Chapter 2

Hardy Spaces, Besov Spaces,
and Triebel-Lizorkin Spaces

The main function spaces we study in this chapter are Hardy spaces which measure
smoothness within the realm of rough distributions. Hardy spaces also serve as a
substitute for L” when p < 1. We also take a quick look at Besov-Lipschitz and
Triebel-Lizorkin spaces, which provide an appropriate framework that unifies the
subject of function spaces.

One of the main achievements of this chapter is the characterization of these
spaces using Littlewood—Paley theory. Another major accomplishment of this chap-
ter is the atomic characterization of these function spaces. This is obtained from the
Littlewood—Paley characterization of these spaces in a single way for all of them.

2.1 Hardy Spaces

The Hardy spaces H?(R"), 0 < p < o, are spaces of distributions which become
more singular as p decreases. These function spaces have remarkable similarities to
L? and, in many ways, serve as a substitute for L” when p < 1. In previous sections,
we have been able to characterize L spaces, Sobolev spaces, and Lipschitz spaces
using Littlewood—Paley theory, and it should not come as a surprise that a similar
characterization is available for the Hardy spaces as well.

There exists an abundance of equivalent characterizations for Hardy spaces, of
which only a few representative ones are discussed in this section. A reader inter-
ested in going through the material quickly may define the Hardy space H” as the
space of all tempered distributions f modulo polynomials for which

17l = | (KZij(f)F)%

< oo @2.1.1)
Lp

whenever 0 < p < 1. An atomic decomposition for Hardy spaces can be obtained
from this definition (see Section 2.3), and once this is available, the analysis of
these spaces is significantly simplified. For historical reasons, however, we choose
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to define Hardy spaces using a more classical approach, and, as a result, we have to
go through a considerable amount of work to obtain the characterization in (2.1.1).

2.1.1 Definition of Hardy Spaces

To give the definition of Hardy spaces on R”, we need some background. We say
that a tempered distribution v is bounded if ¢ xv € L*(R") whenever ¢ is in . (R").
We observe that if v is a bounded tempered distribution and i € L' (R"), then the
convolution % * v can be defined as a distribution via the convergent integral

<h>|<v7(p> = <6*v,%> = /l;n(¢*v)(x)%()c)dx7

where @ is a Schwartz function and @(x) = @(—x), h(x) = h(—x).
The Poisson kernel P is the function

(2.1.2)

Fort > 0, let P;(x) =t "P(t'x). If v is a bounded tempered distribution, then P, * v
is a well-defined distribution, since P, is in L. We claim that P, % v can be identified
with a well-defined bounded function. To see this, write 1 = ¢(&) +1—@(&), where
¢ € Z(R") is equal to 1 in a neighborhood of the origin. Then & = ¢ + (8 — @)
and

Pxv=Px*x(@*v)+Px*(0—@)x*v.

Since P, lies in L! and @ +vin L™, it follows that P, x (¢ xv) is a bounded function.
Also the Fourier transform of P, % (8 — @) is e 2™/5/(1 — (&)) which is a Schwartz
function. Thus, P; * (8 — @) is also a Schwartz function, and since v is a bounded
distribution, it follows that P, * (89 — @) xv is a bounded function. These observations
prove that P, v is a bounded function, whenever v is a bounded distribution.

An important property of bounded tempered distributions f is that

Pxf—f in. ' (R") ast — 0. (2.1.3)

For this, see Exercise 2.1.4.

Definition 2.1.1. Let f be a bounded tempered distribution on R” and let 0 < p < oo,
We say that f lies in the Hardy space HP (R") if the Poisson maximal function

M(f;P)(x) = sup|(Fr x f)(x)] (2.1.4)

t>0

lies in LP(R"). If this is the case, we set

HfHHP = HM(f;P)HLP'
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It is quite easy to see that the Dirac mass & does not belong in any Hardy space;
indeed, &y x P, = F; and sup,., P (x) is comparable to |x|~" which does not lie in
LP(R") for any p. However, the difference of Dirac masses 6; — 6_; lies in H?(R)
for 1/2 < p < 1. To see this, notice that

4|x] t
81 * P, —(8_1 %P, =sup — )
P |(0 A)C) — (O B | = 0 S e e 1Y)

(2.1.5)

Suppose that [x+ 1| < [x— 1], i.e., x < 0. Then we have

- ]+ oy I
R e TR P T Rl P [ P T P T

Also,

sup tlx] ~  sup tx] _ ||
pertj<ishe-1) R =IR)E+ x+1P) g k=12 k= 1PRx+ 1

while

~

sup dil ~ su M: 1
| (PR =1P) @+ 12) sty 1t = 1P

|x]
12 x—1]

X
h*lLL+l
x > 0. Consequently, (2.1.5) lies in L”(R) if and only if 1/2 < p < 1.

At this point we don’t know whether the H” spaces coincide with any other
known spaces for some values of p. In the next theorem we show that this is the
case when 1 < p < oo,

Thus (2.1.5) is comparable to for x < 0 and analogously to for

Theorem 2.1.2. (a) Let 1 < p < oo. Then every bounded tempered distribution f in
H? is an element of LP. Moreover, there is a constant C, , such that for all such f
we have

1Al < 1A llp < Gl 7l]o

and therefore HP (R") coincides with LP(R").
(b) When p = 1, every element of H' is an integrable function. In other words,
H'(R") C LY(R") and for all f € H" we have

HfHLl < Hf”Hl : (2.1.6)

Proof. (a) Let f € HP(R") for some 1 < p < oo. The set {P, +f: ¢t >0} liesin a
multiple of the unit ball of L”(R"), which is the dual space of the separable Banach
space LP/(R”), and hence it is sequentially compact by the Banach—Alaoglu theo-
rem. Therefore, there exists a sequence 7; — 0 such that ;; * f converges to some L”
function fj in the weak™ topology of L”. On the other hand, in view of (2.1.3), P}, x f
in #/(R") as t; — 0, and thus the bounded tempered distribution f coincides with
the L? function fp. Since the family {P,};~¢ is an approximate identity, Theorem
1.2.19 in [156] gives that

||P,>kf—f||L,,—>0 ast — 0,
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from which it follows that

171

S H Sup‘Pt*f|HLP = HfHHP' (2.1.7)
>0

The converse inequality is a consequence of the fact that

sup [Py f| < M(f),
>0

where M is the Hardy-Littlewood maximal operator. (See Corollary 2.1.12 in [156].)

(b) The case p = 1 requires only a small modification of the case p > 1. We
embed L' in the space of finite Borel measures .# which is the dual of the separa-
ble space Cj,(R") of all continuous functions on R” that vanish at infinity. By the
Banach-Alaoglu theorem, the unit ball of . is weak™ sequentially compact, and we
can extract a sequence #; — 0 such that F;; * f converges to some measure [ in the
topology of measures. In view of (2.1.3), it follows that the distribution f can be
identified with the measure U.

It remains to show that u is absolutely continuous with respect to Lebesgue mea-
sure, which would imply that it coincides with some L! function. We show that u is
absolutely continuous with respect to Lebesgue measure by showing that for all sub-
sets E of R" we have |E| =0 = |u(E)| = 0. Since sup, |P * f| lies in L' (R"),
given € > 0, there exists a § > 0 such that for any measurable subset F of R"” we
have

|F| <6 = /sup|P,*f\dx<£.
JF >0
Given E with |E| = 0, we can find an open set U such that E C U and |U| < §. Let

us denote by %o (U) the space of continuous functions g(x) that are supported in U
and tend to zero as |x| — oco. Then for any g in Gpo(U) we have
8(x) (B, = f)(x) dx

/ gd#’ = lim

n j—oo | JR2

- [ supl(Ep)(oldn
U t>0

ells]] -

IN

A

Let |u| be the total variation of (. Then we have (see [190] (20.49))

@)= [ raul=sup{| [ eau|: ¢ ), el <1},

which implies |u|(U) < €. Since € was arbitrary, it follows that |u|(E) = 0 and
thus p(E) = 0; hence u is absolutely continuous with respect to Lebesgue measure.
Finally, (2.1.6) is a consequence of (2.1.7), which is also valid for p = 1. [l
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We may wonder whether H! coincides with L'. We show in Corollary 2.4.8 that
elements of H' have integral zero; thus H' is a proper subspace of L'.

2.1.2 Quasi-norm Equivalence of Several Maximal Functions

We now obtain some characterizations of these spaces.

Definition 2.1.3. Let a,b > 0. Let @ be a Schwartz function and let f be a tempered
distribution on R". We define the smooth maximal function of f with respect to ®
as

M(f; ®)(x) = sup [(P; + ) (x)|.

t>0

We define the nontangential maximal function (with aperture a) of f with respect to
d as

M, (f;®)(x) =sup sup [(Dr*f)(y)-
=0 \y{il|{<nat

We also define the auxiliary maximal function

(P f) (x =)

M (f; @) (x) = sup sup —————2 (2.1.8)
o)) =sup S T Ty
and we observe that
M(f; @) <M;(f;®) < (1+a)"M;*(f; D) (2.1.9)

for all a,b > 0. We note that if & is merely integrable, for example, if @ is the
Poisson kernel, the maximal functions M(f; ®), M;;(f;P), and M;*(f; P) are well
defined only for bounded tempered distributions f on R".

For a fixed positive integer N and a Schwartz function ¢ we define the quantity

M(g)= [ (141" T (0% ()]dx. 2.110)
R” o] <N+1
We now define
Fv={pes®): Mg <1}, @.L11)

and we also define the grand maximal function of f (with respect to N) as

AN (f)(x) = sup Mi(f;0)(x).

PEFN

Itis a fact that all the maximal functions of the preceding subsection have compa-
rable L? quasi-norms for all 0 < p < co. This is the essence of the following theorem.
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Theorem 2.1.4. Let 0 < p < oo. Then the following statements are valid:
(a) There exists a Schwartz function ®° with [g. ®°(x)dx = 1 such that

[M(f: )], < 500]|f| (2.1.12)

Jor all bounded distributions f € .’ (R").
(b) For every a > 0 and every ® in .7 (R") there exists C(n, p,a, @) < oo such that
[z (f: @

< Ca(n,p,a,®)|M(f; P (2.1.13)

Mo 1%

for all distributions f € /' (R").
(c) For every a >0, b > n/p, and every ® in .7 (R") there exists a constant
Cs(n,p,a,b, @) < o such that

M5 (f: @)

for all distributions f € .'(R").
(d) For every b > 0 and every @ in ./ (R") with [g. ®(x)dx =1 there exists a
constant C4(b, @) < oo such that if N = [b] + 1 we have

1 <Cs(n,p,a,b,®)||M;(f:D)||,, (2.1.14)

|5 ()5 < Ca(b, )| M5*(f: D), (2.L15)

Jor all distributions f € .’ (R").
(e) For every positive integer N there exists a constant Cs(n,N) such that every
tempered distribution f with ||///N N H 1p <o is abounded distribution and satisfies

£l < Cs(n,N) || 2n(F)]] .0 (2.1.16)

that is, it lies in the Hardy space H?.
Choosing @ = @ in parts (b), (c), and (d), % <b< [%} +1,and N = [%] +1, we
conclude that for bounded distributions f we have

1 l1zp 2 |- (5 -

Moreover, for any Schwartz function @ with [, ®(x)dx = 1 and any bounded dis-
tribution f in .#/(R"), the following quasi-norms are equivalent

1Al =~ M CF: @)

with constants that depend only on @, n, p.
Before we begin the proof of Theorem 2.1.4, we state and prove a useful lemma.
Lemma 2.1.5. Let m € Z' and let @ in . (R") satisfy [gn P(x)dx = 1. Then there

exists a constant Co(®,m) such that for any ¥ in .7 (R"), there are Schwartz func-
tions @(‘*), 0 < s < 1, with the properties

¥ (x) = /0 1(@<S> * ®y)(x)ds (2.1.17)
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and

/R (14 [2)"10%) (x) | dx < Co(P,m) " N (F). 2.118)

Proof. 'We start with a smooth function § supported in [0, 1] that satisfies

2s5™
0§C(s)§—' forall0<s<1,
m!
s™ 1
C(s) = - forallogsgi,
dr
dtg(l): 0 foral0<r<m+1.
We define
+1C m+1 terms
§ § dﬂ’l e e
el — =) _ g (5) Dy Dy 5P, (2.1.19)
where
m+2 terms

e dm+1 —_———
O = (1)) S (B B 1

and we claim that (2.1.17) holds for this choice of @), To verify this assertion, we
apply m + 1 integration by parts to write

1 ] dnc m+2 terms
7 ) —_—
/()®<s)*d5sds=/0 EW xdyds+2(0) lim (@xox @) W
dm+ | m+2 terms
/—M
+1
ym /C dsm“ ...*tpv)*‘f’ds,

noting that all the boundary terms vanish except for the term at s = 0 in the first
integration by parts. The first and the third terms in the previous expression on the
right add up to zero, while the second term is equal to ¥, since @ has integral one.
This implies that the family {(® - - -* @), },~0 is an approximate identity as s — 0.
Therefore, (2.1.17) holds.

We now prove estimate (2.1.18). Let 2 be the (m+1)-fold convolution of ¢. For
the second term on the right in (2.1.19), we note that the (m+ 1)st derivative of {(s)
vanishes on [O, %] , so that we may write

Lo C2EY] 10, wwias

ds m+1

< Gty g0 [ ()" | [, H@CR 190y | ax
< Cutyy© [, [ (1 bt 521 Q)]0 v
<

Gty ) [, [ (1 1sx)71260)| 1+ 151)" 0] dyds
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Coty ([, 1+l ([ 1+ bhmeo)a)
Ch(@m) " 0 (9),

IN

A

since VA (s) <2™s™. To obtain a similar estimate for the first term on the right in
(2.1.19), we argue as follows:

[ e T

= [aewrieol| 25 [ Lot )wea
_/ 1+|x‘ m|C ‘/ _Q dm-HlP —SY)dy

sm+ 1

dx

dx

<G, [ A+l 1E6) [ 10l ¥ 0P a—slbl®] dvas

|| <m+1

<GS [, [ +rs@e)] X 0mP| () dyds

lot| <m+1

<CIEWI [ b QI+ by [ (i)™ F 0" e)ax

[ot| <m-—+1
<Cy(D,m)s" N,u(P).
We now set Co(P,m) = C\(®,m)+ C((P,m) to conclude the proof of (2.1.18). [

Next, we discuss the proof of Theorem 2.1.4.

Proof. (a) We pick a continuous and integrable function y(s) on the interval [1,)
that decays faster than any negative power of s (i.e., |y(s)| < Cys™ for all N > 0)
and such that

° 1 ifk=0
ds = ’ 2.1.20
/1 Fy(s)ds = {0 ifh=1,2,3,.... (2.1:20)
Such a function exists; see Exercise 2.1.3. In fact, we may take
1 Y 2
y(s) = gfe*“g(“l)“ sin (%(s—l)%). (2.1.21)
S

We now define the function
- / w(s)P,(x) ds, (2.122)
1

where P is the Poisson kernel. Note that the double integral

/ / n+l _N ds dx
nI (s 4 IXI
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converges and so it follows from (2.1.20) and (2.1.22) via Fubini’s theorem that

/n';b”(x)dx: 1.

Moreover, another application of Fubini’s theorem yields that

5(&) = [WORE ds= [ i)l

using that Py(&) = e 2™l (cf. Exercise 2.2.11 in [156]). This function is rapidly
decreasing as |&| — oo and the same is true for all the derivatives

0" B(E) = [ w(5)9g (e ) s, 2129

Moreover, the function @@ is clearly smooth on R” \ {0} and we will show that it is
also smooth at the origin. Notice that for all multi-indices &« we have

9 (e Il = 51l pg (£) 8] e

for some mgy € Z* and some polynomial py(€). By Taylor’s theorem, for some
function v(s, |&]) with 0 < v(s,|&]) < 27s|€|, we have

L k L+1
Comg] N a kIS ke (Z27SIEDTT e
e k;()( 2m) o +7(L+1)! e

Choosing L > myg gives

L k L+1
a(,—2mslEly — . k18] sk+\a|Poc(§) s\a\Pa(é)(—2”S|§|) " o V(s1ED)
T = R g gy |

which, inserted in (2.1.23) and in view of (2.1.20), yields that when |a| > 0, the
derivative d*®° (&) tends to zero as £ — 0 and when ot =0, ®°(§) — 1 as & — 0.

We conclude that @ is continuously differentiable and hence smooth at the origin
(cf. Exercise 1.1.1); hence it lies in the Schwartz class, and thus so does P°.
Finally, we have the estimate

M(f;@°)(x) = sup|(D*f)(x)|

t>0

= sup
>0

</ " y(s)|ds M(f:P)(x),

| v n s
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and the required conclusion follows since [;”|y/(s)|ds < 500. Note that we actually
obtained the stronger pointwise estimate

M(f;®°) <500M(f;P)
rather than (2.1.12).

(b) The control of the nontagential maximal function M} (-;®) in terms of the
vertical maximal function M(-;®) is the hardest and most technical part of the
proof. For matters of exposition, we present the proof only in the case that a = 1
and we note that the case of general a > 0 presents only notational differences. We
derive (2.1.13) as a consequence of the estimate

1
4 +§||Mf(f;<15)||p (2.1.24)

M3 (f: D))}, < C3(n,p, )| M(f;D)]]}, .

which is useful only if we know that ||Mj(f;®P)||Lr < oo. This presents a signif-
icant hurdle that needs to be overcome by an approximation. For this reason we
introduce a family of maximal functions Mj(f; <15)£*N for 0 < €,N < oo such that
|M;(f; @)V ||» < oo and such that M (f; ®)EN + M} (f;P) as € | 0 and we prove
(2.1.24) with M; (f; ®@)&" in place of M;(f;®P)%". In other words we prove

P (2.1.25)

1
| M3 (@)L, < Caln p, @, N)|MUf: @) [, + 5 M7 (£ )71

where there is an additional dependence on N in the constant C(n, p,®,N), but
there is no dependence on €. The M} (f; ®)¢" are defined as follows: for a bounded
distribution f in ./ (R") such that M(f; @) € L? we define

M (f: )5 (x) = o =) e
070 = s, w1210 (752) Ty

We first show that M;(f; @)V lies in LP(R") N L™(R") if N is large enough
depending on f. Indeed, using that (P x f)(x) = (f, P;(x—-)) and the fact that f is
in ./ (R"), we obtain constants Cy and m = my such that:

(@) < Cr Y, sup WP D) (y—w)|

|y|<m,|B|<mWER"

Cr Y. sup(L+|y|"+12™)|(9P @) (2)]

|Bl<mZ<R"

Cr(t+1™) Y sup(1+|2")|(9° &)(2)

‘ﬁ‘SmZER"

(1+ ™) Y sup (1+[2™)| (8P @) (z/1)]

min(z", +m) iR

IA

IN

IN
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(D"

< Cp (1 Lt /1™ (38 ) (2/s
’ mm(t",t'Hm)( )‘ﬁémzseulg‘( |Z/| )|( )(Z/ )|
< Cro(l+ely))"e ™1+ "+,

Multiplying by ()" (1+&ly|)~" for some 0 <7 < Land |y —x| <t yields

t N 1 Eim(l _|_87m)(8n7N_|_8n+m7N)
) N SCf’(’D N—m ’
t+e/ (1+elyl) (1+ely))

(@ ))|(

and using that 1+ €[y| > 1 (1+ €x|), we obtain for some C"(f,®,€,n,m,N) < oo,

C'(f,®,e,n,mN)
M* ;(P &N < 5 X5 €y Iy L,
l(f ) ()C) = (1+8|X|)N7m

Taking N > m+n/p, we have that M; (f; @) lies in L”(R"). This choice of N
depends on m and hence on the distribution f.
We now introduce functions

U(f: @) (x) = V(@ ) i
(f: @) (x) oil,lfyyil)lf«t‘( NON) Trepp

and

V(f; @)%V (x) = sup sup’(dbf*f)(YH( d )N( ! ( ! >[2;]+1.

o<r<1yeER" t+e 1+8M)N t+x—y|

Let C(n) = || M| ;2(gr)—12(rn)> Where M is the Hardy-Littlewood maximal operator.
We need the norm estimate

[V(£; )N, < Cn)7 ||Mi (£ )=, (2.1.26)
and the pointwise estimate
U(f;@)N <A(n,p, @,N)V(f; )", (2.1.27)
where
A(®,N.n.p) =27 Co(3;,N +[2] + DTy 2y, (9,).

To prove (2.1.26) we observe that when z € B(y,t) C B(x, |x —y| +¢) we have

@ NI (r5) T < MiC: @) @),
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from which it follows that for any y € R"

@ nWI(r) e

t+e/ (1+ely)N

< (@em |/y, CAC ’]g"z)i

lx =yl ¥ 1 N e 4 5
- ( : H) (IB(x, =yl +1)] /B(x.,lx—y\+t) (M7 (£ 2)" ()] dz)
< (W)U]HM([MT(J‘@)&N]'2’)‘2’(x).

We now use the boundedness of the Hardy—Littlewood maximal operator M on L?
to obtain (2.1.26).

In proving (2.1.27), we may assume that @ has integral 1; otherwise we can
multiply @ by a suitable constant to arrange for this to happen. We note that

V(5 f)] = |(V@), 5 ] < \/ﬁiluaj@t*ﬂ,

and it suffices to work with each partial derivative ;@ of . Using Lemma 2.1.5
we write

1
8j<I>:/ oY) « @, ds
0

for suitable Schwartz functions @), Fix x € R”, ¢ > 0, and y with [y —x| <7 < 1 /€.
Then we have

|((8j<15),*f)(y)] (l_f_g)N( +i|y|)N

(t+e>N 1+g|y| 1 ((@<S)),*<pst «f)(v)ds
)

// O (! ;’< Pux )0~ Z)‘d ds.
n (1+€ly|)N

Inserting the factor 1 written as

ts B s \Y ts+|x—(y—2)| B s e \V
ts+|x—(y—2)| ts+e€ ts ts

in the preceding z-integral and using that

(2.1.28)

t+8

1 - (1+¢€|z])V
(I+elyDV = (1+¢ly—zV
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and the fact that [x —y| <t < 1 /€, we obtain the estimate

/ / —n|@ —1 |‘( St*f)y Z)‘d ds
t+£ " (1+elyD¥
[22]41
ts+lx—(y—z P () ds
V(f;‘I))S’N(x)/O /Rn(1+8|z|)N(|tS(y)|> 1O (r 1Z)’dZSW

1 n n
VRN [ s kel (51412 F 1|00 (0)| dzas
2n

IN

IN

IN

27! C0(8<IJN+[7"}+1)UIN+2,.H1( D)V (f; )N (x)

in view of conclusion (2.1.18) of Lemma 2.1.5. Combining this estimate with
(2.1.28), we deduce (2.1.27). Estimates (2.1.26) and (2.1.27) together yield

|U(f;@)°Y||,, <C(n)A(n, p,®.N)||M;(f: @)

- (2.1.29)

We now set
= [xeR": U(f: )"V (x) < KM; (f: )" (x)}
for some constant K to be determined shortly. With A = A(n, p, ®,N), we have

(f: )& 1 - d\E
/(w [M{(f: @)Y (x)]"dx < ﬁ/(w [U(f: )5 (x)]" dx

< o | W@V ax
e [ (@) ()

KP
< 3 [ e W) s,

(2.1.30)
<

provided we choose K such that K» =2C(n)? A(n,p, ®,N)?. Obviously K is a func-
tion of n, p, @, N and in particular depends on N.

It remains to estimate the contribution of the integral of [Mj (f;®)&" (x)]” over
the set E.. We claim that the following pointwise estimate is valid:

M (£ 0)° (x) < 4C (n,N,K) 1 [M(M(f:9)7) ()] (2.131)

for any x € E¢ and 0 < g < o and some constant C’'(n, N, K), where M is the Hardy—
Littlewood maximal operator. To prove (2.1.31) we fix x € E and we also fix y such
that [y —x| <1t.

