio of the claim and therefore the retained loss function is R(«) = b« for
some retained proportion b € [0, 1]; here Fr(x) = F(x/b)ifb > 0and Fg(x) = 1
if b = 0. In the second case a retention level a € [0, o] is fixed in such a way
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Fig. 2.1 (a) Proportional reinsurance. (b) Excess-of-loss reinsurance

that, paying to the reinsurance company some part of the premium, the reinsurance
company covers the amount of the claim exceeding a; in this case the retained loss
function is R(«) = min{w, a} and

Fr(x) = F(xX) (xcay + Txza)-

We show the graphs of the retained loss function of proportional and excess-of-
loss reinsurance contracts corresponding to » = 0.7 and @ = 2 in Fig.2.1a, b,
respectively (the identity function is shown in dotted line).

We assume that the premium rate of the reinsurance company is calculated using
the expected value principle with a relative safety loading n; > n > 0; we obtain
that

qgr = (1 +m)BEU; — R(U;))
and so

pr = A +nBEWU) — (1 +m)BEU; — R(U:)) 2.2)
= (1 +n)BE(RU;)) — (m —n)BEU;). .

The case n; = n is called cheap reinsurance. There are other criteria for computing
the premium rate of the reinsurance company; see for instance Teugels [62]. We
assume that the premium rate left to the insurance company is pg = p —gg > 0.

Definition 2.1. Let us call R, the family of all the retained loss functions with
positive pr, Rp C R4 the subfamily of proportional retained loss functions, and
Rxr C R4 the subfamily of the excess-of-loss retained loss functions. We denote
by R any finite subfamily of retained functions in R 4.

Given any subfamily R C R4 of retained loss functions, we assume that the
manager of the insurance company can choose at any time a reinsurance contract
within the family R and that the premium rate of the reinsurance company is
calculated using the expected value principle with relative safety loading n; > 7.
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Consider the filtered probability space (€2, X, (F;),5, P) introduced in (1.3).
A reinsurance control strategy is a collection R = (R¢);>0 of functions R; : Q —
‘R for any ¢+ > 0. We say that a reinsurance control strategy is admissible if the
function (w, &, ) = R;(w)(a) is (X x Borel x Borel) measurable and the function
o — R;(w)(x) is F;— measurable for every t > 0 and ¢ > 0. Note that this
definition means that the process (R, (-)(c)), is predictable for any «. We denote
by ITR the set of all the admissible control ‘strategies with initial surplus x > 0.
Note that, for any reinsurance admissible control strategies R € IT R the premium
process (pg,):>o is Borel measurable.

Given an admissible control strategy R, the controlled risk process X[ is
given by

t N
XR=x+ / pr.ds— Y Ry, (Up). (2.3)
0

i=1
where 7; is the time of occurrence of the ith claim. We define the corresponding
ruin time X of the company as

tﬁzinf{tZO:X?<0}. 2.4)

An important class of reinsurance admissible strategies is the one where the decision
of the reinsurance contract depends only on the current surplus. The idea is the
following: consider a retained loss function p¥ € R for each y > 0, and define for
any initial surplus x > 0, the process (X;),- obtained by taking p” as retained loss
function when the current surplus is y; the process X; should satisfy

t Ny
X, =x +/ Ppxs— ds — prff_ U) (2.5)
0

i=1

and it should be the controlled reinsurance process associated with the reinsurance
strategy (pX’*)»O e Mk

We define a stationary reinsurance control as a choice of a retained loss function
for each surplus; with the suitable measurability conditions, we obtain that the
strategy (pX’*) />0 is admissible and therefore it belongs to IT R More precisely:

Definition 2.2. A stationary reinsurance control in R is a Borel measurable
function p : R4y x R4+ — R such that p(x,:) = p* € R for all x > 0 and
1/ p, is locally integrable.

Proposition 2.1. Given any stationary reinsurance control p and any initial surplus
x € Ry, there exists a unique solution (X;);>o of the stochastic integral equa-
tion (2.5). Moreover; if we define R, = p*'~, then the strategy (R));>0 € Ok and
its associated surplus process (X tR) 1~ Coincides with (X;):>o.



26 2 Reinsurance and Investment

Proof. In order to see that there exists a unique solution of (2.5), it is enough to
show existence a uniqueness for a fix @ € 2 and for ¢ between two claims, that is,

t
X, =x +/ Ppxs— ds. (2.6)
0
Let us define the function
Y
6t = [ -y
0 Dp»
since p,» € (0, p], the function G is Lipschitz and increasing. The unique solution
of (2.6) can be written as
X, = G H(G(x) +1).
On the other hand, since p is Borel measurable and the process X,— is

Fi—-measurable, we have that the strategy (pX” ) />0 1s admissible. O

Given an initial surplus x > 0 and any fixed retained function R € R, we
consider the constant admissible strategy R = (R),, the corresponding controlled

surplus process X R and the ruin time t¥. The process Xzﬁmf is Markov, by (1.11),

its infinitesimal generator is g((Xf\ F) . f)(x) = Lr(f)(x) where
T >

Lr(f)(x) = prf'(x) = Bf(x) + BIr(f)(x), (2.7)

and
Ir(f)(x) = [~ f(x = R(@)dF (@) = [¢ f(x —a)dFr(a) (2.8)
(here f is a continuously differentiable function in Ry extended as f = 0 for

x < 0). This integral is interpreted in the Lebesgue—Stieltjes sense; in the case that
the integral exists in the Riemann—Stieltjes sense, both notions agree. In the case that
R is either continuous or it has finitely many discontinuities which do not coincide
with the discontinuities of F', this integral exists in the Riemann—Stieltjes sense. See
Sect. 12.3 in Royden [52].

