Chapter 2
Overview of Regression Models
for Cross-Sectional Univariate Categorical Data

2.1 Covariate Free Basic Univariate Multinomial Fixed
Effect Models

Let there be K individuals and an individual responds to one of the J categories.
For j=1,...,J, let w; denote the marginal probability that the response of an
individual belongs to the jth category so that Zle n;j = 1. Suppose that y; =
Vit,---,Yijs---,Yig—1]" denotes the J — 1 dimensional multinomial response variable
of the ith (i = 1,...,K) individual such that y;; = 1 or 0, with Zle vij = 1. Further
suppose that for a g-dimensional unit vector 1,4, for example,

yl(j) = 5,'/' = [Ollj—la 170]/1—1—1]/

denotes the response of the ith individual that belongs to the jth category for j =
1,...,J—1,and

Y,U) =0y =01,

denotes that the response of the ith individual belongs to the Jth category which
may be referred to as the reference category. It then follows that

Plyi =y = &) = forall j=1,...,J. @2.1)
For convenience of generalization to the covariate case, we consider

exp(Bjo) forj=1,...,0—1

’ ———— forj=J
) ew(Bo) T
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8 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

It then follows that the elements of y; follow the multinomial distribution given by

1! v
Plitse e Yitse o oyig] = ———— 11 2, 2.3)
b Y 1) yirl -yl =

where y;; =1 — Z;;
K; = YX i individuals belong to the jth category for j = 1,...,J, so that
2§:1K 7 = K. By an argument similar to that of (2.3), one may write the joint
distribution for {K;} with K; = K — Z;;% K;, that is, the multinomial distribution
for {K;} as

}y,- ;- Now suppose that out of these K independent individuals,

_ K! 7S
P[Kl, KQ,...,KJ-, ..-,KJ—I} - mnj:lﬂj
K! .
= 71(1!“'1(]!17}:1@&, (2.4)

In the next section, we provide some basic properties of this multinomial distri-
bution. Inference for the multinomial probabilities through the estimation of the
parameters fjo(j = 1,...,J — 1), along with an example, is discussed in Sect. 2.1.2.

A derivation of the multinomial distribution (2.4):
Suppose that
Kj~ Poi(uj), j=1,...,J,

where Poi(l1;) denotes the Poisson distribution with mean p;, that is,
K.
exp(—u;) ;"

jt

Also suppose that K;’s are independent for all j = 1,...,J It then follows that

J J
K=Y Kj~Poi(t =3 ),
j=1 J=1
and conditional on total K, the joint distribution of the counts Ki,...,Kj,...,K;_q,

has the form
K:
exp(—pj)p;’
Hf:l [#]

exp(—p)uk

K!

PKy,....Kj,...,Ks_1|K] =

)
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where now K; = K — Zf;lll(j is known. Now by using 7; = %, one obtains the
multinomial distribution (2.4), where t; = 1 — 25; } 7j is known.

Note that when K = 1, one obtains the multinomial distribution (2.3) from (2.4)
by using K; = y;; as a special case.

2.1.1 Basic Properties of the Multinomial Distribution (2.4)

Lemma 2.1.1. The count variable K;(j =1,...,J — 1) marginally follows a bino-
mial distribution B(K;; K, 7t;), with parameters K and wt;, yielding E[K;| = Kn; and
var(K;] = Krj(1 — m;). Furthermore, for j # k,j,k=1,...,0 —1, cov[K;, K] =
—Kﬂjﬂ.'k.

Proof. Let

Gi=m, =1-m],&G=1-m-m],....5 1 =[1-m—-—m_,]
By summing over the range of K;_; from 0 to [K — K| — ..., Kj_2], one obtains the
marginal multinomial distribution of Ki,...,K;_» from (2.4) as

PIK K K _ K! -2 K {K—K)——K;_»}

[ ToeeeyBjy vnny J—Z] - K]!--'Kj!"'{K*Kl 7"'7K/72}! j=1 nj [é/—l]
§ {K—Ki—-—K;_»}! KﬁKliw*Kliz[”/*I K11 — E]{(K*Kr“-*’(hz)*’(hl}

K K=K = =Ko=K}t o5, & &

_ K! J-2_K; {K—K;——Kj_2}

- Kl'K,'{K—Kl——K],z}'nj:lﬂj [é]*l] ! =2 (2-5)
By summing, similar to that of (2.5), successively over the range of K;_»,...,K>,
one obtains the marginal distribution of K| as

K! K K—K
PK||=———F——n"'|l—n1 T 2.6
IKi] K {K —K;}! 1= (20)

which is a binomial distribution with parameters (K, ;). Note that this averaging
or summing technique to find the marginal distribution is exchangeable. Thus, for
any j=1,...,J —1, K; will have marginally binomial distribution with parameters
(K, ;). This yields the mean and the variance of K; as in the Lemma.

Next to derive the covariance between K; and K, for convenience we find the
covariance between K| and K>. For this computation, following (2.5), we first write
the joint distribution of K| and K5 as

_ K! 2 _Kire 1{K—K1—Ky}
Pk K] = K> {K — K —Kz}!HFl”f S
K!

T KUK —K — K}

02, n /[ - m - m){E-Ki-R) 2.7
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It then follows that

K-K
o KI'\K{K—K|— K, }!
K-2 {Kfszf} {K—Z}'
=KK-mm 3, KNK{K—2—K — K }!
Ki=0 K3=0 “1-B2° 1Byt
K* A pr_ gk
xH]z:lnj’[lfm — mp) K2 KK )
=K(K—-1)mm, (2.8)

yielding
COV[Kth] = E[K]Kz] —E[Kl]E[Kz] = K(K— l)ﬂ']ﬁz —K277.717'E2 = —Kﬂ']ﬂz.
(2.9)

Now because the multinomial distribution is exchangeable in variables, one obtains
cov[K;,Ki] = —Km;m, as in the Lemma.

Lemma 2.1.2. Let

Y1 =m
Y = =
Ty—1
1= . 2.10
Vi = T 5, (2.10)

Then the multinomial probability function in (2.3) can be factored as

B(yit; 1, w1)B(yio; 1 —yit, v2) - B(yig—151 —yit — - — yig—2, Wy—1) (2.11)
where B(x;K*, ), for example, represents the binomial probability of x successes
in K* trials when the success probability is y in each trial.

Proof. It is convenient to show that (2.11) yields (2.3). Rewrite (2.11) as

1!

Vil 1—y;
Sty o m)

(1=yi)! ™ ]yiz[lfm R B
y!l(1 =y —yp)! 1 —m 1—m

(1=yii = =yig-2)! -1 ]y,-J,][l_m_"'_nf*I 1=y = =Yig-1
Yig— A=y = =yig-)' 1=m — - =7y l-m——ma

By some algebras, this reduces to (2.3).
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Lemma 2.1.3. The binomial factorization (2.11) yields the conditional means and
variances as follows:

E[Ya] = vy, varYa] = y1(1—yn)
EYolyi] = (1 =yi) w2, var[Yp|yiu] = (1 —yi)ya (1 —y2)

E[Y;j-1lyit, - ,yig—2] = (L=yit — - = Yij—2)Wi—1
varlY j_t1lyit,- - yig—2] = (1 =yit — - = yig—2)Wr—1(1 —yy_1). (2.12)

Example 2.1. Consider the multinomial model (2.4) with J = 3 categories. This
model is referred to as the trinomial probability model. Suppose that 7y, 7>, and 73
denote the probabilities that an individual fall into categories 1, 2, and 3, respec-
tively. Also suppose that out of K independent individuals, these three cells were
occupied by K1, K>, and K3 individuals so that K = K| + K> + K3. Let y; = m; and
Y = lfznl . Then, similar to (2.11), it can be shown that the trinomial probability
function (2.4) (with J = 3) can be factored as the product of two binomial probability

functions as given by

B(K,Ki;y1)B(K —Ki,K2;y2).

Similar to Lemma 2.1.3, one then obtains the mean and variance of K> conditional
on K| as

E[Klel] = [K—Kl]lllz, and Val‘[K2|K1] = [K—Kl]lllz(l — 1[12), (213)

respectively. It then follows that the unconditional mean and variance of K, are
given by

E[K>] = Ex, E[K2|K1] = Ex, [(K— K1) ya] = [K =Ky |y, =K(1 — ) =Km,

(2.14)

™
1-m
and

VaI‘[KQ] = EK] [var{K2|K1 }] + varg, [E{Kz‘Kl }]
= Ex, [{K — K1}y (1 — y)] + varg, [{K — K}y

m l—-m—-m n?
=K(l-nm Kmi(l—m)—————
( 1)177[1[ T ]+ Km ( 1)(17751)2
Kr
= 2 [1—7‘[1—7’[24-7'[17‘[2]
177171

:Kﬂz(l—ﬂ2>7 (215)
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respectively. Note that these unconditional mean (2.14) and variance (2.15) are the
same as in Lemma 2.1.1, but they were derived in a different way than that of
Lemma 2.1.1. Furthermore, similar to that of (2.15), the unconditional covariance
between K| and K> may be obtained as

COV[Kl,KQ} = EK1 [COV{(K],K2)|K1 }] + covg, [K] ,E{K2|K1}]

= covg, K1, E{K>|K} }]
= covg, (K1, (K = Ki)yo] = —ypvarlKi] = —Kmm,  (2.16)

which agrees with the covariance results in Lemma 2.1.

2.1.2 Inference for Proportion w;(j=1,...,J—1)

Recall from (2.4) that

K! 7

P[K;, K;,...,Kj, LK) = mni:l

mi (2.17)
where 7; by (2.2) has the formula

exp(Bjo) o .
. 71+2£;}exp(ﬁg0> forj=1,...,J—1
! % for j=J,
1+2g:1 eXP(ﬁgo)

(a) Moment estimation for 7

When K; for j =1,...,J — 1, follow the multinomial distribution (2.17), it
follows from Lemma 2.1 that E[K ;| = Kr; yielding the moment estimating equation
for m; as

J
K; — Kr;j = 0 subject to the condition 2 wi=1. (2.18)
j=1

Because by (2.18), one writes

J—1 J—1 _y/-1 g
K K-X2_K; K
/ 2.71”/ 2.71 K K K’
= j=
thus, in general, the moment estimator for 7; for all j =1,...,J, has the form
. K;
Ei,MM = —. (219)

K
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Note however that once the estimation of 7; for j=1,...,J — 1 is done, estimation
of m; does not require any new information because K; = K — Zj;} K; becomes
known.
(b) Likelihood Estimation of proportion r;, j =1,...,J-1

It follows from (2.17) that the log likelihood function of {rx;} with m; =1 —

2?;% 7 is given by

J
logL(my,...,my—1) =ko+ Z Kjlog(m;), (2.20)
j=1

where ko is the normalizing constant free from {7;}. It then follows that the
maximum likelihood (ML) estimator of r;, for j =1,...,J — 1, is the solution of
the likelihood equation

dlogL T K; K
osL(m,-.m-) _ K K _, @.21)
aﬂj T 1— zj:l T
and is given by
. . K
ML = TEJ,MLF. 2.22)
J
But, as 2;21 7 mr = 1, it follows from (2.22) that
. K;
TymL = K’
yielding
# K Ki forj=1,...0-1
GML= > = orj=1,....J—1.
K Zle K;
Thus, in general, one may write the formula
. K; K;
ML = L= 7 I (2.23)
K 2,’:1 K;
forall j =1,...,J. This ML estimate in (2.23) is the same as the moment estimate

in (2.19).
(c) Iustration 2.1

To illustrate the aforementioned ML estimation for the categorical proportion,
we, for example, consider a modified version of the health care utilization data,
studied by Sutradhar (2011). This data set contains number of physician visits by
180 members of 48 families over a period of 6 years from 1985 to 1990. Various
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Table 2.1 Summary statistics of physician visits by four covariates in the health care
utilization data for 1985

Number of Visits

Covariates Level 0 1 2 3-5 | >6 | Total

Gender Male 28 22 18 16 12 96
Female 11 5 15 21 32 84

Chronic Condition | No 26 20 15 16 11 88
Yes 13 7 18 21 33 92

Education Level < High School |17 5 11 10 15 58
High School 6 4 4 8 11 33
> High School | 16 18 18 19 18 89

Age 20-30 23 17 14 15 15 84
3140 1 1 3 3 3 11
41-50 4 4 5 12 8 33
51-65 10 5 8 5 13 41
66-85 1 0 3 5 11

Table 2.2 Categorizing the

" it Latent number of visits | Visit category | 1985 visit
number of physician visits

0 None K; =39
1-2 Few K, =60
3-5 Not so few K3 =37
6 or more High Ky =44

covariates such as gender, age, education level, and chronic conditions for each of
these 180 members were also collected. The full data set is available in Sutradhar
(2011, Appendix 6A). The primary objective of this study was to examine the
effects of these covariates on the physician visits by accommodating familial and
longitudinal correlations among the responses of the members. To have a feeling
about this data set, we reproduce below in Table 2.1, some summary statistics on the
physicians visit data for 1985 only.

Suppose that we group the physician visits into J = 4 categories as in Table 2.2.
In the same table we also give the 1985 health status for 180 individuals.

Note that an individual can belong to one of the four categories with a
multinomial probability as in (2.3). Now by ignoring the family grouping, that is,
assuming all 180 individuals are independent, and by ignoring the effects of the
covariates on the visits, one may use the multinomial probability model (2.17) to fit
the data in Table 2.2.

Now by (2.23), one obtains the likelihood estimate for 7;, for j =1,...,4, as

N K;
ML = K’
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where K = 180. Thus, for example, for j = 1, since, K| = 39 individuals did not pay
any visits to the physician, an estimate (likelihood or moment) for the probability
that an individual in St. John’s in 1985 belong to category 1 was

o mL = Ty um = 39/180 = 0.217.

That is, approximately 22 out of 100 people did not pay any visits to the physician
in St. John’s (indicating the size of the group with no health complications) during
that year. Note that these naive estimates are bound to change when multinomial
probabilities will be modeled involving the covariates. This type of multinomial
regression model will be discussed in Sect. 2.2 and in many other places in the book.

2.1.3 Inference for Category Effects By, j =1,...,J-1,
with By =0

2.1.3.1 Moment Estimating Equations for 8, =1....,J — 1) Using
Regression Form

Because
E[K]] :KﬂijI‘j: 1,....J—1,
with

oomj exp(Bjo) _ exp(x}0)
mp=—

m 1+ZJ 1exp(ﬁjo) B Zleexp()c’je)7

and 7y has to satisfy the relationship

KK
J_l_zn]_l_jzif ?,

one needs to solve for 8 = (Bio,...,Bjo,...,Br-1,0)" satisfying
Kj—Knj=0,forall j=1,...,J.
For convenience, we express all 7r; as functions of 8. We do this by using

(Olj 1,1,01'1717]»)/ forj=1,...,J—1,and x; =01,_1,
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so that

exp(x;0)
M= ———— forall j=1,....J. (2.24)
Yj—1exp(x;0)

Now solving the moment equations K; — K7; = 0 for 6 = (Bio, ..., Bjo,---, Br-1,0)’
is equivalent to solve

f(0)=X'(y—Km)=0, (2.25)

for 0, where y = (K1,....Kj,....K;), n = (m,...,7mj,...,my)’, and

%, 10-00
% 01-00
X = . = ) IxJ—1.
% 0001
Y, 00-00

2.1.3.2 Marginal Likelihood Estimation for 8 G =1...., J-1)
with ;0 =0

Note that due to invariance principle of the likelihood estimation method, one would
end up with solving the same likelihood estimating equation (2.23) even if one
attempts to obtain the likelihood estimating equations for Bjo, j = 1,...,J —1,
directly. We clarify this point through following direct calculations.

