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1 Corona Problem

Let X be a complex manifold and H 1.X/ be the Banach algebra of bounded
holomorphic functions on X equipped with the supremum norm. We assume that
X is Caratheodory hyperbolic, that is, the functions in H 1.X/ separate the points
of X . The maximal ideal space M D M .H 1.X// is the set of all nonzero linear
multiplicative functionals on H 1.X/. Since the norm of each � 2 M is one, M is a
subset of the closed unit ball of the dual space .H 1.X//�. It is a compact Hausdorff
space in the Gelfand topology, the weak� topology induced by .H 1.X//�.

There is a continuous embedding i W X ,! M taking x 2 X to the evaluation
homomorphism f 7! f .x/, f 2 H 1.X/. The complement to the closure of i.X/

in M is called the corona. The corona problem is: given X to determine whether the
corona is empty. It was first posed in the case of the unit disc D in C by S. Kakutani
in 1941. The complement of the closure of i.D/ in M was called the corona by
D. Newman [N] (as in this case there would have been a set of maximal ideals
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suggestive of the sun’s corona if the complement failed to be empty). Newman
showed that the corona problem in the disk is equivalent to a certain interpolation
problem [C1, p. 548]. The latter was solved by L. Carleson [C1] in 1962. The proof
of the Carleson corona theorem was subsequently simplified by L. Hörmander [Ho]
who used the Koszul complex technique to reduce it to a N@-problem on D. Along
these lines the simplest proof of the corona theorem was obtained by T. Wolff,
see, e.g., [Ga].

Following the appearance of Carleson’s proof, a number of authors have proved
the corona theorem for finite bordered Riemann surfaces, e.g., [A1, A2, EM1, F,
St1, St2, St3, HN, O2]. The corona problem was first solved for a class of infinitely
connected domains (the, so-called, “roadrunner” domains) by M. Behrens [Be1,
Be2] (his results were further extended in [D, DW, Nar]), and for a class of finitely
sheeted covering Riemann surfaces by M. Nakai [Nak2]. Also, it was shown that
there are non-planar Riemann surfaces for which the corona is non-trivial (see, e.g.,
[JM], [G1], [BD,L] and references therein). This is due to a structure that in a sense
makes the surface seem higher dimensional. So there is a hope that the restriction
to the Riemann sphere might prevent this obstacle. However, the general problem
for planar domains is still open as is the problem in several variables for the ball
and polydisk. (In fact, there are no known examples of domains in C

n, n � 2,
without corona.) In this direction, Gamelin [G2] has shown that the corona problem
for planar domains is local in the sense that it depends only on the behavior of the
domain locally about each boundary point.

At present, one of the strongest corona theorems for planar domains is due
to Moore [M]. It states that the corona is empty for any domain with boundary
contained in the graph of a C 1C� function. This result is the extension of the earlier
result of Jones and Garnett [GJ] for a Denjoy domain (i.e., a domain with boundary
contained in R). Among other results, it is worth mentioning recent results of Handy
[Han] establishing the corona theorem for complements of certain square Cantor
sets and of NewDelman [ND] who proves the corona theorem for the complement
of a subset of a Lipschitz graph of homogeneous type (in the lines of Carleson’s
result [C2] on Denjoy domains).

The corona problem can be equivalently reformulated as follows, see, e.g., [Ga]:
A collection f1; : : : ; fn of functions from H 1.X/ satisfies the corona

condition if

1 � max
1�j �n

jfj .x/j � ı > 0 for all x 2 X: (1)

The corona problem being solvable (i.e., the corona is empty) means that for all
n 2 N and f1; : : : ; fn satisfying the corona condition, the Bezout equation

f1g1 C � � � C fngn � 1 (2)

has a solution g1; : : : ; gn 2 H 1.X/. We refer to max1�j �n jjgj jj1 as a “bound on
the corona solutions“. (Here jj � jj1 is the norm on H 1.X/.)

In the present paper we survey some results and methods related to the corona
problem for H 1 on Riemann surfaces.
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2 Forelli Projections

In this part we describe one of the methods allowing to prove corona theorems for a
wide class of Riemann surfaces.

