Chapter 2

Basic elements of the qualitative
theory of ordinary differential
equations

In this chapter we collect some basic ideas and results from the qualitative theory
of ordinary differential equations. We present only the tools needed in our later
analysis and the theoretical context where they appear. Most of these results have
extensions to more general contexts. To not make our presentation too long we
will restrict ourselves to the most relevant facts.

A deeper and more detailed introduction can be found in the following books:
A.A. Andronov, E.A. Leontovich, I.I. Gordon and A.G. Maier [4], [5], M.W. Hirsch
and S. Smale [33], V.I. Arnold [7], J. Sotomayor [57], [58], P. Hartman [30], S. Lef-
schetz [40], L. Perko [53], C. Chicone [14], and recently the book of F. Dumortier,
J. Llibre and J.C. Artés [21].

2.1 Differential equations and solutions

2.1.1 Existence and uniqueness of solutions

Let U be a subset of R™ and W an open subset of U. We say that the function
f: U — R" is Lipschitz on W, if there exists a constant L € R, such that for
every X,y € W

If (%) —f Il < Lix—yll

The constant L is called a Lipschitz constant for f on W. Here and in the sequel ||-||
denotes the Fuclidean norm of R™. Since R" is a finite-dimensional vector space,
if f is Lipschitz with respect to a norm of R™, then f is Lipschitz with respect
to any other norm of R™. Hence, the definition of Lipschitz functions does not
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depend on the chosen norm. However, this is not true for the Lipschitz constants.
For instance, if f is Lipschitz on W, with Lipschitz constant L with respect to the
Euclidean norm of R™, then y/nL is a Lipschitz constant of f with respect to the
mazximum norm of R"
Il = max {Jol},

where x = (21,29, . .. ,xn)T, and ()T denotes the transposed vector.

In particular when f is Lipschitz on the whole domain U, we call f globally
Lipschitz. On the other hand if for every xg € U there exists a neighbourhood W
of xg in U such that f is Lipschitz on W, then we call f locally Lipschitz on U.

Ezample 2 (Linear function). Consider the function f(x) = Ax, where Aisanxn
matrix. Since ||f(x) — f(y)|| = ||Ax — Ay| < ||Allllx — y||, f is both locally and
globally Lipschitz in R™, with L = ||A|| as a Lipschitz constant.

Ezample 3. Consider the quadratic function f(z) = 2. Since

1f (@) = fW)l = |z +yllz —yl, (2.1)

for any zo € R one has |f(z) — f(y)| < 2(Jzo] + &)z —y| in W = (2o — &, 20 +
g). Therefore, f is a locally Lipschitz function in R. However, f is not globally
Lipschitz in R. Indeed, assuming that there exists a constant L such that |f(z) —
f(y)| < L|z — y| for every z,y € R, we contradict (2.1).

Ezample 4 (Piecewise linear function). Consider the piecewise linear function
f(z) = |z|. From the triangle inequality we have |f(x)— f(y)| = ||z|—|y|| < |z—y],
which implies that f is both locally and globally Lipschitz, with Lipschitz constant
equal to 1.

For the purposes of this book it is enough to consider a differential equation
or a system of ordinary differential equations as

x=f(x), (2.2)

where x = x(s) € U, U is an open subset of R” and f : U — R” is a locally
Lipschitz function on U. From now on % denotes the derivative of x (s) with
respect to s. As usual, the domain of f (the set U) is called the phase space, the
variable x is called the dependent variable, and s is called the independent variable
or time. We use the variable s instead of the standard variable ¢ because ¢ will
denote the trace of some matrices which will appear later on.

In a more general context equation (2.2) is known as an autonomous ordi-
nary differential equation (as opposed to non-autonomous differential equations),
because the function f does not depend explicitly on the independent variable s.

A smooth function ¢ : I — U, where I is an open interval of R, is said to be
a solution of the differential equation (2.2) if ¢ (s) = f (¢ (s)) for every s € I.

Geometrically, a differential equation (2.2) assigns to every point x in the
phase space U a vector f (x) in the tangent space at x. Then a solution of the
differential equation is a curve ¢ : I — U whose tangent vector at ¢($) coincides
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with the vector f (¢ (s)) for any s, see Figure 2.1. From this reason we call the
function f a vector field.

G\

Figure 2.1: (a) Vector field f defined in the phase space U. (b) A solution ¢(s) of
the differential equation x = f(x).

¢(s) = £(¢(s))

o(s).

The existence of solutions of differential equations (2.2) is not obvious and
it depends on some properties of the vector field f. The same is true for the
uniqueness of the solution which satisfies the initial conditions (s, Xo), i-e. ¢ (so) =
Xg. The following theorem states the basic result in this direction.

Theorem 2.1.1 (Existence and uniqueness). Let U be an open subset of R™, f :
U — R" be a locally Lipschitz function on U, sg € R and x¢g € U. There exist a
constant ¢ > 0 and a unique solution ¢ : (sg —¢,s0+¢) = U of the differential
equation x = £ (x) such that ¢ (sg) = Xo.

For a proof of this theorem we refer the reader to [33].

To emphasize the dependence of the solutions on the initial conditions
(s0,%0), we denote the solution of the differential equation (2.2) passing through
X( at time s = sg by ¢ (s; s0,X0)-

2.1.2 Prolongability of solutions

From the existence and uniqueness theorem we obtain conditions on the vector
field f (x) so that it has exactly one solution passing through an a-priori fixed
point. This solution is defined at least on a sufficiently small open interval. In the
next result we find the maximal interval of existence. First, we need to introduce
the following definitions.

We say that ¢ : I — U, with ¢ = ¢ (s;0,%0), is a mazimal solution of
equation (2.2), if for every solution ¢ : J — U, with ¢ = 1 (s;s0,X¢), we have
J C I. We call mazimal interval of definition the interval of definition of the
maximal solution ¢ (s; so, %), and we denote it by I(y, x,). From now on we will
only consider mazimal solutions. The differential systems (vector fields) such that
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all their solutions have the maximal interval of definition equal to R are called
complete. In the following proposition we present sufficient conditions on the vector
field of a differential equation for it to be complete.

Proposition 2.1.2. Consider the differential equation x = f (x), where f : R™ — R”
is a globally Lipschitz function. Then for every initial conditions (so,%g) € R x R™
it holds that I (4, x,) = R.

A proof of Proposition 2.1.2 can be found in [53, Section 3.1, Theorem 3]
or in [57, Proposition 4, p. 15]. We emphasize that the differentiability condition
imposed on the vector field in the first reference is not essential for the proof and
can be removed. Note that the hypothesis in Proposition 2.1.2 is very restrictive.
As we will see in Section 3.3, fundamental systems satisfy it.

Ezxample 5. As we saw in Example 2 linear differential systems x = Ax are globally
Lipschitz, and hence complete.

2.1.3 Dependence on initial conditions and parameters

Consider the family of differential equations
x=1f(x,)),

where f : U x V — R”, U is an open subset of R”, and V' is an open subset of RP.
The set V is called the parameter space of the differential equation.

Assuming that \g € V, sg € R and x¢ € R"”, there exists exactly one solution
of the differential equation x = f (x, ;) passing through x( at time so. We denote
this solution by ¢ (s; S0, X0, Ao). In the next theorem we summarize the behaviour
of the solution ¢ (s; sg, X0, A\g) when we vary sg, Xo or Ag. First we introduce some
additional definitions.

Let W be an open subset of U. The function f (x, A) is said to be Lipschitz
with respect to the first variable in W, if there exists a positive constant L € R,
such that for every x,y € W and A € V

If(xA) = £y, VIl < L|x =yl

In particular, if f is Lipschitz with respect to the first variable in U, then we say
that f is globally Lipschitz with respect to the first variable. The function f is said
to be locally Lipschitz with respect to the first variable if for every xg € U there
exists a neighbourhood W of x¢ in U such that f is Lipschitz with respect to
the first variable in W. For simplicity we will call f globally or locally Lipschitz
without a reference to the first variable when no confusion can arise.

Theorem 2.1.3 (Dependence on initial conditions and parameters). Let U and V
be open subsets of R™ and RP, respectively. Let £ : U x V. — R"™ be a locally
Lipschitz function with respect to the first variable in U and £ € C" (U x V') for
some r > 0. Then for every (so,Xo, o) € R x U x V the solution ¢ (s; so, X0, A\o)
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of the differential equation x = £ (x, \g) is r times continuously differentiable with
respect to xg and \g and r + 1 times continuously differentiable with respect to s.

A proof of this theorem can be found in Hartman [30, pp. 93-96] or Lefschetz
[40, pp. 36-43].
Ezample 6 (A family of piecewise linear differential equations). Consider the fam-
ily of differential equations & = || + A, with A > 0, which is defined on whole R.
With respect to the vector field, the phase space splits into two regions, {z < 0}
and {x > 0}, and in both the field is given by a linear function. Moreover, it is
continuously differentiable with respect to the parameter A, but is only globally
Lipschitz with respect to the variable z.

Straightforward computations show that the solution ¢(s; 0, zo, \) of the dif-
ferential equation passing through zo < 0 at time s = 0 is given by

A+e (g — A), if s <%,

A s : *
A(A—xoe —1), if s>s

where s* = In(1 — zo/A) is the time required for the solution to reach the origin,
see Figure 2.2. Note that the maximal interval of definition of the solution is R.
Taking the first and the second derivative with respect to s one has that

¢(S7 07 Zo, >\) =

(—D)Fe=%(zo — N), if s < s*,
S;va()v)\) = )\2

k
dsk ( s : *
e®, if s>s
)\ — X
for k = 1,2. Thus the solution ¢(s;0,xg, A) is an analytical function of s in R\ {s*}
and once continuously differentiable at s = s*, but it is not twice continuously
differentiable at s = s*.

Taking derivatives with respect to A it is easy to conclude that ¢(s;0, xo, A)
is once continuously differentiable in R but is not twice continuously differentiable
at s = s*.

This example shows that solutions of piecewise linear differential equations
lose regularity at the boundary between the regions where the vector field is linear.

2.1.4 Other properties

We recall now some other properties of the solutions of differential equations. We
say that ¢ : R — R™ is a periodic function, if there exists a positive constant T
such that ¢ (s + 1) = ¢ (s) for every s € R. The smallest value of T" satisfying this
property is called the period of the function ¢.

