Chapter 2
Morphology Computation Algorithms:
Generalities

In this chapter, we consider features common to all algorithms for morphology
computation. Such algorithms can be classified based on different criteria, that are
in general mutually orthogonal (see Sect. 2.1):

1. dimension of the input scalar field:
some methods are dimension-specific (in practice, either for 2D or for 3D scalar
fields), while other methods are dimension-independent.

2. input format:
methods may operate on simplicial models or on regular models; some methods
also require specific properties for the input scalar field.

3. output information:
some methods compute (a discrete approximation of) the ascending or descend-
ing Morse complex; other methods compute (a discrete approximation of) the
Morse-Smale complex.

4. format of the output information:
some methods provide a complete combinatorial description of the output
complex; many methods simply provide a classification of the 0-cells (vertices),
or of the d-cells (triangles or pixels for d = 2, tetrahedra or voxels for d = 3).

5. algorithmic approach:
different approaches come from different reference theories: Banchoff’s piece-
wise linear Morse theory, watershed transform in the discrete case, Forman’s
discrete Morse theory.

The basic component of morphology computation algorithms is the identification
of the critical points of the field. Section 2.2 is devoted to a treatment of the
techniques for computing critical points. Another general issue with morphology
computation algorithms is how to deal with the domain boundary and with regions
with same elevation (plateaus). We discuss how to deal with such issues in Sects. 2.3
and 2.4, respectively.
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For more details on classifications of morphology computation algorithms, and
on computation of critical points, see [5, 8].

2.1 Classification of Morphology Computation Algorithms

In the following, we examine the various criteria which can be used for classifying
morphology computation algorithms.

2.1.1 Input Dimension, Format and Properties

Algorithms may have been designed for 2D scalar fields, 3D scalar fields, or they
may be dimension-independent. At the same time, they may have been designed for
scalar fields represented through regular grids or through simplicial models. Some
methods are even independent of the input format, in the sense that they can be
applied to both formats, with little change.

Algorithms working on regular grids may assume that field values are given at
the d-cells (pixels for d = 2, voxels for d = 3), or at the 0-cells (vertices) of the
grid. In the latter case, interpolating functions are used within higher-dimensional
cells. Algorithms for simplicial models (triangle meshes in 2D, tetrahedral meshes in
3D) always assume that field values are given at the vertices, and linear interpolants
are used within higher-dimensional simplices.

In several algorithms, the computation focuses on cells of a certain dimension
and is based on navigation among them through adjacency relations. If the compu-
tation focuses on O-cells (vertices), this corresponds to considering the primal graph
of the input model (see Sect. 1.1.4). If the computation is focused on d-cells, this
corresponds to considering the dual graph of the input model.

Algorithms for stepped regular models consider the dual graph. Here, the nodes
are pixels in 2D, and the arcs are defined according to some connectivity model (4-
or 8-connectivity in 2D, see Sect. 1.2 and Fig. 1.5). Algorithms for regular models
with interpolating functions work on the primal graph.

Algorithms for simplicial models work on either the primal or the dual graph,
depending on the approach (for example, boundary-based methods use the primal
graph, and region-growing methods use the dual graph, see Sect. 2.1.3).

Some methods for simplicial complexes require that the input scalar field is
general, i.e., all pairs of adjacent vertices have distinct function values. Intuitively,
this means that flat edges are not allowed.

2.1.2 Output Information and Its Format

Algorithms may produce a (descending or ascending) Morse complex, or a Morse-
Smale complex. In both cases, the output is a cell complex, and thus it consists of
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cells of all dimensions, and of combinatorial relations of adjacency and incidence
between pairs of cells. In practice, such output cell complex can be represented in
the form of:

* Just the d-cells of the output complex, represented through a classification of the
d-cells (triangles or pixels in 2D, tetrahedra or voxels in 3D) of the input scalar
field model, where each d-cell is labeled as belonging to a specific d-cell of the
Morse or Morse-Smale complex.