Let r W QX ! X be an unbranched covering of a connected complex manifold X .
By r�.H 1.X// � H 1. QX/ we denote the pullback by r of the algebra H 1.X/.
A bounded linear projection P W H 1. QX/ ! r�.H 1.X// satisfying

P.fg/ D P.f /g for any f 2 H 1. QX/ and g 2 r�.H 1.X// (3)

is called a Forelli projection.
For X a connected Caratheodory hyperbolic Riemann surface and r W D ! X

the universal covering such a projection P , if exists, solves the corona problem
for H 1.X/. Indeed, if f1; : : : ; fn 2 H 1.X/ satisfy (1), then their pullbacks
r�f1; : : : ; r�fn 2 H 1.D/ satisfy (1) on D. According to the Carleson corona
theorem there exist corona solutions g1; : : : ; gn 2 H 1.D/ of the equation

r�f1 � g1 C � � � C r�fn � gn � 1 (4)

with a bound C.n3=2ı�2 C n2ı�3/ for an absolute constant C , see, e.g., [Ga,
Ch. VIII]. Applying to (4) the projection P we solve, due to (3), the Bezout equation
(2) on X with the bound on the corresponding solutions C �kP k�.n3=2ı�2 Cn2ı�3/.

If X is an annulus, then the fibre of the covering r W D ! X is naturally identified
with the group of integers Z. Since this group is amenable and abelian, there exists
a nonnegative bounded linear functional � of norm one on `1.Z/ invariant under
translation by group elements. Then the Forelli projection P is given by the formula

P.f /.z/ WD �.fz/; z 2 D; f 2 H 1.D/;

where fz.g/ WD f .g � z/, g 2 Z and Z � D ! D, g � z 7! g � z, is the holomorphic
action on D of the deck transformation group Z of the covering r W D ! X .

By means of this projection the corona theorem for an annulus was established
independently by S. Scheinberg [Sc] and E. L. Stout [St2].

If X is a generic connected noncompact Riemann surface, then the fundamental
group �1.X/ of X is free with the number of generators � 2. In particular, it is
not amenable and the previous averaging method is not applicable to the universal
covering r W D ! X in this case. Nevertheless, for certain Riemann surfaces X

projections P W H 1.D/ ! r�.H 1.X// satisfying (3) still exist.
Forelli [F] was the first to discover that such projections P exist for X being

a finite bordered Riemann surface. Later, his construction made explicit by Earle
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and Marden [EM1, EM2]. Subsequently, existence of Forelli projections for certain
infinitely connected Riemann surfaces were established by Carleson [C2] for
complements in C of compact homogeneous subsets E of R (i.e., for which there
exist " > 0 such that mes

�
.x � r; x C r/ \ E

� � "r for all r > 0 and all x 2 E)
and by Jones and Marshall [JM] for Riemann surfaces X such that critical points of
Green’s functions on X or their preimages in D form an interpolating sequence for
H 1.X/ or H 1.D/, respectively. (In particular, the latter class contains surfaces
considered previously in [F] and [C2].) In these approaches the projection can be
constructed explicitly by means of a function h 2 H 1.D/ with the properties:

(a) Oh.z/ WD P
w2r�1.z/ jh.w/j, z 2 X , is a continuous function on X satisfying

supX
Oh � C < 1;

(b)
P

w2r�1.z/ h.w/ D 1 for all z 2 X .

Having such a function one defines a Forelli projection P W H 1.D/ !
r�.H 1.X// of norm kP k � C by the formula

P.f /.y/ WD
X

w2r�1.z/

h.w/f .w/; y 2 r�1.z/; f 2 H 1.D/: (5)

Note that P induces weak� continuous linear functionals on `1.r�1.z//, z 2 X ,
while in the approach with the invariant mean on the deck transformation group
such induced functionals are bounded but not weak� continuous.

In [Br4] existence of weak� continuous Forelli projections of the form (5) was
established by the author for a wide class of (not necessarily one-dimensional)
complex manifolds. The construction is more abstract than the previous ones and
uses some techniques of the theory of coherent Banach sheaves over Stein manifolds
developed by L. Bungart [B].

