Chapter 2

Maximal Functions, Fourier Transform,
and Distributions

We have already seen that the convolution of a function with a fixed density is a
smoothing operation that produces a certain average of the function. Averaging is an
important operation in analysis and naturally arises in many situations. The study of
averages of functions is better understood by the introduction of the maximal func-
tion which is defined as the largest average of a function over all balls containing a
fixed point. Maximal functions are used to obtain almost everywhere convergence
for certain integral averages and play an important role in this area, which is called
differentiation theory. Although maximal functions do not preserve qualitative in-
formation about the given functions, they maintain crucial quantitative information,
a fact of great importance in the subject of Fourier analysis.

Another important operation we study in this chapter is the Fourier transform,
the father of all oscillatory integrals. This is as fundamental to Fourier analysis as
marrow is to the human bone. It is a powerful transformation that carries a func-
tion from its spatial domain to its frequency domain. By doing this, it inverts the
function’s localization properties. If applied one more time, then magically repro-
duces the function composed with a reflection. It changes convolution to multipli-
cation, translation to modulation, and expanding dilation to shrinking dilation. Its
decay at infinity encodes information about the local smoothness of the function.
The study of the Fourier transform also motivates the launch of a thorough study
of general oscillatory integrals. We take a quick look at this topic with emphasis on
one-dimensional results.

Distributions suppy a mathematical framework for many operations that do not
exactly qualify to be called functions. These operations found their mathematical
place in the world of functionals applied to smooth functions (called test functions).
These functionals also introduced the correct interpretation for many physical ob-
jects, such as the Dirac delta function. Distributions have become an indispensable
tool in analysis and have enhanced our perspective.
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2.1 Maximal Functions

Given a Lebesgue measurable subset A of R”, we denote by |A| its Lebesgue mea-
sure. For x € R" and r > 0, we denote by B(x, r) the open ball of radius r centered at
x. We also use the notation aB(x, 8) = B(x,ad), for a > 0, for the ball with the same
center and radius ad. Given 6 > 0 and f a locally integrable function on R”, let

1
b= [ o
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denote the average of |f| over the ball of radius 6 centered at x.

2.1.1 The Hardy-Littlewood Maximal Operator
Definition 2.1.1. Let f be a locally integrable function on R”. The function

1
M(f)(x) = sup Avg |f| = sup
§>0B(x,) 550 Vn0" Jly|<s

|f (x—y)ldy

is called the centered Hardy-Littlewood maximal function of f.

Obviously we have M(f) = M(|f]) > 0; thus the maximal function is a positive
operator. Information concerning cancellation of the function f is lost by passing
to M(f). We show later that M(f) pointwise controls f (i.e., M(f) > |f| almost
everywhere). Note that M maps L™ to itself, that is, we have

M= < 1]

Let us compute the Hardy-Littlewood maximal function of a specific function.

Example 2.1.2. On R, let f be the characteristic function of the interval [a,b]. For
x € (a,b), clearly M(f) = 1. For x > b, a simple calculation shows that the largest
average of f over all intervals (x — 8,x+ &) is obtained when § = x — a. Similarly,
when x < a, the largest average is obtained when & = b — x. Therefore,

(b—a)/2|x—b| whenx <a,
M(f)(x) =41 when x € (a,b),
(b—a)/2|x—aq] whenx > b.

Observe that M(f) has a jump at x = a and x = b equal to one-half that of f.

M is a sublinear operator, i.e., it satisfies M(f +g) < M(f) +M(g) and M(Af) =
|A|M(f) for all locally integrable functions f and g and all complex constants A. It
also has some interesting properties:



2.1 Maximal Functions 87

If f is locally integrable, then by considering the average of f over the ball
B(x, |x| + R), which contains the ball B(0,R), we obtain

fB(o,R) |f)dy
M(f)(x) = WEETE (2.1.1)
for all x € R”, where v, is the volume of the unit ball in R”. An interesting conse-
quence of (2.1.1) is the following: suppose that f # 0 on a set of positive measure
E, then M(f) is not in L' (R"). In other words, if f is in L] .(R") and M(f) is in
L'(R"), then f = 0 a.e. To see this, integrate (2.1.1) over the ball R” to deduce that
If XBo,r)llz1 = 0 and thus f(x) = 0 for almost all x in the ball B(0,R). Since this is
valid for all R = 1,2, 3, ..., it follows that f = 0 a.e. in R".

Another remarkable locality property of M is that if M(f)(xo) = O for some xq in
R”, then f = 0 a.e. To see we take x = xo in (2.1.1) to deduce that || f X g)ll;1 =0
and as before we have that f = 0 a.e. on every ball centered at the origin, i.e., f =0
a.e.in R".

A related analogue of M(f) is its uncentered version M(f), defined as the supre-
mum of all averages of f over all open balls containing a given point.

Definition 2.1.3. The uncentered Hardy—Littlewood maximal function of f,

M(f)(x)= sup Avg|f],
6>0 B(y,0)
[y—x|<d

is defined as the supremum of the averages of |f| over all open balls B(y,d) that
contain the point x.

Clearly M(f) < M(f); in other words, M is a larger operator than M. However,
M(f) <2"M(f) and the boundedness properties of M are identical to those of M.

Example 2.1.4. On R, let f be the characteristic function of the interval I = [a,b].
For x € (a,b), clearly M(f)(x) = 1. For x > b, a calculation shows that the largest
average of f over all intervals (y — 8,y + 0) that contain x is obtained when 0 =
J(x—a) and y = J(x+a). Similarly, when x < a, the largest average is obtained

when 8 = 1(b—x) and y = 1(b+x). We conclude that

(b—a)/|x—b] whenx <a,
M(f)(x)=1q1 when x € (a,b),
(b—a)/|x—al whenx > b.

Observe that M does not have a jump at x = a and x = b and is in fact equal to the

function (1+ disﬁgf‘l) ) -

We are now ready to obtain some basic properties of maximal functions. We need
the following simple covering lemma.
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Lemma 2.1.5. Let {B;,B»,...,B} be a finite collection of open balls in R". Then
there exists a finite subcollection {Bj,,...,B;,} of pairwise disjoint balls such that

1
; |Bj,

Proof. Let us reindex the balls so that

k
>37"|JBil- (2.1.2)
i=1

|Bi| > [Ba| = -+ > |By|.

Let j; = 1. Having chosen jy, ja,..., ji, let jiy| be the least index s > j; such that
Ui B i 18 disjoint from B;. Since we have a finite number of balls, this process will
terminate, say after / steps. We have now selected pairwise disjoint balls Bj,,...,Bj,.
If some B,, was not selected, that is, m ¢ {ji,...,j;}, then B,, must intersect a
selected ball Bj, for some j, < m. Then B, has smaller size than B;, and we must
have B,, € 3B - This shows that the union of the unselected balls is contained in the
union of the triples of the selected balls. Therefore, the union of all balls is contained
in the union of the triples of the selected balls. Thus

k I i !
UBi g U 3lg]r S Z |3B]r‘ = 3” Z |B]r| )
i=1 r=1 r=1 r=1
and the required conclusion follows. U

It was noted earlier that M(f) and M(f) never map into L'. However, it is true
that these functions are in L™ when f is in L!. Operators that map L' to L' are
said to be weak type (1,1). The centered and uncentered maximal functions M and
M are of weak type (1,1) as shown in the next theorem.

Theorem 2.1.6. The uncentered and centered Hardy-Littlewood maximal operators
M and M map L'(R") to L'*(R") with constant at most 3" and also L (R") to
LP(R") for 1 < p < oo with constant at most 3"/Pp(p —1)~\. For any f € L'(R")
we also have 3
M(fy>a;|l < — dy. 213
(M=o} < [ ol (213)

Proof. We claim that the set Eq = {x € R" : M(f)(x) > a} is open. Indeed, for
X € Eq, there is an open ball B, that contains x such that the average of | f| over By
is strictly bigger than ¢. Then the uncentered maximal function of any other point
in B, is also bigger than ¢, and thus B, is contained in E. This proves that E is
open.

Let K be a compact subset of Ey. For each x € K there exists an open ball B,
containing the point x such that

/B |f(y)|dy > a|B,|. (2.1.4)



2.1 Maximal Functions 89

Observe that B, C Ey for all x. By compactness there exists a finite subcover
{By,,...,By,} of K. Using Lemma 2.1.5 we find a subcollection of pairwise disjoint
balls ijl e ’B".iz such that (2.1.2) holds. Using (2.1.4) and (2.1.2) we obtain

k
K< |[UBs| <
i=1

lilel il/ 1Oy <% [ 10Ny,

since all the balls By; are disjoint and contained in E. Taking the supremum over
all compact K C Ey, and using the inner regularity of Lebesgue measure, we deduce
(2.1.3). We have now proved that M maps L' — L' with constant 3”. It is a trivial
fact that M maps L™ — L™ with constant 1. Since M is well defined and finite a.e.
on L' +L>, it is also on LP(R") for 1 < p < co. The Marcinkiewicz interpolation
theorem (Theorem 1.3.2) implies that M maps LP(R") to L”(R") for all 1 < p < eo.
Using Exercise 1.3.3, we obtain the following estimate for the operator norm of M
on L”(R"):

Sl

p3
p—1
Observe that a direct application of Theorem 1.3.2 would give the slightly worse
bound of 2(;27) 7 p3 . Finally the boundedness of M follows from that of M. [

]

(2.1.5)

LP—LP —

Remark 2.1.7. The previous proof gives a bound on the operator norm of M on
LP(R") that grows exponentially with the dimension. One may wonder whether this
bound could be improved to a better one that does not grow exponentially in the
dimension n, as n — oo, This is not possible; see Exercise 2.1.8.

Example 2.1.8. Let R > 0. Then we have

Rn 6n Rn

The lower estimate in (2.1.6), is an easy consequence of the fact that the ball
B(x,|x| + R) contains the ball B(0,R). For the upper estimate, we first consider the
case where |x| < 2R, when clearly M (xp(z))(x) < 1 < %. In the case where
|x| > 2R, if the balls B(x,r) and B(0,R) intersect, we must have that r > |x| — R. But
note that |x| —R > %(|x|+R), since |x| > 2R. We conclude that for |x| > 2R we have

|B(x,r)ﬁB(0,R)| Vv, R" R"
M(x X) Ssup—————— < sup = "
(XB(0.r)) (%) o |B(x,r)] rlx|—R Val" (%(\x|+R))

and thus the upper estimate in (2.1.6) holds since M(xp(.z)) < 2"M(Xp(0,r))- Thus
in both cases the upper estimate in (2.1.6) is valid.
Next we estimate M(M (xp(o.r)))(x)- First we write

R" -

(x| +R)" = < XB(0.R) Zf) R+2kR 7 XB(0,2%+1R)\B(0,2kR) -
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Using the upper estimate in (2.1.6) and the sublinearity of M, we obtain

R" > 1
M (HW’) (x) <M (xpo.r)(x) +1§6 WM(XB(O,Z"“R))(X)

6" R" il | 6" (2k+lR)n
< OF Ly L CC R
(R+ Ry * & 2% (o + 25 TR:
< Cylog(e+ |x|/R)
= (LR

where the last estimate follows by summing separately over k satisfying 241 < |x|/R
and 2¥*! > |x|/R. Note that the presence of the logarithm does not affect the L”
boundedness of this function when p > 1.

2.1.2 Control of Other Maximal Operators

We now study some properties of the Hardy-Littlewood maximal function. We
begin with a notational definition that we plan to use throughout this book.

Definition 2.1.9. Given a function g on R” and € > 0, we denote by g the following
function:

ge(x) =€ "g(e 'x). 2.1.7)

As observed in Example 1.2.17, if g is an integrable function with integral equal
to 1, then the family defined by (2.1.7) is an approximate identity. Therefore, convo-
lution with g¢ is an averaging operation. The Hardy—Littlewood maximal function
M(f) is obtained as the supremum of the averages of a function f with respect to
the dilates of the kernel k = v;! XB(0,1) in R"; here v, is the volume of the unit ball
B(0,1). Indeed, we have

M(f)(x) = sup

e>0 Vn€" JRr

= sup(|f] xke)(x).

>0

=m0 (3) v

€

Note that the function k = v, ! XB(0,1) has integral equal to 1, and convolving with k¢
is an averaging operation.

It turns out that the Hardy-Littlewood maximal function controls the averages of
a function with respect to any radially decreasing L' function. Recall that a function
f on R" is called radial if f(x) = f(y) whenever |x| = |y|. Note that a radial func-
tion f on R" has the form f(x) = ¢(|x|) for some function ¢ on R™. We have the
following result.
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Theorem 2.1.10. Let k > 0 be a function on [0,0) that is continuous except at a
finite number of points. Suppose that K(x) = k(|x|) is an integrable function on R"
that satisfies

K(x) > K(y), whenever |x| <|y|, (2.1.8)

i.e., k is decreasing. Then the following estimate is true:

sup(|f| < Ke) (x) < || K[ i M(f)(x) (2.1.9)

for all locally integrable functions f on R".

Proof. We prove (2.1.9) when K is radial, satisfies (2.1.8), and is compactly sup-
ported and continuous. When this case is established, select a sequence K of radial,
compactly supported, continuous functions that increase to K as j — co. This is pos-
sible, since the function k is continuous except at a finite number of points. If (2.1.9)
holds for each K, passing to the limit implies that (2.1.9) also holds for K. Next,
we observe that it suffices to prove (2.1.9) for x = 0. When this case is established,
replacing f(¢) by f(¢ 4 x) implies that (2.1.9) holds for all x.

Let us now fix a radial, continuous, and compactly supported function K with
support in the ball B(0, R), satisfying (2.1.8). Also fix an f € LloC and take x = 0. Let
e1 be the vector (1,0,0,...,0) on the unit sphere $"~!. Polar coordinates give

/|f )|Ke(—y)dy = / / F(r0)|Ke(re1)r" dO dr. (2.1.10)
Define functions

F() = [ 17Go)lde.

/F § 1dS

where d6 denotes surface measure on "' Using these functions, (2.1.10), and
integration by parts, we obtain

R
FOIKe)dy = [ F () Kelrer) dr
R" 0

— G(eR)Ke(eRe1) — G(0)Ke (0) — :R G(r)dKe (rey)

= / —K¢(rer)), (2.1.11)

where two of the integrals are of Lebesgue—Stieltjes type and we used our assump-
tions that G(0) =0, K¢ (0) < oo, G(€R) < oo, and K¢ (€Re;) = 0. Let v, be the volume
of the unit ball in R". Since

0= [ tds= [ 1)y <O,



92 2 Maximal Functions, Fourier Transform, and Distributions

it follows that the expression in (2.1.11) is dominated by

M(f)(0)v, /0 " (—Ke(rer)) = M(£)(0) /0 "o Ke (rer ) dr

= M) O)|[K]|,-
Here we used integration by parts and the fact that the surface measure of the unit
sphere S"~! is equal to nv,,. See Appendix A.3. The theorem is now proved. U

Remark 2.1.11. Theorem 2.1.10 can be generalized as follows. If K is an L' function
on R” such that |K (x)| < ko(|x|) = Ko(x), where kg is a nonnegative decreasing func-
tion on [0, o0) that is continuous except at a finite number of points, then (2.1.9) holds
with ||K|| ;1 replaced by ||Ko||,1. Such a Ky is called a radial decreasing majorant of
K. This observation is formulated as the following corollary.

Corollary 2.1.12. If a function ¢ has an integrable radially decreasing majorant P,
then the estimate

Sugl(f*fpr)(X)\ <@l M) (%)
>
is valid for all locally integrable functions f on R".

Example 2.1.13. Let
Cn

Px) = ———v,
) (1+x[2)"5

where ¢, is a constant such that

P(x)dx=1.
RVl

The function P is called the Poisson kernel. We define L' dilates P, of the Poisson
kernel P by setting
P(x)=t"P(t 'x)

for t > 0. It is straightforward to verify that when n > 2,
dZ

ﬁPt'i_Zaszt =0,
=1

thatis, P;(x1,...,x,) is a harmonic function of the variables (x1,...,x,,t). Therefore,
for f € LP(R"), 1 < p < oo, the function

u(x,1) = (f*F)(x)

is harmonic in R%! and converges to f(x) in LP(dx) as t — 0, since {P; };>¢ is an
approximate identity. If we knew that f x P, converged to f a.e. as t — 0, then we
could say that u(x,t) solves the Dirichlet problem
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n
Ru+Y *u=0 on R™TL,
' ,Z’ / - (2.1.12)

u(x,0) = f(x) a.e.onR".

Solving the Dirichlet problem (2.1.12) motivates the study of the almost everywhere
convergence of the expressions f * F;.

Let us now compute the value of the constant c,. Denote by w),_; the surface area
of §"~!. Using polar coordinates, we obtain

1 dx

o e ()

/2
= Wy / (sin@)" 'do (r=tan@)
0

where we used the formula for @, in Appendix A.3 and an identity in Appendix
A.4. We conclude that |
()

ntl
2

Cp =
T

and that the Poisson kernel on R” is given by

=) 1
ntl ntl

r(
P() =
2T ()T

(2.1.13)

Theorem 2.1.10 implies that the solution of the Dirichlet problem (2.1.12) is point-
wise bounded by the Hardy-Littlewood maximal function of f.
2.1.3 Applications to Differentiation Theory

We continue this section by obtaining some applications of the boundedness of the
Hardy-Littlewood maximal function in differentiation theory.
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We now show that the weak type (1, 1) property of the Hardy-Littlewood max-
imal function implies almost everywhere convergence for a variety of families of
functions. We deduce this from the more general fact that a certain weak type prop-
erty for the supremum of a family of linear operators implies almost everywhere
convergence.

Here is our setup. Let (X, ), (¥, V) be measure spaces and let 0 < p < eo, 0 <
q < oo. Suppose that D is a dense subspace of L?(X, ). This means that for all
f € LPandall § > 0 there exists a g € D such that || f — g||z» < 0. Suppose that for
every € > 0, T; is a linear operator that maps L” (X, it) into a subspace of measurable
functions, which are defined everywhere on Y. For y € Y, define a sublinear operator

T(f)(v) = sup|Te (/) (v)] (2.1.14)

>0

and assume that 7, () is V- measurable for any f € LP (X, it). We have the following.

Theorem 2.1.14. Let 0 < p < o0, 0 < g < oo, and T and T, as previously. Suppose
that for some B > 0 and all f € LP(X) we have

17l < B (2.115)
and that for all f € D,
lim 7;(f) = 7(f) (2.116)

exists and is finite vV-a.e. (and defines a linear operator on D). Then for all func-
tions f in LP (X, 1) the limit (2.1.16) exists and is finite vV-a.e., and defines a linear
operator T on LP (X) (uniquely extending T defined on D) that satisfies

1Tl < BIA N (2117)
Sor all functions f in LP (X).
Proof. Given f in L”, we define the oscillation of f:

Oy (y) = limsuplimsup| T (f)(y) — To (f) (V)|

£—0 6—0

We would like to show that for all f € L” and & > 0,
v({yeY: Of(y)>6})=0. (2.1.18)

Once (2.1.18) is established, given f € L?(X), we obtain that O ¢(y) = 0 for v-almost
all y, which implies that T;(f)(y) is Cauchy for v-almost all y, and it therefore
converges v-a.e. to some T(f)(y) as € — 0. The operator T defined this way on
LP(X) is linear and extends T defined on D.

To approximate Oy we use density. Given 1) > 0, find a function g € D such that
|| f—gller <. Since T¢(g) — T(g) v-a.e, it follows that O, = 0 v-a.e. Using this
fact and the linearity of the T;’s, we conclude that

Of(y) < Og(y) + Op—4(y) = Of—g(v) v-ae.



2.1 Maximal Functions 95

Now for any 6 > 0 we have

V{y€Y: 0s(y) >68}) <v({yeY: Or,(y) > 6})
<v({yeY:2T(f-g)y) >d})
< (2B[|f —s[,/9)"
< (2Bn/5)".

Letting 1 — 0, we deduce (2.1.18). We conclude that 7;(f) is a Cauchy sequence,
and hence it converges v-a.e. to some T(f). Since |T(f)| < |T.(f)|, the conclusion
(2.1.17) of the theorem follows easily. O

We now derive some applications. First we return to the issue of almost every-
where convergence of the expressions f * P, where P is the Poisson kernel.

Example 2.1.15. Fix | < p <~ and f € LP(R"). Let

resh) 1
P(x) =
TR
be the Poisson kernel on R” and let P (x) = £ P (£~ 'x). We deduce from the previ-
ous theorem that the family f * P, converges to f a.e. Let D be the set of all contin-
uous functions with compact support on R”. Since the family (P )¢~0 is an approx-
imate identity, Theorem 1.2.19 (2) implies that for f in D we have that [« P; — f
uniformly on compact subsets of R"” and hence pointwise everywhere. In view of
Theorem 2.1.10, the supremum of the family of linear operators T (f) = f * Pe is
controlled by the Hardy-Littlewood maximal function, and thus it maps L? to L?*
for 1 < p < oo. Theorem 2.1.14 now gives that f* P, converges to f a.e. forall f € L?.

Here is another application of Theorem 2.1.14. Exercise 2.1.10 contains other ap-
plications.

