Chapter 1
Preliminaries on (Almost-)Complex Manifolds

Abstract In this preliminary chapter, we summarize some basic notions and some
classical results in (almost-)complex and symplectic geometry. In particular, we
start by setting some definitions and notation concerning (almost-)complex struc-
tures, Sect. 1.1, symplectic structures, Sect. 1.2, and generalized complex struc-
tures, Sect. 1.3; then we recall the main results in the Hodge theory for Kéhler
manifolds, Sect. 1.4, and in the Kodaira, Spencer, Nirenberg, and Kuranishi theory
of deformations of complex structures, Sect. 1.5; furthermore, we summarize some
basic definitions and some useful facts about currents and de Rham homology,
Sect. 1.6, and about nilmanifolds and solvmanifolds, Sect. 1.7, in order to set the
notation for the following chapters. (As a matter of notation, unless otherwise stated,
by “manifold” we mean “connected differentiable manifold”, and by ‘“compact
manifold” we mean “closed manifold”.)

1.1 Almost-Complex Geometry and Complex Geometry

The tangent bundle of a complex manifold X is naturally endowed with an endo-
morphism J € End(TX) such that J? = —idyy, satisfying a further integrability
property. It is hence natural to study differentiable manifolds endowed with such
an endomorphism, the so-called almost-complex manifolds. It turns out that the
vanishing of the Nijenhuis tensor Nij; characterizes the almost-complex structures
J on X naturally induced by a structure of complex manifold [NN57, Theorem 1.1].

In this section, we recall the notions of almost-complex structure, complex
manifold, and Dolbeault cohomology, and some of their properties.
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2 1 Preliminaries on (Almost-)Complex Manifolds
1.1.1 Almost-Complex Structures

Let X be a (differentiable) manifold. We start by recalling the notion of almost-
complex structure.

Definition 1.1 ([Ehr49]). Let X be a differentiable manifold. An almost-complex
structure J on X is an endomorphism J € End(7X) such that J? = —idy.

Let J be an almost-complex structure on X . Extending J by C-linearity to 7X ®
C, we get the decomposition

TXQC = TVX e T%X,

where T'0X (respectively, 7%! X) is the sub-bundle of TX ® C given by the i-eigen-
spaces (respectively, the (—i)-eigen-spaces) of J € End (7X ® C): that is, for every
xeX,

(TYX), ={ve—i Jeve vy € X},
(T'X), = {ve +i Jevy : ve € T X} .

Considering the dual of J, again denoted by J € End (T* X)), we get analogously a
decomposition at the level of the cotangent bundle:

T*X ®@C = (T'°X)" @ (T*'X)",

where (T"°X)" (respectively, (T%!X)") is the sub-bundle of T*X ® C given by
the i-eigen-spaces (respectively, the (—i)-eigen-spaces) of the C-linear extension
J € End (T*X ® C). Extending the endomorphism J to the bundle A® (T*X) ® C
of complex-valued differential forms, we get, for every k € N, the bundle decom-
position

AN(T*X)®C = P Ar(T0X)" @ A1 (T X)" .
pt+q=k

As a matter of notation, we will denote by C* (X ; F') the space of smooth sections
of a vector bundle F over X, and, forevery k € N and (p,q) € N2, we will denote
by AKX := C® (X; AF (T*X)) the space of smooth sections of A¥ (T*X) over
X and by AP4X 1= ADIX = C%® (X; /\”(TI*OX)* ® A”(TO’IX)*) the space of
smooth sections of A? (TI’OX)* ® A? (TO*IX)* over X.

Since d(A°X ®r C) € AYYX & A%'X and d(A'X ®@rC) € AMX &
ALTX @ A2 X, since every differential form is locally a finite sum of decomposable

differential forms, and by the Leibniz rule, the C-linear extension of the exterior
differential, d: A°*X ® C — A*T!X ® C, splits into four components:



1.1  Almost-Complex Geometry and Complex Geometry 3

d=A4+0+0+4
where

AN X — ATy AX — AThex DAY — A%ty

/I, /\.’.X - /\-—1,0+2X .
in terms of these components, the condition d? = 0 is written as

A2 =0

Ad4+34=0

A+ P +3dA4A=0
AA+30+00+AA4A=0 .

dA+9 + A9 =0

Ad+dA=0

A2 =0

Remark 1.1. More in general, given a 2n-dimensional manifold X, an almost-c.p.s.
structure, [Vai07, Sect. 1], is the datum of an endomorphism K € End(7X) such that
K? = X idyx where A € {—1, 0, 1}: more precisely, the case A = —1 corresponds
to almost-complex structures, the case A = 0 corresponds to almost-subtangent
structures, and the case A = 1 corresponds to almost-product structures.

Among almost-product structures, D-complex structures deserve special interest.
By definition, an almost-D-complex structure (also called almost-para-complex
structure) on a manifold X is an endomorphism K € End(7X) such that K? = idyx
andtk TTX =1k T~X = 1dim X, where, for & € {+, —}, the sub-bundle T*X
of TX is the (£1)-eigen-bundle of K € End(7X). Recall also that a D-holomorphic
map between two almost-D-complex manifolds (X, K;) and (X, K;) is a smooth
map f:X; — Xpsuchthatd f o K; = K;od f. Recall that an almost-D-complex
structure is said to be integrable (and hence it is called a D-complex structure, or also
a para-complex structure) if [T"'X, T+X] CTYXand[T™X, T"X] C T™X.
Equivalently, the integrability condition can be straightforwardly expressed as the
vanishing of the Nijenhuis tensor of K, defined as Nijg (-, -) := [+, -] + [K+, K-]—
K[K-, ] — K[, K-]. Furthermore, for an almost-D-complex structure on an
n-dimensional manifold X, the integrability is also equivalent to being naturally
associated to a structure on X defined in terms of local homeomorphisms with
open sets in D" and D-holomorphic changes of coordinates, see, e.g., [CMMS04,
Proposition 3], where D" := R” 4+ tR", with 72 = 1, is the algebra of double
numbers.
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Finally, we recall that, given a 2n-dimensional manifold endowed with an
almost-D-complex structure K, a D-Hermitian metric on X is a pseudo-Riemannian
metric of signature (1, n) such that g(K-, K--) = —g(-, --). A D-Kdhler structure
on a manifold X is the datum of an integrable D-complex structure K and a
D-Hermitian metric g such that its associated K -anti-invariantformw := g (K -, -)
is d-closed, equivalently, the datum of a K-compatible (that is, a K -anti-invariant)
symplectic form on X, see, e.g., [AMT09, Sect. 5.1], [CMMSO04, Theorem 1].

We refer, e.g., to [HL83, AMT09, CMMS04, CMMS05, CM09, CFAGY6,
KMW10, ABDMOOS5, ASO5, KralO, Ros12a, Ros12b, AR12, Ros13] and the
references therein for more notions and results in D-complex geometry and for
motivations for its study.

1.1.2 Complex Structures, and Dolbeault Cohomology

If X is a complex manifold, then there is a natural almost-complex structure on X:

aefl,... dimg X},

d loc ad d loc ad
J| —— = —, J| — = ——,
(ax2a—l) ax20c (ax2a) ax20c—l

note that this local definition does not depend on the coordinate chart, by the Cauchy
and Riemann equations.

Conversely, we recall that an almost-complex structure J on a differentiable
manifold X is called integrable if it is the natural almost-complex structure induced
by a structure of complex manifold on X.

The following theorem by A. Newlander and L. Nirenberg characterizes the
integrable almost-complex structures on a manifold X in terms of the Nijenhuis
tensor Nij ;, defined as

Nij; () o= o] 4 T[T ]+ T [ T = [T T ]

(See also [KN96, Appendix 8] for the integrability of real-analytic almost-complex
structures.)

Theorem 1.1 (INN57, Theorem 1.1]). Let X be a differentiable manifold. An
almost-complex structure J on X is integrable if and only if Nij; = 0.

By a straightforward computation, the integrability of an almost-complex struc-
ture J turns out to be equivalent to the vanishing of the components A and A of
the exterior differential, equivalently, to (/\'*'X , 0, 5) being a double complex of
C* (X; C)-modules (see, e.g., [Wel08, Sect.2.6], [Mor07, Proposition 8.2]).
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Therefore, for a complex manifold X, one can consider, for every p € N,
the differential complex (/\P’X , 5) and its cohomology, defining the Dolbeault
cohomology, as the bi-graded C-vector space

ker 0

imd

Hg'"(X) =

For every (p, q) € N, denote by A% the (fine) sheaf of germs of (p, ¢)-forms
on X. For every p € N, denote by .Q)‘? the sheaf of germs of holomorphic p-forms

on X, that is, the kernel sheaf of the map 9: AI;('O — AY ' By the Dolbeault and
Grothendieck Lemma, see, e.g., [Dem12, 1.3.29], one has that

0— 2) - Ay

is a fine resolution of £2 )p(; hence, one gets the following result.

Theorem 1.2 (Dolbeault Theorem, [Dol53]). Let X be a complex manifold. For
every p, q €N,

HI(X) ~ HY(X;27) .

This gives a sheaf-theoretic interpretation of the Dolbeault cohomology. On the
other hand, also an analytic interpretation can be provided.

Suppose X is a compact complex manifold of complex dimension 7, and fix g
a Hermitian metric on X and vol the induced volume form on X (recall that every
complex manifold is orientable, see, e.g., [GH94, pp. 17-18]); denote by @ :=
g(J-, ) € AMX N A%X the associated (1, 1)-form to g. Recall that g induces a
Hermitian inner product (-, --) on the space A** X of global differential forms on X,
and that the Hodge-*-operator associated to g is the C-linear map

s arax: APIX =5 ATTINTP Y
defined requiring that, for every , B € AP4 X,
anxp = (. p)vol .
Define
—*

9 = —x I AT X > ATTTIX

the operator 9 : A®*X — A®*71X is the adjoint' of 3: A®*X — A**+1X with
respect to (-, --). Define

I'This fact can be generalized for a bi-differential bi-graded algebra of PD-type, [Kas12b, Sect. 2],
see also [AK12, Sect. 2.1].
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- 3 aF a9 %5 o0 o0
0= [0.97] = 597 +37 8% X > A™X ;

O being a 2nd order self-adjoint elliptic differential operator (see, e.g., [Kod0S5,
Theorem 3.16]), one gets the following result.

Theorem 1.3 (Hodge Theorem, [Hod89]). Let X be a compact complex manifold
endowed with a Hermitian metric. There is an orthogonal decomposition

_ 1 — 1
A X = ket @ 0A° ' X @ 9 ATl X,

and hence an isomorphism
H®*(X) = kerd .

In particular, dimg H:"(X) < +oo.

Note that, for any (p,q) € N?, the Hodge-*-operator x: AP4X — A4/~ I’X
sends a O-harmonic (p, g)-form ¥ (that is, ¥ € AP?X is such that Oy =
to a O-harmonic (n — g,n — p)-form xy, where O := [d, 9*] := 99* + 3*3 €
End (A®**X) is the conjugate operator to O, and hence, by conjugating, one gets a
O-harmonic (n — p,n — q)-form *1. Hence, one gets the following result.

Theorem 1.4 (Serre Duality, [Ser55, Théoreme 4]). Let X be a compact complex
manifold of complex dimension n, endowed with a Hermitian metric. For every
P, q € N, the Hodge-x-operator induces an isomorphism

w HP(X) 5 HEPIX)

Since a d-closed form is not necessarily d-closed, Dolbeault cohomology classes
do not define, in general, de Rham cohomology classes, that is, in general, on
a compact complex manifold, there is no natural map between the Dolbeault
cohomology and the de Rham cohomology (as we will see, in the special case
of compact Kéhler manifolds, or more in general of compact complex manifolds
satisfying the d9-Lemma, the de Rham cohomology actually can be decomposed by
means of the Dolbeault cohomology groups, [Wei58, Théoreme 1V.3], [DGMS75,
Lemma 5.15, Remark 5.16, 5.21]). Nevertheless, the Frolicher inequality provides
a relation between the dimension of the Dolbeault cohomology and the dimension
of the de Rham cohomology; it follows by considering the Hodge and Frolicher
spectral sequence, which we recall here.

The structure of double complex of (A"'X , 0, 5) gives rise to two natural
filtrations of A®*X ® C, namely (for (p,q) € N? and for k € N,)

'FP(AfX®C) = @ X and "FI(AXRC) = @ ATX:

r4s=k r4+s=k
rzp =
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these filtrations induce two spectral sequences (see, e.g., [McCO01, Sect. 2.4], [GH94,
Sect. 3.5]),

{(E>*. d) = (EM."d)},en and, respectively, {("E>®. " dr)} ey

called Hodge and Frolicher spectral sequences (or Hodge to de Rham spectral
sequences): one has

‘EP* > H3*(X) = Hp(X:C) and "EP* ~ H*(X) = Hj(X:0).