Specifically, it was shown in [Br4, Th. 1.1] that such a projection P W H 1. QX/ !
r�.H 1.X// exists for QX and X being unbranched coverings of a relatively compact
domain N in a connected Stein manifold M such that inclusion N ,! M induces an
isomorphism of fundamental groups �1.N / Š �1.M/. Moreover, kP k is bounded
by a constant depending on N only. In particular, this condition is valid for N

being a bordered Riemann surface. Thus, due to the covering homotopy theorem,
the weak� continuous Forelli projection P W H 1.D/ ! r�.H 1.X// exists for X

being a domain in an unbranched covering R of a bordered Riemann surface N

such that inclusion X ,! R induces a monomorphism of the fundamental groups,
and kP k � C.N /, [Br4, Cor. 1.3].

Here is a simple example of such an X :

Example. Consider the standard action of the group Z C iZ on C by translations.
The fundamental domain of this action is the square

Q WD fz D x C iy 2 C W maxfjxj; jyjg � 1g:
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By Qt we denote the square homothetic to Q with sidelength t . Let O be the orbit
of 0 2 C with respect to the action of Z C iZ. For any x 2 O we will choose some
t .x/ 2 Œ 1

2
; 3

4
� and consider the square Q.x/ WD x C Qt.x/ centered at x. Let V � C

be a simply connected domain satisfying the property:

there exists a subset fxigi2I � O such that V \
 
[

x2O

Q.x/

!

D
[

i2I

Q.xi /:

We set X WD V n.[i2I Q.xi //. Then X satisfies the required conditions. In fact, the
quotient space C=.ZCiZ/ is a torus CT. Let S be the image of Q1=3 in CT. Then X

is a domain in the regular covering R of N WD CT n S with the deck transformation
group ZC iZ. The condition that the embedding X ,! R induces a monomorphism
of fundamental groups follows from the construction of X .

Let us recall that a connected non-parabolic Riemann surface X with a Green
function Go is of Widom type if

Z 1

0

b.t/ dt < 1;

where b.t/ is the first Betti number of the set fx 2 X W Go.x/ > tg. This means
that the topology of X grows slowly as measured by the Green function. Widom
type surfaces are the only infinitely connected ones for which the Hardy theory has
been developed to any extent. They have many bounded holomorphic functions. In
particular, such functions separate points and directions. We refer to [Ha] for an
exposition. It was noted by Jones and Marshall [JM, p. 295] that using results in
[W] and [P] it is possible to show that if the Forelli projection P W H 1.D/ !
r�.H 1.X// exists for a connected Caratheodory hyperbolic Riemann surface X ,
then X is of Widom type.

3 Riemann Surfaces with Corona

The first example of a (non-planar) Riemann surface for which the corona theorem
fails was found by B. Cole, see, e.g., [G1]. He constructed a sequence of finite
bordered Riemann surfaces R.k/ and functions f

.k/
1 ; f

.k/
2 2 H 1.R.k// with

maxj jf .k/
j .z/j � ı > 0 for all z 2 R.k/, but where any solution of f

.k/
1 g

.k/
1 C

f
.k/

2 g
.k/
2 � 1 must satisfy supk.kg

.k/
1 k1 C kg

.k/
2 k1/ D 1. (Recently, modifying

Cole’s example, B. Oh [O1] constructed explicitly Riemann surfaces with large
bounds on corona solutions in an elementary way.) Constructing such a sequence
for planar domains is equivalent to the failure of the corona theorem for a planar
domain, as shown in [G2]. Later, it was shown in [Nak1] that Cole’s example can
be modified to be of Widom type. Also, it was observed in [JM] that modifying the
construction in Gamelin [G2] it is possible to show that if the corona theorem fails
for a planar domain, it must fail for a planar domain of Widom type.
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Other examples being found later by Barrett and Diller [BD] and Larusson [L].
The construction of the latter paper is based on an interpolation result for holo-
morphic functions of exponential growth on unbranched coverings of complex
projective manifolds which is proved by means of certain vanishing theorems for
L2 cohomology groups on the coverings. In the case of H 1 functions this result
was strengthen in [Br3] to produce the following:

Let Y be an unbranched covering of a complex connected projective manifold
M � CP

N of dimension n � 2. Let C be intersection with M of at most n � 1

generic hypersurfaces of degree d in CP
N . By the Lefschetz theorem, the preimage

X of C in Y is a connected submanifold. Then the restriction H 1.Y / ! H 1.X/

is an isometry for d large enough.
For instance, this can be applied to Y being either an open Euclidean ball or

polydisk in C
n, n � 2, to find a compact Riemann surface Sn and its regular

covering r W QSn ! Sn such that QSn ,! Y and this embedding induces an isometry
of the H 1 spaces. Thus maximal ideal spaces M .H 1. QSn// and M .H 1.Y // are
homeomorphic. In particular, the covering dimension of M .H 1. QSn// is at least n

and the corona theorem fails for QSn.
A similar L2 cohomology technique was used in [Br6] by the author to prove the

solvability of the corona problem for H 1 on unbranched coverings of connected
Caratheodory hyperbolic Riemann surfaces of finite type.