By the definition of M;(f; ®)&N (x) there exists a point (yo,7) € R such that
lx—yo| <t <1 and

N 1
\(q:t*f)(yo)|(ti8) T ebol” > 5Mi‘(f;<1>)€”v(x). (2.1.32)
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Also by the definitions of E and U (f; @)Y, for any x € E¢ we have

1|V (P x f) (&) (H’S)N(l +;|<§|)N < KM (f; )N (x) (2.1.33)

for all & satisfying | —x| <1 < é It follows from (2.1.32) and (2.1.33) that

1+elél)”

1V (@, % £)(E)] < 2K]| (D, * ) (o) | <1+£|yo|

(2.1.34)
for all & satisfying |€ —x| <t < % We let z be such that |z — x| < z. Applying the
mean value theorem and using (2.1.34), we obtain, for some & between yg and z,

|((15,*f)(z) - (‘Dz*f)()’O)’ = ’V(¢t*f)(§)| |z — o

2K 1+elg]\"
< Zl@n@l({rey) k-

2N+1
<

K@ 10012 ol
< 5l@ )00

provided z also satisfies |z — yo| < 27V ~"2K~!¢ in addition to |z — x| < ¢. Therefore,
for z satisfying |z —yo| < 27V ~2K~!t and |z — x| < t we have

(@5 £)@)| 2 5](@ ) 00)| 2 M3 (58I ),

where the last inequality uses (2.1.32). Thus we have

1
MM@)) () 2 s | (MG @) ()]

Y

1 ' ) q
|B(x,1)]| /B(x,z)mB(yO,z—N—zK—lt) [M(f’ db)(w)] dw

v

1 "
7 M* ¢ S,N q
IB(x,t)I/B<x¢>mB<yo,sz*2K*1r> 4"[ (/@700 dw

1
(M (/)N ()

|B(x,1) NB(yo,2 V2K '1)| 1
> C'(n,N.K) 479 [M{(f:0) ()],

v

|B(x,1)] 44

where we used the simple geometric fact that if |x — yo| <7 and & > 0, then

|B(x,) N B(yo, 61)|
|B(x,1)]

> Cns >0,

the minimum of this constant being obtained when |x — yo| = ¢. See Figure 2.1.
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Fig. 2.1 The ball B(yo, 8¢)
captures at least a fixed pro-

portion of the ball B(x,t). @B
q

This proves (2.1.31). Taking ¢ = p/2 and applying the boundedness of the Hardy—
Littlewood maximal operator on L? yields

/ [Mi (f; @) (x)]" dx < Cy(n, p, ®,N) / M(f;@)(x)Pdx.  (2.1.35)
Ee R"
Combining this estimate with (2.1.30), we finally prove (2.1.25).

Recalling the fact (obtained earlier) that | M; (f; @)% | 1» < o, we deduce from

(2.1.25) that

M5 (f: @), < 27Ch(n, p, ,N) | M(F3 D), - (2.1.36)

Ly

The previous constant depends on f but is independent of €. Notice that

* . &N 27N ! N
M)W 2 g s () sw [ @0

and that the preceding expression on the right increases to
27VM (f; @) ()

as € | 0. Since the constant in (2.1.36) does not depend on &, an application of the
Lebesgue monotone convergence theorem yields

1
1M; (f; @)||r < 2Y P CY(n, p, @,N) | M(f3D) |10 - (2.1.37)

The problem with this estimate is that the finite constant 2VC}(n, p, ®,N) depends
on N and thus on f. However, we have managed to show that under the assumption
|IM(f;P)||rr < oo, one must necessarily have | M (f;P)||rr < oo.

Keeping this significant observation in mind, we repeat the preceding argument
from the point where the functions U (f;¢)&" and V(f; ¢)&" are introduced, setting
€ = N = 0. Then we arrive at (2.1.24) with a constant C} (n, p, @) = Cy(n, p, ®,0)
which is independent of N and thus of f. We conclude the validity of (2.1.13) with
G (n,p,1,®) = 21/"C§'(n,p, @) when a = 1. A similar constant (depending on a)
is obtained for different values of a > 0.

(c) As usual, B(x,R) denotes a ball centered at x with radius R. Recall that

@y f)(x—
M3 (7:0) (1) = sup sup (PN
>0 ycR" (T + 1)
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It follows from the definition of M (f; P)(z) = SUp;~q SUP|,,—;|<q |(Pr * f)(w)] that
(P f)x=y) <M (f;@)(z)  if z€Bx—y,ar).

But the ball B(x — y,ar) is contained in the ball B(x, |y| + ar); hence it follows that
n 1 n
q>*fx—y5§7/ M:(f; @) () dz
|( t )( )‘ |B(y,at | (v.at) a( )( )
< / ME(f:@)(2) b dz
By, at)| JB(xfyl+an ()@
yl+ar\" . n
< (M) Moo

at

IN

n
max(l,a")<|f|+1> M(M:(f;@)) (x),
from which we conclude that for all x € R" we have
b
My (73 0) (@) < max (1) {M (M (£:0)8) (9)} "
Raising to the power p and using the fact that p > n/b and the boundedness of the

Hardy-Littlewood maximal operator M on LPb/" we obtain the required conclusion
(2.1.14).

(d) In proving (d) we may replace b by the integer by = [b] + 1. Let & be a
Schwartz function with integral equal to 1. Applying Lemma 2.1.5 with m = by, we
write any function @ in Zy as

1
o0) = [ (@ @)()ds
for some choice of Schwartz functions @), Then we have
1
0.0)= [ (00 ds

for all # > 0. Fix x € R". Then for y in B(x,1) we have

@O [ [ 1O 1(@0x )02l dzds

/Rn| ()13 )()<)C_<Syt_z)|+l>bodzds

/ *bo/| (fcp)()(' |+Z|+1)b0dzds

1
gzbOM;;(f;qS)(x)/O s [ 1©Cw)] (jwl+1)" dwds

1
SPOM (@) [ Co(,b0) 5y () s
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where we applied conclusion (2.1.18) of Lemma 2.1.5. Setting N = by = [b] + 1, we
obtain for y in B(x,t) and ¢ € Fy,

(@ % ) 0)| < 2°0Co (@, bo) My (f3 P) () -

Taking the supremum over all y in B(x,t), over all # > 0, and over all ¢ in Fy, we
obtain the pointwise estimate

Ay (f)(x) < 2MCo(P,bo) My (f: D) (x), xeR",
where N = by + 1. This clearly yields (2.1.15) if we set C4 = 2”0C0(€D, bp).

(e) We fix an f € .%/(R") that satisfies ||.#y(f)||r < oo for some fixed positive
integer N. To show that f is a bounded distribution, we fix a Schwartz function ¢
and we observe that for some positive constant ¢ = ¢, we have that ¢ ¢ is an element
of Zy and thus M{(f;c @) < .#y(f). Then

Fllox )P < inf sup [(c@*f) ()|

y=x<1jz—y|<1

inf My (f;c@)(y)”

IN

[y—x|<1
1 ,
< — M (f;c)(y)’dy
Vn Jly—x|<1
1 *
< — [ Mi(fico)(y)"dy
Vn JR?
1
< — | AN(f)(y)dy <o,
Vn JR?

which implies that ¢ x f is a bounded function. We conclude that f is a bounded
distribution. We now proceed to show that f is an element of H”. We fix a smooth
radial nonnegative compactly supported function 6 such that

1 1,
oy =4 I k<
0 if |x>2.

We observe that the identity

P(x) = P(x)0(x)+ Y (6(2*x)P(x) — 82~ % Dx)P(x))

k=
rey e re()—e(-
= P(x)0(x)+ é ZZ k(W) (x)
T s NQTH|P) T
is valid for all x € R". We set
1
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and we claim that for all bounded tempered distributions f and for all > O we have

rs)

ntl
2

27K (@®) e, 5 f (2.1.38)

s

Pixf=(0P)i+f+

T

k=1

where the series converges in . (R™); see Exercise 2.1.5.

Assuming (2.1.38), we claim that for some fixed constant ¢ = co(n,N), the func-
tions co O P and ¢o®® lie in Fy uniformly in k =1,2,3,....

To verify this assertion for |&t| < N+ 1, we apply Leibniz’s rule to write

aa[(e<>-—e<zw }’:

e 209 Bo)—0Nb(— L
T o g w<>e@»a(( )HJ‘

R I = 2%+ |
K
< ¢
= Bga‘ o,f X%S‘x‘gz (272](—}—‘)(‘ )n+l ‘ﬁ‘

where
om Jv 1
m)y arm axY 2 ngl |?
AT (2 4 )

Kg = sup sup ‘

and this estimate follows from the fact that the function (r*> + |x|2)_% is homoge-
neous of degree —n — 1 on R"*! and smooth on the sphere S". These estimates are
uniform in k = 0,1,2,... and thus Ny (OP) + Ny (PK)) < 1/co(n,N) for all some
constant ¢ = co(n,N) forall k =0,1,2,....

Then we obtain
i oo
%2 Z Sug|(C0¢(k))2kz *f]

sup [P+ f| < sup[(6P); *f|+*

>0 t>0

Cs(n,N)AN(f),

IN

which proves the required conclusion (2.1.16).
We observe that the last estimate also yields the stronger estimate

Mi(f;P)(x) =sup sup [(Px*f)(y)| < Cs(n,N)An(f)(x). (2.1.39)
>0 yeR”
|y—x[<t
It follows that the quasi-norm ||M} (f;P)||r(rn) is also equivalent to || f]|z». O

Remark 2.1.6. To simplify the understanding of the equivalences just proved, a first-
time reader may wish to define the H” quasi-norm of a distribution f as

HfHHP = HMl*(f;P)HLP

and then study only the implications (a) = (c¢), (¢) = (d), (d) = (e), and
(e) = (a) in the proof of Theorem 2.1.4. In this way one avoids passing through
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the statement in part (b). For many applications, the identification of || f||g» with
|M7 (f; @)||r for some Schwartz function @ (with nonvanishing integral) suffices.
We also remark that the proof of Theorem 2.1.4 yields

11 20 ey 2 (|- 1)

LP(R”) I

where N = [Z]+1.

2.1.3 Consequences of the Characterizations of Hardy Spaces

In this subsection we look at a few consequences of Theorem 2.1.4. In many appli-
cations we need to be working with dense subspaces of H”. It turns out that both
HPNL? and H? N L' are dense in HP.

Proposition 2.1.7. Let 0 < p < 1 and let r satisfy p < r < oo. Then L' N H? is dense
in HP. Hence, H? N L% and HP N L are dense in HP.

Proof. Let f be a distribution in H”(R"). Recall the Poisson kernel P(x) and set
N = [3]+ 1. For any fixed x € R" and 7 > 0 we have

|(Br f)(x)| < My (fP)(y) < CAln(f)(Y) (2.1.40)

for any |y — x| <t. Indeed, the first estimate in (2.1.40) follows from the definition of
M (f;P), and the second estimate by (2.1.39). Raising (2.1.40) to the power p and
averaging over the ball B(x,t), we obtain

(B )P

/ A (f)(y )”dy< ||f||H,,. (2.1.41)

vnt”

It follows that the function P, * f is in L*(R") with norm at most a constant multiple
of 1=/P H fllzp. Moreover, this function is also in L”(R"), since it is controlled by
M(f;P). Therefore, the functions P, * f lie in L"(R") for all r with p < r < oo. It
remains to show that P; x f also lie in H” and that P, x f — fin H” ast — 0.

To see that B, x f lies in H”, we use the semigroup formula P, x P; = P, for the
Poisson kernel, which is a consequence of the fact that P,(£) = e~ 271l by applying
the Fourier transform. Therefore, for any # > 0 we have

sup |Py Py * f]| _sup|PS+,>kf\ < sup|Ps* f],
s>0 s>0

which implies that
HPf*fHHP < ||f||H1’

for all + > 0. We now need to show that P, x f — f in H? as t — 0. This will be a
consequence of the Lebesgue dominated convergence theorem once we know that

sup|P x Pk f—Pyx f| < 25up|P * f| € LP(R") (2.1.42)

5s>0
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and also that

sup|(Py* Px f— Py f)(x)] = 0 as t—0 (2.1.43)
s>0

pointwise for all x € R”. Statement (2.1.42) is a trivial consequence of the semigroup
formula for the Poisson kernel.

The proof of (2.1.43) requires considerable more work. In proving (2.1.43), by a
translation, we may assume that x = 0. Let us fix € > 0. In view of (2.1.41), we have

sup |(Pyx P+ f — Pyox f)(0)] < C'M /P
s>M

and we pick M such that C'M~"/? < ¢. It will suffice to show that

sup [Py« Pyx f(0) — Py x £(0)] < 3¢ (2.144)
0<s<M

for ¢ sufficiently close to zero. Let 19 be a Schwartz function whose Fourier trans-
form 7g is equal to 1 on the ball B(0,1) and vanishes outside B(0,2). We write
1 = Mo + Neo. Then Neo = S — Mo,

Poxf=Poxnoxf+PxnNexf,

and we will show that

sup |BxPyxno*f(0)—Pxno* f(0)] < 2¢ (2.1.45)
0<s<M
and
Sup [Pk Pyx Moo x f(0) — Pyx Moo x f(0)] < € (2.1.46)
O<s<M

for ¢ sufficiently small. In order to prove (2.1.45), we write
P x Pyx 1o+ £(0) — Py 1o x £(0)
= [ PONE M0+ £O) = o)y

- ﬂ(y)(/Ran(z)(no*f(y—z)—no*f(y))dZ>dy-

Rn

Note that Mo * f and P, = g * f are in L N €™, since f is a bounded distribution.
There is an A > 0 such that [j;;~ 4, P(y)dy < € and so

PO S0) = S| < Il [ ROy <

[y[>A
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for all s < M. For |y| <A, 1Mo * f is uniformly continuous in this region, so

swp [ ROPemos f =m0 £l dy < ellRll =€
0<s<MJ|y|<A

for ¢ sufficiently small, since {P, };~¢ is an approximate identity; see Theorem 1.2.19
(2) in [156]. Therefore (2.1.45) holds.
Next, we write (2.1.46) as

sup |<f7PS*n°°*Pl_PY*n°°>|a
0<s<M

and since f € ./(R"), this is controlled by a finite sum of expressions of the form:

sup sup [x*0P (P Moo ¥ B — Py %Mo) ()|

0<s<M xcR"

= Ssup sup
0<s<M xecR"

X /Rn(gf(Ps*nw*Pt_Ps*nm))A(é)ez”’f"‘dg’

=27)P sup sup
0<s<MxcR"

X / gﬁﬁ;(g)(e—”’%l1)e—2“|5e2”f5*d§‘. (2.1.47)
Rn

For a fixed x, find a j such that |x;| = sup; <, |xx|. Set N = || + |B| +n+2.
Integrate (2.1.47) by parts to rewrite it as

o
27) Bl sup sup xi/ oV (gﬁﬁ; E)(e 28l _ 1 e—zmg)ezmg.xdé"
( ) 0<s<M xeR" (27[1)6/)1\’ n J ( )( )
Note that the choice of N yields sup,cgs % < oo, To compute the 8§V derivative,
J

we need the estimate for 0 < m < N:
9P| < clg Bl
and the following estimates for 1 < m < N (c.f. Exercise 1.1.6(b)):

107" M(8)] < Cxpi (&)
C sl +-+(s|E])"

me=slEl) « _—_
|97 < BE H
- C 1|8+ +(tE])"
m(,—tE| _ i
97 (DI g

Let N = a; +ap + a3 + a4, where ay,a3,a3,a4 € {0,1,...,N}. Then
o (EPT=(8) (e E — )2l

= Y clanarasan) (@) € OPTE) I (¢ W E 1) (apte ),

ap,az,as,a4
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for some suitable constants c(ay,az,a3,a4), in view of Leibniz’s rule. We claim that
for all aj,az,a3,a4 € {0,1,...,N} we have

/R 07 &P) (9715 (&)) (95 (¢ — 1)) (9t e P RN ag < 't (2.1.48)

for all 0 < s < M. Obviously C't multiplied by (27)/Bl sup, _gn % < oo can be made
smaller than the given € if ¢ is sufficiently close to zero. '

Let us now prove (2.1.48). If a, > 0, then the integral is over the annulus
1 <]&] <2 and we can easily derive (2.1.48), since for £ in this range we have
|8J'-l3 (e’”é‘ —1)] < C"t.If ay =0, a3 > 0, ag > 0 then the integral is over the region
|€| > 1, and using the preceding estimates we write

[, 10 (e 1) 3t ) g

2 az—1 ay
:t/ C|(§|‘3\*a17a37a4+11+(t|<§|) +t|§‘+(t|<§|) s|I&|+ Sg(slél) dE
[€|>1 e e
ga/ |E[IBI=NH1C CydE
|§[>1
<C',

by the choice of N. In the case ay = a3 = 0, a4 > 0 we use the inequality |’ — 1| < Ct
and argue in a similar fashion to prove (2.1.48). The same argument is valid in the
last case ap = a3z = a4 = 0. O

Next we observe the following consequence of Theorem 2.1.4.

Corollary 2.1.8. For any two Schwartz functions ® and © with nonvanishing inte-
gral we have

[[sup|©; = f1|[ ., = || sup D= f1]| ,p = || f |
t>0 t>0
forall f € ' (R"), with constants depending only on n,p,®, and ©.
Proof. See the discussion after Theorem 2.1.4. U

Next we define a norm on Schwartz functions relevant in the theory of Hardy
spaces:

x;xo‘)N Y R0 () dx.

|a|<N+1

v (s x0,R) = /Rn (1+‘

Note that My (9;0,1) = Ny (@).

Corollary 2.1.9. (a) For any 0 < p < 1, every f € HP(R"), and any ¢ € /(R"),
we have

[(f,9)] <O (@) inf An(f)(2), (2.1.49)

lz]<1
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where N = [%} + 1, and consequently there is a constant Cy, j, such that

’<f’ (P>’ <N (@) Crp HfHHp . (2.1.50)

(b)Let0 < p <1, N=[n/p|+1, and p < r < oo. Then there is a constant C(p,n,r)
such that for any f € HP and ¢ € . (R") we have

 <C(p,n, )M (@)|| £l 0 - (2.1.51)

(c) For any xo € R", for all R > 0, and any y € . (R"), we have

[(f,w)| < M (wixo,R) inf .y (f)(2). (2.1.52)

|z—x0|<R

Proof. (a) We use that (f, @) = (¢ = f)(0), where @(x) = ¢(—x) and we observe
that Ny (@) = Ny (@). Then (2.1.49) follows from the inequality

~ NN
@+ DO < M@ (£ )(0) < () (1)
for all |z] < 1, which is valid, since @/My (@) lies in Fy. We deduce (2.1.50) as
follows:

[(f,0)|” < Nw(@)? inf My (f)(2)"

lz|<1
< ‘thzv(tp)"Wl1>| My (f)Pdz

lz]<1
< MNw(e pCpprHHP

(b) For any fixed x € R" and ¢ > 0 we have

(9= D) <T@ (f: g 705 ) O S M@ (N0)  215)

for all y satisfying |y — x| <. Restricting to 7 = 1 yields

[(9+£)(x) ¥)dy < Ny (9)"Ch| ][

|Bx1| B(x,1)

This implies that ||@ * f||z= < Cp DN (@) f||zr. Choosing y = x and t = 1 in
(2.1.53) and then taking L? quasi-norms yields a similar estimate for ||@ * f||.».
By interpolation we deduce ||@ * f||r < C(p,n,r)Mn(@)||f|lrr, when r < p < .
(c) To prove (2.1.52), given a Schwartz function ¥ and R > 0, define ¢(y) =
W(—Ry+xo) so that y(x) = (™= ) = R"@r(xo — x). In view of (2.1.53) we have

[(f,w)| = R"|(@r* f)(x0)| < R"Nn() inf .y (f)(z).

lz—xo|<R



78 2 Hardy Spaces, Besov Spaces, and Triebel-Lizorkin Spaces

But a simple change of variables shows that R" 9(¢) = 91(y;x0,R) and this com-
bined with the preceding inequality yields (2.1.52).
O

Proposition 2.1.10. Let 0 < p < 1. Then the following statements are valid:

(a) Convergence in HP implies convergence in ..

(b) If fi € H? satisfy supycz+ || fillar < C < oo and fi — f in 7' (R") as k — oo,
then f € HP.

(c) H? is a complete quasi-normed metrizable space.

Proof. (a) Let fj,f in HP(R") and suppose that f; — f in H?(R"). Applying
(2.1.50) we obtain that for any ¢ € .#(R") we have (f; — f, @) — 0; hence f; — f
in ' (R").

(b) For any @ € .(R") with integral one and 7 > 0 we have @, * f;, — D, f as
k — oo, since fy — f in 7/ (R"). Thus

| D, * f| = liminf| P,  fi| < liminfsup | D, * fi|.
k—yo0 k—ro0 >0

Taking the supremum over ¢, we obtain sup,. | P, * f| < liminfy_. sup,~o | Dy * fi|-
Then we apply L quasi-norms and Fatou’s lemma to deduce that |M(f;®)||r is
bounded by a multiple of C; thus, f € H?.

(c) Suppose {f;}7_, is a Cauchy sequence in H” (R"). Then there is a constant Cy
such that sup ;- || fj|lzr < Co. Using (2.1.50) (with f; — fi in place of f) we obtain
that for every ¢ in .7/(R") the sequence {(f;,¢)}7_; is Cauchy in C and thus it
converges to a complex number f(¢). We claim that the mapping ¢ — f(@) is a
tempered distribution. We clearly have

If(@)| = gggc!<fk,¢>\ < CppMin(9) Co.

But an easy calculation shows that 9y (@) is controlled by the finite sum of semi-
norms pg g(@) with [a|,|B| < N+n+ 1. This yields that f lies in .#’(R"), in par-
ticular f is a bounded distribution, and obviously f; — f in .#/(R"). Part (b) implies
that f is an element of H” (R").

Next we show that f; — f in H”. Given @ € . (R") with integral 1, we have for
any t >0 and any k > 1

[(fc — f) * ®;| = liminf|(fy — f¢) * D¢ < liminfsup |(fi — f¢) * D] .
{—so0 =00 450

Taking the supremum over ¢ > 0 on the left and then the L” quasi-norm and applying
Fatou’s lemma we deduce that

1M (fic= f5 )|y < Timint [M(fi— fi @) -
Letting k — o we obtain that

lim sup ||M(fk -7 @)’
k—yoo

o <limsup |M(fi — fi; @), = 0;
kl—o0
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thus || fy — f|lz» — 0 as k — . Therefore H” is complete. Finally we observe that
the map (f,g) — ||f — gl|5» is a metric on H? that generates the same topology as
the quasi-norm f — || f||z»; hence H? is metrizable. O

2.1.4 Vector-Valued H? and Its Characterizations

We now obtain a vector-valued analogue of Theorem 2.1.4 crucial in the character-
ization of Hardy spaces using Littlewood—Paley theory. To state this analogue we
need to extend the definitions of the maximal operators to finite sequences of distri-
butions. Let a,b > 0 and let @ be a Schwartz function on R”. In accordance with
Definition 2.1.3, we give the following definitions.

Definition 2.1.11. Let L € Z*. We denote by ¢? the space of all complex-valued
sequences d = (ay,...,ar) of length L with norm ||Ei||€% = (Jar1[> + -+ +ar )2
For a sequence f ={f j}/L'=1 of tempered distributions on R" we define the smooth

maximal function of f with respect to @ as
M(F: @) = sup [ (@0 £) )
>

We define the nontangential maximal function (with aperture a) of f with respect to
D as

M(f;@)(x) =sup sup |[{(@r= )0}l -
t>0‘ yelll" L
y—x|<at

We also define the auxiliary maximal function

Vi (o)) {( @+ )=}l
b e I+ 1pl)e

We note that if the function & is not assumed to be Schwartz but merely inte-
grable, for example, if @ is the Poisson kernel, the maximal functions M (f, D),
M:(f; ®), and M (f'; @) are well defined for sequences f = {fj}fz1 whose terms
are bounded tempered distributions on R”".

For a fixed positive integer N we define the grand maximal function of f (with
respect to N) as . .

AN (f) = sup Mi(f:9), (2.1.54)
pEFN
where
Fv={pcs®): M(p) <1}



80 2 Hardy Spaces, Besov Spaces, and Triebel-Lizorkin Spaces

is as defined in (2.1.11) and

M) = [ (1) X (9% dx.

|o|<N+1
We note that as in the scalar case, we have the sequence of simple inequalities
M(f1@) <M(f:®) < (1+a)" M} (f D). (2.1.55)

We now define the vector-valued Hardy space H” (R", (2).

Definition 2.1.12. Let f = {f j}ﬁle be a finite sequence of bounded tempered dis-

tributions on R” and let 0 < p < 0. We say that f lies in the vector-valued Hardy
space HP(R",¢2) if the Poisson maximal function

M(F:P)() = sup|{(B /()i

lies in LP(R"). If this is the case, we set

LP(R?)