Rewrite the multinomial distribution based log likelihood function (2.20) as

J
logL(my,. .., 717]) =ko+ 2 Kjlog(rcj),
=1

where, by (2.17), ; has the formulas

exp(Bjo) C_ _
71+2, Texp(5; )fOI‘] 1,....0—1

7f j=J.
1+ZJ [exp(ﬁjo) orJ I

It then follows for j =1,...,J — 1, that

dlogL(my, ..., ) _ i { } 8”0 K;, omy (2.26)

dBjo 3ﬁ]0 T dBjo’
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where
{143/} exp(B.o) } exp(Bjo) —exp(Bio){exp(Bio)} _ /1 o
(1437 exp(Bo)]” =mj(1—m;) forc=j
on. ) —exp(Bo{exp(Bp)t _ _ - - . L
Bjo (1437~} exp(Beo)]” el orc#j,e=1,..., )
' ;) I -
oo T forc = J.
2.27)

By using (2.27) in (2.26), we then write the likelihood equation for j0 as

dlogL(my,...,m;) /K. K;
———— = —||=mmj| + —|m;] =0, (2.28)
5 Sl + i
yielding
—Knj+K;=0,for j=1,...,J -1, (2.29)

which are the same likelihood equations as in (2.23). Thus, in the likelihood
approach, similar to the moment approach, one solves the estimating equation
(2.25), that is,

f(0)=X'(y—Km)=0 (2.30)

for @ iteratively, so that f(8) = 0.
Further note that because of the definition of 7; given by (2.2) or (2.17), all

estimates ﬁ jo for j=1,...,J—1 are interpreted comparing their value with ;0 = 0.

2.1.3.3 Joint Estimation of 81¢,...,Bjo,...,B).1,0 Using Regression Form

The log likelihood function by (2.20) has the form

J
lOgL(ﬁ]()7 ces ,[3(],1)0) =ko+ z Kjlog ;.
Jj=1

We now write m; = exp(Bjo) for j=1,...,J —1, and my = exp(Bjo) =1, and m =
Zle mj, and re-express the above log likelihood function as

J
1ogL(Bro, -, B—1)0) = ko + Y, Kj[log mj —log m]. (231
=1
Next for 6 = (Bio,---,Bjo,---By—1)0)’ express log m; in linear regression form

log m; = (2.32)
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such that log mj = Bjo for j=1,...,J—1, and log my = 0. Note that finding x’j for
all j=1,...,J is equivalent to write

log i = [logmy,...,logmj,...,logm;| =X6,

where the J x (J — 1) covariate matrix X has the same form as in (2.25), i.e.,

x| 10-00
X 01-00
x=| - |[=| - |:7xi-1 (2.33)
X 00-01
X, 00-00

It then follows from (2.31) and (2.32) that

dlogL(8)  d J ,
1(6) = Q0 %[;Kjxje—lfwgm]
J J
K d
= %K,x, - %%[;exp(x'le)]
Jj= Jj=
J J
K
= ZKjx'— — ijxj
=1 Tom =1
J J
= ZK]'X]'—KZEJ'XJ', (234)
j=1 j=1
yielding the likelihood estimating equation
f(0)=X'(y—Kr)=0, (2.35)

same as (2.30).

2.1.3.3.1 Likelihood Estimates and their Asymptotic Variances

Because the likelihood estimating equations in (2.35) are non-linear, one obtains
the estimate of @ = (Bio,...,Bjo,...,Br—1,0) iteratively, so that £(6) = 0. Suppose
that @y is not a solution for () = 0, but a trial estimate and hence f (6o) # 0. Next
suppose that § = 6y + 1* is the estimate of 6 satisfying () = (6 +h*) = 0. Now
by using the first order Taylor’s expansion, one writes

£(8)=f(8o+h) = f(60) + 1" f(0)g_g, = £(8)lg_g, + (8 —60)f(0)g_g, =0
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yielding the solution

0=00—[{F(0)}'£(0)]lo_s,
Further, because

on; _ 1[ dm; _87m]
00~ m2"" 90 "ge

1
=7 mmjx mjzm]x

_ . / _ . . /
=X — T Z TTjX;
i=1
_ X / _ X IX
=mix; - X,
one obtains

87rj

K221
a0’

= K[mix, — mjn'X].

Consequently, it follows from (2.35) that

f(0) = —KX'=—— = —KX'{diag[my,..., 7] —

a0’
= —KX'[Dy — nn']X,

and the iterative equation (2.36) takes the form

1

B(r+1)=8(r) + | L [X'{Dr — 7' }X]"'X'(y— Km)

yielding the final estimate 6. The covariance matrix of @ has the formula

var(6) = % [X'{Dr— 71771:’}X]71

2.1.4 Likelihood Inference for Categorical Effects
Bjo.j=1,....0 —1with By, = —2};11 Bjo Using

Regression Form

There exists an alternative modeling for 7; such that ﬁ jo for j=1,...,J

interpreted by using the restriction

19

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

— 1 are
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~

J—1
ﬁjozo, thatis,ﬁjoz—zﬁjo.
j=1 j=1

As opposed to (2.17), ;’s are then defined as

exp(Bjo) - _
ST Tew(Bo) bospl X frg) 1OF = Lo/

exp(—3/=1 o)
37T exp(Beo)+exp(— =2 Beo)

= (2.42)

for j=J.

Now for m; = exp(Bjo) for j=1,...,J—1,and my = exp(—Zi;]l Bco), one may
use the linear form log m; = x}B, that is,

log = [logmy,...,logmj,...,logm;) = X6,

where, unlike in (2.25) and (2.33), X now is the J x (J — 1) covariate matrix
defined as

1 0-0 0
0 1-00
X=|. .. . . (2.43)
0 0-0 1
—1-1--1-1
Thus, the likelihood estimating equation has the same form
f0)=X'(y—Kn)=0 (2.44)

as in (2.35), but with covariate matrix X as in (2.43) which is different than that of
(2.33).

Note that because ;0 = 0 leads to different covariate matrix X as compared to
the covariate matrix under the assumption ;9 = — Z?;{ Bjo, the likelihood estimates

for 6 = (B0, - .-, B—1)) would be different under these two assumptions.

2.2 Univariate Multinomial Regression Model

2.2.1 Individual History Based Fixed Regression Effects Model

Suppose that a history based survey is done so that in addition to the categorical
response status, an individual also provides p covariates information. Let w; =
[w,-l,...,w,-s,...,w,',,]’ denote the p-dimensional covariate vector available from
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the ith (i = 1,...,K) individual. To incorporate this covariate information, the
multinomial probability model (2.1)-(2.2) may be generalized as

CXP(ﬁjﬁﬁ}Wi) .
forj=1,....J—1
l+2] 1 exp(Bgo-+B4wi) orJ et (2.45)
1 for j=J,

1+ exp(Bgo-+Bywi)

(see also Agresti 1990, p. 343, Exercise 9.22) where ; = [Bj1,. .., Bjs, - .., Bjp) for
j=1,....J—1.Let

li ! lAY2 nt
0 =[B/",..., f N whereﬁj = [Bj07ﬁj] .
Then as an extension to (2.4), one may write the likelihood function as

Kl 1 {1

L(0*)=L(Bf,....B7) =111 - (2.46)
i=1 j=1 Yij:
where y;; = (l —Z;;llyi j) and 7(;; = (1 —Zj ) It then follows that the

likelihood estimating equation for 8; = (Bjo, ﬁj’) for j=1,...,J — 1, that is,

B g (0) s Zere 5 (1) # ]
él( Y= (L))

K71
> ( ) [yij = 7@, ] =0, (2.47)
i=1 \ Wi

dlogL(0*)
Ip; N 8

leads to the likelihood equation for 6* as

dlogL( g
03’9*:2[1 <1)] {yi—n@}:O (2.48)

Wi

where 7 = (1, -, n(i)(J,l))’ corresponding to y; = (yir,- .-, Yi(y—1))’: i is the
p x 1 design vector, I;_; is the identity matrix of order J — 1, and ® denotes the

Kronecker or direct product. In (2.47), C is a normalizing constant.
This likelihood equation (2.48) may be solved for 6* by using the iterative
equation
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Table 2.3 Snoring and heart
disease: A frequency table

Heart disease

Snoring Yes |No

Never 24 1355
Occasionally 35 603
Nearly every night | 21 192
Every night 30 224

=

0" (r+1) = 6*(r) +

1 . /
2 1 ® (wl')} [dlag[mlw-wnl—l]775(1')”([)]

1
I11® ( )
Wi

and the variances of the estimator may be found from the covariance matrix

74 —1
1 . , 1
]j—l ® <Wi>:| [dlag[ﬂ“,...,ﬂj,ﬂ—ﬁ(i)ﬂ<i)] |:Ij]® <Wi>:| :| .
(2.50)

Note that in the absence of covariates, one estimates 6% = [Bio,...,Bjo,- -,
Bs—1.0] - In this case, the estimating equation (2.48) for 6* reduces to the estimating
equation (2.35) for 8, because Z{ilyij = K; and ZIK:] TG = ZIK:] n; = Km;, for
example.

171
1
! 16*(r)

[yi - ﬂ(i)] 6°(r)’ (2.49)

K
<2
i=1

. K
var[6*] = [21

2.2.1.1 Illustration 2.2: Binary Regression Model (/= 2) with One
Covariate

2.2.1.1 (a) An Existing Analysis (Snoring as a Continuous Covariate
with Arbitrary Values)

Consider the heart disease and snoring relationship problem discussed in Agresti
(2002, Section 4.2.3, p. 121-123). The data is given in the following Table 2.3.

By treating snoring as an one dimensional (p = 1) fixed covariate w; = w;; for
the ith individual with its values

wi=wi =0,2,4,5, 2.51)

for snoring never, occasionally, nearly every night, and every night, respectively,
and treating the heart disease status as the binary (J = 2) variable and writing

1ifieyes
Yi=Yi1 =
0 otherwise,
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Agresti (2002, Section 4.2.3, p. 121-123), for example, analyzed this ‘snoring and
heart disease’ data by fitting the binary probability model (a special case of the
multinomial probability model (2.45))

(1) exp(Bio + Priwi)
Pi:' =Plvii =1l =m: 2) = s 2.52
and
Plyi=y] = Plyn = 0] = Tip(wi) = !
1+exp(Bio+Buiwi)’
The binary likelihood is then given by
L(6%) = L(Bio, B11) = T [y (wi) P [spa (wi) 2
= ITE [ (W) P [T = (wi)] ™, (2.53)
yielding the log likelihood estimating equations as
. 8log1_[K1 exp[yir (w 6*)]
dlog L(6") T+exp(w!6%) o, (2.54)

00* o 00*
where

W:F/ (1 W,) and 6* = ﬁl* = (ﬁlo,ﬁn)/.

This log likelihood equations may be simplified as

dlog L(0

T ZYIIW —Z”
K
- ;W?Uil—ﬂ(z)ﬂ
z< )y,l— ()]:0 (255)

Note that the binary likelihood equation (2.45) is a special case of the multino-
mial likelihood equation (2.48) with J = 2. This equation may be solved for 6* by

using the iterative equation
K !
2 1
( ) [ 177’[(,))] <Wi>‘| A
= 0%

0*(r+1) =




24 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

L
x 2( ) [yl-fm,-)l}‘é*(r)? (2.56)

i=1

and the variances of the estimator may be found from the covariance matrix

var[0"] = [i (;) [0 (1= 7o) | (;i)/]_l. (2.57)

For the snoring and heart disease relationship problem, the scalar covariate (w; =
w1 ) based estimates are given by

= Bl* = [310 = —3.87, and 311 =0.40]".

However using this type of scalar covariate, i.e., w; = w;; with arbitrary values for
snoring levels does not provide actual effects of the snoring on heart disease. Below,
we illustrate a categorical covariate based estimation for this problem.

2.2.1.1 (b) A Refined Analysis (Snoring as a Fixed Covariate with Four
Nominal Levels)

In the aforementioned existing analysis, the snoring status: never, occasionally,
nearly every night, every night, has been denoted by a covariate w with values
0,2,4, and 5, respectively. This is an arbitrary coding and may not correctly reflect
the levels. To avoid confusion, in the proposed book, we will represent these L = 4
levels of the ‘snoring’ covariate for the ith individual by three dummy covariates
(p =3) wir,wi, wiz with values

(1,0,0) for occasionally snoring, level 1 (¢=1)
~ }(0,1,0) for nearly every night snoring, level 2 (/=2)
(wir, wi2, wia) = (0,0,1) for every night snoring, level 3 (/=3)
(0,0,0)

0, O 0) for never snoring, level 4 (¢=4) .

Now for j =1,...,J — 1 with J = 2, by using Bj1,B2,Bj3 as the effects of
Wi1,Wia, w;3, on an individual’s (i = 1,...,K) heart status belonging to jth category,
one may fit the probability model (2.45) to this binary data. For convenience, write
the model as

exp(Bjo+Bj1wit+Bpwin+Bj3wiz) for j=1
1+ZJ Vexp(Bgo+Bq1 Wit +Beawin+Beawiz) (2.58)
| .

i =
@ forj=J=2.

1+2g;1 exp(Beo+Be1wit +Bgawin+Bg3wiz)

It is of interest to estimate the parameters 0* = B, = (Bio, Bi1, P12, B13)".
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After a slight modification, we may use the likelihood equation (2.45) to estimate
these parameters. More specifically, by (2.45), the likelihood equation for 8* = B}
now has the form

K K[
Sowilvii— el =X [ | it — mn] =0. (2.59)
i=1

1 1
K
A * A Wil Wil
0" (r+1)=0%(r)+ ! iy (1 —m;
(r+1)=6%(r) ; i [ (1 =) wis
wi3 wi3 16+ (r)
1
K
Wil
. 2.60
Xgi Wi [)’1 n(’)lhé*(r)’ (2.60)
wi3

M —1

1 1
Val‘[é*] = i il [%)1(1 — ”(i)l) il (2.61)
i—1 | Wi2 wi2
w3 wi3

2.2.2 Multinomial Likelihood Models Involving One Covariate
with L = p+ 1 Nominal Levels

Suppose that the L = p+ 1 levels of a covariate for an individual i may be
represented by p dummy covariates as

( ) — Level 1
( ) — Level 2
(Wity =+ Wip) = Q (roreeeennes ) (2.62)
( ) — Level p
( ) — Level p+1



26 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

Table 2.4 A notational display for cell counts and probabilities for J categories under each
covariate level ¢

J categories of the response variable

Covariate level | Quantity 1 e g e | J Total

1 Cell count KMI ij ij Km
Cell probability i s | T s | Ty 1

l Cell count K < | K <o | Ky Ky
Cell probability T —e | Ty S | Ty 1

L:p+1 Cell count K[p+ﬂl K[p-*—l]j K[P‘HV K{P"’H
Cell probability | 7,11 |- | Fpg1yj | oor | Tpr1y 1
Total count K .. | K ... | Ky K

By (2.45), one may then write the probability for an individual i with covariate
atlevel £(£=1,...,p) to be in the jth category as

exp(Bjo+Bjr) for i—1 J—1
1+37 - Texp(Bgo+Byr) orJ LA
T = T s = 9= 2.63
(4, (iet)j 1 for j=J, (2.63)

14257 exp(Bgo+Bee)

whereas for £ = p + 1, these probabilities are written as

eXp(B;o) i _
e 3 Lo 5y )for] l....,J—1 .64
lp+1]j = Mie(p+1))j 1 for j = J.

1 +Z =1 exp(BgU)

Using the level based probability notation from (2.63)—(2.64) into (2.46), one
may write the likelihood function as

L(67) = LI(Bis---, B B 1yl

!
! Yil

HI?+II—[ m o ;
yitlyin!...yiy! €l

i€l

onicep o Mk 269

where B7 = (Bjo,Bj1,---.B jp)’ , and K[y denotes the number of individuals with

covariate level ¢ so that ze:1 (¢ = K. Further suppose that K[,); denote the number
of individuals those belong to the jth response category with covariate level ¢ so that
Zle K|y ; = K}y For convenience of writing the likelihood estimating equations, we
have displayed these notations for cell counts and cell probabilities as in the L x J
contingency Table 2.4.
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Note that in our notation, the row dimension L refers to the combined L levels
for the categorical covariates under consideration, and J refers to the number of
categories of a response variable. By this token, in Chap. 4, a contingency table for
a bivariate multinomial problem with L level categorical covariates will be referred
to as the L x R x J contingency table, where J refers to the number of categories of
the multinomial response variable Y as in this chapter, and R refers to the number of
categories of the other multinomial response variable Z, say. When this notational
scheme is used, the contingency Table 2.2 with four categories for Y (physician visit
status) but no covariates, has the dimension 1 x 4. Thus, for a model involving no
covariates, p = 0, i.e., L = 1. Further, when there are, for example, two categorical
covariates in the model one with p; + 1 levels and the other with p, + 1 levels, one
uses p| + p» dummy covariates to represent these L = (p; 4+ 1)(p2 + 1) levels.

Turning back to the likelihood function (2.65), because y;; = 1 or 0, with
Zle vij = 1, by using the cell counts from Table2.4, one may re-express this
likelihood function as

LO%) = LB}, B} By ) = T ()00 () 7. (2.66)

which one will maximize to estimate the desired parameters in 6*.