Proposition 2.1.4. Consider the differential equation x = f (x) with £ : R™ — R
a globally Lipschitz function.



24 Chapter 2. Basic elements of the qualitative theory of ODEs
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Figure 2.2: Solutions ¢(s;0,zg, A) of the differential equation & = |x| + A.

(a) Let ¢ (s;s0,%0) be a solution. Then for every T € R, ¢ (s + 7, 50,X0) is also
a solution.

(b) Let ¢ (s;81,%x1) and ¢ (s;82,%X2) be two solutions satisfying ¢ (11;81,%1) =
& (T2; 82,%X2) for fited 71,72 € R. Then ¢ (s — (12 — 71) 5 81, X1) = ¢ (8; 82, X2)
for every s € R.

(c) Let ¢ (s;80,%0) be a solution and suppose that there exist 71,72 € R, 71 <
Ta, such that ¢ (71;50,%0) = ¢ (72;50,%X0). Then, ¢ (s;s0,X0) s a periodic
function whose period is a multiple of T = 10 — 1.

For a proof of this result we refer the reader to [60, pp. 8-9]. Note that in
this reference the author assumes that the vector field is differentiable, but it is
easy to check that this hypothesis can be substituted by requiring the uniqueness
of the solutions.

2.2 Orbits

In this section we present some dynamical features of solutions to differential
equations. Take sp € R and xg € U, and let ¢ (s; s0,X¢) be a maximal solution of
the differential equation (2.2). We call the set

v (s0,%0) = {x eU:x=¢(s;80,%9) and s € I(SO’XO)}

the orbit of the solution ¢ (s; s, o).

When the phase space is the whole R™ and the vector field f is globally Lips-
chitz in R™, the maximal interval of definition of all solutions is R, see Proposition
2.1.2. Then 7 (tg,x0) = 7 (to + 7,%0) for every 7 € R, see Proposition 2.1.4(a).
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Hence we will simply use v (xo) to denote the orbit through xo. Moreover, if
X1 € v (x0), then there exists s; € R such that x; = ¢ (s1;50,X0). Applying
Proposition 2.1.4(b) to the solutions ¢ (s; so, Xg) and ¢ (s; s1,%1) one obtains that
v (x1) = 7 (x0). Therefore orbits are independent on the point of reference, and
we can avoid the reference to such point when no confusion can arise.

Suppose that xo € v (x1) N7y (x¢) # 0. Since orbits do not depend on the
point of reference, vy (xg) = v (x1) = v (x2). Therefore, if two orbits intersect at a
point, then they coincide.

Ezample 7. Consider the planar piecewise linear differential system @ = x,y = |y|.
Since the two variables are decoupled, the corresponding differential equation can
be easily solved. Indeed, the solution with initial condition (zg,yo) is given by

&(s;0, (z0,y0)) = (z(s),y(s)), where

e*yo,  ifyo =0,
z(s) = ewo,  y(s) = { e

e *yo, ifyo <O,
see Figure 2.3(a) and (b).

Set g € R and yo < 0. The orbit through the point p = (zg, yo) is defined
by v(p) = {(e*xo,e yo) : s € R}, and so y(s) = xoyo/x(s), which is the branch
of an hyperbola passing through p, see Figure 2.3(c).

On the other hand, if yo > 0, then the orbit through p is defined by v(p) =
{(e®zo,€e®yo) : s € R}, and so v(p) is a half-line, see Figure 2.3(c).

2.3 The flow of a differential equation

Consider the differential equation
x =f(x), (2.3)

where f : U — R" is locally Lipschitz in an open subset U of R™. Suppose that
for every x € U, the solution ¢ (s;0,x) is defined on whole R, i.e., [(g x) = R. The
flow of the differential equation (2.3) is defined to be the function

P:RxU—-R"

given by ®(s,x) = ¢(s;0,x). The notion of flow introduced here is sometimes
referred as completed flow. That is because the maximal interval of definition of
the solutions is the whole R. Since the differential systems considered in this work
are complete, we can use both terms. In particular, if f : R® — R" is globally
Lipschitz, then the flow of the differential equation x = f(x) is complete, see
Proposition 2.1.2.

Other authors denote the flow of a differential equation by the pair consisting
of the function ® and the phase space U. It is also usual to denote by ®4(x) the
function ®(s,x) (see [29] or [53]). Some properties of flows are collected in the
following result.
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e O (c)

(b)

Figure 2.3: Solutions ¢(s;0, (xo,%0)) = (z(s),y(s)) and orbits of the differential
equation & = x, ¥ = |y|. (a) Dependence of the first coordinate x(s) of the solution
#(s;0, (x0,y0)) on s. (b) Dependence of the second coordinate y(s) of the solution
#(s;0, (x0,y0)) on s. (c) Orbit vp with p = (zo,yo) depicted in the phase space
(z,9).

Proposition 2.3.1. Let ® (s,x) be the flow defined by the differential equation (2.3).
(a) For everyx € U, ®(0,x) =x.
(b) For every s,t e R andx € U, ®(s +t,x) = ®(s, D(¢,x)).
(¢) @ is a continuous function.

Proof. Statement (a) follows from the definition of ®. Statement (b) follows by
taking x1 = x, x3 = ¢(¢;0,x), 1 = t, 2 = 0 and s = s2 = 0 and applying
Proposition 2.1.4(b). Statement (c) is a consequence of the continuous dependence
of the solutions on the initial conditions and parameters, see Theorem 2.1.3. [

In the classical point of view, the objective of the theory of differential equa-
tions is to find explicit expressions for the flow ®(s,x). In the qualitative theory
it is more important to describe the topological properties of the flow and the
asymptotic behaviour of its orbits, i.e., the behaviour of the orbits when s tends
to oo. The phase portrait of a differential equation (2.3) is defined as the union
of all the orbits of (2.3).
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Let ®(s,x) be the flow of the differential equation (2.3) and take p € U.
By the continuous dependence of the solutions on the initial conditions and pa-
rameters, the function ®p, : R — U given by ®,(s) := ®(s,p) is continuously
differentiable. Furthermore, since ®,(s) = £(®p(s)), if there exists so such that
@, (s0) = 0, then (by the uniqueness of the solutions) we have ®,(s) = p for every
s € R. In this case, the orbit v(p) = {p} is called a singular point. To simplify
the notation, if v(p) is a singular point, we denote it by p. Therefore R™ \ v (p),
R” \ {p} and R" \ p are identical notations. If ®,(sq) # 0 for some sy € R, then
O, (R) = ~(p) is a one-dimensional manifold and we call p a regular point. The
flow in a sufficiently small neighbourhood of a regular point is said to be parallel.
For the definition of a parallel flow in a neighbourhood of a singular point see Sub-
section 2.6.3. By the classification of one-dimensional manifolds (see [38]), v(p) is
diffeomorphic either to R, or to S'. When ~(p) is diffeomorphic to S the orbit
~v(p) is called a periodic orbit.

Theorem 2.3.2. Every orbit of a differential equation (2.3) is diffeomorphic either
to a point, or to a circle S, or to a straight line R.

Ezample 8. By Example 7, the flow of the piecewise linear differential system
& =z, 9y = |yl is given by ®(s, (x0,y0)) = (e°xo,e’yp) when yo > 0 and by
D(s, (z0,y0)) = (ezg, e *yy) when yo < 0. The corresponding phase portrait is
shown in Figure 2.3(c). In this example, each orbit, except the one that passes
through the origin, is diffeomorphic to the line R. The orbit through the origin is
diffeomorphic to a point. Therefore, it is a singular point.

2.4 Basic ideas in qualitative theory

After analysing the topology of the orbits we present some basic definitions for
studying their asymptotic behaviour. Consider the differential equation (2.3) and
let E be a subset of U. The set E is said to be positively invariant (under the
flow) if for every q € E we have ®(s,q) € E for all s > 0. The set E is said to be
negatively invariant (under the flow) if for every q € F we have ®(s,q) € E for all
s < 0. A set F is said to be invariant (under the flow) when it is both positively
and negatively invariant (under the flow).
An invariant set E is stable, if for any neighbourhood W of E, there exists
a neighbourhood V' of E such that, for every p € V and s > 0 it holds that
® (s,p) € W. An invariant set E is unstable when it is not stable.
Given p,q € U, the point q is called an «-limit point of p if there exists a
sequence {s,} % satisfying lim s, = —oco and such that lim & (s,,p) = q.
n,/*+oo n,'+oo

The point q is called an w-limit point of p if there exists a sequence {Sn}:;z%

satisfying lim s, = 400 and such that lim & (s,,p) =q.
n,'+oo n,/*+oo

The «a-limit set of a point p € U, denoted by a(p), is defined as the union
of the a-limit points of p. Analogously the w-limit set of a point p € U, denoted



28 Chapter 2. Basic elements of the qualitative theory of ODEs

by w(p), is defined as the union of the w-limit points of p.

Let v(p), or simply ~, be the orbit passing through the point p € U. The
a-limit set of the orbit v is the a-limit set of the point p, the w-limit set of the
orbit -y is the w-limit set of p. As it is easy to check, these definitions do not
depend on the chosen point p of the orbit. Therefore, we denote the a- and the
w-limit set of an orbit by « () and w (7y), respectively.

Given an invariant set E, the stable manifold of E, denoted by W*(E), is
the set of points in the phase space U whose w-limit set is contained in E. The
unstable manifold of E, denoted by W*(E), is the set of points in U whose a-limit
set is contained in E.

A set E is called asymptotically stable if its stable manifold W*(E) is a
neighbourhood of E. A set F is called asymptotically unstable if its unstable man-
ifold W*(E) is a neighbourhood of E. In particular, every asymptotically stable
(respectively, unstable) set is stable (respectively, unstable).

A limit cycle of the differential equation (2.3) is a periodic orbit isolated in the
set of all the periodic orbits of (2.3). A limit cycle is called stable (respectively,
unstable) if it is asymptotically stable (respectively, unstable). Another kind of
limit cycle, called semistable limit cycle, can be also defined and we will introduce
it in Section 2.8.

