
Chapter 2
Laguerre-Gauss Beams for Test Mass
Thermal Noise Reduction

Test mass thermal noise was not a dominant noise source in the first generation
of gravitational wave detectors. However, with the upgrade to second generation
detectors, a factor of 10 increase in sensitivity in the whole frequency band is aimed
for, and at such improved sensitivities thermal noise is expected to be one of the major
limiting noise sources. The Brownian thermal noise in particular is expected to be of
sufficient magnitude to obscure gravitational wave signals around the 100 Hz region
in the advanced detectors, unless new techniques are employed to reduce the effect.
This point is illustrated in the projected sensitivity of the Advanced LIGO detector,
shown in Fig. 2.1. From the second generation onwards therefore, advancements in
other areas of the interferometers, such as the implementation of higher laser powers,
will make a limited impact in the 100 Hz region unless the thermal noise of the test
masses can be reduced. Research into methods for reducing the effects of this noise
source is therefore of paramount importance to the gravitational wave community.

2.1 Test Mass Thermal Noise

The total thermal noise of the test masses is commonly considered as a sum of
four different sources of thermal noise in the phase of light reflected from the test
mass. First of all, contributions from the coating and the substrate are dealt with
separately, as a result of different approximations being appropriate for each of these
two components of the test mass. For each of the coating and the substrate, the total
thermal noise is considered as an incoherent sum of Brownian noise and themo-optic
noise contributions.1

A rigorous description and analysis of Brownian noise, and thermoelastic and ther-
morefractive noises (the two components of thermo-optic noise), as well as thermal

1 Previously, the thermo-optic noise had been considered as an incoherent sum of thermoelastic
noise and thermorefractive noise. This view has been revised however, in light of the fact that
thermoelastic and thermorefractive effects are not necessarily incoherent processes [11].

P. Fulda, Precision Interferometry in a New Shape, Springer Theses, 17
DOI: 10.1007/978-3-319-01375-6_2,
© Springer International Publishing Switzerland 2014



18 2 Laguerre-Gauss Beams for Test Mass Thermal Noise Reduction

10
1

10
2

10
3

10
−24

10
−23

10
−22

Frequency [Hz]

S
tr

ai
n 

[1
/

H
z]

Quantum noise
Seismic noise
Gravity Gradients
Suspension thermal noise
Coating Brownian noise
Coating Thermo−optic noise
Substrate Brownian noise
Excess Gas
Total noise

10
1

10
2

10
3

10
−24

10
−23

10
−22

Frequency [Hz]

S
tr

ai
n 

[1
/

H
z]

Quantum noise
Seismic noise
Gravity Gradients
Suspension thermal noise
Coating Brownian noise
Coating Thermo−optic noise
Substrate Brownian noise
Excess Gas
Total noise

Fig. 2.1 The Advanced LIGO noise budget, in tuned signal recycling configuration for optimal
broadband sensitivity (upper plot) and detuned signal recycling configuration for optimal sensitivity
to binary neutron star sources (lower). The contributions of the individual noise sources are shown
by the coloured lines. The quantum noise shown is the sum of shot noise and radiation pressure
noise, as described in Sect. 1.5

deformation of substrates in the context of higher-order LG beams in gravitational
wave detectors can be found in [31]. For a coherent treatment of thermo-optic noise
for the LG00 mode see [11]. As yet a coherent analysis of thermo-optic noise for
higher-order LG modes is not available.

http://dx.doi.org/10.1007/978-3-319-01375-6_1
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2.1.1 Brownian Thermal Noise

This noise source arises due to excitations of the elastic modes of mirrors and their
coatings caused by Brownian motion of their constituent atoms. These excitations
lead to an uncertainty in the position of the reflecting surface. The fluctuation in the
phase of the reflected light that results is indistinguishable from a phase change in
the light that would be caused by gravitational waves, and thus appears as noise at
the detector output. As with the suspensions, the effect of the thermal excitations can
be minimised by using materials with very high Q-factors. Using high Q materials
confines the fluctuations due to each resonant mode of the mirror or coating to a very
narrow band around the resonance frequency. Since the resonant frequencies of the
modes of oscillation lie above the observation band of the detector (>6 kHz) [24], the
amplitude of oscillations within the observation band are significantly suppressed.

Brownian noise of the test mass substrates was initially calculated by summing
the contributions from many normal-modes of the substrate until convergence was
reached [15]. Levin showed in [24], however, that a more computationally efficient
solution could be found by implementing the fluctuation dissipation theorem (FDT)
[7]. Levin also showed that the FDT method calculated contributions from surface
losses more accurately than the normal-mode decomposition method, which relies on
the assumption of homogeneously distributed sources of friction within the material.
It should be kept in mind when using the results of the FDT treatment of Levin
that they also have assumptions inherent; in particular, the assumption that one is
only interested in calculating the thermal noise at frequencies well below the lowest
eigenfrequency of the system. While this may be a valid assumption for current
designs, this should be re-evaluated for different test masses in the future, which if
larger than current test masses may have resonant frequencies closer to the detection
band.