2.1.1 Survival Probability and Reinsurance

We assume in this section that within the family R there exists at least one retained
function R € R that satisfies the net profit condition, thatis ps > BE(R(U;)).
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Given x > 0, any admissible control strategy R € Hf and its controlled risk
process X X, we define the corresponding survival probability as

§R(x) = P(tR = 00| XE = x),

where t% is introduced in (2.4). The optimal survival probability function with

reinsurance is defined as
§(x) = supgens 6% (x). (2.9)

We have the following property with respect to the behavior of the surplus X ? at
infinity, the proof is similar to the one given in Lemma 2.9 of [57].

R.

Proposition 2.2. Tuke any admissible strategy R € I1%; with probability one,

either ruin occurs in finite time or X R diverges to infinity as t goes to infinity.

Proof. Suppose that the initial surplus is x > 0. By (2.2), we have that

2(1 +n)p

for all R € R. We show now that there exists y > 0 small enough such that
P(R(U) = y) = y > 0 for all R € R. Suppose that this is not the case, then
for each n > 1 there exists R, € R such that P(R,(U) > 1/n) < 1/n. Since
E(U) is finite and

o

E(R,(U)) f/(; %I{R”<%}dF(05)+/QI{RKZ%}dF(Ol),

0

we have

1 oo
0<¢ <lim sup E(R,(U)) < lim — 4+ lim sup/ otI{R >l}dF(oz) =0
n—oo n n—o0o 0 "=n

n—>oo

and this is a contradiction.
Fix a > 0, we define recursively the sequence (#)xen in the following way

t =inf{t30:Xf<a}
and

tet1 =inf{t20:t2tk+landXtﬁ<a}.
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In the case that lim inf; o X? < a, all the t,és are finite. In the case that X ZF >qa
for all t > 0, we put ¢, = oo for n > 1, and in the case that XtR > q for all
t >t + 1, weputt, = ooforn > k + 1. Let us consider the case t; < o0;

we define Xy as the o-algebra generated by (X f\tk) . Then, if € Q satisfies

1>
tx(w) < oo, we have for any ¢ > 0 that

E(I{tk <00 and X§+1 <a—¢} | Ek)((l))

P(Xf_i_1 <a-— £|Xf =a)

t+1
= P(Zr,'e(tk,tk-l-l] R‘[,' (l]l) 2 f pR.\-ds + 8) Z PO > 0,
%
because P(R; (U;) = y) = y > 0, R, is predictable, U; are i.i.d, and N; is a
Poisson process independent on both the arrival claim times and the size of the
claims. Hence,

E(y v x <aesy — Polty<c0}|Z0) = 0. 2.10)
te+1=

Let us define

n

Zi = Polgyccoy and A, = Y (Wi — Zy).
k=1

Wi

= I{tk <00 and XEJFI <a—e}’

Using that Ay, A5, ..., A,—; are X,-measurable and (2.10), we have that A4, is a
submartingale, and so from Lemma 2.1 of Niemiro and Pokarowski [48], we obtain
that

P (Zlfilzk = 00, Z]c:OZLWk < OO) = 0.

We conclude that if liminf;_ o X? < a, then liminf;_ o X,F < a — &, except

possibly for a set of probability zero. So either XX diverges to infinity or

liminf; o0 X tR = —oo. In the last case, ruin occurs in finite time. ad
The following lemma is similar to Lemma 1.1, and so is its proof.

Lemma 2.1. Given an initial surplus x > 0, let us consider R € Hff, then

sk (Xllf\rf) is a martingale .

The next proposition gives the dynamic programming principle for § and it will
be used to find the HIB equation of this problem.
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Proposition 2.3. Given any initial surplus x > 0, we have that

8(x) = supgene Ex(B(XX 1)

TATR
for any stopping time t with P(t = co) = 0.

Proof. It is enough to prove this proposition for the case that the stopping time is
constant, that is t(w) = T for all w € Q2. We call

B(x,T) = sup E.(8(XK _)).

_ TATR
ReIlR

Let us prove first that §(x) < ?(x,7). Take any admissible strategy
R = (R,);>0 € TR, We define for any w €  the strategy R; = (R!)i>0 € Hf;f
T

as R!(w) = R,+7(w). The strategy R; is admissible and
510 = (8 (15 77)
= E (Ijnay 6" (X))

E (I ry GXD))

E.(8(XF ).

TATR

IA

IA

From (2.9), we get the result.
Let us prove now that §(x) > @(x,T). Given any & > 0, take an admissible
strategy R = (R;) € TR such that

E(B(XE )= 0(x.T) —e/2. 2.11)
Since § is Lipschitz, we can find points 0 = xg < x; < X < --- such that if
X € [x;, Xi+1), then
3
8(x) —6(x;) < 7 (2.12)

Let us call 4; = [x;, x;+). Take admissible strategies R; = (R)>0 € Hﬁ such
that §(x) — 8% (x;) < e/4 for all i. We define a new strategy R« = (R}),o in the
following way: For t < T, take R¥ = R;,s0 T A t® = T A t®*. In the case that

t® > T, take iy such that XfmK € Aj, and follow strategy R}, = R for all

s > 0; note that TR+ >T + tRio . We have
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§(x) > 8% (x)

£ (£ (10| 7))

> E, (Z Ly (X 2 8% ()
> E, (ZIA (X B 8 Er R*))——
>9(x,T)—e,
and so we have the result. a

We want now to derive heuristically the HIB equation. Given an initial surplus
x > 0 and any fixed retained function R € R, we consider the constant admissible
strategy R = (R), and the controlled surplus process

N
XR:=x+ prt — ZR(Ui).

i=1

with ruin time 7*. By Lemma 2.1 we have that §(x) > E (8(X* ,)) and so
assuming that § is differentiable at x > 0, we obtain from (2.7),

sup Lz(§)(x) <0.

ReR
The HIB equation of the optimal problem of survival probability with reinsurance
would be

sup Lr(§)(x) = 0. (2.13)
RER

In Chap.3, we will show that § is a viscosity solution of this equation, and in
Chap. 6, we will show examples in which § is not differentiable.
The next proposition is similar to Lemma 2.10 in [57].