Ezample 9. In this example we consider a fundamental system
Ax+b, ifkTx>1,

Bx, if [kTx| <1,
Ax—b, ifkTx < —1,

W
I

with parameters d = det(A) < 0, ¢ = trace(4) < 0, D = det(B) > 0 and T =
trace(B) = 0. In Section 5.3 we prove that its phase portrait in a neighbourhood
of the origin is which is the one shown in Figure 2.4.

Different invariant sets can be easily identified. For instance, invariant sets
are present in both the grey and the central white region formed by periodic orbits.
This is because every orbit contained in one of these regions does not leave the
region, neither in positive time, nor in negative time. Of course, sets formed by
singular orbits are also invariant. Hence the singular points e, 0 and e_, and the
periodic orbit I' are invariant.

Note that T" is a stable invariant set. In fact, its stable manifold W*(T") is
the whole grey region. However, it is not asymptotically stable, because W*(T") is
not a neighbourhood of I'. The origin 0 is also a stable invariant set which is not
asymptotically stable.

On the other hand, the singular point e_ is the w-limit set of the orbits ;"
and v, , see Figure 2.4. It is also the a-limit set of the orbits 5 and v, . The
periodic orbit I' is the w-limit set of the orbit v, .

Let v be an orbit of the flow ®(s,x) and p be a point on v. We define the
positive and negative semiorbit of v as the sets v (p) := {®(s,p) : s > 0} and
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Figure 2.4: Phase portrait of the fundamental system with D > 0 and 7' = 0 in
a neighbourhood of the origin 0. Invariant regions: the singular points e, 0, e_;
the periodic orbit I'; and the open region W#(I") (in grey) and the open region in
the interior of I' (in white and foliated by periodic orbits).

v~ (p) := {®(s,p) : s < 0}, respectively. The orbit v is called positively bounded
if there exist a point p € v and a compact subset K of U such that v*(p) C K.
The orbit v is called negatively bounded if there exist a point p € v and a compact
subset K of U such that v~ (p) C K. Finally, v is said to be bounded if it is
positively and negatively bounded.

Proposition 2.4.1. Let v be an orbit of the differential system (2.3). If v is positively
bounded (respectively, negatively bounded), then w(7y) (respectively, a(7y)) is a non-
empty set.

For a proof of this result we refer the reader to [53, p. 191] or [57, p. 245]. Note
that in references above, authors require the differentiability of the vector field. It
is easy to check that instead of this hypothesis we can require the uniqueness of
the solutions and the completeness of the flow.

2.5 Linear systems

Linear systems of differential equations, or briefly, linear systems, are one of the
families of differential equations for which there exists a complete theory. We re-
view some of the standard facts on linear systems because, as we will see later,
there exists a close relationship between linear and general non-linear differen-
tial systems. The nature of this relationship is such that linear systems can be
considered as a first natural step in the study of the differential systems.

As usual, L(R™) denotes the vector space of the linear maps from R™ to R™,
and GL(R™) the group of the invertible linear maps. Consider T' € L(R™) and let
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A be the matrix representation of 7'. In the sequel we will identify the linear map
T with its matricial representation A, and write A € L(R™). If T is invertible; i.e.,
det(A) # 0, we will write A € GL(R™).

If A e L(R™) we denote by t or trace(A) the trace of A, and by d or det(A)
the determinant of A. This explains our use of the variable s, instead of the more
usual one ¢, to denote the time in the differential equation. Let A € L(R™). Then
for every s € R we define the exponential matriz of the matrix sA as the formal

power series
o0
sA SkAk
e’ = E B
k=0

where A° denotes the identity matrix Id and AF = A1 A for k > 1. Two matrices
A, B € L(R™) are said to be equivalent if there exists P € GL(R™) such that
B = PAP~!'. We summarize some properties of the exponential matrix in the
following proposition.

Proposition 2.5.1. Let A € L(R™).

(a) For every s € R, the series
sk Ak
2
k=0
is absolutely convergent. Moreover, if so > 0, the series is uniformly conver-
gent in (—So, So0)-

(b) If A, B € L(R™) are equivalent matrices with B = PAP™! for a P € GL(R"),
then e5B = PesAP~1 for every s € R.

(c) If B € L(R™) is such that AB = BA, then e*AtB) = e34¢5B for every s € R.

)
(d) For every s € R, (eSA)il =e %4,
(e) For every s € R, de*”/ds = Aes4.
(f)

Let v € R™ be an eigenvector of A with eigenvalue A € R. Then v is an

eigenvector of €5 with eigenvalue e*.

A proof of these results can be found in [7, Chapter 3] or [53, pp. 10-13].
In this section we consider the linear system (more precisely, the homogeneous

linear system)
X = Ax, (2.4)

where A € L(R™), and denote d = det(A) and t = trace(A).

The linear vector field f(x) = Ax is a globally Lipschitz function with Lips-
chitz constant L = ||A]|. From the existence and uniqueness theorem it follows that
for every xo € R™ there exists a unique solution of system (2.4) passing through
xg at s = 0. Moreover, this solution is defined for all s € R (see Proposition 2.1.2).
The following result provides an explicit expression for the linear flows.
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Theorem 2.5.2 (Linear flow). The linear differential equation X = Ax, with A €
L(R"™), defines a flow ® : R x R" — R™ given by ®(s,x) = e*x.

A proof of this theorem can be obtained as a corollary of Proposition 2.5.1(e).

We denote by ker(A) the vector subspace formed by the singular points of
the linear system (2.4). This subspace is called the kernel of the linear map A.
Notice that the origin always belong to ker(A). Moreover, when A € GL(R™), the
origin is the unique singular point.

Let vi1,va, ..., vy, be the generalized eigenvectors corresponding to the eigen-
values of the matrix A with negative real part. The stable subspace is the vector
subspace generated by the vectors vi,va,...,v,_, ie.,

E? = <V1,V2,...,Vns>.

Let uj,ug,...,u,, be the generalized eigenvectors corresponding to the eigen-
values of the matrix A with positive real part. The unstable subspace is the vector
subspace

EY = <U.1,112 .. .,unu> .
Let wy,...,w,,_ be the generalized eigenvectors corresponding to the eigenvalues
of the matrix A with zero real part. The center subspace is the vector subspace

E°:=(wi,Wa..., Wy, ).

Theorem 2.5.3 (Dynamical behaviour of linear systems). Consider the linear dif-
ferential system x = Ax with A € GL(R™). Then:

(a) R* = B5 @ E" & E°.
(b) W*(0) = E*.
(c) W“(0) = E™.
For a proof of this result, see [53, Section 1.9].

2.5.1 Non-homogeneous linear systems

Differential systems of the form
x = Ax + b, (2.5)

with A € L(R™) and b € R™\ {0} are called non-homogeneous linear (differential)
systems. By Proposition 2.5.1(e), the flow of systems (2.5) is given by

d(s,x) = e*x —|—/ e~ Ab dr.
0

If the non-homogeneous linear system (2.5) has a singular point x*, the
change of coordinates z = x —x* transforms it into the homogeneous linear system
7 = Az. Thus the flow of the non-homogeneous linear system (2.5) is a translation
of the flow of a homogeneous linear system, namely ®(s,x) = %4 (x — x*) 4+ x*.

Finally, note that if the non-homogeneous linear system has no singular points,
then det(A) = 0.
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2.5.2 Planar linear systems

In the following two subsections we restrict our attention to planar linear systems.
We begin by showing the following version of the real Jordan normal form theorem
[33].

Theorem 2.5.4 (Real Jordan normal form). Consider a matriv A € L(R?) with
d =det(A) and t = trace(A). A is equivalent to one of the following matrices J:

0 0 0 1
(a) Ifd-Oandt-O,thenJ-(o 0>07‘J—(0 0).

(b) Ifd=0 and t £ 0, then J = (é 8).

(¢) If d > 0 and t = 0, the eigenvalues of A are complex numbers with zero real

part and imaginary part >0, and J = < 2 _Oﬁ ) .

(d) If d > 0 and t*> — 4d = 0, there exists exactly one real eigenvalue of A with

o o )\1 O _ >\1 1
multiplicity two, \1, and J = ( 0 A\ ) orJ = ( 0 M\ ) ’

(e) If d > 0 and t? — 4d > 0, there exist two real eigenvalues of A, A1 > o, and
g A0
L0 X )T
(f) If d > 0, t # 0 and t? — 4d < 0, the eigenvalues of A are complex numbers

with real part o # 0 and imaginary part B >0, and J = ( g —aﬂ ) .

(¢) If d < 0, there exist two real eigenvalues of A, Ay > 0 > Ao, and J =
A0
0 X /-

The matrix J defined in the preceding theorem is called the real Jordan
normal form of A. Note that, except when t? — 4d = 0, the real Jordan normal
form of A is determined by the parameters t and d. If > — 4d = 0, then there
exist two possibilities, one diagonal and the other non-diagonal, depending on the
coefficients of A.

Consider the linear system

x = Ax, (2.6)

with A € L(R?), and let P € GL(R?) be the matrix which transforms A into its
real Jordan normal form J, i.e., J = PAP~!. The linear change of coordinates
y = Px transforms the linear system (2.6) into the system

y=Jy. (2.7)
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To obtain the expression of the linear flow of (2.7) it is enough to consider the

following cases:

o )\1 0 o Al o (0% —[‘3
r=( o )=(a a)mar=(5 7).
see Proposititon 2.5.1(b) and Theorem 2.5.4
Proposition 2.5.5. Consider J € L(R?) and s € R.

A0 et 0
(a) [fJ—( 01 o ),thene“-( 0 63/\2)'

(b) IfJ:(g\ i\),thenes‘]:es’\((l) i)

=5 )= (G5 )

For a proof of this proposition see [7], [53], or [57].

Let ®(s,x) and ¥(s,y) be the flows of systems (2.6) and (2.7), respectively.
If xo € R?, then ®(s,%0) = e*4xg = P~'e5/ Pxyg = P~'¥(s, Pxq). Therefore,

®(s,x) = P~ 1U(s, Px).

From this we obtain the expressions of the flow of any planar linear system.

(2.8)

Theorem 2.5.6. Consider the flow ®(t,x) of the linear system x = Ax, with A €
L(R?), d = det(A) and t = trace(A). Let J be the real Jordan normal form of A

and P be the matriz such that J = PAP™!.
(a) If t> —4d > 0, then

0 esr2

SA
d>(s,x)=P1<6 0 )Px.