Corollary 2.1.16. (Lebesgue’s differentiation theorem) For any locally integrable
function f on R" we have

o -
lim ] /B o, TV = ) (2.1.19)

Jor almost all x in R". Consequently we have |f| < M(f) a.e. There is also an
analogous statement to (2.1.19) in which balls are replaced by cubes centered at x.
Precisely, for any locally integrable function f on R" we have

1

tim 5 [ FOV = 109 (2120

for almost all x in R".
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Proof. Since R" is the union of the balls B(0,N) for N = 1,2,3..., it suffices to
prove the required conclusion for almost all x inside a fixed ball B(0,N). Given a
locally integrable function f on R", consider the function fy = fXp(n+1)- Then
fn lies in L (R"). Let T; be the operator given with convolution with k., where
k=v,! XB(0,1) and 0 < & < 1. We know that the corresponding maximal operator T
is controlled by the centered Hardy—Littlewood maximal function M, which maps L!
to L. Tt is straightforward to verify that (2.1.19) holds for all continuous functions
f with compact support. Since this set of functions is dense in L!, and 7, maps L'
to L', Theorem 2.1.14 implies that (2.1.19) holds for all integrable functions on R”,
in particular for fy. But for 0 < & < 1 and x € B(0,N) we have fXp(¢) = fNXB(x¢)>
so it follows that

o o _
I B e = I ) PO = S0

for almost all x € R”, in particular for almost all x in B(0, N). But on this set fy = f,
so the required conclusion follows. The assertion that |f| < M(f) a.e. is an easy
consequence of (2.1.19) when the limit is replaced by a supremum.

Finally, with minor modifications, the proof can be adjusted to work for cubes in
place of balls. To prove (2.1.20), for f € L. _(R") we introduce the maximal operator

loc

1
Mcfx:sup—/ f(y)|dy.
(N =swpez [ 170
Then Exercise 2.1.3 yields that M, maps L' (R") to weak L' (R") and the preceding
proof with M, in place of M yields (2.1.20). (]

The following corollaries were inspired by Example 2.1.15.

Corollary 2.1.17. (Differentiation theorem for approximate identities) Let K be an
L' function on R" with integral 1 that has a continuous integrable radially decreas-
ing majorant. Then fxKe — f a.e.as € — 0forall f € LP(R"), 1 < p < co.

Proof. 1t follows from Example 1.2.17 that K, is an approximate identity. Theorem
1.2.19 now implies that f * K. — f uniformly on compact sets when f is continuous.
Let D be the space of all continuous functions with compact support. Then f* K¢ —
fae. for f € D. It follows from Corollary 2.1.12 that T, (f) = supg~ | f * K¢| maps
L? to L™ for 1 < p < oo. Using Theorem 2.1.14, we conclude the proof of the
corollary.

O

Remark 2.1.18. Fix f € L”(R") for some 1 < p < eo. Theorem 1.2.19 implies that
f* K¢ converges to f in L” and hence some subsequence f* K, of f * K, converges
to f a.e. as n — oo, (&, — 0). Compare this result with Corollary 2.1.17, which gives
a.e. convergence for the whole family f * K, as € — 0.

Corollary 2.1.19. (Differentiation theorem for multiples of approximate identi-
ties) Let K be a function on R" that has an integrable radially decreasing majorant.
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Let a = [pn K(x)dx. Then for all f € LP(R") and 1 < p < oo, (f*K¢)(x) — af(x)
for almost all x € R" as € — 0.

Proof. Use Theorem 1.2.21 instead of Theorem 1.2.19 in the proof of Corollary
2.1.17. -

The following application of the Lebesgue differentiation theorem uses a simple
stopping-time argument. This is the sort of argument in which a selection procedure
stops when it is exhausted at a certain scale and is then repeated at the next scale. A
certain refinement of the following proposition is of fundamental importance in the
study of singular integrals given in Chapter 4.

Proposition 2.1.20. Given a nonnegative integrable function f on R" and o > 0,
there exists a collection of disjoint (possibly empty) open cubes Qj such that for
almost all x € (U; 0;)° we have f(x) < o and

o< L f)dt <2'a. (2.1.21)
|Qj | Q;

Proof. The proof provides an excellent paradigm of a stopping-time argument. Start
by decomposing R” as a union of cubes of equal size, whose interiors are disjoint,
and whose diameter is so large that |Q|~! Jo f(x)dx < a for every Q in this mesh.
This is possible since f is integrable and |Q|~! Jof(x)dx — 0 as [Q[ — . Call the
union of these cubes &j.

Divide each cube in the mesh into 2" congruent cubes by bisecting each of the
sides. Call the new collection of cubes &}. Select a cube Q in &) if

|la /Q fx)dx>a (2.1.22)

and call the set of all selected cubes .#]. Now subdivide each cube in & \ %} into
2" congruent cubes by bisecting each of the sides as before. Call this new collection
of cubes &. Repeat the same procedure and select a family of cubes . that satisfy
(2.1.22). Continue this way ad infinitum and call the cubes in (J;,_; .#, “selected.”
If O was selected, then there exists Q| in &,,_| containing Q that was not selected at
the (m — 1)th step for some m > 1. Therefore,

a1
‘Q1| 0

Now call F the closure of the complement of the union of all selected cubes. If
x € F, then there exists a sequence of cubes containing x whose diameter shrinks
down to zero such that the average of f over these cubes is less than or equal to «.
By Corollary 2.1.16, it follows that f(x) < a almost everywhere in F. This proves
the proposition. (]

Ot<|—;|/Qf(x)dx§2 fx)dx<2"c.

In the proof of Proposition 2.1.20 it was not crucial to assume that f was defined
on all R”, but only on a cube. We now give a local version of this result.
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Corollary 2.1.21. Let f > 0 be an integrable function over a cube Q in R" and let
o> ‘1@ fQ fdx. Then there exist disjoint (possibly empty) open subcubes Q; of Q

such that for almost all x € Q\ U;Qj we have f < a and (2.1.21) holds for all Q;.

Proof. The proof easily follows by a simple modification of Proposition 2.1.20 in
which R” is replaced by the fixed cube Q. To apply Corollary 2.1.16, we extend f to
be zero outside the cube Q. U

See Exercise 2.1.4 for an application of Proposition 2.1.20 involving maximal
functions.

Exercises

2.1.1. A positive Borel measure ¢ on R” is called inner regular if for any open
subset U of R" we have u(U) = sup{u(K) : K S U, K compact} and u is called
locally finite if 1 (B) < oo for all balls B.

(a) Let u be a positive inner regular locally finite measure on R” that satisfies the
following doubling condition: There exists a constant D(i) > 0 such that for all
x € R" and r > 0 we have

1(3B(x,r)) < D(u) u(B(x,r)).

For f € L\ .(R", 1) define the uncentered maximal function My (f) with respect to
by

M, (f)(x) =sup sup —————= fy)du(y).
,J( )( ) r>0 z:|z—x|<r u(B(z,r)) B(z,r) ( ) ( )
W(B(z,r))#0
Show that M, maps L'(R", i) to L'**(R",u) with constant at most D(u) and

D(u)r.

==

LP(R", 1) to itself with constant at most 2(%)
(b) Obtain as a consequence a differentiation theorem analogous to Corollary 2.1.16.
[Hint: Part (a): For f € L'(R", i) show that the set Eq = {M,(f) > o} is open.
Then use the argument of the proof of Theorem 2.1.6 and the inner regularity of ,u.]

2.1.2. On R consider the maximal function M, of Exercise 2.1.1.

(a) (W. H. Young) Prove the following covering lemma. Given a finite set .# of open
intervals in R, prove that there exist two subfamilies each consisting of pairwise dis-
joint intervals such that the union of the intervals in the original family is equal to the
union of the intervals of both subfamilies. Use this result to show that the maximal
function My, of Exercise 2.1.1 maps L' (i) — L'*(u) with constant at most 2.
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(b) ([134]) Prove that for any o-finite positive measure ¢t on R, o > 0, and f €
Ll .(R, 1) we have

1 1
— du—u(A <—/ du— >aot).
g Ja—wa < g [l > o)
Use this result and part (a) to prove that for all o > 0 and all locally integrable f we
have

1 1/
M, < — du+— d
RIS > @)+ R > e < o [ Atk [l

and note that equality is obtained when ot = 1 and f(x) = |x| /7.
(c) Conclude that M, maps LP(u) to LP(p), 1 < p < eo, with bound at most the
unique positive solution A, of the equation

(p—1D)xP —pxP~'—1=0.
(d) ([136]) If u is the Lebesgue measure show that for 1 < p < oo we have

||MHLP~>L1’ =Ap,

where A, is the unique positive solution of the equation in part (c).

[Hint: Part (a): Select a subset ¢ of . with minimal cardinality such that | J;cyJ =
Uje 1. Part (d): One direction follows from part (c). Conversely, M(|x|~'/7)(1) =

1/p 1/p!
—ta ;:;’1, where  is the unique positive solution of the equation 777 ;:Tl =
y~!/P_ Conclude that M(|x|~'/P)(1) = A, and that M(|x|~'/?) = A,|x|~/P. Since

this function is not in L”, consider the family f¢ (x) = |x|~!/? min(|x| ¢, |x|¥), & > 0,

and show that M(fe)(x) > (1477 ") (1+9) 71 (4 + €)1 fe(x) for 0 < € < p']

2.1.3. Define the centered Hardy—Littlewood maximal function M, and the uncen-
tered Hardy-Littlewood maximal function M, using cubes with sides parallel to the
axes instead of balls in R”. Prove that

n n n n
1§M§2n, inzfﬁ M(7) SZ*, LnZ*S M) §277
M(f) n2 vy = M) T v onzvn ~ M(f) T v

where v, is the volume of the unit ball in R”. Conclude that M, and M, are weak
type (1,1) and they map L?(R") to LP(R") for 1 < p < oo,

2.1.4. (a) Prove the estimate:
n

R M)W > 20 < [ If0)lay

o

and conclude that M maps L? to LP* with norm at most 2-3"/? for 1 < p < oo.
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(b) Deduce that if flog™ (2|f|) is integrable over a ball B, then M(f) is integrable
over the same ball B.

(¢) ([375], [336]) Apply Proposition 2.1.20 to |f] and & > 0 and Exercise 2.1.3 to
show that with ¢, = 2" (n"/?v,)~! we have

—n

n. X C 2
e R MU0 > ena)| = % [ 1704y

(d) Suppose that f is integrable and supported in a ball B(0,p). Show that for x in
B(0,2p)\ B(0,p) we have M(f)(x) < M(f)(p?|x|~2x). Conclude that

/ oy MU (4 51) [ )

B(0,p)

and from this deduce a similar inequality for M(f).

(e) Suppose that f is integrable and supported in a ball B and that M(f) is integrable
over B. Let 29 = 2"|B|™"||f||1- Use part (b) to prove that flog™ (A, 'c,|f]) is inte-
grable over B.

[Hint: Part (a): Write f = f|fj>a + fX|f|<qa- Part (b): Show that M(fE) is inte-
grable over B, where E = {|f| > 1/2}. Part (c): Use Proposition 2.1.20. Part (d): Let
¥ = p2|x|~2x for some p < |x| < 2p. Show that for R > |x| — p, we have that

L@z [ i)l

B(x',R)

by showing that B(x,R)NB(0,p) C B(x',R). Part (e): For x ¢ 2B we have M(f)(x) <
o, hence [y M(f)(x)dx > [0 [{x € 2B: M(f)(x) > alt|do.]

2.1.5. (A. Kolmogorov) Let S be a sublinear operator that maps L! (R") to L' (R")
with norm B. Suppose that f € L' (R"). Prove that for any set A of finite Lebesgue
measure and for all 0 < g < 1 we have

/A|s<f><x>|‘1dx < (1—q) 'B2Al" || £])1),

and in particular, for the Hardy-Littlewood maximal operator,
[ M@ < (1= 3 A 1
[Him‘: Use the identity
st = [~qos | rea: S(r)w > allda

and estimate the last measure by min(|A[, 2 f]|1).]
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2.1.6. Let M;(f)(x) be the supremum of the averages of | f| over all rectangles with
sides parallel to the axes containing x. The operator M, is called the strong maximal
function.

(a) Prove that M; maps L?(R") to itself.

(b) Show that the operator norm of Mj is A7, where A, is as in Exercise 2.1.2 (c).
(c) Prove that M; is not weak type (1,1).

2.1.7. Prove that if

|@0xt, )| S AL e )78 (T ) 718

for some A,€ > 0,and @, (x) =t; -1 @t x1,... 1,7 x,), then the maximal

operator
f—= sup O|f*‘Pl1,--.7tn|

is pointwise controlled by the strong maximal function.

2.1.8. Prove that for any fixed 1 < p < o, the operator norm of M on L”(R") tends
to infinity as n — oo.

[Hint: Let fy be the characteristic function of the unit ball in R". Consider the aver-
ages |By| ™! [5 fody, where B, = B(}(|x| — |x|’l)‘j‘c—|, L(x| 4 |x|71)) for x| > 1.]
2.1.9. (a) In R? let My(f)(x) be the maximal function obtained by taking the supre-
mum of the averages of |f| over all rectangles (of arbitrary orientation) containing
x. Prove that My is not bounded on L”(R") for p < 2 and conclude that My is not
weak type (1,1).

(b) Let Moo (f)(x) be the maximal function obtained by taking the supremum of the
averages of | f| over all rectangles in R? of arbitrary orientation but fixed eccentricity
containing x. (The eccentricity of a rectangle is the ratio of its longer side to its
shorter side.) Using a covering lemma, show that My is weak type (1,1) with a
bound proportional to the square of the eccentricity.

(c) On R" define a maximal function by taking the supremum of the averages
of |f] over all products of intervals I; X - X I, containing a point x with || =
all|,...,|I,] = an)li| and ay,...,a, > 0 fixed. Show that this maximal function is
of weak type (1,1) with bound independent of the numbers ay, ..., a,.

[Hint: Part (b): Let b be the eccentricity. If two rectangles with the same eccentricity
intersect, then the smaller one is contained in the bigger one scaled 4b times. Then
use an argument similar to that in Lemma 2.1.5.]

2.1.10. (a) Let 0 < p,q < o and let X,Y be measure spaces. Suppose that 7 are
maps from L? (X) to L7(Y) satisfy |Te(f 4+ g)| < K(|Te (f)|+ |Te(g)|) forall € > 0
andall f,g € LP(X), and also limg_,o T (f) = 0 a.e. for all f in some dense subspace
D of L”(X). Assume furthermore that the maximal operator 7. (f) = supg~ ¢ | T (f)|
maps LP(X) to LY*°(Y). Prove that lim;_,0 Tz (f) = 0 a.e. for all f in LP(X).

(b) Use the result in part (a) to prove the following version of the Lebesgue differ-
entiation theorem: Let f € LP(R") for some 0 < p < o. Then for almost all x € R”
we have
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1 -
lim —/ —g(x)|Pdy=0,
A |B|.B\g(y) g(x)|"dy
B>x

where the limit is taken over all open balls B containing x and shrinking to {x}.
(c) Conclude that for any f in L}, (R") and for almost all x € R" we have

o [ f0)dy = 10,

lim
|B[—0 |B|
B>x

where the limit is taken over all open balls B containing x and shrinking to {x}.
[Hint: (a) Define an oscillation Of(y) = limsup,_ |T:(f)(y)|. For all f in LP(X)
and g € D we have that Of(y) < KO;_,4(y). Then use the argument in the proof of
Theorem 2.1.14. (b) Apply part (a) with

L0 = w0 (G e - swpra)

ZSBX

observing that 7,(f) = supg Te(f) < max(1,2¥) (1£] +M(|f\p)%). (c) Follows
from part (b) with p = 1. Note that part (b) can be proved without part (a) but using
part (c) as follows: for every rational number a there is a set E,, of Lebesgue measure
zero such that for x € R"\ E, we have limps, 5|0 ﬁ Jzle(y)—alP dy=|g(x)—al?,

since the function y — | f(y) —a|” is in L\ .(R"). By considering an enumeration of
the rationals, find a set of measure zero E such for x ¢ E the preceding limit exists
for all rationals a and by continuity for all real numbers «, in particular for a = g(x) ]

2.1.11. Let f be in L'(R). Define the right maximal function Mg (f) and the left
maximal function My (f) as follows:

M) = sup~ [ 1£(0)]dr,
>0 ¥ Jx—r
X+r

Mg(f)(x) = supl |f ()| dt.

>0 1 Jx

(a) Show that for all o > 0 and f € L'(R) we have

eeRaM(0 >l = [ 1rlar

{xER: Mp(f)(x) > a}| =

f(2)|dt.
o /{Mk(f>>a}| @

(b) Extend the definition of My (f) and Mg(f) for f € L?(R) for 1 < p < co. Show
that M;, and Mg map LP to L” with norm at most p/(p— 1) for all p with 1 < p < co.
(c) Construct examples to show that the operator norms of My and Mk on L”(R) are
exactly p/(p—1) for 1 < p < eo.
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(d) Prove that M = max (Mg, Mj).
(e) Let N = min(Mpg, M;,). Obtain the following consequence of part (a),

/M N = 1/m AP LEN(P ) dx,
(f) Use part (e) to prove that

p= DML - pllf] ;=71 <o

Lr

[Hint: (a) Write the set Eq = {Mg(f) > a} as a union of open intervals (a;,b;).
For each x in (aj,b;), let Ny = {s € R: [|f| > at(s—x)} N (x,b;]. Show that Ny is
nonempty and that supNy = b; for every x € (a;,b;). Conclude that fabjf' |f(0)|dt >
a(bj —aj), which implies that each a; is finite. For the reverse inequality use that
aj ¢ Eq. Part (d) is due to K. L. Phillips. (e) First obtain a version of the equality
with Mg in the place of M and M|, in the place of N. Then use that M(f)?+N(f)4 =
My (f)?+Mg(f) for all g. (f) Use that | f|N(f)P~" < J|f|P+ 5 N(f)?. This alter-

native proof of the result in Exercise 2.1.2(c) was suggested by J. Duoandikoetxea.}

2.1.12. A cube Q = [a12%, (a1 + 1)2%) x -+ x [@,2F, (a, +1)2K) on R” is called
dyadic if k, a1, ...,a, € Z. Observe that either two dyadic cubes are disjoint or one
contains the other. Define the dyadic maximal function

M P
dNE = [ £y

where the supremum is taken over all dyadic cubes Q containing x.
(a) Prove that M; maps L! to L' with constant at most one. Presicely, show that for
all ¢ >0 and f € L'(R") we have

n ., l
v eR": My()(0) >} < /{Md o T

(b) Conclude that M; maps L?(R") to itself with constant at most p/(p — 1).

2.1.13. Observe that the proof of Theorem 2.1.6 yields the estimate

MMU) > 1)1 <M > 11 [l

for A > 0 and f locally integrable. Use the result of Exercise 1.1.12(a) to prove that
the Hardy-Littlewood maximal operator M maps the space LP*(R") to itself for
1 <p<oo.
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2.1.14. Let K(x) = (1+]x|) "9 be defined on R”. Prove that there exists a constant
C,,.5 such that for all & > 0 we have the estimate

1
sup (1 Ke) () < Cug sup oz [ 170)]ay,

£>g £>¢) e

for all f locally integrable on R”".
[Hint: Apply only a minor modification to the proof of Theorem 2.1.10.]

2.2 The Schwartz Class and the Fourier Transform

In this section we introduce the single most important tool in harmonic analysis, the
Fourier transform. It is often the case that the Fourier transform is introduced as an
operation on L' functions. In this exposition we first define the Fourier transform
on a smaller class, the space of Schwartz functions, which turns out to be a very
natural environment. Once the basic properties of the Fourier transform are derived,
we extend its definition to other spaces of functions.

We begin with some preliminaries. Given x = (xi,...,x,) € R", we set |x| =
(xF+-- +x2)1/2. The partial derivative of a function f on R” with respect to the
Jjth variable x; is denoted by d;f while the mth partial derivative with respect to
the jth variable is denoted by 8}" f. The gradient of a function f is the vector Vf =
(A1 f,-..,0nf). A multi-index o is an ordered n-tuple of nonnegative integers. For
a multi-index & = (@i,...,a,), 0f denotes the derivative 9" --- 9% f. If a0 =
(ou,...,0,)is amulti-index, |a| = o) +- - -+ o, denotes its sizeand ot! = oy ! - - - !
denotes the product of the factorials of its entries. The number |¢t| indicates the fotal
order of differentiation of % f. The space of functions in R” all of whose derivatives
of order at most N € Z* are continuous is denoted by ¢V (R") and the space of all
infinitely differentiable functions on R" by € (R"). The space of ¢ functions with
compact support on R”" is denoted by %;°(R"). This space is nonempty; see Exercise
2.2.1(a).

For x € R" and @ = (a,...,0;) a multi-index, we set x* = x{' ---x% . Multi-
indices will be denoted by the letters a, 3,7,9,.... It is a simple fact to verify that

¥ < cpalx]1®, (2.2.1)
for some constant that depends on the dimension n and on «. In fact, ¢, o is
the maximum of the continuous function (x1,...,x,) — [x{*---x%| on the sphere
S ! = {x € R": |x| = 1}. The converse inequality in (2.2.1) fails. However, the
following substitute of the converse of (2.2.1) is of great use: for k € Z™ we have

< Cox Y AP (2.2.2)
|B|=k

for all x € R"\ {0}. To prove (2.2.2), take 1/C,  to be the minimum of the function

X Z P |
|B|=k
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on S"!; this minimum is positive since this function has no zeros on S"~ 1. A related
inequality is
(I+RDE <2 (1+Cu) Y P (2.2.3)
IBI<k

This follows from (2.2.2) for |x| > 1, while for |x| < 1 we note that the sum in (2.2.3)
is at least one since |x(00)| = 1.
We end the preliminaries by noting the validity of the one-dimensional Leibniz

rule ) .
dm m m d f dm— g
drm (f8) :kzz)<k)dtkdtmk’ (2.2.4)
for all ¥ functions f, g on R, and its multidimensional analogue
o= ¥ (5 ) () @ nere. 229
n

B<a

for f,g in €1%/(R") for some multi-index o, where the notation § < «a in (2.2.5)
means that 8 ranges over all multi-indices satisfying 0 < 8; < aj forall 1 < j <n.
We observe that identity (2.2.5) is easily deduced by repeated application of (2.2.4),
which in turn is obtained by induction.

2.2.1 The Class of Schwartz Functions

We now introduce the class of Schwartz functions on R"*. Roughly speaking, a func-
tion is Schwartz if it is smooth and all of its derivatives decay faster than the recip-
rocal of any polynomial at infinity. More precisely, we give the following definition.