An explicit description of {(E,, d,)},¢y 18 given in [CFUG97]: for any p, g € N
and r € N, its terms are

P4
EP4 Ay

r = B2
r
where, forr = 1,
le'q = {0{ e APIX - 50{ :O} , f’q = 5/\]7"7_1 X,
and, forr > 2,
P = {otp’q € AP9X 1 P4 =0and, foranyi € {1,...,r —1},
there exists a? 71471 e APTIATI ¥

such that da? 14—+l 4 gortia—i — 0} ’

yra = {8,8”‘1*‘7 +5,8”"7—1 e AP4X : foranyi € {2,...,r — 1},

there exists g7 4Ti—1 ¢ ap—iati-ly
such that 9pP 4+ =1 4 §gr=itlati=2 — o apd ggP—"T1at =2 = O} ,

see [CFUG97, Theorem 1], and, for any r > 1, the map d,: E** — E**" 7"+l js
given by

drila™] € EX, pere = {[dartr—tamrH] e E{)+w_r+l}(p,q)€N2 ’

see [CFUGY97, Theorem 3].
As a consequence of 'E[™* =~ HE”(X) = Hj(X;C), one gets the following
inequality by A. Frolicher.
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Theorem 1.5 (Frolicher Inequality, [Fro55, Theorem 2]). Let X be a compact
complex manifold. Then, for every k € N,

dime Hjp(X;C) < ) dime HP(X) .
p+q=k

As a matter of notation, for k € N and (p,q) € N?, we will denote by

by := dimp H jR(X ; R), respectively hg’q 1= dim¢ H; “1(X), the kth Betti number,
respectively the (p, ¢)" Hodge number of X .

Remark 1.2. Other than the Dolbeault cohomology, other cohomologies can be
defined for a complex manifold X ; more precisely, since, for every (p, q) € N2,

gty 9 043
APTMTLY S APAX S PP X @ AP Y and
9,0 0
APLaY @ aPa-lY (_? arax 99 aptla+iy

are complexes, one can define the Bott-Chern cohomology H 3¢ (X ) and the Aeppli
cohomology H3*(X) of X as

HEZ(X) = ker? ﬂlierB and HY*(X) = - keralf) .
imdd imd +ima
we refer to Sect. 2.1 for further details.

In the next chapter, we will provide a Frolicher-type inequality also for the
Bott-Chern cohomology, Theorem 2.13, showing that it allows to characterize
the compact complex manifolds satisfying the 90-Lemma just in terms of the
dimensions of the Bott-Chern cohomology and of the de Rham cohomology,
Theorem 2.14.

(We refer also to [AT13a], where Dolbeault, Bott-Chern, and Aeppli cohomolo-
gies are considered in a more general context.)

Remark 1.3. In Complex Analysis, properties concerning the existence of exhaus-
tion functions with convexity properties may have consequences on the vanishing
of the cohomology. In fact, the Hormander theorem, [Hor65, Theorems 2.2.4
and 2.2.5], [H6r90, Theorem 4.2.2, Corollary 4.2.6], states that the Dolbeault
cohomology groups ng ‘(D) of a strictly pseudo-convex domain D in C" (that is, a
domain admitting a smooth proper strictly pluri-sub-harmonic exhaustion function)
vanish for ¢ > 1, for any p € N. More in general, A. Andreotti and H. Grauert
proved in [AG62, Proposition 27] that the Dolbeault cohomology groups ng,s (D)
of a g-complete domain in C" (that is, a domain in C" admitting a smooth proper
exhaustion function whose Levi form has at least n — g + 1 positive eigen-values,
[AG62,Rot55]) vanish for s > ¢, for any r € N, see also [AV65a, AV65b, Theorem
5], see also [Ves67]. (Furthermore, given a domain D of a Stein manifold with
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boundary of class C?, if Hg’S(D) = {0} for s > ¢ and for any r € N, then D is
g-complete, [EVS80, Theorem 3.8].)

See [AC12, AC13] for other results connecting convexity properties (see [HL12,
HL11]) and vanishing of the cohomology, see also [Sha86, Theorem 1], [Wu87,
Theorem 1], see also [HL11, Proposition 5.7].

1.2 Symplectic Geometry

In this section, we recall some definitions and results concerning symplectic
manifolds, that is, differentiable manifolds endowed with a non-degenerate d-closed
2-form. An interesting class of examples of symplectic manifolds is provided by
the Kdhler manifolds. Moreover, given a differentiable manifold X, its cotangent
bundle T*X is endowed with a natural symplectic structure (see, e.g., [CdSO1,
Sect. 2]): in fact, symplectic geometry has applications and motivations in the study
of Hamiltonian Mechanics, see, e.g., [CdSO1, Part VII].

1.2.1 Symplectic Structures

Let X be a compact 2n-dimensional manifold. We start by recalling the notion of
symplectic structure.

Definition 1.2 ([Wey97, Sect. VI]). Let X be a differentiable manifold. A sym-
plectic form on X is a non-degenerate d-closed 2-form w € A2X.

The main difference between symplectic geometry and Riemannian geometry is
provided by G. Darboux’s theorem.

Theorem 1.6 (Darboux Theorem, [Dar82]). Let X be a 2n-dimensional manifold
endowed with a symplectic form w. Then, for every x € X, there exists a coordinate

chart (U, {xj} , with x € U, such that

n
loc P P
w = E dx¥ P Adx¥ .
Jj=1

As for (almost-)complex manifolds, on a symplectic manifold X endowed with
a symplectic form w, one has a decomposition of differential forms in symplectic-
type components, the so-called Lefschetz decomposition; it is a consequence of
an sl(2; R)-representation on A>X by means of operators related to the symplectic
structure.
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More precisely, define the operators L, A, H € End® (A*X) as
L:AX > AT2X . a—oAa,
AAX > AT2X ., ab —a,
H:A*X — A°X, aHZ(n—k)n,\an
k
(where tg: A*X — A*72X denotes the interior product with & € A% (TX), and, for

k € N, the map 7 y: A®X — AKX denotes the natural projection onto A*X).
Note that, using the symplectic-x-operator *,,, one can write, [ Yan96, Lemma 1.5],

A = —%, L %, .

The following result holds.”
Theorem 1.7 ([Yan96, Corollary 1.6]). Let X be a manifold endowed with a
symplectic structure. Then
[L, H] = 2L, [A, Hl = =24, [L, Al = H,
and hence

sl(2;R) ~ (L, A, H) — End® (A*X)

gives an s1(2; R)-representation on A*X.

(See also [HuyO05, Proposition 1.2.2] for a proof.)
The above sl(2; R)-representation, having finite H -spectrum,’ induces a decom-
position of the space of the differential forms.

Theorem 1.8 ([Yan96, Corollary 2.6]). Let X be a manifold endowed with a
symplectic structure. Then one has the Lefschetz decomposition on differential
forms,

AX = EDL’ PAS Y X |
reN

2See, e.g., [Hum78, Sect. 7] for general results concerning s[(2; K)-representations.

3Recall that an s[(2; R)-representation on a (possibly non-finite dimensional) R-vector space V is
called of finite H -spectrum if V can be decomposed into the direct sum of eigen-spaces of H and
H has only finitely-many distinct eigen-values, [Yan96, Definition 2.2].



1.2 Symplectic Geometry 11

where
PA*X = kerA

is the space of primitive forms.

Remark 1.4. Note that, for every k € N,
PAYX = ker L"* |y .

see, e.g., [HuyO5, Proposition 1.2.30(v)].

In general, see, e.g., [TY12b, p. 422], the Lefschetz decomposition of A®) ¢
A X reads as

Al — Z i L7 B&=2r
|

r>max{k—n,0}
where, for r > max {k —n, 0},
1
Bk=2n) .= (Zar.z,(n,k) EL[ A’”) A® e pAkTZr x
LeN '

and, for r > max{k —n, 0} and £ € N,

1
n—k4+2r+1—i

areiy = (=D =k +2r+ 1]
i=0

14

1
. €Q.
]l:[()n—k+2r+l+j Q

‘We recall that

n—2
LL@Q;Z,I/\”fksz: @ /\n_k_ZX — /\n_kX

k=—1
is injective, [Yan96, Corollary 2.8], and that, for every k € N,

LAy 5 Atk

is an isomorphism, [Yan96, Corollary 2.7].
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1.2.1.1 Primitive Currents

Let X be a 2n-dimensional compact manifold endowed with a symplectic structure
. Denote by Do X := D*'~*X the space of currents, and consider the de Rham
homology HIR(X:R) := H*®(D.X, d). (See Sect. 1.6 for definitions and results
concerning currents and de Rham homology.)

Following [Lin13, Definition 4.1], set, by duality,

L:DeX > DeX, SH—S(L),
A:DeX — Do X, S S(AY),
H:DsX > DX, S+ S(-H);

note that
[L,H] = 2L, [A, H = =24, [L, A] = H.

A current S € DX X is said primitive if AS = 0, equivalently, if L"*+1§ = 0,
see, e.g., [Linl3, Proposition 4.3]; denote by PD*X := PD,,_¢X the space of
primitive currents on X .

In [Lin13], Y. Lin proved the following result.

Theorem 1.9 ([Lin13, Lemma 4.2, Proposition 4.3]). Let X be a compact man-
ifold endowed with a symplectic structure . Then (L, A, H) gives an sl(2; R)-
module structure on D*X. In particular, one has the Lefschetz decomposition on
the space of currents,

DX = @Ll PD-—ZI'X — @ L’ PD2n—o+2rX .
reN reN

Finally, if j: Y < X is a compact oriented submanifold of X of codimension k
(possibly with non-empty boundary), then the dual current [Y] € Dy X associated
with Y is defined, by setting, for every ¢ € D&

Y](p) = /yj*(‘”)'

If Y is a closed oriented submanifold, then the dual current [Y] is d-closed.
According to [TY12a, Lemma 4.1], the dual current [Y] is primitive if and only
if Y is co-isotropic.

1.2.2 Cohomological Aspects of Symplectic Geometry

Cohomological properties of symplectic manifolds have been studied starting from
the works by J.-L. Koszul, [Kos85], and by J.-L. Brylinski, [Bry88]. Drawing a
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parallel between the symplectic and the Riemannian cases, J.-L. Brylinski proposed
in [Bry88] a Hodge theory for compact symplectic manifolds (X, w), introducing
a symplectic Hodge-x-operator %, and the notion of w-symplectically-harmonic
form (i.e., a form being both d-closed and d”-closed, where the symplectic
co-differential is defined as d4 |\ y:= (=1)¥*! %, d %, for every k € N): in this
context, O. Mathieu in [Mat95], and D. Yan in [Yan96], proved that any de Rham
cohomology class admits an w-symplectically-harmonic representative if and only
if the Hard Lefschetz Condition is satisfied. In [TY12a, TY12b], see also [TY11],
L.-S. Tseng and S.-T. Yau introduced new cohomologies for symplectic manifolds
(X, w): among them, in particular, they defined and studied

. ker (d 4 d*4
Hd+dA(X;R) = ﬁ
developing a Hodge theory for this cohomology; furthermore, they studied the
dual currents of Lagrangian and co-isotropic submanifolds, and they defined a
homology theory on co-isotropic chains, which turns out to be naturally dual to
a primitive cohomology. In the context of generalized geometry, [GuaO4a, Guall,
Cav05,Cav07], the cohomology H; ah (X; R) can be interpreted as the symplectic
counterpart of the Bott-Chern cohomology of a complex manifold, see [TY11].
Inspired also by their works, Y. Lin developed in [Linl13] a geometric measure
theoretic approach to symplectic Hodge theory, proving in particular that, on
any compact symplectic manifold, every primitive cohomology class of positive
degree admits a symplectically-harmonic representative not supported on the entire
manifold, [Lin13, Theorems 1.1 and 5.3].

In this section, we recall some notions and results concerning Hodge theory for
compact symplectic manifolds; we refer to [Bry88, Mat95, Yan96, Cav05, TY 12a,
TY12b, Lin13] for further details.

1.2.2.1 Symplectic Hodge Theory

Let X be a compact 2n-dimensional manifold endowed with a symplectic form w.
By exploiting the parallelism with Riemannian geometry, one can try to develop
a Hodge theory also for compact symplectic manifolds, [Bry88]. The first tool
that can be introduced is an analogue of the Hodge-*-operator; hence one can
define a symplectic counterpart of the co-differential operator, and define the notion
of symplectically-harmonic form, investigating the existence of symplectically-
harmonic representatives in any de Rham cohomology class.

Note that every symplectic manifold is orientable, ‘Z—’,’ giving a canonical
orientation.