4 Projective Freeness and Hermiteness for H 1
on Riemann Surfaces

In this part we describe a matrix version of the corona problem.
A commutative ring with identity R is said to be projective free if every finitely

generated projective R-module is free. Recall that if M is an R-module, then

1. M is called free if M Š Rd for some integer d � 0;
2. M is called projective if there exists an R-module N and an integer d � 0 such

that M ˚ N Š Rd .

In terms of matrices, the ring R is projective free iff every square idempotent
matrix F is conjugate (by an invertible matrix) to a matrix of the form

�
Ik 0

0 0

�
;

see [Co1, Prop. 2.6].
From the matricial definition, it follows that any field k is projective free, since

matrices F satisfying F 2 D F are diagonalizable over k. Quillen and Suslin
(see [La]) proved, independently, that the polynomial ring over a projective free
ring is again projective free. Thus, the polynomial ring kŒx1; : : : ; xn� is projective
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free. Also, if R is any projective free ring, then the formal power series ring RŒŒx��

in a central indeterminate x is again projective free [Co2, Th. 7]. Hence, the ring of
formal power series kŒŒx1; : : : ; xn�� is also projective free.

Less is known about projective freeness of topological rings arising in analysis.
For instance, from Grauert’s theorem [Gra] one obtains that the ring H.X/ of
holomorphic functions on a connected reduced Stein space X satisfying the property
that any complex vector bundle of finite rank on X is topologically trivial, is
projective free (cf. the proof of Theorem 1.2 in [BS]). This is the case if, e.g.,
the space X is contractible or if it is biholomorphic to a connected noncompact
(possibly singular) Riemann surface.

For R being a complex commutative unital Banach algebra, certain topological
conditions on its maximal ideal space M .R/ (e.g., its contractibility) implying
projective freeness of R are presented in [T2] and [BS]. Also, it was established
in [BS, Th. 1.5], by means of some results of [Br5], that H 1.X/ is projective free
for X being a domain in an unbranched covering S of a bordered Riemann surface
N such that inclusion X ,! S induces a monomorphism of the fundamental groups
(cf. Example in Sect. 2). As a particular case of this result one obtains that H 1.X/

is projective free for every connected Caratheodory hyperbolic Riemann surface X

of finite type. Earlier projective freeness of H 1.D/ was proved in [Q] by a different
method.

The concept of a Hermite ring is weaker than that of a projective free ring.
A commutative ring R with identity is said to be Hermite if every finitely

generated stably free R-module is free.
Recall that a R-module M is called stably free if there exist nonnegative integers

n; d such that M ˚ Rn D Rd .
Clearly every stably free module is projective, and so every projective free ring is

Hermite.
A complex commutative unital Banach algebra R is Hermite if and only if for

all k; n 2 N, k < n, each k � n matrix with entries in R such that all its minors
of order k do not belong together to a maximal ideal of R can be completed to an
invertible n � n matrix with entries in R. Moreover, R is Hermite if and only if the
algebra C.M .R// of complex continuous functions on the maximal ideal space of
R is Hermite (see, e.g., [Li, Th. 3], [T2, No, Th. 4], [Ta, pp. 179, 196]).

If X is a Riemann surface for which the corona theorem is valid, Hermiteness
of H 1.X/ is equivalent to the following statement (which is stronger than just the
solvability of the Bezout equation (2) in the corona theorem for H 1.X/):

For all k; n 2 N, k < n, each k � n matrix Ak;n with entries in H 1.X/ such
that all its minors of order k satisfy the corona condition (1) can be completed to an
n � n matrix QAn;n of determinant one with entries in H 1.X/.