2.2.2.1 Product Multinomial Likelihood Based Estimating Equations
with a Global Regression form Using all Parameters

In some situations, it may be appropriate to assume that the cell counts for a
given level in Table?2.3 follow a multinomial distribution and the distributions
corresponding to any two levels are independent. For example, in a gender related
study, male and females may be interviewed separately and hence K at (th level
may be assumed to be known, and they may be distributed in J cells, i.e., J
categories, following the multinomial distribution. Note that in this approach K
is not needed to be known in advance, rather all values for K, together yield
>t K|y = K. Following Table 2.4, we write this multinomial probability function
at level /£ as

K[g] !

Ky, K =—0 1K =, 7.
F(Kiqrs-- - Kgu-1)) Kol Kpy| i1l ] =Ly, (2.67)
yielding the product multinomial function as
L(0") =111 f (Ko, - Kig—n) = TP Ly (2.68)

At a given level ¢(¢ = 1,...,p+ 1), one may then write the probabilities in
(2.63)—(2.64) forall j=1,...,J, as
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where

andxfé]j isthe jth (j=1,...
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* */ !/
9 :[ 1 9:+> j

(th level as follows:

Xy =

Xp+1 =

xf

a6-1)

Haw

101, ;,1,01)
0 01’

/

x[p+1]1
/

x[p+1]2

4@mkw
Mp+1s

Mo =

exp(xmje*)
22:1 exp(x@g@*)

0 ot

(2.69)

BT, with B} = [Bjo, B]l',

,J) row of the J x (J—1)(p+ 1) matrix Xy, defined for

0 o1,

101, 1,1,01p 0 o1

0 o%
o ot

101,001,
001/, 101
001/, 001,
001, 001,

Lot
-001,

. fort=1,....p
1012 11 ,01
-0 01’

oot
-001/,

(2.70)

Following (2.35), the likelihood function (2.68) yields the likelihood equations

where

and X, matrices for £ =1,...

dlog L(6")
20*

g = K- Kigjs- -

p+l1

2 X [y —

7KV]J]/ and 7'[[[] = [ﬂ?m] PN 775[[]1-, .

Kigmg] =0, (2.71)

175[[]1]/7

,p+ 1 are given as in (2.70).
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2.2.2.1.1 Likelihood Estimates and their Asymptotic Variances

Note that the likelihood estimating equation (2.35) was developed for the covariates
free cases, that is, for the cases with p = 0, whereas the likelihood estimating
equation (2.71) is developed for one covariate with p + 1 levels, represented by
p dummy covariates. Thus, the estimating equation (2.71) may be treated as a
generalization of the estimating equation (2.35) to the p covariates case. Let 6* be
the solution of £(6*) =0in (2.71). Assuming that 6 is not a solution for f(6*) =0,
but a trial estimate and hence f (ég) = 0, by similar calculations as in (2.36), the
iterative equation for 8* is obtained as

0" =60~ [{r'(6"} ' 1(6")]lge_gy- 2.72)
Further, by similar calculations as in (2.38), one obtains from (2.71) that

Iy
e

K[({ = KM {E[Z]jxlmj — ﬂ[(g]jﬂ?[/é]Xg} . (2.73)

Consequently, it follows from (2.71) that

1/ ok e /an[f] s 11 g ’
(6" =— ; KV]X[’(?O* = — /; K[g]X[ [dlag(ﬂi[g]l, .. .,T[[g],) — ﬂ[g]ﬂ'[g]] Xy
p+1
_ 1}; KigX; [D,,m —my nl’fﬂ X, 2.74)

and the iterative equation (2.72) takes the form

p+1 -1

; Ky X; [Dﬂm — T ”[/Z]} X
/=1

—

0*(r+1) = 67(r) +

p+l
< | X X7 (vig — Kig ”m)] , (2.75)
=1 0*=0%(r)
yielding the final estimate 6*. The covariance matrix of 6* has the formula
- p+1 -1
var(6%) = | Y. KigX/{Dr,, — oy }Xe (2.76)
=1
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2.2.2.2 Product Multinomial Likelihood Based Estimating Equations
with Local (Level Specified) Regression form Using Level Based
Parameters

Note that in the last two sections, regression parameters were grouped category
wise, thatis, 6" = [B}",..., }‘/7 .sB; "', where B; = Bjo:Bj1,---,Bjp)" is formed
corresponding to the covariates from all p+ 1 levels under the jth category response.
Under product multinomial approach, it however makes more sense to group the
parameters for all categories together under a given level £({ =1,...,p+ 1), and
write the estimating equations for these parameters of the multinomial distribution
corresponding to the level ¢, and then combine all estimating equations for overall
parameters. Thus, we first use

0, =— { (ﬁlof" 7ﬁ]—1ﬁ0:ﬁlf7“' aﬁlfl.l)/ = (B(/)7ﬁ[/)/ : 2(‘]7 1) X 17 for £ = ]7'“717
‘ (ﬁlo,‘--,ﬁ],17o),:ﬁol(J—l)Xl for€:p+l7

and define
logmy; = )?’mjeg
satisfying the probability formulas

my; . exp (i/[[{]j 9[)

25:1 myj 25:1 eXP(ﬁe]j 6r)

Taj =

in (2.63)—(2.64) for all j =1,...,J at a given level £. In regression form, it is
equivalent to construct the J x 2(J — 1) dummy covariate matrix X, for £ = 1, p,
and J x (J — 1) dummy covariate matrix X, 1, so that

log i = [log myg, - alog myj,--- alog mf]]/ = Xfef-
It follows that X; must have the form
100-010-0

010-001-0
Ix2(J—1),forl=1,....,p 2.77)

—_ .

000-100-
000-000-

()

100-0
010-0

&
[

Ix(J—1), forl=p+1. (2.78)

U

000-
000-

(=)
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By similar calculations as in (2.35) (no covariate case), it follows from (2.67) (for
covariate level £) that the likelihood equation for 6, has the form

f(80) = X;(yjg — Kigmn) =0 (2.79)
where X, have the forms as in (2.77) and (2.78), and
Yig = K-> Kigjs - Kyl and mg = [mgpy, -, s )

We then write a vector of distinct parameters, say 6, collecting them from all
levels and append the estimating equation (2.79) for 6, to the final estimating
equation for 0 simply by using the chain rule of derivatives. In the present case
for a single categorical covariate with p + 1 levels, the 6 vector can be written as

0= (BBl Bl Byl (T =D (p+1) x 1,

with

Bo = (Bios---Bjos-- > By—1)0) and By = (Bics - - Bjes -, By—1ye) for £ =1,...,p,

and by appending (2.79), the likelihood estimating equation for 0 has the form

p+1 89/ 5
£0) =2 [fa(;xe/(ym Kigmy)
(=1
p+1
= ; QX (v — Kigmg) =0, (2.80)
=1

where Qy, for £ =1,...,p,isthe (p+1)(J — 1) x 2(J — 1) matrix and of dimension
(p+1)(J—1)x (J—1) for £ = p+ 1. These coefficient matrices are given by

11 Ou-nyx@-1)
0 = O=1yu-nxu-1) O=1yu-nxp-1) for{=1,...,p
’ O0—1)x@-1) I

Op—0)u—1)x(—1) Op—p)r—1)x(7-1)

Iy
Op+1 = (0 - )
(P)(I-1)x(J-1)
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2.2.2.3 Illustration 2.3 (Continuation of Illustration 2.2): Partitioning
the Product Binary (J = 2) Likelihood into Four Groups
Corresponding to Four Nominal Levels of the Snoring Covariate

Note that Table 2.3 shows that the data were collected from 2,484 independent
individuals. Because the individual status was recorded with regard to both snoring
and heart disease problems, it is reasonable to consider the snoring status and heart
disease status as two response variables. One would then analyze this data set
by using a bivariate multinomial model to be constructed by accommodating the
correlation between two multinomial response variables. This will be discussed in
Chap. 5.

2.2.2.3.1 Product Binomial Approach

If one is, however, interested to examine the effect of snoring levels on the heart
disease status, then the same data set may be analyzed by conditioning on the
snoring levels and fitting a binary distribution at a given snoring level. This leads
to a product binomial model that we use in this section to fit this snoring and heart
disease data. To be specific, following the notations from Sect. 2.2.1.1(b), let K, be
the number of individuals at ¢th snoring level. The responses of these individuals
are distributed into two categories with regard to the heart disease problem. Thus
the two cell counts at level ¢ will follow a binomial distribution. More specifically,
because the L = p+ 1 = 4 levels are non-overlapping, one may first rewrite the
product binary likelihood function (2.65) as

* _ mr+1 K 1! Vi Vi
L [(ﬁ101ﬁll7ﬁ127ﬁ13)|y] = Hle I7, ) Virlyn! ”Eé(@)]ln[\ié(my (2.81)

where

yi2 = 1=yt and Te ()2 = 1 = Tie(o))1-

Further note that because 7rj;c 4)); is not a function of i any more, without any loss
of generality we denote this by 7y ;, for j = 1,2. Also suppose that 7y, = 1 — 71,
and K1 + Ko = K|y, where Zﬁ] yit = Kjg1. When these notations are used, the
binary likelihood function from (2.81) at a given level ¢ reduces to the binomial
distribution

K[[] !

W (ﬂ[f]l)K[[“ (”[e]z)Km27 (2.82)

f(Kn) =

forall {=1,...,p+ 1, yielding the product binomial likelihood as
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L[(B1o, Bi1,Br2, B13)|K] — Pt Kjy!

=1 W(WM)KW‘ () K12 (2.83)

This product binomial (2.83) likelihood function may be maximized to obtain the
likelihood estimates for the parameters involved, i.e., for Byo, B11, B12, and Bi3.

2.2.2.3.1 (a) Estimating Equations: Global Regression Approach
Because in this example J = 2 and p + 1 = 4, it follows from (2.69) that

6" = (P10, P11, Pr2. B13)’,

and by following (2.70), one writes

1100
"~ \oooo
1010
2 <oooo>
x,_ (1001
0000

Thus, by (2.71), the estimating equation for 68* has the form

p+1
> X; [vig — Kigmg] =0, (2.84)
(=1

_ (K _ (T
e = (sz) and mg = (n[e]z .

Note that for this heart disease and snoring relationship problem, the data and
probabilities in terms of global parameters 6* = (B9, B11, B2, B13)’ are given by
Level 1 (Occasional snoring):

Response count: K|jj; = 35, K|jjp = 603, K|;) = 638.

exp(Bro+Bi1)
1+exp(Bro+Pi1)

where

1

Probabilities: 7, = ~ THexp(Bio+Bi1)

s and 7'[[]]2
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exp(¥ E ]19*) exp(xmze*)
xh]l, for example, is the first row vector of the above written X : 2 X 4 matrix.
Level 2 (Nearly every night snoring):
Response count: K5, =21, Kppp =192, Kppj =213.
1363(17[21!?1351[321)2) ;, and )2

Global regression form: 7))

Global regression form: 7| = , and 7y = where

Probabilities: 75, = = m'
exp(x’[zpe*)

exp(xb] 16%) _
25:1 exp(x’[z]g 0%)"

- 25:1 exp(x{z]ge*)’

Level 3 (Every night snoring):

Response count: Kj3;; = 30, Kj3;, =224, Kj3) = 254.
exp(Bio+Bi3) _ 1

I+exp(Bio+Pi3)’ an/d 723]2 ~ I4exp(Bio+Pi3)

zexp(x[is]lf)*a and 73, = zexp(7/)~

Zgzlexp(xmg@ ) Eg ]exp( 3¢ 0%)

and 7'[[2] 2

Probabilities: T3 =
Global regression form: 73, =

Level 4 (Never snoring):
Response count: K|y, =24, Kjyp = 1355, Kjq = 1379.

el _ (Bio) -1
Probabilities: 7, = li’;‘;pd%o), and My = o
. . exp(x(y,0”) exp( 6%)
Global regression form: 7y, and 7y, =

- Zg 1CXP( [4g 9*) g 1exP( 9*)'

2.2.2.3.1 (b) Estimating Equations: Local Regression Approach

For convenience we rewrite the binary probabilities under all four levels as
Level 1 (Occasional snoring):

el _ _exp(Bio+Bi1) = 1
Probabilities: 7, = %a 27 Ttexp(Bro+Bi)

Local regression parameters: 6; = (f10,511)’.

exp(i/[l]lel)
Y1 exp(¥1,01)
the X : J x 2(J — 1) matrix (see (2.78)) as

S 11
X = .
Level 2 (Nearly every night snoring):

Probabilities: 75, = 7 8720 i’;‘:{ﬁﬁi}’fﬁ)ﬁ, and Top = TrooB T30 +exp(ém vl

Local regression parameters: 6, = (S0, 512)’.

exp(i’m 162)
2§:| exp(i{z]g 6) ’
the X5 : J x 2(J — 1) matrix (see (2.78)) as

5 11
)

and 717[1]

exp(¥] 2 91)

ng([) yleldlng

Local regression form: Ty = and e =

exp(f{z]z 6,)

P yieldin
S exp(Ty,0)° VI NE

Local regression form: 75, = and mp)p =
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Level 3 (Every night snoring):

Probabilities: 73, = %, and 73, = m.

Local regression parameters: 65 = (S0, B13)’.

exp(i’m 163)
o1 €XD(T3,63)
the X3 : J x 2(J — 1) matrix (see (2.78)) as

. 11
X; = .

exp(i]y,65)

Local regression form: T3 = 57 exp(Fy 03)
g=1 [3]g -

and 73 = , yielding

Level 4 (Never snoring):
exp(Bio)

oyege . _ _ 1
Probabilities: 77.7[4]1 = Trexp(Bio)’ and ﬂ'[4]2 = Trexp(Bro)*
Local regression parameters: 65 = (f3o).
exP(~l[4]1 4) exp(¥ Nap %4 04)

Local regression form: 7y, = and my)p = , yielding

g1 €XD(Ty,604)
the Xy : J x (J — 1) matrix (see (2.79)) as

X, - ((1)>

The likelihood estimating equation for

Zgzlexp( [4]g 64)

6, — { (B4 B = (Bio,Bie) :2(J—1) x I; for £ =1,....p,

Bio for{=p+1=4,
by (2.79), has the form
X, (v — Kigmy) =0,
for £ =1,...,4. Next in this special case with

0 = (Bo,Bis---:B,)" = (Bio: Br1, Br2. Bi3)’

the estimating equation for this parameter 0, by (2.80), has the form

~

Z QX (v — Ky ) =0, (2.85)

where

26]

QZ:%a
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forall £ =1,...,4, have the forms

10 10 10 1
01 00 00 0
0= 00 02 = 01 03 = 00 ,04 = 0
00 00 01 0

2.2.2.3.1 (c) Equivalence of the Likelihood Equations (2.59)(i), (2.84)(ii), and
(2.85)(iii)

(i) The estimating equation (2.59) has the form

1
K Wil
2 ' [yll - ﬂl] =0,
i=1 wi2
wi3

which, by using

K K 4
> yit =K, 2w = 3 Kigmn
i=1 i=1 V4

K K
ZynZu =K1, Zwiln(z‘)l = Kjymp
i=1 i=1

K
ZYiIWiZ =K1, Zwﬂﬂ 1 = Ky
-1
K
> vitwiz = Kpa)1, Zwlsﬂ 1 = Kz, (2.86)
=1
reduces to
2/ 1 Kig e
K
1~ Ky =0. (2.87)
Ko — Ky
K — K

(i) Next, the estimating equation in (2.84) has the form

p+1

; X{ [y — Kigmg ] =0,
(=1
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which, for convenience, we re-express as

10 10
VO (K =Ky ) [ 00| ( Ky — Ky
00 \ K12 = Ky 10\ Kzl = Koy oy
00 00
10 10
00| (K1 = Kp3 7)1 00 Kiat = Kigj Ty
+ + =0.(2.88)
00 (sz —Kpmpp) | 00 ) \Kiap = Kigy a2
10 00

After a simple algebra, (2.88) reduces to (2.87).
(iii) Further, the estimating equation (2.85) has the form

ptl
Y QX (yj — Kigmy) = 0.
=1

Now to see that this estimating equation is the same as (2.88), one has to simply
verify that Q/X) = X] for = 1,...,p+ 1. As the algebra below shows, this
equality holds. Here

10 10
i 01| /10 10
X = = =X/
2% =100 (10) 00 a
00 00
10 10
i 00| /10 00
X! = = =X
Q%= 191 <1o> 10 2
00 00
10 10
. 00| (10 00
X! = = = X!
2%5=100 <1o> 00 3
01 10
1 10
i 0 00
X, = = =X.
0= 10| (10) =10, 4
0 00

Hence, as expected, all three estimating equations are same. Note that the estimating
equation (2.59) requires individual level information, whereas the estimating equa-
tions (2.84) and (2.85) are based on grouped or contingency type data. Between
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(2.84) and (2.85), it is easier to construct the X; matrices in (2.85) as coefficients
of the local level parameters than constructing similar matrices X, for (2.84)
corresponding to global parameters. However, unlike in (2.85), there is no need of
constructing the chain derivative matrices Qy, in (2.84). Thus, it is up to the users
to choose between (2.84) and (2.85). In this book we will mostly follow the global
parameters based estimating equation (2.84).

