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Abstract Various problems of mechanics described by two-dimensional harmonic
and biharmonic functions are investigated by application of the generalized al-
ternating method of Schwarz (GMS). It is demonstrated that the GMS in zeroth
approximation coincides with the principle of superposition. Iterative schemes for
the R-linear problem on harmonic functions for multiply connected domains are
constructed and compared to the GMS. The method is applied in symbolic form
to the case when inclusions have elliptical shape. Two-dimensional problems for
biharmonic functions by application of the Kolosov—Muskhelishvili formulae are
considered by the principle of superposition to describe gas flows in rigid bodies.
Viscoelastic problems in porous media are solved by use of the method of finite
elements.

Keywords Alternating method of Schwarz - Functional equations for analytic
functions - Superposition principle - Elastic half plane with cavities

1 Introduction to the Generalized Alternating Method
of Schwarz (GMS)

Mechanical fields considered in this paper are described by two-dimensional har-
monic and biharmonic functions. Many problems of the mechanics and of composites
are stated as boundary value problems for domains with holes and inclusions when a
condition of the contact between the components is written as a conjugation condi-
tion for the limit values of the unknown functions and their derivatives [12, 13]. Such
problems have been the subject of research interest in porous media and composites
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(e.g.[1,2,3,5, 14, 15, 16]. In the present chapter, attention is paid to the problem of
interactions of inclusions and its investigation by the generalized alternating method
of Schwarz (GMS) [19, 22, 26].

The main idea of the method can be presented by the R-linear problem on
harmonic functions for multiply connected domains. Let Dy be mutually disjoint
simply connected domains in the complex plane C bounded by smooth curves Ly
k =1,2,.. .,n)\and D be the complement of all closures of Dy to the extended
complex plane C = C U {oo}. Below, the domains D; are called by inclusions.
Denote by DT the union of all inclusions Dy, i.e., the domain D" consists of n
connected components. Let L; are orientated in a counterclockwise direction. Let
o be a constant and c(¢) be given Holder continuous functions on L = Uj_, Ly, the
boundary of D*.

The R-linear conjugation problem with constant coefficients is stated as follows
[22]. To find a function ¢(z) analytic in D and in all components of D™, continu-
ous by differentiable in the closures of the considered domains with the following
conjugation condition:

¢ (=9 ()= pp- () +c(r), telL. (1)

Here ¢*(¢) denotes the limit values of ¢(z), as z tends to a point ¢ € L from D* and
from D, respectively. Moreover, ¢(z) vanishes at infinity. If |p| < 1, the problem has
a unique solution. This follows from a more general result obtained by Bojarski [6].
In order to describe the GMS we first recall the Sochocki—Plemelj formulae. The
curve L := U}_,dDy divides the complex plane onto domains Dt and D. Here,
each curve 9 Dy, is orientated in the clockwise sense. Let () be a Holder continuous
function on L. Introduce the function
1 & dt

() = —
@=5] =2

2)

It is continuous on the complex plane except L where its limit boundary values
®T(t) = lim,_;ep+ P(z) and @ (t) = lim,_;cp P(z) satisfy the jump condi-
tion [11]

() —d (1) = pn(t), tel. 3)

The condition (1) can by written in the form (3) with @*(t) = @ () — (1),
D7(t) = (t) — f(t), u(t) = pei(t), where the Cauchy integral

f@) = — [ <0

dt 4
27i Lt —z ()

determines the function f(z) analytic outside of L. Then (1) yields

— 1 0]
(@) =p E 77 /ao t_Zdt—i—f(z).zeDk, k=1,2,...,n. %)
m=1 m
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The function ¢(z) is calculated by ¢,,(z) as follows:

wm—pz:hj/ ¢M0m+f@,zeD. (6)

m=1

One can consider (5) as a system of integral equations on ¢ (z) analytic in D; and
continuously differentiable in its closure. It is worth noting that the equations (5) are
not the classic integral equations of the potential theory. They correspond to integral
equations which are be deduced from the GMS. In order to analyse (5) we rewrite
them in the form

oi(2) — —/ Z0p =py — 5 /) (pm(t)dt + f(@),z€ Dy, k=1,2,.

27i dDy t—Z ok

)

The equations (5) can be solved by the following two iterative schemes. First, the
direct iterations can be applied to (5)

oOw) = f(2),

( +1) (1)
Py = pzzm W di+f@), z€ Dy, k=1,2,...,n, p=0,1,2,...,
(3

where <p(p )(w) denotes the pth approximation of ¢i(w). As it is proved in [21], the
iterations (8) uniformly converge for all |p| < 1.

The second iterative scheme is constructed on the basis of the equations (7). The
zeroth approximation can be written in the form of the separate equations for each
k=1,2,...,n

) Iy 0
i@ - / %0y~ f), 2 e Dy ©)
Tl Dy t —
According to Bojarski [6], Eq. (9) has a unique solution. The pth approximation has
also the form of the equation on (p,ﬁp H)(z) foreachk =1,2,...,n

(p+1) (p)
<p+1> o (@) J 1 )
—dt = — dt eD
(@) — an/m P P 77 + @),z € Dr.