Denote by I the natural isomorphism of vector bundles induced by @, namely,
forevery x € X,

Ty X v+ I(v)() ;= w(v,-) € Hom (T, X;R) .
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Then, for every k € N, the form w gives rise to a bi-C*°(X; R)-linear form on IND'¢
denoted by (a)_l)k, which is skew-symmetric, respectively symmetric, according
that k is odd, respectively even, and defined on the simple elements a' A ... Ak €
AfX and B AL A BF e AFX as

(w_l)k (@' A ndf BIALABY) = det(o7! (@' 87)),
where

o (@ B") = o (I (@), 171 (™)

for every £,m € {1,...,k}. In a Darboux coordinate chart (U, {xj }je{l.... 2n}),

the canonical Poisson bi-vector IT = w™' € A2TX associated to w is written as
—1 loc Zn a il
@ - Jj=1 9x2/—1 A x2/ *

The symplectic-x-operator
*i AX —> ATTUX

introduced by J.-L. Brylinski, [Bry88, Sect. 2], is defined requiring that, for every
k € N, and forevery a, B € AKX,

aA*,B = (a)_l)k (o, B) %

By continuing in the parallelism between Riemannian geometry and symplectic
geometry, one can introduce the d”* operator with respect to a symplectic structure
 as

Ay = (D x d g

for any k € N, and interpret it as the symplectic counterpart of the Riemannian
d* operator with respect to a Riemannian metric. In light of this, J.-L. Brylinski
proposed in [Bry88] a Hodge theory for compact symplectic manifolds, conjectur-
ing that, on a compact manifold endowed with a symplectic structure w, every de
Rham cohomology class admits a (possibly non-unique) w-symplectically-harmonic
representative, namely, a d-closed d“-closed representative, [Bry88, Conjecture
2.2.7]. (Note that dd* +d4d = 0, [Bry88, Theorem 1.3.1], [Kos85, p. 265],
provides a strong difference in the parallelism between symplectic geometry and
Riemannian geometry; in particular, it follows that a w-symplectically-harmonic
representative, whenever it exists, is not unique.)

Remark 1.5. For an almost-Kahler structure (J, @, g) on a compact manifold X
(that is, @ € A%X is a symplectic form on X, and J € End (7X) is an almost-
complex structure on X, and g is a J-Hermitian metric on X such that w is



1.2 Symplectic Geometry 15

the associated (1, 1)-form to g), the symplectic-x-operator x, and the Hodge-x*-
operator *, are related by

*p = J*g s
and hence
d* = —(d)*s

where d° 1= J~'d J and (d)* [uy:= (=)' %, d %, for every k € N
(note that, when J is integrable, then d° = —i (3 — 5)) Moreover, on a compact

manifold X endowed with a Kéhler structure (J, w, g), by the Hodge decomposi-
tion theorem, [Wei58, Théoreme IV.3], the pure-type components with respect to J
of the harmonic representatives of the de Rham cohomology classes are themselves
harmonic. Hence, it follows that Brylinski’s conjecture holds true for compact
Kihler manifolds, [Bry88, Corollary 2.4.3].

Remark 1.6. In the framework of generalized complex geometry, see Sect. 1.3,
the d”* operator associated to a symplectic structure should be interpreted as the

symplectic counterpart of the operator d° := —i (8 — 5) associated to a complex
structure, [Cav05].

Consider now, for k € N, the map L¥: A" *X — A"Tk X Since [L, d] = 0, it
induces a map L¥: Hi7*(X;R) — H*(X;R) in cohomology. One says that X
satisfies the Hard Lefschetz Condition, shortly HLC, if

foreveryk e N,  L*: HIYF(X:R) > HIF(X:R). (HLC)

O. Mathieu in [Mat95], and D. Yan in [Yan96], provided counterexamples to
Brylinski’s conjecture, characterizing the compact symplectic manifolds satisfying
Brylinski’s conjecture in terms of the validity of the Hard Lefschetz Condition.
Furthermore, S.A. Merkulov in [Mer98], see also [Cav05], and V. Guillemin
in [GuiO1], proved that the Hard Lefschetz Condition on compact symplectic
manifolds is equivalent to satisfying the dd”-Lemma, namely, to every d-exact
d”-closed form being dd”-exact. See Theorem 1.15 for a summary of several
equivalent statements to Hard Lefschetz Condition.

Note that, by the Lefschetz decomposition theorem, [Wei58, Théoreme IV.5] (see
Sect. 1.4), compact Kihler manifolds satisfy the Hard Lefschetz Condition.

1.2.2.2 Symplectic Cohomologies

Let X be a compact 2n-dimensional manifold endowed with a symplectic struc-
ture w.
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In [TY12a], L.-S. Tseng and S.-T. Yau introduced also the (d + dA)-cohomology,
[TY12a, Sect. 3.2],

. ker (d +d*)
Hiy @ (GR) 2= — 75—

and the (d dA)-cohomology, [TY12a, Sect. 3.3],

kerdd4

H ,(X;R) = ————;
aan(X:R) imd +imd*

such cohomologies are, in a sense, the symplectic counterpart of the Bott-Chern and
Aeppli cohomologies of complex manifolds, see [TY12a, Sect. 5] and [TY11] for
further discussions.

Furthermore, they provided a Hodge theory for such cohomologies, proving the
following result.

Theorem 1.10 ([TY12a, Theorem 3.5, Corollary 3.6]). Let X be a compact
manifold endowed with a symplectic structure w. Let (J, w, g) be an almost-Kdhler
structure on X . For a fixed A > 0, the 4" order self-adjoint differential operator

Dy gn = (dd?) (dd?)™ + (dd?)" (dd?) + (d*d?) (d*d4)" + (d*d?)" (d*d?)
+A (d*d+ (a)"d*) .

is elliptic, with ker Dy, 42 = kerd Nkerd” Nker (dd*)".
Furthermore, there exist an orthogonal decomposition

ATX = ker Dy gr ©dd ATX @ (4 ATHX 4 (d4)7 A0 X)
and an isomorphism
HJ 1(X:R) > kerDy, 4a .
In particular, dimg Hd'+ 4 (X;R) < 4o0.

An analogous statement holds for the (d dA)-cohomology.

Theorem 1.11 ([TY12a, Theorem 3.16, Corollary 3.17]). Let X be a compact
manifold endowed with a symplectic structure w. Let (J, w, g) be an almost-Kcihler
structure on X. For a fixed A > 0, the 4" order self-adjoint differential operator

Dygr = (4d%) (d0) + (@a4)" (@a*) + (a(a%)") (a (a4)")’

+(a@)) (a @) + 2 (da7 +at (@) .

is elliptic, with ker Dyga = ker (dd*) Nkerd* Nker (d4)".
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Furthermore, there exist an orthogonal decomposition
A*X = kerDygs ® (dAT'X +d AT X) @ (dd?)" A® X
and an isomorphism
Ha(X;R) =~ ker Dyga .

In particular, dimg Hd.d/‘ (X;R) < 4o00.

As for the Bott-Chern and the Aeppli cohomologies, the (d + dA)-cohomology
and the (d dA)-cohomology groups turn out to be isomorphic by means of the
Hodge-*-operator associated to any Riemannian metric being compatible with w.

Theorem 1.12 ([TY12a, Lemma 3.23, Proposition 3.24, Corollary 3.25]). Let X
be a 2n-dimensional compact manifold endowed with a symplectic structure w. Let
(J, w, g) be an almost-Kdhler structure on X. The operators Dy 4a and D g4

satisfy
kg Dgygr = Dyga*g
and hence * ¢ induces an isomorphism
. . . = 2n—e .
kot Hi L 4 (XiR) — HI* (X R) .

Moreover, the cohomology Hd' gl (X;R) is invariant under symplectomor-
phisms and Hamiltonian isotopies, [TY 12a, Proposition 2.8].

One has the following commutation relations between the differential operators
d, d4, and dd*, and the elements L, A, and H of the sl(2; R)-triple, see, e.g.,
[TY12a, Lemma 2.3]:

[d.L]=0, [d* L]=-d., [dd* L]=0,

[d. A]=d", [d* A]=0., [dd* A]=0,

A, H]=d, [d* H]=-d". [dd* H]=0.
Hence, by defining the primitive (d + dA)-cohomology as

. kerd Nkerd4 NPA®X kerd NPA®X
PH; 1(X;R) = ———— 5 = ——
imdd” NPA*X imdd” |paey

(where the second equality follows from [TY12a, Lemma 3.9]), one gets the
following result.
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Theorem 1.13 ([TY12a, Theorem 3.11]). Let X be a 2n-dimensional compact
manifold endowed with a symplectic structure w. Then there exist a decomposition

H 0 (XGR) = DL PHI (X R)
reN

and, for every k € N, an isomorphism
LY HY AW (XGR) - HITR (X R),

Analogously, by defining the primitive (d dA)-cohumology as

kerdd? NPA®X
(imd+imd”) NPA°X

PHd'dA(X;R) =

B kerdd” NPA®X
Coim (dHLH )| ey +im A ey

(where the second equality follows from [TY12a, Lemma 3.20]), one gets the
following result.

Theorem 1.14 ([TY12a, Theorem 3.21]). Let X be a 2n-dimensional compact
manifold endowed with a symplectic structure w. Then there exist a decomposition

H? W (X:R) = @)L PH; ¥ (X:R)
reN

and, for every k € N, an isomorphism
L HI X (X:R) —> HIFN(XGR)

The identity map induces the following natural maps in cohomology:

Hd.+dA(X;R)

—

H%(X:R) \
~

H? \(X:R)

L (X:R)
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Recall that a symplectic manifold is said to satisfy the d d4-Lemma if every
d-exact d-closed form is dd”-exact, [DGMS75], namely, if Hd°+ A (X;R) —
Hj(X;R) is injective.

Remark 1.7. (In view of [DGMS75, Lemma 5.15] and [AT13a, Lemma 1.4]) note
that

kerd*Nimd = imdd4 if and only if kerdNimd4 = imdd” .

Indeed, since *2, = idaex, [Bry88, Lemma 2.1.2], and dd* +d” d = 0, [Bry88,
Theorem 1.3.1], one has

x, kerd = kerd? , *,imd = imd*, *,imdd? = imdd? .

Recalling that a 2n-dimensional compact manifold X endowed with a symplectic
form w is said to satisfy the Hard Lefschetz Condition if and only if

foreveryk e N, LY H'-FH(X:R) S HIFF(X:R), (HLC)

we summarize in the following result the connection between the d d4-Lemma,
the Hard Lefschetz Condition, and the existence of w-symplectically harmonic
representatives in any de Rham cohomology class.

Theorem 1.15 ([Mat95, Corollary 2], [Yan96, Theorem 0.1], [Mer98, Propo-
sition 1.4], [Gui01], [DGMS75, Lemma 5.15, Remarks 5.16, 5.21], [TY12a,
Proposition 3.13], [Cav05, Theorem 5.4], [AT13a, Theorem 4.4], [AT12b,
Remark 2.3]). Let X be a compact manifold endowed with a symplectic struc-
ture w. The following conditions are equivalent:

(i) every de Rham cohomology class admits a representative being both d-closed
and d*-closed (i.e., Brylinski’s conjecture [Bry88, Conjecture 2.2.7] holds
on X);
(ii) the Hard Lefschetz Condition holds on X ;
(iii) the natural map Hd°+ 4 (X:R) = Hjx(X;R) induced by the identity is inj-
ective;
(iv) the natural map Hd°+ " (X:R) = H (X ;R) induced by the identity is actu-
ally an isomorphism;
(v) X satisfies the d d*-Lemma;
(vi) for every k € Z, it holds dimg H§+dA(X; R) + dimg Hé‘dA(X; R) = 2 dimg
H (X5 R);
(vii) the Lefschetz decomposition A\°X = D, ey L" PA*™2" X on forms induces
a decomposition in cohomology, namely, Hjp(X:R) = @,y L" H,f)o’°_2r)
(X;R), where HS™(X:;R) := {[L” 9] € HEF(X;R) : B e PA*X).

Note that, by the Lefschetz decomposition theorem, the compact Kéhler mani-
folds satisfy the Hard Lefschetz Condition; in other terms, note that, given a Kéhler
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structure (J, w, g) onacompact manifold X, one has x, = J *g, [Bry88, Theorem
2.4.1], and hence every de Rham cohomology class admits an w-symplectically-
harmonic representative.

1.3 Generalized Geometry

Generalized complex geometry, introduced by N.J. Hitchin in [Hit03] and devel-
oped, among others, by M. Gualtieri, [Gua0O4a, Guall], and G.R. Cavalcanti,
[Cav05], see also [Hit10,Cav07], allows to frame symplectic structures and complex
structures in the same context. (In a sense, this add more significance to the term
“symplectic”, which was invented by H. Weyl, [Wey97, Sect. VI], substituting the
Greek root in the term “complex” with the corresponding Latin root.)

We recall here the notion of generalized complex structure, referring to [Cav07,
GuaO4a, Gual 1, Cav05] for more details.