Definition 2.2.1. A ¥* complex-valued function f on R” is called a Schwartz func-
tion if for every pair of multi-indices & and 3 there exists a positive constant Cy,_ B
such that

Pap(f) = sup [x*9P f(x)| = Cop < oo. (22:6)
xeR”
The quantities p, g(f) are called the Schwartz seminorms of f. The set of all
Schwartz functions on R" is denoted by .7 (R").

Example 2.2.2. The function e isin .7 (R") but e~ is not, since it fails to be
differentiable at the origin. The ¥ function g(x) = (14 |x|[*)™%, a > 0, is not in .#
since it decays only like the reciprocal of a fixed polynomial at infinity. The set of
all smooth functions with compact support, 4;°(R"), is contained in . (R").

Remark 2.2.3. If f; is in ./(R") and f; is in (R™), then the function of m + n
variables f1(x1,...,Xn) f2(Xnt1, - -« Xntm) is in (R If fisin . (R") and P(x)
is a polynomial of n variables, then P(x) f(x) is also in . (R"). If o is a multi-index
and f is in . (R"), then % f is in . (R"). Also note that
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fe SR < sup [0*(Pf(x))| < oo for all multi-indices a, 3.
xeR”

Remark 2.2.4. The following alternative characterization of Schwartz functions is
very useful. A € function f is in #(R") if and only if for all positive integers N
and all multi-indices o there exists a positive constant Cy y such that

[(0% ) (x)| < Con(1+|x]) 7N, (2.2.7)
The simple proofs are omitted. We now discuss convergence in . (R").

Definition 2.2.5. Let f;, f be in . (R") for k = 1,2,.... We say that the sequence
fi converges to f in .(R") if for all multi-indices ¢ and 8 we have

Pap(fi—f)=sup |x*(@P(f—F)x)| =0 as k- oo

xeR"

For instance, for any fixed xo € R", f(x+x0/k) — f(x) in . (R") for any f in
Z(R") as k — co.

This notion of convergence is compatible with a topology on .#(R") under which
the operations (f,g) — f+g, (a,f) — af, and f +— Jd*f are continuous for all
complex scalars a and multi-indices & (f,g € (R")). A subbasis for open sets
containing 0 in this topology is

{fes: paplf)<r},

for all &, B multi-indices and all » € Q™. Observe the following: If p, g(f) = 0, then
f=0. This means that .”(R") is a locally convex topological vector space equipped
with the family of seminorms p, g that separate points. We refer to Reed and Simon
[286] for the pertinent definitions. Since the origin in .(R") has a countable base,
this space is metrizable. In fact, the following is a metric on .#(R"):

:oo —; Pi(f—g)
4f:) ; 1+pi(f—g)’

where p; is an enumeration of all the seminorms py g, & and 8 multi-indices. One
may easily verify that . is complete with respect to the metric d. Indeed, a Cauchy
sequence {/,}; in .# would have to be Cauchy in L* and therefore it would con-
verge uniformly to some function 4. The same is true for the sequences {aﬁ hj};
and {x%h;(x)};, and the limits of these sequences can be shown to be the functions
9P h and x¥h(x), respectively. It follows that the sequence {/2;} converges to & in ..
Therefore, .7 (R") is a Fréchet space (complete metrizable locally convex space).

We note that convergence in .¥ is stronger than convergence in all L”. We have
the following.

Proposition 2.2.6. Let f, fi, k =1,2,3,..., be in S(R"). If fy — f in ./ then
fi = fin L? for all 0 < p < oo. Moreover, there exists a Cp, > 0 such that
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Haﬁf| o <Con Z Pop(f) (2.2.8)

o <[54 ]+1

for all f for which the right-hand side is finite.

Proof. Observe that when p < « we have

: . 1/p
19811l < [ [, 108 sopas [ o8 s+ o

1/p
< [wHaﬁfHZm + ( sup [x|"*! |3Bf(X)|”> /‘
[x]>1

x|>1

x|~ (D) dx}
< G (|97l + sup (11102 70D

The preceding inequality is also trivially valid when p = oo. Now set m = [ﬂ] +1

and use (2.2.2) to obtain !

sup |x["|9P f(x)| < sup Com Y K*Pf(x)| < Cum Y Pap(f)-

x|=1 [x[>1 |at|=m lot|<m

Conclusion (2.2.8) now follows immediately. This shows that convergence in .&
implies convergence in L”. t

We now show that the Schwartz class is closed under certain operations.

Proposition 2.2.7. Let f, g be in ¥ (R"). Then fg and f * g are in ¥ (R"). More-

over,
0%(fxg) =(9%f)xg=[f*(d%) (2.2.9)

for all multi-indices Q..

Proof. Fix f and g in .7 (R"). Let e; be the unit vector (0,...,1,...,0) with 1 in the
Jjth entry and zeros in all the other entries. Since

fOr+he;)—f(y)

A —(9;/)(y) =0 (2.2.10)

as h — 0, and since the expression in (2.2.10) is pointwise bounded by some constant
depending on f, the integral of the expression in (2.2.10) with respect to the measure
g(x —y)dy converges to zero as h — 0 by the Lebesgue dominated convergence
theorem. This proves (2.2.9) when o = (0,...,1,...,0). The general case follows by
repeating the previous argument and using induction.

We now show that the convolution of two functions in . is also in .. For each
N > 0 there is a constant Cy such that

Flx=y)gO)dy| <y [ (1) M1 +b) Yy, @2
R" R"



108 2 Maximal Functions, Fourier Transform, and Distributions
Inserting the simple estimate
I+ =y <A+ )V A+ )N

in (2.2.11) we obtain that
()0 S Cu(1+I) ™ [ (1) dy =y (14 k).

This shows that f * g decays like (14 |x|)~ at infinity, but since N > 0 is arbitrary
it follows that f * g decays faster than the reciprocal of any polynomial.

Since d*(f xg) = (d*f) * g, replacing f by d*f in the previous argument, we
also conclude that all the derivatives of f x g decay faster than the reciprocal of any
polynomial at infinity. Using (2.2.7), we conclude that f* g is in .#. Finally, the fact
that fg is in . follows directly from Leibniz’s rule (2.2.5) and (2.2.7). [l

2.2.2 The Fourier Transform of a Schwartz Function

The Fourier transform is often introduced as an operation on L!. In that setting,
problems of convergence arise when certain manipulations of functions are per-
formed. Also, Fourier inversion requires the additional assumption that the Fourier
transform is in L!. Here we initially introduce the Fourier transform on the space
of Schwartz functions. The rapid decay of Schwartz functions at infinity allows us
to develop its fundamental properties without encountering any convergence prob-
lems. The Fourier transform is a homeomorphism of the Schwartz class and Fourier
inversion holds in it. For these reasons, this class is a natural environment for it.

For x = (x1,...,%,), ¥y = (¥1,---,yn) in R” we use the notation
n
X-y= Z)ijj.
j=1

Definition 2.2.8. Given f in .7 (R") we define
7&)= [ fxean.

We call fthe Fourier transform of f.

Example 2.2.9. If f(x) = e~ ™’ defined on R”, then F(&) = F(&). To prove this,
observe that the function

oo "
5 / eI gy sER,
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. o 2 L T
defined on the line is constant (and thus equal to ffw e ™" dr), since its derivative is

oo . +o g .
/ —27i(t + is)e U g = / ia(e*’f(’*“)Q)dt:o.

. . . . 2
Using this fact, we calculate the Fourier transform of the function t — ¢~ ™" on R
by completing the squares as follows:

o B N2 2 oo o a2 a2
/e =, thrdt:/e w(t+it) en(zr) dt = (/ e M dt e T =T ,
R R —oo

where T € R, and we used that

oo 5
/ e Tdt=r, (2.2.12)

a fact that can be found in Appendix A.l.

Remark 2.2.10. It follows from the definition of the Fourier transform that if f is in
& (R") and g is in . (R™), then

~

ety %0)8nt 15+ s X)) = f(E15--+,80)8(Ens 1y - Enm)s

where the first ~ denotes the Fourier transform on R**. In other words, the Fourier
transform preserves separation of variables. Combining this observation with the
result in Example 2.2.9, we conclude that the function f(x) = ¢~ ™” defined on R”
is equal to its Fourier transform.

We now continue with some properties of the Fourier transform. Before we do
this we introduce some notation. For a measurable function f on R”, x € R", and
a > 0 we define the translation, dilation, and reflection of f by

(P f)x) = flx—y)
(6°f)(x) = f(ax) (2.2.13)
fx) = f(=x)

Also recall the notation f, = a~"8'/“(f) introduced in Definition 2.1.9.

Proposition 2.2.11. Given f, gin (R"), y e R", b € C, a a multi-index, andt >0,
we have

() | Fll < Al
2) f+g=7+%
(3) bf=bf,
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4 F=F
5) f=f
(6) TF(E)=eEf(E),

(7) (5 F0))(E) = 2(F)(E),
8) (8'f)=1"8""F=(f).
(9)  (99f)7(8) = (2mi&)*f (&),
(10)  (9%F)(E) = ((—2min)*f(x))(&),

(11) fe.7,
(12) f+g=f8

~

(13) f/o\A(é) = f(A&), where A is an orthogonal matrix and & is a column vector.

Proof. Property (1) follows directly from Definition 2.2.8. Properties (2)—(5) are
trivial. Properties (6)—(8) require a suitable change of variables but they are omitted.
Property (9) is proved by integration by parts (which is justified by the rapid decay
of the integrands):

0%17°(&) = [ (@Ne < dx

= (1) [ ) (~2mig)%e 2 dy

~

= (2mig)* f(8).
To prove (10), let o« = ¢; = (0,...,1,...,0), where all entries are zero except for

the jth entry, which is 1. Since

o 2mix(Ethej) _ ,—2mix-E

p — (—2mixj)e 2"E 5 0 (2.2.14)

as h — 0 and the preceding function is bounded by C|x| for all 4 and &, the Lebesgue
dominated convergence theorem implies that the integral of the function in (2.2.14)
with respect to the measure f(x)dx converges to zero. This proves (10) for ¢ = e;.
For other a’s use induction. To prove (11) we use (9), (10), and (1) in the following
way:

~ 1B
5@ P9 = a0 ) - <

—~

27) 8]
Ezga [0%(P £ ()] < oo

—~
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Identity (12) follows from the following calculation:

Fra(8) = /n/,lf(x—y)g(y)efz“"x“fdydx
:/ Flx—y)g(y)e )6 o=2m0C gy
R? JR?
/ g(y)/ flx—y)e 2HD)E gy o 2m0C gy,
R" R"

~

= f()&(5),

where the application of Fubini’s theorem is justified by the absolute convergence
of the integrals. Finally, we prove (13). We have

FoA(E) = [ plaxe e ax
= [ e e ay
RV!

= |, S)e S dy

= | fy)e ™4edy
Rn
= f(A$),
where we used the change of variables y = Ax and the fact that | detA| = 1. ]

Corollary 2.2.12. The Fourier transform of a radial function is radial. Products and
convolutions of radial functions are radial.

Proof. Let &y, & in R" with |&;| = |&;|. Then for some orthogonal matrix A we have
A& = &,. Since f is radial, we have f = foA. Then

F(&) = f(A&) = foA(&) = f(&),

where we used (13) in Proposition 2.2.11 to justify the second equality. Products and
convolutions of radial functions are easily seen to be radial. O

2.2.3 The Inverse Fourier Transform and Fourier Inversion

We now define the inverse Fourier transform.

Definition 2.2.13. Given a Schwartz function f, we define

£@) = f(=x),
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for all x € R". The operation
v
f=rf
is called the inverse Fourier transform.

It is straightforward that the inverse Fourier transform shares the same properties
as the Fourier transform. One may want to list (and prove) properties for the inverse
Fourier transform analogous to those in Proposition 2.2.11.

We now investigate the relation between the Fourier transform and the inverse

Fourier transform. In the next theorem, we prove that one is the inverse operation of
the other. This property is referred to as Fourier inversion.

Theorem 2.2.14. Given f, g, and hin 7 (R"), we have
) [ fWewdr= [ Fstdx,

(2) (Fourier Inversion) ()" = f=(f")",

(3) (Parseval’s relation) /R” Fx)h(x)dx = /R" f(é)ﬁd'g’ ,

(4) (Plancherel’s identity) ||fHLz = ||fHL2 = ||vaL2’

5) [ rntdx= [ Fn@ax.

Proof. (1) follows immediately from the definition of the Fourier transform and
Fubini’s theorem. To prove (2) we use (1) with

§(8) = PG wleE

By Proposition 2.2.11 (7) and (8) and Example 2.2.9, we have that
1

2
—m(x—t)/€
= eyt

which is an approximate identity. Now (1) gives

e e bt gy = [ F(E)ePmiE 1T gg (2.2.15)
Ril RYl

Now let € — 01in (2.2.15). The left-hand side of (2.2.15) converges to f(¢) uniformly
on compact sets by Theorem 1.2.19. The right-hand side of (2.2.15) converges to
(f)V(¢) as € — 0 by the Lebesgue dominated convergence theorem. We conclude
that (f)v = f on R". Replacing f by fNand using the result just proved, we conclude
that (fV)" = f.

Note that if g = 7, then Proposition 2.2.11 (5) and identity (2) imply that g = A.
Then (3) follows from (1) by expressing /4 in terms of g. Identity (4) is a trivial
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consequence of (3). (Sometimes the polarized identity (3) is also referred to as
Plancherel’s identity.) Finally, (5) easily follows from (1) and (2) with g = h. [l

Next we have the following simple corollary of Theorem 2.2.14.

Corollary 2.2.15. The Fourier transform is a homeomorphism from ¥ (R") onto
itself.

Proof. The continuity of the Fourier transform (and its inverse) follows from Exer-
cise 2.2.2, while Fourier inversion yields that this map is bijective. (]

2.2.4 The Fourier Transform on L' + L?

We have defined the Fourier transform on .#(R"). We now extend this definition to
the space L' (R") +L*(R").
We begin by observing that the Fourier transform given in Definition 2.2.8,

~

F&) = [ flx)e ™ adx,
R}'l

makes sense as a convergent integral for functions f € L'(R"). This allows us to
extend the definition of the Fourier transform on L!. Moreover, this operator satisfies
properties (1)—(8) as well as (12) and (13) in Proposition 2.2.11, with f, g integrable.
We also define the inverse Fourier transform on L' by setting f(x) = f(—x) for
f € L'(R") and we note that analogous properties hold for it. One problem in this
generality is that when f is integrable, one may not necessarily have (j?)v = fae.
This inversion is possible when fis also integrable; see Exercise 2.2.6.

The integral defining the Fourier transform does not converge absolutely for func-
tions in LZ(R"); however, the Fourier transform has a natural definition in this space
accompanied by an elegant theory. In view of the result in Exercise 2.2.8, the Fourier
transform is an L? isometry on L' N L2, which is a dense subspace of L. By density,
there is a unique bounded extension of the Fourier transform on L?. Let us denote
this extension by .%. Then .% is also an isometry on 1% ie.,

17Oz = 141l.2

for all f € L?(R"), and any sequence of functions fy € L' (R") NL?(R") converging
to a given f in L?(R") satisfies

17w —Z(f)],2 — 0. (2.2.16)

as N — oo. In particular, the sequence of functions fy(x) = f(x) x|« <y yields that

() = (x)e 2708 dx 2.2.17)

[x|<N
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converges to .Z (f)(E) in L* as N — oo. If f is both integrable and square inte-
grable, the expressions in (2.2.17) also converge to f(é) pointwise Also, in view of
Theorem 1.1.11 and (2.2.16), there is a subsequence of fN that converges to Z(f)
pointwise a.e. Consequently, for f in L' (R") N L?(R") the expressions fand .Z(f)
coincide pointwise a.e. For this reason we often adopt the notation f to denote the
Fourier transform of functions f in L? as well.

In a similar fashion, we let .#’ be the isometry on L?(R") that extends the op-
erator f +— fY, which is an I? isometry on L' N L2; the last statement follows
by adapting the result of Exercise 2.2.8 to the inverse Fourier transform. Since
¢V (x) = ¢(—x) for @ in the Schwartz class, which is dense in L? (Exercise 2.2.5),
it follows that .%’(f)(x) = .Z (f)(—x) for all f € L? and almost all x € R". The
operators . and .%' are L*-isometries that satisfy .7’ 0.% = .7 0.%' =1d on the
Schwartz space. By density this identity also holds for L? functions and implies that
7 and .7 are injective and surjective mappings from L to itself; consequently, .7’
coincides with the inverse operator .% ~! of .% : L?> — L?, and Fourier inversion

f=F o F(f)=FoF (f) ae.

holds on L?.

Having set down the basic facts concerning the action of the Fourier transform
on L' and L?, we extend its definition on L” for 1 < p < 2. Given a function f in
LP(R"), with 1 < p < 2, we define f = fi + f>, where f; € L'(R"), f, € L*(R"),
and f = fi + f2; we may take, for instance, fi = fX|s>1 and f> = f¥|s<i- The
definition of fis independent of the choice of f; and fa, forif fi + f2 = hy + hy for
f1,/’l1 € L (Rn) and fz,hz S LZ(R") we have f1 =h —f2 € L (R”) ﬂLz(R")
Since these functions are equal on L! (R”) ﬁLZ(R”) their Fourler transforms are
also equal, and we obtain f1 h1 = hz — fz, which yields f1 + = h1 +hy. We
have the following result concerning the action of the Fourier transform on L?.

Proposition 2.2.16. (Hausdorff-Young inequality) For every function f in LP(R")
we have the estimate

171

= HfHLP

whenever 1 < p < 2.

Proof. This follows easily from Theorem 1.3.4. Interpolate between the estimates
17 llz= < [Ifl1 (Proposition 2.2.11 (1)) and |72 < [l to obtain £, <
I f]l». We conclude that the Fourier transform is a bounded operator from L” (R")
to L” (R™) with norm at most 1 when 1 < p < 2. O

Next, we are concerned with the behavior of the Fourier transform at infinity.

Proposition 2.2.17. (Riemann-Lebesgue lemma) For a function f in L'(R") we
have that N
If(E)—0 as  |g] = e
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Proof. Consider the function x|, ; on R. A simple computation gives

. b " 6727ri.§a_6727ri<§b
X[a,b](é):/a e " édx:T7

which tends to zero as |§| — oo. Likewise, if g =[]}_, Xja; ;) o0 R", then

jl
n efzm'éju/- _ e*Zﬂi(‘;jbj

27'[1'51'

8(6) =

J=1

Givena & = (§i,...,&,) # 0, there is jjo such that |§j,| > |£|/y/n. Then

n efzn'i.ﬁjaj _efzm‘éjb/- 2\/ﬁ
SoiE <5 sup [](bj—a))
j=1 7”6] 7'E|§‘ 1<jo<n j£j,

which also tends to zero as || — oo in R".

Given a general integrable function f on R" and € > 0, there is a simple function
h, which is a finite linear combination of characteristic functions of rectangles (like
g), such that || f — h|[;1 < §. Then there is an M is such that for |§| > M we have

(&) < §. It follows that

&N < 17E) ~hE) + N < [1f =l +RE) < S+,

provided |€| > M. This implies that | f(&)| — 0 as |&] — co.

A different proof can be given by taking the function % in the preceding paragraph
to be a Schwartz function and using that Schwartz functions are dense in L' (R");
see Exercise 2.2.5 about the last assertion. |

We end this section with an example that illustrates some of the practical uses of
the Fourier transform.

Example 2.2.18. We would like to find a Schwartz function f(x1,x2,x3) on R? that
satisfies the partial differential equation

F(x) + 029303 £ (x) + A £ (x) + 03 f(x) = & I,

Taking the Fourier transform on both sides of this identity and using Proposition
2.2.11 (2), (9) and the result of Example 2.2.9, we obtain

~

(é) |:1 + (271?1'&1)2(27131'52)2(27”53)4 +4i(27£i§1)2 + (27{i§2)7:| _ e,ng'z .

Let p(&) = p(&1,&2,&3) be the polynomial inside the square brackets. We observe
that p(&) has no real zeros and we may therefore write

&) =™ pE) ! = )= (e pE) ™) ().
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In general, let

PE)= ) Co&”

|la[<N

be a polynomial in R” with constant complex coefficients Cy indexed by multi-
indices o. If P(2mi&) has no real zeros, and u is in .%(R"), then the partial differ-

ential equation
PO)f=Y, Cud®f=u
loe|<N

is solved as before to give
~ 1\ V
f=uE)perig) )"
Since P(27i&) has no real zeros and u € . (R"), the function

a(&)P(2mi&)”!

is smooth and therefore a Schwartz function. Then f is also in . (R") by Proposition
2.2.11 (11).

Exercises

2.2.1. (a) Construct a Schwartz function supported in the unit ball of R”.

(b) Construct a ¢;°(R") function equal to 1 on the annulus 1 < |x| < 2 and vanishing
off the annulus 1/2 < |x| < 4.

(c) Construct a nonnegative nonzero Schwartz function f on R" whose Fourier
transform is nonnegative and compactly supported.

[Hint: Part (a): Try the construction in dimension one first using the 4 function
n(x) = e~ /% for x > 0 and N (x) = 0 for x < 0. Part (c): Take f = |¢ * 0|2, where ¢
is odd, real-valued, and compactly supported; here ¢ (x) = ¢(—x).]

222 If fi, f € . (R") and fi — f in.(R"), then fi — fand fY — f" in . (R").

2.2.3. Find the spectrum (i.e., the set of all eigenvalues of the Fourier transform),
that is, all complex numbers A for which there exist nonzero functions f such that

f=Af.

[Hint: Apply the Fourier transform three times to the preceding identity. Consider

. 2 2 2 .
the functions xe ™", (a +bx?)e ™", and (cx +dx>)e™™" for suitable a,b,c,d to
show that all fourth roots of unity are indeed eigenvalues of the Fourier transform.]