7Tl Jyp,, t —

(10)

Contrary to the first algorithm (8), convergence results for the second algorithm
(9)—(10) are unknown.
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The integrals from (10) for m # k and z € Dy can be estimated as follows:

diam(Dy)
dkm

bl

(P)(

M

[ 2] < maxicon, P 0
D”l -

where din = infiesp,, zep |t — 2|, diam(Dy) = sup, ,cp, |21 — 22l
The values dy,,, and diam(D;) characterize the distance between D; and D,,, and
the linear size of D;. If the sum of the ratios

Z Z dlam(Dk) (11
k=1 m+#k

is sufficiently small, the zeroth approximation ¢, (z) can be accepted as an
approximate solution of (5). Then, the approximation for ¢(z) from (6) becomes

)
9P =p Z 7] / (t)dt + f(2), z € D. (12)

Formula (12) expresses the superposition principle used in physics when the field
in D is approximated by a sum of the separate fields induced by the inclusions D,,.
Therefore, the GMS applied within the zeroth approximation yields the superposition
principle. In Sect. 3, this principle is applied to complicated mechanical fields.

2 R-Linear Problem with Elliptical Inclusions

The present section is devoted to application of the GMS to the R-linear problem
with many inclusions of elliptic shapes. We follow Sect. 1 and the paper [20] where
this problem was considered in the case when all the ellipses have the same shape.
In this section, we consider the general case when each ellipse can have arbitrary
semi-axes and arbitrary size.

2.1 Statement of the Problem and Reduction to Integral Equations

Suppose that the elliptical inclusions D,,(m = 1,2,...,n) do not overlap. For con-
venience, put the semiaxes equal to r,,(1 + o) and r,,, (1 — o), respectively. The
parameter r,, is positive and characterizes the size of inclusion, and «,, is the shape
of the mth ellipse (0 < o, < 1). The case o, = @ (m = 1,2, ...,n) was considered
in [20]. Let an inclusion D,, be centred at (x,,, v, ) and the angle between the major
semiaxis of the ellipse and the x-axis be equal to 6,,. In accordance with Mityushev
[20], introduce the local coordinates (X, Y) for a fixed inclusion D,, as follows:

X = i[(x — X;n) €08 Oy 4+ (y — yp) SIn 6,1, (13)
T

m
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Y = i[(x — Xpm) Sin 6y, + (y — Yim) €080, ]. (14)

rm
The local equation of the ellipse d D, has the form

X2 Y2
Tt am? (1 —ap)?

=1. (15)

The foci of the ellipse d D,, in the local coordinates are located at ( + 2./, 0).
Let Z = X 4 iY be the local complex coordinate, z = x + iy and w = & 4 i¢
be global complex coordinates, where i denotes the imaginary unit. The Joukowsky
conformal mapping
aﬂ‘l
Z=w+— (16)
w
transforms the annulus /o, < |w| < 1 onto D,, — I,,, where I, denotes the slit
(—2/op, 2. /o) along the X-axis. The inverse mapping to (16) has the form

1
w=3(2+VZ" =4a,) a7
where the branch of the square root is chosen in such a way that

lim +/Z? - 4a,, = *+iv/4a,, — X2 (18)

X—=+i0

for -2, /o, < X < 2,/a,. Formulae (16)—(17) in the global coordinates become

A
Z=Sm(W+—+Clm) (19)
w

1 — Um — Um 2
we- |24 +\/<Z a ) — 4ay, |, (20)
2 S Sm

where s,, = rpyen.

Let D denote the complement of the closures of all domains D,, to the extended
complex plane. We study the conductivity of the two-dimensional composite, when
the domains D and D,, are occupied by materials of unit and A conductivity, respec-
tively, where O < A < oo. Then, the potentials u(z) and u,,(z) are harmonic in D and
D,, (im = 1,2,...n) and satisfies the conjugation (transmission) conditions

ou ouyy,
Uu=1uy, —=A——,onoD,, m=1,2,...,n, 21D
on on
where d/dn denotes the outward normal derivative to the ellipses. For simplicity, it
is assumed that the potential u(z) has singularities only in the domain D described
by a function Ref(z), where f(z) is analytic in all inclusions Dy, Re stands for the
real part of a complex number.
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Following Mityushev and Rogosin [22], introduce complex potentials ¢(z) and
©m(2) analytic in D and D,,, respectively, in such a way that u(z) and u,,(z) are related
to the complex potentials by

2
u(z) = Relp(2) + f(2)], um(z) = mRe¢m(Z)~ (22)
Then the conditions (21) can by reduced to the R-linear problem (1), where c(t) =
f(z) and p denotes the contrast parameter
a1

=, 23
Jo P (23)

2.2 Solution to Integral Equations

It follows from Sect. 1 that the R-linear problem (1) is reduced to the integral
equations (5). We now reduce these equations for elliptic inclusions to a system
of functional equations (without integral terms).