1.3.1 Generalized Complex Structures

Let X be a compact differentiable manifold of dimension 2n.

Note that a complex structure J on X can be seen as an isomorphism J: TX —

TX satisfying the algebraic condition J? = —idyx and the integrability condition
Nij; = 0. Analogously, a symplectic structure w on X can be seen as an

isomorphism w(-)(-+) := w(-, +):TX — T*X satisfying the algebraic condition
o(-)(~) = —w(--)(-) and the integrability condition dw = 0.

Therefore, consider the bundle TX & T*X. It can be endowed with the natural
symmetric pairing

1
(:]) (TXGB T*X)X(TXEB T*X) >R, (X +EY +n):= 3 ¢EX) +n(X)).
Fixed a d-closed 3-form H on X (possibly, the zero form H = 0), define a
suitable bracket for an integrability condition on 7X & T*X as follows. On the
space C*° (X; TX & T*X) of smooth sections of TX & T*X over X, define the

H -twisted Courant bracket as

[l :C®(X: TX @ T*X) x C®° (X; TX & T*X) — C® (X; TX & T*X) |
1
X +& Y +nly = [X. Y]+£X'7_LY§_§d(‘XU—lYE)-FtytxH

(where 1y € End™! (A®X) denotes the interior product with X € C*(X;TX) and
Ly := [tx, d] € End® (A*X) denotes the Lie derivative along X € C®(X;TX));
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the H -twisted Courant bracket can be seen also as a derived bracket induced by the
H -twisted differential dy := d +H A -, see [Gua04a, Sect. 3.2], [Guall, Sect. 2].

Consider also the Clifford action* of TX® T* X on the space of differential forms
with respect to the natural pairing (- | -),

CLff (TX & T*X, (-| ))xA*X = A" XOATX | (X+£)9 = 1xp+EAg,

and its bi-C-linear extension Cliff (TX @ T*X)®rC) x (AN*X ®@rC) —
(A*T'X ®r C) & (A°T'X Qg C).
We give now several equivalent definitions of generalized complex structure.

Definition 1.3 ([Gua04a, Definitions 4.14, 4.18], [Guall, Definition 3.1]). Let
X be a differentiable manifold and H be a d-closed 3-form on X. An H -twisted
generalized complex structure is an endomorphism J € End (7X & T*X) such
that

° jz = — idTXGBT*X, and
e J is orthogonal with respect to (- | -}, and
* the Nijenhuis tensor

NijJ,H = _[j's j]H + j[js "]H + j[v L7]H +L7[s "]H
€ (IX®T*X)®r (TX®T*X) @r (TX® T*X)"
of J with respect to the H -twisted Courant bracket vanishes identically.

Equivalently, by setting L := L 7 the i-eigen-bundle of the C-linear extension of
Jto(TX & T*X) ®r C, one gets the following definition.

Proposition 1.1 ([Gua04a, Proposition 4.3]). Let X be a differentiable manifold
and H be a d-closed 3-form on X. A generalized complex structure on X is
identified by a sub-bundle L of (TX & T* X) ®r C such that

e L is maximal isotropic with respect to (- | --), and
e Lis iflvolutive with respect to the H -twisted Courant bracket, and
« LNL={0}

Equivalently, by choosing a complex form p whose Clifford annihilator
L, = {ve(IX®T*X)®rC : v-p=0}

is the i-eigen-bundle L 7 of the C-linear extension of 7 to (TX & T*X) ®r C), one
gets the following definition.

“We recall that the Clifford algebra associated to 7X @ T*X and (- | --) is

kez j=1

k
CIiff (TX ® T*X, {-|~)) = (@@(D{@T*X))/{u Qrv—{(v|v):vETXDT*X}.



22 1 Preliminaries on (Almost-)Complex Manifolds

Proposition 1.2 ([Gua04a, Theorem 4.8]). Let X be a differentiable manifold and
H be a d-closed 3-form on X. A generalized complex structure on X is identified
by a sub-bundle U := Uy of complex rank 1 of A*X ®g C being locally generated
by a form p = exp(B +iw) A 2, where B € A*X, and € A*X, and 2 =
' A ABF € AKX @p C with {91, ce, 9"} a set of linearly independent complex
1-forms, such that

e QAQAW"F£0, and
e thereexistsv € (TX ® T*X)QrC suchthatdy p = v-p, wheredy := d+H A-.

According to [Gua0O4a, Sect.4.1], [Guall, Definition 3.7], the bundle U as
in Proposition 1.2 is called the canonical bundle of the generalized complex
structure 7.

By definition, the fype of a generalized complex structure J on X, [GuaO4a,
Sect.4.3], [Guall, Definition 3.5], is the upper-semi-continuous function

type (J) := %dimR (T*X NJT*X)

on X, equivalently, [Guall, Definition 1.1], the degree of the form 2.

A point x of a generalized complex manifold is called a regular point if the type
of the generalized complex structure is locally constant at x.

(See Remark 1.10 for the notion of H -twisted generalized Kéhler structure.)

A generalized complex structure 7 on X induces a Z-graduation on the space
of complex differential forms on X, [Gua04a, Sect. 4.4], [Guall, Proposition 3.8].
Namely, define, for k € Z,

U == UY == ALy Us € A°X@:C,
where L 7 is the i-eigenspace of the C-linear extension of J to (TX & T*X) ®g C
and U’ := Uy is the canonical bundle of J.

For a (- | --)-orthogonal endomorphism 7 € End (TX & T*X) satisfying J> =
—idyxer=*x, the Z-graduation U} still makes sense, and the condition Nij 7 ; = 0
turns out to be equivalent, [Gua04a, Theorem 4.3], [Gual 1, Theorem 3.14], to

dg:U5 - US e U

Therefore, on a compact differentiable manifold endowed with a generalized
complex structure 7, one has, [Gua0O4a, Sect. 4.4], [Guall, Sect. 3],

dy =374 +9d7n where d7.p: Uu; — U}H and 07.y: us, - ust.

Define also, [GuaO4a, p. 52], [Gual 1, Remark at page 97],

d‘g = —1i (8\7’11 —SJ’H) : U} — U}_H (7] U}_l .
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1.3.2 Cohomological Aspects of Generalized Complex
Geometry

Let X be a compact complex manifold endowed with an H -twisted generalized
complex structure.

By considering the decomposition A*X ®r C = P, U f} and the operators
dp:US > U5 @ U and 07, 4:US — US and 07,4: U5 — US!, one
can study the following cohomologies:

kerdy
GH X) = ,
ary (X) imdy
and
kerd 9
GH? (X) : = ZOLH and GHp, (X)) = <2
1m8JH 7 07,1
and
kerd; g Nkerd
GHpe,  (X) = LB ETOTH g
1m3‘7,Hat7,H
kerd s o
GHS, ,(X) = —— L HT M

imds g+ imgj,H .

Note that, for H = 0, one has GHg,(X) = @, <y, HY%(X; C).
By [Gua0O4a, Proposition 5.1], [Guall, Proposition 3.15], it follows that
dim¢ GHa.j Y (X) < +o0 and dim¢ GH5° (X) < +o0.
’ J.H
By abuse of notation, one says that X satisfies the 07, 1o 7.0-Lemma if
U, 071, gj’]-]) satisfies the 7.9 7 ;-Lemma, and one says that X satisfies

the dy dZ-Lemma if (U dy, d ) satisfies the dy d‘g -Lemma. Actually, it turns
out that X satisfies the dy d -Lemma if and only if X satisfies the d 7, ng H-
Lemma, [Cav06 Remark at page 129]: indeed, note that kerd s, 1o JH =
kerdy dH, and ker d 7 g ﬂkerajH = kerdy ﬂkerdH, and im d 7 +1m85H =
imdy +im d‘7

Moreover, the following result by G.R. Cavalcanti holds.

Theorem 1.16 ([Cav05, Theorem 4.2], [Cav06, Theorem 4.1, Corollary 2]).
A manifold X endowed with an H -twisted generalized complex structure J satisfies
thedy d‘g -Lemma if and only if(ker d‘g, dH) — (U;, dH) is a quasi-isomorphism
of differential Z-graded C-vector spaces. In this case, it follows that the splitting
AN XQrC =0P,c; Uf} gives rise to a decomposition in cohomology.

An application of [DGMST7S5, Propositions 5.17, 5.21] gives the following result.
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Theorem 1.17 ([Cav05, Theorem 4.4], [Cav06, Theorem 5.1]). A manifold X
endowed with an H -twisted generalized complex structure [J satisfies the dy dg-
lemma if and only if the canonical spectral sequence’® degenerates at the first level
and the decomposition of complex forms into sub-bundles UX, varying k € 7,
induces a decomposition in cohomology.

(See Remark 1.10 for dy dg -Lemma on H -twisted generalized Kihler mani-
folds.)

1.3.3 Complex Structures and Symplectic Structures
in Generalized Complex Geometry

In view of the following generalized Darboux theorem by M. Gualtieri, symplectic
structures and complex structures provide the basic examples of generalized
complex structures.

Theorem 1.18 ([Gua04a, Theorem 4.35], [Guall, Theorem 3.6]). For any regu-
lar point of a 2n-dimensional generalized complex manifold with type equal to k,
there is an open neighbourhood endowed with a set of local coordinates such that
the generalized complex structure is a B-field transform of the standard generalized
complex structure of CF x R?"=2k,

Hence, in the following examples, we recall the standard generalized complex
structure of constant type n (that is, locally equivalent to the standard complex
structure of C"), the generalized complex structure of constant type O (that is, locally
equivalent to the standard symplectic structure of R?"), and the B-field transform of
a generalized complex structure, on a 2n-dimensional manifold. See also [Gua04a,
Example 4.12].

Example 1.1 (Generalized Complex Structures of Type n, [GuaO4a, Examples 4.11
and4.25]). Let X be a compact 2n-dimensional manifold endowed with a complex
structure J € End(7X). Consider the (0-twisted) generalized complex structure

—J|o *
J; = (T’F) [S End(TXEBT X) s

where J* € End(T* X) denotes the dual endomorphism of J € End(7X).

SWe recall that, given a manifold X endowed with a generalized complex structure 7,
the canonical spectral sequence is the spectral sequence being naturally associated to the
double complex obtained from (U} 07.m, 0 ij): more precisely, to the double complex

(U}‘:'Z ®c CB*, 34, ®rid, 5Jl Rr /3), where {™ : m € Z} is an infinite cyclic multi-

plicative group generated by some S, [Cav05, Sect. 4.2], see [Bry88, Sect. 1.3], [Goo85, Sect. 11.2],
[Con85, Sect. I1]; (compare also [AT13a, Sect. 1]).
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The i-eigenspace of the C-linear extension of J; to (TX & T*X) ®c C is
0.1 10y )"
Ly =T X@(TJ’ X) .
The canonical bundle is
n,0
Uz, = NJX.

Hence, one gets that, [Gua0O4a, Example 4.25],

U}J = @ /\g’qX, andBJJ = 0d; and gjj = 5_/;
p—g=¢
note that d77 is the operator d$ := —i(d — 0), [Gua0O4a, Remark 4.26).

Take an infinite cyclic multiplicative group {8 : m € Z} generated by some
B. The Hodge and Frolicher spectral sequence associated to the canonical double

complex (U}‘J_'2 ®c C*, 37, ®rid, 17, ® ,3) degenerates at the first level
if and only if the Hodge and Frolicher spectral sequence associated to the double
complex (/\;"X, 9y, 5,) does, [Cav05, Remark at page 76]. X satisfies the d d7” -
Lemma if and only if X satisfies the d d-Lemma.

For i e {5, 9, BC, A},

GH;, (X) = Tot" H}*(X) = € H/'(X).
p—q=e

Example 1.2 (Generalized Complex Structures of Type 0, [GuaO4a, Example 4.10]).

Let X be a compact 2n-dimensional manifold endowed with a symplectic structure
® € A’X =~ Hom(TX;T*X). Consider the (0-twisted) generalized complex

structure
0|—w™!
ja) T (a) 0 ) £

where ™! € Hom (T* X ; TX) denotes the inverse of w € Hom (TX; T*X).
The i-eigenspace of the C-linear extension of 7, to (TX ®r C)®(T*X ®g C) is

Ly ={X—-iw(X,:): XeTXrC},
which has Clifford annihilator exp(i w). The canonical bundle is

U7 = Clexp(i w)) .
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In particular, one gets that, [Cav06, Theorem 2.2],

A
U7 = exp(io) (exp (2—) (A°X ®r (C)) .
@ 1
Note that, [Cav06, Sect.2.2],
d% = 4 .

By considering the natural isomorphism

A
(p:@/\kX QrC>a > exp(iow) (exp (Z)a) € @/\kX Qr C,

kez kez

one gets that, [Cav06, Corollary 1],
¢ (AN X ®rC)~U"",
and
¢d = 0z,0 and @d% = —2idze;
in particular,
Gngw (X) ~ Hi*(X;0).