¢ Just the d-cells of the output complex, represented through a classification of
the vertices of the input scalar field model, where each vertex is labeled as
belonging to a specific d-cell of the Morse or Morse-Smale complex. A more
detailed classification may assign each vertex to an i-dimensional cell of the
output complex, wherei = 0,...,d.

e The skeleton (1-skeleton consisting of points and lines in 2D, 1- and 2-
skeletons consisting of points, lines and surfaces in 3D) of the Morse or Morse-
Smale complex, with their combinatorial relations. Such skeleton(s) define the
boundaries of the d-cells of the output complex.

* A complete representation of the Morse or Morse-Smale complex, i.e., its cells
of all three dimensions in 2D or four in 3D, and their combinatorial relations.
This corresponds to the Morse incidence graph (see Sect. 1.3), plus geometric
information about cells.

Most methods that produce Morse complexes are completely symmetric in
the ascending and in the descending case: the ascending Morse complex can be
computed as the descending Morse complex by considering the field — f having the
opposite function values on the same underlying cell complex. Thus, the two Morse
complexes are produced in the same format.

Forman-based algorithms produce the ascending and the descending Morse
complexes represented in different formats. Descending cells associated with
maxima are expressed as collections of d-cells of the primal complex. Ascending
cells associated with minima are expressed in terms of d-cells of the dual complex,
i.e., they are collections of vertices of the primal complex.

An algorithm has been presented in [7], which constructs the Morse incidence
graph (see Sect. 1.3) in 2D and 3D, starting from a classification of triangles and
tetrahedra, respectively.

2.1.3 Algorithmic Approach

Based on the approach they use, the various algorithms can be classified as:

* Boundary-based methods, which build the lower-dimensional skeletons of the
Morse-Smale complex (boundary lines of 2-cells in 2D, and boundary lines and
surfaces of 3-cells in 3D).
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* Region-growing methods, which build the d -cells (called regions) of the descend-
ing (ascending) Morse complex, by progressively growing each of them, starting
from its seed maximum (minimum).

*  Watershed methods, originally developed for grey-level images, which compute
the ascending Morse complex based on the idea of simulating the diffusion of
water.

* Forman-based methods, which previously define a Forman gradient from the
data.

Boundary-based algorithms build the lower-dimensional skeletons of the Morse-
Smale complex. The input can be a regular model or a simplicial model of the
scalar field. The 1-skeleton is extracted by computing the critical points and then
tracing the integral lines (or their approximations) starting from saddle points and
converging to minima and maxima. For 3D scalar fields, the 2-skeleton is also
built. Boundary-based algorithms can generate the skeleton(s) of the descending (or
ascending) Morse complex by tracing only integral lines from saddles to minima (or
maxima).

Region-growing algorithms compute an approximation of the descending
(ascending) Morse complex by growing the d-cells, called regions, corresponding
to the maxima (minima), of the scalar field. Such regions are built as collections of
d-cells (triangles in 2D, tetrahedra in 3D) of the scalar field model, by classifying
triangles, or tetrahedra. An approximation of the Morse-Smale complex can be
obtained as the intersection of the descending and ascending Morse complexes. The
input is in general a simplicial model of the scalar field. However, some watershed
methods, working on regular models, actually operate in a region-growing fashion.

Watershed algorithms typically work on regular grids considered as stepped
models. They generate the ascending Morse complex by labeling each d-cell y
(pixel or voxel) with the minimum p, such that y belongs to the ascending d-cell
of p. They can generate the descending Morse complex by considering scalar field
—f. Watershed methods based on simulated immersion may label some d-cells
as belonging to the skeleton of the ascending Morse complex (these are the so-
called watershed cells). They are also able to identify the specific element of the
skeleton, even if they do not do that. Watershed algorithms can work on simplicial
models as well, by considering the primal graph. In this case, they produce a vertex
classification. A vertex classification is produced also by the 3D region-growing
algorithm in [15].