Using the method described in [24], the spectral density of Brownian thermal noise
is given by

Sx ( f ) = 4kB T

π f
φ U, (2.1)

where T is the temperature of the relevant material, φ is known as the ‘loss angle’ and
represents the retardation effect associated with dissipation in the material, and U is
the strain energy at static pressure normalised for 1 N [24]. The factor U has some
dependence on the material properties, but interestingly also depends on the intensity
distribution of the readout beam. This is where the advantage of higher-order LG
beams manifests itself, as shall be discussed in more detail later on in this chapter.

For the Brownian noise in the substrate, in the case of an infinite sized mirror where
the beam radius is considered much less than the mirror radius,

U = 1 − σ2

2
√

πYw
, (2.2)
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where σ is the Poisson ratio of the material, Y is the Young’s modulus of the material,
and w is the 1/e2 radius of the fundamental Gaussian mode readout beam [5]. For the
Brownian noise in the coating, under the same infinite mirror approximation, Vinet
showed that

U = δC
(1 + σ)(1 − 2σ)

πYw2 �1, (2.3)

where δC is the coating thickness, and �1 is a factor which includes higher order cor-
rections due to differences between the coating material parameters and the substrate
parameters [31]. It should be noted that the coating Brownian noise level, which in
the second generation detectors is expected to be the leading test mass thermal noise
contribution, scales with the inverse square of the readout beam size. The substrate
Brownian noise level, on the other hand, scales inversely with the beam size. This
dependence of the thermal noise level on beam size was the driving factor for the
Advanced LIGO design to use significantly larger beam sizes on the test masses than
in initial LIGO [18].

2.1.2 Thermo-Optic Noise

Thermo-optic noise arises from the fluctuating temperature field within a material.
The changes in temperature couple to the phase of light reflected from the test mass
in two ways; via the thermal expansion of the test mass, and the change in refractive
index of the coating. Previously, these two couplings of temperature fluctuations to
readout beam phase have been referred to as thermoelastic noise and thermorefractive
noise respectively, as discussed in for example [25] and [6].

Thermoelastic noise is caused when the thermodynamic fluctuations cause strain
fluctuations within the material as the hotter volumes expand and the colder volumes
contract. These strain fluctuations then cause an additional excitation of the elastic
modes of the materials, leading to uncertainties in the surface position as in the case
of Brownian thermal noise. The spectral density for thermoelastic noise in the low
frequency limit is given by

Sx ( f ) = kB T

π2 f 2 W (2.4)

where the variables are as previously defined for Brownian noise except for W ,
which is the average energy dissipated by the coupling of the temperature field to
strain in the material [31]. This is effectively equivalent to Eq. 2.1, expect this time
we consider W as the energy dissipated through coupling between the strain and
the temperature field in the material. The thermal expansion coefficient α effectively
determines the coupling of temperature fluctuations to strain fluctuations, and appears
later in calculations of the W factor. In fused silica, α is relatively small at room
temperature, and so the predicted thermoelastic noise level in gravitational wave
interferometers is orders of magnitude lower than the Brownian thermal noise level.
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This may not always be the case however. Sapphire has been proposed as another
candidate substrate material, largely due to its good Brownian noise performance.
However, the thermal expansion coefficient of sapphire is significantly higher than
that of fused silica and so thermoelastic noise may be the limiting thermal noise if
sapphire test masses are used in the future [28]. The choice of new substrate materials
for reducing thermal noise is further discussed in Sect. 2.2.

Thermorefractive noise is similar to thermoelastic noise in that it arises from the
temperature fluctuations within the material, but the coupling to phase noise is in
this case via the ∂n

∂T coefficient; the rate of change of refractive index with tem-
perature [11]. The level of thermorefractive noise is also expected to be orders of
magnitude lower than the Brownian noise contribution for the currently used test
masses, although as with thermoelastic noise, this may change in the future. Prelim-
inary investigations have shown a very low ∂n

∂T coefficient for silicon at cryogenic
temperatures. As is discussed in the next section, this may be an important factor in
the choice of materials for the mirror substrates in future detectors.

Since these two noise sources share the same origin, however, the simple treatment
of them as incoherent is not necessarily adequate. In [11], Evans demonstrates a
rigorous coherent treatment of thermoelastic and thermorefractive noise, and shows
that the incoherent treatment leads to an overestimation of the thermo-optic noise at
100 Hz in Advanced LIGO of around a factor of 4.

The power spectrum of the thermal fluctuations that give rise to the thermo-optic
noise is given by

ST O = 2

π
3
2

kB T 2

w2
√

κC f
, (2.5)

where w is the beam spot size, κ is the thermal conductivity of the material, and C is
the heat capacity per unit volume of the material. Estimates for the coating thermo-
optic noise level in a LIGO using this treatment put it at around a factor of 8 below
the coating Brownian noise level, as shown in Fig. 2.1. As a result, Evans states that
this noise source should not considered a driving force in the design of aLIGO [11].
However, this result should be re-evaluated for designs of future detectors, which
may use different materials and may operate in different temperature regimes, both
of which may give rise to different α and ∂n

∂T coefficients, as well as a different
coherence level between the two dissipation processes.