2.2.4. Use the idea of the proof of Proposition 2.2.7 to show that if the functions f,
g defined on R” satisfy |f(x)| < A(1+ |x|)™™ and |g(x)| < B(1 +|x|)~™" for some
M N > n, then
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[(f % g)(x)| ABC(1+[x|)~F,
where L = min(N,M) and C = C(N,M) > 0.

2.2.5. Show that 6;°(R") is dense on L”(R") for 0 < p < oo but not for p = oo
[Hint: Use a smooth approximate identity when p > 1. Reduce the case p < 1 to

pzl.]

2.2.6. (a) Prove that if f € L', then fis uniformly continuous on R".
(b) Prove that for f,g € L' (R") we have

| g di= [ Feay.
R" R"

(c) Take g(x) = g e e 1 gy (b) and let € — 0 to prove that if f and fare both
in L', then (f)" = f a.e. This fact is called Fourier inversion on L'.

2.2.7. (a) Prove that if a function f in L' (R") N L*(R") is continuous at 0, then

lim [ f(x)e ™ dx = £(0).

e—0 JRn

(b) Let f € L' (R") N L=(R") be continuous at zero and satisfy f > 0. Show that f
is in L! and conclude that Fourier inversion holds at zero f(0) = || f]|,i, and also
f=(f) ae. in general.

[Hint: Part (a): Let g(x) = e~7ed in Exercise 2.2.6(b) and use Theorem 1.2.19 2).]

2.2.8. Given f in L' (R") N L?(R"), without appealing to density, prove that
||fHL2 = ||fHL2'

[Hint: Let h = f % ?, where f(x) = f(—x) and the bar indicates complex conjuga-

tion. Then i € L' (R")NL>(R"), h = |f|*> > 0, and h is continuous at zero. Exercise
2.2.7(b) yields || 717, = [[al| = h(0) = /Rn f@)f(=x)dx = £]72]

2.2.9. (a) Prove that for all 0 < € <t < o we have
‘o
/ sin(e) dé’ <4.
e &

(b) If fis an odd L! function on the line, conclude that for all # > € > 0 we have

[P ae] <ol

(c) Let g(&) be a continuous odd function that is equal to 1/1log(&) for & > 2. Show
that there does not exist an L' function whose Fourier transform is g.
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2.2.10. Let f be in L' (R). Prove that

/;:of<x—f) dx = :jf(u)du

[Hint: For x € (—e0,0) use the change of variables u =x— 1 orx= 1 (u— V4 +u?).
1 (u+va+u?)]

For x € (0,0) use the change of variables u = x — | orx =

=

2.2.11. (a) Use Exercise 2.2.10 with f(x) = e~ to obtain the subordination
identity

_ 1 /°° o2 dy

2t y—t*/y

=— e —, where ¢ > 0.
NZ3 vy

(b) Set t = 7|x| and integrate with respect to ¢~ 2%i¢"

*dx to prove that

n+1
=T L
( T (1+1EDT

This calculation gives the Fourier transform of the Poisson kernel.

2.212. Let 1 < p < oo and let p’ be its dual index.
(a) Prove that Schwartz functions f on the line satisfy the estimate

1A= < 201l 17 N

(b) Prove that all Schwartz functions f on R” satisfy the estimate

IAE-< X 1ol 10l

jo+Bl=n

where the sum is taken over all pairs of multi-indices @ and 8 whose sum has size n.
[Hint: Part (a): Write f(x)? = [, 4 f(t)?dt.]

2.2.13. The uncertainty principle says that the position and the momentum of a
particle cannot be simultaneously localized. Prove the following inequality, which
presents a quantitative version of this principle:

By = 42 g | [ wvitrorpa] | [ 16—mireraz]

n yeR”

where f is a Schwartz function on R” (or an L? function with sufficient decay at
infinity).
[Hint: Let y be in R”. Start with

1 "
1912 = 7 o T OT0 K, 533
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integrate by parts, apply the Cauchy—Schwarz inequality, Plancherel’s identity, and

the identity }.}_; |9; (&) 2 — 472|E|2|f(&)[* for all & € R™. Then replace f(x) by
f(x)eZm'xz_]

2.2.14. Let —o < @ < 5 < B < +-o0. Prove the validity of the following inequality:

B—n/2 n/2—o

lll1 ey < € 12, E e 151200 S

for some constant C = C(n, &, B) independent of g.
[Hint: First prove [|g||1 < Cl|]x|%g(x)|| 2 + ] x| g(x)||,2 and then replace g(x) by
g(Ax) for some suitable A > 0.]

2.3 The Class of Tempered Distributions

The fundamental idea of the theory of distributions is that it is generally easier to
work with linear functionals acting on spaces of “nice” functions than to work with
“bad” functions directly. The set of “nice” functions we consider is closed under
the basic operations in analysis, and these operations are extended to distributions
by duality. This wonderful interpretation has proved to be an indispensable tool that
has clarified many situations in analysis.

2.3.1 Spaces of Test Functions

We recall the space %;°(R") of all smooth functions with compact support, and
& (R") of all smooth functions on R”. We are mainly interested in the three spaces
of “nice” functions on R” that are nested as follows:

% (R") C #(R") C €= (R").

Here .7 (R") is the space of Schwartz functions introduced in Section 2.2.
Definition 2.3.1. We define convergence of sequences in these spaces. We say that
fi = fin€” <= fi,f€F” and lim sup |d%(fi — f)(x)]|=0
k—ro0 lx|<N
V o multi-indices and all N = 1,2,....
femr find = fi.f € and lim sup [x0P (fi — f)(x)| =0

*xeR"
Y o, B multi-indices.
fi—= fin€y < fi,f €%y, support(fi) C B for all k, B compact,
and lim ||0%(fi — f)|| .~ = 0 V & multi-indices.
k—yo0
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It follows that convergence in ;;°(R") implies convergence in .~ (R"), which in
turn implies convergence in ¢ (R").

Example 2.3.2. Let ¢ be a nonzero 4;° function on R. We call such functions
smooth bumps. Define the sequence of smooth bumps ¢ (x) = @(x — k)/k. Then
¢r(x) does not converge to zero in 6;°(R), even though ¢ (and all of its deriva-
tives) converge to zero uniformly. Furthermore, we see that ¢ does not converge to
any function in . (R). Clearly ¢, — 0 in €~ (R).

The space ¢ (R") is equipped with the family of seminorms

Pan(f) = sup [(9%/)(x), 23.1)

l¥|<N

where o ranges over all multi-indices and N ranges over Z". It can be shown that
%> (R") is complete with respect to this countable family of seminorms, i.e., it is a
Fréchet space. However, it is true that €;°(R") is not complete with respect to the
topology generated by this family of seminorms.

The topology of €;;° given in Definition 2.3.1 is the inductive limit topology, and
under this topology it is complete. Indeed, letting 6;°(B(0,k)) be the space of all
smooth functions with support in B(0, k), then 6;°(R") is equal to | J;_ 6;°(B(0,k))
and each space €;°(B(0,k)) is complete with respect to the topology generated by
the family of seminorms pg y; hence so is 6;°(R"). Nevertheless, ¢;°(R") is not
metrizable. Details on the topologies of these spaces can be found in [286].

2.3.2 Spaces of Functionals on Test Functions

The dual spaces (i.e., the spaces of continuous linear functionals on the sets of test
functions) we introduced is denoted by

(45 (R") = 7'(R"),
(7 (R")) =.7"(R"),
(¢7(R")" = &'(R").

By definition of the topologies on the dual spaces, we have

=T in?2 < T,Tc2 andTi(f)— T(f) forall f €65 .
T,—»T inY <— T,Te andTi(f)— T(f)foral fe.7.
T —~T iné& < T,Te& andTi(f) = T(f)forall feE™.

The dual spaces are nested as follows:

&'(R") C.7'(R") C 7' (R").



2.3 The Class of Tempered Distributions 121

Definition 2.3.3. Elements of the space 2'(R") are called distributions. Elements of
' (R") are called tempered distributions. Elements of the space &’(R") are called
distributions with compact support.

Before we discuss some examples, we give alternative characterizations of distri-
butions, which are very useful from the practical point of view. The action of a
distribution u on a test function f is represented in either one of the following two
ways:

(u,f) = u(f).

Proposition 2.3.4. (a) A linear functional u on 65°(R") is a distribution if and only
if for every compact K C R", there exist C > 0 and an integer m such that

[(u.f)| <C Z 10 f|| = forall f € € with support in K. (2.3.2)

o <m

(b) A linear functional u on . (R") is a tempered distribution if and only if there
exist C > 0 and k, m integers such that

[(u, )] <C Y pap(f), forall fe SR (2.3.3)

|a\§m
IBI<k

(c) A linear functional u on €*(R") is a distribution with compact support if and
only if there exist C > 0 and N, m integers such that

(u.f)] <C Y Pan(f),  forall f€€=(R"). (2.3.4)

|Oc\§m
The seminorms py g and Pan are defined in (2.2.6) and (2.3.1), respectively.

Proof. We prove only (2.3.3), since the proofs of (2.3.2) and (2.3.4) are similar. It is
clear that (2.3.3) implies continuity of u. Conversely, it was pointed out in Section
2.2 that the family of sets {f € /(R"): py g(f) < 0}, where &, B are multi-
indices and & > 0, forms a subbasis for the topology of .. Thus if u is a continuous
functional on ., there exist integers k, m and a § > 0 such that

laf <m, |B] <k, and pap(f) <& = [(u,f)| <1. (2.3.5)
We see that (2.3.3) follows from (2.3.5) with C =1/9. U

Examples 2.3.5. We now discuss some important examples.

1. The Dirac mass at the origin &. This is defined for ¢ € € (R") by

(80, 9) = 9(0).
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We claim that & is in &”. To see this we observe that if @z — @ in € then
<60, (pk> — <50, (P>. The Dirac mass at a point a € R”" is defined similarly by

<6a7 (P> = (p(a)

2. Some functions g can be thought of as distributions via the identification g — Ly,
where Ly is the functional

Le(0)= [ o(x)g()dx.

Here are some examples: The function 1 is in .¥’ but not in &”. Compactly sup-
ported integrable functions are in &”. The function e™” is in 2’ but not in ..

3. Functions in LllOC are distributions. To see this, first observe that if g € Llloc, then
the integral

L) = [ o(g(dx

is well defined for all ¢ € 2 and satisfies |Ly(@)| < ([x |g(x)|dx)]|@]| = for all
smooth functions ¢ supported in the compact set K.

4. Functions in L?, 1 < p < oo, are tempered distributions, but may not in &” unless
they have compact support.

5. Any finite Borel measure u is a tempered distribution via the identification

Lu(9) = [ 0(x)du(x).

To see this, observe that ¢, — ¢ in .~/ implies that Ly, (¢x) — Ly (¢). Finite Borel
measures may not be distributions with compact support.

6. Every function g that satisfies |g(x)| < C(1+ |x|)¥, for some real number k, is a
tempered distribution. To see this, observe that

Lo(9)] < sup (1+ @0l [ (1 ),
x€R? R

where m > n+k and the expression sup,cg» (14 |x|)”|@(x)| is bounded by a finite
sum of Schwartz seminorms pg g ().

7. The function log|x| is a tempered distribution; indeed for any ¢ € #(R"), the
integral of ¢@(x)log|x| is bounded by a finite number of Schwartz seminorms of
@. More generally, any function that is integrable on a ball |x| < M and for some
C > 0 satisfies |g(x)| < C(1 4 |x|)¥ for |x| > M, is a tempered distribution.

8. Here is an example of a compactly supported distribution on R that is neither a
locally integrable function nor a finite Borel measure:

. g dx . dx
(u, ) = lim [ ()~ =lim (@(x) —9(0)—-
e<[x|<l e<rl<1

We have that [(u,@)| < 2¢'[|;=(—1,1)) and notice that ||@'||;=(_1,1}) is @ Pan
seminorm of ¢.
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2.3.3 The Space of Tempered Distributions

Having set down the basic definitions of distributions, we now focus our study on the
space of tempered distributions. These distributions are the most useful in harmonic
analysis. The main reason for this is that the subject is concerned with boundedness
of translation-invariant operators, and every such bounded operator from L” (R") to
L7(R") is given by convolution with a tempered distribution. This fact is shown in
Section 2.5.

Suppose that f and g are Schwartz functions and ¢ a multi-index. Integrating by
parts | o] times, we obtain

0" N@s@dr= (1) [ fx)(@%)x)dx. (2.3.6)

If we wanted to define the derivative of a tempered distribution u, we would have to
give a definition that extends the definition of the derivative of the function and that
satisfies (2.3.6) for g in ./ and f € . if the integrals in (2.3.6) are interpreted as
actions of distributions on functions. We simply use equation (2.3.6) to define the
derivative of a distribution.

Definition 2.3.6. Let u € .’ and o a multi-index. Define

(9%, f) = (—1)/*(u,0%f). (2.3.7)

If u is a function, the derivatives of u in the sense of distributions are called distri-
butional derivatives.

In view of Theorem 2.2.14, it is natural to give the following:

Definition 2.3.7. Let u € .%’. We define the Fourier transform # and the inverse
Fourier transform 1" of a tempered distribution u by

(@ fy=(uf)y and  (u’,f)=(uf"), 23.8)
for all fin.”.

Example 2.3.8. We observe that go = 1. More generally, for any multi-index o we
have

(9%8)" = (2mix)®.

To see this, observe that for all f € . we have

((9980)", f) = (98, f)
(—1)l(8, 9%F)
(-

(-

(&, ((—2mix)* f(x)")
1)/¥((=2mix)* £(x))" (0)
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= (-1 / (—2mix)* f(x) dx
JR”?
= / (2mix)* f(x)dx.
Rn

This calculation indicates that (%*&)” can be identified with the function (27ix)%.

Example 2.3.9. Recall that for xg € R", &, (f) = (8y,,f) = f(x0). Then

o~ ~

(8esh) = (89,h) =h(xo) = [ h(x)e ™ dx,  he.#(R"),
R}‘l

—~

that is, &y, can be identified with the function x — e 270 T particular, 8y = 1.

Example 2.3.10. The function ¢ is not in .7/ (R") and therefore its Fourier trans-
form is not defined as a distribution. However, the Fourier transform of any locally
integrable function with polynomial growth at infinity is defined as a tempered dis-
tribution.

Now observe that the following are true whenever f, g are in ..

g r—0)dx = [ glx+n)f(x)dx,

R”

glax)f(x)dx = (x)a " f(a"'x)dx, (2.3.9)

8
R)l R’l

gx)f(x)dx = - g(x)f(x)dx,

8
R”

for all € R" and a > 0. Recall now the definitions of 7/, ¢, and ~ given in (2.2.13).
Motivated by (2.3.9), we give the following:

Definition 2.3.11. The translation t'u, the dilation 6%u, and the reflection u of a
tempered distribution u are defined as follows:

(Tu, f) = (u, 7' f), (2.3.10)
(8%, f) = (u,a"8Y°f), (2.3.11)
(i, f) = {u,f), (23.12)

for all+ € R" and a > 0. Let A be an invertible matrix. The composition of a distri-
bution u with an invertible matrix A is the distribution

(i, ) = |det Al (u, 0" ), 2.3.13)

where A (x) = @(A1x).
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It is easy to see that the operations of translation, dilation, reflection, and differ-
entiation are continuous on tempered distributions.

Example 2.3.12. The Dirac mass at the origin & is equal to its reflection, while
040y = a"8y. Also, T°8y = O, for any x € R".

Now observe that for f, g, and & in . we have

/ (h*g)(x)f(x)dx = / 2() (o f)(x) dix. (2.3.14)
R R

Motivated by (2.3.14), we define the convolution of a function with a tempered dis-
tribution as follows:

Definition 2.3.13. Let u € .’ and h € .. Define the convolution / * u by

(hxu,f)=(uhxf), fe. (2.3.15)
Example 2.3.14. Let u = §,, and f € . Then f * , is the function x — f(x —xo),
for when h € ., we have

(f 5 81y = (85, T ) = (F ) (x0) = /R F(x—xo)h(x) dx.

It follows that convolution with & is the identity operator.
We now define the product of a function and a distribution.

Definition 2.3.15. Let u € %’ and let h be a € function that has at most polynomial
growth at infinity and the same is true for all of its derivatives. This means that for
all « it satisfies |(9%h)(x)| < Cq(1+ |x|)*@ for some Cq, ke > 0. Then define the
product hu of h and u by

(hu, f) = (u,hf), fes. (2.3.16)

Note that 2 f is in .# and thus (2.3.16) is well defined. The product of an arbitrary
€ function with a tempered distribution is not defined.

We observe that if a function g is supported in a set K, then for all f € 6" (K*)
we have

o/ (8(x)dx=0. (2.3.17)

Moreover, the support of g is the intersection of all closed sets K with the property
(2.3.17) for all f in €;°(K¢). Motivated by the preceding observation we give the
following:

Definition 2.3.16. Let u be in Z'(R"). The support of u (suppu) is the intersection
of all closed sets K with the property

9%y (R"),  suppp CR'\K = (u,9)=0. (2.3.18)
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Distributions with compact support are exactly those whose support (as defined
in the previous definition) is a compact set. To prove this assertion, we start with a
distribution u with compact support as defined in Definition 2.3.3. Then there exist
C,N,m > 0 such that (2.3.4) holds. For a ¥* function f whose support is contained
in B(0,N)¢, the expression on the right in (2.3.4) vanishes and we must therefore
have (u, f) = 0. This shows that the support of u is contained in B(0,N) hence it is
bounded, and since it is already closed (as an intersection of closed sets), it must be
compact. Conversely, if the support of u as defined in Definition 2.3.16 is a compact
set, then there exists an N > 0 such that suppu is contained in B(0,N). We take a
smooth function 7 that is equal to 1 on B(0,N) and vanishes off B(0,N + 1). Then
for h € € the support of (1 — 1) does not meet the support of u, and we must have

(u,h) = (u,hn) + (u,h(1 =) ) = (u,hn) .

The distribution u can be thought of as an element of &” by defining for f € € (R")

(u.f) = (u.fn)-

Taking m to be the integer that corresponds to the compact set K = B(0,N+1)
in (2.3.2), and using that the L™ norm of d%(fn) is controlled by a finite sum of
seminorms Po n-+1(f) with |ot| < m, we obtain the validity of (2.3.4) for f € €.

Example 2.3.17. The support of the Dirac mass at x is the set {xo}.
Along the same lines, we give the following definition:

Definition 2.3.18. We say that a distribution « in 2’ (R") coincides with the function
h on an open set 2 if

(w.f)= [ f@Rx)dx  forall fin GG (Q). (2.3.19)

When (2.3.19) occurs we often say that u agrees with & away from Q°.

This definition implies that the support of the distribution u — & is contained in
the set Q°.

Example 2.3.19. The distribution |x|? 4 Ou, + Ouy, Where ay, ap are in R”, coincides
with the function |x|?> on any open set not containing the points a; and ay. Also, the
distribution in Example 2.3.5 (8) coincides with the function x~! Xx<1 away from
the origin in the real line.

Having ended the streak of definitions regarding operations with distributions,
we now discuss properties of convolutions and Fourier transforms.
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Theorem 2.3.20. [fu € .’ and ¢ € ., then Q xu is a € function and

(@xu)(x) = (u, ")

for all x € R". Moreover, for all multi-indices o there exist constants Cy, ko > 0
such that

|0%(¢ #10) (x)] < Cor(1+ |x])*.

Furthermore, if u has compact support, then @ xu is a Schwartz function.

Proof. Let y be in Z(R"). We have
(@ruy) =(u.@xy)
—u( [, 7o)

—u (/ (@R w) dy) (2.3.20)

= A” <M,Ty(:6>1//(y)dy,

where the last step is justified by the continuity of u and by the fact that the Riemann
sums of the inner integral in (2.3.20) converge to that integral in the topology of .7,
a fact that will be justified later. This calculation identifies the function ¢ * u as

(@+u)(x) = (u,T°9). (2.3.21)

We now show that (¢ *u)(x) is a € function. Let ¢; = (0,...,1,...,0) with 1
in the jth entry and zero elsewhere. Then

—hej (o xu)(x) — su)(x ~hej (@) — TQ ~
AP (), (THEBCF) g

by the continuity of u and the fact that (77" (1*¢) — @) /h tends to 9;7°¢ =
7%(dj@) in .7 as h — 0; see Exercise 2.3.5 (a). The same calculation for higher-order
derivatives shows that @ xu € ¢ and that 97(@ xu) = (d"¢@) xu for all multi-indices
7. It follows from (2.3.3) that for some C, m, and k we have

0%(p+u)(x)| <C Y sup 7T (9% P ¢)(y)|
|y|<mYyER"
IBI<k

—C Y sup |(x+9)7(0%PG)(y)] (2.3.22)
|yl<mY€ER"
IBI<k

<Cu Y sup (1+ 3"+ [y")(@*F @) (),
|B|<kYER"

and this clearly implies that d% (¢ % u) grows at most polynomially at infinity.
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We now indicate why @ * u is Schwartz whenever u has compact support. Apply-
ing estimate (2.3.4) to the function y — ¢@(x —y) yields that

(@ =) | = @xu)(x)| <C ) sup |97 p(x—y)]

\a|§m|}"§N
for some constants C,m, N. Since for |x| > 2N we have
105 @(x—y)| < Cam(1+x—y)) ™ < Capn(1+|x)) 7,

it follows that ¢ * u decays rapidly at infinity. Since (@ xu) = (87 ) * u, the same
argument yields that all the derivatives of ¢ *u decay rapidly at infinity; hence @ *u
is a Schwartz function. Incidentally, this argument actually shows that any Schwartz
seminorm of ¢  u is controlled by a finite sum of Schwartz seminorms of ¢.