Hermiteness of H 1.D/, with estimates of norm supz2D k QAn;n.z/k`n
2!`n

2
of the

extension QAn;n of Ak;n depending on ı (in the corona condition for minors of order
k of Ak;n) and k; n only, was first proved by V. Tolokonnikov [T1, Th. 4]. Later, in
[T2] he proved Hermiteness of H 1.X/, where X is a bordered Riemann surface,
with similar estimates of the norm of the extension QAn;n of Ak;n. The proof is based
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on the Beurling-Lax-Halmos [Beu,Lax,NF], Forelli [F] and Grauert [Gra] theorems.
Recently, in [Br5] Hermiteness of H 1.X/ was proved by the author for X being a
domain in an unbranched covering S of a bordered Riemann surface N such that
inclusion X ,! S induces a monomorphism of the fundamental groups. The proof
uses analogs of the Beurling-Lax-Halmos theorem [Br5, Th. 1.7], Grauert theorem
[Br5, Th. 1.5] and Forelli theorem [Br4] and allows to estimate the norm of the
extension QAn;n of Ak;n by a constant depending on the corresponding data ı, k; n for
Ak;n and on N only (in particular, this extends the result of [T2]). Finally, in [Br7]
using a topological method, Hermiteness of H 1.X/ was proved by the author for
X being an unbranched covering of a connected Caratheodory hyperbolic Riemann
surface of finite type N with the norm of the extension QAn;n of Ak;n bounded by a
constant depending on the corresponding data ı, k; n for Ak;n and on N only.

5 Remarks about Bounds on the Corona Solutions

All known examples of Caratheodory hyperbolic Riemann surfaces X for which the
corona theorem is valid allow bounds on the corona solutions of Bezout equations
(2) depending on n and ı (in the corona condition (1) on X ), and some inessential
parameters only. For such X this, in particular, implies much more stronger corona
theorems.

Indeed, let X WD fXsgs2S be the family of Caratheodory hyperbolic Riemann
surfaces. We define XS WD ts2S Xs . Then XS is a one-dimensional complex
manifold (not necessarily second-countable). The Banach algebra H 1.XS / of
bounded holomorphic functions on XS is well defined and separates the points of
XS . It is easy to see that

If for each n 2 N and all n-tuples of functions in H 1.Xs/, s 2 S , satisfying
corona conditions (1), Bezout equations (2) with these functions admit solutions
bounded by a nonnegative function in variables n and ı, then the corona theorem
is valid for XS , that is, i.XS / is dense in the maximal ideal space M .H 1.XS //

(here i.XS / consists of the evaluation homomorphisms at points of XS ).
This is valid, e.g., for a family X WD fXsgs2S , where each Xs is either D or

an open annulus. In turn, if each Xs is a domain in an unbranched covering R

of a (fixed) bordered Riemann surface N such that inclusion X ,! R induces a
monomorphism of the fundamental groups, then H 1.XS / is Hermite, see estimates
in [Br5]. The same is true if each Xs is an unbranched covering of a fixed
Caratheodory hyperbolic Riemann surface of finite type, see [Br7]. Further, if all
Xs D D in the definition of X , then estimates obtained in [Tr4] show that H 1.XS /

has stable rank one, etc.
Note that for XS being the disjoint union of all bounded finitely connected

domains in C, the corona problem is still open and is equivalent to the general
corona problem for planar domains, see, e.g., [G2, Han, JM, Nak1, ND] and
references therein. In connection with that problem, it might be of interest to study
analogs of Gleason parts of points in M .H 1.XS // (defined similarly to those in
M .H 1.D//, see Sect. 7 below).
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6 Operator Corona Problem

Let H 1.L.X; Y // be the Banach space of holomorphic functions F on D with
values in the space of bounded linear operators X ! Y between complex Banach
spaces X; Y with norm kF k WD supz2D kF.z/kL.X;Y /. As usual, L.X/ WD L.X; X/;
by IX we denote the identity operator X ! X .

The operator corona problem is a tentative to generalize the Carleson corona
theorem to operator valued functions. It was posed by Sz.-Nagy in 1978 in the
following form [Na]:

Suppose that F 2 H 1.L.H1; H2//, H1; H2 are separable Hilbert spaces,
satisfies kF.z/xk � ıkxk for all x 2 H1, z 2 D, where ı > 0 is a constant.
Does there exist G 2 H 1.L.H2; H1// such that G.z/F.z/ D IH1 for all z 2 D?