Let k be fixed in (5). The doubly connected domain Dy — I is mapped onto the
annulus /o, < |w| < 1 by the conformal mapping (20); Dy is transformed onto the
unit circle |w| = 1, I'; onto the circle [w| = ,/oy. Introduce the functions

&) = @) = g [ s (w+ =) + (24)

analytic in \/ox < |[w| < 1 and continuous in /o < |w| < 1. Substitute (24) in (5)
and change the variables in the integrals as follows:

=5 (r—i—i—k) ta. (25)

Then (5) becomes

" 1 ¢m( )(l - a%)d
Pr(w) = p Z 2mi / ; R + F(w), (26)
m=1

=1 T+%_S_k(w+%)+u
T Sm w Sm

Jop < wl <1, k=1,2,...,n,

where F(w) = f(z). Moreover, it follows from the continuity of ¢;(z) when z passes
the slit Iy that

o
o =0 (). Il = Ve @7)
Equation (27) implies that @;(w) is represented in the form

Ui
Oew) = i) + ¢ (S ) o =l < 1. (28)
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where ¢, (w) is analytic in the unit disk |w| < 1. Equation (28) follows from the
representation of @;(w) in the form of the Laurent series in the annulus oy, < |w| < 1
and form (27). The same arguments yield the representation of F(w) in the form
Fw) = gi(w)+ gk(%), where g;(w) is analytic in the unit disk. Substitution of (28)
into (26) yields

i)+ ¢ () = p 5 [Pon) + Qun0)] + 1 + &1 (%), @

m=1
o, < |wl <1, k=1,2,...,n,
where
1 P ()1 — “)dt
Pin(W) = =— e (30)
271 |T|:]T+Tm_;(w+7)+m_¥T
1 ¢m(am?)(l - %)d‘[
QW) = =— I 31)

| Um Sk Yk am—ak *
2mi Iz]=1 T+ T Sm(W—F W)+ S

Here, the relation T = % on the unit circle is used.
The integrals (30)—(31) are analytically calculated by residues in [20]. Following
[20] consider the quadratic equation with respect to t

2 — s,gl [sk (w + a—k> + a; — am] T+ o, =0. (32)
w

The cases of equal and non equal k and m have to be separately investigated.
a) Let k = m. Then Eq. (32) becomes

‘52—(W+(:fv—k>‘f+05k=0. (33)

Its two solutions have the form
073

T =W, 7 = —. (34)
w

b) Let k # m. In order to avoid a confusion with (34), the roots of (32) in this case
are denoted by w; and w,

o o kw4 %) + ac — an |’
S [(w+—) + ai —am] — — 4oy,
w Sm

| =

(35)

1 o skw + %) + ag — ay |’
S [Sk (w+ ;)+ak—am]+ . — 4o

Wy =

N =
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The branch of the square root is chosen in accordance with (18). It was proved in
[20] that |w;| < 1 and |wy| > 1.

The integrals (30)—(31) were calculated in [20]. From m # k it can be written in
the form

Pkm(W) = ¢t71(0) - ¢m (ﬁ>’ (m 7é k)’ Pkk(w) = ¢k(0)’

O

2N
QkmW)=¢n(0) — p(amwi)  (m # k), Que(w) =—¢x(0) + Pr(crw) + Px (%)

where w; and w; are given by (35).

2.3 Functional Equations

Substituting (34)—(35) into (29) we transform the integral equations (29) to the
following functional equations:

2N
o)+ i () = p| B + (%) - (36)

= 3 | 28000 + B + 61 (ﬂ k;”(w)) oo+ g (252 ],

mk "
Jo < |wl <1, k=1,2,...,n.

Here, for convenience the root w; is written as the function of w

B0 = 35t [ (0 + %) 4 —an] = Vim0, 69

where

Nim (W) =

(38)

sew + 55) + ag — ami|2 e,
L Sm

The right hand part of (36) consists of the functions ¢, (w) and ¢y (‘%) analytic
in |w| < 1 and |w| > /o, respectively. Denote by P the project operator which
transforms a function analytic in /o, < |[w| < 1 to its part analytic in the unit disk.
This operator can by considered S.S taking the regular part of the Laurent series or as
e aw

the integral operator 51— 2% with |¢| < 1. Application of P* to (36) yields

2 Jiwl=1 w—¢
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dr(w) + ¢ (0) = p {fl’k(OlmW) + ¢ (0) — (39)
Z —2¢,,(0) + P+¢m(am,3km(w)) + P+¢m (ﬂkm(W)) + gr(w) + gk(O)},
m#k m

w <1, k=1,2,...,n.

Here, the following relation is used:

2

Pty (%) = 5:(0).
w

One can consider (39) as a system of functional equations on the functions ¢y (w)
analytic in the unit disk and continuous in its closure. The solution of (39) can be
found by the method of successive approximations corresponding to the algorithm
(8). The equations (39) can by considered as iterative functional equations with shift
into domain [20, 22], since |By,(Ww)| < 1. It is worth noting that the equations (39)
do not contain integral terms and can be solved by use of the symbolic computations,
hence, the obtained results can be obtained in the form of approximate analytical
formulae.

3 Some Model Problems of Gas Flows in Rigid Bodies

3.1 Stress—Strain State of the Elastic Half Plane with Holes
Filled by Gas

One of the mathematical model approaches to creation describe the stress—strain state
of an elastic half plane with cavities that can contain gas, is discussed in this section.
We consider an elastic isotropic half plane with two holes which are far away from
the half-plane boundary and each other. This assumption allows us to apply the GMS
in the zeroth approximation (the method of superposition discussed in Sect. 1). All
the problems are considered in the plain strain condition. One of the holes is a circle
with radius R and centre at the origin. The second hole is an ellipse with semiaxes a
and b. The centre of the ellipse is placed at the point O;(x¢1, yo1). The x-axis forms
the angle € with O;O (see Fig. 1). Let the real axis and the boundary of holes be
denoted by Ly, L, L, respectively, and the distance from the centre of the circle
to Lo be H. Let the homogeneous pressure py be given on the boundary L; and
boundaries Lg and L, be free.