We now return to the point left open concerning the convergence of the Riemann
sums in (2.3.20) in the topology of ./ (R"). For each N = 1,2,..., consider a parti-
tion of [—N,N]" into (2N?)" cubes Q,, of side length 1/N and let y,, be the center
of each Q,,. For multi-indices «, 3, we must show that

(@)
Dy = Y KOG =)W Om)|Qul — [ ¥*OGx—y)W(r)dy

m=1

converges to zero in L”(R") as N — oo. We have

3%OPHx = Y)Y ()| O] — /Q 9P G(x—y)y(y)dy

m

-/, (v —ym) - V(P P(x—)w)(&)dy

for some & = y+ 6(y,, —y), where 6 € [0, 1]. Distributing the gradient to both fac-
tors, we see that the last integrand is at most

CM\G\@ 1 !
N (L= M2 2+ 1§DV

for M large (pick M > 2|at|), which in turn is at most

Vo M\Oﬂlﬁ ! ! M\d\@ ! !

< ,
N (1+ M2 2+]&)M2 N (14 [x)M/2 (1 +|y[)M/2

since [y| < €|+ 0|y —ym| <|&|++/n/N < |E|+1 for N > \/n. Inserting the estimate
obtained for the integrand in the last displayed integral, we obtain

+
1+ |x]) L [y)M72

x|l d ~
pal< Gt [ gt | Weehvola.
[-N.N)" ([(=N.N]")e
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But the second integral in the preceding expression is bounded by

/ C///lxl\a\ dy C///|x||zx\ / dy
(T o=y DM (T DM ™ (14 )M/ (DM
([=N.NJ")¢ ([=N.NJ")¢

Using these estimates it is now easy to see that limy_,e SUp,cgn |[Dn(x)| =0. O

Next we have the following important result regarding distributions with compact
support:

Theorem 2.3.21. If u is in &' (R"), then i is a real analytic function on R". In par-
ticular, wis a € function. Furthermore, i and all of its derivatives have polynomial
growth at infinity. Moreover, u has a holomorphic extension on C".

Proof. Given a distribution u with compact support and a polynomial p(&), the ac-
tion of u on the € function & — p(& e~ "¢ is a well defined function of x, which
we denote by u(p(-)e 2"*()). Here x is an element of R” but the same assertion
is valid if x = (x1,...,x,) € R" is replaced by z = (z1,...,2,) € C". In this case we
define the dot product of § and z via § -z =Y &zk.

It is straightforward to verify that the function of z = (z1,...,2,)

F(2) = u(e 2007

defined on C" is holomorphic, in fact entire. Indeed, the continuity and linearity of
u and the fact that (e~ 25" —1)/h — —2mi&; in €< (R") as h — 0, h € C, imply
that F' is holomorphic in every variable and its derivative with respect to z; is the
action of the distribution u to the ¥’ function

£ s (—2mikj)e PTim1 5
By induction it follows that for all multi-indices & we have
o5t 0% F = u((~2mi())%e P EA ).,

Since F is entire, its restriction on R”, i.e., F(x1,...,x,), where x; = Rezj, is real

analytic. Also, an easy calculation using (2.3.4) and Leibniz’s rule yield that the

restriction of F on R” and all of its derivatives have polynomial growth at infinity.
Now for f in . (R") we have

<ﬁ7f>=<u,f>=u< f(x)e‘z”"""’idx>= fx)ule ™ 0)ax,
RV! RV!

provided we can justify the passage of u inside the integral. The reason for this
is that the Riemann sums of the integral of f(x)e 2% over R” converge to it in
the topology of €, and thus the linear functional u can be interchanged with the
integral. We conclude that the tempered distribution i can be identified with the real
analytic function x — F(x) whose derivatives have polynomial growth at infinity.
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To justify the fact concerning the convergence of the Riemann sums, we argue as
in the proof of the previous theorem. For each N = 1,2,..., consider a partition of
[~N,N]" into (2N?)" cubes Q,, of side length 1/N and let y,, be the center of each
Q). For a multi-index « let

(2N?)"

Z Fom)( 27l'iym)ae_2my’"'£|Qm\ 7/ f(x)(fZEix)ae_zmx"g dx.
Rn

We must show that for every M > 0, supg|<y |[Dn(&)| converges to zero as N — oo
Setting g(x) = f(x)(—2mix)*, we write

(2N%)"

Z / n 727riym-§ _g( ) 72mx§ dx+/ g(x)efbtix“g' dx.

([=N,NJ?)

Using the mean value theorem, we bound the absolute value of the expression inside
the square brackets by

(Vstam)] + 2712 lg(en)) % < LD ISD Vi

for some point z,, in the cube Q,,. Since

Z / Ge(+16) <C(14M) <
(14 |zm|)¥

for [§] < M, it follows that sup|g| <y [Dn(E)| — 0 as N — oo O

Next we give a proposition that extends the properties of the Fourier transform to
tempered distributions.

Proposition 2.3.22. Given u, v in /'(R"), fj,f € 7, y € R", b a complex scalar,
o a multi-index, and a > 0, we have

(1) utv=0ia+v,

(2) bu = bii,

(3) Iffj— fins, thenﬁ—)finyandifuj%uine?’, then u; — win ",
(4) (u)"= ()

(5) (Tu) = e ™40,

(6) (&7 u)"= ',

(7) (8°u)"= (@)y =a "8 '@,

(8) (9%u)"= (2mi&)%u

(9) 0%u=((—2mix)* u)A,
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(10) (@)" =u,

(11) fru=fu,

(12) fu=f+@,

(13) (Leibniz’s rule) 7' (fu) = Y’y () (aff)(a;"*ku), mezZr,

(14) (Leibniz’s rule) 0%(fu) = Z;‘ZO RED DU (%‘) (‘;‘,:)(87’]‘)(8“’714),

(15) If u, u € LP(R") and wy — u in LP (1 < p < o), then u; — u in ' (R").
Therefore, convergence in . implies convergence in LP, which in turn implies
convergence in ' (R").

Proof. All the statements can be proved easily using duality and the corresponding
statements for Schwartz functions. ]

We continue with an application of Theorem 2.3.21.

Proposition 2.3.23. Given u € ' (R"), there exists a sequence of €;° functions fi
such that fi — u in the sense of tempered distributions; in particular, 65’ (R") is

dense in ' (R").

Proof. Fix a function in €;°(R") with @(x) = 1 in a neighborhood of the origin.
Let ¢ (x) = 8'/¥()(x) = @(x/k). It follows from Exercise 2.3.5 (b) that for u €
' (R"), @ — u in ' By Proposition 2.3.22 (3), we have that the map u —
(grur)" is continuous on .’ (R"). Now Theorem 2.3.21 gives that (¢i1)" is a €
function and therefore @;(@it)" is in 6;°(R"). As observed, @; (i)Y — (@) in
' when k is fixed and J — oo. Exercise 2.3.5 (c) gives that the diagonal sequence
(@ f)" converges to f in .7 as k — oo for all f € .. Using duality and Exercise
2.2.2, we conclude that the sequence of €;° functions @y (@it)¥ converges to u in
" as k — oo, O

Exercises

2.3.1. Show that a positive measure u that satisfies

dp(x)
e T e <+

for some k > 0, can be identified with a tempered distribution. Show that if we think
of Lebesgue measure as a tempered distribution, then it coincides with the constant
function 1 also interpreted as a tempered distribution.

23.2.Let ¢,f € Z(R"), and for € > 0 let @(x) = € "@(e 'x). Prove that
Qe *x f — b fin .7, where b is the integral of ¢@.
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2.3.3. Prove that for alla > 0, u € ./(R"), and f € . (R") we have
(8°f) % (6%u) =a "6%(f *u).

2.3.4. (a) Prove that the derivative of x[, ;| is 0, — p-

(b) Compute 9;x5(0,1) On R>.

(c) Compute the Fourier transforms of the locally integrable functions sinx and cos x.
(d) Prove that the derivative of the distribution log |x| € .#”(R) is the distribution

dx
o

u(g)=lim [ o

£—0
e<[x|

2.3.5.Let f € (R") and let ¢ € 6;° be identically equal to 1 in a neighborhood
of the origin. Define @ (x) = ¢@(x/k) as in the proof of Proposition 2.3.23.

(a) Prove that (T f — f)/h — 9, f in .7 as h — 0.

(b) Prove that @ f — fin . as k — oo. R

() Prove that the sequence @ (@ f)" converges to f in . as k — oo.

2.3.6. Use Theorem 2.3.21 to show that there does not exist a nonzero %;;° function
whose Fourier transform is also a ‘55" function.

2.3.7. Let f € LP(R") for some 1 < p < oo. Show that the sequence of functions
av(®) = [ e Ea
B(O.N)

converges to f in .7,

2.3.8. Let (cx)rezn be a sequence that satisfies |ci| < A(1+ |k|)M for all k and some
fixed M and A > 0. Let §; denote Dirac mass at the integer k. Show that the sequence
of distributions

Y, cde

k|<N

converges to some tempered distribution u in ./ (R") as N — 0. Also show that &
is the . limit of the sequence of functions

(€)=Y cre Sk,

k=N

2.3.9. A distribution in ./ (R") is called homogeneous of degree y € C if for all
A >0 and for all ¢ € .(R") we have

(u, 51(p> =A7"""(u,0).

(a) Prove that this definition agrees with the usual definition for functions.
(b) Show that &y is homogeneous of degree —n.
(¢) Prove that if u is homogeneous of degree ¥, then d%u is homogeneous of degree

v—laf.
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(d) Show that u is homogeneous of degree ¥ if and only if & is homogeneous of
degree —n —7.

2.3.10. (a) Show that the functions "™ and e~ converge to zero in .#’ and &’ as
n — oo. Conclude that multiplication of distributions is not a continuous operation
even when it is defined.

(b) What is the limit of /(1 +n[x|>)~" in Z'(R) as n — ?

2.3.11. (S. Bernstein) Let f be a bounded function on R” with fsupported in the
ball B(0,R). Prove that for all multi-indices o there exist constants Cy, , (depending
only on o and on the dimension 7) such that

19% 1l = CounR™ || ] -

[Hint: Write f = f xhy g, where h is a Schwartz function A in R" whose Fourier
transform is equal to one on the ball B(0, 1) and vanishes outside the ball B(0,2).]

2.3.12. Let ® be a ¢y’ function that is equal to 1 in B(0,1) and let O be a ¢
function that is equal to 1 in a neighborhood of infinity and equal to zero in a neigh-
borhood of the origin. Prove the following.

(a) For all u in .’ (R") we have

~ v

(cb(é/z’v)ﬁ) —u in ' (R") as N — o,
(b) For all u in ./ (R") we have

(@(5/2N)L7>v—>0 in 7' (R") as N — oo.

2.3.13. Prove that there exists a function in L? for 2 < p < oo whose distributional
Fourier transform is not a locally integrable function.
[Hint: Assume the converse. Then for all f € LP(R"), f is locally integrable and

hence the map f — £ is a well defined linear operator from L?(R") to L' (B(0,M))
for all M > 0 G.e. [|f][z1(pom) < oo for all f € LP(R")). Use the closed graph
theorem to deduce that ||J?||L1(B(0,M)) < Cu|lf |l (rny for some Cyy < . To violate
this inequality whenever p > 2, take fiy(x) = (1 +iN)~"/2e=71+N)"'* and let
N — oo, noting that fy(&) = e’”"’:‘z(”w).}

2.4 More About Distributions and the Fourier Transform

In this section we discuss further properties of distributions and Fourier transforms
and bring up certain connections that arise between harmonic analysis and partial
differential equations.
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2.4.1 Distributions Supported at a Point

We begin with the following characterization of distributions supported at a single
point.

Proposition 2.4.1. Ifu € ' (R") is supported in the singleton {xo}, then there exists
an integer k and complex numbers ay, such that

u= Z aqd%8y,.

o <k

Proof. Without loss of generality we may assume that xo = 0. By (2.3.3) we have
that for some C, m, and k,

(. f)|<C Y sup x*(@Pf)(x)]  forall fe.7(R").
|| <m*€R"
1Bl <k

We now prove that if ¢ € . satisfies
(0%9)(0)=0 for all |a| <k, 2.4.)

then (u,@) = 0. To see this, fix a ¢ satisfying (2.4.1) and let {(x) be a smooth
function on R” that is equal to 1 when |x| > 2 and equal to zero for |x| < 1. Let
£%(x) = €(x/€). Then, using (2.4.1) and the continuity of the derivatives of ¢ at the
origin, it is not hard to show that p, g(£¢¢ — @) — 0 as € — 0 for all [ot| < m and
|B| < k. Then

[(u,@)] < [(u,C5@) [+ |(u. 50— 9)| <O+C Y pop(C0—9) =0

| <m
IBl<k

as € — 0. This proves our assertion.
Now let f € (R"). Let  be a 6;;° function on R” that is equal to 1 in a neigh-
borhood of the origin. Write

flx)= n(X)( ) %x“ +h(x)) +(1—n(x)f(x), (2.4.2)

|| <k
where h(x) = O(x*"1) as |x| — 0. Then nh satisfies (2.4.1) and hence (u,nh) =0
by the claim. Also,
(u, (1=m)f)) =0

by our hypothesis. Applying u to both sides of (2.4.2), we obtain

wry=Y YO o0 = Y ag(@@8)(f).

|
o<k & la[<k

with ag = (—1)%lu(x®n (x))/a!. This proves the proposition. O
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An immediate consequence is the following result.

Corollary 2.4.2. Let u € /"(R"). If W is supported in the singleton {&}, then u is
a finite linear combination of functions (—2mi&)*e*™5%0, where a is a multi-index.
In particular, if u is supported at the origin, then u is a polynomial.

Proof. Proposition 2.4.1 gives that # is a linear combination of derivatives of Dirac
masses at &. Then Proposition 2.3.22 (8) yields the required conclusion. (]

2.4.2 The Laplacian

The Laplacian A is a partial differential operator acting on tempered distributions
on R" as follows:

Au) = Z 8]2u.
=1

Solutions of Laplace’s equation A (u) = 0 are called harmonic distributions. We have
the following:

Corollary 2.4.3. Let u € ./ (R") satisfy A(u) = 0. Then u is a polynomial.

—

Proof. Taking Fourier transforms, we obtain that A () = 0. Therefore,
—4m*|EPR=0 in.7".

This implies that i is supported at the origin, and by Corollary 2.4.2 it follows that
u must be polynomial. O

Liouville’s classical theorem that every bounded harmonic function must be con-
stant is a consequence of Corollary 2.4.3. See Exercise 2.4.2.

Next we would like to compute the fundamental solutions of Laplace’s equation
in R”. A distribution is called a fundamental solution of a partial differential operator
L if we have L(u) = &. The following result gives the fundamental solution of the
Laplacian.

Proposition 2.4.4. For n > 3 we have

2 n/2
A(xP™) =—(n—2) F(Z 7 &, (2.4.3)
while for n =2,
A(log|x]) =2ndy. 24.4)

Proof. We use Green’s identity

u v

[ Gaw-uawar= [ (v55-ugt)as
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where Q is an open set in R" with smooth boundary and dv/dv denotes the
derivative of v with respect to the outer unit normal vector. Take 2 = R"\ B(0, €),
v=|x[>"",and u = f a €5 (R") function in the previous identity. The normal deriva-
tive of f(r0) is the derivative with respect to the radial variable r. Observe that
A(|x|>7") = 0 for x # 0. We obtain

2—n
st ra=- [ (&5 g00? ae. eas)

|x|>€
6]=¢

where d0 denotes surface measure on the sphere |6 = €. Now observe two things:
first, that for some C = C(f) we have

’/ afde‘ <ce" !
jo|= Or
second, that

/‘9‘7£f(r6)81*”d0 — @,—1.£(0)

as € — 0. Letting € — 0 in (2.4.5), we obtain that

lim A(F)(x)|x]> " dx = —(n—2)@,_1 £(0),
£—0 ‘X|>€
which implies (2.4.3) in view of the formula for @,_; given in Appendix A.3.
The proof of (2.4.4) is identical. The only difference is that the quantity 9>~ /dr
in (2.4.5) is replaced by dlogr/dr. O

2.4.3 Homogeneous Distributions

The fundamental solutions of the Laplacian are locally integrable functions on R”
and also homogeneous of degree 2 —n when n > 3. Since homogeneous distribu-
tions often arise in applications, it is desirable to pursue their study. Here we do not
undertake such a study in depth, but we discuss a few important examples.

Our first goal is to understand the action of the distribution |¢|* on R" when
Rez < —n. Let us consider first the case n = 1. The tempered distribution

ve9) = [ o0y

is well-defined when Rez > —1. But we can extend the definition for all z with
Rez > —3 and z # —1 by rewriting it as

9= [ W (00) - 00) - 19 @) i+ 2100), @40
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and noting that for all ¢ € .(R) we have

//||

[ 0)] < =5 107 = + -
T 243 2+

thus w, € .#”/(R). Subtracting the Taylor polynomial of degree 3 centered at zero
from ¢(z) instead of the linear one, as in (2.4.6), allows us to extend the definition
for Rez > —5 and Rez ¢ {—1,—3}. Subtracting higher order Taylor polynomials
allows us to extend the definition of w, for all z € C except at the negative odd
integers. To be able to include the points z=—1,—3,—5,—7,... we need to multiply
w, by an entire function that has simple zeros at all the negative odd integers to be
able to eliminate the simple poles at these points. Such a function is I (”1 ) . This
discussion leads to the following definition.

Definition 2.4.5. For z € C we define a distribution u, as follows:

(uz, f) = X[ f (x) dx (2.4.7)

re ( +n )
Clearly the u,’s coincide with the locally integrable functions
R (5)

when Rez > —n and the definition makes sense only for that range of z’s. It follows
from its definition that u, is a homogeneous distribution of degree z.

We would like to extend the definition of u, for z € C. Let Re z > —n first. Fix N
to be a positive integer. Given f € . (R"), write the integral in (2.4.7) as follows:

s 3%£)(0) 4
T - I, e

2 |o|<N

ztn
2

U Z
+ ) T O [ e

The preceding expression is equal to

9“NO) ol 1

la|<N

Z Z (aaf)(o)x“\x|zdx.

gy O

ztn

+ /| %f(xﬂxwx

aaf T ! o z+n—1
+ Y S r(z ")/rzo/snfl(’”e) 1 drde |

|a| <N
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where we switched to polar coordinates in the penultimate integral. Now set

ztn

b _ T 1 0% 46 ! ‘OCH»VHLZfld
(m,2) = F(Zg")a §n—1 0 4 4

wn L 0%de

al Sn—1

T2
r(&*) laf+z+n

where o = (a,...,0Q,) is a multi-index. These coefficients are zero when at least
one ¢; is odd. Consider now the case that all the «;’s are even; then || is also even.
The function I'(35") has simple poles at the points

z=-n, z=—(n+2), z=—(n+4), and so on;
see Appendix A.5. These poles cancel exactly the poles of the function
72+ (o] +z4+n)7"

at z= —n — |ot| when || is an even integer in [0, N]. We therefore have

(. f) = /| Ll Y b a,) (—1)#(3%8,, £)

x>1 I'( 7 ) la|<N
in (aaf)(()) (2.4.8)
T2 a p
—|—/x|<11_(25”) {f(X)_|az<:Na! X }|x| dx.

Both integrals converge absolutely when Re z > —N —n — 1, since the expression
inside the curly brackets above is bounded by a constant multiple of |[x|N*!, and
the resulting function of z in (2.4.8) is a well defined analytic function in the range
Rez>-N—-n—-1.

Since N was arbitrary, (i, f) has an analytic extension to all of C. Therefore,
u; is a distribution-valued entire function of z, i.e., for all ¢ € #(R"), the function
z+ (uz, @) is entire.

Next we would like to calculate the Fourier transform of u,. We know by Exercise
2.3.9 that u; is a homogeneous distribution of degree —n — z. The choice of constant
in the definition of u#, was made to justify the following result:

Theorem 2.4.6. For all z € C we have it; = u_,_,.

Proof. The idea of the proof is straightforward. First we show that for a certain range
of z’s we have

[ 18R =) [ W pwodx, 249)
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for some fixed constant C(n,z) and all ¢ € .(R"). Next we pick a specific ¢ to
evaluate the constant C(n,z). Then we use analytic continuation to extend the va-
lidity of (2.4.9) for all z’s. Use polar coordinates by setting & = p@ and x = r6 in
(2.4.9). We have

1., lera6)a
- / T prine / B /S L 9(re) ( /S B e_2”i’p(9"">dq0> 46"V drdp
—/ (/ u(rp)pH ldp) (/ 0 re)dG) Ly
—C(nz)/ - </ (pr@)d@)r” dr
Cln,z / PR

where we set

o, (t) = /S nile_z”"’(e"p)dqoz Snile_z””(‘pl)dqo, (2.4.10)

Cln,2) = /0 (1) dr @2.411)

and the second equality in (2.4.10) is a consequence of rotational invariance. It re-
mains to prove that the integral in (2.4.11) converges for some range of z’s.
If n =1, then

o1(t) = /SO e 9 g = 2T 1 2T — D cos(2mr)

and the integral in (2.4.11) converges conditionally for —1 < Re z < 0.

Let us therefore assume that n > 2. Since |0, (¢)| < @,—1, the integral converges
near zero when —n < Re z. Let us study the behavior of 6,(¢) for ¢ large. Using the
formula in Appendix D.2 and the definition of Bessel functions in Appendix B.1, we
write

ds n—2
= 2 J,._
— Cnt J% (2mt),

for some constant ¢,. Since n > 2 we have when n—2 > —1/2. Then the asymptotics
for Bessel functions (Appendix B.7) apply and yield |, (¢)| < ct~*=1)/2 for t > 1.
Splitting the integral in (2.4.11) in # < 1 and ¢ > 1 and using the corresponding
estimates, we notice that it converges absolutely on [0,1] when Rez > —n and on
[1,00) whenRez+n—1—"71 < —1.

We have now proved that when —n < Re z < —

1 . _
Gn(t):a)n—2/1ezmm( 1—s2)"?