Example 1.3 (B-Transform, [Gua0O4a, Sect.3.3]). Let X be a compact 2n-
dimensional manifold endowed with an H -twisted generalized complex structure

J, and let B be a d-closed 2-form. Consider the H -twisted generalized complex
structure

J?® := exp(—B) J expB where expB = ldTX, 0 .
B ldT*X

The i-eigenspace of the C-linear extension of 7 to (TX & T* X )®grC is, [Cav05,
Example 2.3],

Lss ={X+&—wxB : X+&eLy},
and the canonical bundle is, [Cav05, Example 2.6],

s = expBAUZ.
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Hence one gets that, [Cav06, Sect. 2.3],

Uiy =expBAUS, and that d78 = exp(—B) d7 expB and

5JB =exp(—B) 07 expB .

In particular, J satisfies the 9 707-Lemma if and only if J% satisfies the
0 750 75-Lemma.

1.4 Kaéhler Geometry

Note that, given a manifold X endowed with a symplectic form w, there is always a
(possibly non-integrable) almost-complex structure J on X such that g := w(-, J-)
is a Hermitian metric on X with @ as the associated (1, 1)-form, see, e.g., [CdSO1,
Corollary 12.7] (in fact, the set of such almost-complex structures is contractible,
see, e.g., [AL94, Corollary II.1.1.7], [CdSO1, Proposition 13.1]; see also [Gro85,
Corollary 2.3.C}], which proves that the space of almost-complex structures on X
tamed by a given 2-form on X is contractible). Instead, the datum of an integrable
almost-complex structure with the above property yields a Kihler structure on X.
The notion of Kihler manifold has been studied for the first time by J.A. Schouten
and D. van Dantzig [SvD30], see also [Sch29], and by E. Kihler [K4h33], and the
terminology has been fixed by A. Weil [Wei58].

Kéhler structures can be defined in different ways, according to the point
of view which is stressed, Sect. 1.4.1. The presence of three different structures
(complex, symplectic, and Riemannian) allows to make use of the tools available
for any of them; in addition, the relations between such structures make available
further tools, which yield many interesting results on Hodge theory, Sect. 1.4.2.
Finally, we will study a cohomological property of compact Kihler manifolds,
namely, the 90-Lemma, Sect. 1.4.3: other than being a very useful tool in Kihler
geometry (compare, e.g., its role in S.-T. Yau’s proof [ Yau77, Yau78] of E. Calabi’s
conjecture [Cal57]), it provides obstructions to the existence of Kihler structures
on differentiable manifolds, by means of the notion of formality introduced by
D.P. Sullivan, [Sul77, Sect. 12].

1.4.1 Kdhler Metrics

Let X be a compact complex manifold of complex dimension », and denote by J
its natural integrable almost-complex structure.

Definition 1.4 ([SvD30, Sch29, K&h33, Wei58]). Let X be a compact complex
manifold of complex dimension n and J be its natural integrable almost-complex
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structure. A Kdhler metric on X is a Hermitian metric g such that the associated
(1, 1)-form w := g(J-, -) is d-closed (that is, w is a symplectic form on X).

Remark 1.8. Let X be a complex manifold endowed with a Kahler metric g, and
denote the associated (1, 1)-form to g by w. By the Poincaré lemma, see, e.g.,
[Dem12, 1.1.22, Theorem 1.2.24], and the Dolbeault and Grothendieck lemma, see,
e.g., [Dem12, 1.3.29], the property that dw = 0 is equivalent to ask that, for every
x € X, there exist an open neighbourhood U in X with x € U and a smooth

function u € C*°(U;R) such that w & i 99uin U , that is, the metric has a local
potential, [K&h33] (see, e.g., [Mor(7, Proposition 8.8]).

Remark 1.9. For every n € N, the complex projective space CP" admits a Kéhler
metric, the so-called Fubini and Study metric, [Fub04, Stu05], which is induced by
the fibration S! < S§**! — CP"; more precisely, by using the homogeneous
coordinates [zg : --- : z,], one has that the associated (1, 1)-form wgs to the Fubini
and Study metric is

ors = 5 09 log (Z W) .

=0

It follows that complex projective manifolds provide examples of Kédhler manifolds.
Conversely, by the Kodaira embedding theorem [Kod54, Theorem 4], if X is a
compact complex manifold endowed with a Kéahler metric @ such that [w] €
H2,(X;R) Nim (H X(X;Z) > H(X; R)), then there exists a complex-analytic
embedding of X into a complex projective space CPV for some N € N. In a
sense, this suggest that projective manifolds are to Kéhler manifolds as Q is to R.
Hence, it is natural to ask if every compact Kihler manifold is a deformation of
a projective manifold (which is known as the Kodaira problem). Since Riemann
surfaces are projective, this is trivially true in complex dimension 1. Furthermore,
K. Kodaira proved in [Kod63, Theorem 16.1] that every compact Kahler surface
is a deformation of an algebraic surface, as conjectured by W. Hodge; another
proof, which does not make use of the classification of elliptic surfaces, has been
given by N. Buchdahl, [Buc08, Theorem]. In higher dimension, a negative answer
to the Kodaira problem has been given by C. Voisin, who constructed examples
of compact Kihler manifolds, of any complex dimension greater than or equal
to 4, which do not have the homotopy type of a complex projective manifold,
[Voi04, Theorem 2] (indeed, recall that, by Ehresmann’s theorem, if two compact
complex manifolds can be obtained by deformation, then they are homeomorphic,
and hence they have the same homotopy type). The examples in [Voi04] being,
by construction, bimeromorphic to manifolds that can be deformed to projective
manifolds, one could ask (as done by N. Buchdahl, F. Campana, S.-T. Yau) whether,
in higher dimension, a birational version of the Kodaira problem may hold true; in
[Voi06, Theorem 3], C. Voisin provided a negative answer to the birational version
of the Kodaira problem, proving that, in any even complex dimension greater that
or equal to 10, there exist compact Kihler manifolds X such that, for any compact
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Kihler manifold X’ bimeromorphic to X, X’ does not have the homotopy type of a
projective complex manifold. Positive results under an additional semi-positivity or
semi-negativity condition on the canonical bundle have been provided by J. Cao in
[Cao12].

In the definition of a Kihler manifold, three different structures are involved: a
complex structure, a symplectic structure, and a metric structure. Therefore, chang-
ing the point of view allows to give several equivalent definitions of Kéhler structure
(see, e.g., [Bal06, Theorem 4.17]): we review here two of these characterizations.

Firstly, it is straightforward to prove that a Hermitian metric g on a compact
complex manifold X is a Kihler metric if and only if, for every point x € X, there

) with x € U, such that

exists a holomorphic coordinate chart (U A }j com )

n

g =Y (Sup+o(z)ds 0d? atx,
a,f=1

that is, g osculates to order 2 the standard Hermitian metric of C" (see, e.g., [GH94,
pp. 107-108], [HuyO0S5, Proposition 1.3.12], [Mor(7, Theorem 11.6]).

As regards the second characterization, we recall that, on a compact complex
manifold X endowed with a Hermitian metric g, there is a unique connection V¢
such that

(i) V<g =0,

(ii) V€J =0, and B
(iii) 7r01x VE [eoo(x:0)= dleso(x:0)
such a connection is called the Chern connection of X (see, e.g., [Huy05, Proposi-
tion 4.2.14], [Bal06, Theorem 3.18], [Mor07, Theorem 10.3], [Dem12, Sect. V.12]).
Let g be a Hermitian metric on a compact complex manifold X, and set w :=
g(J-, -)its associated (1, 1)-form, where J is the natural integrable almost-complex

structure on X ; consider the Levi Civita connection V€. One can prove that, for
every x, y,z € C® (X; TX),

do(x,y,2) = g((VXLCJ)y, z)—f-g((VyLCJ)z, x)—l—g((VZLCJ)x, y)
and
2g((VECT)y.2) = do(x, y.2) —dw(x,Jy, J2) — g (Nij, (v, J2). X) :

(see, e.g., [Bal06, Theorem 4.16], [Tia00, Proposition 1.5]); in particular, it follows
that g is a Kihler metric if and only if V/€J = 0 if and only if the Chern connection
is the Levi Civita connection (see, e.g., [Bal06, Theorem 4.17], [Mor07, Proposition
11.8]).
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Remark 1.10. We recall that, given a d-closed 3-form H on a manifold X, an
H -twisted generalized Kdhler structure on X is a pair (J;, J>) of H -twisted
generalized complex structures on X such that (i) J; and [J, commute, and (ii) the
symmetric pairing (J;-, J>+) is positive definite. Generalized Kéhler geometry is
equivalent to a bi-Hermitian geometry with torsion, [Gua04b, Theorem 2.18].

We recall that a compact manifold X endowed with an H -twisted generalized
Kabhler structure (7, J>) satisfies both the dg dg‘ -Lemma and the dg dZZ-Lemma,
[Gua04b, Corollary 4.2].

Any Kihler structure provide an example of a O-twisted generalized Kéhler
structure. A left-invariant non-trivial twisted generalized Kéhler structure on a (non-
completely solvable) solvmanifold (which is the total space of a T?-bundle over the
Inoue surface, [FT09, Proposition 3.2]) has been constructed by A.M. Fino and
A. Tomassini, [FT09, Theorem 3.5].

Furthermore, we note that A. Tomasiello proved in [Tom08, Sect. B] satisfying
the d d” -Lemma is a stable property under small deformations.

1.4.2 Hodge Theory for Kihler Manifolds

The complex, symplectic, and metric structures being related on a Kéhler manifold,
one gets the following identities concerning the corresponding operators (see, €.g.,
[HuyO5, Proposition 3.1.12]); see also [Hod35,Hod89]. (In [Dem86, Theorems 1.1
and 2.12], commutation relations on arbitrary Hermitian manifolds are provided;
see also [Gri66], [Dem12, Sect. VI.6.2].)

Theorem 1.19 (Kihler Identities, [Wei58, Théoreme II.1, I1.2, Corollaire II.1]).
Let X be a compact Kihler manifold. Consider the differential operators 3 and 9
associated to the complex structure, the symplectic operators L and A associated
to the symplectic structure, and the Hodge-x-operator associated to the Hermitian
metric. Then, these operators are related as follows:

(i) [5, L] — [0, L] = 0 and [A, 5*] —[A, 9] = 0;

(ii) [5*, L] —idand[9*, L] = —i 3, and [A, 5] = i and[A, 9] =id.
Therefore, considering the 2"¢ order self-adjoint elliptic differential operators [ 1=
[0, 0*], O := [5, 5*], and A ;= [d, d*), one gets that

(iii) O=0 = %A, and A commutes with *, 9, 9, 9%, 5*, L, A.

The previous identities can be proven either using the sl (2; C) representation
(L, A, H) - End®* (A*X ® C), or reducing to prove the corresponding identities
on C" with the standard Kihler structure (which are known as Y. Akizuki and
S. Nakano’s identities, [AN54, Sect. 3]) and hence using that every Kihler metric
osculates to order 2 the standard Hermitian metric on C".
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As a consequence, one gets the following theorems, stating a decomposition of
the de Rham cohomology of a Kédhler manifold related to the complex, respectively
symplectic, structure (see, e.g., [Huy05, Corollary 3.2.12], respectively [HuyOS5,
Proposition 3.2.13]).

Theorem 1.20 (Hodge Decomposition Theorem, [Wei58, Théoreme IV.3]). Let
X be a compact complex manifold endowed with a Kdhler structure. Then there
exist a decomposition

Hy(X;C) ~ @ HM(X),
prq=e

and, for every (p, q) € N?, an isomorphism
H{‘q(X) ~ Hai]’p(X) .

Theorem 1.21 (Lefschetz Decomposition Theorem, [Wei58, Théoreme IV.5]).
Let X be a compact complex manifold, of complex dimension n, endowed with a
Kdihler structure. Then there exist a decomposition

H3(X:C) = @L" (ker (A: Hiz (X:C) > Hyz " *(X: 0)))

reN

and, for every k € N, an isomorphism

LM HI7R(X:C) S HIFF(X:C) .

1.4.3 33-Lemma and Formality for Compact Kihler Manifolds

The Hodge decomposition theorem and the Lefschetz decomposition theorem
provide obstructions to the existence of Kéhler structures on a compact complex
manifold. In this section, we study another property of compact Kédhler manifolds,
namely, formality, which provides an obstruction to the existence of a Kihler
structure on a compact (differentiable) manifold. Such a property turns out to be
a consequence of the validity of the 90-Lemma on compact complex manifolds.
Firstly, we need to recall some general notions regarding homotopy theory of
differential algebras; we will then summarize some results concerning the homotopy
type of Kihler manifolds: by the classical result by P. Deligne, Ph.A. Griffiths,
J. Morgan, and D.P. Sullivan, [DGMS75, Main Theorem], the real homotopy type
of a Kédhler manifold X is a formal consequence of its cohomology ring H j (X ; R).
We recall that a differential graded algebra (shortly, dga) over a field K
is a graded K-algebra A® (where the structure of K-algebra is induced by an
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inclusion K € A°) being graded-commutative® and endowed with a differential
d: A* — A°*! satisfying the graded-Leibniz rule.” A morphism of differential
graded algebras F: (A®, dge) — (B*®, dpe) is amorphism A* — B*® of K-algebras
such that F odye = dpe oF'.

