Chapter 1
Hamiltonian Representation of Magnetic Field

In this chapter we present the Hamiltonian formulation of the equations for magnetic
field lines. We specifically consider the magnetic field corresponding the toroidal
plasma configuration. Using the action principle of the classical mechanics the Hamil-
tonian equation for the magnetic field lines will be derived and its different forms
will be presented. A particular emphasize will be given to the equations in flux
coordinates, in which the field lines are the straight lines. We conclude the chapter
introducing the simple model of the magnetic field and study the properties of its
magnetic field lines using the methods of classical mechanics.

Let B = (Byx, By, Bz) is a static magnetic field in the three-dimensional (3D)
space (X, Y, Z). It is divergent-free field satisfying the condition,

V.B=0. (1.1)

The magnetic field lines , r(7) = (X (1), Y (7), Z(7)), are three- dimensional curves
tangent to the magnetic field B defined by the equation

I _g 1.2

dr 1-2)
where 7 is independent parameter related to the length element of curve ds = (d X+
dY? +dz*H'2: dr = |B|"ds.

The magnetic field lines in the 3D-space may behave in a various way. Depending
on the initial conditions they may be confined in a finite domain or may extend to
infinity; they may lie on the surfaces or fully cover certain finite 3D domains. Notably
that the magnetic confinement of high temperature plasmas for the thermonuclear
fusion is based on the creation of the magnetic field whose field lines cover nested
toroidal surfaces also known as magnetic surfaces which illustrated in Fig. 1.1.
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Fig. 1.1 Field lines lie on /W4
the nested toroidal surfaces
(X, Y, Z) = const

magnetic
surfaces

1.1 Hamiltonian Equations for Magnetic Field Lines

The most powerful mathematical tool to study the magnetic field lines is the methods
of Hamiltonian dynamics which is the most convenient to describe the regular and
chaotic field lines. Below, we formulate the Eq. (1.2) for magnetic field lines in a
Hamiltonian form.

The Hamiltonian formulation is based on the presentation of the magnetic field by
the vector potential A (r) related with B as B = V x A. The magnetic field is invariant
with respect to the gauge transformation of the vector potential A — A + Vg, where
g(r) is the arbitrary scalar (gauge) function.

The field lines can be derived from a variational principle , that is the action

7 dr
Slr(m)] = /A (r(7)) - Ed’l’, (1.3)

r1

defined as the integral over the vector potential A (r) along the field line r(7) con-
necting the endpoints ry and r, should be minimal [Cary and Littlejohn (1983)]. The
action in the classical mechanics is given by

r
S[r(n)] = / (p-dr — Hdt), (1.4)
ry

where (r, p) are canonical variables, H is the Hamiltonian function, and ¢ is a time.
The Hamiltonian equations derived from the variation of the action (1.4) are

dr OH d OH
a_od dp_ 97 (1.5)
dt op dt or

Let (u, v, w) be the orthogonal coordinate system, and (A,, Ay, Ay) be the corre-
sponding components of the vector potential A. By choosing the appropriate gauge
function g that A,, = —dg/dw, one can remove the component A,,. Then introducing
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the momenta P, = A, (U, V, W), P, = A,(U, V, W), and the Hamiltonian function
H=HU,V, P,, Py) =0 the action (1.3) can be presented as

r2
S = / (P,dU + P,dV — Hdr). (1.6)

ry
The corresponding field lines are described by the autonomous Hamiltonian equation,

dU  OH dv ~ O0H

dr ~ 9P, dr 0P,
dP,  OH  dP,  OH

’

dr _ oU’ dr 9V’ .7
The Hamiltonian H (U, V, P,, P,) = 0 can be chosen as
HWU,V,P,P)=P,—A, (U V,W(P,,U,V)) =0, (1.8)
by expressing the variable W via (P,, U, V) [P, = A,(U, V, W)] or
HWU,V,P, P)=P,—A, (U, V,W(P,,U,V)) =0, (1.9)