(b) If t> — 4d = 0, then either ® (s,x) = e**x or

sA
P (s,x)=P! ( 60 ei\ ) Px,

depending on whether J is diagonal or not.

(c) If t> —4d < 0, then

o=t (0O b
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2.5.3 Planar phase portraits

In this subsection we describe the phase portrait of planar linear systems. We also
present the notation of singular points of such systems. For a general classification
of these singular points, see Subsection 2.7.1.

From relation (2.8) it follows that given x¢ € R?, the orbit of system (2.6)
through x¢ and the orbit of system (2.7) through Pxq, v(x0) and y(Pxg), respec-
tively, satisfy y(xo) = P~1y(Pxg). Therefore, the phase portrait of system (2.6) is
a linear transformation of the phase portrait of system (2.7). Hence, it is enough
to describe the phase portrait of a linear system (2.7), where J is the real Jordan
normal form of the matrix A.

Case d <0

If the determinant of the matrix A is strictly negative, then A has two real eigen-
values Ay > 0 > Ag. Hence, the stable and unstable subspaces (E® and E“) are
each generated by an eigenvector, and the central subspace is the origin, E¢ = {0}.
The real Jordan normal form of A is

A0
/= ( 0 A )
The phase portrait of the system y = Jy is represented in Figure 2.5, the
phase portrait of system x = Ax is a linear transformation of it.

W\
R

Figure 2.5: A saddle point and its stable and unstable separatrices.

In this case the singular point at the origin is called a saddle point. The two
orbits in the stable subspace are called the stable separatrices of the saddle and the
orbits in the unstable subspace are called the unstable separatrices of the saddle.
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Case d =0

Suppose that A is the zero matrix, i.e., the dimension of ker (A) is 2. In this case,
any point in the phase plane is a singular point, so the case is of no interest. Assume
now that ker(A) has dimension equal to 1, i.e., ker(A) is a straight line through the
origin formed by all the singular points of the system. Hence, the singular points
are not isolated. The real Jordan normal form of A changes according to whether
t = trace(A) is equal to zero or not. Thus, when ¢ = 0 the matrix J is not diagonal
and the straight line ker(A) is called a non-isolated nilpotent manifold, see Figure
2.6(b). When ¢ < 0 (respectively ¢ > 0) the matrix J is diagonal and the straight
line ker (A) is called a stable (respectively unstable) normally hyperbolic manifold,
see Figure 2.6(a) (respectively, (c)). The term “normally hyperbolic manifold” is
motivated by [34].

N N N
— << > ——— > ———
— <« > —<—%—> —
— > —<— > —<—%— > —
A > o o o o o o O P>
— > —<¢— < —<t—— > ——
—p < ——— P ——
—p < ——— P> ——

(a) (b) ()

Figure 2.6: Non-isolated singular points: (a) Stable normally hyperbolic manifold
for t < 0; (b) Non-isolated nilpotent manifold for ¢ = 0; and (c) unstable normally
hyperbolic manifold for ¢ > 0.

Case d > 0

We distinguish three cases, depending on the sign of t> — 4d. When ¢ — 4d > 0,
the matrix A has two real eigenvalues with the same sign, A\; > Ao. Therefore
if t < 0, then E* = R? and E* = E° = {0}; and if t > 0, then E* = R? and
E® = E° = {0}. The phase portrait of the system y = Jy is shown in Figure
2.7, depending on t. The corresponding phase portrait of the system X = Ax is
obtained by a linear transformation. The origin is called an asymptotically stable
node if t < 0, and an asymptotically unstable node if t > 0.

When t? — 4d = 0, there exists a unique eigenvalue )\, which is real, and the
real Jordan normal form of A is

A0 Al
J—(O )\) or J—<0 A)'
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(a) (b)

Figure 2.7: (a) Asymptotically stable node. (b) Asymptotically unstable node.

For each of these matrices we have to consider the cases t < 0 and ¢t > 0. The phase
portrait of the system y = Jy is shown in Figure 2.8, depending on ¢ and J. The
corresponding phase portrait of the system x = Ax is a linear transformation of it.
The origin is called a degenerated diagonal node in the first case, and a degenerated
node in the second one.

When t? — 4d < 0, the eigenvalues of A are a pair of conjugate complex

numbers and
([ a =B
J = ( 3 o > .

The phase portrait of the system y = Jy is shown in Figure 2.9, depending on
the sign of ¢ = 2a. The corresponding phase portrait of the system x = Ax is a
linear transformation of it. When ¢ = 0, the origin is called a center. When ¢ < 0,
the origin is called an asymptotically stable focus. When t > 0, the origin is called
an asymptotically unstable focus.

2.6 Classification of flows

Every classification criterion involves appropriate definitions for invariant sets, as
specialized to different classes. If the list of the selected invariant sets is large,
then the number of elements in each class is small and the classification is not
effective. If the list of invariant sets is small, then we can collect systems with
different behaviours and assign them to the same class. Thus the first step is to
find an optimal classification criterion. In the theory of flows the criterion chosen
is the preservation of the “orbit structure”, a notion that will be defined in the
following subsection.
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AN e

(b)

Figure 2.8: (a) Degenerated diagonal nodes. (b) Degenerated nodes.

2.6.1 Classification criteria

We begin by defining equivalence relations for flows, in correspondence to the
algebraic, the differentiable and the topological points of view.

Consider the differentiable systems x = f(x) and y = g(y), with f : U — R”
a locally Lipschitz function defined on U C R™ and g : V' — R"™ a locally Lipschitz
function defined on V' C R™. Let ®(s,x) and ®*(s,y) be the respective flows.
We recall that in this work we consider only complete flows, i.e., the interval of
definition of all the solutions is the entire R.

Two flows are said to be conjugate if there exists a bijection h : U — V
(called conjugacy), such that ®*(s,h(x)) = h(®P(s,x)) for every s € R and x € U.
The flows are said to be equivalent if there exists a bijection h : U — V (called
equivalence), such that v is an orbit of the first system if and only if h(y) is an
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N

\/\ /\/\

W [z
R ) ~/

(a) (b) (

Figure 2.9: (a) Asymptotically stable focus. (b) Center. (c) Asymptotically unsta-
ble focus.

v
v

|

orbit of the second one and in addition h preserves the orientation of the orbit.
It is easy to check that if two flows are conjugate, then they are equivalent. The
converse is not always true.

An equivalence h transforms singular points into singular points and periodic
orbits into periodic orbits. When h is a conjugacy, the period of the periodic orbits
is also preserved.

Consider two conjugate (respectively equivalent) flows. The flows are said to
be linearly conjugate (respectively, linearly equivalent) if h is a linear isomorphism.
The flows are said to be C"-conjugate (respectively, C"-equivalent), with r €
{1,2,...,00,w}, if h is a diffeomorphism such that h, h=* € C” (recall here that
C% denotes the class of analytic functions). The flows are said to be topologically
conjugate (respectively topologically equivalent) if h is a homeomorphism.

Two differential equations are said to be linearly, C", or topologically equiva-
lent (respectively, conjugate) if their flows are linearly, C", or topologically equiva-
lent (respectively, conjugate). Further, they are said to present the same qualitative
behaviour or the same dynamical behaviour if they are topologically equivalent.

In the next result we relate the different classification criteria.

Proposition 2.6.1. Consider two differential equations.

(a) If they are linearly conjugate (respectively, equivalent), then they are C”-
conjugate (respectively, C"-equivalent) for every r € {1,2,...,00,w}.

(b) If they are C"-conjugate (respectively, C"-equivalent) with r € {1,...00,w},
then they are topologically conjugate (respectively, equivalent).

(c) If they are linearly, C", or topological conjugate, then they are linearly, C,
or topologically equivalent.

The conjugacy of flows is also a conjugacy of vector fields. In the next lemma
we characterize the C"-conjugacy via the conjugacy of vector fields. As usual, given
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a diffeomorphism h : U — V, Dh(x) denotes the Jacobian matriz of h evaluated
at the point x.

Lemma 2.6.2. Consider two differential equations x = f(x) and y = g(y), with
f:U—->R" andg:V — R"” locally Lipschitz functions on U and V , respectively.
Their flows are C"-conjugate if and only if there exists a diffeomorphism h : U —
V in C" such that Dh(x)f(x) = g(h(x)) for every x € U.

A proof of this result can be found in [58, p. 19, Lemma 3.4]

2.6.2 Classification of linear flows

Given a linear isomorphism h : U — V| with U and V open subsets of R", there
exists a matrix M € GL(R™) such that h(x) = Mx for any x € U.

Lemma 2.6.3. If the linear map h(x) = Mx is constant on an open subset U C R™,
then M is the zero matriz.

Proof. Suppose that M is not the zero matrix. Then there exists a vector e € U
such that Me # 0. Take xg € U. Since U is open, x; = xg + de € U for § > 0
small enough. Therefore, Me = Mx; — Mxy = 0, a contradiction. O

Proposition 2.6.4 (Linear conjugacy of linear flows). Consider two linear systems
x = Ax and y = A*y, with A, A* € L(R?), and denote d = det(A), t = trace(A),
d* = det(A*) and t* = trace(A*).

(a) The systems are linearly conjugate if and only if there evists M € GL(R?)
such that A* = MAM™', i.e., the matrices of the systems are equivalent.

(b) If the systems are linearly conjugate, then d = d* and t = t*.
(c) Ifd=d*, t =t* and t> — 4d # 0, then the systems are linearly conjugate.

Proof. (a) Suppose that the given systems are linearly conjugate. By definition
there exists a linear map M € GL(R?) such that, for any given solution of the
first system, x(s) = ¢(s;0,%0), the function y(s) = Mx(s) is a solution of the
second one. Moreover, y = M AM ~'y. Applying Lemma 2.6.3 to the linear map
h(y) = (A* — MAM_I) y, we conclude that A* = MAM~!.

Conversely, suppose that A* = M AM~! with M € GL(R?). By Proposition
2.5.1.(b), e54” = Me*AM~! for all s € R. The flows of the linear systems are
®(s,x) = e*x and ®*(s,y) = ey, respectively, see Theorem 2.5.2. Hence,
d* (s, Mx) = 54" Mx = Me*“x = M®(s,x). Therefore, the systems are linearly
conjugate.