2.2 Thermal Noise Reduction Techniques

2.2.1 Cryogenic Interferometry

Perhaps the most obvious technique that can be employed to reduce the level of
thermal noise in gravitational wave detectors is to cool the optics and final stage
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suspensions to cryogenic temperatures. The noise spectral density of most of the
aforementioned thermal noises reduces with temperature in most cases, although
there is the possibility for exceptions to this rule caused by the variation in α and ∂n

∂T
with temperature.

There are unfortunately some difficulties associated with implementing cryogenic
test-masses in large scale interferometers. Firstly, the test-masses are deliberately
well isolated, and thus extracting heat from them is difficult. The current suspen-
sions have a high thermal resistance due to their small cross sectional area, large
length, and low thermal conductivity. Also, large low temperature baffles known as
cryo-shields are required to avoid the heating up of the mirrors due to absorption
of thermal radiation from the room temperature beam tubes. Cryogenic interferom-
etry has been demonstrated nonetheless, at the Japanese interferometer CLIO [32].
A new Japanese cryogenic interferometer, KAGRA, has been funded and will begin
construction very soon. This detector will serve well to elucidate the subject of cryo-
genic interferometry for the gravitational wave community, as well as serving as a
highly sensitive detector in its own right [29].

2.2.2 New Coating Methods and Materials

The levels of all thermal noises in mirror coatings depend on the mechanical loss
mechanisms of the materials from which they are made. The Q-factor of the material is
of primary importance for determining how excitations caused by either the Brownian
or the thermoelastic noise mechanisms translate into noise in the detector. Materials
with high Q-factors confine the movement of the mirrors caused by these noise
mechanisms to narrow frequency bands, and therefore mitigate the effect on the
sensitivity. The level of thermo-optic noise is also determined by the α and ∂n

∂T
coefficients, so these should be considered when choosing new materials.

Fused silica performs well enough at room temperature in all respects for the first gen-
eration of gravitational wave detectors not to be limited by thermal noise. However,
the more exacting requirements of the next generation of detectors have triggered
a search for better coating methods and materials, as described in for example [27]
and [19]. The possibility of employing cryogenic interferometry must also be con-
sidered, as the α and ∂n

∂T coefficients as well as the Q-factor can vary significantly
over the temperature range from a few to 300 K, in addition to the obvious gains from
reducing T . Silicon has shown considerable promise as a possibly well performing
substrate and coating material at low temperatures, to the extent that it is strongly
considered for inclusion in the third-generation Einstein Telescope design [21].

In addition to the search for new materials, new methods of making high-reflective
coatings are also being investigated. The ‘waveguide coating’ technique developed
in collaboration between Jena and Hannover has shown promising results so far
[14], and crystalline ‘epitaxial coatings’ are also a strong consideration in a potential
Advanced LIGO upgrade [2].
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2.2.3 All-Reflective Interferometers

One way to avoid the thermal problems that result from using very high laser powers
is to reduce the number of transmissive optical elements that the main laser travels
through. By employing diffractive grating cavities instead of the currently used trans-
missive ones, all reflective interferometer configurations can be designed [10]. There
are two advantages of using all reflective configurations; firstly since the optics are
no longer required to be transmissive, a greater selection of materials with potentially
better thermal noise characteristics become viable options for substrates. Secondly
in all reflective configurations less beam power will be absorbed by the optics, thus
making cryogenic operation easier to achieve and reducing the impact of all thermal
problems. This technology has encountered some difficulties due to the introduction
of additional phase noise due to translation of the gratings [17], but on the positive
side investigations into this effect were partially responsible for the development of
the waveguide coating technology [14].

2.2.4 Compound End Mirrors: ‘Khalili Cavities’

Another idea for reducing the effects of coating thermal noise is to employ compound
mirrors in place of the end test masses [22]. The idea is based on the fact that the level
of coating Brownian noise scales with the number of coating layers used to make
the reflective surface of the test mass. In typical gravitational wave interferometers,
most of the coating layers are on the end test mass surfaces, as these are required
to have the highest reflectivity. By replacing the single end mirror with a compound
mirror made up of two mirrors controlled to a state which is anti-resonant for the
carrier light, a high reflectivity can potentially be achieved with significantly fewer
coating layers on the first of the two mirrors. Although there will be many coating
layers on the second mirror, a relatively small proportion of the light intensity will
actually probe this mirror surface, and so the coupling to the detector output is small.
This technology is still in early stages of development, but there are plans to test
it at the Hannover 10 m prototype facility [16]. The main difficulties in employing
this technique are expected to arise from the lack of geometric stability in the short
cavity, and the associated problems in controlling the extra degrees of freedom that
are introduced.

2.2.5 Flat Readout Beams

Spreading the readout beam power over a larger portion of the mirror surface area can
reduce the thermal lensing effect and all of the substrate and coating thermal noises.
This requires the introduction of so-called flat readout beams, such as higher-order
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LG beams. As this technology was the main focus of the work comprising this thesis,
the thermal noise advantages it may bring are described in more detail in later on in
this chapter in Sect. 2.6.

2.3 The Mode Picture for Laser Beams

Throughout this thesis I will be discussing the properties of different spatial laser
modes, so it is fitting to give an introduction to the concept of these modes. In this
section I will first describe what is meant by the term spatial laser modes, and then
describe two of the mode sets commonly used to describe the transverse properties
of laser beams; the Hermite-Gauss (HG) modes and the LG modes.