Forman-based algorithms construct (either directly, or by first defining a Forman
function F') a Forman gradient vector field V' and its critical cells starting from
a scalar field f. The Forman-based algorithm in [14] can also be classified as
boundary-based, as it approximates the 1-skeleton of the Morse-Smale complex by
gradient lines connecting the critical cells of F'.

Boundary-based and region-growing algorithms are reviewed in Chap. 3. Water-
shed and Forman-based approaches are reviewed in Chaps. 4 and 5, respectively.
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2.2 Detection of Critical Points

Most algorithms perform the identification of critical points in the input scalar
field as a pre-processing step. Some algorithms, specifically boundary-based ones,
find critical points of all types (maxima, minima, saddles). Not all algorithms for
3D morphology computation distinguish between 1- and 2-saddles (e.g., [13]),
and not all algorithms recognize multiple saddles composed of 1- and 2-saddles
(e.g., [6,28]).

Other approaches find critical points of just one type. For instance, region-
growing algorithms find just minima when computing the ascending Morse com-
plex, and maxima when computing the descending Morse complex. They do not
explicitly extract saddle points.

Some algorithms do not compute critical points in advance, but they recognize
them during the computation. This happens, for instance, in the watershed approach
by simulated immersion.

In methods which do not detect saddle points, saddles can be found as a
post-processing step, by computing the overlay of the descending and ascending
complexes. Let us consider the 2D case. If we have a Morse-Smale function, the
1-cells of the descending complex must intersect transversally the 1-cells of the
ascending complex, and the saddles are the intersection points. With non-Morse-
Smale functions, the intersection of the 1-cells of the descending complex with those
of the ascending complex can include an edge or a chain of edges, and, thus, it is
not feasible to detect saddles exactly in this way.

2.2.1 Detecting Critical Points in a Simplicial Model

In this section, we analyze how critical points can be computed on a 2D or 3D
simplicial model. Since a simplicial model uses linear interpolants, critical points
can only occur at the vertices of the underlying triangle or tetrahedral mesh X.

First of all, we define the upper/lower link, and the upper/lower star of a vertex v
within a simplicial complex X. We recall that the link and star have been defined in
Sect. 1.1.2.

» The upper star of v is the subset of the star of v containing those simplices o such
that all vertices of o different from v have a higher function value than f(v).

e The upper link of v is the subset of the link of v containing those simplices o
such that all vertices of o have a higher function value than f(v).

e The lower star and the lower link of v are defined in a completely symmetric
way.

We denote the upper link and the lower link as Lk (v) and Lk~ (v), respectively.
A first, and widely used, way to identify critical points uses the definition of
critical points on piecewise-linear functions due to Banchoff [4,20] and discussed in
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Sect. 1.5. Details for the 2D and 3D cases can be found in the works by Edelsbrunner
etal. [11] and by Takahashi et al. [28], respectively. The following procedure is used
to classify a vertex p:

1. Take the link Lk(p) of vertex p, and decompose it into:

* simplices (vertices and edges in 2D; vertices, edges and triangles in 3D)
belonging to the upper link Lk (p) of p (see Fig.2.1a for the 2D case).

» simplices belonging to the lower link Lk~ (p) of p (see Fig.2.1b for the 2D
case).

Note that, in the 2D case, other edges, which belong neither to the upper nor to
the lower link (see Fig. 2.1c) are the mixed edges defined in Sect. 1.5.

Fig. 2.1 Bold lines and full dots indicate edges and vertices composing (a) the lower link of vertex
5, (b) its upper link, and (c) the set of its mixed edges of the vertex with field value equal to 5

2. Find the connected components of the upper link of p and of the lower link of p,
and count them. Let A be the number of components of Lk™(p), and A_ be
the number of components of Lk~ (p).

3. Now, classify p:

e if Ay = 0 (i.e., the upper link is empty), then p is a maximum;
e if A_ = 0 (i.e., the lower link is empty), then p is a minimum;
e if Ay = A_ =1, then p is regular;

* otherwise, p is a saddle.

