Chapter 2
Plane and Straight Line in E3

2.1 Equations of a Straight Line in E3

Definition 2.1 (see [2], p. 448). A vector is a translation of the three-dimensional
space; therefore it must be studied the basics of the three-dimensional Euclidean
geometry: the points, the straight lines and the planes.

LetR = {O; i,J, k} be a Cartesian reference. For M €Ej3, the coordinates of the
point M are the coordinates of the position vector OM. If

OM =xi +yj +zk

then M (x, y, z) .

2.1.1 Straight Line Determined by a Point and a Nonzero Vector

A straight line from E3 can be determined by (see [6]):

(1) apoint and a nonzero free vector;
(2) two distinct points;
(3) the intersection of the two planes.

Let be My € E3, My (xo, yo, z0) and v € V3\{(_)}, v =uai + bj + ck. We
intend to find the equation of the straight line determined by the point M and by the
nonzero vector v, denoted by d = (M, v) and represented in Fig.2.1.
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60 2 Plane and Straight Line in E3

Fig. 2.1 The straight line
determined by a point and a
nonzero vector

‘We denote ~ B 3
ro = OMo = xoi + yoj + zok.

Letbe M € E3, M (x, y, z) and we denote
F=0M =xi +yj + zk.

The point M € d <& MyM and v are collinear<>

MoM x v =0. (2.1
However
MoM =7 —T7y. 2.2)

From (2.1) and (2.2) it results (see [6]) the vector equation of the straight line
d = (My,v) :

(F —70) x v =0;

v is called the direction vector of the straight line.
If MyM and v are collinear then (3) # € R unique, such that

MoM = tv.

Taking account the relation (2.2) it results that 7 — 7o = tv; we obtain (see [6])
the vector parametric equation of the straight line d:

r—ro=tv, t € R. (2.3)
The Eq. (2.3) can be written as
xi +yj+zk = xoi + yoj + zok + tai +tbj + tck;

we deduce the parametric equations (see [4], p. 49) of the straight line d:
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X =Xx0+ta
y=yo+tb,teR 24)
z=2z0+1tc

If in the relation (2.4) we eliminate the parameter r we obtain (see [4], p. 49) the
Cartesian equations of the straight line d:

X—Xo _Yy—Yo Z—20
a b c

2.5)

In the relation (2.5), there is the following convention: if one of the denominators
is equal to 0, then we shall also cancel that numerator.

2.1.2 Straight Line Determined by Two Distinct Points

Let be:

o My €E3, My (x1,y1,21),71 = OM/ and
o M €E3, M3 (x2, y2,22), 72 = OM>.

We want to determine the equation of straight line determined by the points M
and M>, denoted by d = (M;, M>) and represented in Fig.2.2.

Fig. 2.2 Straight line deter-
mined by two distinct points

Letbe M € d, M (x, y, z) and we denote 7 = OM. We consider that the straight
line is determined by M and M| M.
As
MM x MM, =0
it results that vector equation (see [6]) of the straight line d is:
(F—71) x (F2 —71) =0.
Since (within the Proposition 1.1 from the Chap. 1), (3) # € R unique, such that

MM =t MM,
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it results that
r—ri=t(r,—7r1),V)teR,

namely the vector parametric equation (see [5], p. 1606) is of form:
r=r1+t@2—711),¥)teR; (2.6)
the parametric equations (see [6]) are:

x=x1+1t(x2—Xx1)
y=yittm—y), VM rteR 2.7
z=2z1+1t(z2—21)

and the Cartesian equations (see [4], p. 49) will be:

X=X Y=yl Z—2Z 2.8)
X2—X1 Y-y 22— '

2.2 Plane in E;

A plane can be determined (see [6]) in E3 as follows:

(1) a point and a nonnull vector normal to plane,

(2) a point and two noncollinear vectors,

(3) three non collinear points,

(4) astraight line and a point that does not belong to the straight line,
(5) two concurrent straight lines,

(6) two parallel straight lines.

2.2.1 A a Point and a Non Zero Vector Normal to the Plane

Let be My € m, My (xo0, yo, zo) and the nonnull free vector n = ai + b7 + ck
normal to the plane (see Fig.2.3).

Fig. 2.3 Plane determined by d
a point and a non zero vector
normal to plane T =
il
M |
Mo -
e
5 0
Vo
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Definition 2.2 (see [6]). The straight line d which passes through My and has the
direction of the vector 7 is called the normal to the plane through M; the vector i
is the normal vector of the plane.

We propose to obtain the plane equation determined by the point My and by the
vector 71, denoted with 7 = (Mo, n).

A point M (x,y,z) € T < MygM and n are orthogonal.