by W via (P,, U, V) [P, = A, (U, V, W)]. The choice of the Hamiltonian depends
on whether the variable U (or V) can be considered as a time-like independent
variable which does not change its direction. Then field lines can be described by
the non-autonomous Hamiltonian system. In the first case U = 7 the Hamiltonian
equations is given by

v 9H, dP oH
ar 9w 4 9 (1.10)
dU ~— 9P," dU av

where H, = —A, (U, V, W(Py, U, V)). The similar equation we have in the case
V = 7. The two-dimensional system (1.10) is known as one and half degrees of
freedom Hamiltonian system. This term has a following meaning: the canonically
conjugated variables (V, P,) correspond to “one degree” and the time-like inde-
pendent variable U corresponds to a half degree since the time runs only in one
direction.

Specifically we consider the Hamiltonian equations for field lines in a toroidal
system. Let (R, Z, v) be cylindrical coordinate system , where R is directed along
the major radius, Z is the vertical coordinate, and ¢ is the toroidal angle. They are
also related to the quasitoroidal coordinates (r, 6, ¢):
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Fig. 1.2 Geometrical coor- Az
dinates of a toroidal system:
(r, 0, ) is the quasitoroidal
coordinates; (R, Z, ) is the

cylindrical coordinate system R
Y e X
R = Ry + rcos?, Z =rsind,
r=1/(R — Ro)*> + Z2, 6 = arctan z
9 R _ RO bl

shown in Fig. 1.2. Here Ry is the major radius of the torus center. The ratioe = r/ Ry
is known an inverse aspect ratio (the ratio R/r is called an aspect ratio).

Let (A R, Az, Aw) be the components of the vector potential A in the cylindrical
coordinate system. By choosing W = R we have

P, =Az(R, Z, p), P, = RA,, u =y, v=LZ,
H=H(Z,p, P, P,)=P,—R(Z, P)A, (R(Z, P;),Z,p) =0. (1.11)

The corresponding Hamiltonian equations are

dZ _OH  dP,  OH

dr — opr.’ A
d H dP H
_30:(9_7 _‘p:_a_. (1.12)
dr 0P, dr dp

The tokamak plasmas the toroidal angle ¢ can be chosen as an independent time-like
variable 7. Then field line equations have the following form

dZ _9H, dP,  OH, 1)
dp 0Pz’ dp 97’ '

where H, = —RA,.

1.1.1 Equations in Normalized Variables

Introducing the normalized variables,
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R Z Py
X = —, = —, = —,
Ry ¢ Ro Pz BoRo
H RA, A
Vo= —m =5 o= o (1.14)
BoR; BoR; BoRo
Equations (1.12) and (1.13) can be presented in the form
dz oh dp: oh
dr — 9p,’ dr ~— 07’
dp  Oh dp,  Oh
dr 0P, dr ~ 0p’
h = H/ByR3, (1.15)
and
dz 0 d 0
dz _ Wy dp: _ Wy (1.16)

dp 0p, dp 0z

The relation between the canonical variables (z, p;) and to the geometrical coordi-
nates (R, Z, p)is givenby p, = Az(R, Z, ©)/ Bo Ry. Particularly, when the effect of
diamagnetic currents' to the toroidal component of magnetic field, By, is negligible,
and thus B, = BoRo/R, Az(R, Z, ¢) = BoRoIn (R/Ry) one has

R ».
p; =1In R—O, R = Rpe?=, (1.17)

where By is the magnitude of B, at R = Ry.
The poloidal magnetic field components, Bg, B;, and the toroidal field, By, are
determined by

aAw _ BoRy 61/}99

Bp = — =
R PY/ R 0z
_LoRrA, Uy
TR OR  Yap
_ aAZ _ awz
BLP = 8_R = B() ax . (118)

In the cylindrical coordinate system (R, Z, ) the equations of field lines (1.2) can
be presented as

1A diamagnetic current is created due to a circular motion of charged particles in an induced
magnetic field. It produces a magnetic field which opposes the external magnetic field and thus the
total magnetic field is reduced. Therefore a plasma possesses diamagnetic properties. Typically, the
magnetic field due to a diamagnetic current is much smaller than the strong toroidal field By.
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dR _RBr dZ _RB.