Given a dga (A4°, d) over K, the cohomology H*® (4°, d) := % endowed
with the zero differential has a natural structure of dga over K; furthermore,
every morphism F:(A®, dge) — (B®, dpe) of dgas induces a morphism
F*:(H® (A®, dge), 0) > (H® (B®, dge), 0) of dgas in cohomology; a morphism
F:(A* d4e) — (B®, dpe) of dgas is called a quasi-isomorphism (shortly, gis) if
the corresponding morphism F*:(H*® (A®, dge), 0) — (H®(B®, dge), 0) is an
isomorphism.

The de Rham complex (A® X, d) of a compact (differentiable) manifold X has a
structure of dga over R, whose cohomology is the dga (H R(X:R), O).

Given a dga (A®, dge) over K, the differential d4e is called decomposable if

de (A | @ 4| P 4

keN\{0} keN\{0}
Given a dga (A°®, dge) over K, an elementary extension of (A®, dse) is a dga
(B*®, dge) over K such that

(i) B* = A®* @k A*V for V} a finite-dimensional K-vector space and k > 0,
where A®Vj is the free graded K-algebra generated by Vi, the elements of Vj
having degree k, and

(ii) dpe|ae= d4e and dpe (Vi) € A°.

A dga (M*®, dye) over K is called minimal if it can be written as an increasing
union of sub-dgas,

(K, 0) = (M5, dys ) © (M7 dys) © (M3, dyg) € - .
(°. aue) = U (M7 i)
j€eN
such that

(i) forany j € N, the dga (M Til de-JH) is an elementary extension of the dga

j
(M;, dM‘/_.), and
(ii) dpse is decomposable.

SWe recall that a graded K-algebra A® is graded-commutative if, for every x € A%e* and y €
Aty jtholds x - y = (—1)%&¥%er 5. &

"We recall that a differential d: A® — A®*! on a graded K-algebra A® satisfies the graded-Leibniz
rule if, for every x € A%¢* and y € A%e¥ jtholdsd (x - y) =dx-y + (=D x-dy.
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A minimal model for a dga (A®, d4e) over K is the datum of a minimal dga

(M*, dpe) over K and a quasi-isomorphism p: (M ®, dyse) i (A®, dge) of dgas.
Two dgas (A°, d4e) and (B' dB-) over K are equivalent if there exist an integer

(A°, dye) and (Cz'n, dCZ.n) = (B , dpe), and a family

L]
G- d 2/+1)

(
(Cz.j’ dCz'j) ( 2j+2 2/+2)

of quasi-isomorphisms, varying j € {0,...,n — 1}. A dga (A4°®, d4e) over K is
called formal if it is equivalent to a dga (B*, 0) over K with zero differential, that
is, if it is equivalent to (H*® (A°®, dge), 0).

A compact manifold X is called formal if its de Rham complex (A*X, d) is a
formal dga over R.

Let (A®, d4e) be a dga over K. Given

[0112] € Hdegoqz (A., dAC) s [0123] (S Hdegaz3 (A., dA-) s and
[a3s] € HIE%4 (A°, dye)

such that
[a12] - [o3] = 0 and [o3] - [azg] = O,
let oy3 € Adegantdegan—l and o, e gdegentdegasa—l pe gych that
(D)% a1 03 = dye a3 and (—1)* > ap3 a3y = dae0iy;
one can then define the triple Massey product ([a12] , [23], [0t34]) as

(loa) s sl fosal) = [ oz - g + (=D a3 - s

c H degaiptdegars +-degazg—1 (A®,dye)
Hdega|2 (A',dA-) . Hdega33+dega3471 (A’,dA-) + Hdega34 (A’,dA-) . Hdegalﬁ»deng}fl (A',dA-)‘

One can define the higher order Massey product by induction. Fixed m € N such
that m > 4, and given

in] € HOE2 (A% dge) o oo [mnga] € HOEOmb1 (4% dge)
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such that all the Massey products of order lower than or equal to m — 1 vanish, let
{ar5}1§r<s§m+l C A* be such that

dega
DD E e = da
h<t<k

for any b,k € {1,...,m + 1} with k — h < m. Then define the m" order Massey
product as

([oia]s - .o [otmmt1]) = |: Z (—1)dee alk'ak,m+1]

l<t<m+1

belonging to a quotient of H® (A®, dge).

As a direct consequence of the definitions, the Massey products (of any order) on
a formal dga are zero.

Now, let X be a compact manifold endowed with a Kdhler structure.

The Kihler identities allow to prove the following result, known as 30-Lemma
(see, e.g., [Huy0S5, Corollary 3.2.10]), which, in a sense, summarizes many of the
cohomological properties of compact Kihler manifolds.

Theorem 1.22 (39-Lemma for Compact Kihler Manifolds, [DGMS7S, Lemma
5.11]). Let X be a compact Kéhler manifold. Then every d-closed, d-closed, d-exact
form is also 00-exact.

Proof. We recall the idea of the proof, as can be found, e.g., in [Huy05, Corollary
3.2.10], see also [DGMS75, pp. 266-267].

Let o € A”9X be a d-closed 0-closed d-exact form on X . In particular, by the
Hodge decomposition theorem for the de Rham cohomology (see, e.g., [War83,
6.8]), the formo is orthogonal to the space of A-harmonic forms. Note that, by
the Kéhler identities, the space of A-harmonic forms coincide with the space of
O-harmonic forms and with the space of (-harmonic forms. Since « is d-closed and
orthogonal to the space of [J-harmonic forms, the conjugate version of the Hodge
decomposition theorem for the Dolbeault cohomology, [Hod89], yields « = dy for
some y € APT4X. By applying the Hodge decomposition theorem for the
Dolbeault cohomology, [Hod89], to the form y, one gets a O-harmonic form hy,
aform B € AP~971 X and a form n € AP+ X such thaty = h, + 9 + 3.
By the Kihler identities, one has [8,5*] = 0 and that &, is also [J-harmonic.
Hence « = dy = 9908 — 5*877. It suffices to prove that 5*877 = 0. Indeed,
since « is 0-closed, one has %*an = 0, and hence Hﬁ*anHZ = <5*3n, 5*3n> =

<%*377, 3n> = 0. Hence o = 99 is dd-exact. O

Using the differential operator d° := J~' d J = —i (8 — 5) (where J is the

integrable almost-complex structure naturally associated to the structure of complex
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manifold on X), and noting that ker d N kerd = kerd Nkerd® and im 99 = imd d¢,
the following equivalent formulation can be provided.

Theorem 1.23 (dd°-Lemma for Compact Kihler Manifolds, [DGMS75,
Lemma 5.11]). Let X be a compact Kihler manifold. Then every d-closed, d°-
closed, d-exact form is also d d°-exact.

Actually, the 39-Lemma holds true for a larger class of compact complex
manifolds than the compact Kédhler manifolds: indeed, it holds, for examples, for any
compact complex manifold that can be blown up to a Kihler manifold, [DGMS75,
Theorem 5.22], e.g., for compact complex manifolds in class C of Fujiki, or for
Moisezon manifolds; we refer to Sect.2.1.3 for further results concerning the 90-
Lemma for compact complex manifolds.

If X is a compact Kéhler manifold (or, more in general, any compact complex
manifold for which the d3-Lemma, equivalently the d d°-Lemma, holds), then one
has the following quasi-isomorphisms of dgas:

(ker d° 5 d |_ker df)

qis qx

(/\.X’ d) (kerd" 0) :

imd¢’

in particular, the dga (A®*X, d) is equivalent to a dga with zero differential, and
hence it is formal. This proves the following result by P. Deligne, Ph.A. Griffiths,
J. Morgan, and D.P. Sullivan.

Theorem 1.24 ([DGMS75, Main Theorem]). Let X be a compact complex mani-
fold for which the 33-Lemma holds (e.g., a compact Kéihler manifold, or a manifold
in class C of Fujiki). Then the differentiable manifold underlying X is formal (that
is, the differential graded algebra (A\* X, d) is formal).

In particular, all Massey products (of any order) on a compact complex manifold
satisfying the d0-Lemma are zero, [DGMS75, Corollary 1]. This provide an obstruc-
tion to the existence of Kihler structures on compact differentiable manifolds.

1.5 Deformations of Complex Structures

A natural way to construct new complex structures on a manifold is by “deforming”
a given complex structure. Natural questions arise naturally from this construction,
concerning, for example, what properties (e.g., the existence of some special metric)
remain still valid after such a small deformation.

We recall in this section the basic notions and the classical results concerning the
K. Kodaira, D.C. Spencer, L. Nirenberg, and M. Kuranishi theory of deformations
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of complex manifolds, [KS58,KS60,KNS58,Kur62], referring to [Huy05], see also,
e.g., [Kod05, MKO6].

Let B be a complex (respectively, differentiable) manifold. A family {X;},cp
of compact complex manifolds is said to be a complex-analytic (respectively,
differentiable) family of compact complex manifolds if there exist a complex
(respectively, differentiable) manifold X and a surjective holomorphic (respectively,
smooth) map 7: X — B such that (i) 77!(t) = X, forany t € B, and (ii) w
is a proper holomorphic (respectively, smooth) submersion. A compact complex
manifold X is said to be a deformation of a compact complex manifold Y if
there exist a complex-analytic family {X,},cp of compact complex manifolds, and
bo, by € B such that X, = X and X, = X,.

A complex-analytic (respectively, differentiable) family X % B of compact
complex manifolds is said to be trivial if X is bi-holomorphic (respectively,

diffeomorphic) to B x X, "8 B forsome b € B (where mg: B x X; — B denotes
the natural projection onto B)j; it is said to be locally trivial if, for any b € B,

7L~

there exists an open neighbourhood U of b in B such that 7~'(U) — U
is trivial. The following theorem by Ch. Ehresmann states the local triviality of a
differentiable family of compact complex manifolds (see, e.g., [Kod05, Theorems
2.3 and 2.5], [MKO6, Theorem 1.4.1]).

Theorem 1.25 (Ehresmann Theorem, [Ehrd7]). Let {X,},cp be a differentiable
family of compact complex manifolds. For any s, t € B, the manifolds X, and X,
are diffeomorphic.

As a consequence of Ehresmann’s theorem, a complex-analytic family {X;},cp
of compact complex manifolds with B contractible can be viewed as a family of
complex structures on a compact differentiable manifold.

We recall some other useful definitions, see, e.g., [Huy0S, Sect. 6.2]. Let m: X —
B be a complex-analytic family of compact complex manifolds, deformations of
X := 771(0). We recall that, given f:(B’, 0') — (B, 0) a morphism of germs
with a distinguished point, the pull-back f*X := X xp B’ gives a complex-
analytic family of deformations of X. The complex-analytic family 7: X — B of
deformations of X is called complete if, for any complex-analytic family 7": X’ —
B’ of deformations of X, there exists a morphism f: B’ — B of germs with a
distinguished point such that X’ = f*X. The complex-analytic family 7: X —
B of deformations of X is called universal if, for any complex-analytic family
7n': X' — B’ of deformations of X, there exists a unique morphism f: B” — B of
germs with a distinguished point such that X’ = f*X’. The complex-analytic family
w: X — B of deformations of X is called versal if, for any complex-analytic family
' X' — B’ of deformations of X, there exists a morphism f: B’ — B of germs
with a distinguished point such that X’ = f*X and such thatd f: Ty B’ — Ty S is
uniquely determined.

The theory of complex-analytic deformations of compact complex manifolds has
been introduced by K. Kodaira and D.C. Spencer, [KS58, KS60], and developed
also by L. Nirenberg, [KNS58], and M. Kuranishi, [Kur62, Kur65], see also
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[Kod05, MKO6]. In recalling the main results of this theory, we follow the approach
in [HuyO05], based on the construction of a differential graded Lie algebra structure
on C® (X; T"0X ® A"*X), see also [Man04].