This problem is of importance in operator theory (angles between invariant
subspaces, unconditionally convergent spectral decompositions) and in control
theory (the stabilization problem). It is also related to the study of submodules of
H 1 and to many other subjects of analysis, see [Ni1,Ni2,Tr2,Tr5,Vi] and references
therein.

Obviously, the condition imposed on F is necessary since it implies existence of
a uniformly bounded family of left inverses of F.z/, z 2 D. The question is whether
it is sufficient for the existence of a bounded holomorphic left inverse of F .

In general, as it was shown by S. Treil, the answer is negative (see [Tr1, Tr3,
Tr6, TW] and references therein). But in some specific cases it is positive. In
particular, the Carleson corona theorem [C1] stating that for ffi gn

iD1 � H 1.D/

the Bezout equation
Pn

iD1 gi fi � 1 is solvable with fgi gn
iD1 � H 1 as soon as

max1�i�n jfi .z/j > ı > 0 for every z 2 D means that the answer is positive when
dim H1 D 1, dim H2 D n < 1. Later, using some ideas from the T. Wolff’s
proof of the Carleson corona theorem, M. Rosenblum [R], V. Tolokonnikov [T1] and
Uchiyama [U] independently proved that the operator corona problem is solvable if
dim H1 D 1, dim H2 D 1. Using a simple linear algebra argument, P. Fuhrmann
[Fu] proved that the operator corona problem is solvable if dim H1; dim H2 < 1,
and further V. Vasyunin (see [T1] for the proof) extended this result to the case
dim H2 D 1 (but still dim H1 < 1). Recently, it was established by S. Treil
in [Tr7] that the operator corona problem is solvable as soon as F is a “small”
perturbation of a left invertible function F0 2 H 1.L.H1; H2// (for example, if
F � F0 belongs to H 1.L.H1; H2// with values in the class of Hilbert Schmidt
operators).

For a long time there were no positive results in the case dim H1 D 1. The first
positive results were obtained by P. Vitse in [Vi] where the following more general
problem was studied.

Let X1; X2 be complex Banach spaces and F 2 H 1.L.X1; X2// be such that for
each z 2 D there exists a left inverse Gz of F.z/ satisfying supz2D kGzk < 1. Does
there exist G 2 H 1.L.X2; X1// such that G.z/F.z/ D IX1 for all z 2 D?

Since in this general setting the answer is negative, it was suggested in [Vi]
to investigate the problem for the case of F 2 H 1

comp.L.X1; X2//, the space of
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holomorphic functions on D with relatively compact images in L.X1; X2/. (The
notation H 1

comp has been introduced in this paper as well.) In particular, it was
shown, see [Vi, Th. 2.1], that the answer is positive for F that can be uniformly
approximated by finite sums

P
fk.z/Lk , where fk 2 H 1.D/ and Lk 2 L.X1; X2/.

The question of whether each F 2 H 1
comp.L.X1; X2// can be obtained in that form

is closely related to the still open problem about the Grothendieck approximation
property for H 1.D/. (The strongest result in this direction [BR, Th. 9] states that
H 1.D/ has the approximation property “up to logarithm”.)

Another, not involving the approximation property for H 1.D/, approach was
proposed by the author and led to the solution of the above problem for H 1

comp
spaces, i.e., for F 2 H 1

comp.L.X1; X2// satisfying the hypothesis of the problem
the required left inverse G of F exists and belongs to H 1

comp.L.X2; X1// (see [Br8,
Th. 1.5]).

In fact, in [Br8] a particular case of the following operator completion problem
was investigated (compare with Hermiteness of H 1.D/):

Let X1; X2 be complex Banach spaces and F 2 H 1.L.X1; X2// be such that for
each z 2 D there exists a left inverse Gz of F.z/ satisfying supz2D kGzk < 1. Do
there exist functions H 2 H 1.L.X1 ˚ Y; X2// and G 2 H 1.L.X2; X1 ˚ Y //,
Y WD Ker G0, such that H.z/G.z/ D IX2 , G.z/H.z/ D IX1˚Y and H.z/jX1 D F.z/
for all z 2 D.

Seemingly much stronger, this problem is equivalent to the operator corona
problem for X1; X2 being separable Hilbert cases. This result, known as the
Tolokonnikov lemma, is proved in full generality by S. Treil in [Tr7]. (Thus in this
case the operator completion problem has a positive solution as soon as the operator
corona problem has it.)