For a 2D complex, in the last case, i.e., when p is a saddle, we always have A, =
A_, and the multiplicity of the saddle can be computedask = (A+—1) = (A_—1).
That is, p is a simple saddle (k = 1) if both the upper and the lower link of p have
two connected components. It is a multiple saddle otherwise.

For a 3D complex, the type of saddle (i.e., 1-saddle or 2-saddle) can be detected.
If Ay = 1and A_ = 2, then p is a simple 1-saddle; if Ay = 2 and A_ = 1, then
p is a simple 2-saddle. In order to identify multiple saddles, Takahashi et al. [28]
count the multiplicity of multiple saddles as follows. If Ay = k + 1, then p is a
1-saddle with multiplicity k. If A_ = k41, then p is a 2-saddle with multiplicity k.

In 2D, the time complexity of vertex classification, for a triangulation X' with
m vertices, is in O(m). The link of a vertex is a radially sorted sequence of edges
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and vertices. The connected components of the upper and lower links are found by
scanning the radially sorted list and noting the sign changes. Summing up over all m
vertices examined, the total number of neighbor pairs is equal to twice the number
of edges of X', which is in O(m). In 3D, for a tetrahedralization X' with m vertices,
the time complexity is in O(m?). The link of p is homeomorphic to a spherical
surface. Finding the connected components of the upper and lower links requires a
graph traversal process, with a linear time complexity in the number of edges of X,
which can be in O(m?) in the worst case.

The classical approach to the extraction of critical points, described above, counts
the connected components of the upper and lower links of a vertex. However, other
approaches have also been proposed.

In Bajaj et al. [3] the classification of critical points in 2D is performed based
on vectors normal at the triangles incident in the vertex. Each triangle # has a unit

N
normal vector n; which is normal to the plane of the triangle and points upwards,

ie., IZZ (a;, by, c;) with ¢; > 0. Let us consider the convex hull of all points (a,, b;)
corresponding to the triangles in the star of a vertex p. Vertex p is regular or critical
depending on whether the convex hull does not contain or contains the origin (0, 0).
Thus, according to [3], a point is critical if the normal space of the adjacent triangles
includes vector (0,0, 1).

A more detailed method for 3D scalar fields has been proposed by Edelsbrunner
et al. [10]. Their approach is based on (the reduced Betti numbers of) the lower link
of a vertex p.

The link Lk(p) of p is a discrete analogue of a sphere around p. Point p is
classified based on the reduced Betti numbers B_;, B¢, B1, and B, of its lower link
Lk~ (p). Informally, the Betti numbers By, B, and B, of a simplicial complex
XY indicate the number of connected components, the number of through holes
(tunnels), and the number of voids of the domain of X'. The reduced Betti numbers
,B 1 ,30, ﬂ 1, and ﬂz are the same as Betti numbers, except that ﬂo = By — 1 for
non-empty complexes, and /3 | = 1 for empty complexes. The same classification
of critical points can be obtained by using Betti numbers, but without the symmetry
in the classification of minima and maxima.

The classification of a point p is performed as follows:

¢ if all reduced Betti numbers of the lower link of p are zero, then p is regular;

o if By = 1 (Lk™(p) is empty), and all other reduced Betti numbers are zero,
thep p is a minimum;

o if B, = 1 (Lk™(p) is equal to Lk(p)), and all other reduced Betti numbers are
zero, then p is a maximum,

e if By = 1 (Lk™(p) has two connected components), and all other reduced Betti
numbers are zero, then p is a simple 1-saddle;

o if B; = 1 (Lk™(p) is a cylinder), and all other reduced Betti numbers are zero,
then p is a simple 2-saddle;

¢ otherwise (i.e., more than one reduced Betti number is different from 0, and/or
some of them is larger than 1), then p is a multiple saddle.
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A multiple saddle p satisfies /§_1~ = ,32 = 0and BQ+/§1 > 2. Point p is classified
as a multiple saddle, composed of By 1-saddles, and B, 2-saddles. It has been shown
that p can be unfolded into B, simple 1-saddles, and f; simple 2-saddles.