2.2.2.3.1 (d) Hlustration 2.3 Continued: Application of the Product Binomial
Model to the Snoring and Heart Disease Problem

Forming the X;(¢ = 1,...,4) matrices and writing the probabilities in global
regression form as in Sect.2.2.2.3.1(a), and using the 4 x 2 cross-table data from
Table 2.3, we now solve the likelihood estimating equation (2.85) (see also (2.71))
using the iterative equation (2.75). To be specific, because the observed probabilities
under category one (having heart disease) are relatively much smaller as compared
to those under category two, starting with an initial value of B0 = —3.0 and
small positive initial values for other parameters (8110 = Bi2,0 = Bi13,0 = 0.10), the
iterative equation (2.75) yielded converged estimates for these four parameters in
five iterations. These estimates were then used in (2.76) to compute the estimated
variances and pair-wise covariances of the estimators. The estimates and their
corresponding estimated standard errors are given in Table 2.5 below.

Note that as the snoring status is considered to be a fixed covariate (as
opposed to a response variable) with four levels, the heart disease status of an
individual follow a binary distribution at a given level. For example, it is clear
from Sect. 2.2.2.3.1(a) that an individual belonging to level 4, i.e., who snores every

night (see Table 2.3), has the probability 74 = % for having a heart disease.

Table 2.5 Parameter

estimates for the snoring and .
heart disease data of Table 2.3 Quantity Pro Bro Bso Bao

Estimate —4.034 | 1.187 |1.821 |2.023
Standard error | 0.206 |0.269 |0.309 |0.283

Regression parameters

Table 2.6 Observed and estimated probabilities for the snoring and heart
disease data

Heart disease

Yes No
Snoring level Observed | Estimated | Observed | Estimated
Occasionally 0.055 0.055 0.945 0.945
Nearly every night | 0.099 0.099 0.901 0.901
Every night 0.118 0.118 0.882 0.882

Never 0.017 0.017 0.983 0.983
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These probabilities at all four levels may now be estimated by using the parameter
estimates from Table 2.5. These estimated probabilities along with their respective
observed probabilities are shown in Table 2.6.

Notice from the results in Table2.6 that there is no difference between the
observed and estimated probabilities at any snoring level. This result is expected
because of the fact that the product binomial model is constructed with four
independent regression parameters to fit data in four independent cells. This type
of models are known as saturated models. In summary, the product binomial model
and the estimation of its parameters by using the likelihood approach appear to
be perfect for both fitting and interpretation of the data. Note that the observed
and estimated probabilities appear to support that as the snoring level increases the
probability for an individual to have a heart disease gets larger.

Remark that when the same snoring data is analyzed by using the snoring as a
covariate with arbitrary codes, as it was done in Sect.2.2.1.1(a) following Agresti
(2002, Section 4.2.3, p. 121-123), one obtains the estimated probabilities for an
individual to have a heart disease as

0.049, 0.094, 0.134, 0.020

based on individual’s corresponding snoring level: occasional; nearly every night;
every night; or never. Agresti (2002, Table 4.2) reported these probabilities as

0.044, 0.093, 0.132, 0.021,

which are slightly different. In any case, these estimated probabilities, as opposed
to the estimated probabilities shown in Table 2.6, appear to be far apart from the
corresponding observed probabilities under the ‘yes’ heart disease category. Thus,
it is recommended not to use any modeling approach based on arbitrary coding for
the fixed categorical covariates.

2.2.2.4 Illustrations Using Multinomial Regression Models Involving
Responses with J > 2 Categories Along with One Two Levels
Categorical Covariate

2.2.2.4.1 Tlustration 2.4: Analysis of 2 x J(= 3) Aspirin and Heart Attacks
Data Using Product Multinomial Approach

To illustrate the application of product multinomial model (2.68)—(2.69) we revisit
here the aspirin use and heart attack data set earlier described by Agresti (2002,
Section 2.1.1), for example, using a full multinomial (or log linear model) approach.
We reproduce the data set below in Table2.7. We describe and analyze this data
using product multinomial approach.

This data set was originally recorded from a report on the relationship between
aspirin use and heart attacks by the Physicians Health Study Research Group at
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Table 2.7
Cross-classification of aspirin
use and myocardial infarction

Myocardial infarction

Fatal Non-Fatal | No
Attack | Attack Attack Total

Aspitin | 5 99 10,933 | 11,037
Placebo | 18 171 10,845 | 11,034
Total |23 270 21,778 | 22,071

Harvard Medical School. The Physicians Health Study was a 5 year randomized
study of whether regular aspirin intake reduces mortality from cardiovascular
disease. A physician participating in the study took either one aspirin tablet or a
placebo, every other day, over the 5 year study period. This was a blind study
for the participants as they did not know whether they were taking aspirin or
a placebo for all these 5 years. By considering the heart attack status as one
multinomial response variable with three categories (fatal, non-fatal, and no attacks)
and the treatment as another multinomial response variable with two categories
(placebo and aspirin use), Agresti (2002) used a full multinomial approach and
described the association (correlation equivalent) between the two variables through
computing certain odds ratios. In notation, let z; = (z;1,.. . ,Zir,- - ,zi,R,l)’ be the
second multinomial response, but, with R categories, so that when z; is realized at
the rth category, one writes
2 = (01, 1,015, ), forr=1,...,R—1; and 2¥ = 01}_,.

Then many existing approaches write the joint probabilities, for example, for the
aspirin use and heart attack data, as

=Pl =2" yi =y foralli=1,...,22071, r=1,2, j=1,...,3
_ exp(0 + B + ¢rj)
Iy So_1exp(o+ B+ )
m,j m,j

_ _ (2.89)
I 2;:1 mej m

where o is the rth category effect of the z variable, f; is the jth category effect of
the y variable, and ¢,; is the corresponding interaction effect of y and z variables,
on any individual. These parameters are restricted by the dependence of the last
category of each variable on their remaining independent categories. Thus, in this
example, one may use

0 =f3=¢13 =1 = 20 = P23 =0,

and fit the full multinomial model to the data in Table2.7 by estimating the
parameters

o1, Bi, B2, ¢11, and ¢o.
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The estimation is achieved by maximizing the full multinomial likelihood

L(6") = H3=1H?:1”Krj

i (2.90)
with respect to 0% = (a, Bi, B2, 11, ¢12)’, where K is the number of individuals in
the (r, j)th cell in Table 2.7, for example, Ki, = 99.

This full multinomial approach, that is, considering the treatment as a response
variable, lacks justification. This can be understood simply by considering a
question that, under the study condition, can the response of one randomly chosen
individual out of 22,071 participants belong to one of the six cells in the Table 2.7.
This is not possible, because, even though, the placebo pill or aspirin was chosen by
some one for a participant with a prior probability, the treatment was made fixed for
an individual participant for the whole study period. Thus, treatment variable here
must be considered as a fixed regression covariate with two levels. This prompted
one to reanalyze this data set by using the product multinomial model (2.68)—(2.69)
by treating heart attack status as the multinomial response variable only and the
treatment as a categorical covariate with two levels. By this token, for both cross-
sectional and longitudinal analysis, this book emphasizes on appropriate modeling
for the categorical data by distinguishing categorical covariates from categorical
responses.

Product multinomial global regression approach:

Turning back to the analysis of the categorical data in Table 2.7, following (2.69) we
first write the multinomial probabilities at two levels of the treatment covariate as
follows. Note that in notation of the model (2.69), for this heart attack and aspirin
use data, we write J =3 and p+1 =2, and

6" = (B10; Bi1. B0, Pa1)"-

When the model (2.68)—(2.69) is compared with (2.90)—(2.91), ¢ from the latter
model is not needed. Also, even though

B0, B0, P11, B

in the model (2.69) are, respectively, equivalent to the notations

Bi, B2, 11,12

of the model (2.90), they do not have, however, the same interpretation. This is
because, Bi1 and ) in (2.69) are simply regression effects of the covariate level 1
on first two categories, whereas ¢;; and ¢, in (2.90) are treated to be association
or odds ratio parameters. But, there is a definition problem with these odds ratio
parameters in this situation, because treatment here cannot represent a response
variable.
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Now for the product multinomial model (2.68)—(2.69), one writes the level based
{Ix(T=1)(p+1)} ={3 x4} covariate matrices as

1100
Xi=10011
0000

1000
X, =10010
0000

Then the cell probabilities and their forms in terms of the global parameters 8* =
(B10;B11,B20,B21)" are given by

Level 1 (Aspirin user):

Response count: K[y =5, Kjjp =99, Kjy3 = 10,933, Kjy)p = 11,037.
Probabilities:

—_— exp(Bio+ Pi1) — exp(Bo + B21)
32 exp(Boo+Bet) P 1432 exp(Bo + Ber)
1
s = (2.91)

1+ 2§:1 exp(Beo + Ber) .
Global regression form:

I exp(x’[l]le*) I exp(xfl]ze*)

M= s a3 T

TSI exp(xy,00) T ST exp(a],07)
exp(x’[1]39*)

b1 =
3 23:1 eXp(xil]je*)’

where x’mz, for example, is the second row vector of the above written X : 3 x 4
matrix.

Level 2 (Placebo user):

Response count: K)y; = 18, Kpyjp = 171, Kppj3 = 10,845, Kpp) = 11,034
Probabilities:

exp(Bio) B exp(Br)

Ty = , Molp = ,
AT s exp(Beo)” T 1432 exp(Bgo)
1
T3 = . (2.92)
P 1432 exp(Byo)




2.2 Univariate Multinomial Regression Model 43

Ta!)le 2.8 Parameter Regression parameters
estimates for the treatment

and heart attack status data of Quantity Bro Bu Bao Pai
Table 2.7 Estimate —6.401 |—1.289 |—4.150 |—-0.555
Standard error | 0.2360 | 0.5057 | 0.0771 | 0.1270

Global regression form:

i exp(x’[z]le*) i exp(xfz]ze*)

M= T 0 RT3 0

P Sexn(y,67) 7 S explagy 67)
exp (x’m3 0%)

B~ B ety ar”
TS explaly),07)

Now following (2.71) and using the iterative equation (2.75), we solve the
product multinomial based likelihood estimating equation

2
> X [vig — K] =0, (2.93)
/=1
where
K T
Yo = | Kigz | and mg = | mgp
K3 3

These estimates and their corresponding standard errors computed by using (2.76)
are reported in Table 2.8.

In order to interpret these parameter estimates, notice from the formulas from
the probabilities under level 2 (placebo group) that the values of ;o and B9 would
determine the probabilities of a placebo user individual to be in the ‘fatal attack’
or ‘non-fatal attack’ group, as compared to B30 = 0 used for probability for the
same individual to be in the reference group, that is, in the ‘no attack’ group. To
be specific, when the large negative values of B1o(= —6.401) and Byo(= —4.150)
are compared to f30 = 0, it becomes clear by (2.92) that the probability of a
placebo user to be in the ‘no attack’ group is very large, as expected, followed
by the probabilities for the individual to be in the ‘non-fatal’ and fatal groups,
respectively. Further because the value of 19+ 811 would determine the probability
of an aspirin user in the ‘fatal attack’ group, the negative value of fBi;(= —1.289)
shows that an aspirin user has smaller probability than a placebo user to be in the
‘fatal attack’ group. Other estimates can be interpreted similarly. Now by using
these estimates from Table 2.8, the estimates for all three categorized multinomial
probabilities in (2.91) under aspirin user treatment level, and in (2.92) under
placebo user treatment level, may be computed. These estimated probabilities along
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Table 2.9 Observed and estimated multinomial probabilities for
the treatment versus heart attack status data of Table 2.7
Myocardial Infarction
Proportion/ Fatal | Non-Fatal | No
Probability | Attack | Attack Attack | Total
Aspirin | Observed 0.00045 | 0.00897 0.99058 |1.00
Estimated | 0.00045 | 0.00897 0.99058 |1.00
Placebo | Observed 0.00163 | 0.01550 0.98287 |1.00
Estimated | 0.00163 | 0.01550 0.98287 |1.00

with their counterpart (observed proportions) are displayed in Table 2.9. Similar to
Table 2.6 for the snoring and heart disease problem data, it is clear from Table 2.9
that the observed and estimated probabilities are same. This happens because the
four independent parameters, namely Bio, Bi1, B0, and B are used to define
the probabilities in (2.91)—(2.92) (see also (2.68)—(2.69)) to fit four independent
observations, two under aspirin user treatment level and another two under the
placebo user treatment level. Thus a saturated model is fitted through solving the
corresponding optimal likelihood estimating equations (2.93), and the parameter
estimates shown in Table 2.8 are consistent and highly efficient (details are not
discussed here).

Remark that the estimates of the regression parameters under two (independent)
categories shown in Table 2.8 were obtained by applying the product multinomial
estimating equation (2.93) to the observed data given in the contingency Table 2.7.
However, because the data in this table are clearly laid out under each of the
two treatment levels, one may easily reconstruct the individual level response
and covariate information without any identity of the individual. Suppose that the
treatment covariate is defined as

- 1 for aspirin taken by the ith individual
" 1 0 otherwise,

and the multinomial response of this individual is given by

(1, 0)" if this ith individual had fatal attack
yi = 3 (0, 1)’ if this ith individual had non fatal attack
(0, 0)’ otherwise, i.e., if this ith individual had no attack.

Consequently, one may directly solve the individual history based multinomial
likelihood estimating equation (2.48) to obtain the same estimates (as in Table 2.8)
of the regression parameters involved in the probability model (2.45).

Turning back to the results shown in Table2.9, it is clear that the estimated
proportion of individuals whose heart attack was either fatal or non-fatal is shown to
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Table 2.10
Cross-classification of gender
and physician visit

Physician visit status
Gender | None |Few | Notsofew |High | Total

Male 28 40 16 12 96
Female | 11 20 21 32 84
Total 38 62 36 44 180

be (0.00045+0.00897) = 0.00942 for the aspirin group, and (0.00164+0.01562) =
0.01726 for the placebo group, indicating the advantage of using aspirin as
opposed to using none. This type of comparison is also available in Agresti (1990,
Section 2.2.4, page 17), but by using only observed data. Later on it was emphasized
in Agresti (2002, Section 2.1.1) for the comparison of the distribution of responses
under each treatment level, but unlike in this section, no model was fitted.

2.2.2.4.2  Analysis of Physician Visits Data with J = 4 Categories

We continue to illustrate the application of the product multinomial likelihood
models now by considering the physician visits data described in Table2.1. We
consider the physician visits in four categories: none, few, not so few, and high visits,
as indicated in Table 2.2, whereas there were three categories for heart attack status
in the treatment versus heart attack data considered in the last section. To be specific,
for the physician visits data, we will fit the product multinomial models to examine
the marginal effects of (1) gender; (2) chronic disease; and (3) education levels, on
the physician visits, in the following Sects. 2.2.2.4.2(a), (b), and (c), respectively.