The Kolosov—Muskhelishvili method will be used to solve this problem. Let S*
be a domain bounded by contours Ly, L, L, and S a domain bounded by L; and L.
The problem is described by the following equilibrium equations:

s el

= O,
ox ay



24 M. Bryla et al.

M M Xo01

Fig. 1 Scheme of model problem

1 1
81';),) Bav( )

—pg =0,
ax ay rs

AoV +0") =0 (40)
and the boundary conditions

0)51) cos(n,x) + rg,) cos(n,y) =0, Tg,) cos(n,x) + oy(l) cos(n,y)=0

onL;(j=0,2, (41)

1 1
0)5 ) cos (n, x) + r;y> cos (n,y) = — Py cos (n, x),

rg,) cos (n,x) + ay(l) cos(n,y) = —Pycos(n,y)on Ly, (42)

where o;; denote the stress components, p the media density, g the gravity
acceleration, and n the outward normal to the boundaries L ;.

Using the superposition principle we can represent the stress components as
follows:

o) =0 +0,,7) =1} + 11y, 0 =0” 40y, 43)

The sizes of holes are small in comparison with plane sizes. Therefore stresses o;; are
negligible at large distance from holes, hence, o;; vanish at infinity. It is evident that
the additional stresses satisfy homogeneous equilibrium equations. If the boundaries
L and L, are far away from the boundary L, we can consider an infinite plane with
holes. The formulae for initial stresses are well known

o = pg(y — H), =) = 0,0\ = hpg(y — H),



Mathematical Models of Mechanical Fields in Media with Inclusions and Holes 25

where A is the ratio of horizontal to vertical stress.
The boundary conditions for the additional stresses have the form

0y = Txy = 00n Ly; (44)
0y oS (1, x) + T,y cos (n,y) = f; cos(n,x),

TyycOS(n,x) + oy cos(n,y) = gicos(n,y)onL;, j =1,2,
where
JS1=ppogH — Po, g1 = pgH — Py, f2 = ppg(H — yo1), g2 = pg(H — yo1)-

Following the Kolosov—Mushelishvili method we use the complex potentials @ (z)
and ¥ (z)

oy + Oy = 2(D(2) — m)» Oy — Oy + 2Txy = Z(ZCD/(Z) — ¥ (2)).

Using the superposition principle and the well-known solutions for infinite plane
with elliptic and circular holes [23, 30] (with p = 1), we obtain
0x = Re[ — ¥i(x) +2P,(z1) — K(z1)],
Ty = Im[¥1(2) + K (z0)],
oy = Re[¥1(2) + 2P1(z1) + K(z1)],

where

W) = A 2 = x iy, da) = 89 5 = ek - ). K@) =
e PYz1) + Wa(z1)), P1 = Py — pgh, zo1 = xo1 + iyo, ¢'(c) =
TG G g(o) = BELE = 95 = 5 w() = E(s +5/9),
¢ = —Zﬁ\/Zz%E%T, () = ff((gg)), Yy = % + %%, P, = pg(H — yo1),
D3 = S

The main stresses become

1 1 1 1
o 4o o — o0

o1 = ————— + ——5——cos (20) + 7)) sin (20),
(n (1 (1) (1)
o, +o0, o’ —0
0y = — > r = 3 " cos (20) — !} sin (26),
03 = V(G;l) + O';l)), (45)
| 2 . . .
where 6 = 7 arctan —~* and v denotes Poisson’s ratio. Solutions to these
Oy —O0y

problems by other methods are described in [7, 18, 28, 29].
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M1] n
X
(xq, ) N
[M2]
[M2] Yo~
~
y

Fig. 2 Scheme of model problem for two orthotropic half planes

3.2 Stress—Strain State of the Rock Massif and Applications
to Gas Dynamic Phenomena

We consider an orthotropic elastic body which consists of two half planes D; (j =
1,2) with different elastic constants. The line y = 0O be the boundary between the
half planes and let the y-axis be directed downward. Each half plane is orthotropic
in the local coordinate system (£, n) as displayed in Fig. 2.

Hooke’s law in the local coordinate system becomes

U 3G N
_ ) () ()
= Byyos + Byo,”,

9§
oV GG N
D () )
oy 1% + B0y,
aUD gy W) ()
+ = Bt 46
an € 66 "8 (46)
where
() () (), [C2IN0))
G _l=vaivy g v Fvaivy gy L=vivgy gy
=" Pe="7 G  P2="""G P = )

E { and Eé are Young’s modules in the principal directions £ and 5, respectively.
Here, G1, denotes the shear modulus in the plain (&, ), v{, Poisson’s coefficients.
The angle between the local and global coordinate systems is denoted by «;.