We denote

namely
(F— 7o) -7 =0;

from here we deduce the normal equation (see [6]) of the plane r:
r-n—ro-n=0. (2.9)
Writing the relation (2.9) as
ax + by +cz—axo—byg —czo =0
we obtain the Carthesian equation (see [6]) of the plane 7:
a(x—x9)+b(y—yo)+c(z—2z0) =0. (2.10)
If we denote
axo — byg —czo = —d
then from the equation (2.10) one deduces the general Carthesian equation (see [6])

of the plane 7:
ax +by+cz+d=0. (2.11)

2.2.2 Plane Determined by a Point and Two Noncollinear Vectors

Let u, v be two noncollinear vectors, namely # x v # 0, of the form
u= l]lT—{— m17+ n1E,6 = lle—l— m27+ an

and let be My € 7, My (x0, 0, z0) (see Fig. 2.4).
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Fig. 2.4 Plane determined by

a point and two non collinear V M
vectors
M
0 My

We want to find the equation of the plane determined by the point M and by the
free vectors u and v, denoted by m = (M, u, v).
Let

— . —
e MoM be arepresentative for the free vector u,
— . _
e MyM, be a representative for the free vector v.

Apoint M (x,y,z2) € 1 <& MoM, MoM |, MoM, are coplanar. The coplanarity
of these vectors can be expressed as:

(a) using the Proposition 1.21 from the Chap. 1, (3) #1, > € R uniquely determined,
such that

MoM =t MoM | + tpMoM 5; (2.12)

(b) using the Proposition 1.34 from the Chap. 1, MyM is perpendicular on u x v,
namely

MoM - (4 x 7) = 0. (2.13)
Writing the relation (2.12) on the form:
F—ro=tHu+nHv
we deduce the vector parametric equation (see [6]) of the plane 7:
r=ro+thu+nv,N) f,nhelR (2.14)
and then the parametric equations of the plane :
x =x0+t1l1 + 0l
y=yo+tmy+tomy, (V) t1,p € R. (2.15)
z=2z0+1n + nn2

From the relation (2.13) we obtain the vector equation (see [6]) of the plane :

(F—70)- W xv)=0. (2.16)
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As
MoM = (x —x0)i + (y — y0) j + (z —20) k (2.17)
we have
X—=X0Y—Y0Z—20
MoM - (u x v) = I m ny |;
I my ny

so from the relation (2.13) we deduce the Carthesian equations (see [6]) of the
plane 7:

X —=X0Y—YoZ—20
I my  np | =0. (2.18)
12 n»y np

2.2.3 Plane Determined by Three Noncollinear Points

Let My, My, M> € E3 be three noncollinear points, My (xg, Yo, z0), M1 (x1, y1, 21),
My (x2, y2, z2) . It results that Wl, Wz are noncollinear. We propose to obtain
the equation of the plane determined by these points, which is represented in Fig. 2.5
and it is denoted by w = (Mo, M1, M>).

Fig. 2.5 Plane determined by

three noncollinear points M

My

We note that 7 = (Mo, My, M>) coincides with w1 = (Mo, MoM,, MoM5) ,
namely we are in the case presented in the previous paragraph. We have

MoM | = (x1 —x0)i + (y1 — yo0) j + (z1 — 20) k,
MoMy = (x2 — x0) i + (y2 — yo) j + (22 — 20) k.

Apoint M (x,y,z) € T & MoM, MoM |, MoM, are coplanar, namely

MoM - (MoM | x MoM,) = 0.

Using MygM from (2.17) we obtain the following Cartesian equation (see [6]) of
the plane 7:
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X—=X0 Y—Yo 2—20
X1 —x0y1—Yoz1 —20|=0. (2.19)
X2 — X0 Y2 — Y0 22 — 20

2.2.4 Plane Determined by a Straight Line and a Point
that Doesn’t Belong to the Straight Line

Let d C E3 and a point My ¢ d (see Fig.2.6).
We want to obtain the equation of the plane determined by the straight line d and
by the point My, denoted by m = (M, d).

Fig. 2.6 Plane determined by
a straight line and a point that
doesn’t belong to straight line

Letbe A € d, hence we have d = (A, a@). We note that 7 = (M, d) coincides
with m; = (Mo, a, M_OA) If 7 is the position vector of the point M (denoted with
Mo (7o), A(r4) and M (x, y, z) € 7 then the vector equation (see [6]) of the plane
T is:

F—T7o)-[axFas—79)]1=0 (2.20)

and the Carthesian equation (see [6]) of the plane 7:

X—X0 Yy—Yo 2—20
ai a as =0, (2.21)
XA — X0 YA — Y024 — 20

where a = allT—l—azj—i—agE and A (x4, YA, 24) -

2.2.5 Plane Determined by Two Concurrent Straight Lines

Let d; Ndy = {P}, see Fig.2.7; the straight line

e d; is the straight line which passes through P and has the direction vector aj,
di = (P, ay),

e d; is the straight line which passes through P and has the direction vector a»,
dy = (P, ay).
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We want to find the equation of the plane determined by the straight lines d
and d».

Fig. 2.7 Plane determined by =

. . ail
two concurrent straight lines / d

Noting that ¥ = (di, d») coincides with 7 = (P, ay, az), i.e. with the plane
which passes through P and has the direction vectors a; and a». f M (x,y,z) e w
we deduce that the vector equation (see [6]) of the plane is:

(r—rp)- (a1 xaz) =0; (2.22)
the Cartesian equation of the plane 7w will be:
X—XpYy—ypZ—2p
I mi ny =0, (2.23)

153 my )

where: a; = lll_'+ m17+nlz, a) = lle-l—mz;—l—ngz, P (xp,yp,zp).