2.2.2.4.2 (a)Illustration 2.5: Analysis for Gender Effects on Physician Visits

To examine the gender effects on the physician visits we use the data from Table 2.1
and display them in the 2 x 4 contingency Table 2.10. For convenience of fitting
the product multinomial model (2.67)—(2.69) to this data, for each gender level we
write the multinomial observation, probabilities under each of four categories, and
the global regression form along with corresponding covariate matrix, as follows:
Level 1 (Male):

Response count: Kjjj; =27, K|y =42, K|jj3 = 15, K[jj3 = 12, K[;; = 96.
Probabilities:

— exp(Bio+ Pi1) — exp(Bao + Pa1)
T exp(Byo + Ber) 1432 exp(Bo+ Be1)
e + 1
T3 = xp(Pso + Bs1) T (2.94)

1432 exp(Bo+Ba) T 1452 exp(Beo+Ber)
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Global regression form:

- exp(xfy;,07) - exp(x(;,6)
M= o a T oy Ay
1 S e, 0 T Sh el 60°)

exp(x(;36”) exp(x(;46”)
3z = y 14 =

where

6% = (B10, Bi1, P20, P21, B30, B31)’,

and x'[ 13 for example, is the third row vector of the X : 4 X 6 matrix given by

110000
001100
X = 0000111 (2.95)

000000

Level 2 (Female):
Response count: Kpy; = 11, Kppjp =20, Kpyj3 =21, Kpjg =32, Kpp) = 84.
Probabilities:

fiyy = — P(Bw0) Ty = —XP(B20)
AT exp(B) T T4+ 3 exp(Byo)

1430 exp(Bo)” T 143 exp(Byo)

Global regression form:

. exp (x’m 10%) - exp (XI[Q] ,0%)
M= T o= T
2 24}:1 exp(x{zlje*) 2 h) lexp(xmj )
exp(x’[] 0*) exp( /H 6*)
i3 = 24 = S 7 A

— 7
24}:1 exp(x| ol 6%)
where 0* remains the same as

0* = (B10, Bi1, Bo, Ba1, B30, B31)'s

and x’[2]3, for example, is the third row vector of the X, : 4 X 6 matrix given by
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Table 2.11 Parameter estimates for the gender and physician visit status data
of Table 2.10

Regression parameters
Quantity Bio B B0 B B3o Bsi
Estimate —1.068 | 1915 |-0.470 |1.674 |—0.421 |0.709
Standard error | 0.3495 | 0.4911 | 0.2850 |0.4354 | 0.2808 |0.4740

100000
001000
%2=1000010]" 2.97)

000000

Now following (2.71) and using the iterative equation (2.75), we solve the
product multinomial based likelihood estimating equation

:leff [~ Ko ] =0, (2.98)
where
K1 g1
yig = 222 and 7y = Zii
Kig4 Tie)3

These estimates and their corresponding standard errors computed by using (2.76)
are reported in Table 2.11.

Notice from (2.96) that the estimates of 19, B0, and B3¢ indicate the relative
probability for a female to be in none, few, and not so few categories, respectively,
as compared to the probability for high category determined by Bso = 0 (by
assumption).

Because all three estimates are negative, the estimate for g being large negative,
it follows that a female has the highest probability to be in ‘high visit’ group and
smallest probability to be in the ‘none’ (never visited) group. By the same token, it
follows from (2.94) that the largest value for B0+ 1 = 1.204 estimate as compared
to its reference value 0.0 indicates that a male has the highest probability to be in
the ‘few visits’ group. These probabilities can be verified from Table 2.12 where
we have displayed the estimated as well as observed probabilities. In summary, the
estimated probabilities in Table 2.12 show that a female visits the physician for more
number of times as compared to a male. These results are in agreement with those
of health care utilization study reported in Sutradhar (2011, Section 4.2.8) where
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Table 2.12 Observed and estimated multinomial probabilities for the
gender versus physician visits data of Table 2.10

Physician visit status
Gender | Probability | None |Few Not so few | High Total

Male Observed | 0.2917 | 0.4166 | 0.1667 0.1250 | 1.0
Estimated | 0.2917 | 0.4166 | 0.1667 0.1250 | 1.0
Female | Observed |0.1309 |0.2381 |0.2500 0.3810 | 1.0
Estimated | 0.1309 |0.2381 |0.2500 0.3810 | 1.0

Table 2.13
Cross-classification of
chronic condition and

Physician visit status
Chronic condition | None |Few | Notsofew |High | Total

physician visit Yes 13 25 21 33 92
No 26 35 16 11 88
Total 39 60 |37 44 180

the actual number of visits (as opposed to visit category) were analyzed by fitting
a familial/clustered model using the so-called generalized quasi-likelihood (GQL)
estimation approach.

2.2.2.4.2 (b) Illustration 2.6: Analysis for Chronic Condition Effects
on Physician Visits

To examine the chronic condition effects on the number of visits, we first display
the physician visit data in the form a contingency (cross-classified) table. More
specifically, the 2 x 4 cross-classified Table2.13 shows the distribution of the
number of the respondents under four visit categories at a given chronic condition
level. The chronic condition covariate has two levels. One of the levels represents
the individuals with no chronic disease, and the individuals with one or more
chronic disease have been assigned to the other group (level). Note that because
both Tables2.10 and 2.13 contain one categorical covariate with two levels, the
probability models for the data in Table 2.13 would be the same as that of Table 2.10.
The only difference is in the names of the levels. For this reason we do not reproduce
the probability formulas and the form of X, matrices. However because the data are
naturally different we write them in notation as follows:

Chronic condition level 1 (Yes):

Response count: Kjjj; = 13, Kjjjp =25, Kjjj3 =21, Kjjj4 =33, Kpjp =92.
Chronic condition level 2 (No):

Response count: Kpy; =25, Kpjp =37, Kpyj3 = 15, Kpjg = 11, Kpp) = 88.

We then solve the product multinomial likelihood estimating equation (2.98). The
estimates of the regression parameters involved in the probability formulas (2.94)
and (2.96) for the cross-classified data in Table2.13 are given in Table 2.14. The
estimates probabilities are shown in Table 2.15.
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Table 2.14 Parameter estimates for the chronic condition and physician visit
status data of Table 2.13

Regression parameters
Quantity Bio B Bao B2 Bso Bsi
Estimate 0.860 |—1.792 |1.157 |—1.435 |0.375 |—0.827
Standard error | 0.3597 | 0.4864 |0.3457 | 0.4356 |0.3917 | 0.4810

Table 2.15 Observed and estimated multinomial probabilities for the chronic condi-
tion versus physician visits data of Table 2.13

Physician visit status
Chronic condition | Probability | None | Few Not so few | High Total

Yes Observed | 0.1413 | 0.2717 | 0.2283 0.3587 | 1.0
Estimated | 0.1413 |0.2717 | 0.2283 0.3587 | 1.0
No Observed | 0.2955 | 0.3977 | 0.1818 0.1250 | 1.0

Estimated | 0.2955 |0.3977 |0.1818 0.1250 | 1.0

Notice from (2.96) that the estimates of B9, B0, and B30, would indicate the
relative probability for an individual with no chronic disease to be in none, few, and
not so few categories, respectively, as compared to the probability for being in high
category determined by B49 = O (by assumption). Consequently,

Boo = 1.157 > Bio > B30 > Pao =0

indicates that an individual with no chronic disease has higher probability of paying
no visits or a few visits, as compared to paying higher number of visits, which is
expected. By the same token,

[Bio+ P11 = 0.860 — 1.792 = —0.932] < [B30+ B31] < [Bro + Bo1] <O,

indicates that an individual with chronic disease has higher probability of paying
larger number of visits. Note however that these estimates also indicate that
irrespective of chronic condition a considerably large number of individuals pay
at least a few visits, which may be natural or due to other covariate conditions.

2.2.2.4.2 (c) lustration 2.7: Analysis for Education Level Effects
on Physician Visits

We continue to illustrate the application of product multinomial approach now by
examining the marginal effects of education status of an individual on the physician
visit. Three levels of education are considered, namely low (less than high school
education), medium (high school education), and high (more than high school
education). The cross-classified data for education level versus physician visits,
obtained from Table 2.1, are shown in Table 2.16.
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Table 2.16 Cross-classification of education level and physician visit

Physician visit status

Education level None |Few |Notsofew | High | Total
Low (< High School) |17 16 10 15 58
Medium (High School) | 6 8 8 11 33
High (> High School) | 16 36 19 18 89
Total 39 60 |37 44 180

Notice that it is appropriate to consider the education level at a given year (1985)
as a fixed covariate. Here this covariate has three levels and two dummy covariates
can be used to represent these three levels of education. Now to construct the
likelihood estimating equation (2.71), following (2.69), we, for convenience, present
the probabilities and their regression form as follows.

Level 1 (Low education):
Response count: K|jj; = 17, K|y = 16, K|jj3 = 10, K[jj3 = 15, Kj;; = 58.
Probabilities:

B exp(Bio + Pi1) B exp(Bro + B21)
T = 3 » T = 3 ,
1+ 1 exp(Beo+ Bet) 1+ 32 exp(Beo+ Ber)
+ 1
- exp(Bso + B31) Tija = (2.99)

1+2§:15XP(ﬁg0+ﬁgl)’ 1+2§:1 exp(Bgo + Be1)

Global regression form: For

6" = (B10, P11, B2, B2o. Ba1, B2z, B3o, Ba1, B32)'

the above probabilities may be re-expressed as

. exp(xf;;,6) - exp(x(;,6")
M= o a2 oy Ay
U e, 00 T S explagy 67)

exp(xhpe*) exp(x h 0*)
T =

— 0, 7| = Sh T A
S1exp(ed,)0) T ST expl, 0%)

where x{ 13 for example, is the third row vector of the X : 4 X 9 matrix given by

110000000
000110000
000000110
000000000

X

(2.100)
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Level 2 (Medium education):
Response count: K)5;; =6, Kjpp =8, Kppj3 =8, Kppjg = 11, Kppj = 33.
Probabilities:
—_— exp(Bio+ Pi2) = exp(Bao + B22)
s ep(BoBa) T 13 exp(Bo+Be)
exp(Bso + B32) 1
Top = 133 T4 = . (2.101)
+2o—1exp(Beo + Be2) + X o1 exp(Beo + Be2)
Global regression form:
exp (x’m Ch exp (x'm ,0%)
TN = a7 o MRT ST T an’
Yo exp(xmje*) Yo exp(x[z]je*)
T3 = _PlpT) Moj4 = _ P07
24}:1 exp(xfz]je*) 24}:1 exp(xiz]je*)
where 6* remains the same, but the covariate matrix X is given by
101000000
000101000
X, = 2.102
>“loooo0o00101 (2.102)
000000000
Level 3 (High education):
Response count: K[3); = 16, Kp)p = 36, K33 = 19, Kp3j4 = 18, Kj3 = 89.
Probabilities:
_exp(Pio) _exp(Ba)
= 1 3 » 32 — 1 3 )
exp(Bso) 1
313 = , 314 = . (2103)
P E ew(Be) T 1T exp(Bo)
Global regression form:
T = _ w09 M3 = _ oxP(pf)
24}:1 exp(xiﬂje*) 2‘}:1 exp(xb]je*)
3 = _ Pl T34 = _ P8
24}:1 eXp(Xb]je*) ‘ 24}:1 eXp(xb]je*)



52 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

Table 2.17 Parameter estimates for the education level and physician visit status data of
Table 2.16

Regression parameters

Quantity Bio B B2 Bo | B B Bso | B B3z
Estimate —0.118 |0.243 | —0.488 |0.693 | —0.629 | —1.012 | 0.054 | —0.460 | —0.373
Standard error,  0.3436/ 0.4935| 0.6129] 0.2887 0.4610 0.5470 0.3289 0.5243| 0.5693

where 6* remains the same, but the covariate matrix X3 is given by

100000000
000100000
000000100
000000000

X; (2.104)

Now following (2.71) and using the iterative equation (2.75), we solve the
product multinomial based likelihood estimating equation

i X; [y — Kigmg] = (2.105)
where
K1 g1
Y= 22? and 7 = Zgi
Ko N

These estimates and their corresponding standard errors computed by using (2.76)
are reported in Table2.17. Further by using these estimates in the probability
formulas in (2.99), (2.101), and (2.103), we compute the estimated probabilities,
which are same as the corresponding observed probabilities. For the sake of
completeness, these probabilities are displayed in Table 2.18.

Notice from (2.103) that the estimates of B9, 20, and B3¢ indicate the relative
probability for an individual with high education to be in none, few, and not so few
categories, respectively, as compared to the probability for high category determined
by Bso = 0 (by assumption). A large positive value of g = 0.693 as compared to
Pao = 0 shows that a large proportion of individuals belonging to the high education
group paid a few visits to the physician. Similarly, for the individuals with medium
level education, the negative values of [3 o + ﬁ o for j=1,2,3, such as B20 + ﬁzz =
(0.693 — 1.012) = —0.319, as compared to O show that a large proportion of
individuals in this group paid high visits to the physician. On the contrary, by using
(2.99), the largest positive value of 10+ P11 = (—0.118 +0.243) = 0.125 indicates
that a large proportion of individuals in the low education group did not pay any
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Table 2.18 Observed and estimated multinomial probabilities for the education
level versus physician visits data of Table 2.16

Physician visit status
Education level | Probability | None | Few Not so few | High Total

Low Observed | 0.2931 | 0.2759 |0.1724 0.2586 | 1.0
Estimated | 0.2931 | 0.2759 |0.1724 0.2586 | 1.0
Medium Observed | 0.1819 | 0.2424 | 0.2424 0.3333 | 1.0
Estimated | 0.1819 | 0.2424 |0.2424 0.3333 | 1.0
High Observed | 0.1798 | 0.4045 | 0.2135 0.2022 | 1.0

Estimated | 0.1798 | 0.4045 | 0.2135 0.2022 | 1.0

visits. Thus, in general, most of the individuals in the low education group paid no
visits to the physician, whereas most of the individuals with higher education paid
a moderate number of visits (few visits). These categorical data based results agree,
in general, with those reported in Sutradhar (2011, Section 4.2.8) based on original
counts. However, the present categorical data based analysis naturally reveals more
detailed pattern of visits.

2.2.3 Multinomial Likelihood Models with L= (p+1)(q+1)
Nominal Levels for Two Covariates with Interactions

Let there be two categorical covariates, one with p+ 1 levels and the other with g+ 1
levels. Following (2.45), for an individual i, we use the p-dimensional vector w; =
[Wit, -, Wis,...,wip|" containing p dummy covariates to represent p + 1 levels of
the first categorical covariate, and the g-dimensional vector v; = [vi1, ..., Vip, .-, v,-q]’
containing ¢ dummy covariates to represent the g+ 1 levels of the second categorical
covariate. Further, let w;(v;) be a pg-dimensional nested covariate vector with v;
nested within w;. That is,
Wi(Vi) = [WilVits -, Wil Vigs Wi2Vi1s - - - WisVim, - - -, WipVig] -

Similar to (2.45), one may then write the probability for the response of the ith
individual to be in the jth (j =1,...,J) category as

exp(Bjo+Bjwit+Evi+o; wi(vi))
143771 exp(Beo+Bywit &gvitoy wi(vi))
1

) forj=1,...,J—1
Plyi=y;" = 6ij] = m); =

T exp (Bt Byt St o)) 0T =

(2.106)

where ﬁj = [ﬁj],. .. ,ﬁjs, .. ,ﬁjp]/, éj = [éﬂ,.. .7§jm, .. .,éjq]/, and ¢)]* be the
pq-dimensional vector of interaction effects of the covariates defined as

07 =071 Pj1gs O1s -2 Bfms -2 Ppgl -
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Note that in (2.89), the interaction effects of two response variables are denoted by
{#,;} whereas in (2.106), {¢7,,,} represent the interaction effects of two covariates
on the response y; = ygj ), Thus, a clear difference is laid out so that one does not
use the same model to deal with contingency tables between two responses, and
the contingency tables between one response and one or two or more categorical
covariates. To be more explicit, one must use the probabilities in (2.89) to construct
a full multinomial model, whereas the probabilities in (2.106) should be used to
construct the product multinomial model.

Note that the p+ 1 levels corresponding to the covariate vector w; may be

formed as

, 01 — Leve
10U, Level 1

(013, 1,01, ,) — Level2

( ............ )
(Wit -+, wip) = (012171, 1, 01;41) — Level ¢; (2.107)

( ............ )

(01, 4, 1) — Level p
(01 — Level p+1

Similarly, the g+ 1 levels corresponding to the covariate vector v; may be formed as

(1,01,_) — Level 1

(013, 1,01, ,) — Level 2

( ............ )

(V,‘], ey V,'q) = (012271, 1, Olg,gz) — Level 52 (2.108)
( ............ )
(01,4, 1) — Level q
(o1,) — Level q+1

Consequently, by (2.106), we may write the level based probabilities for an
individual i, with covariates at level (£;,¢,), to be in the jth category as

ey 6] j = TMie{tr,})j

exp(Bjo+Bje, +Eje, +07 4,0,
1+2£;i exp(Byo +ﬁgl, +§gé’2 +¢;11(2)
1

forj=1,....0—-1;4,=1,....p;lr=1,...,q

fi :J,Z :]7...7 ,Z :]7...7 R
TSl exp(Bo tBety 1 & 1000 r) Y X il .