The mode picture of laser beams is intimately related to the properties of light within
optical resonators. In lasers, an optical resonator, or cavity, is almost always used
to predefine the geometric properties and the frequency of the generated laser light.
Light produced from the laser transitions in the lasing material circulates in an optical
resonator, and the output beam is transmitted through a semi-transparent mirror. For
the purposes of this discussion, however, we will consider a two mirror optical
cavity, as shown in Fig. 2.2 with light incident on one mirror. In a similar manner to
other resonators, an optical resonator has the potential to produce any of an infinite
number of resonant modes. The mode of operation of a laser is defined by both the
frequency of the light and the geometric properties of the beam. In the context of
optical resonators, these two properties are known as the longitudinal and transverse
mode orders respectively.

For the longitudinal mode order of an optical resonator, it is instructive to consider the
response of an ideal optical resonator in the plane wave approximation, i.e. without
considering the transverse properties of the light. The circulating power within an
optical resonator for an input power of 1 W is given by

Pcirc = T1

1 + R1 R2 − 2r1r2 cos(2kL)
, (2.6)

Fig. 2.2 A cartoon picture of an optical cavity. Light enters the cavity through the input mirror
from the left, and resonates inside the cavity if its length is divisible by an integer number of half
wavelengths. The maroon sinusoid represents the longitudinal mode properties, and the red shaded
area represents the transverse mode properties
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where T1 is the power transmissivity of the input mirror, R1 and R2 are the power
reflectivities of the input and output mirrors respectively, L is the cavity length, and
k = 2/πλ is the wavenumber of the light [12]. It can be seen that there is an infinite
set of discrete light frequencies that give a maximal circulating light power for a
given cavity length, wherever 2kL = nπ (n = 1,2,3...). This can be easily understood
if we consider each resonance as a case fulfilling the criterion that an integer number
of half wavelengths matches the cavity length exactly, creating a resonant standing
wave inside the cavity.

The transverse mode of an optical resonator describes the geometry of the beam
cross section, in a plane perpendicular to the propagation vector. An infinite set
of transverse modes of an optical resonator with spherically curved mirrors can be
found by solving the paraxial wave equation with the boundary conditions given by
the cavity parameters, namely the cavity length and the curvatures of the mirrors.
The paraxial wave equation is simply the wave equation for the electric field with
the additional approximation that the light field is beam-like, i.e. varying much more
rapidly along the transverse axes than the propagation axis. We can describe an
electric field to be a product of a function describing the spatial properties and the
oscillating function in the propagation direction z as

E(x, y, z) = u(x, y, z) exp(−ikz). (2.7)

If we substitute this into the wave equation for the electric field we get

∂2u

∂x2 + ∂2u

∂y2 + ∂2u

∂z2 − 2ik
∂u

∂z
= 0. (2.8)

The condition on the variation in beam shape being slower in z than in x and y is
formalised as ∣
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leading us to the paraxial form of the wave equation if we neglect the much smaller
second derivative in z:

∂2u

∂x2 + ∂2u

∂y2 − 2ik
∂u

∂z
= 0. (2.10)

There exist many solutions to Eq. 2.10, each representing a transverse mode of the
electric field. The lowest order solution is the commonly observed Gaussian beam,
with transverse field distribution given by

u(x, y, z) =
√

2

π

1

w(z)
exp(i�(z)) exp

(

−ik
x2 + y2

2RC (z)
− x2 + y2

w2(z)

)

, (2.11)
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where w(z) is known as the Gaussian spot size parameter,2 �(z) is the Gouy phase
(which is discussed in more detail in Sect. 4.3), and RC (z) is the radius of curvature
of the spherical phase front.

There also exist several infinite sets of solutions to the paraxial wave equation, each
including the Gaussian mode as well as higher-order solutions. The two sets which are
of interest in this work are the LG modes and the Hermite-Gauss (HG) modes. Both
of these mode sets are complete, which means that they can be used to construct
an orthonormal basis-system in which all solutions to the paraxial wave equation
can be represented as linear combinations of the basis modes. Since all beam-like
electric fields should satisfy the paraxial wave equation, we can therefore use linear
combinations of LG or HG modes to describe any beam shape.

One feature that is common to all transverse modes of spherical optical resonators is
their self-reproducing intensity patterns; as they propagate, the overall scale of the
transverse field distribution will change, but the shape remains constant. This is to
be expected, since in order for a mode to be resonant in an optical cavity it must have
the same transverse field distribution after successive round trips of the cavity. The
Gaussian mode is an obvious example of a mode with a self-reproducing intensity
pattern, since the propagation of a mode may be described by Fourier transforming
the initial Gaussian amplitude cross section, and the Fourier transform of a Gaussian
function is another Gaussian function. In the next two sections we describe the two
aforementioned sets of higher-order solutions to the paraxial wave equation, the HG
and LG mode sets.