2.2.2 Detecting Critical Points in a Regular Grid

For a regular grid, a key issue is the type of interpolation technique used. If the
grid is considered as a stepped model, then we can use a characterization of critical
points based on counting the connected components of the upper and lower link,
as described in Sect.2.2.1 for simplicial complexes. For example, in the case of
a square grid, the field value at a pixel p is compared to the field values of
its neighbors, defined based either on the 4- or 8-connectivity model. We have
a fixed number of neighbors and, thus, a fixed set of cases. Note that, in case
of a 2D grid with 4-connectivity, all saddles will be simple. These approaches
[2,13,21,22,29,32] are rooted in digital geometry and have been extensively used
in image processing [16].

If the regular grid is considered to have field values located at its vertices, then
another approach, that we call an analytic approach, is used. There is no attempt
here at simulating the concept of critical point in the discrete case, but the general
idea is that of fitting an interpolating function on the vertices of the grid (at which
the field values are known) [2, 24, 25, 30, 31, 33]. The various algorithms differ
in the function they use. The selected function usually preserves critical points
located at grid vertices, but it may introduce new critical points located inside
higher-dimensional cells. Moreover, it is not always globally continuous. Since
the interpolating function has a known equation, its critical points can be found
analytically. Sometimes they are computed through numerical methods.

The method proposed in [24,25] uses a bilinear C°-differentiable interpolating
function over a 2D grid, which does not introduce additional minima or maxima,
while it may introduce additional saddles inside cells. A grid point p is classified
by considering only the elevation of its 4-adjacent neighbors, while a 2-cell, which
contains a saddle, is detected by considering the elevation of its four vertices.

In [32], a 3D grid is considered, and a tri-linear interpolating function in each
cubic cell is used. In this case also, there may be saddles inside the cubic cells and
on their boundaries. The algorithm does not distinguish between 1-saddles and 2-
saddles.

Other approaches for 2D or 3D grids [25] use bi-quadratic functions, which
provide a globally discontinuous approximation, but guarantee that critical points
are constrained to lie at grid vertices. A grid point p is classified based on the
characteristics of the functions inside the d-cells incident in p (e.g., in 2D, the
function inside a 2-cell can be elliptic, parabolic, or hyperbolic, and a fixed set of
cases may occur for p, which are formalized through specific rules).
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2.3 Handling the Domain Boundary

A special case in the detection and classification of critical points is represented
by the boundary of the domain of the scalar field. Boundary vertices do not have a
complete link (homeomorphic to a circle in 2D and to a spherical surface in 3D),
but they have an incomplete one (homeomorphic to a segment in 2D and to a disc
in 3D). A similar problem arises with boundary pixels and voxels in regular stepped
models.

Some methods assume that the domain of the scalar field is a manifold without
boundary (e.g., [10]), and, thus, there are no boundary points. However, in most real
cases, the domain of a scalar field has a boundary, and thus we must deal with this
special case.

The boundary-based methods by Takahashi et al. in 2D [27] and in 3D [28]
introduce a virtual minimum (or maximum) which is considered to be adjacent to
all boundary vertices of the given simplicial model. This solution, however, causes a
non-symmetric treatment of minima and maxima lying on the boundary, depending
on the type (minimum or maximum) of the virtual extremum introduced.

Another solution consists of mirroring the function values of adjacent grid points
across the boundary (as, for instance, in [13]).

2.4 Presence of Plateaus

Real data often present connected components of vertices (or d-cells in a stepped
regular model) all having the same field value. Having in mind the case of a 2D
scalar field representing a terrain, these configurations are called plateaus, and an
edge connecting two vertices with equal field value is called a flat edge.