L 1
7 _ Z. _ . 2\2
17 ey = )l ey = s (5 15028

The next theorem provides a vector-valued analogue of Theorem 2.1.4.

Theorem 2.1.13. Let 0 < p < oo, L € Z™. Then the following statements are valid:
(a) There exists a Schwartz function ®° with [g. P°(x)dx =1 and a constant Cy
(C1 = 500 works) such that

HM(.F’ (PO)HLp(Rn) S Cl ||f||Hp(R",Z%) (2156)

for every sequence f ={f 5:1 of bounded tempered distributions.
(b) For every a > 0 and @ in .7 (R") there exists a constant C2(n, p,a, ) such that

M7 @) o ey < Can. P, @) [M(F 2P| o 2 (2.1.57)

for every sequence f ={f; }5‘:1 of tempered distributions.
(c) Foreverya>0,b>n/p, and @ in & (R") there exists a constant C3(n, p,a,b, D)
such that

M5 (F: @) 1o oy < C3(n, py,b, ®) || M (F5 P (2.158)

Mer g )

for every sequence f ={f; }5:1 of tempered distributions.
(d) For every b > 0 and @ in ./ (R") with [gn P(x)dx # O there exists a constant
Cy(b, @) such that if N = [7] + 1 we have

5 ()| o ey < Ca(b, @) [[M* (1 @) | o 2 (21.59)

for every sequence f ={f; }lle of tempered distributions.
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(e) For every positive integer N there exists a constant Cs(n,N) such that for all
fi € S'(RY), j=1,...,L with ||///N(f)||Lp(Rn’[%) < oo (where f = {fj}ljf:l) we
must have that f; are bounded distributions and satisfy

17 Wl ey < Cs M)A 8 ()| o en 2 (2.1.60)

that is, f lies in the Hardy space HP (R, (2).

Proof. The proof of this theorem is obtained via a step-by-step repetition of the
proof of Theorem 2.1.4 in which the scalar absolute values of complex numbers are
replaced by /2 norms. The verification of the details of this extension is omitted.
The crucial observation in the adaptation of the proof of Theorem 2.1.4 is that the
constants that appear in all inequalities do not depend on L. U

We end this subsection by observing the validity of the following vector-valued
analogue of (2.1.52):

L 1
(X lmof) < Mw(gixo.R) inf  Au(7)(). (2.1.61)
j=1 7—xp|<

The proof of (2.1.61) is identical to the corresponding estimate for scalar-valued
functions. Set y(x) = @(—Rx+ xo). It follows directly from Definition 2.1.11 that
for any fixed z with |z — xp| < R we have

( z o))

R”H{(f;*‘I/R)(XO)}jH@

< sup R”H{(fj*‘l’R)(Y)}jHé%
y:y—zI<R

< Rn‘ﬁN(lI/)///N(J?)(Z)v

which, combined with the observation

R' Ny (y) =Ny (@;x0,R),

yields (2.1.61) when we take the infimum over all z with |z —xp| < R.

2.1.5 Singular Integrals on vector-valued Hardy Spaces

To obtain the Littlewood—Paley characterization of Hardy spaces, we need a multi-
plier theorem for vector-valued Hardy spaces.
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Fix L € Z™. Suppose that {K;(x) }§:1 is a family of functions defined on R"\ {0}
with the following properties: There exist constants A, B < o and an integer N such
that for all multi-indices & with |¢t| < N and x # 0 we have

L

Y [9%K; (x)| < Alx| 1Y < oo (2.1.62)
j=1
and also 3
sup Y |K;(&)| <B <. (2.1.63)
EeR" j=]

Note that for 7 € L' (R"), K; x h is a well-defined function in L' (R").

An example of such a sequence of kernels is given by K;(x) = ¥;-;(x), where
Y is a fixed Schwartz function on R” whose Fourier transform is supported in a
compact annulus that does not contain the origin.

Theorem 2.1.14. Suppose that a finite sequence of kernels {K }5:1 satisfies (2.1.62)
and (2.1.63) with N = [%] + 1, for some 0 < p < 1. Then there exists a constant
Cy.,p that depends only on the dimension n and on p such that for all sequences of
integrable functions { f j}le we have the estimate

HP(R") < Cn’P(A +B) H{fj}jHHI’(R”,Z%) '

L
H ZKj*fj‘
i=1

Moreover, the space L'(R",(2) is dense in HP(R",(2) and thus there is a unique
bounded extension of the operator

L
{fiYiei = Y Kj+fj (2.1.64)
=1

from HP(R" (%) to HP(R").
Proof. We fix a smooth positive function & supported in the unit ball B(0,1) with
Jrn @(x)dx =1 and we consider the maximal function

L L
MY Kjs ) = sup|@ex Y Ky £
J=1 >0 =1

defined for f; € L' (R").We will show that this maximal function lies in L (R").
We now fix a 4 > 0 and we set N = [7] + 1. We also fix ¥ > 0 to be chosen later
and we define the set

Q ={xeR": AN(f)(x)>7A}.
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The set £, is open, and we may use the Whitney decomposition (Appendix J in
[156]) to write it as a union of cubes Qj, such that

(a) Ui Ox = 2 and the Oy ’s have disjoint interiors;

(b) Vnl(Qx) < dist (Qx, (£22)°) < 4y/nl(Qx).

We denote by ¢(Qy) the center of the cube Q. For each k we set
dy = dist (Qx, (1)) +2v/nl(Qx) ~ £(Qx),

so that
B(c(Qk),di) N (£2)° #0.

We now introduce a partition of unity { ¢y} adapted to the sequence of cubes { Oy }x
such that

(©) Xa, = Li ¢« and each @ satisfies 0 < ¢ < 1;
(d) each ¢y is supported in g Ok and satisfies [y = [gn Qrdx =~ d};

© 0%k~ < Cod, 1%l for all multi-indices o and some constants C indepen-
dent of k.

We fix a sequence of integrable functions f; and we decompose each function as
fi=8i+Y bk,
k

where g; is the good function of the decomposition given by

i njJj d-x
8j = fixrna, +Zh{%%
X

and b; = Y ; b; x is the bad function of the decomposition given by

2 fiQrdx
bjr= <fj _Jwe S f;}:Pk )(Pk

We note that each b ; has integral zero. We define § = {g; ’jle and b = {bj}§f:1 .
At this point we appeal to (2.1.61) and to properties (d) and (e) to obtain

L 1 )
Jro Fiondx 25 N (@i;c(Ox), dk) _ .
<,Zl’lk‘ ) < I ‘Z_deﬂkf)lgdk///N(f)(Z)- (2.1.65)

But since

Dy (ks c(Ox), dk) < {/ (1+w N y de < Cwn
- %Qk - o

Ik di || <N+1 k
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it follows that (2.1.65) is at most a constant multiple of 4, since the ball B(c(Qx),dx)
meets the complement of 2. We conclude that

HgHLM(Ql,gi) <CnnYA. (2.1.66)

We now estimate M(Z§:] Kj*bj;®). For fixed k and € > 0 we have

L
(CDS * Z’lKj*bj’k)(x)
=

N /R (e il’(/) (x=) [fj(y)%(y) - W (pk(y)] dy

L
= / Zl{(q’e*Kj)(x—Z)—/Rn (Pe K;) (x—) (pk[iy) dY}(Pk(z)fj(z)dz
=

L
_ / Y R, 2)@u(2) f(2) dz,
R" j=1

where we set R (x,z) for the expression inside the curly brackets. Using (2.1.52),
we obtain

L
‘ /Rn Z Rik (x,2) ok (Z)fj (2)dz
j=1

IN
M=

Ny (Rj 4 (x, ) Prs c(Q), di) |z7c(ianf)\<dk AN (f)(2)

~.
Il
MR

INA
™M=

My (RGx(x, )piic(Q0d)  inf  An(F)). @167

~.
I

Since @ (z) is supported in ng, the term (1+ %)

factor in the integral defining Ity (R‘? k (x, @k ¢(Ok)s dk) , and we obtain

N contributes only a constant

N (RS 4 (%, ) i;¢(Ox) i)

SCN,n/; Z d]‘{a‘
5Ok || <N+1

o

a 1.
= (RS 45, u(2)) . (2.1.68)

For notational convenience we set K¢ = @  K;. We observe that the family {K7},
satisfies (2.1.62) and (2.1.63) with constants A’ and B’ that are only multiples of A
and B, respectively, uniformly in €; see Exercise 2.1.13. We now obtain a pointwise
estimate for 9y (R, (x, ) @r;c(Qk),dy) when x € R"\ ;. For fixed x € R"\ 2,
we have

R )o0) = [ o {Kj(x—2) _K;<x_y)}%k>dy7
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from which it follows that

0% 2% y)dy
raman| < [ | e [kia-o - ki) )2
Using hypothesis (2.1.62), we can obtain the estimate
L | ga dkdi‘al
€ €0, k
; { {Ks(x—2) K (x y)}}’ch,,,A e 2169

for all || < N, for all y,z € Q¢ and all x € R"\ ;. Indeed, by Leibniz’s rule, the
left-hand side of (2.1.69) is controlled by

L aB
c d*\a|+\/3\ ‘ Kg(xfz)ng(xfy) ‘
“lﬁéal k le 8zﬁ{ j J }

— ol +[B] —|orf
SCZC[ Z Ad, d, Adk}

‘ﬁ|§‘0{‘ |X—Z|n+\ﬁ\ ‘xfz‘n-&-l
B#0
_ 1 B B
:C/IA{ y 4, ( dy )ﬁ| 1+dka|dk]
“ Ll el el ]
B#0
dﬁ‘alAdk
SCN.nki
s |x_c(Qk)|n+l

since |x —z| > cdy and |x —z| & |x — ¢(Qy)|- This proves (2.1.69).
It follows from (2.1.69) that

a;" i ’ai{ng(va)(Pk(Z)}’ <A
= dzx V) M k= c(Qp) !

Inserting this estimate in (2.1.68) and summing over all j yields for x € R"\ Q,

L dn+]
Z ) (Qk)7dk) <CnnA W . (2.1.70)
Combining (2.1.70) with (2.1.67) gives for x € R"\ Q;,
CNn dn+1 .
((x,z dz| < ————— z).
)] < [ o T o N
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This provides the estimate

C n dn+1
sup|2 *blk |— ‘ = )|n+l YA

>0 =

for all x € R"\ Q,, since the ball B(c(Qx),d;) intersects (£2;)¢. Summing over k
and using the sublinearity of M(-; ®) results in

- CnaAYAdy™ CyaAYAdT!
ML Kieby @) () < Ll < B e
=1 |x—c(Qx)|" = (di+|x—c(Q)])"

for all x € (£2))€. It is a simple fact that the Marcinkiewicz function below satisfies

dn+1

dx <C, Ol =C, |24 1;
/R,,Z dk+|x )|)n+1 n;| k| n| /1|

see Exercise 5.6.6 in [156]. We have therefore shown that
%‘(QA)CQ{M(E*Z;GD) > %H < /( : M(K xb;®)(x)dx
J(@,)¢
< CuaAYA |2, 2.1.71)

where we used th§ notatipn I_('*B.: Zle Kj*bj. Also define I_(i*g' = Z§:1 Kjxg;.
We now combine the information we have acquired so far. First we have

(MK f;®) > A} < |[{M(K*g:®) > L} + [{M(Kxb; D) > %1].

For the good function g we have the estimate

IN

’{M(l?*§,€b)>%}’ %/ M(I?*g',db)(x)zdx

IN
S
w\

=i

*

ool
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IA
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*
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o
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C, B C, B
" /Z|g, Pt = [ Z|f, ()P

BZCN’,,)/Z|Q,1|+% / MN(F) (x)dx
()¢

IN

IN

where we used Corollary 2.1.12 in [156], the L? boundedness of the Hardy-Littlewood
maximal operator, hypothesis (2.1.63), the fact that f; = g; on (£2;)°, estimate

(2.1.66), and the fact that ||/ | e < A n(f) in the preceding sequence of estimates.
On the other hand, estimate (2.1.71) gives

{M(K «b;®) > 21| < Q)| +2Cn,A7|Q;],

which, combined with the previously obtained estimate for g, gives
o o 2 C,B? 22
(MK F:®) > A}| < 20wa(1+ A7+ B P) |2 + 55 /(Q AT 0P
e

Multiplying this estimate by pA?~!, recalling that Q; = {.#y(f) > yA}, and in-
tegrating in A from O to oo, we can easily obtain

|M(Kf:®)|"

LP(R") S 2CN"(1 +AY+32Y2)Y_17||///N(J?)| v

|LP(R",Z§) :

(2.1.72)

Choosing = (A-+B)~! and recalling that N = [%] + 1 gives the required conclusion
for some constant C, , that depends only on n and p.

Finally, we discuss the extension of the operator (2.1.64) to the entire H? (R”,E%).
In view of Proposition 2.1.7, L' (R") N HP(R") is dense in H”(R"). It follows that
L'(R",(2) N HP(R",(3) is dense in H?(R",(2). Indeed, given f = (fi,...,fz) in
HP(R",¢2), find sequences hE.k) in L' (R") such that h;k) — fjin HP(R") as k — oo

Set hh) = (h(lk), e 7h(Lk)). Then for any ¢ € . (R") with integral one we have

M(f =0 @) <M(fy — s @)+ -+ M(fr— s D).

Apply the L? quasi-norm on both sides of the preceding expression and then let
k — oo to obtain the density of L' (R",¢2) N HP(R",£2) in HP(R",(?). In view of
this, the operator in (2.1.64) admits a unique bounded extension from Hp(R”,E%) to
HP(R"). O

Exercises

2.1.1. Prove that if v is a bounded tempered distribution and k;, %, are in .7 (R"),
then
(hyxhp) % v =hy *(hy*v).
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2.1.2. (a) Show that the H' norm remains invariant under the L' dilation f;(x) =
T f(ex).

(b) Show that the H” norm remains invariant under the L? dilation #"~"/? f,(x) in-
terpreted in the sense of distributions.

—ﬁ(s—l)%

2.1.3. Show that the continuous function y(s) = £1e% sin (2 (s —1)7)

defined on [1,00) satisfies

ol 1 ifk=0
k 2
y(s)ds =
/1 S Wls)ds {0 ifk=1,2,3,....

EIN

[Hint: Consider the analytic function F(z) = 4;6 2 (P 1)k_le’gze" P integrated
over the boundary of the domain formed by the disc of radius R intersected with the
quadrant Rez > 0,Imz > 0. Apply Cauchy’s residue theorem to F over this contour,

noting that a pole appears only when k£ = 0. In this case a simple pole at the point

? +i @ produces a nonzero residue.}

2.1.4. Let P, be the Poisson kernel. Show that for any bounded tempered distribution
f we have
Pxf—f in.#'(R") ast — 0.
[Hint: Fix a smooth function ¢ whose Fourier transform is equal to 1 in a neigh-
borhood of zero. Show that P, % (¢ = f) — ¢  f in ./ (R") and that P,(1 — @) f —
(1—¢)fin . (R") ast — 0. |
2.1.5. Fix a smooth radial nonnegative compactly supported function 6 on R” such
that & = 1 on the unit ball and vanishing outside the ball of radius 2. Set ¢*) (x) =
(6(x) —6(2x)) (27 %* + \x\z)_% for k > 1. Prove that for all bounded tempered
distributions f and for all # > O we have
(L
Poxf=(0P)*f+ (n21 )
T2

27K (W), % f

[ agki

1

where the series converges in .%”/(R"). Here P(x) = F(%)/n%(l + |x|2)% is
the Poisson kernel.

[Hint: Fix a function ¢ € .7 (R") whose Fourier transform is equal to 1 in a neigh-
borhood of zero and prove the required conclusion for ¢ * f and for (8o — @) * f. In
the first case use the Lebesgue dominated convergence theorem and in the second
case the Fourier transform. |

2.1.6. Let 0 < p < o be fixed. Show that a bounded tempered distribution f lies in
HP? if and only if the nontangential Poisson maximal function

Mi(f;P)(x) =sup sup [(F*f)(y)l
>0 ‘yel‘{l
y—x| <t

lies in L?, and in this case we have || f||z» ~ || M} (f;P)||1r-
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[Hint: Observe that M(f;P) can be replaced with M} (f;P) in the proof of part (e)
of Theorem 2.1.4.]

2.1.7. (a) Let 1 < g <ooandlet g in LY(R") be a compactly supported function with
integral zero. Show that g lies in the Hardy space H'(R").

(b) Prove the same conclusion when L9 is replaced by Llog™ L.

[Hint: Part (a): Pick a % function @ supported in the unit ball with nonvanishing
integral and suppose that the support of g is contained in the ball B(0,R). For |x| <
2R we have that M (f; @) (x) < Ce M(g)(x), and since M(g) lies in LY, it also lies in
L'(B(0,2R)). For |x| > 2R, write (D, * g)(x) = [gn (P1(x—y) — P;(x))g(y)dy and
use the mean value theorem to estimate this expression by t "~ 1|V®||1||gll;1 <
|x| " 'Cq||g||za, since t > |x —y| > |x| —|y| > |x|/2 whenever |x| > 2R and |y| < R.
Thus M(f;®) lies in L' (R"). Part (b): You may use Exercise 2.1.4(b) in [156] to
deduce that M(g) is integrable over B(0,2R).]

2.1.8. Show that for every integrable function g with mean value zero and support
inside a ball B, we have M(g; ®) € L?((3B)¢) for p > n/(n+1). Here ® is in .7

2.1.9. Show that the space of all Schwartz functions whose Fourier transform is
supported away from a neighborhood of the origin is dense in H?.
[Hint: Use the square function characterization of H?.]

2.1.10. (a) Suppose that f € HP(R") for some 0 < p < 1 and @ in . (R"). Then
show that for all # > 0 the function &, * f belongs to L"(R") for all p < r < e, Find
an estimate for the L” norm of &, x f in terms of || f||z» and t > 0.

(b) Let 0 < p < 1. Show that for all f in H?(R"), fis a continuous function and
prove that there exists a constant G, ,, such that for all £ # 0

PN < Capl&l? || ]l -
[Him‘: Part (a): Use Proposition 2.1.7. Part (b): Use part (a) with r = 1.]

2.1.11. Show that H?(R", ?) = L”(R",(?) whenever 1 < p <o and that H'(R", {?)
is contained in L' (R", £2).
[Hint: Prove these assertions for ¢7 first for some L € Z]

2.1.12. For a sequence of tempered distributions f = {fj},, define the following
variant of the grand maximal function:

Ay = sup_sup sup (L[ ((@)ex [)O)
{¢]}E?N€>Obyexllte /

D=

where N > [2] 41 and

%\’:{{(pj}jean (ZmN ®;) )1/2§1}-
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Show that for all sequences of tempered distributions f ={f;}; we have

H/ZZN(f)HLP(Rn,ﬁ) ~ H///N(]?)HLP(R”,EZ)

with constants depending only on n and p.
[Hint: Fix @ in . (R") with integral 1. Using Lemma 2.1.5, write

00 = [ (@)= @) )ds

and adapt the proof of part (d) of Theorem 2.1.4 to obtain the pointwise estimate

M) < CopMyy (1 @),
where m > n/p.]

2.1.13. Suppose that the family {Kj}§:l satisfies (2.1.62) and (2.1.63) and let @ be
a smooth function supported in the unit ball B(0,1). If ®.(x) = € "P(x/¢), then
the family { P *x K j}lf=1 also satisfies (2.1.62) and (2.1.63) with constants A’ and B’
proportional to A 4+ B and B, respectively.

[Hint: In the proof of (2.1.62) consider the cases |x| > 2¢ and |x| < 2. In the second
case write

pv. [ Bele—y)K )y = [ (@elx—) = Be) K (5) (/) dy

(o [, K@/ )2l

where @y (y) is a smooth function which is equal to 1 on the ball |y| < 3 and vanishes
outside the ball |y| < 4.]

2.2 Function Spaces and the Square Function Characterization
of Hardy Spaces

In Sections 1.2 and 1.3 we obtained a remarkable characterization of Sobolev and
Lipschitz using the Littlewood—Paley operators A;. In this section we achieve a sim-
ilar characterization for the Hardy spaces. These characterizations motivate the in-
troduction of classes of spaces defined in terms of mixed (discrete and continuous)
quasi-norms of the sequences A}P (f), for a suitable ¥ € . (R"). Within the general
framework of these classes, one can launch a study of function spaces from a unified
perspective.
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We have encountered two expressions involving the operators A}p in the charac-
terizations of Sobolev and Lipschitz spaces. Sobolev spaces were characterized by
an L? norm of the Littlewood—Paley square function

(LRea?(np)’.

J

but Lipschitz spaces were characterized by an ¢ norm of the sequence of quanti-
ties ||2/ O‘A}P ) H 1»- These examples motivate the introduction of two fundamental
scales of function spaces, called the Triebel-Lizorkin and Besov—Lipschitz spaces,
respectively.

2.2.1 Introduction to Function Spaces

Before we give the pertinent definitions, we recall the setup that we developed in
Section 1.3 and used in Section 1.4. Throughout this section we fix a radial Schwartz
function ¥ on R” whose Fourier transform is nonnegative, is supported in the an-
nulus 1 — % < |&| <2, is equal to one on the smaller annulus 1 < |&] <2 — %, and
satisfies

Y ¥weiE) =1, E#0. (2.2.1)
JEL
Associated with this bump, we define the Littlewood—Paley operators A;p given by

multiplication on the Fourier transform side by the function '}A’(2_j £). We also de-
fine a Schwartz function & such that

(&) = {Zj<0 Y(27/E)  when& #0,

@ 222
1 when & = 0. ( )

Note that & (&) is equal to 1 for |E] <2 — Z and vanishes when |£| > 2. It follows
from these definitions that

So+ Y Af =1, (2.2.3)
j=1
where Sy is the operator given by convolution with the bump & and the convergence
of the series in (2.2.3) is in ./ (R"). Moreover, we also have the identity

Y Af =1, (224
Jez

where the convergence of the series in (2.2.4) is in the sense of .#/(R")/ 2.
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Definition 2.2.1. Let & € R and 0 < p, g < o. For f € ./ (R") we set

Hf”B‘p"‘q = HSO(f)| T (Z.l (2jaHA}P(f)HLP)q)§
o

with the obvious modification when p,g = oo. When p, g < oo we also define

I o +[(E @eiarn)

Flg-q = HSO(f)|

o

The space of all tempered distributions f for which the quantity || f]| B is finite
is called the (inhomogeneous) Besov-Lipschitz space with indices «, p,g and is
denoted by Bff’q. The space of all tempered distributions f for which the quantity
171 Fa is finite is called the (inhomogeneous) Triebel-Lizorkin space with indices

«, p,q and is denoted by F,"?.
We now define the corresponding homogeneous versions of these spaces. For an
element f of .7'(R")/ 2 we let

g = (2 0187 0],)7)°

JEZL

and

1
10 = [ (X @187 D)7, -
jez
The space of all f in.”(R")/Z for which the quantity || f|| sa is finite is called the
P

(homogeneous) Besov—Lipschitz space with indices «, p,q and is denoted by Bj“.
The space of f in .7 (R")/ < such that || f| saq < oo is called the (homogeneous)
P

Triebel-Lizorkin space with indices o, p,q and is denoted by Fpa'q.

We now make several observations related to these definitions. First we note that
the expressions || - || za.q, || goea» and || - || gouq are built in terms of L” quasi-
P P P

N pa,
norms of ¢4 quasi-norms of 2/%A ; or £ quasi-norms of L” quasi-norms of the same
expressions. As a result, we can see that these quantities satisfy the triangle inequal-
ity with a constant (which may be taken to be 1 when 1 < p,g < ). To determine
whether these quantities are indeed quasi-norms, we need to check whether the fol-
lowing property holds:

Iflly=0= r=o0, (2.2.5)

where X is one of the F,/, "9, By, and B} ?. Since these are spaces of distribu-
tions, the identity f = 0in (2.2.5) should be interpreted in the sense of distributions.
If || f||x = O for some inhomogeneous space X, then Sy(f) = 0 and A;?p(f) =0 for
all j > 1. Using (2.2.3), we conclude that f = 0; thus the quantities || - ||F]§X,q and
II-1] B are indeed quasi-norms. Let us investigate what happens when || f||x = 0 for

some homogeneous space X. In this case we must have A;(f) =0, and using (2.2.4)
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we conclude that fmust be supported at the origin. Proposition 2.4.1 in [156] yields
that f must be a polynomial and thus f must be zero (since distributions whose
difference is a polynomial are identified in homogeneous spaces).