de ~ B, dyp B,

(1.19)

1.2 Magnetic Flux Coordinates

The magnetic field can be conveniently presented in the so-called magnetic flux
coordinates consisting of one flux coordinate, v/, and two angle-like coordinates, 1, (.
In these coordinates a magnetic field in a equilibrium plasma lie on the closed surface
¥ (r) = constant, and field lines are given by a straight line, i.e., ¥ = ¢(¢)) + 9o,
where (1)) is a function of the flux ¥. These coordinates can be introduced as action-
angle variables of the Hamiltonian system (1.12) for magnetic field lines. Below we
follow this approach.

1.2.1 Action-Angle Variables

The powerful method to study Hamiltonian system is based on the action-angle
variables. The action-angle variables are set of canonical variables useful to study
integrable systems. They are also useful in classical perturbation theory of Hamil-
tonian systems, particularly in the formulation of the Kolmogorov’s theorem on
conservation of the conditionally-periodic motion under small perturbations, known
as the Kolmogorov—Arnold—Moser (KAM) theory (see Sect.7.1). Below we give a
brief description of these variables for a magnetic system.

Consider the equilibrium plasma with nested toroidal magnetic surfaces ¢ (r) =
constant as shown in Fig. 1.1. On the torus there are two basic irreducible closed con-
tours Cy and C,, that wound torus along the poloidal angle +J (the short way around
the torus) and the toroidal angle ¢ (the long way around the torus) as illustrated in
Fig. 1.3. We consider these angles, (¢, ), as canonical coordinates of Hamiltonian
system. Let 1y and 1), be canonical momenta conjugated to the canonical coordi-
nates (1, ), respectively, so that the Hamiltonian function H depends only on these
variables, H = H (19, ¥,,). The Hamiltonian system (1.12) takes the form

d0  OH dyy  OH

-V = = = ) — =, = O»

dr gy U Tdr oy,

dp  OH db, — OH

dr _ op, P dr gy O (1.20)

with the Hamiltonian function

H = H(®, .. 1,) =1, — RA,(R, Z, 0) =0, (1.21)
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where the cylindrical coordinates (R, Z) are the functions of (g, ¥): R = R(yg, ¥)
and Z = Z(1)y, ). The quantities wy, w,, are called frequencies of the system.
Formally, the action-angle variables are introduced by the canonical change of

variables (z, @, pz, pp) — (U, 0, Yy, V¥y),

1 1
Vo = —f P2z )z, by = 2—% Pe(ziPp)dep,
Cy g C*P

27
— aF(,l;Z}l% ¢<,9§Za SD) — 8F(w197 7/’@@7 2, QD)
0y, ’

0y 9, (1.22)

Oy

given by the generating function

; @
F (g, ¥y 2, ) :/Pz(z/3 we)dz’+/ P (s hp)dy. (1.23)

In (1.22) the integration is taken along the closed contour Cy formed by crossing
the magnetic surface with the poloidal plane ¢ = const (see Fig. 1.3). Using Eq. (1.14)
and the calibration A = 0, one can easily see that ¢y equals to the normalized
magnetic flux of the toroidal field B, through the surface area Sy enclosed by the
contour Cg,

w—I/d dz = ! 8Azdez
"= o | P T 2nBoRZ ) OR
So Sy
= [ VxA-edRdZ=——— [ B,dRdZ. 1.24
/ v 27rBoR§/ v (129
So Sy

Similarly, one can show that v, is a normalized magnetic flux of the poloidal field
B, through area S, enclosed by the closed toroidal contour C,, (see Fig.1.3), i.e.,

Fig. 1.3 Two basic irre- Az
ducible closed contours Cy
and C,, that wound torus along
the poloidal angle ¥ (the short
way around the torus) and the
toroidal angle ¢ (the long way
around the torus)
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1 AyRd 1
Yo = —— 12 2<p= 2/VxA-eszRdcp
2 c, BoRj 2w BoR; Sy
1
=—-——— [ B.dS. 1.25
27 BoR? /59, ) (122

The actions vy and v, are known as a foroidal and poloidal fluxes, respectively.”