Proposition 2.4. We have that 0 < §(x) < 1 forall x > 0, limy_, o, 8(x) = 1, § is
increasing, and it is Lipschitz with Lipschitz constant K = B/ supger Pr-

Proof. Take the survival probability function corresponding to the constant admis-
sible strategy R = (ﬁ),>o, where R satisfies the net- profit condition. So we
obtain from Lemma 1.1 that the corresponding survival probability function satisfies
5R(x) > 0 for all x > 0 and that lim,_ oo 8% (x) = 1. So §(x) > 0 and
lim, 00 8(x) = 1.

Let us prove first that § < 1; take any R € TI f ; from the proof of Proposition 2.2,
we have that taking any ¢ < —pg,/2, we get that P(X; < x —¢) > Py > 0 where

> Po(x/s)-i-l

Py does not depend on x. So we obtain P (inf;> X,ﬁ < 0) and so
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8(x) <1- Po(x/ 91~ | Let us show now that § is nondecreasing; given xy < X,
take any R = (Ri)i>0 € H§O and consider R, = (Rll)zzo € H_f] defined as
Rt1 = R, for t > 0; we obtain that t® < v and so §%' (x;) > 8% (x).

Let us prove now that § is increasing; suppose that §(xo) = 8(x;), forany y > 0
small enough, take R = (R,);>0 € IT¥ such that 8R(x0) > 8(x0) — y8(x0). Let us
consider

Ty, =inf{tZO:X,ﬁ=x1}

and the strategy R, € HR defined as follows: For ¢ < t,,, follow strategy R and

for t > 7., follow an strategy R, € Hzm x, Such that 8§2(2x1 —Xxg9) = §(2x; —
Xo) — y. We have from Proposition 2.2 that P(zy, = 00) = 0, so from Lemma 2.1,

R (X,M ) is a martingale. Hence,
§R (x1) = E,, 851 (XRL ) = 88 2x) — x0) P(ry, < 7).

Since 8(xp) = §(x1), we obtain

8(x0) — y8(x0) < 8% (xo)
= Eo,(6"(X%,.))
= §R(x)) P(ry, < %)
< 8(x) P(ry, < F)
= 8(x0) P(zy, < %),

and so P(zy, < rﬁ) > 1 —y. Then,

8(x1) = 8R1(x1) = (8Qx; —x0) —y) (1 —y)

for any small enough y > 0 and so §(x;) > 8(2x; —xp), but since § is nondecreasing
and 2x; — xo > x1 we obtain §(xg) = 8(x;) = §(2x; — Xp). Iterating this procedure
and using that § is nondecreasing we obtain §(x) = §(x() para x > Xy, and this is a
contradiction because §(xo) < 1 and lim—oq (x) = 1.

Let us prove now that § is Lipschitz. Take R € R such that Dp > ,BE(R(U )) > 0.

Consider xy < x; and any ¢ > 0 and take an strategy R, = (R, )is0 € H_f] such that
§Ri(x;) > 8(x;) — e. Let us define R = (R;);>0 € Hf} as follows: R, = R for all
t <1 =inf {t >0: X? = xl} and R, = Rtl—r.q for t > t,,. In the event of no

claims the process X ,ﬁ with initial surplus x, reaches x; at time 7 = (x; — x0)/ pr.
So we have

8(x0) = 88(x0) = 8R(x))P(h < 71) = 8R(x1)e P > (8(x1) — &) e P!
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Then, §(xo) > 8(x;)e™ " and since § is bounded by 1, we conclude that

0 < 8(x1) — 8(x0) < 8(x1)(1 — P10/ pr) < %(xl ~x0). 5
R

Remark 2.1. Unlike the uncontrol case, the survival probability with initial surplus
zero depends on the family of retained functions R; the natural boundary condition
for the optimal survival probability function is lim,_,o §(x) = 1.

2.1.2 Dividends and Reinsurance

In this section, we consider the problem of maximizing the cumulative expected
discounted dividend payouts in the case that the insurer can control the risk by
reinsurance within a family of retained functions R. We do not assume here the
existence of a retained function R € R with the net-profit condition prp >
BE(R(U)). I

A dividend and reinsurance strategy is a pair (L, R) where L = (L;);>¢ is a div-
idend strategy and R = (R,),0 is a reinsurance control strategy. Given a dividend
and reinsurance strategy (L, R), we define the controlled surplus process as

xR = xR, (2.14)

t

and the ruin time as
tER =inf{r > 0: X1 < o).

The strategy (L, R) is admissible if the reinsurance control strategy R is admissible
and the dividend strategy L is nondecreasing, caglad, and predictable with respect
to the filtration (F;), and verifies Lo = 0 and

_ t N
L <XF=x —1—/ Prds — ZRT,- U
0

i=1

for 0 <t < t1-R. As in the case without reinsurance, we extend the definition of
the admissible dividend process as L, = L rx for¢ > LR We denote by H{;‘R
the set of all admissible dividend and reinsurance strategies with initial surplus
x > 0. Given an initial surplus x > 0 and an admissible strategy (L, R) € Hé’R,
the cumulative expected discounted dividends is defined as

L.R

Vig(x) = Ex( / T e “dLy), (2.15)
0
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where ¢ > 0 is a discount factor. The optimal value function of this problem is
defined as

V(x) = sup{V; (x) with (L, R) € ITX*} for x > 0. (2.16)
The proofs of the following two propositions are similar to the ones of

Propositions 1.2 and 1.3.

Proposition 2.5. The optimal value function V is well defined and satisfies

p
X +
c+pB

<Vx)<x+ Eforx > 0.
C

where p := SUPper DR-
Note that the above proposition implies in particular that V(0) > p/(c + ) > 0.

Proposition 2.6. The optimal value function V is increasing and locally Lipschitz
in [0, +00) and satisfies

y=x V) =V =B ()

fory > x > 0. So V is Lipschitz on compact sets and absolutely continuous with
1<V <(B/P)V ae.