Remark 2.2.2. We interpret the previous definition in certain cases. According to
what we have seen so far, we have

Fl?'zz F,?’zzL”, 1< p<oo,
F,f’sz:z L? 1 < p<oo,
F[j"zz Lf, 1< p<oo,
BY” ~ Ay, Y>>0,
BY® ~ Ay, Y>0,

where =~ indicates that the corresponding norms are equivalent. Moreover, later in
this section we will see that

F}zz H? O<p<l.

Although in this text we restrict attention to the case p < oo, it is worth noting
that when p = oo, Fot"? can be defined as the space of all f € .7/ / 2 that satisfy

1

/]| jea =" sup /QQ|< y (2/0‘A}”(f)|)q>q<oo.

Q dyadic cube j=—log, £(Q)

In the particular case g = 2 and a = 0, the space obtained in this way is called BMO
and coincides with the space introduced and studied in Chapter 3; this space serves
as a substitute for L™ and plays a fundamental role in analysis. It should now be clear
that several important spaces in analysis can be thought of as elements of the scale
of Triebel-Lizorkin spaces.

It would have been more natural to denote Besov—Lipschitz and Triebel-Lizorkin
spaces by B’&’q and Fgﬂ to maintain the upper and lower placements of the corre-
sponding indices analogous to those in the previously defined Lebesgue, Sobolev,
Lipschitz, and Hardy spaces. However, the notation in Definition 2.2.1 is more or
less prevalent in the field of function spaces, and we adhere to it.

2.2.2 Properties of Functions with Compactly Supported Fourier
Transforms

The definitions of the quasi-norms of the spaces By, F,"%, Byy?, and F;"¢ depend
on the function ¥ (and @ which is defined in terms of ¥). It is not clear from
Definition 2.2.1 whether a different choice of bump ¥ produces equivalent quasi-
norms for these spaces. In this subsection we show that if Q is another function that
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satisfies (2.2.1) and © is defined in terms of Q in the same way that @ is defined in
terms of ¥, [i.e., via (2.2.2)], then the norms defined in Definition 2.2.1 with respect
to the pairs (@, %) and (©,£2) are comparable. To prove this assertion we need the
following lemma.

Lemma 2.2.3. Let 0 < r < oo. Then there exist constants Cy and C, such that for all
t > 0 and for all € functions u on R" whose distributional Fourier transform is
supported in the ball |€| < t we have

1 |[Vu(x—z)
up - ———+
err I (1+1z])r
Lol o,

zER? (1+I|Z|)7

where M denotes the Hardy—Littlewood maximal operator. The constants Cy and C,
depend only on the dimension n and r; in particular they are independent of t.

|
<Cisup —, (2.2.6)
zern (141|z])7

M(Jul") ()7, 2.2.7)

Proof. Select a Schwartz function @ whose Fourier transform is supported in the

ball |£| <2 and is equal to 1 on the unit ball |£| < 1. Then dg(g) is equal to 1 on
the support of & and we can write

u(x—z) = (Pxu)(x—z) = / " ®(t(x—z—y))u(y)dy.
Taking partial derivatives and using that @ is a Schwartz function, we obtain
Vu(—2)] <Cy [ (1 thr—z—50) Mu)dy,

where N is arbitrarily large. Using that for all x,y,z € R” we have

n 141 ¥
1§(1+t\x—z—y|)"(7|Z|)ga
(I+tlx—y))r
we obtain
1|V
,|”(7n_c/ (1+tlx—z—y)F" %
t(1+1]z]) (I+tlx—y))r

from which (2.2.6) follows easily by choosing N =n+1+n/r.

We now turn to the proof of (2.2.7). We first prove this estimate under the ad-
ditional assumption that u is a bounded function. Let |y| < & for some § > 0 to be
chosen later. We now apply the mean value theorem to write

ux—z) = (Vu)(x—z—-§) y+ulx—z—y)
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for some &, satisfying |&,| < |y| < &. This implies that

u(x=2)| < sup  [(Vu)(x=w)[ &+ [u(x—z—y)|.
[w|<|z|+6

Raising the preceding inequality to the power r, averaging over the ball |y| < &, and
then raising to the power -, L yields

|u(x—z)|§cr[ sup |(Vu)(x— W)|5—|—( 1 /ly‘ 5| (X—z—y)lrdy>r]

n
w[<[2]+6 Vi 0

with ¢, = max(2'/",2"). Here v, is the volume of the unit ball in R”. Then

(V) G—w) 5, (55 sl e ) ] |

wi<lz+s  (L+2]z])r (T+1]2])r

|
(L+elz)r ~

We now set & = €/t for some € < 1. Then we have

€ 1 2
wl <zl +- = < .
t 1+tlz] = 141w

and we can use this to obtain the estimate

1

" ,
=l [ sulgn% (V) —w)l <vn£"/y<}+|z|u(x_y) dy) 1

/\

(1+1]z)) (1+1|w])7 (141]z))*
with ¢, = max(2'/7,2)2"/" 1t follows that

1[(Vu)(x—w)|
t(1+tfw))?

u(x—2)|
cern (L41]z))7

/\

e sup e M(ul)(x)7]

We apply inequality (2.2.6) and we select € = 5 (c,,,, C1)~!, where C| is the constant
in the inequality in (2.2.6). We obtain

x| 1 =)

1
s + € TM(Jul")(x)7 .
cerr (1+102))% = 2ern (1+1f2))F " () x

Using that
u
sup LD e < oo,
zerr (1+12]) 7

we deduce (2.2.7) with constant C; =2c¢;,, /" where € = % (crnC1)™!
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We now discuss inequality (2.2.7) when u is not a bounded function. Since
~\V ~F 7 \\V
u= ()" =@d(:)) =uxt"d(t(-))

and 1" ®(tx) is a Schwartz function, we have that |u(x)| < C’(¢,u)(1+ |x|)9* for some
constant C'(t,u) and some Q, € Z™; see Theorem 2.3.20 in [156]. We pick a function
¢ in . (R") whose Fourier transform is nonnegative, is supported in the unit ball,
and has integral one. For § < min(1,¢) consider the ¢! function x > ¢ (8x)u(x)
whose Fourier transform is supported in B(0, §) 4+ B(0,7), which is contained in the
ball B(0,2r). Certainly ¢ is a Schwartz function, and so for every N > 0 there is a
constant Cy(N) such that |¢ ()| < Co(N)(1+ |y|)~ for all y € R". For N = Q, and
y=06x, 0 < 1, we have

C'(1,u) (1 + [x])2
(14 |8x])Qu

L (14|

< Co(Qu)C'(fv“)EW

‘¢(6X)M()C)| S C()(Qu)

and this is a bounded function with L norm Cy(Q,,)C’(t,u) 5. By the preceding
case, we have

P(8(x—z2))|u(x—2)|
(1+2t]z))*

< oM (Jul")(x)7 |9 |1

for every x,z € R". Letting § — 0 and using that ¢(0) = 1 we deduce (2.2.7) with
the constant 2"/"C || ||~ in place of C;. O

Corollary 2.2.4. Let 0 < p < oo and o a multi-index. Then there are constants C =
C(a,n,p) and C' = C(a,n, p) such that for all Schwartz functions u on R" whose
Fourier transform is supported in the ball B(0,t), for some t > 0, we have

HaauHLI’(R”) < Ct‘a‘”uHLP(R") (2.2.8)

and

Haa”HLw(Rn) = C/t‘a|+%||””LP(R")~ (2.2.9)

Proof. Given 0 < p < oo, pick 0 < r < p. Then (2.2.6) and (2.2.7) imply that

1 1 [Vu(x—
~Vu()| < sup Wube= 2] oMy )* (2.2.10)

T zern T (141|2))

where M is the Hardy-Littlewood maximal operator and C; and C, depend only
on n and r. Taking L” quasi-norms and using the boundedness of M on LP/" we
obtain (2.2.8) when |a¢| = 1. Since every derivative of u also has Fourier transform
supported in B(0,7), we obtain (2.2.8) for |a| > 2 by iteration.

Select a Schwartz function @ whose Fourier transform is supported in the ball
|€| <2 and is equal to 1 on the unit ball || < 1. Then 5(%) is equal to 1 on the
support of & and we can write u = u*t"P(¢(-)), hence

9%u(x) = / nt""'la‘(aa@)(t(xf y)u(y)dy. (2.2.11)
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If 1 < p < oo, Holder’s inequality gives that
al+%
10%ull = <77 |lullir | 9P|,

When 0 < p < 1 we obtain from (2.2.11) that
9%u()| < NP =" [ uly) Py (2212)
R)l

which certainly implies (2.2.9) when ¢ = 1, by taking the supremum over all x in
R". If u is supported in B(0,z) for some # # 1, we apply (2.2.9) when r =1 to
the Schwartz function u,(x) =t "u(t~'x) whose Fourier transform is supported in
B(0,1). The inequality

Haau’HL“’(R”) < C'lurll o (we -

transforms into (2.2.9) by changing variables. We note that if p < 1 and ¢ < 1, then

lof | n
(2.2.12) implies the estimate [0 %u|| =g < C't 7 * [|ul|r(r7), Which is stronger
than (2.2.9). [l

2.2.3 Equivalence of Function Space Norms

We now derive other consequences of Lemma 2.2.3 that will allow us to prove that
different norms in Triebel-Lizorkin spaces are equivalent.

Corollary 2.2.5. Let ®,Q,%¥ € .¥(R"). Suppose that the Fourier transforms of
Q. W are supported in the annulus 1 — % < |&| € 2. Let 0 < r < . Then for all
fin ' (R")/Z(R") and for all x € R" and t > 0 we have

~1=

@+ AT (f)(%)] < Capnr(M(AF (f)]")(x)) (2.2.13)

In particular, for any k, j € Z and x € R" we have
1
[ALAT (F)(0)] < Can M(AT () (0))7 (2.2.14)

Proof. Given r pick N = % +n+ 1. Then we have

o [ 1210091
®, - —

v () (L )V
/ A7 (f)(x—2)| tdz (2.2.15)
CdJ,n,r sup 1 n / 1 N_1

S TR, e G

1
-

Conr(M(|AT (N0,

(@ +A] () ()]

IN

IN

IN
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in view of Lemma 2.2.3, since A}I’ (f) is a €' function whose Fourier transform is
supported in the ball B(0,2/*!). This proves (2.2.13), which implies (2.2.14). O

We now return to a point alluded to earlier, that replacing ¥ by another function
Q with similar properties yields equivalent quasi-norms for the function spaces in
Definition 2.2.1.

Corollary 2.2.6. Let 'V, .Q be Schwartz functions whose Fourier transforms are sup-
ported in the annulus 1 — = < |E| < 2 and satisfy (2.2.1). Let ® be as in (2.2.2) and
let
- Q27 h 0,
b(e)_ [T R0TE) when 2
1 when & = 0.

Then the homogeneous Triebel-Lizorkin and Besov—Lipschitz quasi-norms defined
with respect to ¥ and Q are equivalent. Likewise, the inhomogeneous Triebel—
Lizorkin and Besov-Lipschitz quasi-norms defined with respect to the pairs (¥, ®)
and (2,0) are also equivalent.

Proof. The support properties of ¥ and €2 imply the identity
AP = AP (A + A7+ A7), (2.2.16)

Thus for any f € ./ (R")/Z(R"), the L? quasi-norm of AJQ (f) is controlled by the
finite sum of the L” quasi-norms of A'QA;PM(f) over i € {—1,0,1}. Using (2.2.14)
with r < p and applying the boundedness of the Hardy—Littlewood maximal operator
on Lr/ "(R"), we deduce that any homogeneous Besov-Lipschitz quasi-norm defined
in terms of €2 is controlled by the corresponding norm defined in terms of .

The corresponding result for Triebel-Lizorkin quasi-norms is as follows:

(g s, <cr % (g R afaron)
JE

{101} L

< Cpqunna| ( ¥ [m(reay ()1))

-
g\ L
r>q

for all f € .#’(R"). Picking r < p,q, we use the LP/"(R",¢4/") to LP/"(R", ¢4/")
boundedness of the Hardy—Littlewood maximal operator (Theorem 5.6.6 in [156])
to complete the proof of the equivalence of the Triebel-Lizorkin quasi-norms in the
homogeneous case.

In the case of the inhomogeneous spaces, we let Sg’ and S0@ be the operators given
by convolution with the bumps @ and @, respectively. Then for f € ./ (R") we have

-

Lr

1
-

Lr/r

= Crancal[(X pRa7 (1)
je

Oxf=0x(DPxf)+0Ox(P1%f), (2.2.17)
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since the Fourier transform of the function @ + ¥, is equal to 1 on the support of
©. Applying Corollary 2.2.5 (with r = 1), we obtain that

% (D f)| < CM(Dxf]')

and also |
(@ (%1 % )] < CM( 15 f11)F

for any 0 < r < oo. Picking r < p, we obtain that

||@*(<D>kf)|

<c||sg (]

Lr Lr

and also
|© 5 (#-1 % )|, < C[|AY (£)]

Inserting the last two estimates in (2.2.17), we obtain that ||S$ (f)||z» is controlled
by a multiple of

Lr-

IS5 ()lee + A7 ()l

which is in turn bounded by a multiple of the Fpa‘q quasi-norm of f defined in terms
of the pair (¥, ®). This gives the equivalence of quasi-norms in the inhomogeneous
case. (]

The idea behind the proof of the equivalence of function space quasi-norms de-
fined in terms of different bumps is quite useful. In the rest of this subsection, we
take this idea a bit further.

Definition 2.2.7. Let ¥ € . (R"). For b > 0, j € R, and f € .%'(R"), we introduce

the notation (P * f)( )|
_ik X—Yy
M, fi¥)(x) = su = i
i) = sup T

Note that

supMy';(f3 ) < My™ (f3 %),

>0
where M;* was introduced in (2.1.8). The operator M, (f;¥) is called the Peetre
maximal function of f (with respect to V).

We clearly have
AT ()] < M5(f%9),

but the next result shows that a certain converse of this inequality is also valid.

Theorem 2.2.8. Let o € R, b > n(min(p,q))~", and 0 < p,q < . Let ¥ be a
Schwartz function whose Fourier transform is supported in the annulus 1 — % <
|E| <2, is equal to 1 on the annulus 1 < |&| <2 — 2. and satisfies (2.2.1). Let
Q be another Schwartz function which has vanishing moments of all order, i.e.,
[ Q(y)y¥dy = 0 for all multi-indices 7y. Then there is a constant C = Cq p g nb¥,Q>
such that
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i 1
o . q\ 4 o o\ 7
H(Z 127 M; 7 (f3 Q)| ) y SCH(Z 27%AY ()| )
jez jez

forall f € S (R")/ Z(R").

(2.2.18)
Lr

Proof. We start with a Schwartz function ® whose Fourier transform is nonnega-
tive, supported in the annulus 1 — % < |€] <2, and satisfies

Y 622 =1, EcR"\{0}. (2.2.19)

JEZ
Using (2.2.19), we have

Q) kxf= Z (£, 4 %Oy-j) % (O % f).

JEZ
It follows that
ka | (k% f) (x —2)|
(142%[z])
0, xf)x—z—y)|
2k0¢/ Q ® ‘( 2-J d
]GZ | 2—k ¥ Uh— 1)( )‘ (1+2k‘Z|)b y
1+ 27|y +2))" [(Op-) * f) (x—2z—y)|
_ 21(06/ zkn Q @ 2/{ ( 2 i
L (@O )N (1 27y
142727y +2)P [(Op) + f) (x—2—27"y)|
2/(06/ Q @ ( 2 _ d
JGZZ | * 2—(j— k))( )| (1+2k|Z|)b (l+21|2_ky+z‘)b
_ 14277y +27]¢])"
< 2<’<f>°‘/ Q0 ( dy2/“M;%(f; 0
= ]GZZ R”|( * Uy k))(y)‘ (1+2k|2|)b (f )( )
< Y200 [ (@50, )0 (1421 (1427 ) dy2 My :0) ).
JEL
We conclude that
M (f:2)(x) < Y Vi 2OM 5 (f30) (%), (2.2.20)

j€z
where
V=2 %1+ 2) [ (@20, )] (1+2y))d
We now use the facts that both  and ® have vanishing moments of all orders and
the result in Appendix B.4 to obtain
2Jnp—lilL

[(Q+0,-;) W) < CLyno. TSI
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for all L,N > 0. We deduce the estimate

Vil < Comnoo2 ™
for all M sufficiently large, which, in turn, yields the estimate

Z |Vj|min(1,q) < oo,
jeZ

We deduce from (2.2.20) that for all x € R” we have

24 M55(£: 200 )il < Capamo. | {2ZOME(F:0) @ Nl @22D)
Lemma 2.2.3 gives
ko g gxx ko [C] L ko 4 © Pt
2 My (f:0) < CG2YM(AC (F))7 = CeM (127 A ()77 (2.2.22)
In view of (2.2.1) we have the identity
A0 = A2 (M A+ AL

and applying (2.2.14) to each term of the preceding sum yields

M(2a2 (1)) < (MM(2“Af (H)) (2223)

We now choose r < min(p,q), we combine (2.2.21), (2.2.22), (2.2.23), and we
use twice the LP/"(R",£4/") to LP/"(R",£4/") boundedness of the Hardy-Littlewood
maximal operator (Theorem 5.6.6 in [156]) to complete the proof. O

2.2.4 The Littlewood—Paley Characterization of Hardy Spaces

We discuss an important characterization of Hardy spaces in terms of Littlewood—
Paley square functions. The vector-valued Hardy spaces and the action of singular
integrals on them are crucial tools in obtaining this characterization.

We have the following.

Theorem 2.2.9. Let ¥ be a Schwartz function on R" whose Fourier transform is
nonnegative, supported in % <] <2 equaltolon1 <€ < 17—2, and satisfies for
allé £0
Y #2iE)=1. (2.2.24)
JEZ
Let A;-P be the Littlewood—Paley operators associated with ¥ and let 0 < p < 1.
Then there exists a constant C = Cy, , w such that for all f € HP(R") we have

(geroney
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Conversely, suppose that a tempered distribution f satisfies

(% aroe)
JEZL

Then there exists a unique polynomial Q(x) such that f — Q lies in the Hardy space
H? and satisfies for some constant C = C, , w

70l < H(J;ZA/W(J‘)IZ)i

< oo, (2.2.26)
Ly

(2.2.27)

7

Proof. We fix @ ¢ . (R") with integral equal to 1 and we take f € H”? NL' and
M in Z*. Let r; be the Rademacher functions, defined in Appendix C.1 in [156],
reindexed so that their index set is the set of all integers (not the set of nonnegative
integers). We begin with the estimate

’ Z ri(w )| <sup

>0

D * Z rj A;P(f)a

which holds since { P }¢~¢ is an approximate identity. We raise this inequality to the
power p, we integrate over x € R" and @ € [0, 1], and we use the maximal function
characterization of H? [Theorem 2.1.4(a)] to obtain

[hlE

Applying Fubini’s theorem and the lower inequality for the Rademacher functions
in Appendix C.2 in [156], yields

do.

Y @l (| aao<c, [ ijerw)A;”(f)\ ’

HP

1, M
/ ( Z A ) dx <CICh / | ¥ r@alo) do. @228
R” 0 j=—M HP
Next, for any fixed M € Z* and © € [0, 1], we consider the mapping
S '4
f= Z ”j(w)Aj (f)
j=M
whose kernel
M
Y nl@)¥«(x)
k=—M

satisfies (2.1.62) and (2.1.63) with constants A and B depending only on n and ¥
(thus, independent of @ and M). Applying Theorem 2.1.14 (the scalar version, i.e.,
the case where L = 1) we obtain

| £ rwario]l, <corwlif.
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Using this fact and (2.2.28), we conclude that

I( £, ey

from which (2.2.25) follows directly by letting M — co. We have now established
(2.2.25) for f € H? NL'. Using density, we can extend this estimate to all f € H.
We now turn to the converse statement of the theorem. Assume that (2.2.26)
holds for some tempered distribution f.
Setn(&) = 'P( &)+ 'P(é) +W(2&). Then 7 is supported in an annulus and is

equal to 1 on the support of P, Using Theorem 2.1.14 we obtain that for any L € Z™
and L' € Z* U {0} with L’ < L the mapping

{fj}L’g\j\<L = Z AP (fj)

U'<|jl<L

» <Copw||fll o

maps HP(R", (3, ,,,) to HP(R"); note that if L’ = 0, then ¢}, ,,, should be £3, _,.
Indeed, Theorem 2.1.14 can be applied, since the family of kernels {1, };/<|jj<L

satisfies Y./ <|jj<2[9¢ (112-1) (%) < Cq x| 771, x = 0, for all multilindices o and
Yr<|jl<L |M,—;| < ¢’ with constants independent of L, L’. Thus we have
> < Cp,n,@

‘ A/T'l(fj))Hl— Sup< Y ‘th*fj|2)%

LU'<[jl<L >0 *p<jl<L
for any @ Schwartz function with nonvanishing integral and any f; € H”. Taking!
fi= ( f) and using that AnAq’ A¥, we deduce that for all L € Z* we have

|

Applying Corollary 2.2.5 for some r < p we arrive at the estimate

Lp

<Cpn<1>

swp( ¥ leeal (P’

t>0 U<|jl<L

aro

L'<jl<L

HP ’

2\ 2
| T arw|, < X maarmnni)’,
L'<|j|<L L'<|j|<L
ro 1
2\ 2|7
=Gl X maFnnIF)’ ||,
<ljl<L '

Since r < min(2, p), we use the LP/’(R”,E%CZL,) to Lp/’(R",EZCZL,) boundedness

of the Hardy—Littlewood maximal operator (Theorem 5.6.6 in [156]) to obtain the
inequality

! fj € HP since sup,..q |®, + A¥ ()| < C'M(|A¥ (f)|")/" € LP for r < p in view of (2.2.26).
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1

(£ rop)|

U<ljl<L

sup sup (2.2.29)

LEZFO<LU'<L" [/<|j|<L

Al

!
» <Chn

H Lp

Thus the sequence S™(f) = X<, A} (f), L=1,2,... is Cauchy in H” and by
the completeness of H” [Proposition 2.1.10(c)] it converges to an element uy € H”.
Obviously (2.2.29) has as a consequence that

(L IA}p(f)IZY

jez

lugllar <Cpp (2.2.30)

Lp

It remains to relate us and f. In view of (1.1.6) we know that S“(f) — f in
S (R")/ 2(R"); thus for any Schwartz function ¥ whose support is disjoint from
{0} we have (SE(f)™, w) — (f, ). Thus (up,y) = (f, ) and this implies that the
support of iy — fis {0}. Proposition 2.4.1 in [156] gives the existence of a unique
polynomial Q such that uy = f — Q. Then clearly (2.2.30) implies (2.2.27). [l

The preceding proof can be modified to provide the following extension.

Corollary 2.2.10. Fix ¥ in . (R") with Fourier transform supported in g <|é1<2,

equal 1 on the annulus 1 < |E| < 12, and satisfying Yiez @(Z’jé) =1for & #0.
Fix by,by with by < by and define a Schwartz function Q via

o~ bz A~ .
Q&)= ) ¥(27E).

Jj=b

Define A2(g) () = 3(E)Q(2*E), k€ Z Let g=by—by +1,0 < p < 1, and fix
re{0,1,...,q— 1}. Then there exists a constant C = Coup.b by Such that for all
f € HP(R") we have

I( & weor)

Jj=r mod g

<C|\ £l - (2.2.31)

Lr

Conversely, suppose that a tempered distribution f satisfies

I x IA,Q(f)IZ)%Lp

Jj=r mod q

< oo, (2.2.32)

Then there exists a unique polynomial Q(x) such that f — Q lies in the Hardy space
H? and satisfies for some constant C = C,, p p, b, w

(2.2.33)

Lol <|( T 1a20R)

Jj=r mod g L
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Proof. Inequality (2.2.31) is a direct consequence of (2.2.25) since A,;Q can be writ-
ten as a finite sum of A ]'Q ’s. Conversely, we introduce a Schwartz function 17 whose
Fourier transform 7] is supported in an annulus of the form 0 < ¢; < || < ¢ < o0
and is equal to 1 on the support of Q. Then (2.2.30) with Q in place of ¥ follows as
in the preceding proof. Since ijrmoqu;Q (f)=fin ' (R")/Z(R"), which is a
consequence of the fact that Y, nod ﬁ(Z’j &) =1 forall £ # 0, we conclude that
there is a unique polynomial such that f — Q lies in H? and satisfies (2.2.33).