The Eq. (1.22) also determine the relation between the flux coordinates (y, ¥,
U, ¢) and the quasitoroidal coordinates (r, 6, @) (or the cylindrical coordinates
(R, Z, ¢)). Particularly, in equilibrium plasmas these geometrical coordinates are
periodic functions of the angular variable 9,

R= Ru)e™, Z =1 Zn@)e™m’,

r=> ra@)e™, 0=09+> an@)em’, (1.26)

where the Fourier coefficients Ry, (), Z, (¥), ry (1), and oy, (1) are functions of
the flux coordinate 1, (19 or v,,). Typical dependencies of the poloidal angle ¥/ on
the geometrical angle 6 is shown in Fig.2.2.

Furthermore, we will notate the poloidal flux v, as %, and the toroidal flux 1y as

Uy
Fig. 1.4 Definitions of mag- A constant
netic coordinates: the toroidal Poloidal flux Y, z Wilory,]

angle ¢, the poloidal angle 4,
the poloidal flux v, and the
toroidal flux 1)y

Toroidal flux v,

2 The magnetic flux 1) cannot be arbitrary small. According to the quantization rule, § p.dz = hn,
(m=1,2,...), p, = eA/c one has ¢y = ®yn, where @y = hc/e is a quant of magnetic flux [A is
the Planck’s constant]. In fusion plasmas the magnetic flux is so large, that its discreteness does not
play any role.
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1.2.2 The Clebsch Form

The new variables (v, 1, 9, ) are called magnetic coordinates (or Boozer coor-
dinates) (see Fig. 1.4). The position of field lines on the given magnetic surface is
uniquely given by a poloidal angle, ¥, (the short way around the torus) and toroidal
angle, ¢ (the long way around the torus). In terms of toroidal and poloidal fluxes,
1y, 1, poloidal and toroidal angles, ¥, ¢, the vector potential A and the divergence-
free magnetic field B can be presented in the Clebsch form

A = BoRo (Vg + VI +9Vy),
B = By (Vb x Vi — Voo X Vib) . (1.27)

In find the equation of magnetic field lines we consider 1 as a function of ¢/, ¥,
and @, ¥ = 9 (¢, ¥, ¢). Then using

oY o o
Vi = g Vi + =5V + ww,

we obtain the magnetic field components in these coordinates are

oY
By =B VY =By —,
9 0 s

9
o
By =BV = —BoJ%
B, =B-Vy=JB, (1.28)

where J = Vi, - (VI x Vi) is the Jacobian of coordinate transformations. The
equations for magnetic field lines take the Hamiltonian form

49 _By _ov  dyn By 0¥ (1.29)
de B, 0Oy dy B,
with 1) as a Hamiltonian function. This system is equivalent to the non-autonomous
Hamiltonian system with 14-1/2-degree-of-freedom in which the toroidal angle ¢
plays a role of independent time-like variable, and (¢, 1);) as canonical-conjugated
variables.
Field line equations can be also presented as the the autonomous
two-degree-of-freedom Hamiltonian system similar to the system (1.12),
d9 OH d; OH
dr oY’ dr 00’
dp OH dip OH

= 1.30
dr oY’ dr oy’ (1.30)
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with the Hamiltonian function

H=H(®, o, ¢) =9 —-v @10, ¢) =0, (1.31)

and (9, ¢, ¢, 1) as canonically- conjugated variables. The poloidal flux ¢ =
(W, Yy, @) is a 2m—periodic function of 4, .