Hooke’s law in the main coordinate system can be written in the form
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BU(J)
ax (j) (j)+c(])o,(j)+c(]) )81)’
vy )
% _6120(1)+C2 (1)+C26 ;;),
quWv) 3v(j)
n + . (J) (j)+c(])o,(j)+c(]) (j) 47)

The coefficients c,,, linearly depend on the coefficients B;; as follows:
ol = B cos* (@) + BY sin’ (@) cos” (a) + B35 sin* (@),
) = B sin* () + BY sin? (@) cos” () + B cos* (),
D = 89 1+ (BY + BY — BD)sin® (o) cos® (),
D — BY 4 4D + B9 — BD)sin® (@) cos® (@),
P = 289 sin? (o)) — 289 cos? () + BY) cos (2a;)) sin () cos (a;),
c5) = (2B cos? () — 217 sin® () — BY cos (2a;) sin (er;) cos (),

where BU) = 2,3(]) + /3(])
We will solve the problem when the body forces are absent. Then, the equilibrium
equations become

10 | 9l

=0,
ax dy
81;{,) 80}(/)
p 5 = 0. (43)
X y

The stress tensor components can be written in the form

2w () 2w 2w )
BBLZJ’ o) = w ) — _8 wY (49)
y

) —
%= YT T 0t dydx ’

where W'/ denotes the Airy function. Then, the equilibrium equations are satisfied
and the compatibility equation becomes

)a 4w (])a )3 4w )a4w(1)

(]) (j)
2284_22%*3 +(2 ) 232 16883 il oyt O
(50)
We use the following representation for the function W [9]
W = 2Re[F (&) + (), (51)

where Fi(j ) are analytical functions of the complex argument z,{ =x+ ,ui vk =1,2).
The constants 4; will be defined below.
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‘We introduce the functions

dF(z ) dFY(@ -
1():(pu)z 2@ _ i

dZ 1 ( )’ dZ - (pz (Z),
o )

dyy (2) h, . dey (2) ;
=00, =V

Then, the stress components are calculated by the following formulae:
O';j) — 2Re[(M(J))2¢(j)(Z ])) + (M(]))Zd)(])(zgl))],
(J) — 2R€[¢(J)(Z(1J)) + @(])(Z(J))]
T)Eif) — —2R€[IL]J)¢¥])(Z ])) + /L(])QD(])(Z(]))] (52)
The displacements components become
Uy = 2R€[p§/)<p(j)(zgj)) + ng)Qﬁéj)(Z(j))]
) o, G, G G) ) G, , ()

where p(/) =/ (M(J))2 +C(1) DD Pg = (M(J))Z —i—c(]) Sul?.
The compatibility equation (50) with (52) and (53) yields

Pt =20 + 0 + D — 2k B =0, (54

As shown in [17] this equation has two pairs of complex conjugate roots.
Let a concentrated force be applied at a point My(X, Yj) of the domain D;. Then,
the complex potentials in a neighbourhood of this point become

(j)(ZY)) — a(j)ln (Z(J) (J)) + 90(1)(21])) Z(J) s 71(1)7

(])(Z(])) _ b(]) ln (Z(J) 1)) + 1p(])(z(])) Z(J) N T2(])9 (55)

where ¢V )(11] )y and ¥V )(z(j ) are holomorphic functions in a vicinity of the point

M. o
The coefficients a(()’ ), b(()’ ) are calculated by formulae [24]

o l(Xo—}—,u(j)Yo)—I-m(]) n(_])'b(/(./)
0 b
477:(/""(1) (j))

l(Xo—i-M(j)Yo)—i-m(’) n(])M(J)

) _
by = 0 _ (J))

, (56)
4 (g

K6 %0=87"Y0) () _ k6 X048 Vo) o) _ Im[uui), 89 =
(5<"’))2+6(-’)8(” (5(./))2+5(./)5(1) > ¥ 2

g0
Im[(,u(’) (j))M(]])l'ng)] k(}) Re[M(IJ)M(ZJ)] %

where mV) =

>
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3.2.1 Fundamental Solution

We determine the stress—strain state of the described body loaded by a concentrated
force P applied at the point My(xo, yo). It is assumed that the condition of the ideal
contact on the line y = 0 takes place

o) =@, ¢V =@ y» =y®, yO =y (57)

and all the stresses vanish at infinity.
The following stress functions are used:

M, _(y _ S1 82
D (z;) = ) > T o 2’
3T S}
l l
M, (D _ 1 2
@)= otTo o
L T S
a(z) n n
(I)Q)( (2)) 0 + 1 + 2
2 (2) ) 2’
g =T z(lz) — T1<2) ziz) — 12(2)
2)
PP (?) = by m my (58)

+ +
(2) (2)
L T zf) T1<2) zéz) - 12(2)
where sy, $2, 1, I», ny, ny, my, and m, are arbitrary coefficients. The coefficients
si,1;,n;, and m; are defined by the equations (57). Consider the case when oy“) =o.
For y = 0, we have

a _ 51 52 h b
o, =2Re ® T o T o T @ |
x—17 x-1’ x-17 x-1
(2) 2
0@ = pe| %0 n m by mi my
y @ = = @ = )
X—=n X — 1_1(2) X — T2(2) X—0 x—t? x—7?