Different solutions are used:

* the notion of a critical point is replaced with that of a critical area, and algorithms
use ad-hoc solutions to deal with plateaus (e.g., watershed algorithms consider
regional minima and other plateaus [18, 19,23]);

 data are perturbed in a preprocessing step, in order to eliminate flat edges [9, 12].

The first solution implies that connected components of vertices with equal field
value (and, thus, of higher-dimensional cells with constant interpolating function)
must be identified, classified, and consistently handled. For instance, watershed
through simulated immersion [26] can easily identify and treat plateaus during the
flooding process. Region-growing methods can identify plateaus which are minima
and maxima, and grow regions from them. For plateaus that are not minima or
maxima, it is necessary to artificially define one or more entering and/or exiting
point [1].

The first solution is very difficult to implement for boundary-based methods,
because they should follow lines of steepest slope, which is intrinsically not defined
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in a plateau. Even in approaches that can be easily adapted to deal with plateaus,
the conventions used to process them are somehow arbitrary (especially for plateaus
that are not minima or maxima), and may lead to quite different results (as shown
in Sect. 7.4.2).

The second solution (i.e., data perturbation) can be achieved by adding random
noise to field values, but this introduces many new critical points, which lead to
spurious regions in the computed Morse complexes. Thus, a post-processing step is
then required to merge such spurious regions.

Another way to perturb data consists of introducing a conventional order among
two points with equal function value, in order to decide that one of them is “above”
the other one. For instance, a lexicographic order on the spatial coordinates of points
can be used [12]. This has the drawback that a regional minimum (or maximum)
may give rise to more minima (or maxima), depending on the relative position of
points composing it. Again, a post-processing stage is required to merge regions
associated with different minima (or maxima) belonging to the same plateau.

Recently, an algorithm for eliminating flat edges from a 2D scalar field in a
morphologically consistent way has been proposed by Magillo et al. [17], which
represents a valid alternative solution as it does not introduce new critical points.
Experiments presented in [17] show that the similarity between the results of
different approaches on the same data increases after using such a method as a
preprocessing step.

The method is described for terrains (height fields) although it applies to 2D
scalar fields in general. It is based on the observation that changing the elevation of
a vertex slightly (i.e., of a smaller amount than the minimum elevation difference
between v and its adjacent vertices) is sufficient to eliminate flat edges incident
in v (by giving a slope to them), while it does not change the uphill or downhill
orientation of other edges incident in v.

Plateaus are progressively reduced and eventually eliminated by iteratively
changing the elevation of a vertex v lying on the boundary of a plateau. A vertex
v is a candidate for this task if either all flat edges incident in v are consecutive
around v (the elimination of v does not change the topology of the plateau), or has
exactly two incident flat edges (the elimination of v from the plateau either removes
a hole or splits the plateau into two). These situations are illustrated in Fig. 2.2.

The highest priority is given to moves which do not change the topology of
plateaus, and make v a regular vertex. Such moves are sufficient to eliminate
plateaus without holes which are maxima, minima, or regular, or act as simple
saddles. Other plateaus need the application of moves where v becomes a saddle, or
the topology of the plateau changes. The priority scheme gives preference to cases
in which v becomes a saddle with low multiplicity and/or the topology of plateau
does not change.

A plateau which was a maximum or minimum gives rise to a set of regular
vertices plus a single maximum or minimum vertex, plus as many simple saddles as
holes in the original plateau. A regular plateau gives rise to a set or regular vertices.
In other cases, a plateau gives rise to a set or regular vertices plus a number of saddle
vertices, whose total multiplicity depends on the total number of terrain portions
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around the original plateau having an elevation above/below the plateau itself, in
the original configuration.

Fig. 2.2 A plateau (formed by bold edges and shaded triangles) and candidate vertices for
elimination. Black circles denote vertices, like v|, which do not change the topology of the plateau.
Black squares denote vertices, like v,, which remove a hole from the plateau. White squares denote
vertices, like v3, which split the plateau
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