As in the case of optimizing dividend payments with no reinsurance, in order
to obtain the HIB equation, we need to use a DPP. The proof is similar to the one
of Lemma 1.2; the only difference is that here we consider admissible strategies in
LR instead of T1L.

Lemma 2.2. For any x > 0 and any stopping time T, we can write

AL R i _
V(x)= sup E, (/ e “dLg + e_c(”“ )V(XL"R .
0

_ tATLR
(L R)enktk

Assume that V' is continuously differentiable at x. Given any / > 0 and any
R € R, let us consider the admissible strategy (Lm = ((lt)lzo, (R)zzo) which
pays dividends at constant rate / and takes reinsurance with constant retained

function R. Let us call the corresponding controlled surplus process X,Z'ﬁ =

X ? — It and the corresponding ruin time 7. The surplus process X TL,’\f stopped at
the ruin time is a Markov process, so as in (1.11) and Remark 1.7, we get

B (pr—=DV'(x) = (B + ) V(x) + BTr(V)(x) ifl < pr
G (XK v) () =
(pr—D)V'(x) = (B + ) V(x) + BIe(V)(x") if | > pr.
2.17)
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where G is the discounted infinitesimal generator defined in (1.2) and Zgz(V) is
the operator defined in (2.8). As in (1.19), but using Lemma 2.2, we obtain the
inequality

1>(s)l;2[;73 {l +G (sz’\?’ V) (x)} <0.

The HJB equation of this optimization problem is

l>(s)l;ep7z {l + gN (XZZA?’ V) (X)} = 0. (2.18)

Asin Sect. 1.5.2, we obtain that the HIB equation of this problem can be rewritten as

max{l — V’'(x), sup Lr(V)(x)} =0, (2.19)
ReR

where

Lr(V)(x) = prV'(x) = (¢ + BV(x) + BZr(V) (). (2.20)

2.2 Investments in the Classical Risk Model

In this control problems, the management of an insurance company has the
possibility to invest a fraction of the surplus in the financial market. For simplicity,
we assume that the claim-size distribution has bounded density. The financial market
is described as a classical Black—Scholes model that consists on a risk-free asset
with price process B; and a risky asset with price process P; satisfying

dB[ = r()Btdt
dP;, = rP,dt + oP,dW;,

where o > 0,r > ry > 0, and W, is a standard Brownian motion independent to the
probability space (€2, X, P) defined in (1.3); without loss of generality, we consider
here ro = 0.

Let us denote by (223, X3, (), . P3) the filtered probability space of the

1>0°

Brownian motion W;. Let us define the filtered probability space (§, ¥, (ft) £>0 F)
as the product of probability spaces -
(2.2, P)=(Q, 2, P)x (2, 23,, P3) (2.21)

with filtration F, generated by F, and F?.
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We fix the set I' C R of all the fractions of the surplus which could be invested
in stocks. For instance, ' = [0, 1] means that neither short-selling of stocks nor
borrowing money to buy stocks is allowed, I' = Ry means that it is allowed
borrowing money to buy stocks but short-selling of stocks is not allowed, and I' = R
means that both borrowing money and short-selling of stocks are allowed.

An investment strategy is a process ¥ = (¥:);>0 Where y, € I' C R is the
fraction of the surplus invested in stocks. Given an investment strategy ¥ = (¥;)>0,

the controlled risk process X ,7 should be a solution of the equation

— N’ t _
X/ =x+pt-) U+ / Vs XY (rds + o dW;). (2.22)
0

i=1

The first three terms comes from the classical risk model and the integral term
corresponds to the change of the surplus due to the investment. As before, we define
the ruin time as

7 =inf{r >0: X/ <0}

An investment strategy is admissible if the process (y;);>o is predictable with
respect to the filtration (fl) ;o and there exists a unique strong solution X/ of

(2.22). We denote by IT% the set of all the admissible investment strategies with
initial value x.

Remark 2.2. We introduce the process Y? as the solution of
— ! —
Y/ =x+ pt+ / ysY) (rds + o dWj). (2.23)
0

Note that Y,7 can be viewed as the controlled risk process without claims and that
the processes X, and Y, coincide up to the first claim ;.

As in the case of reinsurance admissible strategies, we define a stationary
investment control as the one where the investment decision depends only on the
current surplus: consider a fraction g(y) € I" for each y > 0, and define for any
initial surplus x > 0 the surplus process (X;),., obtained by investing a fraction
g(y) when the current surplus is y; the process X, should satisfy

N ‘
X, =x+ pt— ZUi + / g( X)X (rds + o0 dWy), (2.24)
0

i=1

and it should be the controlled investment process associated with the investment
strategy (g(X;-)),>o with initial surplus x > 0.
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Definition 2.3. A stationary investment control in " is a function g : Ry — T
which satisfies that the function g(x)x is Lipschitz.

Remark 2.3. As is pointed out in Theorem 1.19 of @ksendal and Sulem [49],
the following result holds: Given any stationary investment control g and any
initial surplus x € R there exists a unique cadlag solution X2 of the stochastic
integral equation (2.24). Moreover, if we define y, = g(X%), then the strategy

V8 = (¥)is0 € T} and its associated surplus process (X?) . defined in 2.22

>
coincides with (Xf),>0. The global Lipschitz condition on g(x)x is only used to

ensure the existence of the process (X hd ) >0

Given y € T, let us consider the constant investment strategy ¥ = (¥o);>0 ; let
X ,yo and Y,VO be the processes defined in (2.22) and (2.23) and t7° the ruin time of
the surplus process X/°. Then (X ,y,(iryo)tzo, the controlled surplus process stopped
at the ruin time, is a Markov process. We now compute formally its infinitesimal
generator. Assume that f is twice continuously differentiable, bounded, and with
bounded derivatives up to order two in R4 extended as f = 0 for x < 0. Defining
Ao ={t1 >t},A ={1 <t,1p >t} and Ay = {1, < t}. We have as in Sect. 1.4,
that P(Ag) = e~ P", P(A;) = Bte " and that P(4y) = 1 — (1 + Bt)e P =
o(t). So,

E(f(X[00) = Ex (f(X[200) 1 a0) + Ex (f(X[R0) L) + Ex (f(X[30)1a2)
= e P E(S)) + B fy (Jo Ex(f (Y —a)dF (@) e Pds

+o(t)

because f is bounded. Hence,

Ex(fX]2 y0))=f () 1 { Ex(f(r/O)=f( —pi_
( zAlVO) — e ﬂt( SN f(x)) G : )f(x)

2 [ Ex(f(Y) = a)dF (@) e Prds + 20,
and then

G(X - ) = G, f)(x) = Bf(x) + BZ(f)(x).