= we obtain, respectively

@

N J— JE— 2
s1+ll—n1—m1—a0>, S2+12—n2—m2=b(()).

Thus, the coefficients satisfy the following system of equations:

S — 2
s1+ll—n1—m1:a(()),

1 . 2) (2
1sy + 1P — 17 — 1Py = pPa?,

(€8] (1 TO— (2)— 2) ()
pysi+py’lh— pynn — py my = pyag

as1 + " — 4P — 3P = 4P, 59
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Fig. 3 Scheme of model problem with circular hole in an orthotropic sectionally homogeneous
plane

52+ 1 — 7 — 7y = b,

1 2 2)— 2);(2
1Vsy + 18 — 1Pz — 1Pz = b2,
) (), _ @ _ B 2,0
Py s2+py 'l — pUng — py may = p; by,
1 (1 2 2 2)5.(2
a"s2 + 4" — 77 — g7 = g0 (60)

Let this system be solved. Then, the stress functions would be given by (58) and
the stresses would be given by (52) and (53). These solutions were also obtained by
other methods [4, 8, 10, 27].

3.2.2 Example

We consider sectionally homogeneous infinite media with a circular hole when the
surface homogeneous pressure is applied as shown in the Fig. 3. It is assumed that
the stresses at infinity take the following values:

ogs 07 =pgH, =0

xj? Xy
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The complex potentials have the following asymptotic far away from the contact
surface:

V@) =1, oY z) =D,

where Fl.(j ) are constants to be defined.
The equations (60) yield the following system of equations:

2Rel(WY T + (u§ ) o] = o
2Re[ll + ] = a;’o,
2Re[p\ Ty + 1 ] = 0. ©61)
The last equation of (61) holds if
Z(M(j)rl + M(j)rz) _ lr(])

where r(()j )is an arbitrary real constant. The system (61) can be easily solved and

=it uf = rPud"y 4,
= l(r(Z) (N r(()l)/,LQ))/A (62)

where A = ,bL(Il)/,L(zz) ,u(zl)/L(]z) Substitution of (62) into the first equation of (61)

yields

M @ _ %

S1ry  + Gary = ——,

2

supD @_ %%
kL) +54ro —_77 (63)

where 8 = Im[((1}"Y 1 — (S ui?)/ Al 52—1m[(M(1])M21)(M(1) 1)/ Al
85 = Iml(uP PP — w1 AL, 54 = Il — (PP )>/A1
Therefore,

a _ 8107 =807

2 630’;>1° — 810’00
ry = —— ) = T
O 728184 — 8283)" 0 T 28184 — 6283)

X2

The second equation of (61) yields
(8485 — 8386)0y + (8186 — 8285)0) = (8184 — 8283)0°, (64)
where
8s = Im[(u — u)/AL 8 = Iml(1}" — u3”)/ Al
Let the condition oY = o5 hold at infinity. Then the value o is defined through

0
O’y.
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Fig. 4 Constant force acting

on the segment a a

LA
4

F (&)= Pdg

|

We will solve the source problem by the superposition principle for the following
two stress states. The first one is the stress state in the media without a hole and the
second one is characterized by the vanishing stresses at infinity and by the following
boundary conditions on the hole surface:

A

0y = (= po+ 02 cos (n,¥) — (02° — po) cos (n, x),
op=(—po+a>) cos® (n,x) + (07" = po) cos? (1, y). (65)

Then, the full stresses are defined by formulae at the upper and lower half planes

(1) _ (1) (1) _ 1 ) _ ()

o, a +o, O' +0y7 Ty, = Tyy s

(2) — 2 (2) — 2) (2) — (2)
U > +o7, 00 = O’ +o,7. 1y =1, (66)

3.2.3 Method of Unknown Loads and its Numerical Realization

We consider a problem of the load uniformly distributed on the segment |x| < a as
shown in the Fig. 4. Let it be solved by the method presented in the previous section.
Then, we define the stresses near the point (X, Yp) as the functions of (x, y)

ol = XgAV(x,y) + YoBY(x, y),
oy = XoAY(x,y) + YoB (x, y),
rg) = XoAijy)(x, y)+ YOB)(C{;,)(X, y). (67)
The following expressions for the stresses take place on the segment
o = Py, JAY(x,y) + Py, I BY(x,y),
o) = Py, 1AV (x,y) + Py, I BY(x,y),
) = Px, I AL(x, y) + Py I B (x. y), (68)

Xy
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Fig. 5 Scheme of model problem solving

where

TA(j)x,y) = / AD(x — &, y)dE,  TA(j)(x,y) = / AV(x — &, y)ds,

—a —a

1BY(x,y) = / " B — &, ), IBY(x,y) = f ' BY(x — &, y)d&

—a —a

a a
TAY)(x,y) = / AV (x —&,y)dE, IBY)(x,y) = / BY)(x — &, y)dE,

—a —a

a a
PX() = / X()dé, PYO :/ Yods

a —a

The method of solution near the circular hole (see Fig. 5) can be presented as
follows. First, the circle is divided onto N segments. Unknown constant shear and
normal loads P/ and P,/ are applied (to each small segment). Using (67) and (68)
we can calculate the stresses at the middle points of each segment

ol = X ALPF+ L AL PY

AT sn-n?

oy =X AXPE+ X AP i =T1,N. (69)

ns- s nn-n?’