(2.109)
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ey ,q+1)j = Tie{ti,q+1})j

exp(Bjo+Bie,) - 1 =
- { FEe (Bt B) R T

T et By O =l =1op,

Tp+1,62)j = Mie{p+1.62})
DBioteit)  gor i1, J=1il=1,....q

43 exz:(ﬁgo%g/z) (2.111)
forj=J;6=1,...,q,

1+2§;} exp(Bgo+&er,)

and

Mp+1,g+1]j = Tic{p+1,g+1})j
eXP(BjO) for j =
— P for j=1,....0—1
1+2£:]1 exp(Bgo) (2.112)

1 .
———forj=J.
o Tep(B) I

Next we display the observed cell counts in notation under all J categories
and covariates level (¢;,¢;). Note that by transforming the rectangular levels to
a real valued level, that is, using the relabeling formula {¢ = [({; — 1)(g+ 1) +
O], b =1,....,p+1;6, =1,...,q+ 1}, one may still use the Table 2.4 after a slight
adjustment to display the cell counts in the present setup with two covariates. The
cell counts with level adjustment are shown in Table 2.19.

Note that even though the cell probabilities in Tables 2.4 and 2.19 are denoted by
the same notation 7y ;, they are however different. The difference lies in the form of
global regression parameter 8*. To be more specific, the probabilities in Table 2.4
follow the formulas in (2.63)—(2.64), which were further re-expressed by (2.69) as

/ *
. exp(xmje)
IS explafy 67)

with
0* = [ 1*/’,,.7 ;/7'”;ﬁj*_1/}/7 where ﬁ;f — [ﬁj07ﬁ]{]/.

Note that once 0* is written, the row vector x/ 0 becomes specified from the prob-
ability formulas. Now because 7js; in Table 2.19 represent the two covariates level
based probabilities defined in (2.109)—(2.112), the global regression parameters are
different than 6* in (2.69).
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Table 2.19 A notational display for cell counts and probabilities for J categories under
covariates level (¢1,0,) — Newlevel £ = ({; —1)(q+1)+ 02

J response categories
Covariates level New level Quantity |1 d Total
(1,1) 1 Count K oo | Ky Ky
Probability T s T 1
(L,g+1) q+1 Count K[q+1]1 K[q+1]J K[q+1]
Probability Tg+1]1 oo | Wg1)s 1
(2,1) q+2 Count K[q+2]1 A K[q+2]J K[q+2]
Probability Tg+2]1 oo | Wgi2)r 1
(51752) l Count K[Z]l . ij K[g]
Probability o e Ty 1
(p+lg+1) [(p+1(g+ 1) Count | Kiprngron|--- | Kiprnariw| Kip+ng+)
Probability| 7((p41)(g+i)1 | --- | Tpr1) g+ | 1

Let 6** denote the regression parameters used in two covariates level based
probabilities in (2.109)—(2.112). To be specific, we write

0 =B, B, BT {T = D(p+ 1) (g+ 1)} x 1, (2.113)

where

7= [Bjo, By & 070 {(p+1)(g+ D} x 1,
with

ﬂ;: [ﬁﬂ,...,ﬁjs,...,ﬁjp]

&i=1&1s s Ejms- -, Ejdl

*/] = [(Pj)ill,'"7¢},1q7¢},217"'3¢;sm,'"7¢;pq]7

by (2.106).
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Consequently, at level
= (f] — 1)(q—|—1)—|—£2, b=1,....p+1;6=1,....q+1,
all probabilities defined in (2.109)—(2.112) may be expressed as

exp(xmje**)

, (2.114)
Tg—1exp(x],,0%)

T =

where xif]j s Ix(J=1)(p+1)(g+1) is the jth (j=1,...,J) row vector of the
Xe: Ix(J=1)(p+1)(g+1) matrix at the ¢thlevel ({=1,...,(p+1)(g+1)). We
construct this jth row vector of the X, matrix in four groups as follows.

Group1: (={({;—1)g+b}forly=1,...,p;br=1,....q

ro_
Maj = Me-1)g+a])
/
—
! ! ! ! !
{1,017, ,,1,01, 015, ;,1,00/_, .01, ., 1,01
/ .
01(#17].)(17“)(%1)}, for j=1,....J—1

0L 1) (pe1)(ger) fori=J.

i
pa—[(ti—1)g+02) I8

(2.115)

Group2: (={({;—1)(g+1)+(¢g+1)}foré;=1,....,p

/ _
X0 = Xl -1 (g+1)+(g+1)]j
!
[01<171)<p+1><q+1>’
! ! / /
_ {170151—1’1a01p—€ 701(1701[)(15}5 | (2116)

Ol/(‘]*]*])(l’?q)(qﬁ*l) ? fOI'j: 17"‘71_

01/

U-1)(p+1)(g+1) fOrT=J.

Group3: (={p(g+1)+b}forlr=1,...,q

x/[é']j = x/[p(q+l)+€z]j

[01' 3 7
(=1 (p+1)(g+1)
/ I / ,
_ JALO0T,, 01, 1 1,01, 0L}, (2.117)
li . _
Ol(lflfj)(pﬂ)(qﬂ)] , forj=1,...,J—1
01 for j=J.

(=D(p+1)(g+1)

Group4: (={(p+1)(g+1)}

/ !
Xaj = Mp+1)(g+1)j
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o1, 7

(j—1)(p+1)(g+1)
1,01’ ,01’ .01/

= { ’/ P pq’}’ . 2.118)
Ol 1o ppenygrn | forj=1,....0 -1
01 for j=J.

(J=D(p+1)(g+1)

Now by replacing 6% with 6** in (2.67)—(2.68), by similar calculations as in
(2.71), one obtains the likelihood equations for 8** as

dlog L(e*)  (Prla+l)
% = X Xi[yg—Kgmg] =0, (2.119)
(=1
where
W] = [K[é]l"'WK[f]j’ cee 7K[£]j]/ and 77«'[@] = [ﬂfml,...,ﬂ[g]j,...,ﬂ[ép]/,

with probabilities are being given by (2.114) or equivalently by (2.109)—(2.112), and
furthermore Xy matrices for ¢ =1,...,(p+1)(g+ 1) are given as in (2.115)—(2.118).

Note that after slight adjustment in notation, one may use the iterative equation
(2.75) to solve this likelihood equation in (2.119). To be specific, the iterative
equation to solve (2.119) for the final estimate for 6** is given by

-1

. L (p+1)(g+1) ) .
9**(F+ 1) = 9**(r) + Z Kmxé [Dn[f] — ﬂ[é]ﬂm} Xy
(=1
(p+1)(g+1) .
x| X Xi (g~ Kgma) : (2.120)
where Dy, = diag[mqy, ..., ;- - -, Ty)- Furthermore, the covariance matrix of
6** has the formula
[ -
var(0*) = | Y KigX{{Dr, — mgmy}Xe (2.121)
(=1

2.2.3.1 Illustration 2.8: Analysis for the Effects of Both Gender
and Chronic Condition on the Physician Visits

The marginal effects of gender and chronic condition on the physician visits
were discussed in Sects. 2.2.2.4.2(a) and (b), respectively. To illustrate the product
multinomial model for a response variable (physician visit) based on two categorical
covariates, discussed in the last section, we now consider gender and chronic
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Table 2.20 2 x 2 x4 contingency table for the physician visit data corresponding to gender
and chronic condition of the individuals

Physician visit status

Gender | Chronic condition | None | Few | Notsofew | High | Level total (K;)

Male One or more 8 13 9 10 40
None 20 27 7 2 56
Female | One or more 5 12 12 23 52
None 6 8 9 9 32

Table 2.21 Cell counts and probabilities for J = 4 physician visit categories under covariates
level (€1,4;) for ¢, = 1,2;and ¢, = 1,2

Physician visit status

Covariates level| New level (£)| Quantity | None| Few | Not so few| High|Level total (K|q)

(1,1 1 Count 8 13 |9 10 |40
Probability| 7y | @2 | 33 e | 1.0
1,2) 2 Count 20 |27 |7 2 56
Probability| 7)1 | Tj2| Ta)3 T | 1.0
2,1 3 Count 5 12 |12 23 |52
Probability| 731 | 32| 333 T4 | 1.0
2,2) 4 Count 6 8 9 9 32
Probability| )y | Tap | map3 Tga | 1.0

condition as two covariates and examine their marginal as well as joint (interaction
between the two covariates) effects on the physician visit. For the purpose, following
the Table 2.19, we first present the observed counts as in the 2 X 2 X 4 contingency
Table 2.20. Note that this contingency table is not showing the distribution for
three response variables, rather, it shows the distribution of one response variable
at different marginal and joint levels for the two covariates. Consequently, it is
appropriate to use the product multinomial approach to analyze the data of this
Table 2.20.

Further to make the cell probability formulas clear and precise, we use the data
from Table 2.20 and put them in Table 2.21 along with probabilities following the
format of Table 2.19.

Next, we write the formulas for the probabilities in Table2.21 in the form of
(2.109)—(2.112), and also in global regression form as follows:

Level 1 (Group 1) (based on ¢; = 1,/, =1):
Probabilities:

exp(Bro+ P + &+ 907 1,) S exp(Bao + Bar + &1 + 95 41)
1+ZZ,:1 exp(Beo + Bt + &1 +¢;”)" 2= +2§:1 exp(Beo + Bt + &1 -5—(155_11)7

el
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exp(Bao + B3 + &1+ 9311) 1
3 = 3 T4 = 3 .
1 +zg:l exp(ﬂgo +ﬁg1 + égl + (b;ll) 1 +2,:g:1 eXP(BgO +ﬁg1 + égl + ¢;.11)
(2.122)
Global regression form:
I exp(xf;;;6™) I exp(x(;,6™)
= y Tip = )
(1] Zj{zlexp(xlmje**) (1 zé}zlexp(xh]je**)
S exp(xhbe**) — exp(x’[1]49**)
13 = y T1ja = ;
TS exp(xy 0T S exp(a] 07)

where

6" = (B10,B11,&11,91 11, B20, Ba1, €21, 0511, B30, Bs1, E31, 93 11,)

and x’m3, for example, is the third row vector of the X : 4 x 12 matrix given by

1, ot o1
o1, 1, o1,
o1, 01} 1

! !/ !/
01, 01, 01,

X = (2.123)

Level 2 (Group 2) (based on ¢; =1):
Probabilities:

exp(Bio+ Pi) exp(Bao + P21)

TT = , T - )
AT exp(Boo+Bet) T 145 exp(Beo + Be1)

e + 1
;(p(ﬁ%o Bs1) e = . . (2.124)
1 +2g:1€XP(ﬁg0+ﬁgl) 1—|—2g:16Xp(ﬁg0+ﬁgl)

T3 =

Global regression form:

7 exp(x(y); 6™) exp(x(y,0”)

21 = Pl 2 2 p— s

2l zj,zlexp(x/[z]jg**) 2l zzjg:lexp(xiz]jg**)
exp(xp36™) exp ([, 6)

3 =

y )4 =
) 2]

24}:1 exp(xl[z]je** 24}:1 exp(xiz]je**) 7

where 0** is the same as above, that is,

6" = (B0, B11,&11,91 11, B20, Ba1, €21, 05 11, B30, Bs1, E31, 93 11,)
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and x’[2]3, for example, is the third row vector of the X, : 4 x 12 matrix given by

1, 014 01, 01,
01} 1, 01, 01
o1, o1, 1, 01}
o1, 014 01, 01/,

X, = (2.125)

Level 3 (Group 3) (based on ¢, =1):
Probabilities:

exp(Bio+&11) exp(Bao + &21)

Tt = , T - y
ot 1+2§:16Xp(ﬁg0+§g1) o 1+2§:13XP(ﬁg0+‘5g1)

exp(Bso + &31) 1
) = . (2.126
14331 exp(Beo+ &) o 1+32_ exp(Bgo +Eq1) (2.126)

33 =

Global regression form:

exp(xblle**) exp(x’[ ,0)
Z/':ICXP(X[ ]-9 ) ijleXp( [3]19 )’
exp(x [3]36**) exp(x h 0**)
3 = y 3j4 =

Zé}:leXP( [3]]'9**) 2] 1eXP( B3]/ 9**)

where xi3]3, for example, is the third row vector of the X3 : 4 X 12 matrix given by

1 0 100101,
01, 1 01 0 01,

X; = 2.127
*Tlot,01510 1 0 @-127)
01, 01,00 0 0
Level 4 (Group 4)
Probabilities:
B exp(Bio) - exp(f2o)
T = 3 » a2 = 3 ’
ex 1
T = pBro) = (2.128)

1+ 33 exp(Beo) 1+ 33 exp(Beo)

Global regression form:
exp()ch]1 0") exp(x'[ 0*)
s Y42 =
Zj':l EXP(XIH]]-O**) : Zj:1 exp(x] Ny 9**)

T =
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Table 2.22 Parameter estimates for the gender and chronic condition versus physician
visit status data of Table 2.21

Regressioﬂ parameters
Quantity Bio Bu  &n O | Bo B & |45y
Estimate —0.405 |2.708 |—1.121 |—1.405 |—0.118 |2.720 |—.533 —1.808
Standard error| 0.5270| 0.9100/ 0.7220| 1.1385 0.4859|0.8793 0.6024| 1.0377
Quantity Bso B & 311
Estimate 0.000 | 1.253 |—0.651 |—0.708
Standard error| 0.4714|0.9301| 0.5908| 1.0968

Table 2.23 Estimated/observed probabilities corresponding to the data
given in 2 X 2 x 4 contingency Table 2.20

Physician visit status

Gender | Chronic condition | None | Few Not so few | High

Male One or more 0.2000 |0.3250 |0.2250 0.2500
None 0.3572 1 0.4821 |0.1250 0.0357

Female | One or more 0.0962 | 0.2308 |0.2308 0.4422
None 0.1874 |0.2500 |0.2813 0.2813

- exp(xf4]38**) - exp(x’[4]49**)
[43 = 4 / IR CIE — / ’
Xi-1 eXp(xH]jG**) Zi- exp(xmje**)

where xi4]3, for example, is the third row vector of the Xy : 4 X 12 matrix given by

1 014 01} 01,
01, 1 01401,
01, 01, 1 014
01} 01, 015 0

Xy = (2.129)

Using the gender and chronic condition versus physician visits data from
Table 2.21, we now solve the likelihood estimating equation (2.119), i.e.,

dlog L(6** (p+1)(g+1)

% = X XDu—Koma =0

for 6**. The estimates for all components in 6** along with their standard errors are
given in Table 2.22.

Now by using the regression estimates from Table 2.22 into the probability for-
mulas (2.112), (2.124), (2.126), and (2.128), one obtains the estimated probabilities
as in Table 2.23. The estimated and observed probabilities are the same.

We now interpret the estimates of the parameters from Table 2.22. Because at
level 4, i.e., for a female with no chronic disease, the category probabilities for the
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first three categories are determined by the respective estimates of B¢, B0, and Bao,
as compared to the conventional value B4 = 0, it is easier to interpret their role
first. For example, B30 = 0.0 shows that an individual in this group has the same
probability to be in the third (not so few ) or fourth (high) physician visits category.
Further, smaller negative value for B0 = —0.118 as compared to 3;p = —0.405
shows that the individual in this group has a much higher probability to pay a few
visits to the physician as opposed to paying no visits at all.