Since f is twice continuously, we get from It6’s formula
FY) - f(x) = f()t f/(Ysy())dYSyO + @fol f//(YSyO) (YSV())z ds
2
=[5 (F10) (p+ ryoX?) + S L7 (¥)) ds - (2.29)

+fof f/(YSVU)UVOY:yode‘
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So, since the last term of (2.25) is a martingale with zero expectation, we obtain that

027/3962

G, fHx) = Tf”(x) + (p + ryox) f'(x). (2.26)

Therefore,

GXT. )(x) = 282 £7() + (p + ryox) £1(x) — BF() + BZ(f)(x).
(2.27)

2.2.1 Survival Probability and Investments

Given an admissible investment strategy Y, we define the survival probability
function as

§7(x) = P(r7 = oo|X] = x)
and the optimal survival probability function as
8(x) = SUPyen? 87 (x). (2.28)

As in Sect. 2.1.1, we have the following three results.

Proposition 2.7. Take any admissible strategyy € I1%, with probability one, either
X/ diverges to infinity as t goes to infinity or ruin occurs in finite time.

Lemma 2.3. Given an initial surplus x > 0, let us consider y € 1%, then
57 (X7

, AT?) is a martingale .

Proposition 2.8. Given any x > 0, we have that

§(x) = sup E.(8(X _.))

v AT
yelx

for any stopping time t with P(t = 0o0) = 0.

The argument of the proof of Proposition 2.7 is similar to the one of
Proposition 2.2; the complete proof can be found in Lemma 2.18 in [57]. The
proofs of Lemma 2.3 and of Proposition 2.8 are like the ones of Lemma 2.1 and
Proposition 2.3.

We can now derive heuristically the HIB equation associated to this problem.
Given y € T, consider the constant investment strategy ¥ = (¥);>0 . By
Proposition 2.8, we have that

§(X’ )—8(x)<0

tATY
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and so g((XZ\T) . ,8)(x) < 0. Then by (2.27) we get
1>

02 2X2
Ly()(x) == f"(x) + (p+ryx) f'(x) = Bf(x) + BZ(f)(x) < 0. (2.29)
The HIB equation of the problem of survival probability with investment is

sup £, (8)(x) = 0. (2.30)
yer

Remark 2.4. We can rewrite

L,(f)(x) = (ZL2 £7(0x) + ryxf'(x) + Lo(f)(x)

where L is defined in (1.13).

The following proposition gives some elementary properties of the optimal
survival probability function with investment; the proof is similar to the one of
Proposition 2.4

Proposition 2.9. Assume that 0 € T'. We have that 0 < §(x) < 1 for all x > 0,
limy 00 §(x) = 1 and that § is Lipschitz and increasing.

2.2.2 Dividends and Investments

In this section, we consider the problem of maximizing the cumulative expected
discounted dividend payouts in the case that the insurer can control the risk by
investing a fraction of the surplus in the financial market.

Letus fix the set I' C R; a dividend and investment strategy is a process (L,7) =
(Lt, yr)iso where ¥ = (¥/)i>0 is an investment strategy with y; € I' and Lisa
dividend strategy. Given a dividend and investment strategy (Z, 7), the controlled

. Ly . .
risk process X, is given by

_ ro_ t _ N

XM =x+pt+ r/ XEVyds + 0/ v XFTdW, = Ui — L, (231)
0 0 P

and the ruin time is defined as t7 = inf{t > 0 : X57 < 0}. The dividend and

investment strategy (L,y) is admissible if the investment strategy y is admissible

and the dividend strategy L is nondecreasing, caglad, and predictable with respect

to the filtration (F;),_, and verifies Lo = 0 and



2.2 Investments in the Classical Risk Model 39

— N t _
LIEXty:x+pl_ZUi+/ )/SXS),(rdS‘i‘O—de)
0

i=1

for0 <t < t&7. As in the case without investments, we extend the definition of the
admissible dividend process as L, = L 1y fort > L7 We denote by Hf'y the set
of all the dividend and investment admissible strategies with initial surplus x and
the value function ny(x) as the cumulative expected discounted dividends with
initial surplus x > 0 that corresponds to the predictable admissible control strategy
(Z, 7). We can write V7 ;(x) as

o
Viz(x) = Ex(/or V e “*dLy). (2.32)
where ¢ > 0 is a discount factor. The optimal dividend function is defined as
V(x) = sup{Vz 5(x) with (L,y) € TTL7} for x > 0. (2.33)
In this problem, we assume that O € I" and that
O<yp:=supl<c/r (2.34)
and show that under this assumption V is finite. We will show in Remark 2.6 that if
' =0, p] with y > ¢/r, then V(x) = oo for all x > 0.

We first state some results of a related controlled continuous risk process without
the downward jumps.

Lemma 2.4. Given x > 0, any m € R and any admissible investment strategy
y € 1%, consider (with a slightly abuse of notation) the process Y; defined in (2.23),
but putting m instead of p. We have that:

(a) Ifm = 0, then Ey (Y,e™") < e~ (771 (x +m(l—e7)/ (r?)).
(b) Ifx > 0and 7 = inf{t : Y, < O}, then limy_o P(Z < h) = 0.
(c) If y, = yy € T'\ {0} forallt > 0, then

E, (Y,e_"’) = e~ (e=rno)t (x +m(l —e "N/ (ryo)) .