Example 2.3 Check if the following straight lines are concurrent:

|
N
2

Cx—1 _z=5
b
LXx=6 _ Y —
dy: 57 = =

—lza

and then write the equation of the plane which they determine.

Solution S
We note that the direction vectors of the two straight lines are: a; = 2i + j + 4k
and respectively a» = 3i —2j + k. As

ay xapy =12
3

~-l
—_ .

=9 +10j — 7k #0

N

-2
it results that the vectors @ and a; are noncollinear, namely d; N d> # .
Let P = dj Ndy. Since:

e P edyweobtainxp — 1 =2yp — 14;
e P € dr, weobtain —2xp + 12 =3yp + 3.
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Solving the system
xp—1 =2yp — 14
—2xp+12 = 3yp +3
we obtain: xp = —3, yp =5, zp = —3.
The plane determined by the straight lines d; and d> will have the equation

79 +3)+10(y—5) -7 +3) =0,

namely
w: 9%+ 10y —7z—-44=0.

We shall present the solution of this problem in Sage, too:

sage: al=vector([2,1,4]),a2=vector([3,-2,1])
sage: var("x y z")

(x, v, 2)
sage: p=implicit plot( (x-1)/2 ==y-T7==(z-5)/4, (x,-10,10), {(y,-10,10))
sage: g=implicit_plot( (x-6)/3 ==(y+1)/(-2)==2, (x%,-10,10), (vy,-10,10)})

sage: (p+q).show(aspect_ratio=0.5)

1

5

sage: al.cross_product(az2)

(s, 10, -7

sage: egn=(x-1l==2=y-14, -2=x+12==3*%y+3]
sage: s = solve(eqn, X,Y¥); 3

[[x == -3, y == 5]]

sage: M=matrix(SR,3, [x+3, y-5, =z+3, 2,1,4,3,-2,1])
sage: M

[x+ 3 yv -5z + 3]

{ 2 1 4]

{ 3 -2 1]

sage: M.det () ==0

9=x + 10*y - T*z - 44 ==

2.2.6 Plane Determined by Two Parallel Straight Lines

Let dy, d» €E3, di||d2,see Fig.2.8; the straight line:

e d; is the straight line which passes through A; and has the direction vector a,
di = (A, a),
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e d; is the straight line which passes through A, and has the direction vector a,
dy = (Az,a).

Fig. 2.8 Plane determined by —

two parallel straight lines
A

d

4

The plane determined by d; and d» is the plane determined by A; and the two
non collinear vectors @ and A1 A»,.

If M (x, y, z) € m then the vector equation (see [6]) of the plane 7 is:
(F—7a,) - (@x AjAy) =0, (2.24)
The Cartesian equation of the plane 7:
X —=XA Y —YA 224

ap a as =0, (2.25)
XAy — XA; YA, — YA RA; — TA

where: @ = ayi + ayj + azk, A (xAl, YAy ZAI) , Ap (xAz, YAy, ZAZ) .

2.2.7 The Straight Line Determined by the Intersection
of Two Planes

We consider 71, m> € E3 (see Fig.2.9) having the equations:

miaix +biy+ciz+di =0
i axx +byy +crz+dr =0.

Fig. 2.9 Straight line deter-
mined by the intersection of / ?_11 e
two planes 1) F ) §
ni| n2
d T




70 2 Plane and Straight Line in E3

The intersection of the planes 71 and 7> is the set of solutions of the system of
equations determined by the equations of 71 and m>.

We denote
A= (al b 1 Cl) .
ar by ¢
If rank (A) = 2 it results a compatible system which is undetermined simple
and the intersection of the two planes is a straight line. If rank (A) # rank (A), A
being the extend matrix of the system it results an incompatible system, therefore

w1 Ny = @, namely 71 ||77.
Let

e 7jbe the normal to 71, 7y = aii + b1 j + cik,
e 717 be the normal to mp, 1 = azi + by j + cok.

We have

dCm=mn Ld

_ The straight line d has the direction vector n| X 1.
dCm=mnmld = g v np X n2

We denote ~ _ 3
W=n x4 =1li +mj + nk.
We have
i j ok ) B B
ny X ny = |ay by c1 | = (bica — bacr) i + (axe1 — aicy) j + (ar1by — azxby) k.
ar by ¢
We deduce
| = b c1
T b
c1 ay
m =
C2 az
_la1 by
n= 4 by |

The equation of the straight line is (see [6]):

X—X0 Y—Yo_ Z2—20
/ m n

(2.26)

(x0, Y0, zo) being a solution of the system.
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Example 2.4 Write the equation of a plane which:

(a) passes thr_ough the poi_nt M_(—2,_ 3,4) and is parallel with the vectors vi =
i —2j+kandvy =3i +2j + 4k;

(b) passes through the point M (1, —1, 1) and is perpendicular on the planes m :
x—y+z—1=0andm :2x+y+z+1=0.

Solution

(a) The vector equation of the plane is

w:(F—ry) (v xvy) =0.

Where as
ik o
eV XUy =|1-21|=-10i — j + 8k,
32 4
o F-Tu=(+i+ G -3+ -k
we obtain

7:—-10x+2)—(y—-3)+8(z—4) =0

or
7:—10x —y+8z—-49=0.