Statement (b) follows from statement (a). For a proof of statement (c) see
Arnold [7, p. 169]. O

Proposition 2.6.5 (C"-conjugacy of linear flows). Two linear flows are C" -conjuga-
ted for r € {1,2,...,00,w} if and only if they are linearly conjugate.

For a proof of the previous proposition see Arnold [7, p. 170].
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Corollary 2.6.6. Consider two linear systems x = Ax and y = A*y and denote
d = det(A), t = trace(4), d* = det(A*) and t* = trace(A*). If the flows are
C"-conjugate with r € {1,2,...,00,w}, then d = d* and t = t*.

Proof. The proof follows from Propositions 2.6.5 and 2.6.4 (b). O

In the next result we present a characterization of the topological conjugacy
of linear flows.

Proposition 2.6.7 (Topological conjugacy of linear flows). The flows of two linear
systems whose eigenvalues have no zero real part are topologically conjugate if
and only if they have the same number of eigenvalues with positive and the same
number of eigenvalues with negative real part.

For a proof of this result see Arnold [7, pp. 172-182].

2.6.3 Topological equivalence of non-linear flows

As we have seen, in the case of linear flows there exists a characterization of the
three different classification criteria. To our knowledge a complete characterization
of topological equivalence exists only for planar non-linear flows. To introduce it
we need some new notations and results analogous to the ones in the previous
subsection. Essentially all these definitions and results can be found in [48, pp.
127-148] and [50, pp. 73-81], where they are applied in a more general context.
Similar results are due to Peixoto [52].

Consider a differential equation x = f(x) with f a Lipschitz function defined
in R?, and let ®(s,x) be its flow. Following Markus and Neumann, we denote this
flow by (R?, ®). By the continuous dependence of solutions on the initial conditions
and parameters, the flow (R?, ®) is continuous in both variables. The flow (R?, ®)
is said to be parallel if it is topologically equivalent to one of the following flows:

(a) The flow defined in R? by the differential system @ = 1, § = 0, called strip
flow.

(b) The flow defined in R? . {0} by the differential system in polar coordinates
=0, 0 =1, called annular flow.

(¢) The flow defined in R? \ {0} by the differential system in polar coordinates
r=r,0 =0, called spiral or radial flow.

An orbit v(p) of the flow (R?, ®) is called a separatriz if
(a) is a singular point, or
(b) is a limit cycle, or

(¢) v(p) is homeomorphic to R and there is no tubular neighbourhood N of v(p)
with the following properties:

(c.1) Every point q in N has the same «-limit and w-limit sets of p, i.e.,
a(q) = a(p) and w(q) = w(p).
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(c.2) The boundary of N, i.e., CI(N)\ N, is formed by a(p), w(p) and two
orbits v(q1) and y(qz) such that a(p) = a(q1) = a(qz) and w(p) =
w(q1) = w(qa2), see Figure 2.10. As usual CI(N) denotes the closure of
N, i.e., the smallest closed set containing V.

v(az)

Figure 2.10: The boundary of NNV.

Let S be the union of the separatrices of the flow (R?, ®). It is easy to check
that S is an invariant closed set. If NV is a connected component of R?\ S, then N

is also an invariant set, and the flow (N, ®|y) is called a canonical region of the
flow (R?, ®).

Proposition 2.6.8. Every canonical region of the flow (R?, ®) is parallel.

For a proof of this proposition see [50].

The separatriz configuration of a flow (R?, @) is the union of all separatrices of
the flow together with an orbit belonging to each canonical region. Given two flows
(R%,®) and (R?,®*), let S and S* be the union of their separatrices, respectively.
The separatrix configuration C' of the flow (R?,®) is said to be topologically
equivalent to the separatrix configuration C* of the flow (R2, ®*) if there exists
an orientation preserving homeomorphism from R? to R? which transforms orbits
of C into orbits of C*, and orbits of S into orbits of S*.

Theorem 2.6.9 (Markus-Neumann-Peixoto). Let (R?, ®) and (R?, ®*) be two con-
tinuous flows with only isolated singular points. Then they are topologically equiv-
alent if and only if their separatriz configurations are topologically equivalent.

For a proof of this result we refer the reader to [50].
It follows from the previous theorem that in order to classify the flows of
planar differential equations, it is enough to describe their separatrix configuration.

Ezample 10. Consider the local phase portrait depicted in Figure 2.11(a). The set
S of all separatrices is formed by the singular points e, e_ and 0, the periodic or-
bits I'; and I'_, and the homoclinic orbits 4 and «_. Therefore, S is an invariant
closed set. In Figure 2.11(b) we represent the set of all canonical regions.
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Note that Figure 2.11(a) presents clearly the set of all separatrices together
with an orbit for each canonical region which shows the asymptotic behaviour
of the orbits contained in its interior. Thus Figure 2.11(a) also represents the
separatrix configuration of the phase portrait. From this it is easy to understand
that the separatrix configuration is the skeleton of the phase portrait.

(b)

Figure 2.11: (a) Separatrix configuration correspondig to a fundamental system
with parameters D < 0, T < 0 and ¢t = w1(d), see Section 5.5. (b) Canonical
regions associated to the phase portrait.

2.7 Non-linear systems

In this section we return to non-linear flows. Let U C R"™ be an open subset,
f: U — R"” be a locally Lipschitz function in U and @ (s,x) be the flow defined by
the differential equation X = f (x). Recall that we consider only complete flows,
i.e., solutions are defined for every value of time s € R.

2.7.1 Local phase portraits of singular points

We begin by studying the local behaviour of flows in a neighbourhood of singular
points, i.e., points x € U such that f (x) = 0.

Theorem 2.7.1 (Lyapunov function). Consider the differential equation x = f(x),
with £ : U — R™ a locally Lipschitz function in U. Let xo be a singular point. If
there exist a neighbourhood W of xo in U and a function V : W — R satisfying

(a) V(xo) =0 and V(x) > 0 when x # xo,
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(b) dv(dxs(s)) <0 in W\{xo}, where x(s) is a solution of the differential equation,
then xq is stable. Moreover,
(c) if dv(di(s)) <0 in W\ {x0}, then xq is asymptotically stable.

The function V figuring in this theorem is called a Lyapunov function. For a
proof of the Lyapunov function theorem we refer the reader to [33, p. 192].

Now we classify the singular points according to the linear part of the vector
field. Let x¢ be a singular point of the differential system x = f(x), where f is a
C! function in a neighbourhood of xg. Let Df(xg) be the Jacobian matrix of f
evaluated at xg. The point xq is said to be a hyperbolic singular point if all the
eigenvalues of Df(x() have non-zero real part.

For a planar differential system we say that a singular point x( is an elemen-
tary non-degenerate singular point if the determinant of Df(xq) is not zero. In
particular, every hyperbolic singular point is an elementary non-degenerate one.
The converse is not true. Since elementary non-degenerate singular points with
determinant of Df(xg) less than zero are saddle points, we call antisaddle any
non-degenerate singular point at which the Jacobian matrix has positive determi-
nant. The singular point x is said to be an elementary degenerate singular point
if the determinant of Df(x) is zero and the trace of Df(x() is non-zero. The
singular point x¢ is said to be nilpotent if the determinant and the trace of the
matrix Df(xg) are both zero and Df(xg) is not the zero matrix.

Since the concept of a flow introduced in our textbook corresponds to the
concept of a complete flow used by other authors (see Subsection 2.3), in the
following version of the Hartman—Grobman theorem we impose the condition that
the maximal interval of definition of all solutions isR.

Theorem 2.7.2 (Hartman—Grobman). Let U be an open subset of R™, £ : U — R
be a CH(U) function, ®(s,x) be the flow of the differential equation %X = f(x), and
Xo be a hyperbolic singular point. Then there exist a neighbourhood W of x¢, a
neighbourhood V' of the origin, a homeomorphism h : W — V with h(xq) = 0,
and an interval I C R containing the origin, such that

ho ®(s,x) = e PExop(x)

for every se I andx € U.

For a proof of the previous theorem see Section 4.3 in [14] or [51, p. 294].

The Hartman—Grobman theorem asserts that the differential systems x =
f(x) and x = Df(x¢) are topologically equivalent in a neighbourhood W of a hy-
perbolic singular point xg and V' of the origin. This is why we use the same names
for non-linear hyperbolic singular points and for the linear hyperbolic ones. Even
for non-hyperbolic singular points, when the system is topologically equivalent to
a linear system, we use the same terminology for both singular points. Accord-
ingly, the singular point xo of a non-linear differential system x = f(x) is said
to be a stable normally hyperbolic singular point if £ is topologically equivalent
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to the differential system © = 0, y = —y in a neighbourhood of x¢ and 0. The
singular point x is said to be an unstable normally hyperbolic singular point if f is
topologically equivalent to the differential system & = 0, y = y in a neighbourhood
of x¢ and 0. The singular point xg is said to be a non-isolated nilpotent singular
point if £ is topologically equivalent to the differential system & =y, y = 0.

The standard tool for studying the flow in a neighbourhood of a planar non-
hyperbolic singular point is a change of variables called blow-up, see [8], [20] and
[21] for more details. Here, we summarize a description of this change of variables
in the case of planar vector fields f(z,y) = (P(z,y), Q(z,y)), where P and Q are
analytic functions. Without loss of generality we can assume that the origin is a
singular point of the system (otherwise we can translate the singular point to the
origin by a convenient change of variables).

Consider the differentiable function h, : R? — R? defined by h,(Z,9) =
(Z,7y). Using the Jacobian matrix of h, and the vector field f we can define a
vector field f, on R? satisfying the equality

th(fw(jvg)) = f(hw(ff»g)) = f(jﬁfg)'
From here, one obtains the following expression for f, when T # 0

2.2~ P339

x (2.9)

(@) = (P29,
Since the origin is a singular point, i.e., P(0,0) = Q(0,0) = 0, expression (2.9) can
be extended to Z = 0 to yield an analytic vector field on R2. Such a vector field is
called a blow-up in the x-direction.