Exercises

221. Let0< gop < gp <oo,0 < p<oo,€>0,and o € R. Prove the embeddings

a,q0 C RX4q1
Bp = Bp )
a,q90 C po%.q1
Fpao C Frar,
o+-€, a,
BP q90 g Bp q1 ,

O+E,q a,g
FP 0 C Fp l
where p and ¢q; are allowed to be infinite in the case of Besov spaces.
2.2.2.Let0 < g <oo,0< p<oo, and a € R. Prove that the embeddings

o,min(p,q) , a.max(p.q)
Bp CFMCB)

hold with norm one, if the norms in the spaces are defined with respect to the same
Schwartz function .

[Hint: When p > g use Minkowski’s inequality for LP/4 for one embedding and the
embedding ¢4 € ¢? for the other. When p < g use the reverse Minkowski inequality
for LP/4 for one embedding and the fact (¥ [ax|)?/9 < ¥ |ax|P/? for the other. |

223. Let —o<a<owand 0 < p,f <. Letl’=coand p’ =p/(p—1) for p # 1.
(a) Suppose that the Fourier transform of function g is 4" and is equal to |§|~* for
|E| > 10. Show that g lies in B,¥(R") if and only if 0 < g < e and y < ot — o or
q:ooandyga—ﬁ.

(b) If the Fourier transform of function g is € and is equal to |&|~*(log |&|)~# for

n

a—-7,
> 10, then show that g liesin B, ” / R")if and only if g > 1/P.
8 P yirg

2.24.Let 0 < p,g < o and o € R. Show that the space of Schwartz functions is
dense in all the spaces By /(R") and F,"/(R").
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[Hint: Fix a function ¢ € .#(R") whose Fourier transform has integral one and is
supported in a ball of radius 1 centered at zero. Given f € Fpa’q (R") consider the
family of Schwartz functions

N
fns(x) = S5 () (x)9(8x) + 2’1 A () (x)9(8x)
=

for0 < & <1/10.]

225. Leta cR,let0 < p,g<eo,andlet N =[5 + + 1. Assume that m is

a ¢ function on R"\ {0} that satisfies

min(ra) )

[07m(&)] < Cylg| 7"

for all |y| < N. Show that there exists a constant C such that for all f € .7/ 2’ we
have

) lgm0 <l o

[Hint: Pick r < min(p,q) such that N > 2 + . Write m;(£) = m(&)(P(277+ &) +
P(2IE)+ W(27I71E)). Then A;P((mf)v) =m} * A¥(f). Obtain the estimate

|(m) =AF (f))x)|<C sup’ / ‘/ Y ()| (1+27]y])7 dy

ver? (1427 Iyl
1

<cm(af (DN f Im@ ) 0F0+ b ay)

The hypothesis on m implies that the preceding integral is bounded by a constant.]

2.2.6. ([293]) Let m be as in Exercise 2.2.5. Show that there exists a constant C such
that for all f € ./(R")/ 2’ (R") we have

[ f) || o < €I e
[Hint: Use the hint of Exercise 2.2.5 and Theorem 5.6.6 in [156].]

2.2.7. (a) Suppose that ng’q‘) = Bgll 1 with equivalent norms. Prove that oy =
and po = p;. Prove the same result for the scale of Triebel-Lizorkin spaces.

(b) Suppose that Bp0® = B1" with equivalent norms. Prove that go = g;. Argue
similarly with the scale of Triebel-Lizorkin spaces.

[Him‘: Part (a): Test the corresponding norms on the function 717(2/x), where 7 is
chosen so that its Fourier transform is supported in 1 < || < 172 Part (b): Try a func-
tion f of the form f(&) = Ij\’:l a;¢(&1—2/,&,...,&,), where @ is a Schwartz func-
tion whose Fourier transform is supported in a small neighborhood of the origin.]
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2.3 Atomic Decomposition of Homogeneous Triebel-Lizorkin
Spaces

In this section we focus attention on the homogeneous Triebel-Lizorkin spaces F; ,,a’q,
which include the Hardy spaces discussed in Section 2.1. Most results discussed in
this section are also valid for the inhomogeneous Triebel-Lizorkin spaces and for
the Besov—Lipschitz spaces via a similar or simpler analysis.

2.3.1 Embeddings and Completeness of Triebel-Lizorkin Spaces

Proposition 2.3.1. Let 0 < p,q < o, and o € R. The homogeneous Triebel-Lizorkin
space Fy*4(R") is continuously embedded in the Besov space By (R") which is in
turn continuously embedded in /'(R")/ 2 (R"). Moreover, the space F, ?(R") is
complete.

Proof. Given f € ' (R")/Z(R") we have the sequence of inequalities

., (23.0)

1
27| A ¥ <|[swplRat ]| <[ (X as)e)”
sup 1A ()ller < ?GJIZ)‘ i (DI||,, < (Zél J (f)|) o

JE

which shows that || f|| sa < || f|| zz.q. Thus we proved the embedding ECBY”.
p P

Next we prove that B (R") continuously embeds in .#/(R")/ 2 (R"). Let ¥ be
in .7 (R"). Then given ¥ as in (2.2.1), let Q(&) = ¥($&) + (&) + ¥(2&). Given
feS (R")/ 2 (R") we have

(Fow) = Y (A7 (N, w) = L (A] ()47 (w),

JEL JEZ

where the first identity is due to the fact that the series ) ;cz A;-I' converges in
#'(R")/ 2 (R") and the second identity to the fact that & is equal to one on the

o~

support of ¥. It follows that

(£ v < ZZ||Af’(f>||Lw||A?<W)HL1
j€

AJQ(‘I/)HU

<Y 27 2 a? (1),
jez

< |flgeaC X, 27 A2 W),
jez

= ClflggalVlyp e

where we used Corollary 2.2.4 in the second inequality and (2.3.1) in the last in-
equality.
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Next, we show that |y .»_q, is controlled by a finite sum of Schwartz semi-
A

1
norms of ¥ € % (R"). Using the result in Appendix B.4, we obtain the following
estimate for all L € Z* and N > 0 satisfying N < N' — (L+ 1 +n)

:| 2min(j,0)n—|j\(L+1)

Q " N
|Aj (w)(x)| <CNN L { sup sup [97y(x)|(1+ |x]) m,

[7|<L xeR"

where the constant ]'\', N Ln also depends on 2. Consequently we obtain that

147w

L <Cin [ sup sup [7y()](1+ |x|>N’} grini 0=+
|7|<L x€eR”?

if N > n/p. Choosing L > n+ | o], it follows that

g = L2070 [Af (w)|
B JEZL

lwi u’

is bounded by a constant multiple of the expression

sup sup [07y(x)|(1+ |x[)¥
ly|<L xeR”

which is controlled by a finite sum of seminorms p, g (). This proves that Bg’m(R”)
is continuously embedded in ./ (R")/ 2 (R").

Finally, we turn to the last assertion that the space Fpa’q(R”) is complete. Since
E,7Y(R") is continuously embedded in .#"/ 22, every Cauchy sequence {um}5_o
in F,"/(R") is Cauchy in .#’ /< and thus it converges to an element u € .%'/ 2,
defined by (u, ) = limy_ (up, W) for all y € A (R?).

Since uy; — u in .’/ 2, it follows that for every j € Z

as M — oo. Thus for any J € Z™" we have

1

(X @ Af (w—w))*)" =timint (¥ (27IA7 (ury — ) )?)

Q=

i</ M=o R0
1
<1i 'f( 2%\ AY (1ng — 4)"
< limin jefi( A (st — uppr)])

First we let J — oo, then we take L” quasi-norms and we apply Fatou’s lemma. We
obtain

o=t e < Tiaminf ang — sy -



2.3 Atomic Decomposition of Homogeneous Triebel-Lizorkin Spaces 109

If we replace uyp by 0, this implies that u lies in Fpa’q since supy~ [[um|| paq < oo
- P
Then we have

limsup [|u — upy || paq < limsuplimsup [Jup — upp ||
p U

ﬁa*q 5
M —o0 M'—00  M—o0 I

but the expression on the right is zero since the sequence {uu}3;_, is Cauchy in
Fpa"q. It follows that uy; — u in Fpa’q as M — oo; thus Fpa’q is complete. O

2.3.2 The Space of Triebel-Lizorkin Sequences

To provide further intuition into the understanding of the homogeneous Triebel—
Lizorkin spaces we introduce a related space consisting of sequences of scalars.
This space is denoted by f,‘,x I and is related to F,,a’q in a way similar to that in which
(%(Z) is related to L2(]0, 1]).

Definition 2.3.2. Let 0 < ¢ <« and o € R. Let Z be the set of all dyadic cubes in
R". We consider the set of all sequences {s¢}oc# such that the function

1

s““({s0}0) = ( X (121" *Isol z0)*)’ 232)

(0137

is in LP(R"). For such sequences s = {sg}o we set

HSng# = Hga’q(s)HLﬂ(R")'

2.3.3 The Smooth Atomic Decomposition of Homogeneous
Triebel-Lizorkin Spaces

We discuss the smooth atomic decomposition of homogeneous Triebel-Lizorkin
spaces. We denote by 7 the space of all dyadic cubes on R". For any fixed j € Z we
let 7; ={Q € Z: £(Q) =2"/}. We begin with the definition of smooth atoms on
R".

Definition 2.3.3. Let Q be a dyadic cube and let L be a nonnegative integer. A €*
function ap on R" is called a smooth L-atom for Q if it satisfies the following prop-
erties:

(a) ag is supported in 3Q (the cube concentric with Q having three times its side
length);

(b) / x"ag(x)dx = 0 for all multi-indices y with |y| < L;
Rn

(©) [9%ag| < |Q|~ ¥~ for all multi-indices ¥ satisfying || < L+ 1.
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In view of properties (a) and (c) of Definition 1.3.2, for every M > O there is a
constant C(n,M,L) such that every smooth L-atom ao supported in Q with center
co and side length £(Q) satisfies

(o)

x—c M
(1+ le(g)Ql)

0%ag(x)| < C(n,M,L){(Q)? (2.3.3)

for all x € R" and for all multi-indices y with |y| <L+ 1.
We now prove a theorem stating that elements of Fpa’q can be decomposed as
sums of smooth atoms.

Theorem 2.3.4. Let 0 < p,q < oo, 00 € R, and let
L= [max (nmax(l,%,é) —n— OC,OC)] .

Then there is a constant C, p 4 o such that for every sequence of smooth L-atoms
{ag}oeq and every sequence of complex scalars {sg}pcq in fy'? we have that the
series Y ez, ():Qe% soag) converges in F ! (R") to an element f of 4 (R") with
quasi-norm

171

Conversely, there is a constant C, p.q.a Such that given any distribution f in F,,a’q and
any L € Z, there exist a sequence of smooth L-atoms {ag}pco and a sequence of

complex scalars {sg}geo such that the series Y cz (ZQG Dy sQaQ) converges to f
in E;°4(R") and

foa < Copaal/{so}ol jea (2.3.4)

Hsolol

We observe that for any given x the expression Y pcg, spap(x) is a finite sum
with at most 3" summands, so the convergence concerns the series in .

]‘C](JXTq S C;lvpaqsaHin‘};x’q : (235)

Proof. We prove the first assertion of the theorem. We let A;-p be the Littlewood—
Paley operator associated with a Schwartz function ¥ whose Fourier transform is
compactly supported away from the origin in R". Let ap be a smooth L-atom sup-
ported in a cube 3Q with center cg and let the side length of Q be ¢(Q) =2"H. It
follows from (2.3.3) that a satisfies

1in |y +un

oY <Cy, 277 : 23.6
0)ag(y)| < Cnr (20— g (2.3.6)

for all N’ > 0 and for all multi-indices y satisfying |y| < L+ 1. Moreover, the function
y— ¥ ;(y —x) satisfies
2J1Bl+jn

By (y—x)<Cy,g——
|y 2./(y X)|_ Nv"vﬁ(l+2.)|y—x‘)N

(2.3.7)

for all N’ > 0 and for all multi-indices 3.
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The function agp has vanishing moments of all orders up to and including L =
(L+1) —1 and satisfies (2.3.6) for all multi-indices y with |y| < L+ 1. The function
y = ¥ j(y — x) has vanishing moments of all orders and satisfies (2.3.7) for all
multi-indices f. Using the result in Appendix B.4, we deduce the following estimate
for all N > 0 satisfying N < N' — (L+ 1 +n)

o ominGin—lu—jl(L+1)

¥ < -5 .
|4f (ag)(x)| < Cnpr 2> TR e (2.3.8)
Now fix 0 < b < min(1, p,q) so that
L+1>g—n—a. (23.9)

This can be achieved by taking b close enough to min(1, p,¢), since our assumption
L= [max (nmax (1, %, %) —n—a,a)] yields that L+ 1 > nmax (1, %, é) —n—a
and also that L+ 1 > «. These two conditions imply that the function d(k) defined
for k € Z by

d(k) — omin(k,0)(n—g)+ko—[k|(L+1)

satisfies for some & > 0
d(k) < c27 Ko (2.3.10)
for all k € Z. Using Exercise 2.3.6, we obtain

1

3 0 <ermsiilu( F folzo) 0}

0EDy (1+2min()[x — co| )V 0y

whenever N > n/b, where M is the Hardy-Littlewood maximal operator. It follows
from the preceding estimate and (2.3.8) that

1

2 ¥ lsollaftao)| < ¥ ati-w{m( L (sollol+#)'z)}

UEZ Qe uez €Dy

where Cy = ¢Cp . In particular this estimate is valid for any finite subset 7' of Z.
For such a subset we have

29a¥ (Y Y soao) =2 Y ¥ soAf (ag). @23.11)

UEZ QDY HEZ Qe

Raise the last displayed inequality to the power g and sum over j € Z; then raise
to the power 1/g and take || - ||z» quasi-norms. We obtain

1Y, Y soaollzaa

ueZ’ Qe

{Z [ Y d(]*#){M( y (|SQ||Q|_%_z)hXQ)}}7:|q}JI

JEZ Lue?/ €Dy

<G

Lr
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We now estimate the expression inside the preceding L” norm by
() 1\
(1,) | mn(ta _l_ayp 5|1
{ L™ Ly {u( ¥ (soller5))} '}
JEZ uez’ €Dy

and we note that the first term is a constant in view of (2.3.10). We conclude that

1
gyl
_1_a\p v | 1
| % sole, < ac|{ & {M(E Gsoller*#)20)}'}
ueZ’QeJ P uez’ er Lr
gy ik
_1_a\p b
—COCH Y (sollol %) x0) | } ,
uez’ Qe@ Lb
q b 1
/ 1_«a 5 9]|®
< GC { (Isollel %) 20} } )
uez’ Qe@,l Lb
1
_1l_a q
= CoC’ {Z Y (Isoll0l2 n)qu} . (23.12)
UEZ QeDy Ly

where in the last inequality we used Theorem 5.6.6 in [156], which is valid under
the assumption 1 < £,4 < co. We now take Z' = {p € Z: M’ < |u| < M}, for some
integers M’ < M, and we use the following consequence of the Lebesgue dominated
convergence theorem

lim

= 07
M \M—

Le

{ )3 Z(|sg||QH‘)qu};

M <|11|<M Q€D

since s = {sp}pco € fg 1. We obtain that the sequence

Fy = Z Z Spap
K[=M 0ET,

is Cauchy in Fpa’q. Proposition 2.3.1 yields that it converges to an element f in Fpa’q

We now repeat the preceding argument replacing Z' by Z and Yuez ZQG% 50
by f noting that (2.3.11) holds for Z in place of Z’ since we can interchange A}P
with the infinite sum over p (and certainly with the finite sum in Q € Z,) in view
of the convergence of the sequence Y ,j<y (ZQE Dy sQaQ) to f in Fpa’q (and thus in
' | ). This proves (2.3.4) since (2.3.12) is controlled by HSHf;xq

We now turn to the converse statement of the theorem. It is not difficult to see
that given L € ZJr there exist Schwartz functlons ©® and Y (unrelated to the previous
one) such that P is supported in the annulus 5 < |€] <2 and O is supported in the
ball x| <1 and satisfies [g. x7O(x)dx =0 for all |y| < L, such that the identity

Z'P 2776002778 =1 (2.3.13)

JEZ

holds for all & € R"”\ {0}; see Exercise 2.3.1.
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Given a distribution f € Fpa’q, using identity (2.3.13), we write
=Y W i%x0yxf,
jez

where the convergence is in ./ (R")/ 2 (R") in view of Corollary 1.1.7.
For each Q in Z; define a constant

sQ—|Q\2sup|<% <)) sup [070],,
yeQ [yY|<L+1

and a function
1
aQl)= - |, @0 (x=)(H = 1) dy. (2.3.14)

It is straightforward to verify that ag is supported in 3Q and that it has vanishing
moments up to and including order L, since 6 does so. Moreover, using (2.3.14) we
obtain for all |y| <L+ 1

}’

1 1
|‘9yaQ| < QIIWGHM(Q)_M SZP"PZ *f| < |Q‘_

which makes the function agp a smooth L-atom.
Using this notation, we write

1=Y ¥ [[@st)tne)dy=1 (¥ soao).

JELQED; JELZ ~Qc9;

where the series in j converges in ./ (R")/ 2 (R").
Let b be as in (2.3.9). Now note that

Y (oI " Esoxe)”

uQ)=27
=C Z (27%sup |(¥y- + f)()|x0(x))"
0Q)=2-J YeQ
C sup  (PU(1+2 ) (B x ) (x —2)]) (1 +272])
lo|< /n2-
C2 My (1, P) (),
where we used the fact that in the first inequality there is only one nonzero term in

the sum because of the appearance of the characteristic function. Summing over all
J € 77, raising to the power 1/g, and taking L” norms yields the estimate

IN

I /\

Jtsatollgo (Gl )| <clliee.
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where the last inequality follows from Theorem 2.2.8. This proves (2.3.5). It follows
from (2.3.5) that {sg}pc lies in f;,x I and thus by the first assertion of the theorem

we have that the series
Y.( Y, soao)
U Qegy

converges to some element in Fpa’q. Since it converges to f in .7’/ 2, it follows that
Y (Xoeg, soag) converges to f in F;"9, and this completes the proof. O

2.3.4 The Nonsmooth Atomic Decomposition of Homogeneous
Triebel-Lizorkin Spaces

We now discuss the main theorem of this section, the nonsmooth atomic decomposi-
tion of the homogeneous Triebel-Lizorkin spaces F,,a'q, which in particular includes
that of the Hardy spaces H”. We begin with a definition.

Definition 2.3.5. Let 0 < p,q < co. A sequence of complex numbers r = {rg}pco
is called an co-atom for f;,x 4 if there exists a dyadic cube Qp such that

(@) ro=0if 0 Z Qo;

_1
() ||g*4(r)||,= < 1Qo| 7.
where, recalling from (2.3.2),

1

§“({roko) = (X (121 F lrol0)")

0cy

We observe that every co-atom r = {rq} for ;¥ satisfies ||r||fa.q < 1. Indeed,
p

I, = [ ls (1P dx < ool ol = 1
P JQo

The following theorem concerns the atomic decomposition of the spaces f,f‘ “,

Theorem 2.3.6. Let o0 € R, 0 < p,q < oo, and s = {sg}gc o be in fﬁ"q. Then there
exist Cp p 4 > 0, a sequence of scalars Aj, and a sequence of o>-atoms rj = {rj o} oc
for ];1(71  such that for each Q € 9 the series Y Ajrj o is absolutely convergent and
equal to sg, i.e.,

7Ljrj,
J=1

s={sotoez = Y, Ai{rjo}ocs =
=1

and such that

(T IA07) <G

|5l saq (2.3.15)
= g
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Proof. We fix o, p,q, and a sequence s = {sg}pco in f°?. For a dyadic cube R in
2 we define the function

Q=

a1
e = (X (101F sl 20)")
o€y
RCQ
and we observe that this function is constant on R. We also note that for dyadic cubes
R; and R, with R; C R, we have

g (s) < gp’(s).

Finally, we observe that
lim gp9(s)(x)=0
lim g5 (9) (o)
x€ER

and

lim g%(s)(x) = g®
oim g™ (5)(x) = g7 1(5) (%),
XER
where g%4(s) is the function defined in (2.3.2).

For k € Z we set
={ReD: gg(s)(x) >2" forallx € R}.
We note that <7 C @7 for all k in Z and that

{xeR": g%9(s)(x) >2"} = [ J R. (2.3.16)
Re s,

Moreover, we have for all k € Z,

1

Y (05 lsglro)?)’ <2 230

0€P\

for all x € R".

To prove (2.3.17) we assume that g%9(s)(x) > 2X; otherwise, the conclusion is
trivial. Then there exists a maximal dyadic cube Ry,x in <% such that x € Rp.
Letting Ry be the unique dyadic cube that contains Rpyax and has twice its side length,
we have that the left-hand side of (2.3.17) is equal to gg(’)q(s) (x), which is at most 2%,
since Ry is not contained in 7.

Since g*4(s) € LP(R"), by our assumption, and g*9(s) > 2F for all x € Q if
Q € 4, the cubes in .27, must have size bounded above by some constant. We set

B = {J € Z: Jis amaximal dyadic cube in 2% \ %1 } .
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For J in %) we define a sequence t(k,J) = {t(k,J)o}pco by setting

1k ) = so ifQCJand Q€ %\ Fy1,
270 otherwise.

Notice that

it 0¢ )%, then s =0.
kel

Moreover, the identity

s=Y Y tkJ) (2.3.18)
keZJc By
is valid and it is worth noticing that for each Q € 2, there is at most one k € Z and
at most one J € %y such that 7(k,J)¢ is nonzero, i.e., the sum in (2.3.18) evaluated
at Q has at most one nonzero term.
For all x € R" we have

_ =

gk IN@ = (X (127 sol 20()”)
QGJZka%Zﬂﬂ

( )y (IQI‘%‘%|sQ|xQ(x))q)6 (2.3.19)

ocJ
Q€ D\ 11

k+1
27,

IN

IN

where we used (2.3.17) in the last estimate. We define atoms r(k,J) = {r(k,J)o}oco
by setting
1
r(k,J)o =271 ve(k,J) g, (2.3.20)
and we also define scalars :
Mg =251 717

To see that each r(k,J) is an co-atom for f;"q, we observe that r(k,J)o =0if Q ¢ J
and that

1
g(r(k,J))(x) <7,  forallxeR",
in view of (2.3.19) and (2.3.20). Also using (2.3.18) and (2.3.20), we obtain that
s=Y, Y Mrkd), 2.3.21)
k€Z Je By

which says that s can be written as a countably infinite sum of atoms. We now
reindex the countable set % = {(k,J) : k€ Z, J € %} by Z" and write

s=Y Ajrj, (2.3.22)
j=1
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where {A1,42,...} ={ Ay : (k,J) € X} and {ri,r2,...} ={r(k,J): (k,J) e %}.
As observed the sum in (2.3.21) has the property that for each Q € 2, there is at most
one k € Z and at most one J € % such that A ;r(k,J)o =t(k,J)g is nonzero. Thus
for each Q € &, at most one term in the sum 27:1 Ajrj o is nonzero; in particular,
this series is absolutely convergent.

Finally, we estimate the sum of the pth power of the coefficients A ;. We have

YIur=3Y Y X
=

keZ Je %y,

_ 22(k+1)p Z |]|

kel Je By
<2y o
kel Qcd

= 2r Y 2K {x e R": g%4(s)(x) > 24}
keZ

2"(1’*')|{x cR": gon,q(s)(x) > %Hd)M

IN

=

ag!
T

2k+1
2P2/2k AP {x €R": g%4(s)(x) > A}[dA

keZ

22p
= ==l e

IN

Taking the pth root yields (2.3.15). The proof of the theorem is now complete. [
We now deduce a corollary concerning a new characterization of the space f;,x 4,

Corollary 2.3.7. Suppose o« € R, 0 < p < 1, and p < q < e. Then for a given se-
quence s € f;,x ! we have the following equivalence:

oo 1 N
N. . p . 3 . .
||s|f-a.q~mf{(zl ) fim s X

P ;
j=

— . : FOLq
jea =0, rj are co-atoms for f, }
P

Remark 2.3.8. Notice that f;,x 4 is complete (Exercise 2.3.6(b)), so if r j are co-atoms
i 1
for f57,if (£7_, |Aj|?)? < eo and if

—0
i

N
S — Z},jl’j
=1

as N — oo, then s must be an element of f;,x 4,
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Proof. Given s € f;,z 4 let rj be co-atoms for f;,x‘ and A; be as in Theorem 2.3.6.
Then Y7 [A4;]F < CnqusH fa <o and sg = Y7y Aj7j 0, Where the series con-

verges absolutely. Then as N —> oo we have

Hszlrj‘ o HZA;’, er,

=

jaa Z |l'|p%0,

I =N+

M ’"J‘
j=N+1

where we used Exercise 2.3.6(a) in the last inequality together with the observa-
tion made after Definition 2.3.5 that every co-atom r for f, 7 satisfies ||| joa < <L

(Here |rj| = {|rj,0|}ocz.) Then A; and s are as in the statement of the corollary and
(2.3.15) implies the > inequality in the claimed equivalence. )
The converse inequality (<) is easier since for any r; co-atoms for f;,x ! we have

M+HZM <||s- er, +Zw

sl <|}s - Zx r

thus letting N — oo and taking the infimum over all (X7, |4;|") 1/P yields the desired
inequality. O

Theorem 2.3.6 allows us to obtain an atomic decomposition for the space F,,a’q as
well. Indeed, we have the following result.