2.4 The Hermite-Gauss Mode Set

The HG mode set are solutions to the paraxial wave equation in Cartesian coordinates,
and exhibit rectangular symmetry. As a result of this, their amplitude profiles can be
easily separated into the x and y components. The separability in x and y means that
HG modes can be eigenmodes of astigmatic spherical optical resonators, which is
a result of significance for the work described in Chap. 5. As a consequence of this
separability, the full amplitude profile of HG modes can be expressed as

unm(x, y, z) = un(x, z)um(y, z). (2.12)

The un(x, z) and um(y, z) functions describe the variation of amplitude in the or-
thogonal x, z and y, z planes, and have an identical form. The variation in the x, z
plane is given by

2 The distance from the optical axis at which the beam power is 1/e2 of the power at the optical
axis.

http://dx.doi.org/10.1007/978-3-319-01183-7_4
http://dx.doi.org/10.1007/978-3-319-01375-6_5
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Fig. 2.3 Intensity patterns for Hermite-Gauss modes up the order 6. The intensity patterns are
normalised to have the same peak intensity, for visibility

un(x, z) =
(

2

π

) 1
4

exp (i (2n + 1) �(z))

× Hn

(√
2x

w(z)

)

exp

(

−i
kx2

2RC (z)
− x2

w2(z)

)

, (2.13)

where n is the relevant mode index, Hn is the Hermite polynomial of order n, and the
rest of the parameters are as previously defined. The order of a HG mode is simply
the sum of the two orthogonal transverse mode indices. The intensity patterns of the
HG modes up to the order 6 are shown in Fig. 2.3.

Although we first described the higher-order HG modes as mathematical solutions
to the paraxial wave equation, these modes are readily observed in a table-top optical
resonator when the input beam is slightly misaligned. This is because misalignments
or translations of the input beam with respect to the optical axis of the cavity cause
coupling from the HG00 mode into higher-order HG modes. This modal description
of misalignments and translations was formalised by Bayer-Helms in [3], and is
illustrated in Fig. 2.4. This plot shows the amplitude cross sections of a HG00 mode,
a HG10 mode, and the linear combination of both. We can see that to a reasonable
approximation, the combination of the two modes appears as a translated HG00 mode.
The addition of higher order modes to the sum, as prescribed by the Bayer-Helms
relations published in [3], increases the accuracy of the description of translations in
this manner. This modal description of beam shapes is employed in the interferometer
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Fig. 2.4 Amplitude cross sections of a HG00 mode of power 0.9 W, a HG10 mode of power 0.1 W,
and the sum of both with a total power of 1 W. To first order, the combination of HG00 and HG10
modes is equivalent to a translated HG00 mode

simulation package FINESSE [13], which was used for several simulation tasks
described in this thesis.

2.5 The Laguerre-Gauss Mode Sets

The LG modes are solutions to the paraxial wave equation in cylindrical polar coor-
dinates, as opposed to in Cartesian coordinates in the case of HG modes. Unlike the
HG modes therefore, the complex amplitude function for LG modes is not separable
in x and y, and so LG modes are not eigenmodes of astigmatic optical resonators. LG
modes are commonly expressed in two different forms, which I will refer to as the
sinusoidal mode set and the helical mode set. While both sets of LG modes have the
property of axisymmetry, only the helical set all have circularly symmetric intensity
profiles. This property can be useful for reducing the effects of Brownian thermal
noise, as is described in further detail later on in Sect. 2.6. Helical LG beams also
have the unusual property of carrying orbital angular momentum, which has made
them the subject of study by the scientific community in the last two decades or so
[1]. This trait has led to their use as ‘optical spanners’ and ‘optical waveguides’ [20]
in the bio-photonics and cold atoms fields.

The complex amplitude distribution of the sinusoidal LG mode set is given by
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ucosine
p,l (r,φ, z) = 2

w(z)

√

2p!
π(|l| + p)!exp (i (2p + |l| + 1) �(z))

×
( √

2r

w(z)

)|l|
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p

(
2r2

w(z)2

)

exp

(

−ik
r2

2q(z)

)

cos(lφ), (2.14)

where all variables are as defined for Eq. 2.11, except p, l and Ll
p, which are the radial

mode index, the azimuthal mode index, and the associated Laguerre polynomials
respectively. The complex amplitude of helical LG modes shown in Eq. 2.15 is similar
in most respects to that for the sinusoidal set, except for the different azimuthal
dependence of exp(ilφ) instead of cos(lφ). This azimuthal phase dependence is
what gives helical LG modes with non-zero l orbital angular momentum. The mode
order of both sets of LG beams is given by 2p + l.

uhelical
p,l (r,φ, z) = 1

w(z)

√

2p!
π(|l| + p)!exp (i (2p + |l| + 1) �(z))

×
( √

2r

w(z)

)|l|
Ll

p

(
2r2

w(z)2

)

exp

(

−ik
r2

2q(z)
+ ilφ

)

(2.15)

Fig. 2.5 Intensity patterns for helical LG modes up to order 9. The intensity patterns are normalised
to have the same peak intensity, for visibility
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Fig. 2.6 Intensity patterns
for sinusoidal LG modes
up to order 9. The intensity
patterns are normalised to
have the same peak intensity,
for visibility

The intensity distributions for the modes up to the order 9 of the helical and sinusoidal
LG mode sets are shown in Figs. 2.5 and 2.6 respectively. The radial mode index p
determines the number of radial nodes that appear in the amplitude cross section of
the beam and is equivalent for sinusoidal and helical modes. The azimuthal mode
index l determines the number of azimuthal nodes for the cosine modes. For the
helical modes however, l determines the number of 2π phase shifts that appear
around a circle of constant r and consequently the angular momentum per photon
in the beam, which is known to be l� [1]. One may think of the helical LG modes
as being a linear combination of two sinusoidal LG modes with the same mode
indices but with a phase shift of π/2 between them, since Euler’s theorem states
that exp(ilφ) = cos(lφ) + i sin(lφ). This fact is useful in understanding the results
reported in Sect. 4.4.