Next the values of (Bjo+ &;1) for j = 1,2,3, as compared to B4 + &1 = 0.0
would determine relative probability of an individual at level 3 (group 3) to be in
the jth category. Note that group 3 individuals are female with one or more chronic
disease. For example, the small negative and equal values of ﬁzo + 521 =—0.651 =
[330 + 531 as compared to large negative value of [310 + 511 = —1.526 indicate that
a female with chronic disease has increasing probabilities to pay more visit to the
physicians. But a male with chronic disease, i.e., an individual belonging to group
1 (level 1), has smaller probability to pay a high physwlan visit. This follows from
relatively large positive value of B + Bo1 + &1 + ¢* 211 = 0.261 as compared to

small negative value of i3+ 31 + &1 + 63, = —0.106, and Bao + Bar + Eu1 +
¢*4’11 = 00

2.3 Cumulative Logits Model for Univariate Ordinal
Categorical Data

There are situations where the categories for a response may also be ordinal by
nature. For example, when the individuals in a study are categorized to examine
their agreement or disagreement on a policy issue with, say, three political groups
A, B, and C, these three categories are clearly nominal. However, in the treatment
versus heart attack status data analyzed in Sect.2.2.2.4.1, the three categories
accommodating the heart attack status, namely no attack, non-fatal, and fatal attacks,
can also be treated as ordinal categories. Similarly, in the physician visit study in
Sect. 2.2.2.4.2, four physician visit status, namely none, few, not so few, and high
visits, can be treated as ordinal categories. Now because of this additional ordinal
property of the categorical responses, one may collapse the J > 2 categories in
a cumulative fashion into two (J' = 2) categories and use simpler binary model
to fit such collapsed data. Note however that there will be various binary groups
depending on which category in the middle is used as a cut point. This approach is
referred to as the cumulative logits model approach and we discuss this alternative
modeling of the categorical data in this section provided the categories also exhibit
order in them.
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2.3.1 Cumulative Logits Model Involving One Covariate
with L =p + 1 Levels

Suppose that similar to Sect.2.2.2, my,; denotes the probability for an individual
i with covariate at level (¢ = 1,...,p+1) to be in the jth category, but because
categories are ordered, one may collapse the J categories based multinomial model
to a binary model with

J
Fj= Y mae

c=1

representing the probability for the binary response to be in any categories between
1 and j, and

J

L-Fgj= Y, mg.
c=j+1

representing the probability for the binary response to be in any categories beyond j.
Consequently, unlike in Sect.2.2.2, instead of modeling individual category based
probabilities 7 ;, one may model the binary probability Fj;; by using the linear
logits relationship

l*Fm

j
Fu,

:{ajoJrajg forj=1,....J—1;4=1,....p (2.130)

Lip:=1
[j = tog o forj=1,....J—1;£=p+1.

We refer to this model (2.130) as the logit model 1 (LM1). Also, three other logit
models are considered in the next section with relation to a real life data example.

Note that for j =1,...,J — 1, the logit relationship in (2.130) is equivalent to
write

exp(ajo-&-aﬂ)

1 _FV] L 1+ex<p(ocj)0+oc_,-,,) fort=1,... P 2.131)
“1J exp(oio :
deﬂ)) forfzp-f—l

Remark that the logits in (2.130) satisfy the monotonic constraint given in the
following lemma.

Lemma 2.3.1. The logits in (2.130) satisfy the monotonic property
Lml ZL[E]Z > ... ZL[E](J*U' (2132)
Proof. Since

Fp <Fpp < ... < Fgu-1);
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and

(I=Fg) > (1=Fga) > ... > (1 = Figu-1)),
one obtains

Fp o oo Fou-n
1=Fg — 1=Fg ™~ 1=Fgu

Hence the lemma follows because Ly, ; = log [IE[ZW] forall j=1,...,J—1.
avl

2.3.1.1 Weighted Least Square Estimation for the Parameters
of the Cumulative Logits Model (2.130)

We describe this estimation technique in the following steps.
Step 1. Writing the logits in linear regression form

Let F(m) be a vector consisting of all possible logits, where 7 represents all
J(p+1) individual cell probabilities. That is,

F=F(n)=[L,....Lo,....L,] - (U= 1)(p+1) x 1, (2.133)
where Ly is the vector of J — 1 logits given by

Le=[Ligts-- Ligjs- - Ligu—n)] (2.134)

with Ljy; defined as in (2.130). Note that these logits for j =1,...,J — 1 are
functions of all J individual probabilities 7y, . .., 7y at the covariate level £.
Now define the regression parameters vector o as

o=[oh,0f,....0f,....c0] (2.135)

where
ot = [0, - -, 0y_1y0] and oy = [ug, ..., 0y 1y],

for ¢ =1,...,p. Next by using (2.135) and (2.130), one may then express the logits
vector (2.133) in the linear regression form as

F=Xa«, (2.136)
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where
x|
I 1 X3
X=|- C(=D(p+1)x (=1 (p+1), (2.137)
1 X,
| -1 Xpy1 |
with
xfz]l
X, = #@ (-1 x(—1p, forl=1,....p+1 (2.138)
1)

where, for j=1,...,J—1,

Ky = (08 OVjy 1015 01,y Jfore=1,....p

X1y = Ol (2.139)

Step 2. Formulation of F(x) in terms of x

Write

= [n[’l],...,n[’é],...,n[’pﬂ]]’ J(p+1)x1, (2.140)
where at covariate level /, as in Sect.2.2.2, all J cell probabilities are denoted by
) that is,
!
ﬂ[ﬁ] = [ﬂ'mh...,ﬂ[g]j,...,ﬂ[[]]] 5
7y ; being the probability for the response of an individual with (th level covariate

information to be in the jth category.
Notice from (2.130) that L[g] ; has the form

1 —Fg;

Fu,j

_ log [2{j+l n[[]c]

X1 Wge

Lyj = log
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|

c=j+1

J J
log{ Y. ﬂ[Z]c}—IOg{Zlﬂmc}]-

Consequently, Ly defined in (2.134) can be expressed as

Ly = [Ligts- > Ligu—n)]

67

(2.141)

J 1 J J—1
= [(log{ %”{e]c} —log{ ; ”[e]c}> e (log{z;ﬂ[z]c} —log{ ; ﬂ[z]c}> I

— M'log (A"m),

where ) is defined by (2.140), and A* and K* have the forms:

A' =

and

-1 1

01, -1
M=

_01/2(J—3)

o 1,

oot

1, or),

01, 1,

1, o

oty 1

015 019, 3

L0y, s

015 —1 1

2(J—1) % J,

(J=1)x2(J—1),

respectively. Now by using (2.142), it follows from (2.133) that

(2.142)

(2.143)

(2.144)
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Ly M*log (A*TL'[I])
L M*log (A*nm)
F=F(m)=| |= '
(m) Ly M*log (A*ﬂ[g])
Ly M*log (A M. 1))

= [lp+1®@M"]log [(Ip+1 ®A") 7]
= Mlog (Am), (2.145)
where m = [n[’l],...7n[’[]7...,7r[’p+1]]/, and ‘®’ denotes the direct or Kronecker

product.
Step 3. Forming a ‘working’ linear model

Using notations from Step 2 (2.145) in (2.136) under Step 1, one consequently
solves « satisfying

F=F(r)=Mlog (An) =X. (2.146)

Note that this (2.146) is not an estimating equation yet as 7 is unknown in practice.
This means the model (population average) Eq. (2.146) does not involve any data.
However, by using the observed proportion p for 7, one may write an approximate
(working) linear regression model with correlated errors as follows:

JoF (m
Fp)~ P+ 20 = Py te, U-D(p+1)x1 @147)
where € may be treated as an error vector. Next, because for a given ¢, the cell counts
{Kyyj> j=1,...,J} follow the multinomial probability distribution (2.67) [see also
Table 2.4 for data display], it follows that
Kigj

Elpyl=E [m] = my;, forall jand ¢,

that is E[p] = &, where 7 is defined by (2.140), and p is the corresponding observed
proportion vector, with py = [pigj,-- -, Pjgjs- - Pl 1t then follows that
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_ {8F(n)} v {aF’(n)

on’ om }:28 (say), (J=1)(p+1)x (J=1)(p+1). (2.148)

Note that the approximation in (2.147) follows from the so-called Taylor’s series
expansion for F(p). To be specific, foru=1,...,(J—1)(p+ 1), the uth component
of F(p) may be expanded in Taylor’s series form as

,0F,(m)
on

+ & x(lpp =l - e = mall - Pt — Tpsl]), (2.149)

Fu(p) = Fu(m)+ (p— )

where for K = 25;1 Ky, €, x(+) is a higher order remainder term in the Taylor’s
expansion, and it is a function of Euclidian distances

M~

lpjg — mgll = [P — w1, foralld=1,...,p+1.

=1
Further note that when min/{K(s } — c it can be shown that
€, k(-) — 0 in probability (2.150)

(see, for example, Rao (1973, p. 387); Bishop et al. (1975, Sec. 14.6) for details on
this convergence property). Thus, forallu=1,...,(J—1)(p+1), and using (2.150),
one obtains the approximate linear relationship (2.147) from (2.149). Finally by
using (2.146), one may fit the linear model
F(p)=F(n)+e¢
=Xoa+e, (2.151)
(see also Grizzle et al. (1969), Haberman (1978, pp. 64-77)) where F(p) =

Mlog (Ap) with M and A as given by (2.145), and the error vector € has the zero
mean vector and covariance matrix X, as given by (2.148).

Step4. WLS (weighted least square) estimating equation

Consequently, one may write the WLS estimating equation for o as
X'z F(p)—Xa] =0, (2.152)
and obtain the WLS estimator of ¢ as

bwrs = [X'Z X)X Z7 R (p). (2.153)
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For similar use of the WLS approach in fitting models to ordinal data, one may
be referred to Semenya and Koch (1980) and Semenya et al. (1983) (see also
Agresti (1984, Section 7.2, Appendix A.2); Koch et al. (1992)). For computation
convenience, one may further simplify X, from (2.148) as

EONLT

_ [oMlog Ar oMlog Am]’
B on' on'

=MD 'AVA'D"'M' = QV (', (say), (2.154)

Ze = cov[F(p)] =

where D = diag[An] : 2(J—1)(p+ 1) x2(J=1)(p+1),Ar:2(J—1)(p+1) x 1
being given by (2.145). Hence, using X from (2.154) into (2.153), one may re-
express Oy s as

owrs = [X'(QVQ') 'X] ‘lx’(QVQ’)*'F(p), (2.155)

with F(p) = Mlog Ap. Note that to compute Gwrs by (2.155), one requires
to replace the D matrix by its unbiased estimate D = diag[Ap]. Next, because,
cov[F(p)] = QV Q' by (2.154), by treating D as a known matrix, one may compute
the covariance of the WLS estimator of ¢ as

covlams] = [X'(@ve)'x] 7, (2.156)

which can be estimated by replacing 7 with p, that is,

-1

covltwrs) = [X'(QVQ')'X] —p- (2.157)

Further note that the V matrix in (2.154)—(2.157) has the block diagonal form
given by

1
V=@ leovp)] : (p+1)J x (p+1)J, (2.158)
where
1 .
COV(p[é]) = @ {d1ag[7rm1, ceey ﬂ[z]j, ceey 717[4]]] - 7'[[5] 7([/[] . (2.159)
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Table 2.24 Cross-classification of gender and physician visit along
with observed proportions

Physician visit status

Gender None Few Not so few | High Total
Male 28 40 16 12 96
Cell proportion | 0.2917 | 0.4166 | 0.1667 0.1250 | 1.0
Female 11 20 21 32 84
Cell proportion | 0.1309 | 0.2381 | 0.2500 0.3810 | 1.0

2.3.1.1.1 Tlustration 2.9: Weighted Least Square Fitting of the Cumulative
Logits Model to the Gender Versus Physician Visit Data

Recall the physician visit status data for male and female from Table2.10. For
convenience, we redisplay these data along with observed proportions as in the
following Table 2.24. Note that the physician visit status can be treated as ordinal
categorical. However, among others, this data set was analyzed in Sect.2.2.2.4 by
applying the product multinomial likelihood approach discussed in Sects.2.2.2.1
and 2.2.2.2, where categories were treated to be nominal. As discussed in last
section, when categories are treated to be ordinal, one may fit the cumulative
probability ratios based logits model to analyze such data. The logit models
are different than standard multinomial models used for the analysis of nominal
categorical data. We now follow the logit model and inferences discussed in the
last section to reanalyze the gender versus physician visit status data shown in
Table 2.24.
We first write the observed proportion vector p as

p =[Pl Pl (2.160)
with

Py = [Py Pl Pz, Pajal’ = [0.2917, 0.4166, 0.1667, 0.1250]

Pp = PRt P2 PR3- Ppjal’ = [0.1309, 0.2381, 0.2500, 0.3810]".

Next we follow the steps from the previous section and formulate the matrices
and vectors to compute & by (2.155).

Step 1. Constructing F(7) = X« under LM 1

To define X and o, we write the vector of logits by (2.133) as

F(m)=[L},L5] :6x1, 2.161)
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with
Ly = [Lyp, Ly Lygs)
Ly = [Loji, L, Ljs]'
where by (2.130)
Ly = oo+ o
L = oo+ 021

L3 = oo+ 031,

and
Lpy = ouo
Lpp = oo
Lpp3 = o0,
producing « by (2.135) as
o = [og, 0]
= (010, 00, 030, 011, 021, 031)'. (2.162)

Now to express F(7) in (2.161) as F(n) = X & with o as in (2.162), one must write
the 6 X 6 matrix X as

[100100]
010010
001001

X = (2.163)

100000

010000

(001000

This matrix satisfies the notations from (2.137) to (2.139).
Note that as indicated in the last section, we also consider three other logit models
as follows:

LM2. Instead of using the model (2.130), one may use different restriction on the
level effect parameters and write the logit model as
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(2.164)

L=Fgj| ) ajp+ay forj=1,....J—1;4=1,....p
Fyj ajo—3) o forj=1,....J=1;0=p+]1.

yielding six logits for the gender versus physician visit data as
Ly = oo+ o

L = oo+ 021

Ly = oo+ 031,
and
Ly = a0 — o

Lpp = 00— 001

L[2]3 = 030 — 031.
For
/ 11/
o = [, o]
!
= [0, 000, 030, 01 1, 021, 031 ],

the aforementioned six logits produce the X matrix as

[1001 0 O
0100 1 O
0010 0 1
X= . (2.165)
100-10 O

0100 -10

10010 0 —1]

LM3. Now suppose that unlike the models (2.130) and (2.164), one uses the same
level effect parameter, say o, under all response categories. Then, similar to
LM1, the logits can be expressed as

Lyyj =log (2.166)

ﬂ _Jojptoayforj=1,....J-1;4=1,...,p
Faj |~ oo  forj=1..J-1=p+l.

yielding six logits for the gender versus physician visit data as
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Lypy = oo+ oy
L = oo+ o

Ly = o0+ ou,

and
Lpy = ouo
Lpy, = 020
Lpy3 = o3p.
For

o = [og, o)
= [alo,azo,%o,au]’,

the aforementioned six logits produce the X : 6 x 4 matrix as

(10017
0101
0011

X = . (2.167)

1000

0100

10010

LM4. Suppose that we use the same regression parameters as in the model
(2.166), but use the restriction on the level effect parameters as in (2.164). One
may then express the logits as

1 —Fy;

Fig

_{0‘/'0+Ot1z forj=1,..../—L4=1,...,p

Lyi=1
(4 Og[ atjo—3P o forj=1,....0—1; 0=p+1.

yielding six logits for the gender versus physician visit data as

Ly = oo+ o
Ly = oo+ oy

Ly = oo+ oun,
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and
Lpjp = ono—ouy
Lpp = oo —oui
Lpj3 = 030 —ou.
For

o = [og, 0]
= [a10,a207063070611]/,

the aforementioned six logits produce the X : 6 x 4 matrix as

(1001
0101
0011
X = . (2.169)
100 —1

010-1

001 —1]

Step 2. Developing notations to write F(ir) = Mlog (Ar) satisfying (2.145)

Now because J = 4, for a given £(¢{ = 1,2), A* and M* matrices by (2.143) and
(2.144), are written as

(10007
0111

1100

A* 16x4, (2.170)

0011

1110

10001



76 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

and
-110 00 O
M*=|0 0-110 0]:3x6, (2.171)
0 00 0-11

respectively. Note that these matrices are constructed following the definition of the
logits, that is, satisfying

Ly = Lyt L, L) = M*log (A" my),

as shown by (2.141)—(2.142). Thus, for the present gender versus physician visit
status data, by (2.145), we write

% *
m=( M U6} g a (A o) aug (2.172)
0Usx6 M* 0Usx4 A”

with Usye, for example, as the 3 X 6 unit matrix, satisfying F () = Mlog (Am),
where

= [75[1}1,ﬂ[l]zvﬂ[umﬂu]mﬂ[z]bﬂ[z]zﬂ[zp,75[2}4]’-

We now directly go to Step 4 and use (2.155) to compute the WLS estimate for
the regression parameter vector 0.