This equation can be determined with Sage, too:

sage: vl=vector([l,-2,1]):v2=vector([3,2,4])
sage: vp= vl.cross_product(v2)

sage: var("x y z")

(x: Ve Z)

sage: r=vector([x,y,z]) ;M=vector([-2,3,4])
sage: (r-M).dot_product (vp)==0

-10*x - y + 8%z - 49 == 0

and it can also be plotted:

sage: var("xy z")

(xy 2)

sage: pl=plot3d({(49+10*x+y)/8 (x,-10,10),(y,0,8) rgbcolor="lightblue")
sage. A=point3d((-2,3,4),color=red’,size=20)

sage: vi=amow3d((3,3,3),(4,5,4),6,color=red')+text3d("v1",(1.2,2,0.4))
sage: v2=armow3d((0,0,0),(3,2,4),6 color="red')+text3d("v2" (3.3,2.7,2 5})
sage: A+pl+vi+v2
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19.6

6.6

/

v2
vl
-6.4

-10.0 8.0

0.0 3.9

10.0-0.1

(b) The nozmal_of t_he required plane is_ﬁ = ni X o, where ) = i — 7 + k and
ny = 2i + j + k; therefore n = —2i + j + 3k.

The Cartesian equation of the plane will be
T:(-2)x-1D+0+DH)+3¢-1DH)=0nm:-2x+y+3z=0.

We can also find this equation in Sage:

sage: nl=vector([l,-1,1]});n2=vector([2,1,1])):
sage: n=nl.cross_product (n2)

sage: var("x y z")

(x, v, 2)

sage: Mi=vector([l,-1,1]):;r=vector(([x,Vv,z]):
sage: (r-M1l).dot_product (n)==0

-2%X + y + 3%z == 0

A graphical solution in Sage is:
sage: var("xy z")
x,y,2)
sage: M=point3d((1,-1,1),color="red',size=20)
sage: p1=plot3d(1-x+y,(x,-1,1),(y.-1,1),rgbcolor="lightblue")
sage: p2=plot3d(1-2"x-y,(x-1,1).(y,-1,1),rgbcolor="lightblue")
sage: p=plot3d((2*x-y)/3,(x,-1.5,1.5),(y,-2,2), rgbcolor="blue")
sage: M+p1+p2+p
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0.0 0.0

1.5 -2.0

2.3 Plane Fascicle

Letbed =m; Nmy
miax +biy+ciz+d =0
Ty axx +byy 4+ crz+dy = 0.

Definition 2.5 (see [1], p. 62 and [2], p. 681). The set of the planes which contain the
straight line d is called a plane fascicle of axis d (see Fig.2.10). The straight line d
is called the fascicle axis and 71, 7 are called the base planes of the fascicle.

Fig. 2.10 Plane fascicle N1

I

i

An arbitrary plane of the fascile has the equation of the form:

Tiaix +biy+ciz+di+A(apx + by +cz+dy) =0, L e R,
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Example 2.6 Determine a plane which passes through the intersection of the planes
mp :x+y+5z=0and m : x — z+ 4 = 0 and which forms with the plane
w:ix—4y—8z+12=0ananglep = 7.

Solution
Letbe d = di Nd,. A plane of the plane fascicle of axis d has the equation

7 ix4+5y+z+A(x—z+4) =0,

namely
7 A+ x+5y+ 0 =Nz +41=0.

It results that o _ _ _
n=0+0Ni+5+0—1k.

As7n =i —4j — 8k we shall deduce

cos < (m, ') cos = non —27 9% sSA=3
7'[77'[ = —_ = = =
2 - ‘W 9v27 4 222

The equation of the required plane is
7 (A+3)x+5y+1+3)z+4-3=0

or
7' idx +5y—274+12=0.

The solution in Sage of this problem is:

sage: var("la x y z");n=vector([1l,-4,-8])

(la, %, vy, 2)

sage: np=vector([l+la,5,1-1la]l) ;nnp=expand(sqrt((l+la)~2+25+(1-1a)"2))
sage: u=np.dot_product(n)/(n.norm()*nnp)

sage: solve(u==cos(pi/2),1la)

[la == 3]

sage: eg=(1l+la) *x+5*y+(1-1la)*z+4*1la

sage: eqg.substitute (la=3)==0

4*x + S5*y - 2%z + 12 == 0

2.4 Distances in E3
2.4.1 Distance from a Point to a Straight Line

Letbed = (A, @) with A (x4, ya,24),a@ = ayi +azj + azk and M € E3.
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—
Let AA’ be a representative for a. The equation of the straight line is:

X—XA  YV—VA ZT—2ZIA

ai ar as

We build the parallelogram AA’ P M (see Fig.2.11).

Fig. 2.11 The distance from P

a point to a straight line M
/ ; a

A—> 4
a

We know that
Agapy = HAA/ x MAH . (2.27)

However
Apnpm = HAA’

-p(M,d). (2.28)

From (2.27) and (2.28) it results that the distance formula from a point to a straight
line is [6]
|77 < 34| _ ja < 31a)
p(M,d) = = — . (2.29)
‘ AA llall

2.4.2 Distance from a Point to a Plane

We consider the plane 7 : ax 4+ by + cz + d = 0 and the point M (xo, Yo, 20),
Mo ¢ m.Let M be the projection of M( on the plane w, M1 (x1, y1, 21), see Fig.2.12.