Corollary 2.39. Let c e R, 0 < p <1, L > [max(% —n—o,)], and let q satisfy
p < g < oo. Then for a given f € Fpa’q we have the following equivalence:

0 1 N
Il = int L (L 1217) "+ tim = 1 a0 =0
Jj= j=

where Aj = Z ( Z rj,QaQ) converging in Fpa’q,
UEZ "QePy

ag are smooth L-atoms, and rj = {rj o} gc o are o-atoms for fg‘q}.

Proof. Let 7Lj, A be as above such that
N
li — Y LA 2aq =0
ng;”f J; j JHFP a

In view of the subadditivity of the expression & +— || f ||£ «q (Exercise 2.3.2) we have
p
that

N N
e < X0 MGG + 1 = X2 Al
j=1 J=1
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It follows from this that
N - oo
[ f]rea <limsup Y [P [|Aj||%aa < Y 1451747 baa < cnp Y 11PNl ey s
P N—eo i P = P = I

where the last inequality is due to Theorem 2.3.4. Using the fact that every oo-atom
r={rg} for f,* satisfies ||| o < 1, we take the infimum over all representations
p

of f as above to deduce the < part of the claimed equivalence.
Conversely, given f in Fpa"q, we use Theorem 2.3.4 to write

f‘Z(ZSQ“Q)

UEZ \QeDy,

where s = {50} e lies in £, each ag is a smooth L-atom for the cube Q and the
series converges in Fpa’q. Now Theorem 2.3.6 gives that s = {sp} o can be written
as a sum of r;, eo-atoms for f;,x"q, that is,

S = lerj,
j=1

where 1
r
(L) <elsljpa:

Since HS”f‘,a‘q <Cpyna HfHFa.q, Theorem 2.3.4 implies that
P ’ »

(Z 1A, \P) </||f]] e (2.3.23)

“
For j=1,2,... set
A=Y (X r0a0) (2.3.24)

UEZ " QcIy

and note that Theorem 2.3.4 gives that the series in i in (2.3.24) converges in F,,a’q
and the F,,a’q quasi-norm of A; is bounded by a constant in view of (2.3.4), since
|7 ||f‘a.q < 1. Appealing again to (2.3.4) in Theorem 2.3.4 we obtain

P

as N — oo, The > part of the claimed equivalence is a consequence of (2.3.23). [

npqot Crlz),p,qu Z |A]|p_>0

J=N+1

Z)Lr]—s j
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2.3.5 Atomic Decomposition of Hardy Spaces
We now pass to one of the main theorems of this chapter, the atomic decomposition
of HP(R") for 0 < p < 1. We begin by defining atoms for H?.

Definition 2.3.10. Let 1 < g < . A function A is called an L-atom for HP(R") if
there exists a cube Q such that

(a) A is supported in Q;

1_1
(b) ||A][,, <l0le 7;

(© / xYA(x) dx = 0 for all multi-indices y with |y| < [ —nl.

Notice that any L"-atom for H? is also an L7-atom for H” whenever 0 < p <'1
and 1 < g < r < oo, Itis also simple to verify that an L7-atom A for H” is in fact
in HP. We prove this result in the next theorem for ¢ = 2, and we refer to Exercise
2.3.4 for a general q.

Theorem 2.3.11. Let 0 < p < 1. There is a constant Cy, j, < o such that every L*-
atom A for HP (R") satisfies

HAHHP < Cn,p-
Proof. We could prove this theorem either by showing that the smooth maximal
function M (A; @) is in L? or by showing that the square function (¥ ez, |A;P A)P) 1/2
is in L?. Both proofs are similar and we choose to present the second.

Let A(x) be an atom supported in a cube Q centered at the origin; otherwise apply
the argument to the atom A(x — cg), where ¢ is the center of Q. We control the L?
quasi-norm of (¥ ez [A¥(4)?) /2 by estimating it over the cube Q* and over (Q*)°,
where Q* = 2,/n Q. We have

1
(/ (Y 1% @)P)a > (/*ZAW de)zg*pal/w.
JjeZ

JjeZ
1
Using that the square function f — (¥ ;cz \A;‘V (f)?)? is L? bounded, we obtain

1
4 p

‘P )4 P 1
(f (g armniar)” < clatpiei

JEZ

A

(2.3.25)

INA
N
S
5
<=
|
:\:
©
I\); —_
=0
©
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To estimate the contribution of the square function outside Q*, we use the cancella-
tion of the atoms. Let k = [7 —n]+ 1. We have

AP (A)(x /A VWi (x—y) dy

—2/"/A [ 2/x—2jy)—

i 5 ey (_zjy)ﬁ
Yy /A [ﬁlka ¥)(2x—2/6y) g }dy,

(0PW)(27x) Hlf)ﬁ} dy
IBI<i—1 B!

where 0 < 6 < 1. Taking absolute values, using the fact that OPW are Schwartz
functions, and that |x — y| > [x| —|y| > %|x| whenever y € Q and x ¢ Q*, we obtain
the estimate

| /\

Cy |27y|*
| TN

1 1
CN]) 2’ / )2 2 / 2% 2
< N A(y)|“d d

A (4)(x)]

< LWZ (Hn)IQIZ_lIQI% +
= T2
CN.p,nzj(kM) 1+k_1
= — nop
(1+27)"

for j € Z and x € (Q*)¢. For such x we now have

1

. 1
Y (4) ()2 : 1pko1 22j(k+n) 2
(Z 1A} (A)(x)]| ) <Cypal0l (Y T (2.3.26)

JEZ JEL

It is a simple fact that the series in (2.3.26) converges. Indeed, considering the cases
2/ < 1/|x| and 2/ > 1/|x| we see that the series on the right in (2.3.26) contributes
at most a fixed multiple of |x|~2=2"_ It remains to estimate the L” quasi-norm of
the expression on the right in (2.3.26) over (Q*). This is bounded by a constant
multiple of

k1 1 l
Q 1+z*; 14 » L1 . . .
(/( “)e (||x|p(k+n))dx SC”«P‘Q|1+" g /\Qll Pkt =l gy ) o

for some constant ¢, and the latter is easily seen to be bounded above by an absolute
constant. Here we used the fact that p(k+n) > n or, equivalently, k > % —n, which
is certainly true, since k was chosen to be [2 — 1]+ 1. Combining this estimate with
that in (2.3.25), we conclude the proof of the theorem. O
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We have now proved that L7-atoms for H? are indeed elements of H”. We now
obtain the converse statement, i.e., every element of H” can be decomposed as a
sum of L?-atoms for H”. Applying the same idea as in Corollary 2.3.9 to H?, we
obtain the following result.

Theorem 2.3.12. Let 0 < p < 1. Given a distribution f € HP(R"), there exists a

sequence of L*>-atoms for HP, {A Y721, and a sequence of scalars {A;}7_, such that

N
Y AAj— in H?. (2.3.27)

Thus the space of all finite linear combinations of L*-atoms for H? is dense in HP.
Moreover, we have

[Fe inf{<2 A417) 7
J=

where A are L*-atoms for Hp.} .

(2.3.28)

Proof. Fix f € HP(R"). Let A; be L%-atoms for H” and Y71 |4]P < oo such that
(2.3.27) holds. It follows from Theorem 2.3.11 and the sublinearity of the expression
g+ [lgll7» that

N P
|4, <CPPZ\7L 7.
j=1
Thus if the sequence ):zjy:] AjA; converges to f in H”, then
» N » N
£z < Hf* ZAJA.f‘)Hp+Cr[:,p Y Al
j=1 j=1

and letting N — oo proves the direction < in (2.3.28).
We now focus on the converse statement, which is s1m11ar to the analogous state-

ment in Corollary 2.3.9. Let L = [7 —nJ. Given f in F 2 — H”, via Theorem 2.3.4
we write
r=x ( L SQ“Q)
UEZ \NQeDy,

where s = {sp} e lies in f,(,)"z, each ag is a smooth L-atom for the cube Q and the
series converges in H”. Theorem 2.3.6 gives that s = {sg }¢ can be written as a sum

;0,2 - o
of r;, eo-atoms for f,"", thatis, s = ¥7_; A;r;, where

> 1
(X 1417)7 <cls] o

J=1
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Since HS”f;“ < Cn,p||f||Hp, Theorem 2.3.4 implies that

(X 117)" <1 - (2.3.29)
=1

For j=1,2,... set
Aj=Y ( )y rj;QaQ>
UEZ \ Qe
where the series converges in H” (see Theorem 2.3.4) and the H” quasi-norm of A;
is bounded by a constant in view of (2.3.4), since ||rj||’;04,z < 1. Using again (2.3.4)
Ip

in Theorem 2.3.4 we obtain

N P N P
HZA/AJ'_fH » Scrl:,p‘zxjrj_s 02
j=1 H j=1 Ip
p S P
< Cn,p ‘ Z M’/' ‘rj| °0.2
j=N+1 o

<c, Y P—=o,
j=N+1

as N — oo, where the last inequality follows from Exercise 2.3.6(a).
Next we show that each A} is a fixed multiple of an L?-atom for HP. Let us fix an

index j. By the definition of the co-atom for fg 2 there exists a dyadic cube Qé such
that rj o = 0 for all dyadic cubes Q not contained in Q}. Then the support of each
ag is contained in 3Q, hence in 3Q(’). This implies that the function A; is supported

in 3Q). The same is true for the function g%2(r;) defined in (2.3.2). Using this fact,
we have

4ll2 ~ 14 2

clril o2

IN

c[|g ()]l 2
c)|g%2(rp)|),- 130512

. 1 1
< c3gyl PR

IN

Since

1
£20) = (L 101 Iriole)’
ey
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jo—1,1 . .
the estimate ||g%?(r;)||;2 < |3Q)|” 772 we proved implies that

Y Irjol* <.

Q€7

Let M’ < M be positive integers. Then

H Y ) rj.,QaQHLl < 3gj?

M'<|u|<M Q€ Dy

M’<|zu:\§ Z

MQeDy

= 30jI* ( L Iridl )

M'<|u|<M Q€

as M’ ;M — . Therefore the sequence Yiu<m ):Qe@,l rjpap is Cauchy in L' and

hence it converges in L'. But this sequence converges in H? to A by Theorem 2.3.4,
so finally it converges to A; in L.

The fact that A; = ¥,z Y 0 9, 7'j,0a0 With convergence in L' allows us to de-
duce that vanishing moments of agp pass on to A;. We conclude that each A; is a
fixed multiple of an [%-atom for H?. The > direction in (2.3.28) now follows from
(2.3.29), given that we have now established all the remaining properties. O

Remark 2.3.13. Property (c) in Definition 2.3.10 can be replaced by
/ *A(x)dx=0 for all multi-indices y with || < L,

for any L > [ﬁ — n], and the atomic decomposition of H” holds unchanged. In fact,
in the proof of Theorem 2.3.12 we may take L > [2 —n] instead of L = [2 — 7]
and then apply Theorem 2.3.4 for this L. Note that Theorem 2.3.4 was valid for all
L> [% — n)]. This observation turns out to be quite useful in certain applications.

Exercises

2.3.1. (a) Given N € Z, prove that there exists a Schwartz function ® supported in
the unit ball |x| < 1 such that [, x¥ @ (x)dx = 0 for all multi-indices y with |y| <N

and such that |©(&)| > 1 for all & in the annulus § < €] < 2.

(b) Prove there exists a Schwartz function ¥ whose Fourier transform is supported
in the annulus 1 5 < |&] <2 and is at least ¢ > 0 in the smaller annulus << 5
and which satisfies for all £ € R"\ {0}

Y P20 e =

JEZ

[Him‘: Part (a): Let 0 be an even real-valued Schwartz function supported in the ball
x| < 1 and such that 8(0) = 1. Then for some & € (0, 1) we have (&) > 3 for all
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£ satisfying || < 2&. Set @ = (—A)N(8¢). Part (b): Define the function ¥(&) =
(&) (Ljez ﬁ(Z*fé)GA)(Z’j&))fl, where 7)(&) is a Schwartz function supported in
the annulus % < |&] <2 and equal to 1 on the smaller annulus % <g|I< %}

232. LetaeR,0<p <1, p<g< oo,
(a) For all £, g in F,;"¢ show that

1+ #0111+ el
(b) For all sequences {s¢}oc2 and {tp}oc» show that
[KsoYo+{rotollfas < [{so}olljaa + e} ol Fau -
Hint: Use |a+ b|? < |a|” 4 |b|P and apply Minkowski’s inequality on L%/” (or on
/
04 n)'}

2.3.3. Let @ be a smooth function supported in the unit ball of R”. Use the same
idea as in Theorem 2.3.11 to show directly (without appealing to any other theorem)
that the smooth maximal function M( - ;@) of an L?-atom for H” lies in L” when
p < 1. Recall that M(f; @) = sup,~o | Ds * f].

2.3.4. Extend Theorem 2.3.11 to the case 1 < g < o. Precisely, prove that there is a
constant C, , , such that every L?-atom A for H? satisfies

[A[lzr < Capg-

[Hint: If 1 < g < 2 use the boundedness of the square function on L? while for
2 < g < oo use its boundedness on Lz.}

2.3.5. (a) Suppose that st >0forallQ e Zand k= 1,2,.... Prove that

ICE shollien < X IHsbollea-
k=1 4 k=1 P

(b) Prove the completeness of the spaces f,‘,x “when ot ER,0< p<1,p<g<oo.
[Hint: Part (b): You may want to use part (a) together with the fact that if a quasi-
normed space (X, || - ||) has the property ||x+ y||? < [|x||? +||y||F for all x,y € X,
then (X, || - ||) is complete if and only if for every sequence x; € X with the property
Yooy |[xk||P < oo there is an x, such that || Y x¢ —x.|| = 0 as N — o]

2.3.6. Show that for all u,j € Z, all N,b > 0 satisfying N > n/b and b < 1, all
scalars s¢ (indexed by dyadic cubes Q with centers cp), and all x € R" we have
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Z sl
0<%, (14 2min(o1) [x — co| )V

1

<cnn 020 (ol o))}

o€y

where M is the Hardy-Littlewood maximal operator and c_(n,N ,b) is a constant.
[Hint: Fix x € R” and define .%y = {Q € Dy |cg—x| pmin(j,i) < 1} and for k > 1
Fr={0€ Py : 27! <|cg—x|2min(i#) < 2k} Break up the sum on the left as a
sum over the families 7 and use that Yo 7, |so| < (Locs, Is0l?) /2 and the fact
that ‘UQE,/O-:;{ Q‘ < anfmm(Jﬁll)rwkn_]

2.3.7. Let A be an L?-atom for H?(R") for some 0 < p < 1. Show that there is a
constant C such that for all multi-indices & with |ot| < k = [% — n| we have

~ 20 kDl 1y
sup |&]% 1 (@°A)@)| <Al
EcR”

[Hint: Subtract the Taylor polynomial of degree k — || at O of the function x —
—2mix-& ]
e .

2.3.8. Let A be an L2-atom for H” (R") for some 0 < p < 1. Show that for all multi-
indices o and all 1 < r < oo there is a constant C such that

_2p (2o 1
' (Rm) SCHAHLZZ”’( wrr

| 0eaP o

[Hint: In the case r = 1 use the L' — L boundedness of the Fourier transform and
in the case r = o use Plancherel’s theorem. For general r use interpolation.]

2.3.9. Let f be in HP(R") for some 0 < p < 1. Then the Fourier transform of f,
originally defined as a tempered distribution, is a continuous function that satisfies

F(EN < Cop| Il o ey €17

for some constant C, , independent of f.
[Hint: If fisan [*-atom for H?, combine the estimates of Exercises 2.3.7 and 2.3.8
with o =0 (and r = 1). In general, apply Theorem 2.3.12.]

2.3.10. Let A be an L=-atom for H”(R") for some 0 < p < 1 and let o = % —n.

Show that there is a constant C, , such that for all g in Aqg (R") we have

A(x)g(x) dx
Rl’l

SCmpHgHAa(Rn)'

[Hint: Suppose that A is supported in a cube Q of side length 27V and center cg.
Write the previous integrand as ) ;cz A ]Q (A)A}"( g) for a Littlewood-Paley operator
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A;p associated with a function ¥ € . whose Fourier transform is nonnegative,
supported in g < |&| <2, and satisfies ¥ 7, 'f’(Z_jé) =1 forall & # 0, while .(3(5)
is ¢, supported in % < |€] < 4, and is equal to one on the support of ‘f’(é ). Then
apply the result of Appendix B.4 to obtain the estimate

omin(j,v)nn—|j—v|D

(1 + 2min(jv) |[x — cQ|)N ’

A2(@) ()| < cwlo 7!

where D =[] + 1 when v > j and D = 0 when v < j. Use Theorem 1.4.6.]

2.3.11. Let € > 0. Show that the function

Xx|<1/2
x(log ! )He

I

h(x) =

lies in the Hardy space H'(R) although

1/2
[ o) tog () dr ==
~1/2

[Hint: For j=1,2,... define atoms a;(x) = cjlte (hxlj — Avg;, (hx]j)) supported
in I; = (277,277*") and bj(x) = ¢j"** (hxr; — Avg; (hx1;)) supported in L;j =
(=27/*1,—277) for a suitable ¢ > 0. Then write b = Y57, cﬂ%(aj +bj).]

2.4 Singular Integrals on Function Spaces

Our final task in this chapter is to investigate the action of singular integrals on
function spaces. The emphasis of our study focuses on Hardy spaces, although with
no additional effort the action of singular integrals on other function spaces can also
be obtained.

2.4.1 Singular Integrals on the Hardy Space H'

Before we discuss the main results in this topic, we review some background on
singular integrals.

Let K(x) be a function defined away from the origin on R” that satisfies the size
estimate

1 3
sup — |K(x)] |x]dx <Ay, (2.4.1)
0<R<eo R J1x|<R
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the smoothness condition,

sup |K(x—y)—K(x)|dx < Aj, (2.4.2)

VRO S

and the cancellation condition

sup
O<R|<Rp<eo

K(x)dx

R <|x|<R,

<Asz, (2.4.3)

for some Ay,A3,A3 < o. Condition (2.4.3) implies that there exists a sequence €; | 0
as j — oo such that the following limit exists:

lim K(x)dx = Ly.

J—eoJei<|x|<1

This gives that for a smooth and compactly supported function f on R”, the limit

lim K(x—y)f(y)dy=T(f)(x) (2.4.4)

oo
[x— y\>8.,~

exists and defines a linear operator 7. This operator T is given by convolution with
a tempered distribution W that coincides with the function K on R"\ {0}.

We know that such a T, initially defined on %;°(R"), admits an extension that
is L? bounded for all 1 < p < o and is also of weak type (1,1). All these norms
are bounded above by dimensional constant multiples of the quantity A; + A, 4+ A3
(cf. Theorem 5.4.1 in [156]). Therefore, such a T is well defined on L' (R") and in
particular on H'(R"), which is contained in L' (R"). The following result concerns
the H' to L! boundedness of T

Theorem 2.4.1. Let K satisfy (2.4.1), (2.4.2), and (2.4.3), and let T be defined as in
(2.4.4). Then there is a constant C,, such that for all f in H'(R") we have

7|, < CulA1 +A2+43)[| 1] 1 - (2.4.5)

Proof. To prove this theorem we have a powerful tool at our disposal, the atomic
decomposition of H' (R"). It is therefore natural to start by checking the validity of
(2.4.5) whenever f is an L>-atom for H'.

Since T is a convolution operator (i.e., it commutes with translations), it suffices
to take the atom f supported in a cube Q centered at the origin. Let f = a be such
an atom, supported in Q, and let Q* = 2,/n Q. We write

[ 7@ |dx—/\T |dx+/ Ndx (246
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and we estimate each term separately. We have

[ ir@@lar <lo ([ ira |2dx>l

< Cu(A1+A +A3)\Q*|% (/Q |a(x)|2dx> 2

S |
SGiA1+A2+43)[072 (02T
=G (A1 +A2+A3),
where we used the L?> boundedness of T and property (b) of atoms in Definition
2.3.10. Now note that if x ¢ Q* and y € Q, then |x| > 2|y| and x —y stays away from

zero; thus K (x —y) is well defined. Moreover, in this case T'(a)(x) can be expressed
as a convergent integral of a(y) against K (x —y). We have

[, r@@las = [

/Kx y)a dy‘dx

o | (KG=2) =K()al) v ax

< [, e
// K(x—y)—K(x)|dx|a(y)|dy
\X\>2M

<A /Q la(x)|dx

(x)| dx|a(y)|dy

1

1 " 2
<aslolt ([ lacoPas)
Jo

<A0lF10]F T =4,

Combining this calculation with the previous one and inserting the final conclusions
in (2.4.6) we deduce that L?-atoms a for H' satisfy

IT(@)]| 1 < (Cp+1)(A1 +A2 +A43). 2.4.7)

HLl =

We now pass to general functions in H'. In view of Theorem 2.3.12 we can write an
feH" as

=Y Ajaj,
Jj=1
where the series converges in H ! the a j are [%-atoms for H!, and

£l = Z Ay < oo (2.4.8)

j=1

Since 7 maps L' to L' (Theorem 5.3.3 in [156]), T (f) is already a well-defined
L' function.



130 2 Hardy Spaces, Besov Spaces, and Triebel-Lizorkin Spaces

We claim that .
=Y AT(a)) a.e. (2.4.9)
j=1

noting that the series in (2.4.9) converges in L' and produces a well-defined inte-
grable function. Once (2.4.9) is established, the required conclusion (2.4.5) follows
easily by taking L! norms in (2.4.9) and using (2.4.7) and (2.4.8).

To prove (2.4.9), we make use of the fact that T is of weak type (1,1). For a given
d > 0 we have

{7 = X AT (a))] > 8}

8

j=1
N o0
<KITH =Y AT ()| >8/2}|+{| ¥ AT(a))]>6/2}]
Jj=1 j=N+1
2
SHTHLI—HJ 5H N+11'T(aj)HL1
2 , >
EHTHL'%L] j 'HHI"‘E(Cn+1)(AI+A2+A3) Y Al

j=N+1

Since Z]j\’:l Aja; converges to f in H' and Y71 |Aj| < oo, both terms in the sum
converge to zero as N — co. We conclude that

™

|{x€R”: ‘T(f)(x)— le(aj)(x)|>6}|:0

j=1

for all & > 0, which implies (2.4.9). O

2.4.2 Singular Integrals on Besov-Lipschitz Spaces

We continue with a corollary concerning Besov—Lipschitz spaces.

Corollary 2.4.2. Let K satisfy (2.4.1), (2.4.2), and (2.4.3), and let T be defined as
in(24.4). Let 1 < p <o, 0 < g < oo, and o € R. Then there is a constant Cy p 4 o
such that for all f in . (R") we have

IT(f)l|oa < CalAr + 42+ A3)]|f o (2.4.10)

Therefore, T admits a bounded extension on all homogeneous Besov—Lipschitz
spaces Bg’q with p > 1, in particular, on all homogeneous Lipschitz spaces.
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Proof. Let ¥ be a Schwartz function whose Fourier transform is supported in the
annulus 1 — % < |€] < 2 and that satisfies

Y Peie) =1, £#£0.