The vector fields f and f, are topologically equivalent in R? \ {0} and R?\
{z = 0}, respectively. Moreover, since h, maps the straight line £ = 0 into the
origin, the behaviour of the flow of f in a neighbourhood of the origin can be
obtained from the behaviour of the flow of f, in a neighbourhood of £ = 0 in the
following sense. Let  be an orbit of the differential system % = f(x) such that the
origin is contained in its a- or w-limit set. If m = tan 6, with 6 € (—7w/2,7/2), is
the slope of v at the origin, then the angle 6 is called a characteristic direction of
the origin and the point (0,m) is a singular point of the blow-up system 0 = £, (u).
The study of the local phase portrait at the point (0,m) is easier than the one of
the origin, because such singular points are less degenerate.

If m = £oo, then another change of variables applies. Specifically, consider
the function h, : R* — R? given by h,(Z,79) = (2¥,7), and the vector field £,
satisfying Dh,(f,(z,y)) = f(Z 7, y). It follows that

inar= (7DD o)

Thus (0,0) is a singular point of the blow-up system u = f,(u). In general, if
m = tan 6 with 6 € (0, ), then (1/m,0) is a singular point of the blow-up system
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u = f,(u). Hence, going back to the original variables a finite number of curves
are present, splitting any neighbourhood of the origin into hyperbolic, elliptic and
parabolic sectors, see Figure 2.12.

PV

Hyperbolic Elliptic Atracting Repelling
sector sector parabolic sector  parabolic sector

Figure 2.12: Sectors in the neighbourhood of a singular point.

A singular point xg is called a saddle-node if a neighbourhood of x( is the
union of a unique parabolic sector and two hyperbolic sectors. Thus a saddle-node
has three separatrices: two of them, called the hyperbolic manifolds or separatrices
of the saddle-node, are related to the boundary of the parabolic sector; and the
remainder, called the central manifold or separatrice of the saddle-node, is related
to the boundary between the two hyperbolic sectors. Note that this terminology is
appropriate only when the singular point is elementary and degenerate. To simplify
notation we continue using this terminology not only for nilpotent saddle-nodes,
but also for more degenerated saddle points.

Theorem 2.7.3 (Elementary non-degenerate singular points). Let (0,0) be an iso-
lated singular point of the differential system

i=X(xy), y=y+Y(zy),

where X and 'Y are analytic functions in a neighbourhood of the origin and their
series expansion involve only terms of second order and higher. Let f(x) be a
solution of the equation y + Y (x,y) = 0 in a neighbourhood of the origin and
suppose that the function g(x) = X (z, f(x)) can be written in the form g(x) =
amx™ +O(x™ L) where O(x*) stands for an analytic function with terms of order
greater or equal than k in its series expansion, m > 2, and a,;, # 0.

(a) If m is odd and a,, > 0, then the origin is topologically equivalent to a stable
node.

(b) If m is odd and a,, < 0, then the origin is topologically equivalent to a sad-
dle with the stable manifold tangent to the x-axis and the unstable manifold
tangent to the y-axis.

(¢) If m is even, then the origin is a saddle-node. Its hyperbolic manifold is
unstable and tangent to the y-axis. Its central manifold is tangent to the
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x-azxis and when a, > 0 (respectively, a, < 0) it is unstable (respectively,
stable) in the 0 direction and stable (respectively, unstable) in the w direction.

For a proof of Theorem 2.7.3 we refer the reader to [4, p. 340] or [21, p. 74].

Theorem 2.7.4 (Nilpotent singular points). Let (0,0) be an isolated singular point
of the system
t=y+X(z,y), y=Y(y),

where X and Y are analytic functions in a neighbourhood of the origin and their
series expansions involves only terms of second order and higher. Let y = f(x) =
azr?+azx®+0(x*) be a solution of the equation y+X (x,y) = 0 in a neighbourhood
of the origin, and suppose that F(x) = Y (z, f(z)) = Az*(1 + O(x)) and ®(z) =
(0X )0z + Y /0y)(x, f(x)) = BxP (1 4+ O(x)), with A#0, « > 2 and > 1.

(a) If v is even, then

(a.l) if a > 2B + 1, the origin is a saddle-node with the three separatrices
tangent to the x-axis;

(a.2) if « <2841 or ® =0, then a neighourhood of the origin is the union
of two hyperbolic sectors.

(b) If o is odd and A > 0, then the origin is a saddle whose stable and unstable
separatrices are tangent to the x-axis.

(¢) If a is odd and A < 0, then

(c.1) if a > 2B+1 and B even; or a = 23+1, B even and B> +4A(B+1) > 0,
then the origin is a node, stable when B < 0 and unstable when B > 0;

(c.2) ifa>2B8+1 and B odd; or o =23+ 1, B odd and B> +4A(B+1) >0,
then the origin is the union of a hyperbolic sector and an elliptic sector;

(c.3) ifa=2B+1 and B®> +4A(B + 1) <0, then the origin is a focus;
(cd) if a <284 1; or ® =0, then the origin is a center.

A proof of the previous theorem can be found in [4, pp. 357-362], in [2], or
in [21, p. 116].

2.7.2 Periodic orbits: Poincaré map

One of the most important tools in the study of flows in the neighbourhood of
periodic orbits is the so called Poincaré map. Consider a locally Lipschitz vector
field f : U — R™ and let ®(s,x) be the flow defined by the differential equation
% = f(x). Let ¥ be a hypersurface in R™ and take a point p in X NU. The flow &
is said to be transverse to ¥ at the point p if f(p) is not contained in Tp¥ (the
tangent space to ¥ at point p). If f(p) € T, X, then p is called a contact point of
the flow with 3.
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Let V be an open subset of 3. We say that the flow is transverse to ¥ at V'
if the flow is transverse to X at every point in V.

Consider now two open hypersurfaces X1, Y9 and two points p; € 31 N U,
p2 € X2 NU such that po = ®(s1,p1). There exist a neighbourhood V; of p; in
>1NU, a neighbourhood V5 of ps in 35 NU, and a function 7 : V3 — R satisfying
T7(p1) = s1 and ®(7(q),q) € V; for every q € Vi. Moreover, if the vector field
f is globally Lipschitz, C" with » > 1, or analytic, then the function 7 is also
continuous, C" with r > 1, or analytic, respectively. For more details see [53, pp.
193-194] or [57, pp. 226-227]. In this situation we define the Poincaré map as the
map 7 : Vi — Vs given by

Figure 2.13: Poincaré map 7.

When the vector field is globally Lipschitz, C™ with » > 1, or analytic, the
Poincaré map 7 is also continuous, C” with r» > 1, or analytic, respectively.

By reversing the sense of the flow it is easy to conclude that the Poincaré map
is invertible and the inverse map 7! is continuous, C” with » > 1, or analytic,
respectively. In the particular case when ¥ = ¥5 the Poincaré map w is called a
return map.

Consider p € ¥; and let y(p) be a periodic orbit. From the continuous
dependence of the flow on the initial conditions, it follows that a return map =
can be defined in a neighbourhood of p, and p is a fixed point of 7. Conversely,
if p € ¥4 is a fixed point of a return map , then y(p) is a periodic orbit. Hence,
limit cycles are associated to isolated fixed points of return maps. A limit cycle
~(p) is called a hyperbolic limit cycle if the absolute value of all the eigenvalues
of the Jacobian matrix Dx(p) is different from 1; otherwise v(p) is called a non-
hyperbolic limit cycle. Note that this definition does not depend on the chosen
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point p or on the chosen cross section X1.

Theorem 2.7.5. Let f : U C R™ — R"™ be a Lipschitz function in U, v(p) be
a hyperbolic limit cycle of the differential equation X = f(x) and ® be a return
map defined in a neighbourhood of v(p). Suppose that m is differentiable in a
neighbourhood of p.

(a) If the absolute value of every eigenvalue of Dw(p) is less than 1, then ~(p)
is a stable limit cycle.

(b) If the absolute value of at least one eigenvalue of Dm(p) is greater than 1,
then ~v(p) is an unstable limit cycle.

A proof of this result can be found in [21] or in [57, Chapter IX].

2.8 a- and w-limit sets in the plane

In this section we deal with the asymptotic behaviour of the remainder orbits.
These orbits are diffeomorphic to straight lines, see Theorem 2.3.2. In this section
we restrict ourselves to planar flows. In this context the following version of the
Jordan curve theorem will be useful later on.

A curve in the plane is said to be a Jordan curve if it is homeomorphic to
S!, i.e., if it is a closed curve without autointersections.

Theorem 2.8.1 (Jordan curve). The complementary set of a Jordan curve v in the
plane is the union of two open, disjoint and connected sets. Furthermore, one of
these sets is bounded and its boundary is the curve 7.

Since orbits of a flow are disjoint, from the Jordan curve theorem it follows
that a periodic orbit v splits the phase plane into two invariant regions, one of
which is bounded. This bounded region will be called the interior of v and be
denoted by X,.

Periodic orbits are not the unique Jordan curves formed by solutions. We
define a separatriz cycle to be a finite union of n singular points p1,po,...,Pn
(some of these points may coincide) and n orbits v1, y2, . .., Vn, with the property
that a(yx) = {px} for k=1,2,...,n, w(vw) = {pr+1t L k=1,2,...,n—1, and
w(yn) = {p1}, see Figure 2.14. The singular points p1, p2,..., P, will be called
the wvertices of the cycle.

We define a homoclinic cycle to be a separatrix cycle formed by one singular
point (homoclinic point) and one orbit (homoclinic orbit), see Figure 2.14(a). A
double homoclinic cycle is a separatrix cycle formed by one singular point (in
this case p1 and ps are identified) and two orbits, see Figure 2.14(b). Finally,
a heteroclinic cycle is a separatrix cycle formed by two singular points and two
orbits, see Figure 2.14(c).

A periodic orbit v is said to be inside asymptotically stable (respectively,
inside asymptotically unstable) if there exists a neighbourhood V' of v such that
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P2

Figure 2.14: Separatrix cycles: (a) homoclinic cycle; (b) double homoclinic cycle;
(c) heteroclinic cycle.

VNX, C W3(y) (respectively, VN X, C W"(y)). A periodic orbit v is said
to be outside asymptotically stable (respectively, outside asymptotically unstable)
if there exists a neighbourhood V' of « such that V N (R? \ CL(E,)) € WH(v)
(respectively, V N (R? \ CL(E,)) C W¥(y)).