1.2.3 The Safety Factor

For the equilibrium magnetic field configuration with the nested magnetic surfaces,
1) = constant, a field line on the magnetic surface ¥) = constant is a linear function
of :

b=—"— 4 o, 1.32
ay T= L)y + o (1.32)

where the quantities g (¢) and ¢(v)) are defined as

1 gy’ @) [ diy
) W=y YW=

The g (1) known a safety factor is used in a tokamak research, and ¢(1)) known a
rotational transform (or awinding number) is used a stellarator research, respectively.
The safety factor is equal increment of the toroidal angle, A of the magnetic surface
per one full turn along the poloidal angle ¥: ¢(¢)) = Ap/AY = Ap/2x. The term
a safety factor for g (1) is introduced because its role in determining a stability of
plasmas: higher values of ¢ lead to greater stablity [see Wesson (2004)]. It also plays
an important role in transport of heat and particles in a magnetically fusion plasmas.>
The increment of the toroidal angle, A can be also calculated using Eq. (1.16). Then
the safety factor is given by the integral

/Lw)du;, (1.33)

q() = (1.34)

?{ p/0p;”

taken along the closed contour C of ¢(z, p;) = const.
One should note that the poloidal angle ) and the toroidal angle ¢ are not uniquely
defined. By the transformation of angles (1, ¢) into new ones (¢, )

D=9+ ()G, Y, ¢),
=0+ G, Y, p), (1.35)

3 Particularly, as will be discussed Chap. 11 the barriers to a particle transport caused by a small
scale turbulent field may be formed near the low—order rational values of g.
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where G (¢, 9, ¢) is an arbitrary periodic function of (1, ¢), one can show that the
magnetic field conserves the Clebsch form (1.27) also in the variables (1§, ).

Beside of this the magnetic field B is not changed if we add to ¥ (or ¢) any
arbitrary function f (1) of v,

O =0+ [(). (1.36)

We will use this property later to define the poloidal angle ¥} which would be con-
venient to treat the field lines in a tokamak plasma with a magnetic separatrix (see
Sect.2.31).

1.3 Model of Single-Null Divertor Tokamak

In this section we consider the model of magnetic field which is topologically equiva-
lent to the tokamak magnetic field with the separatrix. In this example we demonstrate
the action-angle formalism of Hamiltonian dynamics to study the structure of field
lines.

The poloidal flux of the magnetic field of the model is given by

2 2 2

[0 Z ,8 2

V(z, p) = ——7° (1 - —) + —p?, (1.37)
2 272 2

where a, 3, z, are dimensionless parameters. The Hamiltonian equations of field
lines are

dz @ p) _ »

dp oz, p) 5 22

o _ _TY P 1—=). 1.38
dp 0z “s 22 (1.38)

The fixed points (zs, ps) of the system are determined by

dz _WGe.p _ dp _ G p) _
dyo ap ’ dyo 0z

0. (1.39)
According to (1.18) they correspond to the nulls of poloidal field Bg, B;:
Br(zs, ps) = 0, B;(z5, ps) = 0. The system (1.38) has two fixed points: one is
a hyperbolic fixed point at (zg = 0, p; = 0) which usually called the X-point and
one is an elliptic fixed point at (z; = z,, ps = 0) corresponding to the magnetic axis
(also called O-point) . The magnetic flux at the magnetic axis, corresponding to the
minimum of ¥ (z, p) is equal to ¢, = —z§a2/4.

The magnetic field configuration of the system in the (z, p) plane is shown in
Fig. 1.5a. In the plasma region the poloidal flux ¢» = ¥(z, p) < 0, and the field lines
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(a) (b)

15 |<7y|=const
———

QO-point

z/z,

0.5

y=const

X-point -0.8 -0.4 0 0.4 0.8

p/z,

Fig. 1.5 a Magnetic configuration of the model in the (z, p) plane: Curve Cy corresponds to
field lines on the closed magnetic surface; curve Co—an open field line; and curve 3—a mag-
netic separatrix. b Magnetic surfaces ¢ (z, p) = const, isolines of ¥J(z, p) = const, normals to
magnetic surfaces |Vi)(z, p)| = const, thick curve corresponds to the separatrix

lie on the magnetic surfaces )(z, p) = const whose cross-section with the plane ¢ =
const is shown by the contour Cj. The open field lines lie on the magnetic surfaces
with ¥(z, p) > 0 with the cross-section C». The magnetic separatrix is given by the
surface ¢ (z, p) = 0 (surface 3).