The values P,,j and st can be found from the conditions at the centres of each
element. As a result we obtain the following system of equations:

sn-n?’

(— po+05)cos(n,y) — (07° — po)cos (n,x) = L ALPE + 2 AL PY
(— po+ o) cos’ (n,x) + (o7° — po) cos” (n, y) = XL Ak PF 4+ =Y | Ak Py

ns- s nn-n’

i=T,N. (70)
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Fig. 6 Stresses caused by
load of arbitrary orientation

Consider an example of the distributed force on the segment in the local coordinate
system (X, y) shown in Fig. 6. The segment is defined by equations: |x| < a,y = 0.
The coordinate systems are related by equations

X=(x—c)cos(B)+ (y —cy)sin(B),y = —(x —c,)sin(B) + (y — ¢y)cos(B).

(71
The stresses in the global coordinates have the form
o, = oxcos’ (B) — 275y sin (B) cos (B) + o sin® (B),
oy = Oy sin? (B) + 2ty sin (B) cos (B) + oy cos” (B),
Tyy = (0x — o) sin(B) cos (B) + Txy cos (28). (72)

Moreover, we have

ol = Pg(IAY(x,y)cos” (B) — 21 AY)(x.,¥) cos (B) sin (B) +
TAY(x,y)sin* (B)) + Py (I BY)(X,y) cos® (B) —
21BY)(x,¥)cos (B)sin (B) + I BY(x,y) sin” (),
o\ = Pg(IAY(xX,y)sin® (B) + 21 AY)(X. ) cos (B) sin (B) +
TAY(x,y) cos’ (B)) + Py (IBY(x,y)sin® (B) +
21BY)(x, ) cos (B)sin (B) + I BY (X, 3) cos” (B)),
) = Pr(IAY®,5) — 1AY(X, 7)) sin (B) cos (B) +
TAY)X,¥)(cos” (B) — sin® (B))) + Pr(IBY(X.,) —

1BY)(x,y))sin (B) cos (B) + 1 BY) (X, ¥)(cos” (B) — sin® (B))). (73)

In order to obtain the influence coefficients / A%),I A%), ... we choose the point

(x,y) as the centre of the jth element. The scheme for boundary elements is shown
in Fig. 7. The local coordinates of the i th point relative to the jth point have the form
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Fig. 7 Scheme for boundary elements

¥ = ' —x/)cos(B)) + (y' — y/)sin(B),
y = —" —x/)sin(B/) + (y' — y/)cos (B/) (74)

The stress components at the ith point relative to the jth point can be obtained
by (68)

o = PIIAPG, ) + PLIBY, ),
o = PLIANG.5) + PLIBY(.5).

&' = PLIANG.S) + PLIBY(. ). 7
where k is the number of the half-plane; i, j elements numbers. Ultimately, we have
0i® = PIIAVE.5)sin® (v) — TAXE. 5)sin 2y) + TAP(E. 5) cos? () +

PIIBO, F)sin’ (v) — IBYE, 3)sin 2y) + 1BY . 5) cos? (1),

) ) ) . sin (2 .
ol = PIUAYE )~ 149G ) 4 LAY V) cos 2y +
) . . sin (2 .
PI((IBY(x,5) — IBY(x, 7))% + IBY)(X.,¥)cos (2y)),

(76)

where y = B; — B;. So we can find the influence coefficients expressed through
P/ and P in (76). Substituting them in (70) we arrive at a linear system. After its
solution the stress—strain state can be explicitly determined.
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Fig. 8 Four layered massive

3.3 Three-dimensional Models of Conjugative Processes in
Porous Media by Use of the Finite Element Method

We consider transversely an isotropic viscoelastic four-layered massif with intersec-
tion faults. There is also a mined out space. The scheme of the problem is displayed
in Fig. 8. The second layer from the top has porous liquid in its skeleton. We inves-
tigate the flow in the massif skeleton when a mined external space is moved to the
fault. The problem is described by the following equation:

1) Equilibrium equations with the fluid pressure have the form
00, 00y 00y 0
ox + 0 yy + BZZ a £
00y " doyy 9oy dp
ox dy 0z dy
do,, 0do,, 0do, dp
ox W 0z 0z

2) Storage equation with the pressure terms [25]

aip _ Pp Fp Fp —ai Oxx + 0y + 0y
ar ax2  9y? 972 P ot 3 ’

_ _k(+e) _ . . . . .
where a = Savtep) Yp = aitepr €1 the porosity coefficient, g is the fluid com-

pressibility, a, is the rock hardening coefficient, k is the filtration coefficient, and ¢
is time.