A limit cycle ~ is said to be semistable if « is either inside asymptotically
stable and outside asymptotically unstable, or inside asymptotically unstable and
outside asymptotically stable.

The following result asserts that the a- and w-limit set of orbits of planar
differential systems are simple sets: singular points, periodic orbits, or separatrix
cycles.

Theorem 2.8.2 (Poincaré-Bendixson). Let f : U C R? — R? be a locally Lipschitz
function in the open subset U, and let v be an orbit of the differential system
% = f(x). Suppose that vy is positively bounded (respectively, negatively bounded)
and the number of singular points in w(7y) (respectively, in a(vy)) is finite.

(a) If w(y) (respectively, a(v)) has no singular points, then w(y) (respectively,
(7)) is a periodic orbit.

(b) If w(y) (respectively, a()) has singular points and regular points, then w(7y)
(respectively, a(y)) is a separatriz cycle.

(c) If w(v) (respectively a(v)) has no regular points, then w(y) (respectively,
(7)) is a singular point.

A proof of this result can be found in the book of Hartman [30, Chapter 7] or
n [21]. The following results are corollaries of the Poincaré-Bendixson Theorem,
see [21].

Corollary 2.8.3. Let f : U C R? — R2 be a Lipschitz function in an open set U and
let v be a periodic orbit of the differential system % = f(x). If n, 0 C X, are orbits
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and w(n) = v (respectively, a(n) = =), then a(o) # v (respectively, w(o) # 7).

Corollary 2.8.4. Let f : U C R? — R? be a Lipschitz function in an open and
simply connected set U and let v C U be a periodic orbit of the differential system
% = f(x). Then there exists a singular point in 3. .

2.9 Compactified flows

The aim of this section is to describe the asymptotic behaviour of unbounded
orbits, i.e. the behaviour of flows near the infinity.

To do this, we use the so called Poincaré compactification. The French math-
ematician H. Poincaré was the first to use this technique, in the study of poly-
nomial vector fields. We will only consider some aspects of this technique. More
information can be found in [58], [4] and [21].

2.9.1 Poincaré compactification

We define the following sets in R3

z,Y, 2 ER3::1:2+y2+22:1},

{(z,,2)
{(xy,)€S2:z>0},
{(z,,2)

{(

T, 2 682:220},
(z,y, 2 €S2zz<0}.

S? is called the unit sphere of R?, and H,, S' and H_ are called the north hemi-
sphere, the equator and the south hemisphere of S?, respectively.

We say that a function f : R? — R? satisfies the Lojasiewicz property at
infinity if there exists a positive integer n such that the function f,, defined by

£.(x,y,2) :=2"f (i, Z) (2.11)

can be extended to z = 0 and this extension is locally Lipschitz in the whole S2.
Since S? is a compact set, if f,, is locally Lipschitz in S2, then f,, is also globally
Lipschitz in S2.

Given a function f, if there exists a non-negative integer no such that the
function f,, is globally Lipschitz in S?, then for every n > ng the function f, is
also globally Lipschitz in S2. We call the degree of f at infinity, and denote it by
n = n (f), the least positive integer m such that f,, is well defined and Lipschitz
in S2.

Lemma 2.9.1. If the function f : R? — R? satisfies the Lojasiewicz property at
infinity with degree at infinity equal to n, then there exist positive constants R and
M, such that

G < M [[x[|"

for every ||x|| > R.
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Proof. Given a point (z,y) in R? we consider the point (Z,#,z) in the north
hemisphere H, where z = (1 + 22 +42)"2 > 0, Z = 2z, and § = yz. Conversely,
for every point (z,7, z) € Hy the point (%/%,7/z) belongs to R2.

By the hypothesis, there exists a positive integer n such that the function
f,, is (globally) Lipschitz in S?, and consequently f,, is continuous in S2. Since
the unit sphere is a compact manifold, there exists a positive constant N for
which ||f,(z,y,2)|| < N for every (z,y,2) € S?, or, equivalently ||f,(z,y,2)| <
N ||(z,y, 2)||". Therefore,

(1) < v l@s 2

2"

Here ||-|| denotes the Euclidean norm in R? or in R3, depending on the context.
Dividing by |z|" and returning to the original variables, we obtain ||f(z, y)|| <
N ||(x,y,1)||". Taking a positive constant R such that

Le(ate)
N+1 Vi4+R2)

we have (N + 1) [|(z,y)||" > N||(x,y,1)||" for every ||(z,y)|| > R. The lemma
follows by taking M = N + 1. |

The inequality in Lemma 2.9.1 justifies the name of the Lojasiewicz property
at infinity (see [20] for more information). From this inequality it is also easy to
understand the degree of a function at infinity.

The rest of this section is devoted to the compactification of vector fields sat-
isfying the Lojasiewicz property at infinity. We also provide an explicit expression
of a flow near infinity and a technique for studying this flow in a neighbourhood
of a singular point at infinity.

Let f : R2 — R? be a local Lipschitz function satisfying the Lojasiewicz
property at infinity and let n be the degree of f at infinity. Consider the diffeo-
morphisms hy : R?> = H, and h_ : R? — H_ defined by

1
hy(x,y) := z,y,1) and h_(z,y) := —-h (z,y). 2.12
+(2,y) \/1+$2+y2( y.1) (z,y) +(2,9) (2.12)

The functions hy and h_ are the central projections (with center at the origin)
of the tangent plane to S? at the point (0,0, 1) onto H, and H_, respectively, see
Figure 2.15.

The diffeomorphisms h; and h_ and the vector field f define two vector
fields f; and f_ on the hemispheres H; and H_, respectively, given by

(2.13)
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Therefore, the rule

”f( ) f+(x7yvz)7 if (xvyvz) € H+7
x,Y,z) = .
Y £ (2,y,2), if (,y,2) € H,

defines a vector field over H; U H_ = S?\ S! which, by (2.12) and (2.13), can be
written as

_ 1—22 —ay .
flr,y,2) =2 -2y 1-¢° f(y)
z Z
—xz —yz

In general the vector field f cannot be extended to the equator of the sphere. How-
ever since f has degree n at infinity, the vector field fg (z,y,2) = 2" f(z, vy, 2)
obtained by multiplying by z"~! satisfies

1—22 —ay
fSQ(Ivyvz) = —TY 1 _y2 fn(zvyvz) (214)
—xz —yz

Therefore, fs2 is defined and Lipschitz on whole S2. Since fs2| = 2", and
feo|;; = 2", the vector field fs2 can be understood as an extension to S?

of the vector field f multiplied by the analytic function 2”~!. This multiplicative
factor is not important in the analysis of the asymptotic behaviour of the flow
because it only represents a change in the scale of time. In particular, if we change
the variable s to the variable 7 by ds = 2" !dr, the vector field fs over S?
can be understood as two copies (each defined on a hemisphere) of the vector
field f defined on R2. Therefore, the behaviour of f near infinity follows from the
behaviour of fs2 in a neighbourhood of the equator. Note that the equator, z = 0,
is invariant under the flow of fge.

For polynomial planar vector fields f(x,y) = (P(z,y), Q(z,y)), with P and
@ polynomials, it is easy to prove that f satisfies Lojasiewicz’s property at infinity
and n = max{degP, deg@} is the degree of f at infinity. Furthermore the vector
field fs: is analytic on S?, see [21] or [58, pp. 57-60] for details.

Consider the Poincaré disc, D := {(x,y) € R? : 2? +y* <1}, and the so
called gnomonic projection py : Hy US! — D, given by

1

= 1Jrz(x,y)-

P+ (Iv Y, Z) :
The vector field fg| H,US! and the diffeomorphism p. define a vector field fp on
D given by
fo(x,y) := Dps (py' (2,9)) f= (P31 (2,9)) -
For a differential system % = f(x), where f is a locally Lipschitz function
in R? and satisfies the Lojasiewicz property at infinity with degree n at infinity,
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we call the differential system x = fip(x) Poincaré’s compactification. The vector
fields f and fD|Int(D) are C"-equivalent and hp : = p, oh is the equivalence map.
Here Int(D) denotes the interior of I; that is the biggest open subset contained
in D. In this sense we identify the behaviour of fp at the boundary 0D with the
behaviour of f at infinity.

x = f(x)

Figure 2.15: Poincaré’s compactification.

Finally, for every x € R? it is easy to prove that

1

hp(x) = X (2.15)
1+ \/1 NI
and
1—m2+y2 _ _ 2 _ 2
fo(z,y) = 2 R ( x ) 2 ) ! ) '
—xy v 1+22 492" 1+a22+y2" 1+22+y?
(2.16)

2.9.2 The behaviour of a flow at infinity

Since the equator of S? is invariant under the flow defined by fg2, the boundary of
the Poincaré disc D is invariant under the flow defined by fp. Then 0D is a circle
formed by solutions called the infinity manifold. A point p € 9D is said to be a
singular point at infinity if fp(p) = 0. If there are no singular points at infinity, we
say that there exists a periodic orbit at infinity, or that the infinity is a periodic
orbit.

Let p € 0D be a singular point at infinity. As we know, the stable manifold
of p, Ws(p) C D, is formed by the orbits « of the Poincaré compactification
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satisfying p € w(y). Consider the subset hy ' (W*(p)) of R2. For simplicity we call
this set the stable manifold of the singular point at infinity p and we also denote
it by W#(p). Note that orbits in R? belonging to the stable manifold of a singular
point at infinity escape to infinity in forward time. In a similar way we define in
R? the unstable manifold of a singular point at infinity and denote it by W*(p).
Note that orbits in R? belonging to the unstable manifold of a singular point at
infinity escape to infinity in backward time. In general, we will use the same name
for a subset E of R? and for the subset hp(FE) of Int(DD).

When there are no singular points at D, we denote the stable and the unsta-
ble manifold of the periodic orbit at infinity by W#(co) and W*(c0), respectively.

Let z = (20,90)7 € OD be a singular point at infinity of the differential
system x = f(x), that is, a solution of the equation fp|,p (x) = 0. To determine
the behaviour of the flow in a neighbourhood of z we use the local chart (H,, hy)
of S?, where H, = {(x,y, 2) € S?: xx0 + yyo > 0} is the hemisphere centered at
the point p3'(z) = (0, ¥0,0)" and

1
h,(z,y,2):= To — TYo, 2
2(7,Y, 2) x:co—i—yyo(y 0 Yo, %)
is the inverse of the central projection (with center at the origin) of the tangent
plane to S? at the point (x9,%0,0)”. Thus, the vector field fs: and the diffeomor-
phism h, define a locally Lipschitz vector field f, : R? — R2, given by

f,(v,y) := Dh, (h;! (z,9)) fs2 (h; ' (z,y)) .