Step 4. Computation of &y by (2.155)
Notice that V matrix in (2.155) is computed by (2.158), that is,
V = var[p|] = var|p(;), py)]’

) ( var[py | cov[pm»ﬁ&ﬂ)

cov[ppy, pyl  varlppy]

AT
= (o V2>, (2.173)

where
Kiy\Vi = diag[mp, w2, w3, sl — ﬂ[l]ﬂfq
/

KpVa = diag[”[z]l s TW2)25 7T2)3, ﬂ[z]4] — M) Ty
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Table 2.25 Parameter estimates and their standard errors under selected cumulative logit
models for gender versus physician visit status data

Logit model parameters based on gender and 4 visit categories

Logit model | Quantity Q10 050 030 01 Oy 031
LM1 Estimate 1.893 | 0.537 |—0.485 |—1.006 —1.424 |—1.461
Standard error | 0.324 | 0.226 | 0.225 | 0.394 | 0.319 | 0.382
LM2 Estimate 1.390 —0.175 |—1.216 |-0.503 |—0.712 —0.750
Standard error | 0.197 | 0.159 | 0.190 | 0.197 | 0.159 | 0.191
LM3 Estimate 2.107 | 0.508 |—0.524 |—1.312 - -
Standard error | 0.261 | 0.215 | 0.214 | 0.285 - -
LM4 Estimate 1.451 |—0.148 |—1.180 |—0.656 - -

Standard error | 0.189 | 0.157 0.181 0.142 - -

One however needs to use an estimate of this V matrix to compute Oy g by (2.155).
Now because py) and pp) are unbiased estimates for 7;) and 7, respectively, V

matrix may be estimated as
s (Vi 0
V= PR 2.174
(o 0) e

where

Ky Vi = diag[ppyi, s Pz Plal — el
KpVa = diag[pp)i, ppjs Pjs» Ppojal — PPl

with p[1] and py as given by (2.160).

Next we compute D = diag[Ap], where A is given in (2.172). Further compute
Q = MD~'A. Finally by using these estimates V,Q, and F(p) = Mlog (Ap) into
(2.155), we obtain &y s by using X matrix from (2.163), (2.165), (2.167), and
(2.169), under the models LM 1, LM2, LM3, and LM4, respectively. These estimates
along with their standard errors computed by (2.157) are reported in Table 2.25.

We now use the estimates from Table 2.25 and compute the logits under all four
models. The observed logits are also computed using the observed proportions from
Table 2.24. For interpretation convenience we display the exponent of the logits, i.e.,
exp(Ljg;) under all four models in Table 2.26. Notice that LM1 and LM2 produce
the same logits, similarly LM3 and LM4 also produce the same logits. Thus, proper
restriction on level based parameters is important but restrictions can vary. Next, it
is clear from the table that LM1 (or LM?2) fits the observed logits exactly, whereas
the logits produced by LM3 (or LM4) are slightly different than the observed logits.
This shows that level (gender) based covariates do not play the same role under all
four response categories. Thus, using three different regression parameters, namely
oy for j=1,...,3, is more appropriate than using only one parameter, namely ¢1;.
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Table 2.26 Observed and estimated logits under selected cumulative
logit models for gender versus physician visit status data

Logit estimates

Gender | Logits Observed | LM1 | LM2 | LM3 | LM4
Male exp(Lpy) | 2.428 2428 2428 2214 |2.214
exp(Lpp) | 0.411 0.411 | 0.411 |0.447 |0.447
exp(Lpp3) | 0.143 0.143 |0.143 | 0.159 |0.159
Female |exp(Lyy;) | 6.639 6.639 | 6.639 |8.225 |8.225
exp(Lpp) | 1.710 1.710 |1.710 |1.662 | 1.662
exp(L3) | 0.616 0.616 |0.616 |0.592 |0.592

Furthermore, when logits of males are compared to those of the females, all three
logits for the male group appear to be smaller than the corresponding logits for the
female group, i.e.,

Lmj < L[2]j7 for all ] = 1,2,3,

showing that more females pay large number of visits to their physician as compared
to males. These results agree with the analysis discussed in Sect.2.2.2.4.2(a) and
the results reported in Table 2.12, where it was found through direct multinomial
regression fitting that females paid relatively more visits as compared to males.

2.3.1.2 Binary Mapping Based Pseudo-Likelihood Estimation Approach

Based on the form of the cumulative logits from (2.130)—(2.131), in this approach
we utilize the binary information at every cut point for an individual and write a
likelihood function. For the purpose, for an individual i with covariate level ¢ and
responding in category i(h =1,...,J) [this identifies the ith individual as i € (¢, )],

we define a cut point j (j=1,...,J — 1) based ‘working’ or ‘pseudo’ binary variable
b(,)[ = 1 for g%ven response category h > j (2.175)
i€(th) 0 for given response category h < j,
with probabilities following (2.130)—(2.131) as
() S
Pribiun=11= X mge=1-"Fy;
c=j+1
exp(ojo+0p) -
- mforﬁ—l,...,p 2176
- exp(ajo) (2. )
- forl=p+1.

l+exp(ocj0)
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Table 2.27 Cumulative counts as responses at cut points j =
1,...,J — 1, reflecting the cumulative probabilities (2.176), under
covariate level ¢

Binomial response
Cut point | Low group (g* =1) | High group (g* =2) | Total

! Kigy = Zio1 Kpge Kig — Ky K
J Ky =21 Kge | Ky —Kjy, Kiy
J=1 Ky = Y1 Kige | Kig— K- Ky

representing the probability for the binary response to be in category & beyond j;
and

. J
PribLien =0 = X moe = Fig,

c=1

] p—
{1+exp<a,0+a,n forl=1,....p

1 —
W(aj()) fOré—p"_l

(2.177)

representing the probability for the binary response to be in a category / between 1
and j inclusive.

Now as a reflection of the cut points based cumulative probabilities (2.176)—
(2.177), for convenience, we display the response counts computed from Table 2.4,
at every cut points, as in Table 2.27. We use the notation K[“}]j = Zi:l Kyc, whereas
in Table 2.4, K[| is the number of individuals with covariate at level ¢ those belong
to category c for their responses.

Note that K| — K[*Z]j follows the binomial distribution Bin(Ks, 1 — Fj;), where
[1—Fg,l = py 1 e = ”[*E]j by (2.176). Furthermore, the regression parameters
in (2.176)—(2.177) may be expressed by a vector & as in (2.135), that is,

o= [a(’),oc{,...7a§,...,a,’,]/7
where
o = [ono,---, 010 and o = [ae,..., 01y,
for{=1,..., p. Alternatively, similar to (2.69), these parameters may be represented
by

x/ x/
o=[o,...,c

Al . !/
0y with o = [ego, 01, gy, O] (2.178)
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Now for a given form of o, we first write a pseudo-likelihood function by using the
pseudo binary probabilities from (2.175)—(2.177), as

) )
L(or) = M4 T2 1H[ LA {{F A [h] {’ll—Fw }le”}

HIH‘] [{F[( }2(‘ IK[I]c} [{1 F[[ }zc 1K :|
_HPHHJ 1[{F[Z }ZC IK/]C} [{I—F[g } [f]—Zf::lK[/]c} (2.179)
_ HJ e exp{ (Kjg — [] (0o + o) }
- [1+exp(aj0+0!je)] s

y [CXP{(K[,M] - Kﬁ;+1]j)<a/°)}] ’ (2.180)

1 +exp(ajo)]K[p+1]

whereK[é Ec | Kigeforj=1,....J—1,andforall{=1,....p+1.

Next, in order to write the log likelihood estimating equation in an algebraic
convenient form, we use the o in the form of (2.178) and first re-express 1 — F;
and Fjy); from (2.176)—(2.177) as

R exp(x’mja)
U 1+ exp(x], ;@)
1
Fyj=———— 2.181)

I +exp(x{, ;@)

wherexfé]j isthe jth (j=1,...,J —1) row of the (/ —1) x (J—1)(p+ 1) matrix Xy,
defined for /th level as follows:

X
/
X, = X2
Y1
101)_,,1,01)_,0 o1, 0 o1,
/ / / . /
_ o 01/, 101, 1,1,011, ;-0 o1, forf=1,....p

o oY, 0 01;, -1 012 ” 1,01’
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Xpe]t 101,001, - 001,
/ !/ I /
Xpu = | Sorip | 2|00, 101,001, | 2.182)
!/ ! !
X ) 001,001, - 101,

The log likelihood equation for o may then be written from (2.179) as

aLOgL 17+1.] 1 |:

pIp?

=1 j=1

Kiu) 5 {log (1—Fig;)}

p+1J-1 p) exp(x] X[,;9)
- K — Ky ) —{log (——— 2
fr ] ( [f] [Z]j)aa{ g(l+exp(x/m OC))}
. 0
+ K[é]faia{ & l+exp(xml.a)}]
pH1J—1
= [(Km — Ky ) {F0,%0,}
=1 j=1
~ Kig {1 = Finp)x 1]
pH1J—1
= 3 ¥ ;| KigFoy — Kiy)|
(=1 j=1
p+lJj—1
=~ % 3 x| Ky~ KigFio |
=1 j=1
p+lJ—1
= X X (K~ Kjy) — K1~ Fig)| (2.183)
S 2
p+1
- ng [y@] —K[[]n[’z,]] = f(a) =0, (2.184)

where

yi}]:[K[éJ*K[?]wwKM*Km .. Ky — Kjpy(y—1)) and

*
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with X; matrices for £ =1,...,p+1 as given in (2.182). Note that this estimating
equation form in (2.184) is similar to (2.71), but they are quite different estimating
equations.

2.3.1.2.1 Pseudo-Likelihood Estimates and their Asymptotic Variances

Let ¢ be the solution of f(a) = 0 in (2.184). Assuming that ¢4 is not a solution
for f(o) = 0 but a trial estimate, and hence f(6p) # 0, by similar calculations as in
(2.36), the iterative equation for G is obtained as

&= o — [{F' ()} f()] |a=sq- (2.185)
Next, by similar calculations as in (2.183), one writes

Imy; _ 91— Fiy)

J

do/ do/
= Figj (1= F)xjg; = mip (1= g g (2.186)
yielding
(97({2] . * * * x
= Dy, X;. (2.187)

By (2.187), it then follows from (2.184) that

;. 9*Log L(«x)
M) = 5 egar

p+1
=-) K[[]X,TD,T@XZ. (2.188)
(=1

Thus, by (2.188), the iterative equation (2.185) takes the form

-1

p+1
a(r+1)=a(r)+| K[g]XgDnﬁ]Xe
(=1
p+1
< |3 X (yfé] — Ky n@) : (2.189)
=1 a=a(r)

yielding the final estimate &.
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Next because

var[yjy; — Ko mjy ;] = varlKjy; — Ko Fg |
j
= var[ Y Ky, (2.190)
c=1

and K[*E]j follows the binomial distribution with parameters K and n[}]j =[1- Fy il
one writes

arb)[g 77.7[4 ] K[[]F[(]J[l — Fm,] = KV] n[?]j[l — ”[*/]j] (2191)

It then follows from (2.189) that var(¢) has the formula given by

p+1 -1
2 KigX(Dr; X,

var(f) = (2.192)

2.3.1.3 Binary Mapping Based GQL Estimation Approach
By Table 2.27, consider the response vector
vig = [Kig = Kigis-- Kig = Ko Kigg = Kjg g/

[see also (2.184)], where

y'[llj = [Kjg — Kp;) ~ Bin(Kgp, 7y ),
with
* ext
Mgy = 1= Figi = 1+exp(xmj(x)

by (2.181). By following Sutradhar (2003, Section 3), one may then write a GQL
estimating equation for ¢ as

p+1 (9[ ] 1
4 . . o1
;T[“’V(Yw)] Vg = Kig gl =0, (2.193)
where
a”* !/
[ _ vy
XD,



84 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

by (2.187), and

cov[Yjy] = KjnDr,

by (2.191). The GQL estimating equation (2.193) then reduces to
p+1

Z Xy — Kigmy] =

which is the same as the pseudo-likelihood estimating equation given by (2.184).
Hence the GQL estimate of o is the same as the likelihood estimate found by
(2.189), and its asymptotic covariance matrix is the same as that of the likelihood
estimates given by (2.192).

2.3.14 Some Remarks on GQL Estimation for Fitting the Multinomial
Model (3.63) Subject to Category Order Restriction
Notice from (2.184) that
* !/
yi}] = [KV] — Kf;]l yene ,K[[] — K[é]j’ e ’KV] — K[*Z](Jfl)]
= [)’F[]p--w)’fg]ja---7)’&](1_1)]/’ (2.194)

is a cumulative response vector with its expectation

Elyy] = Kigmy,

= KV] [7‘6[’2]1 R 71?[*[]]., ceey 71:[*[](171)]/
= K[Z] [1 —F[g]l, ey 1 —F[g]j, ceey 1 _F[Z](J—l)]/a (2195)
with
J
My =1—Fg;= > e, (2.196)
c=j+1

where, by (2.63) and (2.64), the multinomial probabilities are defined as

—opBotBe) gy —1 . J—1
1+2§;}ex§>(ﬁgo+ﬁgé> T (2.197)

e =
g forc=J,

143 Texp(Byo+Ber)

for/=1,...,p, whereas for £ = p+ 1, these probabilities are given as
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— o) fore—1,... 71
lJFZJ:l ﬁ AR
Tpti)e = g*llexp< o

1+35~ 1 exp(Bo)

2.198
forc=1J. ( )

Use xjg; = 0l(j_1)(p41) forall £=1,...,p+1, along with xjy. from (2.182) for
c=1,....J—1l;and £=1,...,p+ 1, and re-express all Ty in (2.196)—(2.197) as

exp(, B)

o (2.199)
2£=1 exp(x[é]gﬁ)

e =

where, similar to (2.178),

[3 = [ ]*/7"" ;/a"wﬁ;fl/]lv with ﬁJ* = [Bj()aﬁjh'"aﬁjfw"aﬁjp]l' (2200)

Note that o« parameters in (2.178) and 8 parameters in (2.198) are different, even
though they have some implicit connection. Here, one is interested to estimate 3 for

the purpose of comparing n[’}]j = 21:1 g with 1 — n[*[]j =3, Ty We construct

a GQL estimating equation (Sutradhar 2004, 2011) for 3 as follows.

2.3.1.4.1 GQL Estimating Equation for 3
2.3.1.4.1 (a) Computation of cov(yf‘g]) =TIg= Wejn): -1 x(I—1)
The elements of the I" matrix are computed as follows.

Najj = varbig,; — Kol

= Var[K[*(]j 7K[(]ij]

j
= Var[z ch}
c=1
j j
= Ky 21 e (1= mg0) — ; e | » forj=1,...,J—1.  (2.201)
c= c#c!

Next, for j < h,j,h=1,...,J—1,

Yejn = oV, — KT > Yign — Kia gl

J h

= COV[Z K[(]c’ 2 KV]C]
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J jh
= Ky | X mge(1 = mge) = X mgemge — X, 2 MeeMger | (2202)

Also it follows that ¥ ;5 = Viga,-

* 1

";’g] c(=D(p+1)x(J—1)

2.3.1.4.1 (b) Computation of

It is sufficient to compute the derivative of a general element, say n:[ 1) with respect
to 3. That is,

OMy; _ é ‘9”[6
aﬂ c=j+1

J J
> [’T[ac {ch -2 ”[e]uxwuH
c=j+1 u=1

= 3 [m o~ Ximg)]

c=j+1
= A, (xB): (J=1)(p+1) x 1, (say), (2.203)
yielding
Iy . .
3B (Aml(xﬁ) AL B) ...A[€]<171)(x7[3)) =D(p+ 1) x(=1)

= Ajy(x.B). (say). (2.204)

Next, by following Sutradhar (2004), and using (2.200)—(2.201), and (2.203), we
can write a GQL estimating equation for f3 as

p+1 anj* 4 .

Z Kin—5- 5[3 ( Kjgmy ])
p+1 .

=1

The solution of this GQL estimating equation (2.204) for B may be obtained
iteratively by using the iterative formula
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p+1 -1

B(r+1)=B(r)+ ZK YAl (. BT Ay (2. B)

p+1 |
x zziK[(g]AE}]()g BT, (yf}]—K[(g]ﬂ[*f]) S @209
= B=B(r)

yielding the final GQL estimate [§GQL, along with its asymptotic (as minj<¢<p4
Ky — o) covariance matrix

p+1 -1
cov[Beor] = ZK2 BT Ay (x.B)| (2.207)
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