As with the HG modes, the LG modes are often observed in optical resonators as the
result of imperfect matching of the input beam to the cavity eigenmode. LG modes
tend to appear more as the result of axisymmetric mismatches however, such as the
mismatch of the input beam waist position or size to that of the cavity eigenmode,
rather than misalignments. This coupling can also be seen in the work of Bayer-
Helms in [3]. Figure 2.7 illustrates the connection between a mismatch of beam size
or position and the effects of adding higher-order LG modes. We see that to a rough
approximation, adding a LG10 mode to a LG00 mode results in another LG00 mode
but with a different beam size parameter. As in the case of Fig. 2.4, the addition of
higher order modes to the sum will increase the accuracy of this approximation.

Since both the LG mode sets and the HG mode sets are complete sets of solutions to
the paraxial wave equation, it follows that it is possible to describe any LG mode as a

http://dx.doi.org/10.1007/978-3-319-01183-7_4
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Fig. 2.7 Amplitude cross sections of a LG00 mode of power 0.9 W, a LG10 mode of power 0.1 W,
and sum of both with total power 1 W. To a reasonable approximation, the combination of LG00
and LG10 modes is equivalent to a LG00 mode with a smaller beam spot size parameter

linear combination of HG modes, and vice-versa. We can decompose the LG modes
into a weighted sum of HG modes by making use of the relations between Laguerre
polynomials and Hermite polynomials, as shown in [4]. The complex amplitude of
a LG mode may be given in terms of HG modes by

u pl(x, y, z) =
2p+l
∑

k=0

ikb(l + p, p, k)uHG
2p+l−k,k(x, y, z), (2.16)

where b(l + p, p, k) are the real coefficients given by

b(l + p, p, k) =
√

(2p + l − k)!k!
2(2p+l)(l + p)!p! (−2)kPl+p−k,p−k

k (0), (2.17)

and Pα,β
n (x) are the Jacobi polynomials. This transformation between LG and HG

mode sets is used to model LG modes with the simulation software FINESSE, which
was designed to use the HG mode set to describe beam shapes. The relation between
LG and HG modes demonstrates that it is incorrect to say that HG modes exclusively
describe misalignments and translations while LG modes describe exclusively mis-
matches of beam waist size and position, since both mode sets can describe all four
mismatches independently. However, due to the symmetries inherent in the two mode
sets, each is a more convenient basis set for describing the mismatches which share
their symmetry.
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2.6 Reduction in Thermal Noise for Higher-Order LG Beams

The thermal noise equations given in Sect. 2.1 have a dependence on the intensity
distribution of the readout beam. This dependence appears in the strain energy factor
U in Eq. 2.1 for the case of Brownian noise as

U = 2π
1 − σ2

Y

∫ ∞

0
Ĩ (k)2dk, (2.18)

where σ is the Poisson ratio, Y is the Young’s modulus and Ĩ (k) is the Hankel
transform of I (r), the normalised intensity of the readout beam [31]:

Ĩ (k) =
∫ ∞

0
I (r)J0(kr)r dr. (2.19)

In the case of a fundamental Gaussian mode readout beam, this gives the results for
U shown in Eqs. 2.2 and 2.3, for noise in the substrate and coating respectively. In
these equations we see an inverse relationship between Usub and the beam spot size,
w, and an inverse square relationship between Ucoat and w.

The dependence of the Brownian noise on the intensity distribution of the readout
beam is best understood in terms of ‘averaging’ over the fluctuations on the mirror
surface. Put simply, the more evenly spread the power in the readout beam is, the better
the beam averages over surface distortions, and the less significant the Brownian
component of phase noise in the beam becomes. The intensity of fundamental mode
beams with very large beam sizes on the mirrors will be very evenly distributed.
However, beam sizes on the mirrors cannot be made arbitrarily large due to problems
associated with beam clipping losses. This is where so-called flat beams such as mesa-
beams and higher-order LG beams have an advantage over the fundamental Gaussian
beam, as they can average over the surface better for a given clipping loss.