Fig. 2.12 The distance from M,
a point to a plane ‘ -

The distance from the point M to the plane 7 is
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p (Mo, ) = |[MoM || .

Let d = (M, n) be the normal line to the plane which passes through M,

7 =ai + bj + ck . The equation of this straight line is

X—X0 Y—Yo Z—20

d: =t
a b c
or
X =x0+ta
d:yy=yo+th, t R
z=20+1tc

As M € d we deduce

X1 —X0 _YL—Yo 21 —20 _
a b c

d: t =

X1 =Xx0+ta

yi=yo+1tb, t €R.

z1 =20 +tc
Since M| €e m = ax1+ by +¢cz1+d =0=

axi 4+ by; +cz1 = —d

(2.30)

2.31)

Multiplying the first equation of (2.31) with a, the second with b and the third

with ¢ we have:
ax) = axop + ta>

by; = byg +tb*, t € R.
cz1 =cz0 + tc?
Adding the three equations of (2.32) it results
axi + by; + cz1 =ax0+byo+czo+t(a2+b2+62).
Substituting (2.31) into (2.33) we deduce

axg + byg +czo+d = —t (a2+b2+cz),

namely
_axg + byo +czo +d

a? +b? + 2

We have

(2.32)

(2.33)

(2.34)
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MoM; = (x1 — x0)i + (v — o) Jj + (21 — 20) k;

therefore

7

Mo, || = \/(Xl —x0)* + (1 — y0)* + (21 — 20)* 220 N (a2 +b2+c%) =

”M()M] H = |t|Va? + b2 + 2.

(2.35)

Substituting (2.34) into (2.35) we can deduce [6] the distance formula from a

point to a plane:

_laxo + byo + czo +d|
Va2 + b2+

p (Mg, )

Example 2.7 (see [6]). One gives:

e theplanew :x +y—z+2=0,
e the straight line

. x—y—1=0
x+2y+z—-4=0

e the point A = (1, 1, 2).

(a) Compute the distance from the point A to the plane .

(b) Find the distance from the point A to the straight line d.

Solution

(a) Using the formul (2.36) we achieve:

243

2
plAm) ===

/33

(2.36)

(b) The distance from the point A to the straight line d (Fig.2.13) is computed using

the formula

[MA < AM|  |a < am|
p(A,d) = =

HMA/ llall
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Fig. 2.13 The distance from

A P
a point to a straight line
d
M—* 4
a

The direction vector of the straight line d is

—_
|

=—i—j+3k.

Q|

Il
—_ =~
o <

We obtain: ||a|| = +/11.
From M € d we have

xvy—ym—1=0 xy—ym—1=0
X +2yy+zy—4=0 Xy + 2y =4 —zm.

Denoting zy = u € R we deduce

1
3yM:3—u(:>yM:l—§u
and |
xszM—i—l:Z—gu.

)CM=2

yw=1 = M(2,1,0). We have:
=0

We can suppose that u = 0; we obtain:

AM =i — 2k and

therefore ||a x AM|| = /6. We shall obtain

NG

A d) = —=
p (A, d) Ui

= 0.739.
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Solving this problem with Sage, we shall have:

sage: var("x y z");

(%, v, z)

sage: plane=ploc3d(x+y+2, (x, -10, 0), (y, -10, 10)):

sage: A = point3d((1, 1, 2), color = 'red', size = 10)

sage: pl=implicit plot3d(x-y-1==0, (x, -10, 10), (v, -10, 10),(z, -10, 0),rgbcolor="orange");
sage: p2=plot3d(4-x-2*y, (x, =10, 10), (¥, =10, 10),rgbcolor="orange");

sage: pl+p2+plane+d

0.0 0.0

10.010.0

sage: a=l;b=1;c=-1;d=2;

sage: f=a*x+b*y+c*z+d

sage: (f.subs(x=1, y=1, z=2)).abs()/sqrec(a“2+b"2+c"2)
2/3*aqrt (3)

sage: al=vector([l1l,-1,0]);a2=vector([l,2,1]):
sage: aa=al.cross_product(a2); aa

=1, =1, 3)

sage: na=aa.norm(); na

sqre(11)

sage: eqn=[x-y-1==0,x+2%y+z-4==0]:

sage: s=solve(eqgn,X,¥,z):s

[[x == -1/3*r3 + 2, y == -1/3*x3 + 1, z == r3]]
sage: s[0][0].subs(r2=0);:s[0] [1].subs(r2=0):;s[0][2].subs(xr2=0);
x == -1/3%r3 + 2

y == -1/3*r3 + 1

z == r3

sage: A=vector([1,1,2]); M=vector([2,1,0])

sage: AM=M-A; AM

(1, 0, -2)

sage: cp=aa.cross_product (AM): cp
2, 1, 1)

sage: ncp=cp.norm(); ncp

sqre (6)

sage: rho=ncp/na; rho.n(digits=3)
0.739

2.4.3 Distance Between Two Straight Lines

Let dy, d> be two noncoplanar straight lines (see Fig.2.14).
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Fig. 2.14 the distance
between two straight lines

The distance between the straight lines d and d> is

p(di,dr) = p (A1, Az) = p (A2, ),

where:

e 7 is the plane which passes through d; and it is parallel with d>,
e p (A, ) is the height which corresponds to the vertex A; of the oblique paral-
lelepiped built on the vectors a, b, A1 Aj.