Proof. (a) Since the process

t 2 t
U = exXp (/ (ryu - %Vuz)du + / Gyud I/Vu) (2.35)
0 0

is the solution of the stochastic equation

dUt = U[(r)/tdl +U]/tdm) with U() =1
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and Y; is the solution of
dY, = m+ Yry)dt + oy, Y,dW, with Yy = x,

we can write

1
Y, =xU, + U,/ mU'ds. (2.36)
0
Let us define
t t
U, = exp ( (ry.— —yu)du + / O')/uqu) , (2.37)
then
t
Y, = xU, +/ mU,zds. (2.38)
0
We have that
Ay = el vy, (2.39)

is a martingale; see for instance Karatzas and Shreve [39]. We conclude from
(2.37) to (2.39) that

E (e~ xelo rmdug, 4 o=t I mels rdu g, dy)
Ex(e™ M x Ay + e m [ e Ay ds)
ef(c'fr?)tx + e*(cfr);)t m f()t efr};sds

= e (TN (x + :”7(1 — e_”?t)) )

Ey (Yie™)

hIA 1l

(b) This result is standard for linear diffusion processes; see Borodin and Salminen
[17].
(c) Follows from the proof of (a). O

Remark 2.5. Given any (L,7) € Hﬁ’y, consider the controlled process X, [Z 7 and
the process Y, introduced in Lemma 2.4, with m = p and investment strategy
¥ = (¥s)s>0» then we have that X, Ly < Y, for all + > 0. We can use the following
argument to see this result: X ¥ = Y; for t < 11, where 1y is the arrival time
of the first claim, Xrl 7 < le_ = Y,,. If there exists #p € (71, 12) such that
Xtﬁ 7 =Y, then by definition X, L7 _ Y, fort € (t, 12); if this were not the
case, X, Ly < Y, for t € (11, 1;) because the trajectories are continuous in this

interval. Then X, Ly - X Ly < Y, and the same argument applies again.
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Remark 2.6. In the case that ' = [0, p] with p > ¢/r, the value function V is
infinite. We can assume that x > x := ((ﬂu -t + 1) /r > 0 because, if the
initial surplus x is smaller than x,, there is a positive probability that the surplus
surpasses the level x( (take for instance the strategy which pays no dividends and
keeps all the surplus in bonds up to time 7" = (xo — x) /p + 1).

Given #; > 0, consider the following admissible strategy ZIO,V") e ML

divide the company in two departments; one of them deals only with the investment
and the payment of dividends and the other with the insurance business. The
investment department starts with capital x, invests a fraction § of its surplus
on risky assets, and diverts to the insurance department a constant flow p, =
(B — p)* 4+ 1 up to time o A T, when the whole surplus is paid as dividends.
Here 7, is the first time the surplus of the investment department reaches zero. Let
X ,(1) be the surplus process of the investment department and Y, be the process
described in Lemma 2.4(c) with m = — p,y. We have that X [(/1\);1 =Y, fort <7, and

t(/l\)?l = 0 > Y, fort > 7;. The insurance department starts with no surplus, pays

no dividends, and receives a constant flow py + p > B up to time tg A 7| A Ty,
where 7, is the ruin time of the insurance department (assuming that the insurance
department keeps always receiving the constant flow py + p). Note that y,° € T
because

N 1 N 1
px0 _px”

0<y’ =

e = =7
XIL*OTVIO Xl(l)

for t < ty A T; A T, and that the stopping time 7, is independent of both 7; and
the process Y;. Call t = 1y A 7| A Tp, the value function of this admissible strategy
satisfies

1) . .
Vo o (¥) = Ex(Xe™ g5 5020) = Ex (Vg€ ™ I 200 5200)

= E (Ye "Iz 501) P({T2 > 10})

IV

Ec(Yie ) P({Ty = oo}).

As we have seen in Remark 1.3, the survival probability of the insurance department
P({T, =o00}) =1—Bu/ (po+ p) > 0. So, from Lemma 2.4(c), we conclude that
V(x) 2 lim,o_wo Vzl[) .7[0 (x) = Q.

In the next two propositions, we prove that V' has linear growth and we give
bounds on the increments of V' using the value functions of some simple admissible
strategies.

Proposition 2.10. The optimal value function V is well defined and satisfies

x+p/(B+c)<V(x)<rxp/(c—ry)+ p/(c—rP)forx >0.
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Proof. Consider an initial surplus x > 0. Given any (L.y) € Hﬁ”’, consider the
controlled process X, [L'y for ¢ > 0 and define X ,L’V = 0 fort < 0. Then,

— — Ny
L, =L, —of, Xy dW, < x + ps + rfo X5V ydu — ZUi
i=1

<x+ps+rf, Xuzyyudu.

Consider the process Y; defined as in Lemma 2.4, with m = 4 and the investment

strategy ¥ = (¥5),>0- Since, by Remark 2.5, we have that X,L’7 < Y,, we obtain
from Lemma 2.4(a) that

Ec (X[Tem) < 7D (x4 p(1 =)/ (7).

—Cs

Since ry < ¢ and e is a positive and decreasing function, we have that

Vi(x) = Eo(fy e=*dLy)

E (e d(x+ ps+r [, XE'7yudu))

IA

< e pds+rp [0 Ex(e_”st'V)ds

IA

Lgrp [P (em(emrDs (x + p—l_‘;;r%))ds

_ rxp+p
— c—ry

So V(x) is finite and satisfies the second inequality.