The clipping loss at an optical component is the fraction of the optical power in the
beam that is not incident on the optical surface, i.e. that which is lost beyond its
perimeter. This can be calculated as

Lclip = 1 −
2π∫

0

dφ

R∫

0

I (r,φ)rdrdφ, (2.20)

where I (r,φ) is the beam intensity distribution function and R is the radius of the
optical component. In order to make a fair comparison between the thermal noise
performances of different mode shapes we must ensure that all the modes compared
have the same clipping losses at a mirror of given size. Since higher-order LG beams
are more spatially extended it is therefore necessary to compare beams with different
spot sizes.
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Fig. 2.8 The upper panel shows the intensity as a function of distance from the optic axis for a
LG33 beam and a LG00 beam, both of which experience a 1 ppm clipping loss on a mirror with a
radius of 25 cm and have equal total beam powers of 1 W. The lower panel shows the integrated
beam power as a function of distance from optic axis for the same two beams

For a given amount of clipping loss on a circular3 mirror face of a given radius,
the optical power is distributed more evenly for higher-order LG beams than for the
fundamental LG00 beam. This effect is illustrated in Fig. 2.8. The upper panel of
Fig. 2.8 is a plot of the intensity profiles of a LG33 mode and a LG00 mode, both
of which have the same total power, and the same clipping loss of 1 ppm on a fixed
optic size. It is clear that the peak intensity of the LG00 is higher than that of the
LG33, indicating that more of the total power is concentrated in one region. The lower

3 Only cylindrical mirrors are considered in this discussion because this geometry gives the mirror
a high Q factor. This reduces the advantage of using higher-order HG modes, which would average
better over the surface of rectangular mirrors.
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panel shows the integrated beam power as a function of distance from the optical
axis, for the same two beams. The average gradient of the slope for the LG33 beam
is shallower than that of the LG00 beam, again demonstrating that the beam power
is more evenly spread over the surface of the optic for the LG33 beam.

The idea of using different beam shapes to reduce the thermal noise levels in this way
originally came from a proposal to use flat top, or ‘mesa’ beams [8]. However, these
beams have the disadvantage of being incompatible with the currently used spherical
mirror surfaces. The maturity of the technology to manufacture the ‘Mexican hat’
mirrors that would be required to support such a beam in a cavity is much less than the
technology for manufacturing spherical mirrors. Since higher-order LG modes also
offer a thermal noise advantage, but are compatible with the currently used spherical
mirrors, we found this idea to be more favourable for consideration in the context of
gravitational wave interferometers.

2.7 Coating Brownian Thermal Noise Reduction Factors
for Higher-Order Modes

2.7.1 Helical Laguerre-Gauss Modes

After Mours’ initial paper suggesting the use of higher-order LG modes as a flat
beam candidate for thermal noise reduction [26], Vinet published calculations of the
thermal noise performance for mesa-beams and higher-order LG modes in [31], and
also for higher-order HG modes in [30]. I will summarise these results here for the
coating Brownian noise, as this is currently expected to be the dominant test mass
thermal noise source in the second generation of gravitational wave detectors. I will
also take the additional step of accounting for the different beam sizes required to
maintain a fixed clipping loss of 1 ppm for each mode.

In [31] Vinet calculated the advantage of higher-order beams for coating Brownian
noise in the numerical values gpl , which scale the strain energy as

U CoatBrown
pl = δC

(1 + σ)(1 − 2σ)

2
√

πYw2
gpl (2.21)

where all other symbols are as defined in Eq. 2.3. Table 2.1 shows some numerical
values of gpl .

However, in order to make a fair comparison between the different modes, we should
compare beams with the same clipping losses. Table 2.2 shows the beam size scaling
factors apl for LGpl modes relative to the LG00 mode in order that each mode has
the same clipping loss of 1 ppm on an arbitrary sized mirror.
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Since the coating Brownian noise scales with the inverse square of the beam size
parameter (see Eqs. 2.3 and 2.21), we must take account of the beam size scaling
factors when calculating the real thermal noise improvement of higher-order LG
modes. We therefore calculate the actual coating Brownian noise power spectral
density improvement factor as

�CoatBrown
pl = a2

pl

gpl
. (2.22)

These coating Brownian noise improvement factors for higher-order LG modes,
normalised for 1 ppm clipping loss, are shown in Table 2.3.

In the case of the LG33 mode, for which the majority of the research described in
thesis was carried out, we see that the coating Brownian noise power spectral density
is reduced by a factor of 2.65 from the level experienced when using the LG00
mode as the readout beam. It was this clear and significant potential advantage of
using the LG33 mode that encouraged us to investigate it further within the context of
gravitational wave interferometers. The improvement factors offered by LGpl modes
for other thermal noise sources are shown in appendix A.

2.7.2 Hermite-Gauss Modes

Although higher-order HG modes might not be expected to give as good thermal
noise performance as the higher-order helical LG modes due to their lack of circularly
symmetric intensity profiles, it is still interesting to see what improvement they can
offer over the LG00 mode. This is especially interesting in light of some of the
results reported in Chap. 5, where we saw that a 10 m suspended cavity appeared to
preferentially resonate with HG modes despite being pumped with a LG mode.

The beam size scaling factors anm for HGnm modes, relative to the LG00 mode,
required to give a 1 ppm clipping loss are shown in Table 2.4.