Therefore, the distance formula between two straight lines is [6]:

parallelepiped _ |a' (B X A1A2)i

(di,dr) = v
pla- @)= Ahase HEXE”

(2.37)

Definition 2.8 (see [6]). The support straight line corresponding to the segment which
represents the distance between two straight lines is called the common perpendic-
ular of the two straight lines.

Let § be the straight line which represents the common perpendicular. To deter-
mine the equations of the straight line §:

1. find the direction of the the common perpendicular 7 = @ x b, @ and b being the
direction vectors of the two straight lines;

2. write the equation of a plane 71, which passes through d; and contains 7;

3. write the equation of a plane m», which passes through d> and contains 7;

4. § = m Ny is the common perpendicular searched by us.

If

e di = (A1,a), Ay (x1,y1.21),
o d) = (Az,a), Ay (x2,¥2,22),
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° ﬁ=nlz+nzz+n3_z,
e a=aji+ayj+ask,
e b =Dbii + byj + b3k,

then the equations of the common perpendicular § are [6]:

X—=X1y—y1zZ—2
ap an as =0
ni np n3
X—=X2y—Ni—-22
by 1) by |=0.
ni nj n3

(2.38)

Example 2.9 Let be the straight lines

x=14+2r x=1+4s
di:{4y=3+4+r anddy:1y=-2—4s,r,s €eR.
z7=-2+4r z=942s

Find:

(a) the angle between these straight lines;
(b) the equation of the common perpendicular;
(c) the distance between the two straight lines.

Solution
(a) We have _
o a-b
cos < (dy,dy) = cos < (@,b) = ——,
Il |5]
where
odi=(AT).A(1,3,-2),a=20+]+k,
e dy=(B,b),B(1,-2,9),b=i—4j+2k.
‘We obtain

cos < (d1,dr) =0=<(d|,dr) = %

(b) The direction of the common perpendicular is
n=axbh,

namely

~-]
—_ .|

=6i —3j — 9%.

3|

Il
—_ N
(NS

As

e the equation of the plane which passes through d; and contains 7 is
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x—1y—-3z+2
w2 1 1 |=0&m:x—4y+224+15=0;
6 -3 -9

o the equation of the plane which passes through d> and contains 7 is

x—=1y+2z-9
) 1 -4 2 |=0&m:2x+y+z—-9=0.
6 -3 -9

The equations of the common perpendicular will be:

x—4y+2z4+15=0
2x+y+z-9=0.

(c) Using (2.37), we have

a-(bxAB
oy, dyy = X AB)|
|a x5
where

e AB = (xg—xa)i+ (yg—ya)j+ (z —za)k = =5j + 11k,

21 1

ea-(bxAB)=|1—-42|=-84,
0-511

o |[@axb| =6+ (=3)%+ (-9 = V126;

therefore

84
di,dy) = —— = 2J/14.
p (&) V126

We shall solve this problem using Sage:

sage: a=vector([2,1,1]) :;b=vector([1,-4,2]):var("x y z")

(x, v, 2)

sage: a.dot_product (b)

0

sage: n=a.cross_product(b); n

(61 -31 -9)

sage: A=vector([1,3,-2]):B=vector([1,-2,9]):

sage: pl=matrix(SR,3, [x-A[0],v-A[l],2z-A[2],a[0],a[l],a[2],n[0],n[1],n[2]]):
sage: ppl=pl.determinant():;ppl;ppl/(-6)==

-6*x + 24*y - 12%z - 90

X - 4*y + 2%z + 15 == 0

sage: p2=matrix(SR,3, [x-B[0],y-B[1],2-B[2],b[0],b[1],b[2],n([0],n[1],n[2]]):
sage: pp2=p2.determinant();pp2;pp2/21==0

42*x + 21*y + 21*z - 189

2*Xx + vy +z -9 =20

sage: AB=B-A;

sage: u=a.dot_product (b.cross_product (AB))

sage: rho=u.abs()/n.norm();rho

2*sqrc (14)
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2.5 Angles in E3

2.5.1 Angle Between Two Straight Lines

Definition 2.11 (see [3], p. 112). Let dy, d» be two straight lines, which have the
direction vectors @ = aji + a27 + azk and respectively b=bi+ b27 + bsk. The
angle between the straight lines d; and d> is the angle between the vectors a and
b (see Fig.2.15).

Fig. 2.15 The angle between dy =
two straight lines » a
%«
d) b
Hence
a-b arby + axby + azb
0s g = gpel0n]. (239

lall o] Ja? + a3 + a3, /63 + 3 + 83

Remark 2.12 (see [3], p. 112).

(1) ¢ = 5 =the straight lines are perpendicular <
a-b=0<% ayb; +aby +azb; = 0.