"+1 and n > 2 we have

it; =C(n,2)u_n—
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. . 2
for some constant C(n, z) that we wish to compute. Insert the function @(x) = e~ "1
in (2.4.9). Example 2.2.9 gives that this function is equal to its Fourier transform.
Use polar coordinates to write

° o
(anl/ prn=lemar dr:C(n,z)a)n,l/ prin e gy
0 0

Change variables s = 77> and use the definition of the gamma function to obtain
that

I a

r(-3) =3
It follows that iz; = u_,,_, for the range of z’s considered.

At this point observe that for every f € . (R"), the function z +— (it; —u_,_,, f)
is entire and vanishes for —n < Rez < —n + 1/2. Therefore, it must vanish every-
where and the theorem is proved. U

C(I’Z,Z) =

Homogeneous distributions were introduced in Exercise 2.3.9. We already saw
that the Dirac mass on R” is a homogeneous distribution of degree —n. There is
another important example of a homogeneous distributions of degree —n, which we
now discuss.

Let 2 be an integrable function on the sphere §"~! with integral zero. Define a
tempered distribution W, on R” by setting

. Q(x/|x])
Wa, f) = lim ——— f(x)dx. 2.4.12
Wa.f)=lim | —pp 1@ (2:4.12)
We check that Wg is a well defined tempered distribution on R”. Indeed, since
Q(x/|x|)/|x|" has integral zero over all annuli centered at the origin, we obtain

Q(x/ ) Qx/ )

W, = |l _— —¢(0))d _— d
(Wag)| = |tim [ 2 o) —p0)as+ [ D gy

192 (x/[x])]| ( )/ 192 (x/[x])]
< ||V - ——d ——d
> H (PHL /\x\gl ] 1 X+ xseulg x| | (x)] PTG X

<Cl|Vol =Ry +C2 X loCx| [l 2]] g1y

o<1

for suitable constants C; and C; in view of (2.2.2).

One can verify that Wo € /(R") is a homogeneous distribution of degree —n
just like the Dirac mass at the origin. It is an interesting fact that all homogeneous
distributions on R” of degree —n that coincide with a smooth function away from
the origin arise in this way. We have the following result.

Proposition 2.4.7. Suppose that m is a € function on R"\ {0} that is homogeneous
of degree zero. Then there exist a scalar b and a € function  on 8"~ with integral
zero such that

m' =b&+Wq, (2.4.13)

where Wq denotes the distribution defined in (2.4.12).
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To prove this result we need the following proposition, whose proof we postpone
until the end of this section.

Proposition 2.4.8. Suppose that u is a € function on R\ {0} that is homogeneous
of degree 7 € C. Then W is a € function on R"\ {0}.

We now prove Proposition 2.4.7 using Proposition 2.4.8.

Proof. Let a be the integral of the smooth function m over 8”~!. The function m —a
is homogeneous of degree zero and thus locally integrable on R”; hence it can be
thought of as a tempered distribution that we call & (the Fourier transform of a
tempered distribution u). Since # is a € function on R"\ {0}, Proposition 2.4.8
implies that u is also a € function on R”\ {0}. Let 2 be the restriction of u on
S"~!. Then  is a well defined > function on S"~!. Since u is a homogeneous
function of degree —n that coincides with the smooth function £ on §"~!, it follows
that u(x) = Q(x/|x|)/|x|" for x in R"\ {0}.

We show that £ has mean value zero over S"!. Pick a nonnegative, radial,
smooth, and nonzero function y on R” supported in the annulus 1 < |x| < 2. Switch-
ing to polar coordinates, we write

(u,y) = /’lMw(x)dxch,/swlﬂ(e)de,

x|
(wy) = @0) = [ &) -a)¥&)as=c, [
and thus Q has mean value zero over S"~! (since cy #0).
We can now legitimately define the distribution Wq, which coincides with the
function Q(x/|x|)/|x|" on R"\ {0}. But the distribution u also coincides with this
function on R"\ {0}. It follows that u — Wy, is supported at the origin. Proposition
2.4.1 now gives that u — Wq is a sum of derivatives of Dirac masses. Since both
distributions are homogeneous of degree —n, it follows that

(m(6)—a)d6 =0,

n

u—Wq =cdy.

Butu= (m—a)’ =m’ —ad&, and thus m" = (c+a)& + Wq. This proves the propo-
sition. 0

We now turn to the proof of Proposition 2.4.8.

Proof. Let u € .’ be homogeneous of degree z and 4 on R"\ {0}. We need to
show that i is € away from the origin. We prove that @7is €™ for all M. Fix M € Z*
and let o be any multi-index such that

lot| >n+M+Rez. (2.4.14)
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Pick a € function ¢ on R” that is equal to 1 when |x| > 2 and equal to zero for
|x| < 1. Write up = (1 — ¢)u and u.. = @u. Then

0% = 9%y + 0%Uoo and thus @:@)—i—@,

where the operations are performed in the sense of distributions. Since ug is com-
pactly supported, Theorem 2.3.21 implies that d%ug is . Now Leibniz’s rule gives
that

0% = v+ @0%u,

where v is a smooth function supported in the annulus 1 < |x| < 2. Then v is

¢ and we need to show only that m is M. The function @d%u is ac-
tually €, and by the homogeneity of d%u (Exercise 2.3.9 (c)) we obtain that
(0%u)(x) = |x|~1*+2(d%u) (x/|x|). Since @ is supported away from zero, it follows

that C
lp(x)(9%u) (x)| < (11 )@ Rez

for some Cy > 0. It is now straightforward to see that if a function satisfies (2.4.15),
then its Fourier transfo/rm\ is M whenever (2.4.14) is satisfied. See Exercise 2.4.1.
yg concludE_t\hat 0%u., is a ¥ function whenever (2.4.14) is satisfied; thus so
is d%u. Since d%u(&) = (2mi&)*u(&), we deduce smoothness for i away from the
origin. Let & # 0. Pick a neighborhood V of § such that for 17 in V we have ; # 0
for some j € {1,...,n}. Consider the multi-index (0,...,|[,...,0) with |a| in the
jth coordinate and zeros elsewhere. Then (27in;) *li(n) is a M function on V,

and thus so is #(n), since we can divide by njl.a‘. We conclude that #(&) is €™ on

R"\ {0}. Since M is arbitrary, the conclusion follows. O

(2.4.15)

We end this section with an example that illustrates the usefulness of some of the
ideas discussed in this section.

Example 2.4.9. Let 1 be a smooth radial function on R” that is equal to 1 on the
set |x| > 1/2 and vanishes on the set |x| < 1/4. Fix z € C satisfy 0 < Rez < n. Let
g= (n(x)|x|%)" be the distributional Fourier transform of 7 (x)|x| ~¢. We show that
g is a function that decays faster than ||~ at infinity (for sufficiently large positive
number N) and that

7 ()

8(8) - )

is a ¥ function on R”. This example indicates the interplay between the smooth-
ness of a function and the decay of its Fourier transform. The smoothness of the
function 1 (x)|x| % near zero has as a consequence the rapid decay of g near infinity,
while the slow decay of 7 (x)|x| % at infinity reflects the lack of smoothness of g(&)
at zero, in view of the moderate blowup |E|Re<" as || — 0.

£ (2.4.16)
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To show that g is a function we write it as g = (|x| %) + ((n(x) — 1)|x ’Z)A and
we observe that the first term is a function, since 0 < Rez < n. Using Theorem 2.4.6
we write

_mtrey)

8(8) = G

where ¢(&) = ((n(x) — 1)\x\’Z)A(§) is a € function, since it is the Fourier trans-
form of a compactly supported integrable function. This proves that g is a function
and that the difference in (2.4.16) is €.

Finally, we assert that every derivative of g satisfies [07g(&)| < Cyn|&| N for all
sufficiently large positive integers N when & # 0. Indeed, fix a multi-index y and
write d7g(&) = (|x|7*n (x)(=2mix)")"(&). It follows that

(47715 )V[075(&)] = (A" (Ix*n (x)(—2mix)")) " (&)

for all N € Z*, where A is the Laplacian in the x variable. Using Leibniz’s rule
we distribute AV to the product. If a derivative falls on 7, we obtain a compactly
supported smooth function, hence integrable. If all derivatives fall on |x| %x?, then
we obtain a term that decays like |x| RezHY1=2N at infinity, which is also integrable
if N is sufficiently large. Thus the function |&[*¥|d7g(&)| is equal to the Fourier
transform of an L! function, hence it is bounded, when 2N > n—Rez+ 17l-

"+ 0(8),

Exercises

2.4.1. Suppose that a function f satisfies the estimate

C

If()] < W»

forsomeC>0andN>n+l.Thenfis‘fM forall M € Z+ with 1 <M < N —n.

2.4.2. Use Corollary 2.4.3 to prove Liouville’s theorem that every bounded har-
monic function on R” must be a constant. Derive as a consequence the fundamental
theorem of algebra, stating that every polynomial on C must have a complex root.

2.4.3. Prove that ¢* is not in ./(R) but that e*¢’ is in .#’(R).

2.4.4. Show that the Schwartz function x — sech (7x), x € R, coincides with its
Fourier transform.

[Hint: Integrate the function €* over the rectangular contour with corners (—R,0),
(R,0), (R,ir), and (—R,i7).]

2.4.5. ([174]) Construct an uncountable family of linearly independent Schwartz
functions f, such that |f,| = |f5| and |f,| = | /3| for all f, and f}, in the family.
[Hint: Let w be a smooth nonzero function whose Fourier transform is supported
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in the interval [—1/2,1/2] and let ¢ be a real-valued smooth nonconstant periodic
function with period 1. Then take £, (x) = w(x)e'?*~% for a € R.]

2.4.6. Let P, be the Poisson kernel defined in (2.1.13). Prove that for f € L”(R"),
1 < p < oo, the function
(6,y) = (B f)(x)

is a harmonic function on R'ﬁl. Use the Fourier transform and Exercise 2.2.11 to
prove that (P, % P,,)(x) = Py, 4y, (x) for all x € R™.

2.4.7. (a) For a fixed xo € S !, show that the function

is harmonic on R"\ {xo}.
(b) For fixed xg € S"~!, prove that the family of functions 8 — v(rxp;8),0 < r <1,
defined on the sphere satisfies

linll/ees’ﬂ v(rxp;0)d6 =0
LT ST

uniformly in xo. The function v(rxp; 0) is called the Poisson kernel for the sphere.

(c) Show that
1 1
- 2/ — _ge=1
(anl( ‘X‘ ) g1 |x—9|"

for all |x| < 1.
(d) Let f be a continuous function on S"~!. Prove that the function

u(x) = — (1= [ 16 g

O sl |x— 8|

solves the Dirichlet problem A(u) =0 on |x| < 1 with boundary values u = f on
S"~1, in the sense lim,+; u(rxo) = f(xo) when |xo| = 1.
[H int: Part (c): Apply the mean value property over spheres to the harmonic function

3o (1= 2Lyl ely — &7
2.4.8. Fix n € Z" with n > 2 and a real number A, 0 < A < n. Also fix 1 € §” and

yeR™M
(a) Prove that

g e PO
L g=nl*ag=2 e

(b) Prove that

r
P
R" n—=x
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[Him‘: Part (a): See Appendix D.4 Part (b): Use the stereographic projection in
Appendix D.6.]

2.4.9. Prove the following beta integral identity:

dt B nF(” a‘)F(”;”)F(%) n—a—a
I8 ey i@ () (- aka)y P

where 0 < oy, 0p < n, a; + oy > n.
[Hint: Reduce to the case y = 0, interpret the integral as a convolution, and use
Theorem 2.4.6.]

2.4.10. (a) Prove that if a continuous integrable function f on R” (n > 2) is constant
on the spheres rS§"! for all r > 0, then so is its Fourier transform.

(b) If a continuous integrable function on R" (n > 3) is constant on all (n—2)-
dimensional spheres orthogonal to e; = (1,0, ...,0), then its Fourier transform has
the same property.

2.4.11. ([137]) Suppose that 0 < dy,d,,ds < n satisty d| + dy + d3 = 2n. Prove that
for any distinct x,y,z € R"” we have the identity

b=l ey =z =]
. n

=nt ( []——525 )=y " "y — g2 |z — xS
(I

[Him‘: Reduce matters to the case that z = 0 and y = e;. Then take the Fourier
transform in x and use that the function h(f) = |t — e, |~ |t| ™ satisfies h(E) =
h(Agzé) for all & # 0, where A is an orthogonal matrix with Aze; = &/|&].]

2.4.12. (a) Integrate the function ¢ over the contour consisting of the three pieces
Pi={x+i0: 0<x<R}, P,={Re®: 0<60<Z} andPs={re's: 0<r<R}
(with the proper orientation) to obtain the Fresnel integral identity:

fim [ dy = V271 4j).

R—e J0
(b) Use the result in part (a) to show that the Fourier transform of the function et
in R" is equal to ¢! ¥ e~ i7E P,
[Hzm‘ Part (a): On P, we have e ~R?sin(26) <e~
to 0. Part (b): Try first n = 1.]

ip .
789 and the integral over P> tends
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2.5 Convolution Operators on L” Spaces and Multipliers

In this section we study the class of operators that commute with translations. We
prove in this section that bounded operators that commute with translations must be
of convolution type. Convolution operators arise in many situations, and we would
like to know under what circumstances they are bounded between L” spaces.

2.5.1 Operators That Commute with Translations

Definition 2.5.1. A vector space X of measurable functions on R" is called closed
under translations if for f € X we have 7°(f) € X for all z€ R". Let X and Y be
vector spaces of measurable functions on R” that are closed under translations. Let
also T be an operator from X to Y. We say that T commutes with translations or is
translation-invariant if

T(7(f)) =(T(f))
forall f € X and all y € R".

It is straightforward to see that convolution operators commute with translations,
ie., (f*g) = 7(f) * g whenever the convolution is defined. One of the goals of
this section is to prove the converse: every bounded linear operator that commutes
with translations is of convolution type. We have the following:

Theorem 2.5.2. Let 1 < p,q < oo and suppose T is a bounded linear operator from
LP(R") to L1(R") that commutes with translations. Then there exists a unique tem-
pered distribution w such that

T(f)=fxw ae. forall f € &

A very important point to make is that if p = oo, the restriction of 7 on .¥ does
not uniquely determine 7 on the entire L™; see Example 2.5.9 and the comments
preceding it about this. The theorem is a consequence of the following two results:

Lemma 2.5.3. Under the hypotheses of Theorem 2.5.2 and for f € . (R"), the dis-
tributional derivatives of T (f) are L1 functions that satisfy

(T (f)) =T(d%f),  for all multi-indices o. (2.5.1)

Lemma 2.5.4. Let 1 < g < oo and let h € LY(R"). If all distributional derivatives
d%h are also in LY, then h is almost everywhere equal to a continuous function H
satisfying

H(0)| <Crg Y, [|0%]|,,- (2.5.2)

lot| <n+1
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Proof. Assuming Lemmas 2.5.3 and 2.5.4, we prove Theorem 2.5.2.
Given f € .(R"), by Lemmas 2.5.3 and 2.5.4, there is a continuous function H
such that 7(f) = H a.e. and such that

HOI<Cug Y, (9T,

la|<n+1

holds. Define a linear functional u on . by setting

(u, f) = H(0).

This functional is well-defined, for, if there is another continuous function G such
that G = T(f) a.e., then G = H a.e. and since both functions are continuous, it
follows that H = G everywhere and thus H(0) = G(0).

By (2.5.1), (2.5.2), and the boundedness of 7', we have

()< Cg X 19T,

|o|<n+1

<G Y TN

lot| <n+1

SC’MIHT|LP—>L‘7 Z HaafHLP

|oo|<n+1

< C;’JIHTHLPHL‘I Z Pra(f),
yI<[t ]+
lot| <n+1

where the last estimate uses (2.2.8). This implies that u is in .%#’. We now set w = i
and we claim that for all x € R” we have

(u, 7% f) = H(x). (2.5.3)

Assuming (2.5.3) we prove that T(f) = f*w for f € .. To see this, by Theorem
2.3.20 and by the translation invariance of T, for a given f € .7 (R") we have

(frw)(x) = (@7 f ) = (u, 0 f) = H(x) = T(f) (%),

where the last equality holds for almost all x, by the definition of H. Thus f*w =
T(f) a.e., as claimed. The uniqueness of w follows from the simple observation that
if fxw=fxw forall f e .7(R"),thenw=w'.

We now turn to the proof of (2.5.3). Given f € .(R") and x € R" and let H,
be the continuous function such that H, = T(77*f). We show that H,(0) = H(x).
Indeed, we have

(T N)) =1 T)G)

Hy(y)

T(f)(x+y)=H(x+y)=1"H(y),
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where the equality 7'(f)(x+y) = H(x+y) holds a.e. in y. Thus the continuous
functions H, and T7*H are equal a.e. and thus they must be everywhere equal,
in particular, when y = 0. This proves that H,(0) = H(x), which is a restatement
of (2.5.3). O

‘We now return to Lemmas 2.5.3 and 2.5.4. We begin with Lemma 2.5.3.

Proof. Consider first the multi-index a = (0,...,1,...,0), where 1 is in the jth
entry and O is elsewhere. Let ¢; = (0,...,1,...,0), where 1 is in the jth entry and
zero elsewhere. We have

y+he;)— thej —
T D= gy [ g (L ) yay - 25
since both of these expressions are equal to

/n o0y) T(HO- he?}/l') —T(HO)

R”

dy
and T commutes with translations. We will let # — O in both sides of (2.5.4). We

write N '
00H) =00 _ ("5, ey

from which it follows that for || < 1/2 we have

<P(y+hej)—¢(y)‘</l Cudt </1 Cudt — _  Cy
h o (I+ly+hte; )™ = Jo (1+y|=3M ~ (Iy[+ D"

The integrand on the left-hand side of (2.5.4) is bounded by the integrable function
IT(f)(»)|Chy(ly| +1)~™ and converges to T (f)(y) d;¢(y) as h — 0. The Lebesgue
dominated convergence theorem yields that the integral on the left-hand side of
(2.5.4) converges to

T(f)»)dje(y)dy. (2.5.5)

Rn
Moreover, for a Schwartz function f we have

he —
PRI _ 1), ey,

which converges to d;f(y) pointwise as 4 — 0 and is bounded by C}, (1 + |y|) ™ for
|h| < 1/2 by an argument similar to the preceding one for ¢ in place of f. Thus

i (f)— f

- —d;f inLPash—0, (2.5.6)
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by the Lebesgue dominated convergence theorem. The boundedness of T from L”
to LY yields that

hej _
T (T(Z)f> —T(9;f) inLfash— 0, (2.5.7)

Since ¢ € L7, by Holder’s inequality, the right-hand side of (2.5.4) converges to

[, 90T @) dy

as h — 0. This limit is equal to (2.5.5) and the required conclusion follows for ¢ =
(0,...,0,1,0,...,0). The general case follows by induction on |c|. O

We now prove Lemma 2.5.4.

Proof. Let R > 1. Fix a 6" function ¢ that is equal to 1 in the ball |x| < R and
equal to zero when |x| > 2R. Since & is in LI(R"), it follows that @gh is in L' (R").

We show that (pRh is also in L'. We begin with the inequality

1< C(1+x])~ D Y |(—2mix)?], (2.5.8)

lot|<n+1
which is just a restatement of (2.2.3). Now multiply (2.5.8) by |6R\h(x)| to obtain

orh(x)| < Cu(1+]x)"*D) Y |(—27ix) * orh(x)]

|a|<n+1
Co(1+ )~ Y [[(0%(@rh)"||,-
[ot|<n+1
< Ga(L+ )™)Y [[9%(grh)||
[or|<n+1
< Cu(2"R) T (14 [x) "D Y (0% (grh)|
|o|<n+1
<CnR(1+|xD (n1) Z ||8“h||Lq,
lot| <n+1

where we used Leibniz’s rule (Proposition 2.3.22 (14)) and the fact that all deriva-
tives of g are pointwise bounded by constants depending on R.
Integrate the previously displayed inequality with respect to x to obtain

@] < Con X (3], <o 259

|o|<n+1

Therefore, Fourier inversion holds for ¢gh (see Exercise 2.2.6). This implies that
@Qrh is equal a.e. to a continuous function, namely the inverse Fourier transform of
its Fourier transform. Since @g = 1 on the ball B(0,R), we conclude that 4 is a.e.
equal to a continuous function in this ball. Since R > 0 was arbitrary, it follows that



150 2 Maximal Functions, Fourier Transform, and Distributions

his a.e. equal to a continuous function on R”, which we denote by H. Finally, (2.5.2)
is a direct consequence of (2.5.9) with R = 1, since |H(0)| < ||@1A]| 1. O

2.5.2 The Transpose and the Adjoint of a Linear Operator

We briefly discuss the notions of the transpose and the adjoint of a linear operator.
We first recall real and complex inner products. For f,g measurable functions on
R”, we define the complex inner product

(rlg)= [, F@)sCdx.

whenever the integral converges absolutely. We reserve the notation
(fg)= [ F@gtodx

for the real inner product on L*>(R") and also for the action of a distribution f on
a test function g. (This notation also makes sense when a distribution f coincides
with a function.)

Let 1 < p,g < eo. For a bounded linear operator T from L” (X, ) to L(Y,v) we
denote by T* its adjoint operator defined by

<T(f>|g>=/YT(f)§dv=/XfTT@du=<f|T*(g)> (2.5.10)

for fin L”(X, ) and g in L4 (Y, V) (or in a dense subspace of it). We also define the
transpose of T as the unique operator 7" that satisfies

(T(f).) = [ T gdr= [ FT(9)dx= (£.T'(9))

forall f € LP(X,u) and all g € L7 (Y, V).
If T is an integral operator of the form

TN = [ K)70)du0),

then 7* and T’ are also integral operators with kernels K*(x,y) = K(y,x) and
K'(x,y) = K(y,x), respectively. If T has the form T(f) = (fm)", that is, it is given
by multiplication on the Fourier transform by a (complex-valued) function m(&),

then T* is given by multiplication on the Fourier transform by the function m(§).
Indeed for f,g in . (R") we have
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-

= f)gdx
= [ T(f) ga¢
:/ fmgde
S AC

A similar argument (using Theorem 2.2.14 (5)) gives that if T is given by multipli-
cation on the Fourier transform by the function m(&), then T is given by multipli-
cation on the Fourier transform by the function m(—&). Since the complex-valued
functions m(&) and m(—&) may be different, the operators 7* and 7' may be dif-
ferent in general. Also, if m(&) is real-valued, then T is self-adjoint (i.e., T = T*)
while if m(&) is even, then T is self-transpose (ie., T =T").