Table 2.1 Coating Brownian noise scaling factors gpl for LGpl modes relative to the LG00 mode.
The same beam size parameter is assumed for each mode

l 0 1 2 3 4 5
p

0 1 0.5 0.34 0.27 0.22 0.19
1 0.5 0.31 0.23 0.19 0.16 0.14
2 0.38 0.25 0.19 0.16 0.14 0.12
3 0.31 0.21 0.17 0.14 0.12 0.11
4 0.27 0.19 0.15 0.13 0.11 0.10
5 0.25 0.17 0.14 0.12 0.11 0.10

http://dx.doi.org/10.1007/978-3-319-01375-6_5
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Table 2.2 Beam size scaling factors apl between LG00 and LGpl modes that give 1 ppm clipping
loss on an arbitrary sized circular mirror [30]

l 0 1 2 3 4 5
p

0 1.00 0.836 0.741 0.675 0.626 0.587
1 0.920 0.785 0.707 0.650 0.606 0.571
2 0.850 0.747 0.679 0.628 0.589 0.556
3 0.804 0.715 0.655 0.609 0.573 0.544
4 0.768 0.689 0.634 0.593 0.559 0.535
5 0.737 0.666 0.616 0.578 0.547 0.529

The results for the coating Brownian noise power spectral density improvement
factors �CoatBrown

nm for HGnm modes over the LG00 mode were calculated in the
same way as for LG modes as

�CoatBrown
nm = a2

nm

gnm
. (2.23)

Table 2.3 Coating Brownian noise power spectral density improvement factors �CoatBrown
pl for

LGpl modes over the LG00 mode, where all modes are scaled to give 1 ppm clipping loss on a fixed
mirror size

l 0 1 2 3 4 5
p

0 1.00 1.40 1.61 1.69 1.78 1.81
1 1.66 1.99 2.17 2.22 2.30 2.33
2 1.90 2.23 2.42 2.47 2.47 2.58
3 2.09 2.44 2.52 2.65 2.74 2.69
4 2.18 2.50 2.68 2.70 2.84 2.86
5 2.17 2.61 2.71 2.78 2.72 2.80

Table 2.4 Beam size scaling factors anm between HG00 and HGnm modes to give 1 ppm clipping
loss on an arbitrary sized circular mirror

m 0 1 2 3 4 5
n

0 1 0.910 0.842 0.789 0.746 0.710
1 0.910 0.850 0.798 0.754 0.718 0.686
2 0.842 0.798 0.756 0.721 0.689 0.662
3 0.789 0.754 0.721 0.690 0.664 0.640
4 0.746 0.717 0.690 0.664 0.640 0.619
5 0.710 0.687 0.662 0.640 0.619 0.600
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Table 2.5 Coating Brownian noise power spectral density improvement factors �CoatBrown
nm for

HGnm modes over the HG00 mode, where all modes are scaled to give 1 ppm clipping loss on a
fixed mirror size

m 0 1 2 3 4 5
n

0 1 1.10 1.11 1.08 1.05 1.02
1 1.10 1.29 1.33 1.40 1.30 1.27
2 1.10 1.33 1.40 1.41 1.41 1.39
3 1.08 1.32 1.41 1.44 1.45 1.45
4 1.05 1.30 1.41 1.45 1.47 1.47
5 1.02 1.27 1.39 1.45 1.47 1.48

The numerical values for these improvement factors are shown in Table 2.5 for HGnm

modes up to HG55. From this table we can see that higher-order HG modes do have
a coating Brownian noise power spectral density advantage over the HG00 mode,
though this improvement is less significant than those calculated for the LG modes
as shown in Table 2.3. At the equivalent mode order as the LG33 mode, the HG45
offers only a factor 1.47 improvement, compared with the LG33 improvement of 2.65.
The improvement factors offered by HGnm modes for other thermal noise sources
are shown in appendix A.

2.8 Thermal Lensing

Another thermal effect, aside from thermal noise itself, which must be considered
is that of thermal lensing in the optical substrate materials. Light is absorbed in
the substrates and coatings of the partially transmissive mirrors; most significantly
the power recycling mirror, the arm cavity mirrors and the central beam splitter.
For the LG00 mode, absorption is strongest in the centre of the mirrors, on the optic
axis of the beam. A radial thermal gradient results, and if the thermo-refractive
coefficient ∂n

∂T or the thermal expansion coefficient α of the substrate is non-zero, a
thermal lens is produced. An inability to accurately compensate for the thermal lens
effect, which will vary with different laser powers and may be non-stationary in time,
will lead to imperfect matching of the beam to the interferometer eigenmode and
those of the arm cavities therein. This leads to a power loss within the interferometer
and an increase in light coupled into higher-order modes [9].

Thermal compensation systems have been in place at the LIGO and Virgo detectors
already, but these have proven tricky to implement successfully [23]. With higher
laser powers expected in future detectors an advance in the methods of thermal com-
pensation may be required to capitalise on the potential shot noise improvement.
Vinet shows in [31] that the higher-order LG modes have a significantly better per-
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formance than the LG00 mode in terms of thermal distortions of mirrors caused by
power absorption in the coating, due to the more even absorption of power across the
mirror surface. This is a considerable advantage of higher-order LG beams, as deal-
ing with high-power instabilities such as non-stationary thermal lensing is expected
to be one of the major difficulties in commissioning and running the advanced detec-
tors. The use of higher-order LG modes can be expected to relax the requirements
on the thermal compensation subsystem.
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