1.3.1 Field Lines in Action-Angle Variables

Below we determine the field lines using the action-angle variables (v;, ©/) which
will be used later to study the effect of magnetic perturbations. Recall that in these
variables field lines are straight lines, ¥ = const, ¥ = ¢/q () + Y.

1.3.1.1 Closed Field Lines

The action variable v); for the closed field lines (¢ < 0) is defined as an integral
along closed contour C; (see Fig. 1.5a),
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1 1 a2z Pzt
(o 27#{ p(z;¥)dz 27r67{c1\/ w+ 7 4Z3)z
— 2 _p2\d
27Tzaﬁ/\/ 22) (z )dz,

where a and b are maximal and minimal vertical positions of field lines along the
contour C, respectively,

(a,b) = 2o/ 1 FVw, ¢N=1+|$|.

Here vy is the normalized poloidal flux. Using the integral [Prudnikov et al. (1986)]

/\/(a2 —22) (2 = bY)dz = % [(a2 +bE(k) — 2b2K(k)] ,

where K (k) and E (k) are the complete elliptic integrals of the first kind and the
second kind, respectively, with a module &, we obtain

V20 +
b= Y2 [ (1 Vi) k). 40
™
with
1/4
k= V2 U (1.41)

Jirol?

Here w(s) =z 2 /33 is the value of toroidal flux at the separatrix.

In order to introduce the angle variable ¢} we set that ¥ = 0 at the highest point
z = a of the contour Cy, and ¥} = F at the lowest point z = b. Then for the closed
field lines (¢ < 0) the angle 4J is introduced as the integral.
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o [ ., ., 1 dy
) = — iyd7 = ———
N ‘”’/p(z o fﬂ”w”z e o= =
\/_aﬁd1/1t/\/ Z _bZ)
N2z, dy . Na? =72
= “aha d—%F(arcsm W,k), (1.42)

where we have used the integral

/ & - Lre.n.
D@2 @-m)

a2_22

¢ = arcsin 5

with the incomplete elliptic integral of the first kind F(¢, k). Using the condition
¥(z = b) = w we find the derivative dv)/d, which is equal to the inverse safety
factor,

du’) =LKk 1.43
q() = (d¢z BT T (k). (1.43)

Inverting the relation (1.42) with respect to the coordinate z and using the relation
p = B2dz/de = q~'37%dz/d¥ which follows from (1.38) we obtain field line
coordinates z(¥), p(1)) as a function of the angle variable ¥J:

z(¥) = a\/l — k% sn? (K (k)9/7, k) = a dn (K (k)9 /, k),

12,
p() = «/—Za;b sn (K (k)¢/m, k) cn (K (k)d/m, k), (1.44)

where sn(u; k), cn(u; k), dn(u; k) are the Jacobi elliptic functions. The dependence
of the field lines on the toroidal angle ¢ can be obtained by using the relation ¢ =
©/q (). Field lines reach the lowest vertical point z = b at ¢ = +mwg(¢)), and the
highest vertical point z = a at ¢ = 0.
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1.3.1.2 Open Field Lines

We define the toroidal flux 1), for the open field lines 1)y > 1 by requiring that it
should be a continuous function of the poloidal flux ¢ at the separatrix ¢ = 0. This

can be done by choosing the integration contour C; along the field line starting and
ending at the p-axis (z = 0) after one full turn as shown in (see Fig. 1.5a), i.e.,

a2z
w,——fczp@ W)z = ﬂ// w+——@)dz

— 2
2maﬁ/\/ 22) (2% + b?)dz,

where b? = zg(«/d)N — 1). Then using the integral

3

a
/2 1+ b2
//(a2 —2) (@4 )z = YD (@ = HE () + 67K ()]
0
where the module k is given by (1.41), one obtains

1/4
29 1
_ ,®OZFN -1 - _ —1
== [E (k )+2 (\/wN 1)K(k )} (1.45)
The angle variable ¢ is defined similar to (1.42) with the settings ¥(z = @) = 0 and