2.5.3 The Spaces .#"1(R")

Definition 2.5.5. Given 1 < p, g < oo, we denote by .#74(R") the set of all bounded
linear operators from L? (R") to L?(R") that commute with translations.

By Theorem 2.5.2 we have that every T in .#?4 is given by convolution with a
tempered distribution. We introduce a norm on .#7+¢ by setting

HTH///M = ||THLP%L‘17

that is, the norm of T in .#7 is the operator norm of T as an operator from L to
L9, Tt is a known fact that under this norm, .#?+4 is a complete normed space (i.e.,
a Banach space).

Next we show that when p > g the set .#7*9 consists of only one element, namely
the zero operator T = 0. This means that the only interesting classes of operators
arise when p < q.

Theorem 2.5.6. .79 = {0} whenever 1 < q < p < oo,

Proof. Let f be a nonzero %;;” function and let & € R". We have

1T () + T, = 1T )+ Pl < NN oo 17" )

Now let || — oo and use Exercise 2.5.1. We conclude that

1 1
24 ||T(f)HL‘1 S ||THL1”—>L‘12]7 HfHLP’

which is impossible if ¢ < p unless T is the zero operator. O
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Next we have a theorem concerning the duals of the spaces .Z”4(R").

Theorem 2.5.7. Let | < p < g<ooand T € MP4(R"). Then T can be defined on
L4 (R™), coinciding with its previous definition on the subspace LP(R") N LY (R") of
LP(R"), so that it maps LY (R") to L” (R") with norm

= |||

2.5.11)

{ ’ r | | 14 —Lv' LP—1d"

In other words, we have the following isometric identification of spaces:
v (R") = .#"9(R").

Proof. We first observe thatif T : L? — L4 is given by convolution with u € ., then
! / =

the adjoint operator 7* : LY — L is given by convolution with # € .%’. Indeed, for

f,g € 7 (R") we have

[T (g)dx = | T(f)gdx
RYI Ril

= [ (f*u)gdx
l.{ll

=/ f(g*u)dx
JR7

:/ fgxudx.
Rn

Therefore 7* is given by convolution with # when applied to Schwartz functions.
Next we observe the validity of the identity

fri=(f *u), fes. (2.5.12)

It remains to show that 7' (convolution with «) and 7* (convolution with ﬁ) map LY
to L? with the same norm. But this easily follows from (2.5.12), which implies that

||f*§”LP/ H?*MHLI’/

WAl 17l

for all nonzero Schwartz functions f. We conclude that

||T*HL¢1/~>LP/ = ||T||L‘1l~)[ﬁ,
and therefore
HTHU’HM = ”T”Lq’_)Lp"
This establishes the claimed assertion. O

We next focus attention on the spaces .Z”4(R") whenever p = g. These spaces
are of particular interest, since they include the singular integral operators, which
we study in Chapter 5.
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2.5.4 Characterizations of .#"' (R") and .#**(R")

It would be desirable to have a characterization of the spaces .Z7' in terms of
properties of the convolving distribution. Unfortunately, this is unknown at present
(it is not clear whether it is possible) except for certain cases.

Theorem 2.5.8. An operator T is in .4 ' (R") if and only if it is given by convo-
lution with a finite Borel (complex-valued) measure. In this case, the norm of the
operator is equal to the total variation of the measure.

Proof. If T is given with convolution with a finite Borel measure y, then clearly T
maps L' toitself and ||T||,1_,;1 < ||1t]|.z» where ||it]|z is the total variation of .
Conversely, let T be an operator bounded from L! to L' that commutes with trans-
lations. By Theorem 2.5.2, T is given by convolution with a tempered distribution
u. Let
2
felx) = g mW/El

Since the functions f. are uniformly bounded in L', it follows from the boundedness
of T that fe * u are also uniformly bounded in L'. Since L' is naturally embedded in
the space of finite Borel measures, which is the dual of the space %o of continuous
functions that tend to zero at infinity, we obtain that the family f¢ * u lies in a fixed
multiple of the unit ball of &;,. By the Banach—Alaoglu theorem, this is a weak™
compact set. Therefore, some subsequence of f; * u converges in the weak™ topology
to a measure (1. That is, for some & — 0 and all g € %p0(R") we have

lim g
k—oo JR?

0o+ dx = [ glo)dua(v). (2.5.13)
We claim that u = u. To see this, fix g € .%. Equation (2.5.13) implies that
(, fo %8) = (u, fo, * g) = (W,8)
as k — oo. Exercise 2.3.2 gives that g * f, converges to g in .. Therefore,
<u,f€k *g> — <u,g>.

It follows from (2.5.13) that (u,g) = (U, g), and since g was arbitrary, u = .
Next, (2.5.13) implies that for all g € $yo we have

/., g)duto

< HgHL” Sl}‘{prSk*”HLl < HgHL”HTHLlﬂLl' (2.5.14)

The Riesz representation theorem gives that the norm of the functional

g | g(x)du(x)
Rl‘l

on %o is exactly ||u|| . It follows from (2.5.14) that ||T'||,1_,,1 > ||| Since the
reverse inequality is obvious, we conclude that |7 || 1,1 = || 1|z - O
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Let u be a finite Borel measure. The operator & — h+ 1 maps LP(R") to itself
for all 1 < p < oo; hence .#!+! (R") can be identified with a subspace of .= (R").
But there exist bounded linear operators @ on L™ that commute with translations
for which there does not exist a finite Borel measure ( such that ®@(h) = h« u for
all h € L*(R"). The following example captures such a behavior.

Example 2.5.9. Let (X, || - ||~) be the space of all complex-valued bounded func-
tions on the real line such that
1 /R
D(f)= lim — t)dt
(f) = lim = | S(0)

exists. Then @ is a bounded linear functional on X with norm 1 and has a bounded
extension @ on L* with norm 1, by the Hahn—Banach theorem. We may view @
as a bounded linear operator from L*(R) to the space of constant functions, which
is contained in L*(R). We note that @& commutes with translations, since for all
f€L”(R) and x € R we have

where the last two equalities follow from the fact that for L™ functions f the expres-
sion %f(f(f(t—x) — f())dt is bounded by %Hf”p when R > |x| and thus tends to
zero as R — oo, If &(@) = @ * u for some u € .#/(R") and all ¢ € .(R"), since @
vanishes on .#, the uniqueness in Theoren}v 2.5.2 yields that u = 0. Hence, if there
existed a finite Borel measure 1 such that @(h) = hx p all h € L™, in particular we
would have 0 = @(¢) = @ u for all ¢ € .7, hence p would be the zero measure.
But obviously, this is not the case, since @ is not the zero operator on X.

We now study the case p = 2. We have the following theorem:

Theorem 2.5.10. An operator T is in .#**>(R") if and only if it is given by convo-
lution with some u € .¥' whose Fourier transform u is an L™ function. In this case
the norm of T : L* — L? is equal to |it|1~.

Proof. 1If u € L™, Plancherel’s theorem gives

I suPar= [ (FEm&)Pag < all |7
therefore, ||T||;2_,;2 < |/it]|, and hence T is in .#>2(R™").

Now suppose that T € .#>*(R") is given by convolution with a tempered distri-
bution u. We show that & is a bounded function. For R > 0 let ¢z be a 4;;° function
supported inside the ball B(0,2R) and equal to one on the ball B(0,R). The product
of the function @g with the distribution # is @git = ((@g)" *u)"= T(@p )", which
is an L? function. Since the L? function @i coincides with the distribution # on
the set B(0,R), it follows that & is in L?(B(0,R)) for all R > 0 and therefore it is
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in L2 . If £ € L(R") has compact support, the function f# is in L?, and therefore

Plancherel’s theorem and the boundedness of T give

[ rwaePax= [ [T @Pa <TG [ 17wPd.

We conclude that for all bounded functions with compact support f we have

[T WP @) P2 0.

JR"

Taking f(x1,...,%,) = (2r) "/ ITj=1 X[-r.n(x;) for r > 0 and using Corollary 2.1.16,

we obtain that || T”éaLZ — |i#(x)|? > 0 for almost all x. Hence s in L* and |||z~ <
IIT|l;2_;2. Combining this with the estimate ||T||;2_,;2 < ||u]|z~, Which holds if
u e L™, we deduce that ||T||;2_,;2 = ||u]|z=- O

2.5.5 The Space of Fourier Multipliers .#,(R")

We have now characterized all convolution operators that map L? to L?. Suppose
now that 7 is in .#ZPP, where 1 < p < 2. As discussed in Theorem 2.5.7, T also
maps L¥ to L” . Since p <2< p,by Theorem 1.3.4, it follows that T also maps L?
to L2. Thus T is given by convolution with a tempered distribution whose Fourier
transform is a bounded function.

Definition 2.5.11. Given 1 < p < e, we denote by .#Z,(R") the space of all bounded
functions m on R” such that the operator

Tu(f)=(fm)", fe,

is bounded on L”(R") (or is initially defined in a dense subspace of L”(R") and has
a bounded extension on the whole space). The norm of m in .#,(R") is defined by

(2.5.15)

HmHﬂp = |Tonll o -

Definition 2.5.11 implies that m € .#,, if and only if T,, € .#?"7. Elements of
the space .#), are called L? multipliers or L? Fourier multipliers. It follows from
Theorem 2.5.10 that .5, the set of all L2 multipliers, is L. Theorem 2.5.8 implies
that ./ (R") is the set of the Fourier transforms of finite Borel measures that is
usually denoted by .# (R"). Theorem 2.5.7 states that a bounded function m is an
L? multiplier if and only if it is an LY multiplier, and in this case

Il g, =llmll 4, T <p<eo.
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It is a consequence of Theorem 1.3.4 that the normed spaces .#), are nested, that is,
for 1 < p < g <2 we have

M C My S My S My =L,

Moreover, if m € .4, and 1 < p <2 < p/, Theorem 1.3.4 gives

<||Tm

HT’"HLZﬂL2 - = HTm

(2.5.16)

1 1
Ui 1Tl e = Tl

since 1/2=(1/2)/p+ (1/2)/p’. Theorem 1.3.4 also gives that

mll. 4, < llmll.,

whenever 1 < g < p <2. Thus the .#),’s form an increasing family of spaces as p
increases from 1 to 2.

Example 2.5.12. The function m(&) = ¢2™&? is an L” multiplier for all b € R",
since the corresponding operator T;, () (x) = f(x+b) is bounded on L? (R"). Clearly

Iml|.z, = 1.

Proposition 2.5.13. For 1 < p < e, the normed space (M, || - ||.4,) is a Banach
space. Furthermore, .#), is closed under pointwise multiplication and is a Banach
algebra.

Proof. 1t suffices to consider the case 1 < p < 2. It is straightforward that if my, m;
are in .#, and b € C then m; +mjy and bm, are also in .#,,. Observe that mm; is
the multiplier that corresponds to the operator T, T, = Tin,m, and thus

lmamal| g, =\ Tl < ] g, [Im2] g,

This proves that .#,, is an algebra. To show that .#), is a complete normed space,
consider a Cauchy sequence m; in .#),. It follows from (2.5.16) that m is Cauchy in
L™, and hence it converges to some bounded function m in the L™ norm; moreover
all the m; are a.e. bounded by some constant C uniformly in j. We have to show that
m e M. Fix f € /. We have

T, (N0 = [ FEmi@e™Edg = [ FEm(E)eEdg =T,()()

R”

a.e. by the Lebesgue dominated convergence theorem, since C |f| is an integrable
upper bound of all integrands on the left in the preceding expression. Since {m;}
is a Cauchy sequence in .#Z),, it is bounded in .#),, and thus sup; ||m;||4, < +eo. An
application of Fatou’s lemma yields that

/H|Tm(f)\pdx: liminf |T,,, (f)|? dx

R? jﬁoc

< liminf [ [T, (f)[" dx
J—roo R~
P

< lijrgiorclf|‘mj”;/p||f||m’
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which implies that m € .#),. This argument shows that if m; € .#,, and m; — m
uniformly, then m is in .#), and satisfies

mll., <liminffm;].q, -
Apply this inequality to my —m; in place of m; and my — m in place of m, for some

fixed k. We obtain
[m —m||_z, Slijrgglmek—ij///p (2.5.17)

for each k. Given € > 0, by the Cauchy criterion, there is an N such that for j .k > N
we have ||my —m|| 4, < €. Using (2.5.17) we conclude that ||my —m|| 4, < € when
k > N, thus my, converges to m in ///,,.

This proves that .#, is a Banach space. (]

The following proposition summarizes some simple properties of multipliers.

Proposition 2.5.14. For allm € .#),, 1 < p < oo, x € R", and h > 0 we have

(GOl L P (25.18)
18" e, = llmll.s, 25.19)
1ll_g, = llmll.s;,
e ml| , = ] g,
[|moAl| "y = [|m|| w,  Alsanorthogonal matrix
Proof. See Exercise 2.5.2. (I

Example 2.5.15. We show that for —eo<a<b <o we have || X(4.4)[.2, = | Xj0,1] .2,
Indeed, using (2.5.18) we obtain that || x(.4/ll.2, = [IX/0,5—a)ll.#, » and the latter is
equal to [|¥(0,1][|.z, in view of (2.5.19). The fact that we have || x[o,1)[|., < o for all
I < p < oo is shown in Chapter 5.

We continue with the following interesting result.

Theorem 2.5.16. Suppose that m(&,n) € #,(R"™™), where 1 < p < co. Then for
almost every & € R" the function n — m(&,n) is in A4,(R™), with

(&g ey < Nl e

Proof. Since m lies in L™ (R"™™), it follows by Fubini’s theorem that for almost all
& € R”, the function n — m(&,n) lies in L=(R™) and

(&, | =gy < (2] = i - (2.5.20)
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Fix f1, g1 in Z(R") and f3, g2 in .(R™). Define the functions (fi ® f2)(x,y) =
f1(x)f2(y) when x € R" and y € R™. For all & for which (2.5.20) is satisfied define

ME) = [ (& )7) ) ) dy= [ m(Em)pam)e (n)an

and observe that

| MO)R) 10

- | [ MOR@ @z

= //Rﬁmm(&n)@(&vn)(&®g2)v(§,n)d§dn‘

= [ AR e @ g2) )

IN

Filleo 2110 81l g2l

[l e
In view of the identity

o~

/,l (M()A) (%) g1(x)dx],

H(M()J/C\I)VHL,, = Ssup

il <1

it follows that, for the & that satisfy (2.5.20), M(&) lies in ., (R") with

1M1 ey < 1], s 721l 821

Since ||M||1 < [|M||.4, for almost all & € R", we obtain

Al el @520

o 07(E R 0) 21| = M(E) < ] g g

which of course implies the required conclusion, by taking the supremum over all
. / .
&> in LP with norm at most 1. (]

Example 2.5.17. (The cone multiplier) On R"*! define the function

A
ml(élw-'ﬁéiﬂrl)(lw) 5 l>07

n+1 n

where the plus sign indicates that mj; = 0 if the expression inside the parentheses is
negative. The multiplier m, is called the cone multiplier with parameter A. If my, is
in .#,(R"*1), then the function by (&) = (1 — |€|?)* defined on R” is in ., (R").
Indeed, by Theorem 2.5.16 we have that for some &, = h, by ({1 /h,..., &, /h) is in
A ,(R") and hence so is by by property (2.5.19).
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Exercises

2.5.1. Prove that if f € LY(R") and 0 < g < oo, then
’|Th(f)+f’|Lq_>21/quHLq as |h| — co.

2.5.2. Prove Proposition 2.5.14. Also prove that if 5;” is a dilation operator in the
Jjth variable (for instance 5{” f(x) = f(hix1,x2,...,x,)), then

67"+ &m| g, = ]y,

2.5.3. Let m € .#,(R") where 1 < p < co.
(a) If v is a function on R” whose inverse Fourier transform is an integrable func-
tion, then prove that

lwmll g, < 1" [l llmll, -

(b) If yis in L' (R"), then prove that

lw=mll g, < l[wll.illml g,

2.5.4. Fix a multi-index 7.
(a) Prove that the map T'(f) = f * 978 maps . continuously into ..

(b) Prove that when 1/p—1/q # |y|/n, T does not extend to an element of the space
P,

2.5.5. Let Ky(x) = |x| "7, where 0 < ¥ < n. Use Theorem 1.4.25 to show that the
operator

T(f)=f+Ky, fe,

extends to a bounded operator in .Z 79 (R"), where 1 /p—1/g=7/n,1 < p < q < oo
This provides an example of a nontrivial operator in .#?4(R") when p < g.

2.5.6. (a) Use the ideas of the proof of Proposition 2.5.13 to show that if m; € .#,,
1 <p <o, |mjll.g, <Cforall j=1,2,...,and mj — m a.e., then m € ./, and

]l ey < liminf ;] g < C-

(b) Prove that if m € .#,, 1 < p < e, and the limit mo(&) = l%im m(& /R) exists for
—»00

all § € R”, then my is a radial function in .2, (R") and satisfies [[mol|.z, < [|m||.,-
(c) If m € .#,(R) has left and right limits at the origin, then prove that

HmH%p(R) > max (|m(04)|,[m(0-)|).
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(d) Suppose that for some 1 < p < oo, m; € .#,(R") for all 0 <t < 0. Prove that

J Il <= = m(@)= [ m(&)F <.

2.5.7. Let 1 < p < oo and suppose that m € .#,(R") satisfies |m(&)| > ¢ (1+&])™N
for some ¢,N > 0. Prove that the operator T (f) = (fm~1)" satisfies | T(f)|r >
cpl| fllep forall f e 7 (R"), where ¢, = ||m||j/[lp

2.5.8. (a) Prove that if m € L™(R") satisfies m" > 0, then for all 1 < p < o we have

mll g, = llm“1l..-

(b) (L. Colzani and E. Laeng) On the real line let

-1 for£>0 ~ Jmin(§ -1,0) for& >0
ml(é){l for £ <0, mz(é){max(ﬁ—&—l,o) for &€ < 0.

Prove that
] = [mal]

forall 1 < p < oo.
[Hint: Part (a): Use Exercise 1.2.9. Part (b): Use part (a) to show that ||mgml_1 ., =

1. Deduce that |[m2||.z, < |[m1l|.4,. For the converse use Exercise 2.5.6 (©).]

2.5.9. ([94]) Let 1 < p < o0 and 0 < A < oo. Prove that the following are equivalent:
(a) The operator f +— Y,,czn amf(x —m) is bounded on L? (R") with norm A.

(b) The .#,, norm of the function ¥.,,cz» ame 2™~ is exactly A.

(c) The operator given by convolution with the sequence {ay, } is bounded on ¢ (Z")
with norm A.

2.5.10. ([177]) Let m(&) in .#,(R") be supported in [0, 1]". Then the periodic ex-
tension of m in R”,

M(E) =Y, mE—k),

kezn
is also in ., (R").

2.5.11. Suppose that u is a € function on R”\ {0} that is homogeneous of degree
—n+it, T € R. Prove that the operator given by convolution with « maps L?(R") to
L*(R™).

2.5.12. ([142]) Let m; € L"(R") and m; € L’ (R") for some 2 < r < o. Prove that

ml*mgE///p(R")When%—%:%andl§p§2.

[Hint: Prove that the trilinear operator (my,my, f)— ((my * mz)f)v is bounded from
L>x L[> x L' — L' and L* x L' x L> — L?. Apply trilinear complex interpolation
(Corollary 7.2.11 in [131]) to deduce the required conclusion for 1 < p < 2.}
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2.5.13. Show that the function e/l is an L? Fourier multiplier on R” if and only if
p=2.

[Hint: By Exercise 2.4.12 the inverse Fourier transform of ei‘5|2 is in L*, thus the
operator f (f(é)ei”mz)v maps L' to L*. Since this operator also maps L* to L?,
it should map L? to L” forall 1 <p< 2.]

2.6 Oscillatory Integrals

Oscillatory integrals have played an important role in harmonic analysis from its
outset. The Fourier transform is the prototype of oscillatory integrals and provides
the simplest example of a nontrivial phase, a linear function of the variable of in-
tegration. More complicated phases naturally appear in the subject; for instance,
Bessel functions provide examples of oscillatory integrals in which the phase is a
sinusoidal function.

In this section we take a quick look at oscillatory integrals. We mostly concentrate
on one-dimensional results, which already require some significant analysis. We
examine only a very simple higher-dimensional situation. Our analysis here is far
from adequate.

Definition 2.6.1. An oscillatory integral is an expression of the form
() = / AWy (x) dx, 2.6.1)
Rn

where A is a positive real number, ¢ is a real-valued function on R" called the
phase, and y is a complex-valued and smooth integrable function on R", which is
often taken to have compact support.

2.6.1 Phases with No Critical Points

We begin by studying the simplest possible one-dimensional case. Suppose that ¢
and y are smooth functions on the real line such that supp y is a closed interval and

¢'(x)#0  forall x € supp y.