JEZ

Pick a Schwartz function { whose Fourier transform { is supported in the annulus
% < |&] < 8 and that is equal to one on the support of P Let W be the tempered
distribution that coincides with K on R"\ {0} so that T(f) = f «W. Then we have
&+ = ; forall j and hence

[4;(T (1))

= Gix B =W f,,

2.4.11)
<& = W[ [ 45O s

since 1 < p < oo, It is not hard to check that the function &, ; is in H ! with norm
independent of j. Therefore, {,-; is in H'. Using Theorem 2.4.1, we conclude that

TG = (16 # Wl < Cll&sf = €

Inserting this in (2.4.11), multiplying by 2/¢, and taking ¢¢ quasi-norms, we obtain
the required conclusion. O

2.4.3 Singular Integrals on H?(R")

It is possible to extend Theorem 2.4.1 to H?(R") for p < 1, provided the kernel K
has additional smoothness.

For the purposes of this subsection, we fix a ¢ function K (x) on R”\ {0}. We
suppose that there is a positive integer N (to be specified later) such that

10PK(x)| <Alx| "Bl forall |B| <N (2.4.12)
and that
sup K(x)dx| <A, (2.4.13)
O<R|<Rpy<eo
R1<\x\<R2

for some A < oo.

We fix a nonnegative smooth function 1 on R” that vanishes in the unit ball of R”
and is equal to 1 outside the ball B(0,2) and for 0 < € < 1/2 we define the smoothly
truncated family of kernels

K (x) = K(x)n(x/e)
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and the doubly smoothly truncated family of kernels
Key(x) = K (x) =K1/ (x).

Condition (2.4.12) with f = 0 and (2.4.13) imply that

K(x)n(x/€)dx| < (14 w,—110g2)A

’ [x|<1

for all £ < 1/2; hence there exists a sequence €; < 1/2 with £; | 0 as j — oo such
that the following limit exists:

lim K(x)n(x/gj)dx = Ly.

J=eJx<1

We now define W in ./ (R") by setting

W,@) = lim | K (x)o(x)dx (2.4.14)
= Lop(0) + lxK]K(X)((P(X)—(P(O))dH ‘xl>1K(X)<P(X)dx

for @ in .. It is quite easy to verify that the preceding expression is bounded by
a constant multiple of a finite sum of Schwartz seminorms of ¢. Note that this
distribution® depends on the number Lo and hence on the bump 7.

We define the associated doubly smoothly truncated singular integral by setting

Tie(@) () = | Kiey()@lx—y)dy (2.4.15)

for Schwartz functions ¢ on R".
We also define an operator T given by convolution with W by setting

T(p)=lim T (@) = oW (2.4.16)

j=

for ¢ € .#(R"). Observe that W coincides with K on R"\ {0}, since if ¢ is supported
in |x| > 1o > 0, (2.4.14) implies that the action of W on ¢ € .¥ coincides with that
of K(¢) on @ when ¢; < 1o/2. Condition (2.4.12) with || = 1 implies

sup/ |[K(x—y)—K(x)|dx < cA; (2.4.17)
y#£0 J1x[=2[y]
hence Theorem 5.4.1 in [156] yields the L? boundedness of 7. Note that (2.4.17) also

holds for K(e) in place of K uniformly in €; thus again by Theorem 5.4.1 in [156] the
operators 7(¢) are uniformly bounded on L*(R").

2 Alternatively, we could have defined W as an element of .#’(R")/%?(R") acting on functions
¢ € Y; in this case W would have been independent of Lo and 7.
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We summarize these and other observations about K(¢), 7{¢), and T'.

(1) The kernels K|, satisfy the same estimates as K uniformly in & with constant
A’ in place of A, where A’ is comparable to A.
(ii) T(e) are uniformly bounded on L.
(iii) T(e;)(g) tends to T'(g) in L? for any g € L*>(R").
(iv) T is L% bounded with norm ||W ||~ < CA.
(v) Forany f € HP, T(f) is a well-defined element of ..

We have already explained assertions (i) and (ii) and (iv).
We explain (iii). Theorem 5.3.4 in [156] gives that for all g € L? we have

sup |Tig) (g)| < M(T(f)) + G, AM(g);

>0

hence the maximal operator T*) (g) = sup,- |T(¢)(g)| is L? bounded. Moreover, as
an easy consequence of (2.4.14), for each ¢ € .%” we have T(¢,)(¢) — T (¢) point-
wise everywhere. In view of Theorem 2.1.14 in [156], for every g € L*>(R") we have
T<€j)(g) —T(g) — 0a.e.as j— oo. Since

ITie;)(8) — T(g)| <270 (g) € L2,

the Lebesgue dominated convergence theorem yields that T(e (§)—T(g) = 0in L2

To verify the validity of (v) we write W = Wy + K., where Wy = ®W and
K. = (1 — @)K, where @ is a smooth function equal to one on the ball B(0,1)
and vanishing outside the ball B(0,2). Then for f in H”(R"), 0 < p < 1, we define
a tempered distribution 7'(f) = W * f by setting

(T(f),0) = (f.¢*Wo)+ (@ * f,Ke.) (2.4.18)

for ¢ in “(R"). (Here @ ( ) = @(—x) for functions and analogously for distribu-
tions.) The function ¢ * Wo is in &, so the action of f on it is well defined. Also
¢ % f is in L' (see Proposition 2.1.9), while K. is in L*™; hence the second term on
the right in (2.4.18) represents an absolutely convergent 1ntegral. Moreover, in view
of Theorem 2.3.20 in [156] and Corollary 2.1.9, both terms on the right in (2.4.18)
are controlled by a finite sum of seminorms py g(¢) (cf. Definition 2.2.1 in [156]).
This defines T'(f) as a tempered distribution for every f € HP.
The following is an extension of Theorem 2.4.1 for p < 1.

Theorem 2.4.3. Let 0 < p < 1 and N = [% —n|+ 1. Let K be a €* function on

R"\ {0} that satisfies (2.4.13) and (2.4.12) for some A < oo for all multi-indices
|B| < N and all x # 0. Let W be a tempered distribution that coincides with K on
R\ {0}, as defined in (2.4.14). Then there is a constant Cy, , such that for all f € HP
the distribution T (f) defined in (2.4.18) coincides with an L? function that satisfies

1Tl < CopAll 1l
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Proof. The proof of this theorem is based on the atomic decomposition of H”.

We first take f = a to be an L2-atom for H”, and without loss of generality we
may assume that a is supported in a cube Q centered at the origin. We let Q* be the
cube with side length 2+/n£(Q), where £(Q) is the side length of Q. We have

(Q*|T<a><x>|1’dx);scg*z'r [ e de)
caght( |a<x>|2dx)2

1_1 11
7CnA‘Q|’) 2|Q|2 P
— CA,

IA

N

where we used that T is L? bounded with norm at most a constant multiple of A.
Forx ¢ Q* and y € Q, we have , and thus x —y stays away from zero and

K(x—1y) is well defined. We have
=4K@—wdw@

Recall that N = [% —n]+ 1. Using the cancellation of atoms in H”, we deduce

T@)) = [ a)K(s—)dy
_ Ca a7
~ [av |k~ ¥ (@R

|B|<N-1

= ] X @ oy o

for some 0 < 6, < 1. The fact that x| > 2[y| implies that [x — 8,y > 1|x| and using
(2.4.12) we obtain the estimate

A
7)) < enn vy /Q la(y)] [y[¥ dy,

from which it follows that for x ¢ Q* we have

A 1+N_1
T(@))] < enpr 10 T

11
via a calculation using Holder’s inequality and the fact that ||a||zs < |Q]7” 7. Inte-
grating over (Q*)¢, we obtain that

1 | 1
rge)’ R / L N,
(‘/(Q*)L ‘T(a) (X)| dx) S C",PA |Q| 3 (Q*)z? |x|I7(N+Vl) dx S Cn,pA :
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We have now shown that there exists a constant C,, ;, such that
1T (a)],, <CupA (24.19)

whenever a is an L2-atom for H”.

To replace a by general f € H”? we need Lemma 2.4.4 that follows immediately,
which we apply to the family Schwartz functions e, (x) = K (x) (n(x/€;) —n(gjx))
and the associated operators T(gj). Fix f € H? N L?, with atomic decomposition f =
Y71 Ajaj where a; are L?-atoms for H” and Y [AlP < 27| £||%»- Then Lemma
2.4.4 yields

T(f) = i AT(a;)  ae., (2.4.20)
j=1

where the series converges in L”. We apply L? quasi-norms on both sides of (2.4.20),
we use the sublinearity of i+ ||A||7,, and (2.4.19) to deduce that

N7, <Ch AP Y (AP <2°Ch AP\ 11T (2.4.21)
j=1

for all f € L> NH?. Recall that T(f) is well defined for all f € H”, as observed in
item (v) in the introductory comments of this subsection. Then by the density of
L*NH? in HP, the estimate

(]

obtained in (2.4.21) for f € L> N HP extends to any f € H?. t

1 S2°CH AP £

Lemma 2.4.4. Let {{; }¢~0 be a family of Schwartz functions and for each € > 0 let
Tz be the operator given by convolution with (. Suppose that the T ’s are uniformly
(in € > 0) bounded on L*(R") and that there is an L*(R")-bounded operator T such
that for each g € L*(R"), we have

| Te(g) —T(g)]|,2 =0 ase—0. (2.4.22)

Suppose moreover that for a given 0 < p < 1 there is a constant Cyy such that for all
a that are L*-atoms for H? we have

sup||Te(a)||rr < Co. (2.4.23)
>0
Then for every f € L* NHP with atomic decomposition f = 27:1 Ajaj, where a; are
L2-atoms for HP and Y AP < 27| f|Ips the sequence ijYzl AT (a;) is Cauchy
in LP and converges in L to a well-defined L? function Y7 A;T (a;) which is equal
almost everywhere to T(f), i.e., we have

T(f)= i AT (aj)) a.e. (2.4.24)
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Proof. We begin the proof by observing that as a consequence of (2.4.23) we have
T (a)l|zr < Co (2.4.25)

for all a that are L2-atoms for H”. Indeed, (2.4.22) implies that for a given L? atom
a for H?, there is sequence & | 0 such that

T(a)= hm T (a) = lilzninngk (a) a.e.
—3o0

k—o0
Then Fatou’s lemma on L? together with (2.4.23) imply (2.4.25).
Given f € HP NL?, we write f = Y Ajaj in an atomic decomposition, where
a; are L-atoms for H”, the series converges to f in H”, and Y 417 <27 £l 7o
We observe that the sequence {):1}’:1 AiT(a;) };: | is Cauchy in L” since

| & ar@), < ¥ e,
J=N' J=N'

which tends to zero as N', N — 0. Thus the sequence Z?':l AT (a;)(x) converges in
L? to a well-defined L? function. We set

N
ij(aj) = L? limit of Z )ij(Clj) .
1 =1

™

J

To prove (2.4.24), we first prove an analogous result about 7¢, namely,

N=Y AT:(aj)  ae. (2.4.26)
j=1
where Y71 A;T¢(a;) denotes the L” limit of the Cauchy sequence Z’j\':l AiTe(aj).
We fix €,8 > 0. Then by the linearity of T, for each L € Z* we have
erR” ITo(f Z/ngaj()|>5H

Sl{xeRn:\Te Y ) Y ATela)0)] > 6]

j=L+1 j=L+1

<[lrer: \Tg(gljaj)(xﬂ > g}’+‘{x€an 1Y ATe(a) )] > g}‘

J=L+1
‘ Z Ajaj)

Jj=L+1

(2.4.27)

2
tar L Wt

Ly
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By assumption (2.4.23) the second term in the sum in (2.4.27) is controlled by
CH(3)7 X7p41 14517 which tends to zero as L — eo.

To show the same conclusion for the first sum in (2.4.27) we recall the grand
maximal function

AN(f)(x) = sup sup sup |(@*f)(y)|
eIy >0 ‘yelll"<
y—x|<t

where

yN={¢ey(R"):A"(1+\x\)N Y 0%@ldx<1}.

|a|<N+1

The function ¢ lies in . (R"); thus there is a constant ¢ y such that cg vy lies
in .Zy. Then we have

|T£ Z)La] f Z/'Laj

Jj=L+1

Taking L? quasi-norms we obtain

and since Z§=1 Ajaj — fin HP as L — oo, we deduce that the first sum in (2.4.27)
tends to zero as L — co. This proves that for any €,8 > 0 we have

(Y Aay)||

j=L+1 L

g—H///N = ZM,

"pr Z)‘al

L’

erR” ITo(f ZXTE a]()|>5}‘:0

hence (2.4.26) holds.
Next, we claim that Y7y A;T¢(a;) — £.7_; A;T (a;) in measure as € — 0. Indeed,
given & > 0, write

=

{ L umtan - Larl>s}]

j=1

L o
1 (ECARENIESS Y (IR WER IS
22 L 2 2P
sgu_zla,-(w»—Tw,)) 5 Az 2 [ Tetap) |17, + 17 (@)1
Sg’TE(ZAﬂ/)*T(iA}a/)i ZPHCP i (2.4.28)

=1 =1 j=L+1
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where we made use of (2.4.23) and (2.4.25) in the last estimate above. The second
term in (2.4.28) can be made less than any given number 7 > O if L is chosen to be
large enough. Once we fix L, then there is a & > 0 such that for &y < € the first term
in (2.4.28) is controlled by 7 too, since Tg(zgf:l Ajaj) converges to T(Z‘f;f:l Ajaj)
in L2 in view of (2.4.22). Therefore (2.4.28) can be made arbitrarily small for &
sufficiently small, and the claimed convergence in measure is valid. By Theorem
1.1.11 in [156] there is sequence &; (subsequence of € > 0) such that

i MeTe, (ax) (x) — i MT (ay) (x) a.e. as i — oo, (2.4.29)
k=1 k=1

Since Ty, (f) tends to T(f) in L?, we can find a subsequence {€;,} of the subse-
quence {g&} such that

Tg, (NHx)=T()(x) a.e.as { — oo, (2.4.30)

Using identity (2.4.26) with g;, in place of €, together with (2.4.29) with i, in place
of i, along with (2.4.30), letting £ — oo, we deduce (2.4.24). [l

We discuss a version of the Theorem 2.4.3 in which the target space is H?.

Theorem 2.4.5. Under the hypotheses of Theorem 2.4.3, there is a constant Cy )
such that for all f € HP,

1T o < CopAllF]] - (2.4.31)

Proof. We fix a smooth function @ supported in the unit ball B(0,1) in R” whose
mean value is not equal to zero. For ¢ > 0 we define the smooth functions

K9 =@, +W
and for f € HP, we define an operator
TO(f) = & =T (f)

noting that the convolution is well defined since 7'(f) lies in . and & is in 6;°.
We observe that the family of kernels K () satisfies

sup [ KO(E)| < ] 7], < A )] . 432)
>
and that
sup 10PKD (x)] < CpA |x| P! (2.4.33)
>

for all || < N, where

Co=sup | [E[7[D(E)]dE.
N/R"
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Indeed, assertion (2.4.32) is easily verified. When |x| < 2¢ assertion (2.4.33) follows
from the identity

KO) = ((@W)) ()= [ m5W(E) Bug)dg,

n

while whenever |x| > 2¢, (2.4.33) follows from (2.4.12) and from the integral repre-
sentation

IBKO (x) = PK(x—y) @, (y)dy.

[y[<t

We now take f = a to be an L?-atom for H”, and without loss of generality we
may assume that a is supported in a cube Q centered at the origin. We let Q* be
the cube with side length 2/n£(Q), where £(Q) is the side length of Q. Recall the
smooth maximal function M(f; @) from Section 2.1. Then M (T (a); ) is pointwise
controlled by the Hardy-Littlewood maximal function of T (). Using an argument
similar to that in Theorem 2.4.1, we have

1
ol ([, wr |de)

1
clorh ( / m(r |2dx)
clol 3 ( [, Irta |2dx)

11 7
C"AlQ|r 2 2d>
0] (/Q|a<x>| .

1_1 11
ChA'QP)2|QP P
— C,A.

1

([ mr@ierar)

IN

IN

IN

IN

IA

It therefore remains to estimate the contribution of M (7 (a); @) on the complement
of O*.

For x ¢ O* we write
T (a)(x) = (ax K" /K x—y)a(y)dy.

Recall that N = [% —n] + 1. Using the cancellation of L? atoms for H? we deduce

3
T0(a)(x) = /Q a<y>[1<<f><xy> (9K )()w}

[BI<N—1
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for some 0 < 6, < 1. Since x ¢ Q* and y € Q we have |x— 0yy| > |x| —|y| > 3|
thus using (2.4.33) we obtain the estimate

A
7@ W] < v i /Q la(y)| y|¥ dy,

from which it follows that for x ¢ O* we have
A 1 N _1
70 (@) ()] < Cn,p|x|T+n|Q| N

via a calculation using properties of atoms (see the proof of Theorem 2.3.11). Taking
the supremum over all # > 0 and integrating over (Q*)¢, we obtain that

</ (T (a) ) (x)|"d )11} < AQ|‘+N—L</ L >L
e ay* )X 1max Cn E ———dx |
(Q*)° t>g t =Cnp (0*) |x|p(N+n)

and the latter is easily seen to be finite and controlled by a constant multiple of A.
Combining this estimate with the previously obtained estimate for the integral of
M(T (a); @) = sup,-q|T")(a)| over Q* yields the conclusion of the theorem when
f =ais an atom.

We have now shown that there exists a constant C, ;, such that

|7 @)

a HL/’ < HT(Q)

4 < CupA (2.4.34)

whenever a is an L?-atom for H”. We now extend this estimate to arbitrary f in
L>NHP. To achieve this, we verify that the assumptions of Lemma 2.4.4 are valid for

the family of Schwartz functions {; = &, * K ¢) and the family of operators Tg(t> (g)=
&, * K(¢) * g, which are uniformly bounded on L? and converge in L2 to T\ (g) =
&, * g for any g € L*(R").

Fix f € L* N H?, with atomic decomposition f = Y Aja;j, where Y AP <
27| f]|%p. Observe that the sequences ):1]\»’:1 |A;T"(a;)| and leyzl A, T (a;) are
Cauchy in L? and thus they converge in L”. We set

Z = L? limit of ZXT aj) asN — oo
j=1 =

Z a]|_L”11m1t0fZ|7LT a;)| as N — oo,
j=1 j=1

and extracting subsequences that converge almost everywhere, we notice that

Y 4,10 < Y (AT ()] ae. (2.4.35)
ji=1

J=1
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To apply Lemma 2.4.4, we consider the family of Schwartz functions (e, (x) =
D, x K(£j> and the associated operators T((gt)> =&, x T(gj), which are L2-bounded uni-
J
formly in ; and # > 0. It is easy to see that for g € L?, &, (¢ ) (g) = T")(g) in L2

as j — oo, and furthermore (2.4.34) also holds if T is replaced by T(g)) uniformly
J

in €; via a similar argument; hence the hypotheses of Lemma 2.4.4 are valid. Using
the conclusion of Lemma 2.4.4 we write

TO() =Y 4,7 (@)  ae. (2.4.36)
=1
It follows from this fact and (2.4.35) that
ITOH < Y IT () < ¥ 4IM(T(a)): @) ae. (2.4.37)
= :

J=1

Taking the supremum over ¢ > 0 in (2.4.37) we deduce

M(T(f);®) < i 4| M(T(a;): @) ae. (2.4.38)
j=1

and applying L? quasi-norms on both sides and using (2.4.34) yields the desired
conclusion (2.4.31) for f € L> MHP. The extension to general f € HP follows by
density and the fact that T'(f) is well defined for all f € HP, as observed in item (v)
in the introduction of this subsection. (|

2.4.4 A Singular Integral Characterization of H' (R")

We showed in Section 2.4.1 that singular integrals map H' to L!. In particular, the
Riesz transforms have this property. In this subsection we obtain a converse to this
statement. We show that if R;(f) are integrable functions for some f € L! and all
j=1,...,n, then f must be an element of the Hardy space H'. This provides a
characterization of H' (R") in terms of the Riesz transforms.

Theorem 2.4.6. For n > 2, there exists a constant C, such that for f in L'(R"), we
have

Call Fllg = A1+ X NReCO - (2439)
k=1
When n = 1 the corresponding statement is

Cill Al < 1]+ [[HOI| (2.4.40)

for all f € L'(R). Naturally, these statements are interesting when the expressions
on the right in (2.4.39) and (2.4.40) are finite.
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Before we prove this theorem we discuss a couple of corollaries.

Corollary 2.4.7. An integrable function on the line lies in the Hardy space H'(R)
if and only if its Hilbert transform is integrable. For n > 2, an integrable function
on R" lies in the Hardy space H'(R") if and only its Riesz transforms are also in
L'(R").

Proof. The corollary follows by combining Theorems 2.4.1 and 2.4.6. ]
Corollary 2.4.8. Functions in H' (R"), n > 1, have integral zero.

Proof. Indeed, if f € H'(R"), we must have R; (f) € L' (R") by Theorem 2.4.1; thus

R (f) is uniformly continuous. But since

R Fey e

R1(f)(§)=—if(5)|€

‘ bl

it follows that m is continuous at zero if and only if f(O) = (. But this happens
exactly when f has integral zero. O

We now discuss the proof of Theorem 2.4.6.

Proof. We consider the case n > 2, although the argument below also works in
the case n = 1 with a suitable change of notation. Let P; be the Poisson kernel.
In the proof we may assume that f is real-valued, since it can be written as f =
fi+if>, where fj are real-valued and R ( f;) are also integrable. Given a real-valued
function f € L'(R") such that R;(f) are integrable over R" for every j = 1,...,n,
we associate with it the n+ 1 functions

ur(x,1) = (B*Ri(f)) (%),
un(xvt) = (Pt *R"(f))(x)v
uni1 (x,1) = (B* f)(x),
which are harmonic on the space Rffrl (see Example 2.1.13 in [156]). It is convenient

to denote the last variable ¢ by x,,4 1. One may check using the Fourier transform that
these harmonic functions satisfy the following system:

¥

= ox (2.4.41)
al/lj auk
2 _ kje{l,...,n+1}, k#j.
v 9 ; Je{lon+1}, k#j

This system of equations may also be expressed as div F = 0 and curl F = 0, where
F = (uy,...,up+1) is a vector field in R’jfl. Note that when n = 1, the equations
in (2.4.41) are the usual Cauchy—Riemann equations, which assert that the function
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F = (uy1,up) = uy + iup is holomorphic in the upper half-space. For this reason, when
n > 2, the equations in (2.4.41) are often referred to as the system of generalized
Cauchy—Riemann equations.

The function |F| enjoys a crucial property in the study of this problem.

Lemma 2.4.9. Let u; be real-valued harmonic functions on R satisfying the sys-
tem of equations (2.4.41) and let F = (uy,...,uy+1). Then the function

n+1 )
S\ 4/
FI7= (Y )
=1
is subharmonic when q > (n—1)/n, i.e., it satisfies A(|F|7) >0, on R,

Lemma 2.4.10. Let 0 < g < p < 0. Suppose that the function |F (x,t)|? defined on
R’fl is subharmonic and satisfies

1/p
sup < |F(x,t)|pdx> <A <. (2.4.42)
>0 R"

Then there is a constant Cy p 4 < o such that the nontangential maximal function
|F[*(x) = sup;~qSupjy_y |F (3:1)], x € R", (cf. Definition 3.3.1) satisfies

(I3

LP(R") < CupgA-

Assuming these lemmas, whose proofs are postponed until the end of this section,
we return to the proof of the theorem.