Let us prove now the first inequality. Given an initial surplus x > 0, consider the
admissible strategy (Z, 0) which pays immediately the whole surplus x and then
pays the incoming premium p as dividends with no investment in the risky assets
until the first claim, which in this strategy means ruin. Define 7, as the time arrival
of the first claim, we have

Vo) = x + pEy( /O et dry = x + pJ(B + ),

but by definition V(x) > V7 ,(x), so we get the result. O

Proposition 2.11. Ify > x > 0, the function V satisfies

(@) V(y)=V(x)zy—x
(b) V(y) = V(x) < (e€tPHO=0/r — 1) V(x)
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Proof. (a) Given ¢ > 0, consider an admissible strategy (L,7) € Hﬁ’y with
Vr7(x) = V(x) — &. We define a new strategy in (Z1,71) € Hf'y in the
following way: pay immediately y — x as dividends and then follow the strategy
(L, 7); this new strategy is admissible. We have that

V) 2 Vo) =V(0) + (6 =x) 2 V(x) —e+ (v —x),

and we obtain the result. .
(b) Given & > 0, take an admissible strategy (L,y) € IIy such that Vz5(y) =

V(y) — €. Let us define the strategy (Zl 7 e M%7 that starting at x, pay no

.
dividends and invest all the surplus in bonds if X, ,L 7" < y and follow strategy

(Z, 7) when the current surplus reaches y. This strategy is admissible. If there
-1 _

is no claim up to time ¢y = (y — x)/ p, the surplus X, ,1(; 7 = y. The probability

of reaching y before the first claim is e 7% so we obtain

V() 2 Vi1 () 2 Vg (0)e™ 0 = (V(y) = g) 7 P00,

and we get the result. O

As a direct consequence of the previous proposition we have that V' is increasing
and locally Lipschitz in [0, +00); this implies that V' is absolutely continuous, that
V'(x) exists a.e., and that 1 < V’(x) < V(x)(c + B)/p at the points where the
derivative exists.

Remark 2.7. We will prove later that the linear growth condition given by Proposi-
tion 2.10 can be improved to V(x) < x + p/c for x > 0.

As in Lemmas 1.2 and 2.2, there is a DPP for this optimization problem.

Lemma 2.5. For any x > 0 and any stopping time T, we can write

TATL? i Iy —
V(x)= sup E, (/ e dL;+e (ene )V(XL'V )) .
0

7 TATLY
(Lyeny”

Assume that V' is continuously differentiable at x. Given any / > 0 and any
y € I, let us consider the admissible strategy (L,?y) which pays dividends at
constant rate / and invest a constant fraction y of the surplus in the financial market.

Let us call the corresponding controlled surplus process X, ,L'7 and the corresponding

ruin time 7. The surplus process X ,L ,‘3 stopped at the ruin time is a Markov process,
so by (1.14) and (2.27), we get

G(X5L.V) () = TEEVI@)+(p — 1+ ryx) VI(0)=(B+O) V) +B(V)(x).
(2.40)
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Using Lemma 2.5, we have
TAL Is
V(x) > Ex( / e 1 ds) + E, (e*" @Ay (! A*{))) :
0
and then, we obtain the inequality

s {1+ (X v) ) <o

The HIB equation of this optimization problem is

lzsol.lyir {l 0 <X'ZAZ V) (x)} =0 (2.41)

Therefore, as in Sects. 1.5.2 and 2.1.2, we obtain that this equation can be written as

max{1 — V'(x),sup £, (V)(x)} = 0, (2.42)
yer

where

L,(V)(x) = ZEEV" () + (p + ryx) V/(x) = (B+)V(x) +BI(V)(x). (2.43)

2.3 1Ito’s Lemma and Infinitesimal Generators

The results of this section are technical and will be used to relate the composition
of a function with a controlled surplus process and the corresponding infinitesimal
generator. We consider nonnegative smooth enough functions # : Ry — R and we
extend the definition of u in (—oo, 0) as any nonnegative constant.

Proposition 2.12. Let Z = (Z;),5, be the surplus process defined either in (1.1)
or in (2.3) or in (2.22) with initial value x; let T be the corresponding ruin time,
then we can write for any finite stopping time t* < 1

*

W(Zoe) — u(x) = /0 L) (Zo-)ds + Mo,

where L is the operator defined either in (1.13) or in (2.7) or in (2.29). M, is a
martingale with zero expectation in the first two cases and a local martingale with
zero expectation in the third case.

Proof. Let us assume first that Z is the surplus process (X;),>, defined in (1.1).
Take a nonnegative continuously differentiable function u in R4 ; using the change
of variables formula for finite variation processes, we can write
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u(Xr+) — u(x)

= fot* u/(XS_)dXS + Z (M(XS) - u(XS_) - u/(Xs_)(Xs - Xs_))
X—#X;

s<t*

= [T WX pds+ Y (u(X,) —u(X,-)
Xy— #X,

s<t*

= [T Lo(u)(Xs-)ds + MC,,

where L is the operator defined in (1.13) and

MP = % ((X,) —u(Xs)
o (2.44)
—B fo Jo° (X~ — ) —u(Xs-)) dF (a)ds
is a martingale with zero expectation because 0 < u(X;) < maxye(o,+ ps u(y) for
s <t.
In the case that Z is the surplus process (X tﬁ) 0deﬁned in (2.3), we also have
1>

that 0 < u(X‘?) < maxyefo,x+pr 4(y) for s < ¢, and so we obtain a similar formula
with the following zero-expectation martingale:

wi= ¥ (ux® —u(x®))

=B Jy Iy (w(XE —@) = u(xE)) dFy (@)ds.

(2.45)

Finally, in the case that Z is the surplus process (X ,? ) defined in (2.22), take u a
t>0

nonnegative twice continuously differentiable function in R ; we can write, using
the It0’s formula,

u(X ) u(x)
= Jy d (uxD)

= [T wxDyax? + [7 @M(X?_)ds

+ X () —uxl) —w (X7 - X))
X— #X,

Y<‘[

= fo /(XV ( + er_yr) ds +o for* V;Xs?—u’(XSV_)dM

+[0* (r}/s s ) u//(XS?_)dS_’_ Z (u(XZ)—M(X?—))
X.y*?éXs

s<t*

= [T Ly ) (XD )ds + M.,
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where

M/ = ¥ (wx])—ux)) = B fi fi (X — o) —u(xXT)) dF @)ds
XﬁzfXA

+o foys-Xu' (X)d W,

is a local martingale with zero expectation; to see that take for instance the sequence
of stopping times 7, = min{r : X, < n}, then M/, is a martingale with zero
expectation for all » > 1. Note that this local martingale is a sum of a two local
martingales, one coming from the compound Poisson process (similar to M,O) and
the other coming from the Brownian motion. O

Remark 2.8. Taking expectation in the result of Proposition 2.12, we get the Dynkin
formula for the process Z (see for instance Sect. 1.3 in [49]).