Since ¢’ has no zeros, it must be either strictly positive or strictly negative every-
where on the support of . It follows that ¢ is monotonic on the support of y and
we are allowed to change variables

u=@(x)
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in (2.6.1). Then dx = (¢'(x)) ~'du = (¢~')'(u) du, where ¢! is the inverse function
of ¢. We transform the integral in (2.6.1) into

[ e wio w)ie™!) wdu 262)

and we note that the function 8 (u) = w(¢~'(u))(¢~")’(u) is smooth and has com-
pact support on R. We therefore interpret the integral in (2.6.1) as 5(71 /2m), where
6 is the Fourier transform of 6. Since 6 is a smooth function with compact support,
it follows that the integral in (2.6.2) has rapid decay as A — co.

A quick way to see that the expression 8(—A /27) has decay of order A~ for all
N > 0as A tends to o is the following. Write

iAu _ L ﬂ (eilu)
(iA)N duN

and integrate by parts N times to express the integral in (2.6.2) as

G ALID)
(i/l)N/R el

from which the assertion follows. Hence
1(A)] = |8(=A/2m)| < CyA TN, (2.6.3)

where Cy = ||0™) |1, which depends on derivatives of ¢ and .
We now turn to a higher-dimensional analogue of this situation.

Definition 2.6.2. We say that a point x is a critical point of a phase function ¢ if

V(p()C()) = (81([)()60), e ,&n(p(X())) =0.

Example 2.6.3. Let £ € R"\ {0}. Then the phase functions ¢@; (x) =x-&, @2(x) =
¢% have no critical points, while the phase function @3(x) = |x|> —x- & has one
critical point at xg = 3&.

The next result concerns the behavior of oscillatory integrals whose phase func-
tions have no critical points.

Proposition 2.6.4. Suppose that y is a compactly supported smooth function on R"
and that ¢ is a real-valued €* function on R" that has no critical points on the
support of W. Then the oscillatory integral

I(A) = / ) e* W) yr(x) dx (2.6.4)

obeys a bound of the form |I(1)| < CyA™N for all A > 1 and all N > 0, where Cy
depends on N and on @ and .
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Proof. Since the case n = 1 has already been discussed, we concentrate on dimen-
sions n > 2. For each y in the support of y there is a unit vector 8, such that

6,-Vo(y) = [Voy)l.

By the continuity of V¢ there is a small neighborhood B(y, ry) of y such that for all
x € B(y,ry) we have

1
6, Vo(x) > 5 [Vo()| > 0.

Cover the support of y by a finite number of balls B(y;,ry;), j = 1,...,m, and pick
¢ =min; |V@(y;)|; we have

0y, Vo(x) >c>0 (2.6.5)

forall x € B(y;,ry;) and j=1,...,m.

Next we find a smooth partition of unity of R” such that each member §; of the
partition is supported in some ball B(y;, ryj) or lies outside the support of y. We
therefore write

1) =Y [ M0y(g ) dr, (2:6.6)
k

where the sum contains only a finite number of indices, since only a finite number
of the {,’s meet the support of . It suffices to show that every term in the sum in
(2.6.6) has rapid decay in A as A — oo.

To this end, we fix a k and we pick a j such that the support of W is contained
in some ball B(y;,ry;). We find unit vectors 6y, 5,...,8y, », such that the system
{6y,,6y,2,...,8y, 4} is an orthonormal basis of R". Let e; be the unit (column)
vector on R” whose jth coordinate is one and whose remaining coordinates are zero.
We find an orthogonal matrix R such that R'e; = Oyj and we introduce the change
of variables u =y;+ R(x —y;) in the integral

L) = [ AIpG 0 dx.

The map x — u = (u1,...,u,) is a rotation that fixes y; and preserves the ball

B(yj,ry;). Defining @(x) = ¢°(u), w(x) = y°(u), §(x) = & (u), under this new
coordinate system we write

zk(/m)_/K{/RJW("W(M,...,un)z_:,f(ul,...,un)dul}duz.--dun, 2.6.7)

where K is a compact subset of R" !, Since R is an orthogonal matrix, R 1=FR,
and the change of variables x = y; 4+ R'(u —y;) implies that

or
8141

= first column of ' = firstrow of R = R'e; = 6y, .
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Thus for all x € B(y;,r;) we have

de°(u)  Je(y;+R (u—y;)) ox .
F e =Vo(x) i Vo(x)-6y, >c>0

in view of condition (2.6.5). This lower estimate is valid for all u € B(yj,ry,), and

therefore the inner integral inside the curly brackets in (2.6.7) is at most CyA ™" by
estimate (2.6.3). Integrating over K results in the same conclusion for /(1) defined
in (2.6.4). O

2.6.2 Sublevel Set Estimates and the Van der Corput Lemma

We discuss a sharp decay estimate for one-dimensional oscillatory integrals. This
estimate is obtained as a consequence of delicate size estimates for the Lebesgue
measures of the sublevel sets {|u| < o} for a function u. In what follows, u¥) denotes
the kth derivative of a function u(¢) defined on R, and €* the space of all functions
whose kth derivative exists and is continuous.

Lemma 2.6.5. Let k > 1 and suppose that ay, . .. ,a; are distinct real numbers. Let
a=min(a;) and b=max(a;) and let f be a real-valued €*~" function on |a,b] that
is €% on (a,b). Then there exists a point y in (a,b) such that

k
Y enflam) = F9 ),
m=0

k
where ¢y = (—1)*k! TT (a7 —am) ™.
&

Proof. Suppose we could find a polynomial py (x) = ZI?ZO b jx/ such that the function
¢(x) = f(x) = pe(x) (2.6.8)

satisfies @(a,;) = 0 for all 0 < m < k. Since the a ; are distinct, we apply Rolle’s
theorem & times to find a point y in (a,b) such that

FO) = kb

The existence of a polynomial p; such that (2.6.8) is satisfied is equivalent to the
existence of a solution to the matrix equation
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aé ag_l ... A ] bk f(ao)
ad a7t .oa 1 br—1 Sflay)
Cl]]g_l a’,ﬁj el Al 1 b1 f(ak_l)
ai a’,i_l ceooar 1 bo flax)

The determinant of the square matrix on the left is called the Vandermonde deter-
minant and is equal to

k=1 &
IT I1 (ac—aj) #0.
(=0 j=(+1

Since the a; are distinct, it follows that the system has a unique solution. Using
Cramer’s rule, we solve this system to obtain

k—1 k
1 I (ar—ay)

k [Z;O j=i+1
_ _1\ym m Jj#Fm
b= X (1" lan)
"= [T II (ar—ay)
(=0 j=(+1
k k
= Z (=1)"f(am) H(a[; —am)*l (_1)kim-
m=0 (=0
{#m
The required conclusion now follows with ¢, as claimed. U

Lemma 2.6.6. Let E be a measurable subset of R with finite nonzero Lebesgue mea-
sure and let k € 2. Then there exist ay, . .. ,ay in E such that for all £ =0,1,... k

we have
k

[Tla; - arl = (1E]/2¢)". (2.6.9)
Jj=0
J#t

Proof. Given a measurable set E with finite measure, pick a compact subset E’ of

E such that |[E \ E'| < 8, for some & > 0. For x € R define T (x) = |(—c0,x) NE’|.
Then T enjoys the distance-decreasing property

T(x) =T ()] < |x—yl

for all x,y € E'; consequently, by the intermediate value theorem, T is a surjective
map from E’ to [0,|E’|]. Let a; be points in E’ such that T'(a;) = £|E'| for j =

0,1,...,k. For k an even integer, we have
[Tles el = T2 L] = F12 e = T (2 e
a;—ay| > ‘7E —CIE) > ‘7—f’E - (—) E',
=0 =0 k k 720 kK 2 o\ k
J#t J#L j#k

and it is easily shown that ((k/2)!)’k* > (2¢)*.
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For k an odd integer we have

H|a,—ae\>n(k|E|——

1#/ ./

k+1

—c|EF,

k .
J
ZH\%
IL

while the last product is at least
12 Sly2k+i .
2.2 2 U s )R,
{k Kk } 2w =20

We have therefore proved (2.6.9) with E’ replacing E. Since |[E\ E'| < 8 and § > 0
is arbitrarily small, the required conclusion follows. (]

The following is the main result of this section.

Proposition 2.6.7. (a) Let u be a real-valued €* function, k € Z7, that satisfies
u® (1) > 1 for all t € R. Then the following estimate is valid for all o > 0:

1 1

{reR: [ut) <a}| < (2e)((k+1))Eak. (2.6.10)

(b) Let —oo < a < b < oo, For all k > 2, for every real-valued €* function u on the
line that satisfies u'®) (t) > 1 for all t € [a,b), and every A € R\ {0} we have:

b
/ ) gy
a

(c) If k =1, u/(¢) is monotonic on (a,b), and u'(t) > 1 for all t € (a,b), then for all
nonzero real numbers A we have

< 12Kk|A| R 2.6.11)

b
’/ M Oarl <3(A7". (2.6.12)
a
Proof. Part (a): Let E = {r € R: |u(t)| < a}. If |E| is nonzero, then by Lemma
2.6.6 there exist ag,ay,...,a; in E such that for all £ we have
|E[F < (2e "H aj—ay). (2.6.13)
o

Lemma 2.6.5 implies that there exists y € (min aj,maxa j) such that

k
u® (y ) k! Z u(am) [ (ae —am) ™" (2.6.14)
- [;r(r)z



2.6 Oscillatory Integrals 167

Using (2.6.13), we obtain that the expression on the right in (2.6.14) is in absolute
value at most

(k+1)! max |u(a;)| (2e)*|E|™* < (k+ 1)1 (2¢)* |E|7F,
0<j<k

since a; € E. The bound u¥)(r) > 1 now implies
E[f < (k+1)!(2¢)

as claimed. This proves (2.6.10).
Part (b): We now take k > 2 and we split the interval (a,b) in (2.6.11) into the
sets

Rlz{te( b): [ ()] < B},
= {re(ab): W' ()| > B},

for some parameter 3 to be chosen momentarily. The function v = u’ satisfies
v&=D' > 1 and k — 1 > 1. It follows from part (a) that

’ / idu(t dl

To obtain the corresponding estimate over R, we note that if uk) > 1, then the set
{|«'| > B} is the union of at most 2k — 2 intervals on each of which ' is monotone.
Let (c,d) be one of these intervals on which u’ is monotone. Then #’ has a fixed sign
on (c,d) and we have

d
/ Jhut) gy
c

<|Ry| < 2e (k)71 BET < 6k BT .

d . 1
_ idu(t)\’/
/C () i

d . | Y 1 |e
ilu(r) _ - -
/c MO (3 t)) ‘”‘* A W@~ W

idu(d)  yidu(c)

where we use the monotonicity of 1/u/(r) in moving the absolute value from inside
the integral to outside. It follows that

/ idu(t )dl
Ry

6k
~IAIB
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Choosing B = |A|~*~1D/* to optimize and adding the corresponding estimates for
R, and R,, we deduce the claimed estimate (2.6.11).

Part (c): Repeat the argument in part (b) setting § = 1 and replacing the interval
(c,d) by (a,b). O

Corollary 2.6.8. Let (a,b), u(t), A > 0, and k be as in Proposition 2.6.7. Then for
any function y on (a,b) with an integrable derivative and k > 2, we have

b
/e'}”‘(t)l[/(t)dt

<12klvkhwwﬂ+1AbW/@ﬂdﬂ.

We also have

b,
/etlu(t)lll(t)dt

a

<Mﬁ[ww+LﬁﬂmmL

when k =1 and u' is monotonic on (a,b).

Proof. Set
X
Pl = [ et ar
a

and use integration by parts to write

b b
[ Myt ar = Fo)wo) - [ Fow @ ar.
The conclusion easily follows. O

Example 2.6.9. The Bessel function of order m is defined as

J 7i n irsin —im@de
n(r) = )y € e .

Here we take both r and m to be real numbers, and we suppose that m > — %; we refer
to Appendix B for an introduction to Bessel functions and their basic properties.

We use Corollary 2.6.8 to calculate the decay of the Bessel function J,,(r) as
r — oo, Set

9(6) = sin(6)

and note that ¢’(8) vanishes only at 6 = 7/2 and 37 /2 inside the interval [0,27] and
that ¢”(7/2) = —1, while ¢”(37/2) = 1. We now write 1 = y; + y» + y3, where
Y is smooth and compactly supported in a small neighborhood of 7/2, and v, is
smooth and compactly supported in a small neighborhood of 37/2. For j = 1,2,
Corollary 2.6.8 yields

2T .
/ elrsm(G) (l//j(G)e”me)dG < Cmr71/2
0
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for some constant C, while the corresponding integral containing Y3 has arbitrary
decay in r in view of estimate (2.6.3) (or Proposition 2.6.4 when n = 1).
Exercises

2.6.1. Suppose that u is a real-valued %* function defined on the line that satisfies
[u®) (£)| > ¢o > 0 for some k > 2 and all ¢ € (a,b). Prove that for A € R\ {0} we

have .
/ ) gy
a

and that the same conclusion is valid when k = 1, provided «’ is monotonic.

<12k (Aco) ™k

2.6.2. Show that if %’ is not monotonic in part (c) of Proposition 2.6.7, then the
conclusion may fail.

[Him‘: Let @(¢) be a real-valued smooth function that is equal to 2¢ on intervals
[27k+ &, 27 (k+ %) — &] and equal to 7 on intervals 27 (k+ 1) + &, 27 (k+1) — &,
where 0 < k < N, for some N € Z™. Show that the absolute value of the integral of
¢'®") over the interval [g9,27(N + 1) — &y] tends to infinity as N — .

2.6.3. Prove that the dependence on k of the constant in part (b) of Proposition 2.6.7
is indeed linear.
[Hint: Take u(r) =t /k! over the interval (0,k!).]

2.6.4. Follow the steps below to give an alternative proof of part (b) of Proposition
2.6.7. Assume that the statement is known for some k > 2 and some constant C(k)
for all intervals [a,b] and all €* functions satisfying u®) > 1 on [a,b]. Fix a €**!
function u such that u**!) > 1 on an interval [a,b]. Let ¢ be the unique point at
which the function «) attains its minimum in [a, b].

(a) If u®(¢) = 0, then for all § > 0 we have u¥)(r) > & in the complement of the
interval (¢ — 6,c+ &) and derive the bound

b .
/ellu(l)dt

Ja

<2C(k)(A8) VK425,

(b) If u®)(c) # 0, then we must have ¢ € {a,b}. Obtain the bound

b
/ Shult) gy
a

(c) Choose a suitable d to optimize and deduce the validity of the statement for k+ 1
with C(k+ 1) = 2C(k) +2, hence C(k) = 3 -2k~ 2k — 2, since C(1) = 3.

2.6.5. (a) Prove that for some constant C and all A € R and € € (0, 1) we have

o dt
/ el}t[ “@b
e<|t|<1 t

<Ck)(A8) k48,

<C.
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(b) Prove that for some C' < oo, all A € R, k> 0, and € € (0,1) we have

gk dt
/ ez/ltit “r
e<|r|<1 t

(c) Show that there is a constant C” such that for any 0 < € < N < oo, for all &;,&,
in R, and for all integers k > 2, we have

/ QG5 tEsh) 45
e<|s|<N s

[Hint: Part (a): For || small use the inequality |¢*" — 1| < |Az|. If |A| is large,
split the domains of integration into the regions |t| < |A|~! and |t| > |A|~! and use
integration by parts in the second case. Part (b): Write

<C.

< C//

P k -k .
e:()Ltit ) _ 1 _ ei)Lt et ezlt
t t t

and use part (a). Part (c): When & = &, = 0 it is trivial. If & = 0, &; # 0, change
variables t = &;s and then split the domain of integration into the sets |¢| < 1 and
|f| > 1. In the interval over the set || < 1 apply part (b) and over the set |t > 1 use
integration by parts. In the case & # 0, change variables = |&|'/%s and split the
domain of integration into the sets [¢| > 1 and |¢| < 1. When |¢| < 1 use part (b) and

k 1k gk
in the case |t| > 1 use Corollary 2.6.8, noting that %W =k!>1]

2.6.6. (a) Show that for all @ > 0 and A > 0 the following is valid:

al .
/ ezl logt dt
0

(b) Prove that there is a constant ¢ > 0 such that for all » > A > 10 we have

b
/ ezltlogt dt
0

[Hint: Part (b): Consider the intervals (0,8) and [8,b) for some 8. Apply Proposi-
tion 2.6.7 with k = 1 on one of these intervals and with k = 2 on the other. Then
choose a suitable & ]

<a.

c
< .
~ AlogA

2.6.7. Show that there is a constant C < oo such that for all nonintegers Y > 1 and
C
< —

all A,b > 1 we have
b
irt?
dt .
/0 R Y

[Hint: On the interval (0,8) apply Proposition 2.6.7 with k = [y] + 1 and on the
interval (8,b) with k = [y]. Then optimize by choosing § = 1~1/7.]
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HISTORICAL NOTES

The one-dimensional maximal function originated in the work of Hardy and Littlewood [146].
Its n-dimensional analogue was introduced by Wiener [375], who used Lemma 2.1.5, a variant of
the Vitali covering lemma, to derive its L” boundedness. One may consult the books of de Guzman
[92], [93] for extensions and other variants of such covering lemmas. The actual covering lemma
proved by Vitali [368] says that if a family of closed cubes in R" has the property that for every point
x € A CR" there exists a sequence of cubes in the family that tends to x, then it is always possible
to extract a sequence of pairwise disjoint cubes E; from the family such that |A\ ; E;| = 0. We
refer to Saks [310] for details and extensions of this theorem.

The class Llog L was introduced by Zygmund to give a sufficient condition on the local integra-
bility of the Hardy-Littlewood maximal operator. The necessity of this condition was observed by
Stein [336]. Stein [341] also showed that the LP(R") norm of the centered Hardy-Littlewood max-
imal operator M is bounded above by some dimension-free constant; see also Stein and Stromberg
[345]. Analogous results for maximal operators associated with convex bodies are contained in
Bourgain [35], Carbery [51], and Miiller [263]. Bourgain [37] showed the the Hardy-Littlewood
maximal operator associated with cubes is bounded on L”(R") with dimension-free bounds when
p > 1. Aldaz [2] studied the corresponding weak type (1,1) bounds and proved that they grow
to infinity with the dimension; the constant was improved by Aubrun [15]. The situation for the
uncentered maximal operator M on L? is different, since given any 1 < p < o there exists C, > 1
such that || M||1p(re)—r(rr) > C}, (see Exercise 2.1.8 for a value of such a constant C,, and also the
article of Grafakos and Montgomery-Smith [136] for a larger value).

The centered maximal function M, with respect to a general inner regular locally finite posi-
tive measure u on R” is bounded on L?(R", ) without the additional hypothesis that the measure
is doubling; see Fefferman [117]. The proof of this result requires the following covering lemma,
obtained by Besicovitch [27]: Given any family of closed balls whose centers form a bounded sub-
set of R”, there exists an at most countable subfamily of balls that covers the set of centers and has
bounded overlap, i.e., no point in R” belongs to more than a finite number (depending on the dimen-
sion) of the balls in the subfamily. A similar version of this lemma was obtained independently by
Morse [258]. See also Ziemer [385] for an alternative formulation. The uncentered maximal opera-
tor M), of Exercise 2.1.1 may not be weak type (1,1) if the measure u is nondoubling, as shown by
Sjdgren [323]; related positive weak type (1,1) results are contained in the article of Vargas [365].
The precise value of the operator norm of the uncentered Hardy—Littlewood maximal function on
L”(R) was shown by Grafakos and Montgomery-Smith [136] to be the unique positive solution of
the equation (p — 1)x” — pxP~1 — 1 = 0. This constant raised to the power n is the operator norm
of the strong maximal function M; on LP(R") for 1 < p < co. The best weak type (1,1) constant
for the centered Hardy-Littlewood maximal operator was shown by Melas [248] to be the largest
root of the quadratic equation 12x> —22x 45 = 0. The strong maximal operator M; is not weak
type (1, 1), but it satisfies the substitute inequality dy, () (@) < C [ga @(1 +log™ @)’H dx.
This result is due to Jessen, Marcinkiewicz, and Zygmund [176], but a geometric proof of it was
obtained by Cérdoba and Fefferman [73].

The basic facts about the Fourier transform go back to Fourier [119]. The theory of distributions
was developed by Schwartz [314], [315]. For a concise introduction to the theory of distributions
we refer to Hormander [160] and Yosida [382]. Homogeneous distributions were considered by
Riesz [295] in the study of the Cauchy problem in partial differential equations, although some
earlier accounts are found in the work of Hadamard. They were later systematically studied by
Gelfand and Silov [126], [127]. References on the uncertainty principle include the articles of
Fefferman [114] and Folland and Sitaram [118]. The best possible constant B), in the Hausdorff—

Young inequality Hf“lﬁ ®) < By || fllzr(rr) When 1 < p <2 was shown by Beckner [21] to be

B, = (pl/p(p’)‘l/”/)"/z. This best constant was previously obtained by Babenko [16] in the case
when p' is an even integer.

A nice treatise of the spaces .74 is found in Hormander [159]. This reference also con-
tains Theorem 2.5.6, which is due to him. Theorem 2.5.16 is due to de Leeuw [94], but the proof
presented here is taken from Jodeit [178]. De Leeuw’s result in Exercise 2.5.9 says that periodic
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elements of .#,(R") can be isometrically identified with elements of ./ (T"), the latter being the
space of all multipliers on ¢ (Z"). The hint in Exercise 2.5.13 was suggested by M. Peloso.

Parts (b) and (c) of Proposition 2.6.7 are due to van der Corput [364] and are referred to in
the literature as van der Corput’s lemma. The refinement in part (a) was subsequently obtained by
Arhipov, Karachuba, and Cubarikov [8]. The treatment of these results in the text is based on the
article of Carbery, Christ, and Wright [53], which also investigates higher-dimensional analogues
of the theory. Precise asymptotics can be obtained for a variety of oscillatory integrals via the
method of stationary phase; see Hormander [160]. References on oscillatory integrals include the
books of Titchmarsh [362], Erdélyi [107], Zygmund [388], [389], Stein [344], and Sogge [328].
The latter provides a treatment of Fourier integral operators.
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