(2) ¢ = 0 =the straight lines are parallel<> @ x b = 0 <

i j ok B B 3 o
ar ay a3 | =04 (axbs — azbz) i+ (asby —a1b) j+ (a1by —axb)) k=0 &
by by by

arby —azby =0 a o a
azby —aiby =0 & b_ = b_ = b_ (2.40)
a1b2 — a2b1 =0 1 2 3

Therefore d, ||d> the relation (2.40) occurs.

2.5.2 Angle Between Two Planes

Let be

e 1w :aix + b1y + c1z + d; = 0 and the normal vector 71 = aii + b17+ cik,
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e 1) arx + bry + ¢2z + dy = 0 and the normal vector 77, = ari + b27 + k.

Fig. 2.16 The angle between
two planes /

2

e

/

Definition 2.13 (see [3], p. 113). The angle ¢ between the planes 7| and
angle between the vectors 771 and 725 (see Fig.2.16).
Hence

_ ni-ny aray +biby +cic2
71l 72|l \/a%+b%+c%\/a%+b%+c%

0s ¢ , ¢ €10, m].

Remark 2.14 (see [3], p. 113).

(1) m||rp <= 7n and ny are collinear <> n| = tny, t € R; therefore
m||my <= a = tay, by = thy, ¢ = 1Cs.

2) milmy << ny -1y =0<4<= ajax + b1by + c1c2 = 0.

2.5.3 Angle Between a Straight Line and a Plane

75 1S the

(2.41)

Let d be the straight line with the direction vectora = a 1+ a27 + ask and the plane

7 having the normal vector 77 = n1i + nyj + nsk.

Definition 2.15 (see [3], p. 113). The angle ¢ between the straight line d and the
plane 7 is the angle between the straight line d and the projection of this straight

line on the plane 7 (see Fig.2.17).
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Fig. 2.17 The angle between
a straight line and a plane - T
n

The angle between the straight line d and the plane 7 is related to the angle 6, the
angle of the vectors @ and 72, through the relations: & = 7 + ¢ as the vectors are on
the same side of the or in different parts. Hence:

cosf = cos (%:l:(p) =Zsing, 0 €0, 7] = ¢ € [O, %]

cosf

n.
=———, 0 [0, 7]
7|l ]

it results that

lainy + azny + azn;| 7
, @ € [O, 5] .

sing =
4 nd+ndJad + a3 + a3

(2.42)

Remark 2.16 (see [3], p. 113).
(D dllren-a=0< an| +amny +aznz =0.
Qdlr=s¢p=1=0=0=nla =8 L=2=mn

ap ap as
Example 2.17 Are given

e theplanesmy : 2x —y+7=0andm : x — 5y + 3z =0,

ioht li caml oy 2
o the straight line d : 5= = = = £.

Compute:

(a) the angle of these planes;
(b) the angle between the straight line and the plane ;.

Solution

(a) Wehaven; = (2, —1,0), np = (1, =5, 3) ; hence

. -
ean MM VT o

cos < (m.m) =cos = ml T s
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(b) As the direction vector of the straight line d isa = (2, —1, 5) we obtain

. .4 lainy + axny + asns| 1
sin < (d, m) =sing = -
\/n%—i—n%—i—n%\/a]z—i—a%—i—a% “/6

We need the following code in Sage to solve this problem:

sage: var("x y z")

(%, ¥, Z)

sage: pll=implicit_plot3d(2*x-y+7==0, (x, -10, 10), (y, -10, 10), (=, -10, 10),rgbcolor="green")
sage: pl2=plot3d((5*y-x)/3, (x, -10, 0), (¥, -10, 10),rgbcolor="purple”)

sage: 1=line3d([(7,-6,15), (-15,5,-40)], color='blue')

sage: pll+pl2+l

10.010.0

sage: nl=vector([2,-1,0]):n2=vector([1,-5,3]):
=age: (nl.dot_product(n2)/(nl.norm()*n2.norm()}).n(digica=3)

0.529

sage: a=vector([2,-1,5]);

sage: (a.dot_product(nl)).abs()/(nl.norm()*a.norm()).n(digits=3)
0.408

2.6 Problems

1. Check if the points M1 (3,0, 1), M> (0,2,4), M3 (1, %, 3) are collineare.

Solution
Using Sage we shall have:

sage: var("x y z")

(%, ¥, 2)

sage: Ml=vector([3,0,1]):M2=vector([0,2,4]) :M3=vector([1,4/3,3])

sage: (M3[0]-M1[0])/(M2[0]-M1[0])==(M3[1]-M1[1])/ (M2[1]-M1[1])==(M3[2]-M1[2])}/(M2[2]-M1[2])
True

sage: pol=point3d((3,0,1),size=20,color="red")

sage: po2=point3d((0,2,4),size=20,color="blue')

sage: po3=point3d((1,4/3,3),8ize=20,color="green')

sage: 1=line3d([(3,0,1),(0,2,4)])

sage: pol+po2+po3+l
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.
4.0
.
25
1.0
0.0 2.0
15 1.0
2.0%.0

2. Write the equation of the plane determined by the points: M; (3, 1, 0),
M>(0,7,2), M3 (4, 1,5).

Solution
We shall give a solution in Sage:

sage: var("x y z")