Proposition 2.13. Let Z = (Z1);50 be the controlled surplus process with
dividends defined either in (1.7) or in (2.14) or in (2.31) with initial value x; let
T be the corresponding ruin time, then we can write for any finite stopping time
<1t

T UZ) —ux) = [y LG)(Z-)e™ds — [y e,
—i—for (1 —u'(Zs-))e *dLS
+ X (foLs+_LS (1 —u(Zs—a)) a’a) + M,

LA.+ #Ls
s<t*

where L is the operator defined either in (1.22) or in (2.20) or in (2.43). ]\;It isa
martingale with zero expectation in the first two cases and a local martingale with
zero expectation in the third case.

Proof. Let us assume first that Z is the surplus process (X ,Z) . defined in (1.7).
>

Since L, is nondecreasing and left continuous, it can be written as

1
L, = [ dLS+ Y (Lyr — Ly) (2.46)
0 XS+ #Xs
s<t

where L is a continuous and nondecreasing function. Take a nonnegative continu-
ously differentiable function u in R4. Since the function e™“"u(x) is continuously
differentiable in R, using the expression (2.46) and the change of variables formula
for finite variation processes (see for instance [51]), we can write
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w(XLye™™ —u(x) = [T ed (u(XSf)) —c [T u(XL)e~eds
S — . * — e
= [y W(XE)e ™ pds—c [; u(XE)e™ds

+ ¥ (uxh-uxE))e
Xk #£xl

s<t*

— W xEyeedns + Y (uxh) —u(xP) e,
XSL+ 7éXSL

s<t*

(2.47)
But Xg # XSz only at the jumps of L, then XSL; — XSZ =—(L+ — L) and

— W (XD dLs + Y 7(u(XSZ+)—u(XSZ)> ecs
XL, #£xL
sT70s

s<t*

_ _j-or* M/(st—)e_cdeE _ Z (I-OLX+_L5 M/(XSZ _ Ol)dOl) e
LSJr #Ls
s<r* (2.48)

= — 7 e dLy + [§ (1 =/ (XE))e e dL

+ LSELs (fOLﬁ —Ls (1 — /(X! - oz)) da) o5

s<t*

On the other hand, X SZ #X SZ_ only at the arrival of a claim, so

M= ¥ (uxP)—u(xf)) e

xE #xl
s<t

B [lemes [ (u(XE —a)— u(XE)) dF(@)ds

is a martingale with zero expectation because 0 < u(XL.) < maxyefo,x+pr u(y) for
s < t. So we have the result for this case.

In the case that the controlled surplus process Z is the one defined in (2.14), the
proof is similar and the corresponding zero-expectation martingale is
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ME= ¥ (uXER) —u(xF) e
XER IR

—,3 ft —cs /‘OOO (M Z_ﬁ — Ol) — u(XL R)) dFRx (C()ds.

In the case that the controlled surplus process Z is the one defined in (2.31), the
corresponding zero-expectation local martingale turns to be

M= % () —u ) e

b e 2 (7 )~ dF s

+o ff —cs E?M/(Xzy)d w,.

The last result can be proved with the same argument used in the previous
proposition for the case of investment and in this proposition for dividend payments.
O

Remark 2.9. Propositions 2.12 and 2.13 imply that u(Z, ) is a martingale for any
smooth solution u of the equation £ (z) = 0 and that u(Z~, ) is a supermartingale
for any function u which satisfies max{1—u/, L (1)} < 0in the first two cases. In the
third case, the result is the same but with local martingale and local supermartingale.

2.4 Comments and References

Let us first give some references on the problem of optimal survival probability in
the classical risk model. The case of reinsurance control was addressed by Schmidli
[55] and Hipp and Vogt [34]. The case of investment control was considered by Hipp
and Plum [32] for I' = R and by Azcue and Muler [10] for ' = [0, 7]. Investment
control with state-dependent constraints was studied by Edalati and Hipp [26]. Hipp
and Taksar [33] and Schmidli [56] considered the combination of investment and
reinsurance controls. In all the cases, the claim-size distributions were continuous.
In this book we allow, for the problems with reinsurance control, general claim-size
distributions.

Let us now give some references on optimal dividend payments in the classical
risk model. The reinsurance control case was addressed in [9] and by Mnif and
Sulem [47]. Azcue and Muler [11] considered the investment control problem for
bounded-density claim-size distributions .
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Optimal survival probability and optimal dividend payments with investment
control can also be studied in the limit diffusion setting; the HIB equation for the
optimal survival probability can be written as

sup ((72}/22);2 8//(x) + VVXS/(X)) + ED (8)(x) — 0, (249)

yel’
(compare with Remark 2.4) and the HJB equation for the optimal dividend payments

problem as

max =0, (2.50)

sup (—Uzyzzxz V" (x) + r)’xV/(x)) + Lp(V)(x), 1= V'(x)
yer

where £p and £ are defined in (1.24) and (1.27), respectively. In this diffusion
setting, Browne [18] studied the problem of optimal survival probability with
investment control and Hgjgaard and Taksar [35] considered the one of dividend
payments with investment control (they also included an option to reduce risk
exposure by reinsurance).

Reinsurance control in the diffusion setting was considered by Schmidli [55]
for optimal survival probability and by Asmussen et al. [5] for optimal dividend
payments.

Some of these problems were studied in the book of Schmidli [57].
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