Let X be a compact manifold endowed with an integrable almost-complex

structure J. Every section s € C® (X : T X ® A(}’IX ) near to the zero section

determines an almost-complex structure J’, defined in such a way that /\11’9 X is the

graph of —s: /\IJ’OX — /\(}’IX ; it turns out that J' is integrable if and only if the

Maurer and Cartan equation
= 1
as + 3 [s,s] = 0 MC)

holds (see, e.g., [Huy05, Lemma 6.1.2]), where
o Ll (X TOX @ AT X ) x 0 (X3 T)OX @ AYYX) - e(x: T/OX
® /\(}’p+qX) is defined as

[X®a, Y®B] = XRBALY&)+Y @ (@A Lxf)+[X, Y] (@AB) ,

where Ly ¢ 1= 1y dp 4+ d (L) is the Lie derivative of ¢ along W; locally, in
a chart with holomorphic coordinates {zj }j , one has

[w®dz' A AdZ W ®dTM A AdZ"A]

loc

= [w, w]®@dZ A-AdZ AZT AL AdZT
o 30 (X T)OX @ AY7X) = € (X; )X @ AG7H X ) s defined as

1,0

(2, W) = [Z.oW)]" = [W.0(2)]" -0 (2. W]) .

where X0 := X —i J X is the (1, 0)-component of X; locally, in a chart with
holomorphic coordinates {zj }j, one has

- 0 loc ad -
Hence, to study complex-analytic families of infinitesimal deformations of
a compact complex manifold X, it suffices to study complex-analytic families
{80} rea0.econ S C®(X: THX @ A" X) (where ¢ > 0 is small enough) with
5(0) = 0. Consider the power series expansion in t of s(t),

s@®) =t ) se(®),

keN
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where si(t) € C*® (X; TYX ® /\O’IX) is homogeneous of degree k in t, and
so(t) = 0. Then the Maurer and Cartan equation (MC) can be rewritten, for every
t € A(0, ¢), as the system

3s1(t) =0

Osi(t) = — Y <<y [55 (). se—j (B)] for k =2
in particular, s (t) defines a class in H Ol (x; O®yx), where @y denotes the sheaf of
the germs of holomorphic vector fields on X; up to the action of Diff(X), one has
that s; (t) is uniquely determined by its class in H*! (X; Oy) (see, e.g., [Huy05,

Lemma 6.14]).
Fix now a Hermitian metric g on X . Consider the decomposition

TX @ A X = (T'X @ kerT|aiy) & (TLOX ® 9 A0 X)
® (T"OX ®d A% X) ,
and the corresponding projections
Hp:TYXRAMX - T'0X @kerO| ony, PrpT'"'X@A"X — TOX®IAMX.
In order that s(t) satisfies (MC), for every t € A(0, €), one should have
Asc®) = =Py Y [5;(0), s ()]
1<) <k—1
Hence, one gets
as(t) + [s(t). s)] = Hz ([s(t). s@)]) .
Therefore, define the map

obs: H*' (X; ©x) - H*? (X; Oy)

ke{l,...m}

as follows. Let {X; ® @} jeq1..»y be a basis of H*' (X; Oy). Given p =

ke{l,...m} ke{l,...m}
such that ds (t) := —P; (lejsk—l [s/ (), sk—; (t)]) for k > 2; hence, define the
formal power series s(t) := D, < Sk (t). Define

obs (1) = Hy([s(t). s(¥)]) .
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Hence, one has then that {s(t)}ic0.sccn S C (X; T}’OX ® A(}’IX) (where
e > 0 is small enough) defines an infinitesimal family of compact complex
manifolds if obs (51 (t)) = 0 for every t € A(0, ¢) (indeed, for & > 0 small enough,
the formal power series converges, see, e.g., [Kod05, Sect. 5.3], [MKO06, Sect. 2.3]).
One gets the following result by M. Kuranishi.

Theorem 1.26 ([Kur62, Theorem 2]). Let X be a compact complex manifold.
Then X admits a versal complex-analytic family of deformations.

Fixed a Hermitian metric on X, such a family of deformations, which is called
the Kuranishi space Kur(X) of X, is parametrized by

Kur(X) = {p € H" (X; Oy) : ||ull < 1, obs(n) =0} .

Remark 1.11. A compact complex manifold X is called non-obstructed if Kur(X)
is non-singular. In particular, if H%? (X; ®x) = {0}, then X is non-obstructed.
There are other interesting cases in which the Kuranishi space turns out to be
non-singular: as announced by F.A. Bogomolov, [Bog78], and proven by G. Tian,
[Tia87], and, independently, by A.N. Todorov, [Tod89, Theorem 1], this happens for
Calabi-Yau manifolds (that is, compact complex manifolds X of complex dimension
n endowed with a Kéhler structure (J, w, g) and with a nowhere vanishing € €

A"X such that (i) VE€e = 0,where VL€ denotes the Levi Civita connection
n(n+1) n
associated to g, and (ii) e A€ = (=1)" 2 i" ). In [dBT12], P. de Bartolomeis

and A. Tomassini introduced the notion of quantum inner state manifold, [dBT12,
Definition 2.2], as a possible generalization of Calabi-Yau manifolds, proving that,
under a suitable hypothesis, the moduli space of quantum inner state deformations
of a compact Calabi-Yau manifold is unobstructed, [dBT12, Theorem 3.6]. On the
other hand, in [Roll1b], S. Rollenske studied the Kuranishi space of holomorphi-
cally parallelizable nilmanifolds, proving that it is cut out by polynomial equations
of degree at most equal to the step of nilpotency of the nilmanifold, [Rolllb,
Theorem 4.5], and it is smooth if and only if the associated Lie algebra is a free
2-step nilpotent Lie algebra, [Rol11b, Corollary 4.9].

Remark 1.12. We refer to [Rolllb, Rol09b, Rol09a] by S. Rollenske and to
[Kas12c] by H. Kasuya for results concerning deformations of nilmanifolds and,
respectively, solvmanifolds.

It could be interesting to study what properties of a complex manifold are, in
a sense, compatible with the construction of small deformations of the complex
structure. In such a context, a property P concerning compact complex manifolds is
called open under (holomorphic) deformations of the complex structure (or stable
under small deformations of the complex structure) if, for every complex-analytic
family {X,},cp of compact complex manifolds, and for every by € B, if Xj, has
the property P, then X}, has the property P for every b in an open neighbourhood
of by. A property P is called is called closed under (holomorphic) deformations of
the complex structure if, for every complex-analytic family {X,},¢ 4, (o, of compact
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complex manifolds, where A.(0) := {z € C" : |z] < &} for some m € N\ {0} and
for some ¢ > 0, if X; has the property P for every t € A.(0) \ {0}, then also X, has
the property P.

Remark 1.13 (Gunnar Por Magnu’ssong). In a sense, the notion of closedness
is considered in the Zariski sense. In fact, as suggested to us by Gunnar Pér
Magnisson, by considering, for example, moduli space of complex tori of complex
dimension 2, and by using [Kod63, Theorem 16.1] (compare also [Caol2, Main
Theorem]), one can construct examples of complex-analytic families {X,},cp of
compact complex manifolds such that there exists a converging sequence {b }, <y C
B with boo 1= limy_, 40 b € B for which X}, is MoiSezon for every k € N, while
Xboo 18 NOL.

We recall here the following classical result by K. Kodaira and D.C. Spencer,
stating that admitting a Kéhler metric is a stable property under deformations of the
complex structure.

Theorem 1.27 ([KS60, Theorem 15]). Let {X,},cp be a differentiable family of
compact complex manifolds. If X;, admits a Kdhler metric for some ty € B, then X,
admits a Kdhler metric for every s in an open neighbourhood of ty in B. Moreover,
given any Kdihler metric w on X, one can choose an open neighbourhood U of t, in
B and a Kdhler metric ws on X, for any s € U such that ws depends differentiably
ins and w;, = w.

Proof (sketch). We just sketch the idea of the proof, as one can found, e.g., in
[Sch07, Lemme 3.3], see also [V0i02, Théoreme 9.23] and [KS60, Sect. 6].

Consider a family of compact complex manifolds {X;},. By the Ehresmann
theorem, [Ehr47], for every k € Z, the function ¢ +— dim¢ H, §R (X;; C) is locally
constant. By the theory of families of elliptic differential operators (see, e.g.,
[Kod03, Sect. 7.1]), for every (p,q) € Z?, the functions ¢ +— dim¢c H}Z (X,) and
t — dimc H f;’q (X;) are upper-semi-continuous, see, e.g., [Sch07, Lemme 3.2].
Recall also that, by the inequality a la Frolicher for the Bott-Chern cohomology,
[AT13b, Theorem A], itholds that )~ _; (dimc HZZ (X,) + dime H}? (X)) >
2 dim¢ HY (X;; C) for any k € Z and for any .

If we assume that X, is Kéhler for some #y, then in particular X;, satisfies the
99-Lemma. Therefore, for any k € Z, itholds Y° ., (dime HZZ (X,,) + dime
HP (X ,0)) = 2 dim¢c H fR (X4; C). In particular, from the facts remarked above,
it follows that, for any (p,q) € Z?, the functions ¢ + dim¢c Hy7 (X;) and 1 +>
dimc HY? (X;) are locally constant at 7.

In particular, we will use that the function ¢ — dim¢ H éé (X;) is locally constant
at 7p. In fact, by the theory of families of elliptic differential operators (see, e.g.,
[Kod05, Sect.7.1]), this implies that the map A;: A2X ® C — ker ABCSL

ALLX

8The author would like to thank Luis Ugarte for having pointed out the subject, and Junyan Cao
and Gunnar Pér Magntisson for useful discussions on the matter.
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depends smoothly in s in a neighbourhood of #;, [KS60, Theorem 7], see also
[Kod05, Theorem 7.4]. (For simplicity, we identify the smooth structures on X,
and Xj, for s in a neighbourhood of #y, by means of the diffeomorphism given by
the Ehresmann theorem, [Ehr47].) Hence define, for s in a neighbourhood of 7y,

ws = %(hsw—}-hs_a)) .

For any s, the form w; is a real d-closed (1, 1)-form on X;. Furthermore, the family
{ws}, depends smoothly in s. Since w;, = w, it follows that the form wj is positive
for s in a neighbourhood of X;,. In particular, wy is a Kihler form on X, depending
smoothly in s in a neighbourhood of 7. O

Remark 1.14. In [Hir62], it is proven that admitting a Kéahler structure is not a
closed property under deformations of the complex structure: indeed, H. Hironaka
provided an explicit example of a complex-analytic family of compact complex
manifolds of complex dimension 3 such that (i) one of the complex manifold is
non-Kihler (indeed, it carries a positive 1-cycle algebraically equivalent to zero),
and (ii) the others are Kihler and, in fact, bi-regularly embedded in a projective
space (and hence projective, [Mo166, Theorem 11]), [Hir62, Theorem]. (Note that,
in complex dimension 2, the Kihler property is closed under deformations of the
complex structure, since a compact complex surface is Kahler if and only if its
Ist Betti number is even, by [Kod64, Miy74, Siu83], or [Lam99, Corollaire 5.7],
or [Buc99, Theorem 11].) It is not known whether the limit of compact Kihler
manifolds admits some special structure; J.-P. Demailly and M. Paun conjectured
that, given a complex-analytic family {X,},.¢ of compact complex manifolds such
that one of the fibers, X,,, is endowed with a Kihler structure, then there exists
a countable union S’ € S of analytic subsets in the base such that X, admits a
Kihler structure for ¢ € S \ S/, [DP04, Conjecture 5.1]; they also guessed that
a “natural expectation” is that the remaining fibres, X; for ¢ € §’, are in class C
of Fujiki, [DP04, p. 1272]. In [Pop13, Pop09, Pop10], D. Popovici studied limits
of projective and MoiSezon manifolds under holomorphic deformations of complex
structures, proving, in particular, that the limit of projective manifolds is MoiSezon
under some additional conditions either on Hodge numbers or on some special
Hermitian metrics called strongly-Gauduchon metrics, [Pop13]. C. LeBrun and
Y.S. Poon [LP92], and F. Campana [Cam91] showed that being in class C of Fujiki
is not a stable property under small deformations of the complex structures, [LP92,
Theorem 1], [Cam91, Corollary 3.13], studying twistor spaces. It is conjectured that
being in class C of Fujiki is a closed property under deformations of the complex
structure, see, e.g., [Pop11, Standard Conjecture 1.17].

We refer to [Popl1] for a review on the behaviour under holomorphic defor-
mations of properties concerning, e.g., the existence of various types of Hermitian
metrics on compact complex manifolds. See also Corollary 2.2, Theorem 4.7 for
some results concerning stability or instability of special properties of complex
manifolds.
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1.6 Currents and de Rham Homology

In this section, we recall the basic notions and results concerning currents on
(differentiable) manifolds and de Rham homology: they turn out to be a useful
tool to study the geometry of complex manifolds (as an example, we recall ER.
Harvey and H.B. Lawson’s intrinsic characterization of Kéhler manifolds by means
of currents, [HL83, Proposition 12, Theorem 14], or M.L. Michelsohn’s intrinsic
characterization of balanced manifolds by means of currents [Mic82, Theorem 4.7],
see also Theorem 4.18, or J.P. Demailly and M. Paun’s characterization of compact
complex manifolds in class C of Fujiki by means of Kihler currents| DP04, Theorem
3.4]). We refer, e.g., to [dR84, Chap. 3], [Dem12, Sect.1.2], and [Fed69] (see also
[Ale98, Ale10]) for further details.