In general, the operator completion problem is much more involved. Some
sufficient conditions for its solvability for H 1

comp spaces were given by the author
in [Br8, Th. 1.3]. Specifically, it was shown that

If F 2 H 1
comp.L.X1; X2// satisfies the conditions of the problem and the group

GL.Y / of invertible elements of L.Y / is connected, then the required H and G exist
and belong to H 1

comp.L.X1 ˚ Y; X2// and H 1
comp.L.X2; X1 ˚ Y //, respectively.

For instance, this is valid in one of the following cases (see [Br10, Mi]):
(a) dimCY < 1; (b) X2 is isomorphic to a Hilbert space or c0 or one of the spaces

`p , 1 � p � 1; (c) X2 is isomorphic to one of the spaces LpŒ0; 1�, 1 < p < 1, or
C Œ0; 1� and X1 is not isomorphic to X2.

Moreover, it is proved by the author in [Br10, Th. 2.5] that if GL.Y / is not
connected, then the operator completion problem is not solvable in the class of
H 1

comp spaces.
Proofs of these results are based on an analog of the Cartan-Oka theory for

Banach-valued holomorphic functions on the maximal ideal space M .H 1.D//

developed by the author in [Br9]. In this approach one uses some topological
properties of this space described in the next section.
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7 Topology of the Maximal Ideal Space of H 1

Recall that the pseudohyperbolic metric on D is defined by

�.z; w/ WD
ˇ
ˇ̌
ˇ

z � w

1 � Nwz

ˇ
ˇ̌
ˇ ; z; w 2 D:

For x; y 2 M .H 1.D// the formula

�.x; y/ WD supfj Of .y/j I f 2 H 1.D/; Of .x/ D 0; kf k � 1g

gives an extension of � to M .H 1.D// (here O W H 1.D/ ! C.M .H 1.D/// stands
for the Gelfand transform). The Gleason part of x 2 M .H 1.D// is then defined
by �.x/ WD fy 2 M .H 1.D// I �.x; y/ < 1g. For x; y 2 M .H 1.D// we have
�.x/ D �.y/ or �.x/ \ �.y/ D ;. Hoffman’s classification of Gleason parts [H]
shows that there are only two cases: either �.x/ D fxg or �.x/ is an analytic disk.
The latter case means that there is a continuous one-to-one and onto map Lx W D !
�.x/ such that Of ı Lx 2 H 1.D/ for every f 2 H 1.D/. Moreover, any analytic
disk is contained in a Gleason part and any maximal (i.e., not contained in any other)
analytic disk is a Gleason part. By Ma and Ms we denote the sets of all non-trivial
(analytic disks) and trivial (one-pointed) Gleason parts, respectively. It is known
that Ma � M .H 1.D// is open. Hoffman proved that �.x/ � Ma if and only if x

belongs to the closure of some interpolating sequence in D.
In [S1] D. Suárez established that the covering dimension of M .H 1.D// is 2

and the Čech cohomology group H 2.M .H 1.D/// D 0 (the latter also follows
directly from projective freeness of H 1.D/). One of the important ingredients of
his proof is a theorem of S. Treil [Tr4] stating that the stable rank of H 1.D/ is
one. Later, in [S2] D. Suárez proved, in addition, that the set Ms of trivial Gleason
parts of M .H 1.D// is totally disconnected (see, e.g., [Nag] for basic topological
definitions). The proof uses a modified version of the construction of Garnett and
Nicolau [GN] who proved that the interpolating Blaschke products generate H 1.D/

as a uniform algebra.
Further, in [Br2] the author described the set Ma as a fibre bundle over a fixed

compact Riemann surface S of genus � 2 with fibre an open dense subset of the
Stone Čech compactification of the fundamental group of S (in particular, this shows
that each bounded uniformly continuous with respect to the metric � on D function
is extended to a continuous function on Ma). This and the result of [S2] have been
used in [Br8, Br9] in the proofs of the basic facts of the theory of Banach-valued
holomorphic functions on M .H 1.D//.

It is worth noting that one can use that the covering dimension of M .H 1.D//

is 2 and H 2.M .H 1.D/// D 0 to give another proofs of projective freeness and
Hermiteness of H 1.X/ for X being a Riemann surface of finite type (see, e.g.,
[Br1, BS, T2]).
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