Y¥(z = 0) = =£m. Then, it is not difficult to obtain

1

dw Z —1
W)= ——7—F -k . 1.46
() ﬂw}f a0, (arccos , ) (1.46)

From the condition ¥(z = 0) = 7 one obtains the safety factor,
1 -1
9@) = —— K (k ) . (1.47)
Ty

Field line coordinates z(19), p(19) as a function of the angle variables 1} are given by

-1
z(9) =a cn(w, k_l),

1/4
p(9) = —MTN sn (K(k_l)ﬁ/w, k—l) dn (K(k)ﬁ/w, k—l) o (1.48)
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Fig. 1.6 Dependence of the 4
safety factor ¢ (¢) (1.43) and
(1.47) on 1y . The values of the

parameters v = 0.44, z, = 1, 35
and o = 0.4553. The value of 3
q95 is 2.6 =
=
O 25
2
15 . . . L i
0 0.2 0.4 0.6 0.8 1
W

Figure 1.5b shows the isolines of ¥(z, p) = const, normals to magnetic surfaces
V(z, p) = const, thick curve corresponds to the separatrix.

1.3.2 Magnetic Separatrix

The field line on the separatrix (» = 0) can be obtained from (1.44) or (1.48)
by putting 9 = ¢/q(v)) and taking the limit vy — 1, k& — 1 and using the
relations dn(u, k = 1) =cn(u, k = 1) = 1/cosh(u), sn(u, k = 1) = tanh(u), and
K (k)/mq (1)) — ~. Therefore, we have

V22 () = _ V2zgasinh ()
cosh(ve)” P T T T eosh?(rp)

The safety factor ¢(¢) (1.43) and (1.47) near the separatrix (¢p — %0, ¥y —
1 & 0) has the following asymptotics,

zs(p) = (1.49)

q() = Llng +0@W), ¢ — =0, (1.50)
2y Y

where v = aff and Q = 16zfla2. As we will see below, the asymptotical form
(1.50) is a generic for the magnetic field configurations with the magnetic separatrix
which has the so-called first order null of the poloidal magnetic field (see Sect.2.4.1).
Figure 1.6 shows the profile ¢ (v)) for the values of the parameters v = 0.44, z, = 1,
and o = 0.4553. The number gos is the value of the safety factor at the magnetic
surface which has 95 % of the total poloidal flux through the cross section confined
by the separatrix.


http://dx.doi.org/10.1007/978-3-319-01890-4_2

1.4 Bibliographic Comments 17

1.4 Bibliographic Comments

The Hamiltonian formulation of the equations of magnetic field lines has been already
used in early studies of the problem of stability and destruction of magnetic surfaces
in tokamaks and stellarators [Kerst (1962); Rosenbluth et al. (1966); Filonenko et al.
(1967); Freis et al. (1973); Hamzeh (1974); Finn (1975), Matsuda and Yoshikawa
(1975); Boozer and Rechester (1978)]. More general Hamiltonian formulation of
magnetic field lines based on the variational principles of classical mechanics has
been given by Cary and Littlejohn (1983). Boozer (1983) and White (2001) formu-
lated the Hamiltonian equations of field lines in magnetic flux coordinates using the
Clebsch form of magnetic field.

Historically, the Clebsch presentation of magnetic field has been first given by
Kruskal and Kulsrud (1958); Hamada (1959, 1962); Greene and Johnson (1962) for
equilibrium plasmas. The validity of this presentation for the arbitrary magnetic field
was shown by Boozer (1983), and a rigorous mathematical proof that every solenoidal
field in an arbitrary smooth simple toroidal domain can written in this form is given
by Yoshida (1993). The detailed description of magnetic flux coordinates can be
found, for example, in the books by Balescu (1988) and Dhaeseleer et al. (1991).

The formalism of action-angle variables is described in many textbooks on classi-
cal mechanics, for example, by Landau and Lifshits (1976) and Goldstein (1980). The
general definition of action-angle variables in Hamiltonian systems with inseparable
variables is given in a textbook by Arnold (1989).
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