3) The physical law yields

1 - VpzVzp Vp + VpVip Vzp + VepVzp . .
Oxx = &, +2D(&, — &),
o E,E.A E,E.A E,E.A % (Exx = £0)
Vp + Veplzp 1 - VpzVzp Vzp + VepVzp . .
Oyy = Exx + Eyy + & +2D(&yy — &),
Y E,E.A E,E.A " E,E.A % (Eyy = &)
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2
Vep + VzpVzp Vo + vzpvzpe N l—v,
E,EA 7 E,E.A 7 E2A

z

£z + 2D (&, — éo),

0v; = 2Gpex; + 2Déy;, 0y, = 2G 8y, + 2Déy,, 0y = H—”vsx}, + 2Dé,y,
P
where E,, and v, are Young’s modulus and Poisson’s ratio respectively in the hor-
izontal plane; E;,v,,, and G, are Young’s modulus, Poisson’s ratio, and the shear
. . . __E . _ (I+vp)(A=2vzpvp2) .
modulus in the vertical plane; v,, = FZUZP A = ’E%)—EZ’, and D is the
viscosity coefficient. Here, the Kelvin model is used.

4) Compatibility equations

%ere  0%eyy _ 326y

dy? ax2  Toxoy’

ey 0%ey _ 3%,

9z2  ax?2  Toxdz’

e, 0%ey,y _ 3%y,

dy? 972 923y’

ey 026y B 82e,. N 3%y, _o,

dydz  0xdz dxdy = 0x>

Pe, e ey N 3%ery _o,
dxdy dydz dxdz 972

stw B 82€Xy _ 328yz n 9%, _o.
dxdz  dydz  0xdy dy?

5) Cauchy’s relations

o = 1(8u,~ +8u_,~)
Vo2 \ax; o ax /)

6) Boundary and initial conditions:
a) On the left and right edges, i.e. withy =Y, y = Y,: 0y, = 0y = 0, 11y

0,p=0
b) On the front and back edges, i.e. with x = X,,, x = X,: 0; = 0y, = 0,u, =
0,p=0

c) At the bottom: uy, = uy, =u, =0

d) At the upper surface: o, = oy, = 0,

e) At the boundary of the water layer with the massif—-impermeability condition
»=0

f) p=0fort =0

g) Contact conditions on the faults surfaces
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Fig. 9 Pressure distribution
in horizontal plane after third
step of deleting elements

pres

4191241
E4000OOO

-2000000
0
-2e+006

-3641296

Onl = Opn2,

Un1 = Up2,

071 = 072, |o¢| < fou,

U] = U, |oc| < fou,

011 =02 = foy, |o| > foy.

Here, 0,, and o, are the normal and shear stresses and f is the friction coefficient.
We are interested only in the additional pressure, which is caused by mining works.
Hence, we impose vanishing boundary and initial conditions for the pressure.

The problem is solved by a finite element package using the following scheme:

1) Calculate the initial stress—strain state of the massif caused by gravity. Hydrome-
chanical processes are not considered at this stage.

2) Step-by-step deletion of the elements which model the mined out space. Dimen-
sions of the mined out space are 2000 x 2000 x 10 m*. And on each step we delete
elements of size I x 2000 x 10 m>. Hence, the mined out space is in movement
to the fault (on the first step / = 1200 m and on the following steps / = 200 m).
The velocity of movement is 1 km/year.

3) Calculation of the moment when the steady state of the massif is reached. We
used the following as the physical, mechanical, and geometry parameters of the
layers:

First layer: E, = 0.3(GPa), E; = 1(GPa), v, = v, = 03, G, =
0.0577(G Pa), top = 0, bottom = —130 m,

Second layer: E, = 5(GPa), E;, = 5(GPa),v, = v, = 03, G, =
0.288(G Pa), top = —130, bottom = —400 m,

Third layer: E, = 14(GPa), E; = 14(GPa), v, = v, = 03, G;, =
0.8(GPa), top = —400, bottom = —1800 m,
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Fig. 10 Pressure distribution
in horizontal plane after fifth
step of deleting elements
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Fig. 11 Pressure distribution
in horizontal plane after last
step of deleting elements
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-2e+006

-3641296

Fourth layer: E, = 14(GPa), E; = 14GPa), v, = v, = 0.3, G, =
0.8(G Pa), top = —1800, bottom = —2200 m.

The fluid properties of the second layer are expressed by the parameters
k=107 (m/s), B =107 (Pa™Y), e =0.11, a, = 107 (Pa™})

Distribution of fluid pressure is shown In Figs. 9, 10, 11, 12, 13 and 14 at the
horizontal plane on the depth 250 m and at the vertical plane the middle of the mined
out space perpendicular to the x direction.

Remark: The fluid pressure has the same sign as the stresses, hence, at the
compressible pressure is negative.
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pres
-2e+006 2e+006
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Fig. 12 Pressure distribution in vertical plane in the third step of deleting elements
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Fig. 13 Pressure distribution in horizontal plane after fifth step of deleting elements
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Fig. 14 Pressure distribution in horizontal plane after last step of deleting elements

One can see from the graphics that the water layer is in zones with high horizon-
tal stresses, because large sizes of the mined out space of compressible horizontal
stresses are greater than the tension of vertical stresses. Therefore, the additional
pressure of fluid is positive in the usual sense. We can also see the influence of the



Mathematical Models of Mechanical Fields in Media with Inclusions and Holes 41

fault on the pressure distribution because the pressure distribution is different on both
sides of the fault.

The problem is solved by use of the finite difference approximation in time; a

finite element method is used at each time step for spacial variables. The package
Tochnog® is used for implementation of the finite element method.

Acknowledgements The authors are grateful to Dr. V.A. Savenkov for fruitful discussions during
the preparation of the chapter.
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