Without loss of generality, we may assume that the given integrable function f is
real-valued, so that R;(f) are also real-valued and we are able to apply Lemma 2.4.9.
Since the Poisson kernel is an approximate identity, the function x — u,41(x,#) con-
verges to f(x) in L' as ¢t — 0. To show that f € H!(R"), it suffices to show that the
Poisson maximal function

M(f;P)(x)nggl(B*f)(X) =§1>1103|un+1(x,t)|

is integrable. But this maximal function is pointwise controlled by

n

sup|F (x,1)] < sup IR« £) ()] + Y (B +Ri () )]
t>0 t>0 j=1

and certainly it satisfies

sup | |F(x,t)|dx <Ay, (2.4.43)
>0 JR"

where

Ar =l + LR
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We now have

M(f;P)(x) < su10)|u,,+1(x )] < sup|F(x N <|F|*(x), (2.4.44)
>

and using Lemma 2.4.9 with g = "n;l and Lemma 2.4.10 with p = 1 we obtain that
|1F1*]], ry S CuAy. (2.4.45)

Combining (2.4.43), (2.4.44), and (2.4.45), we deduce that

MG PO gy < o+ X IR ).
k=1

from which (2.4.39) follows. This proof is also valid when n = 1, provided one
replaces the Riesz transforms with the Hilbert transform; hence the proof of (2.4.40)
is subsumed in that of (2.4.39). ([

We now give a proof of Lemma 2.4.9

Proof. Denoting the variable ¢ by x,+1, we have

S lFt =gy (r- 50
and also
o iF=qlrp?r f;f oo | rata= 2l (F 5D )
forall j =1,2,...,n+ 1. Summing over all these j’s, we obtain
n¥l n+l
T R [ M PR o e RS

since the term containing F - A(F) = ):;‘*1 ujA(u;j) vanishes because each u; is
harmonic. The only term that could be negative in (2.4.46) is that containing the
factor ¢ — 2 and naturally, if ¢ > 2, the conclusion is obvious. Let us assume that
% < g < 2. Since g > ";1, we must have that 2 — g < ”nil Thus (2.4.46) is non-

negative if

n+1 n+1

Z‘F ax,‘ <l IZZ‘BXJ (2.4.47)

This is certainly valid for points (x,7) such that F(x,t) = 0. To prove (2.4.47) for
points (x,¢) with F(x,t) # 0, it suffices to show that for every vector v € R"*! with
Euclidean norm |v| = 1, we have
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n+1 n n+l
;‘ 8x1‘ nJrl )8xl

Denoting by A the (n+ 1) x (n+ 1) matrix whose entries are a;x = duy/dx;, we
rewrite (2.4.48) as

2
‘ (2.4.48)

lAv]® i Al (2.4.49)
where -
n+1ln+
la]* = Zkz Jajul®-
]_ =

By assumption, the functions u; are real-valued and thus the numbers a;; are real.
In view of identities (2.4.41), the matrix A is real symmetric and has zero trace (i.e.,
):"*1 aj;j = 0). A real symmetric matrix A can be written as A = PDP', where P
is an orthogonal matrix and D is a real diagonal matrix. Since orthogonal matrices
preserve the Euclidean distance, estimate (2.4.49) follows from the corresponding
one for a diagonal matrix D. If A = PDP', then the traces of A and D are equal;
hence Z"i% A;j =0, where A; are entries on the diagonal of D. Notice that estimate
(2.4.49) with the matrix D in the place of A is equivalent to

n+1 ) ) n+1
Y APl <- (2.4.50)
=1
where we set v = (vi,...,v,41) and we are assuming that [v|* = Y1 v;|* = 1.
Estimate (2.4.50) is certainly a consequence of
) n n+1 )
sup |47 < A7) . (2.4.51)
1< j<nt1 J n+1 (];1 J )
But this is easy to prove. Let |A,| = max<j<nt1|A;|. Then
2 2 2 2
M‘jo‘ = ‘ — Z A,j’ < ( Z M’/D <n Z Mjl . (2.4.52)

J#Jo J#Jo J#Jo
Adding n|Aj, |? to both sides of (2.4.52), we deduce (2.4.51) and thus (2.4.47). [
We now give the proof of Lemma 2.4.10.

Proof. A consequence of the subharmonicity of |F|? is that
|[F(x,t+€)|9 < (|F(-,€)|7*P)(x) (2.4.53)
for all x € R" and ¢, & > 0. To prove (2.4.53), fix € > 0 and consider the functions

Ulv,)) = [Flor+e)l?,  Vixe) = (F(-e)["*F)(x).
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Given 1) > 0, we find a half-ball
Bry = {(x,1) € RY 2 xf? +1 < R}
such that for (x,) € R%!\ Bg, we have
U(x,t)—V(x,t)<1n. (2.4.54)

Suppose that this is possible. Since U (x,0) =V (x,0), then (2.4.54) actually holds on
the entire boundary of Bg,. The function V is harmonic and U is subharmonic; thus
U —V is subharmonic. The maximum principle for subharmonic functions implies
that (2.4.54) holds in the interior of Bg,, and since it also holds on the exterior,
it must be valid for all (x,7) with x € R" and ¢ > 0. Since 1] was arbitrary, letting
1N — 0+ implies (2.4.53).

We now prove that R exists such that (2.4.54) is possible for (x,7) € R\ B, .
Let B((x,t),/2) be the (n+ 1)-dimensional ball of radius #/2 centered at (x,¢). The
subharmonicity of |F|? is reflected in the inequality

|F (x,1) |F(v,5)|7dyds,

e r/z|/ )

which by Holder’s inequality and the fact p > g gives

|F(x,1)]7 < (W(XII/N/ (002 |F(v,5)|” dyds)q

From this we deduce that

q
Jopp1 [30FE)
Flx,i+€)d < / / $)|Pdyds| . (2455
peerelr< [Tl V[ rosraa] . eass

If 7 + € > |x|, using (2.4.42), we see that the expression on the right in (2.4.55) is
bounded by ¢’A%(t +¢)~("*1)4/P_and thus it can be made smaller than 1 /2 by taking
t >R, =max (g, (n/2c’Aq)_”/"("+1>). Since R; > €, we must have 2¢ >t +¢€ > |x],
which implies that # > |x|/2, and thus with R, = v/5Ry, if |(x,£)| > R}, thent > R;.
Hence, the expression in (2.4.55) can be made smaller than 1 /2 for |(x,1)| > Ry,

If t + € < |x| we estimate the expression on the right in (2.4.55) by

on+tl 1 §(t+8) » %
—_— F(y,s)|Pdy|ds ) ,
(vn+1 (t+8)"“/<r+s) [/y|>;x|| O-9)l y] )

and we notice that the preceding expression is bounded by

3n+1 oo dS %
F(y,s)|"d . 2.4.56
(ml / [/MJ (5.5)] y] 1) (2.456)
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Let Gy, (s) be the function inside the square brackets in (2.4.56). Then G|y (s) —
0 as [x| — oo for all s. The hypothesis (2.4.42) implies that G| is bounded by a
constant and it is therefore integrable over the interval [%8, oo) with respect to the
measure s~ !ds. By the Lebesgue dominated convergence theorem we deduce that
the expression in (2.4.56) converges to zero as |x| — oo and thus it can be made
smaller that 17/2 for |x| > Ry, for some constant R,. Then with Rj = V2R, we have
that if |(x,7)| > R} then (2.4.56) is at most /2. Since U —V < U, we deduce the
validity of (2.4.54) for |(x,7)| > Ry = max(Ry},R{)).

Let r = p/q > 1. Assumption (2.4.42) implies that the functions x — |F(x,7)|?
are in L" uniformly in . Since any closed ball of L is weak* compact, there is a
sequence & — 0 such that |F(x, &)|? — h weakly in L" as k — oo to some function
he L. Since P, € L”, this implies that

(IF (-, &)|* % F)(x) = (h*F)(x)
for all x € R". Using (2.4.53) we obtain

|F(x,2)|? = limsup|F (x,t + &)]” < limsup (\F(x, &)|? *B) (x) = (hxP)(x),

k—ro0 k—ro0

which gives for all x € R”,

IF*(x) < [sup sup (Jh]+P)(x)] "7 < CoM(m)(x)"/2. (2.4.57)

>0 |y—x|<t

Letge L’ '(R") with L norm at most one. The weak convergence yields

[ Feligdr— [ ntogodx

as k — oo, and consequently we have

1
Lr/sup(/ |F(x,t)pdx> .
>0 R"

Since g is arbitrary with L" " norm at most one, this implies that

(x) &(x) dx

h <sup [ [F(x.60)/7]g(x)]dx < [lg
Rn k Rl‘l

T

]|, < sup ( / |F(x,t)pdx> . (2.4.58)
>0 R”

Putting things together, we have

FFll, < GillMe'],,

— | M|,

1/q
Lr

< Cupg|lh|
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1/qr
= n,p,qsup(/ |F(x,t)|pdx>
C >0 R”

< CupgA

where we have used (2.4.57) and (2.4.58) in the last two displayed inequalities. [

Exercises

2.4.1. Let f be an integrable function on the line whose Fourier transform vanishes
on (—eo,0). Show that f lies in H' (R).

2.4.2. (a) Let & be a function on R such that 4(x) and x/(x) are in L?>(R). Show that
h is integrable over R and satisfies

Hh||L1 < 8|1l 2|[xh(x)]] -

(b) Suppose that g is an integrable function on R with vanishing integral and g(x)
and xg(x) are in L?(R). Show that g lies in H'(R) and that for some constant C we
have

g7 < Cligllzz [lxg (0]l -
[Hint: Part (a): Split the integral of |i(x)| over the regions |x| < R and |x| > R and
pick a suitable R. Part (b): Show that both H(g) and H(yg(y)) lie in L*. But since g
has vanishing integral, we have xH (g)(x) = H(yg(y))(x).]

2.4.3. (a) Let H be the Hilbert transform on the real line. Prove the identity

H(fg—H(f)H(g)) = fH(g) +gH(f)

for all f, g real-valued Schwartz functions. (b) Show that the bilinear operators

(f,e)— fH(g)+H(f)g,
(f,e)— fe—H(f)H(g),

map LP(R) x L” (R) — H'(R) whenever 1 < p < co.

[Hint: Part (a): Consider product Uy(z)Uy(z), where Uy(z) = L fR dt is holo-
morphic on the upper half space and has boundary values f + iH(f ) Part (b): Use
part (a) and Theorem 2.4.6.]

2.4.4. Follow the steps given to prove the following interpolation result. Let 1 <
p1 < oo and let T be a subadditive operator that maps H'(R") + L1 (R") into mea-
surable functions on R”. Suppose that there is Ay < oo such that for all f € H'(R")
we have
}sLuI())l {xeR": [T(f)(x)] > A} §A0Hf||H1
>
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and that it also maps LP! (R") to L1 (R") with norm at most A;. Show that for any
1 < p < p1, T maps L?(R") to itself with norm at most

1.1 1
PP P

cA, AT,

where C = C(n, p, p1).
(@) Fix 1 <g < p<p; <o and f and let Q; be the family of all maximal
dyadic cubes such that 19 < |Qj\’1fQj |f|9dx. Write E; = JQ; and note that

1
E;, S{M(|f|7)7 > A} and that |f] < A a.e. on (E;). Write f as the sum of the
good function

81 =IXE)+ Z(AQng) X0;
J J

and the bad function

by :be 7 where b} = (f—AQvgf) Xo; -
] J

(b) Show that g, lies in LP1 (R") N L=(R"), ||g2||= < 27 A, and that

m
lealh < [ 1P dx 20 A1 By | < o

(¢) Show that for ¢ = 2$+1, each ¢~ 117! |Qj\_1bi is an L9-atom for H!. Conclude
that by, lies in H'(R") and satisfies

B2l < A Y 1Q) < A |Ex| <.
J

(d) Start with
It <Py [ 277 [{T(2)] > bvA}|ar
+p7/p/omlp_1|{T(bk)| > Lya}|da

and use the results in parts (b) and (c) to obtain that the preceding expression is
) 1

7171 o obtain the

at most C(n, p,q, p1) max(A;yP~P1,yP~1Ay). Select y = Afr' A,
required conclusion.
(e) In the case p; = oo we have |T(g) )| <A;29A and pick ¥ > 24,24 to make the

integral involving g, vanishing.

2.4.5. Let P, be the Poisson kernel and K; be the kernel of the Riesz transform R;.
Let ¢ € .7 be equal to 1 in a neighborhood of the origin. Then & = ¢ + (& — @)
and for a bounded distribution f (cf. Section 2.1.1) and ¢ > 0 write

(B*Kj)xf=(P*Kj)*(@xf)+ (PB*K;)*(0—@)*f.
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Since P, lies in L! and @ * f in L=, (K;j* P) * (¢ * f) = R;(P, x ¢ * f) is a BMO
function. The Fourier transform of (P, * K;) * (8 — ¢) is —i ‘5’ e 2l (1 - 9(&)),

which is a Schwartz function. Thus (P, * K;) (6 — @) is also a Schwartz function
and (B, xK;) * (6 — @) * f is a smooth function. Hence (P, *K )xf=PxR;(f)is
a well-defined function forallz >0and j=1,...,n. Let =1 < p < I.

(a) Show that there are constants C,,C; such that for any f € HP(R") we have

n
sup (125 £l + X 115 <Re ()l | < Call
5>0 k=1
when n > 2 and
;ug[!!Pa*fHLp+HPa*H<f)HLp] <[\ flu»
>

whenn = 1.
(b) Prove that there are constants Cy,C, such that for any bounded tempered distri-
bution f on R” we have

v]

n
cnll o < 99 [[1Ps 5 £l + X [1Ps <Re()]
50 k=1
when n > 2 and
€1 ||f||Hf’ < ;u% [||P5 *fHLP + ||P5 *H(f)HLP}
>

whenn =1.

[Hint: Part (a): This is a consequence of Theorem 2.4.5. Part (b): Define F5 =
(Ps*ui,...,Ps*uy,Ps*uyy1), where u;(x,t) = (B *R;(f))(x), j=1,...,n, and
Unt1(x,) = (P * f)(x). Each Ps % u; is a harmonic function on R"*! and continu-
ous up to the boundary. The subharmonicity of |Fg(x,7)|” has as a consequence that
|Fs(x,t+€)[P < (|F5(-,€)|P * P)(x) in view of (2.4.53). Letting € — 0 implies that
|Fs(x,2)|P < (|Fs(-,0)|? % P;)(x), by the continuity of F5 up to the boundary. Since
F5(x,0) = (Ps *R{(f)...,Ps *Ry(f),Ps * f), the hypothesis that Ps * f,Ps * R;(f)
are in L” uniformly in & > 0 yields sup; 5. [gn [F5(x,?)|P dx < co. Fatou’s lemma
implies (2.4.42) for F(x,t) = (uy,...,un+1) and then Lemma 2.4.10 yields the
claim. |

HISTORICAL NOTES

The theory of Hardy spaces is vast and complicated. In classical complex analysis, the Hardy
spaces H” were spaces of analytic functions and were introduced to characterize boundary values
of analytic functions on the unit disk.

Hardy [180] proved that the mean value of the pth power of the modulus of an analytic function
on the unit disc is an increasing function of the radius and its logarithm is a convex function of the
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logarithm of the radius. The first systematic study of the class H,(ID) of all analytic functions F' on

the unit disk D with the property that sup,_,., [01 |F (re*™9)|Pd@ < o0, 0 < p < oo, can be traced
to F. Riesz’s article [303]. In this article Riesz proved the factorization theorem, the existence of
boundary values, and other basic properties of such functions and adopted the symbol H,,, honoring
Hardy for the fact that the aforementioned mean values are increasing as a function of the radius r.
When 1 < p < oo, the space H, (D) coincides with the space of analytic functions whose real parts
are Poisson integrals of functions in L?(T"). But for 0 < p < 1 this characterization fails and for
several years a satisfactory characterization was missing. For a systematic treatment of these spaces
we refer to the books of Duren [127] and Koosis [226].

With the illuminating work of Stein and Weiss [327] on systems of conjugate harmonic func-
tions the road opened to higher-dimensional extensions of Hardy spaces. Burkholder, Gundy, and
Silverstein [52] proved the fundamental theorem that an analytic function F lies in H” (R2+) [i.e.,
Supy~o Jg |F(x +iy)|P dx < o] if and only if the nontangential maximal function of its real part
lies in L”(R). This result was proved using Brownian motion, but later Koosis [225] obtained an-
other proof using complex analysis. This theorem spurred the development of the modern theory of
Hardy spaces by providing the first characterization without the notion of conjugacy and indicating
that Hardy spaces are intrinsically defined. The pioneering article of Fefferman and Stein [139]
furnished three new characterizations of Hardy spaces: using a maximal function associated with
a general approximate identity, using the grand maximal function, and using the area function of
Luzin. From this point on, the role of the Poisson kernel faded into the background, when it turned
out that it was not essential in the study of Hardy spaces. A previous characterization of Hardy
spaces using the g-function, a radial analogue of the Luzin area function, was obtained by Calderén
[54]. Two alternative characterizations of Hardy spaces were obtained by Uchiyama in terms of the
generalized Littlewood—Paley g-function [356] and in terms of Fourier multipliers [357]. A char-
acterization of H'(R) in terms of the variation of the function ms(y) = [ £(x)In|x —y|~! dx was
obtained by Stefanov [321]. An extension of this result in higher dimensions was provided by Wang
[364]. Necessary and sufficient conditions for systems of singular integral operators to characterize
H'(R") were also obtained by Uchiyama [355]. The characterization of H” using Littlewood—Paley
theory was observed by Peetre [292]. The case p = 1 was later independently obtained by Rubio
de Francia, Ruiz, and Torrea [308].

The one-dimensional atomic decomposition of Hardy spaces is due to Coifman [86] and its
higher-dimensional extension to Latter [239]. A simplification of some of the technical details in
Latter’s proof was subsequently obtained by Latter and Uchiyama [240]. Using the atomic de-
composition Coifman and Weiss [97] extended the definition of Hardy spaces to more general
structures. The idea of obtaining the atomic decomposition from the reproducing formula (2.3.13)
goes back to Calderén [56]. Another simple proof of the L?-atomic decomposition for H? (starting
from the nontangential Poisson maximal function) was obtained by Wilson [370]. With only a little
work, one can show that L7-atoms for H? can be written as sums of L*-atoms for H”. We refer
to the book of Garcia-Cuerva and Rubio de Francia [150] for a proof of this fact. Although finite
sums of atoms are dense in H', an example due to Y. Meyer (contained in [265]) shows that the
H' norm of a function may not be comparable to inf Z?’:l |A;], where the infimum is taken over all

representations of the function as finite linear combinations Zj}':, Aja; with the a; being L-atoms

for H'. Based on this idea, Bownik [48] constructed an example of a linear functional on a dense
subspace of H'! that is uniformly bounded on L*-atoms for H' but does not extend to a bounded
linear functional on the whole H'. However, if a Banach-valued linear operator is bounded uni-
formly on all L7-atoms for H” with 1 < g < e and 0 < p < 1, then it is bounded on the entire H”
as shown by Meda, Sjogren, and Vallarino [261]. This fact is also valid for quasi-Banach-valued
linear operators, and when g = 2 it was obtained independently by Yang and Zhou [374]. A re-
lated general result says that a sublinear operator maps the Triebel-Lizorkin space Iflf,q(R”) to a
quasi-Banach space if and only if it is uniformly bounded on certain infinitely differentiable atoms
of the space; see Liu and Yang [250]. Atomic decompositions of general function spaces were ob-
tained in the fundamental work of Frazier and Jawerth [143], [144]. The exposition in Section 2.3
is based on the article of Frazier and Jawerth [145]. The work of these authors provides a solid
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manifestation that atomic decompositions are intrinsically related to Littlewood—Paley theory and
not wedded to a particular space. Littlewood—Paley theory therefore provides a comprehensive and
unifying perspective on function spaces.

Main references on H” spaces and their properties are the books of Baernstein and Sawyer [14],
Folland and Stein [142] in the context of homogeneous groups, Lu [252] (on which the proofs of
Lemma 2.1.5 and Theorem 2.1.4 are based), Stromberg and Torchinsky [333] (on weighted Hardy
spaces), and Uchiyama [358]. The articles of Calderén and Torchinsky [58], [59] develop and
extend the theory of Hardy spaces to the nonisotropic setting. Hardy spaces can also be defined in
terms of nonstandard convolutions, such as the “twisted convolution” on R?". Characterizations of
the space H 1 in this context have been obtained by Mauceri, Picardello, and Ricci [259].

The localized Hardy spaces /,, 0 < p < 1, were introduced by Goldberg [155] as spaces of
distributions for which the maximal operator supg_, .| |®; * f| lies in L? (R") (here @ is a Schwartz
function with nonvanishing integral). These spaces can be characterized in ways analogous to those
of the homogeneous Hardy spaces H”; in particular, they admit an atomic decomposition. It was
shown by Bui [50] that the space h” coincides with the Triebel-Lizorkin space F,? 2 (R™); see also
Meyer [263]. For the local theory of Hardy spaces one may consult the articles of Dafni [108] and
Chang, Krantz, and Stein [73].

Interpolation of operators between Hardy spaces was originally based on complex function
theory; see the articles of Calderén and Zygmund [57] and Weiss [365]. The real-interpolation ap-
proach discussed in Exercise 2.4.4 can be traced to the article of Igari [201]. Interpolation between
Hardy spaces was further studied and extended by Riviere and Sagher [305]; Fefferman, Riviere,
and Sagher [137]; and He [187].

The action of singular integrals on periodic spaces was studied by Calderén and Zygmund [61].
The preservation of Lipschitz spaces under singular integral operators is due to Taibleson [334].
The case 0 < o0 < 1 was earlier considered by Privalov [301] for the conjugate function on the
circle. Fefferman and Stein [139] were the first to show that singular integrals map Hardy spaces to
themselves. The boundedness of fractional integrals on H” was obtained by Krantz [228]. The case
p = 1 was earlier considered by Stein and Weiss [327]. An exposition on the subject of function
spaces and the action of singular integrals on them was written by Frazier, Jawerth, and Weiss
[146]. For a careful study of the action of singular integrals on function spaces, we refer to the
book of Torres [352]. The study of anisotropic function spaces and the action of singular integrals
on them has been studied by Bownik [47]. Weighted anisotropic Hardy spaces have been studied
by Bownik, Li, Yang, and Zhou [49].

Besov spaces are named after Besov, who obtained a trace theorem and embeddings for them
[34], [35]. The spaces B%?, as defined in Section 2.2, were introduced by Peetre [290], although the
case p = g = 2 was earlier considered by Hérmander [194]. The connection of Besov spaces with
modern Littlewood—Paley theory was brought to the surface by Peetre [290]. The extension of the
definition of Besov spaces to the case p < 1 is also due to Peetre [291], but there was a forerunner
by Flett [140]. Peetre’s monograph [294] contains an excellent exposition on the topic of Besov
spaces. The spaces Fpa’q with 1 < p,g < e were introduced by Triebel [353] and independently by
Lizorkin [251]. The extension of the spaces Fpa‘q to the case 0 < p < oo and 0 < g < oo first appeared
in Peetre [293], who also obtained a maximal characterization for all of these spaces. Lemma 2.2.3
originated in Peetre [293]; the version given in the text is based on a refinement of Triebel [354].
The article of Lions, Lizorkin, and Nikol’skij [249] presents an account of the treatment of the
spaces F, ,,a‘q introduced by Triebel and Lizorkin as well as the equivalent characterizations obtained
by Lions, using interpolation between Banach spaces, and by Nikol’skij, using best approximation.



2 Springer
http://www.springer.com/978-1-4939-1229-2

Modern Fourier &nalysis
Grafakos, L.

2014, ¥, 624 p, 20 illus., 1 illus. in color., Hardcover
ISBN: 978-1-4939-1229-2



	2 Hardy Spaces, Besov Spaces, and Triebel–Lizorkin Spaces
	2.1 Hardy Spaces
	2.1.1 Definition of Hardy Spaces
	2.1.2 Quasi-norm Equivalence of Several Maximal Functions
	2.1.3 Consequences of the Characterizations of Hardy Spaces
	2.1.4 Vector-Valued Hp and Its Characterizations
	2.1.5 Singular Integrals on vector-valued Hardy Spaces

	 Exercises
	2.2 Function Spaces and the Square Function Characterization of Hardy Spaces
	2.2.1 Introduction to Function Spaces
	2.2.2 Properties of Functions with Compactly Supported Fourier Transforms
	2.2.3 Equivalence of Function Space Norms
	2.2.4 The Littlewood–Paley Characterization of Hardy Spaces

	 Exercises
	2.3 Atomic Decomposition of Homogeneous Triebel–LizorkinSpaces
	2.3.1 Embeddings and Completeness of Triebel–LizorkinSpaces
	2.3.2 The Space of Triebel–Lizorkin Sequences
	2.3.3 The Smooth Atomic Decomposition of HomogeneousTriebel–Lizorkin Spaces
	2.3.4 The Nonsmooth Atomic Decomposition of Homogeneous Triebel–Lizorkin Spaces
	2.3.5 Atomic Decomposition of Hardy Spaces

	 Exercises
	2.4 Singular Integrals on Function Spaces
	2.4.1 Singular Integrals on the Hardy Space H1
	2.4.2 Singular Integrals on Besov–Lipschitz Spaces
	2.4.3 Singular Integrals on Hp(Rn)
	2.4.4 A Singular Integral Characterization of H1(Rn)

	 Exercises