(%, ¥. 2z}

sage: Ml=vector([3,1,0]):Mi=vector([0.7,2]) :H3=vector([4,1,5])

sage: Memacrix (SR, 3, [x-M1[0],y-M1[1],2-M1[2],M2[0]-M1[0], M2[1]-M1[1], M2 [2]-M1[2],M3[0]-M1[0],M3[1]-ML[1],M3[2]-MH1[2]])
sage: M.determinan
30%x + 17y - 6%z
sage: pol=poincid(
sage: pol=poinc3d((0
sage: po3=poinc3d((4 i [}
sage: pl=plot3d((30*x+17+y-107)/6, (x, -1, 5}, (v, -1, 8),rgbcolor="lightblue”)
sage: pol+po2+pod+pl

- g
ize=20,color='red")

s 50

5.0-1.0

3. Write the equation of a plane perpendicular on the planes 7y : x —y+2z—1=10
and 73 : 2x + y + z + 1 = 0 and which passes through the point My (1, —1, 1).

4. Write the equation of a plane which passes through the points M; (3, 1, 2),
M, (4,6, 5) and is parallel with the vector v = i+ 27 + 3%.

Solution
Solving this problem in Sage we have:
sage: var("x y z")
(x' yl Zj
sage: Ml=vector([2,3,4]):M2=vector([4,6,5])
sage: MIM2=M2-M1;Mi1M2
(2, 3, 1)
sage: r=vector|([x,v,z]);v=vector([1,2,3])
sage: u=M1M2.cross_product (v):u
(7, =5, 1)
sage: w=r-Mi:w
x -2, ¥- 3, =z - 1)
sage: u.dot_product (w)==0
T*x - S%y + z — 3 = 0
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sage: a=arrow3d((0,0,0), (1,2,3),color='blue'};

sage: pol=point3d((2,3,4),size=20,color="red"')

sage: poZ2=point3d((4,6,5),size=20,color="blue')

sage: pl=plot3d(-7*x+5*y+3, (x, 1.5, 7), (v, 0, 7),rgbcolor="lightblue"™)
sage: a+pl+pol+po2

27.5
L]
- L

9.2

-46.0

-0.0 7.0

3.5 3.5
7.0 -0.0

5. Let d be the straight line determined by the point Py (2, 0, —1) and the direction
vector v = i — j. Compute the distance from the point P (1, 3, —2) to the straight
line d.

6. Write the ecuation of the perpendicular from the point M (—2, 0, 3) on the plane
w:7x —=5y+4+z—11=0.

Hint. The perpendicular from a point to a plane is the straight line which passes
through that point and has the normal vector of the plane as a direction vector.

Solution
Solving this problem with Sage, we shall have:

sage: var("x y z")

(x, ¥, 2)

sage: n=vector([7,-5,1]):M=vector([-2,0,3])

sage: egl=[(x-M[0])/n[0]==(y-M[1])/n[1]];eqg2=[(y-M[1])/n[l]==(2-M[2])/n[2]]:;eql+eq2
[1/7*x + 2/7 == -1/5%y, -1/5%y == z - 3]

sage: l=line3d([(-2,0,3),(-9,5,2),(5,-5,4)],color="purple™)

sage: pol=point3d|((-2,0,3),s8ize=20,color="'red')

sage: pl=plot3d(l1l-7*x+5*y, (x, -1, 1), (v, -1, -0.5),rgbcolor="blue")

sage: pol+pl+l

b
s

5.0

-2.0 0.0

5.0 -5.0
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7. Tt gives a tetrahedron ABC D defined by the points A (3,0,0), B (2,4,0),
C(-3,—-1,0), D(0,0,5). Write the equations of its faces, the edge equations
and the equations corresponding to the heights of the tetrahedron ABCD.

8. Write the equation of the plane which passes through Oz and is perpendicular
ontheplanew : 8x +y+2z —1=0.

Hint. The equation of the plane which passes through Oz is: ax + by = 0.

Solution
We shall present the solution in Sage:

sage: var("a b x y z")

(a, b, %, v, 2)

sage: nl=vector([a,b,0]):;n2=vector([&,1,2])
sage: egn=[nl.dot_product (n2)==0];

sage: s=solve(eqn,a,b):s

(la == -1/8*b], [(1])
sage: nl=vector([s[0][0].subs(b==1),1,0]):;nl
(a == (-1/8), 1, 0)

sage: 1=line3d([(0,0,1),(0,0,-1),(0,0,-11)],coloxr="purple”)
sage: pl=implicit_plot3d(-x/8+y==0, (x, -10, 10), (y, -10, 10),(z, -10, 0),rgbcolor="lightblue")
sage: p2=plot3d((1-8*x-y)/2, (x, -1, 0), (v, -1, 2),rgbcolor="red")

5.0
-3.0 y
!
‘ i
|
-11.0
-10.0 10.0
0.0 0.0
10.0:10.0

9. Determine the projection equation of the straight line having the equations

d- x—=3z+1=0
“ly—2z2-3=0

ontheplanew : x —y+2z —1=0.
10. Let be the straight lines:

i - x—=2y+z+1=0
b y—2z=0
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and
x—1 y+3 z
d>: ==,
2 1 8

(a) Find the equation of the common perpendicular.
(b) Compute the distance between the two straight lines.
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