Since h,(xo,yo,0) = 0, the origin is a singular point of the flow defined by f,, see
Figure 2.15.

The vector fields fs2 and f, are differentiably conjugate in a neighbourhood of
the singular points pll(z) and 0. Therefore, to describe the behaviour of the flow
generated by fp in a neighbourhood of z it is sufficient to describe the behaviour
of the flow generated by f, in a neighbourhood of 0 with y > 0.

We end the section by giving explicit expressions of the vector field f,(z,y).

From )
~1 _ _
h, *(z,y) = a4y (zo — Yo, Yo + 0, Yy) (2.17)

Dh,(z,y,z) = ! ( Y v 0 )
o (zz0 + yyo)® \ —2To  —2Yo  TTo +YYo

and

it follows that

_ —Yo —Txo —ITYo + Zo To—xYo Yot+xxT Y )
fe(w.y) = =(z.9) < —YZo —YYo ) tn ( Zo(r,y)o’ g(r,y)o’ z(zy) )
(2.18)

where z(z,y) = /1 + 22 + y2.
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In particular, for polynomial vector fields f(z,y) = (P(x,y), Q(x,y)), if we
take charts centered at the points z, = (1,0) and z, = (0, 1), we obtain

Q(L, =) —apP (L=
(49t

P (7)) = (7))
| )

f. (z,y) = y"m(z,y)

ny (Iv y) = ynm(xv Yy

where m(x,y) = z(z,y)'~". These expressions are the usual ones found in the
literature, see for instance [58] or [4] or [21]. To obtain the expression of f,  which
appears in [58, p. 59] we have to perform the change of variables (z,y) — (—x,y)
which only change the orientation of the base. If we remove m(x,y) from the
expressions of f,, and f, by rescaling the time, these vector fields are polynomial.
Note that, in general, fp is not C'.

2.10 Local bifurcations

The qualitative behaviour of a parametric family of differential equations, x =
f(x, ), can change by the value of the parameter A; that is, the qualitative be-
haviour can change from one topological equivalence class to another. From The-
orem 2.6.9, a change of the topological equivalence class implies a change of the
separatrix configuration. This change in the separatrix configuration is called a
bifurcation and the value of the parameter A\ in which it takes place is called a
bifurcation value. In a more general context, the word bifurcation refers not only
to other changes in the behaviour of the flow, but also to changes in the topo-
logical equivalence class. For details about bifurcation theory see the books of J.
Guckenheimer and P. Holmes [29], J. Hale and H. Kocak [31], and S. Chow and
J. Hale [17].

In this section we introduce the basic notions of the theory and offer a brief
summary of the most usual bifurcations, at least in the context of this book.
It is not our purpose to study analytical aspects of bifurcation theory. Here we
consider only its geometrical aspects. Some bifurcations described below take place
in a neighbourhood of a singular point, hence they are refered as local bifurcations.

The set of all bifurcation values in the parameter space is called the bifur-
cation set of the parametric family. When the bifurcation values form a manifold
in the parameters space we refer to it as bifurcation manifold. The representation
in the product space V' x U (where V is the parameter space and U is the phase
space) of the invariant sets (singular points, periodic orbits, separatrix cycles, etc.

..) is called bifurcation diagram. When the invariant set represented in a bifur-
cation diagram is a periodic orbit, it is customary to use in the representation the
amplitude or the period of the periodic orbit instead of the orbit itself.
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2.10.1 Bifurcations from a singular point

Now we describe some of the bifurcations which take place in a neighbourhood of a
singular point. We distinguish between uniparametric bifurcations or bifurcations
of codimension 1 (saddle-node bifurcation, transcritical bifurcation, pitchfork bi-
furcation and Hopf bifurcation), and biparametric bifurcations or bifurcations of
codimension 2 (cusp bifurcation).

For a bifurcation value A\g we say that the differential system x = f(x, A) has
a supercritical saddle-node bifurcation at the singular point xg if

(i) for A < Ao, the differential system has no singular points in a neighbourhood
U of xq;

(ii) when A = Ao, xg is the unique singular point in U and it is a saddle-node;

(iii) for A > Ao, the differential system has exactly two singular points at U, one
of which is a saddle and the other a node.

In Figure 2.16(a) we represent the bifurcation diagram of the supercritical saddle-
node bifurcation. When this bifurcation occurs to the left of the bifurcation value,
it is called a subcritical saddle-node bifurcation, see Figure 2.16(b).

node node
saddle-node saddle-node
Ao R Ao .
A A
\  saddle saddle /
~ -
~ ~ — -

(a) (b)

Figure 2.16: Saddle-node bifurcation: (a) supercritical; (b) subcritical.

The differential system x = f(x, A) is said to have a transcritical bifurcation
at x¢ for the bifurcation value \g if

(i) for A < Ag, there exist exactly two singular points (one stable and one un-
stable) in a neighbourhood U of xo;

(ii) for A = Ao, the two singular points collapse into one at xg, which in general
is a non-hyperbolic singular point;

(iii) for A > Ag, there exist exactly two singular points in U (one stable and one
unstable).

In Figure 2.17 we represent the bifurcation diagram of a transcritical bifurcation.
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N
S N unstable
N
stable N S
Ao A

Figure 2.17: Transcritical bifurcation diagram

The differential system % = f(x, \) is said to have a supercritical pitchfork
bifurcation at the bifurcation value \g for the singular point xg if

(i) for A < Ag, there exists exactly one singular point in a neighbourhood U of
xo and it is a node (respectively, a saddle);

(ii) for A = Ao, x¢ is the unique singular point in U;

(iii) for A > Ao, there exist exactly three singular points in U. Two of them are
nodes (respectively, saddles) and have the same stability as the singular point
which exists for A < Ag. The other singular point is a saddle (respectively, a
node).

When the bifurcation occurs for values of A < )y, it is called a subcritical pitchfork
bifurcation. In Figure 2.18 we represent the bifurcation diagram of the pitchfork
bifurcation. Note that in this bifurcation we can choose different behaviours for
the singular points.

node (saddle) node (saddle)

saddle (node) saddle (node)
A

node (saddle) node (saddle)

(a) (b)

Figure 2.18: Pitchfork bifurcation: (a) supercritical; (b) subcritical. The names in
parentheses correspond to the other choice of the singular points.
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2.10.2 Bifurcations from orbits

This subsection is devoted to the local bifurcations that involve singular points,
periodic orbits and separatrix cycles.

We say that the differential equation x = f(x,A\) has a vertical bifurcation at
the singular point xq for the bifurcation value Ag, if

(i) for A < Ag, there exists exactly one singular point in a neighbourhood U of
X0;

(ii) for A = Ao, X¢ is the unique singular point in U and U is foliated by periodic
orbits;

(iii) for A > Ag, there exists exactly one singular point in U and it has opposite
stability compared with the singular point which appears in (i).

In Figure 2.19(a) we represent the bifurcation diagram of the vertical bifurcation.
There the vertical variable corresponds to the amplitude of the periodic orbit.

Ao 0
> >A
(a) (b)
Ao
A, 9

() (d)

Figure 2.19: Bifurcation diagram involving periodic orbits. The y-axis represent the
amplitude of the periodic orbits: (a) vertical bifurcation; (b) Hopf bifurcation; (c)
saddle-node bifurcation of limit cycles; and (d) focus-center-limit cycle bifurcation.

The differential equation x = f(x, \) has a supercritical Hopf bifurcation at
the singular point xq for the bifurcation value Ag, if

(i) for A < Xg, there exists exactly one singular point and it is stable (respec-
tively, unstable) in a neighbourhood U of xq;

(ii) for A = Ao, x¢ is the unique singular point in U;
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(iii) for A > Ap, the system has exactly one singular point x¢ and one limit cycle
in U. Moreover, the singular point is unstable (respectively stable) the limit
cycle is stable (respectively unstable) and the amplitude of v tends to 0 as A
tends to Ag.

In Figure 2.19(b) we represent the supercritical Hopf bifurcation diagram. The
variable in the vertical axis is the amplitude of the limit cycle v. When the limit
cycle v appears for A < Ag and disappears for A > Ag we say that it is a subcritical
Hopf bifurcation.

We say that the differential equation x = f(x, A) has a supercritical saddle-
node bifurcation of limit cycles at \g for the limit cycle ~ if

(i) for A < Ao, the system has no limit cycles in a neighbourhood U of ~;
(ii) for A = Ao, ~v is the unique limit cycle in U and it is semistable;

(iii) for A > Ao, the system has exactly two limit cycles in U, one stable and the
other unstable. Moreover, both limits cycles tend to v as A tends to Ag.

In Figure 2.19(c) we show the supercritical saddle-node bifurcation of limit cycles.
When the limit cycles appear for A < Ag, we say that a subcritical saddle-node
bifurcation of limit cycles occurs.

The differential equation X = f(x,A) is said to have a supercritical focus-
center-limit cycle bifurcation in the periodic orbit ~ if

(i) for A < Ag, there exists a convex neighbourhood U of v with exactly one
singular point xg, which is stable (respectively, unstable);

(ii) for A = Ao, the singular point xq is a local center, with + in the boundary;

iii) for A > Ag, there exists a unique limit cycle borning at v and it is stable
y g v
(respectively, unstable), and there exists exactly one singular point, which is
unstable (respectively, stable).

In Figure 2.19(d) we represent the bifurcation diagram of a supercritical Hopf-
vertical bifurcation. When the bifurcation takes place for A < g, it is called
subcritical focus-center-limit cycle bifurcation.

The differential equation x = f(x, \) is said to have a homoclinic cycle bifur-
cation at point xq if

(i) for every A # )g, the system has exactly one singular point in a neighbour-
hood U of x(y and that point is a saddle;

ii) for A = Ao, the system has a saddle point at xo and the stable and unstable
separatrices of xy meet, forming a homoclinic cycle.
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