Let X be a m-dimensional oriented differentiable manifold.

For every compact set L € X and for every s € N, define the semi-norm pj on

(plozc Z or dx" Ao andxt e A°X
{i1,ens :k}g{1 ..... m}
1 <-<lf
set
' gu +etay @1
p1(®) = sup sup sup —- € R.
L {iy,...ip}<{1,...m} (a1,....0; ) EN" (axl)dl "'(axm)a
i1 <-<ig o tta, <s

Consider A®X endowed with the topology induced by the family of semi-norms pj ,
varying L among the compact sets in X, and s € N: the manifold X being second-
countable, A®*X has a structure of a Fréchet space. Let AJX be the topological
subspace of A®X consisting of differential forms with compact support in X .

For any k € N, the space of currents of dimension k (or degree m—k ), denoted by

DX = D"FX,
is defined as the topological dual space of A¥ X; the space Da X is endowed with the

weak-* topology.
Two basic examples of currents are the following.

e If Z is a (possibly non-closed) k-dimensional oriented compact submanifold of
X, then

[Z] := /Z € DX

is a current of dimension k.



1.6 Currents and de Rham Homology 43
o Ifp € A¥X, then

n:=/¢A-eﬁX
X

is a current of degree k.

The exterior differential d: A°X — A®*!X induces a differential on De X by
duality:

d:DeX — Do 1 X
is defined, for every T € DX, as
dT = (-D)"*"'17 @) .

In particular, if Z is a k-dimensional oriented closed submanifold of X, then
d[Z] = (=1)"**!'[b Z], where b is the boundary operator; if ¢ € AKX, then
dT, = Ty,.

By definition, the de Rham homology HZR(X;R) of X is the homology of
the differential complex (D, X, d). By means of a regularization process, [dR84,
Theorem 12], (see also [Dem12, Sects.2.D.3 and 2.D.4],) one can prove, [dR84,
Theorem 14], that

Hg(X:R) ~ H5l (X:R).

Since, for every k € N, the sheaf AI)‘( of germs of k-forms is a sheaf of C°-
module over a paracompact space (where C§° denotes the sheaf of germs of smooth
functions over X), and by the Poincaré lemma for forms, see, e.g., [Dem12, 1.1.22],
one has that

0— Ry — (A%, d)

is a fine (and hence acyclic, see, e.g., [Dem12, Corollary IV.4.19]) resolution of the
constant sheaf Ry, and hence

ker (d: A°X — A*TIX)
im(d: A*71X — A®X)

H® (X:Ry) =~ =t Hjp (X:R) |
see, e.g., [Dem12, IV.6.4].

Analogously, the regularization process [dR84, Theorem 12] allows to prove the
analogue of the Poincaré lemma for currents, see, e.g., [Dem12, Theorem 1.2.24],
and hence, the sheaf D’)‘( of germs of currents of degree k being fine for every k € N
since it is a sheaf of C§°-module over a paracompact space, one has that

0—>Ry —> (D;(, d)
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is a fine (and hence acyclic, see, e.g., [Dem12, Corollary IV.4.19]) resolution of the
constant sheaf Ry over X, and hence

ker (d: D*X — D*+'X) "
=: H
im (d: D*"1X — D*X) an=e

H* (X:Ry) =~ (X:R)

see, e.g., [Dem12, IV.6.4].

If X is compact, then it follows that the map 7.: A*X — D*X is injective and a
quasi-isomorphism of differential complexes: indeed, fixed a Riemannian metric g
on )2( , if & is a A-harmonic form (i.e., a d-closed d*-closed form), then T, (o) =
flee]l”.

Suppose now that X is a 2n-dimensional manifold endowed with an almost-
complex structure J € End(7X). Considering the induced endomorphisms J €
End (A*X) and J € End (A?X), one can define J € End (D*X) by duality. In the
same way as J € End (A®X) defines a bi-graduation on A*X ® C, one has that
J € End (D* X) defines the splitting

DX®C = P DpyX:
(p.g)eN

note that D), o X := D""P"~4X is the topological dual of A7X N (A2X ®g C),
for every (p.q) € N2,

1.7 Solvmanifolds

Nilmanifolds and solvmanifolds provide an important class of examples in non-
Kihler geometry. Indeed, on the one hand, in studying their properties, one often
can reduce to study left-invariant objects on them, which is the same to study linear
objects on the corresponding Lie algebra (this allows, for example, to reduce the
study of the de Rham cohomology of a nilmanifold to the study of the cohomology
of a complex of finite-dimensional vector spaces, [Nom54, Theorem 1]); on the
other hand, they do not admit too strong structures, e.g., they do not admit any
Kihler structure.

In this section, we recall the main definitions and results concerning the theory of
nilmanifolds and solvmanifolds, setting also the notation for the following chapters.

1.7.1 Lie Groups and Lie Algebras

We briefly recall the notions of Lie groups and Lie algebras and the relations
between them; see, e.g., [War83, Kir08, TO97, FOT08], for further results on the
subject.
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A Lie group (respectively a Lie group of class C, for k € N U {oo, 0},
respectively a complex Lie group) is’ a smooth (respectively C*, respectively
complex) manifold endowed with a structure of group given by differentiable
(respectively C¥, respectively holomorphic) maps : G xG — G and ()" : G — G.
A homomorphism of Lie groups (respectively, of Lie groups of class C¥, respectively
of complex Lie groups) is a smooth (respectively C¥, respectively holomorphic) map
being also a homomorphism of groups.

Remark 1.15. According to A.M. Gleason’s, and D. Montgomery and L. Zippin’s
theorems, [Gle52, MZ52], answering to Hilbert’s fifth problem, every topological
Lie group (that is, a Lie group of class C°) admits a unique real-analytic structure
with respect to which it is a Lie group of class C*.

A Lie algebra over a field K (with characteristic char K # 2) is a K-vector
space g endowed with an operation denoted by the bracket [-, --]: g X g — g being
bi-K-linear, skew-symmetric (i.e., for every x, y € g, it holds [x, y] + [y, x] = 0),
and satisfying the Jacobi identity (i.e., for every x, y,z € g, it holds [[x, y],z] +
[v.z],x] + [[z, x], ¥] = 0). An homomorphism of Lie algebras between the Lie
algebra g endowed with the bracket [-, "]g and the Lie algebra hh endowed with the
bracket [+, -]y is a K-linear map ¢:g — b preserving the brackets (namely, such
that g [-, ~]; = [0(). @(-)]p)-

Given a K-vector space V, the K-vector space End(V') endowed with the bracket
[x, y] := x o y — y o x has a structure of Lie algebra over K. Given a Lie algebra g
endowed with the bracket [-, --], define the adjoint representation

ad: g — End(g) , gox it ad, := [x, -] € End(g) ;

in other words, the Jacobi identity states that ad: g — End(g) is a representation of
the Lie algebra g, that is, a homomorphism of Lie algebras.

Let G be a Lie group. For any g € G, consider the left-translation homomor-
phism of Lie groups L,: G — G defined by Lg(h) := g - h, where - is the group
operation on G. An object on G is called G-left-invariant if it is invariant under
the actions of left-translations L, varying g € G. The Lie bracket of vector fields
yields a structure of Lie algebra on the space of G-left-invariant vector fields on G,
see, e.g., [War83, Proposition 3.7]: such a Lie algebra is the Lie algebra naturally
associated to the Lie group G. By S. Lie’s and E. Cartan’s theorem, [Lie80, Car30],
the functor that associates to every Lie group its naturally associated Lie algebra

Let C be a category with finite products, and consider Grp the category of groups; a group-object
G in C is an object of C such that Hom(-, G): C — Grp is a contravariant functor.

In such a notation, a Lie group (respectively a Lie group of class C¥, for k € N U {oco, w},
respectively a complex Lie group) is a group-object in the category of differentiable manifolds
with differentiable maps (respectively in the category of manifolds of class C¥ with maps of class
Ck, respectively in the category of complex manifolds with holomorphic maps). A homomorphism
of Lie groups between G and H is a morphism f:G — H of manifolds inducing, for every
manifold X, a homomorphism of groups between Hom(X, G) — Hom(X, H).
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is an equivalence between the full sub-category of connected simply-connected Lie
groups and the full sub-category of finite-dimensional Lie algebras, see, e.g., [Kir08,
Corollary 3.44].

Let g be a Lie algebra. Define the descending central series {g!"l}, _ of g as

g[o] = g )
gl :=[g. g"] forn € N\ {0} ,

a Lie algebra is called nilpotent if there exists n € N such that g = {0}, and the
step of nilpotency of g is defined as nilstep(g) := inf{n € N : gl) = {0}}; a Lie
group is called nilpotent if its associated Lie algebra is nilpotent.

Let g be a Lie algebra. Define the descending derived series {g""}} _. of g as

g = [gi"l, g¥=1] forn € N\ {0}

a Lie algebra is called solvable if there exists n € N such that g} = {0}; a Lie
group is called solvable if its associated Lie algebra is solvable. One has that g
is solvable if and only if [g, g] is nilpotent, see, e.g., [Kir08, Corollary 5.32]; in
particular, every nilpotent Lie algebra is also solvable.

Let g be a solvable Lie algebra, and consider the adjoint representation ad: g >
x + [x, -] € End(g). One says that g is completely-solvable (or of type (R)) if, for
any x € g, all the eigen-values of the endomorphism ad, € End(g) are in R. One
says that g is of rigid type (or of type (I)) if, for any x € g, all the eigen-values of
the endomorphism ad, € End(g) are in iR, [Vin94, p. 65].

1.7.2 Nilmanifolds and Solvmanifolds

A nilmanifold, [Mal49, p. 278], respectively solvmanifold, X = I'\ G is a compact
quotient of a connected simply-connected nilpotent, respectively solvable, Lie group
G by a co-compact discrete subgroup I" (see, e.g., [TO97, Definitions 2.1.1 and
3.1.1]). A solvmanifold X = I'\ G is called completely-solvable if its naturally
associated Lie algebra is completely-solvable, that is, if, for any g € G, all the
eigenvalues of Adg € End(g) are real, equivalently, if, for any X € g, all the
eigenvalues of adX € End(g) are real.

In particular, nilmanifolds and solvmanifolds are homogeneous spaces, that is,
differentiable manifolds endowed with a transitive action of a Lie group.

Recall that, given an homogeneous manifold X together with a transitive action
¥: G — Hompir(X; X) of a Lie group G, then X is diffeomorphic to the quotient
H\G where x € X and H, := {g € G : ¥ (g)(x) = x} is the isotropy group of
G at x, see, e.g., [War83, Theorem 3.62].
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Remark 1.16 ([Aus61,Has06]). We notice that in the literature, different definitions
of solvmanifolds are also considered: for example, L. Auslander defines a solvman-
ifold as a “homogeneous space of a connected solvable Lie group”, [Aus61, p. 398],
see also [Aus73a, Aus73b]; K. Hasegawa defines a solvmanifold X as “a compact
homogeneous space of solvable Lie group, that is, a compact differentiable manifold
on which a connected solvable (nilpotent) Lie group G acts transitively”, [Has06,
p- 132]; as noticed in [Has06, p. 132], one can assume that X = D\G , where Gisa
connected simply-connected Lie group (namely, the universal covering group of G)
and D is a closed subgroup of G. Note that a closed subgroup of a solvable non-
nilpotent group is not necessarily discrete; however, every compact solvmanifold in
the Auslander sense has a solvmanifold I” \G with discrete isotropy subgroup I”
as a finite covering, [Aus61].

Remark 1.17. Nilmanifolds and solvmanifolds I'\G are aspherical, that is,
w; (I'\G) = {0} for j > 2; (in fact, they are Eilenberg and MacLane spaces
of type K(m;1) with m = I'). Furthermore, they are uniquely determined, up
to diffeomorphism, by their fundamental group, as proven by A.I. Mal’tsev for
nilmanifolds, [Mal49, Corollary, p. 293], and by G.D. Mostow for solvmanifolds,
[Mos54, Mos57, Theorem A], see also, e.g., [Rag72, Corollary 2, p. 34, Theorem
3.6], [Aus73a, pp. 235, 244], [GOV97, Theorems II.1.3(i) and I1.2.6].

Obviously, every nilmanifold is in particular a solvmanifold; on the other hand,
there exist solvmanifolds which are not diffeomorphic to any nilmanifold, since
their fundamental group is not nilpotent.'® In fact, given a solvmanifold I'\G,
if w1 (I"\G) is nilpotent, then I"\G is diffeomorphic to some nilmanifold, see,
e.g., [GOV97, Corollary I1.2]; if r; (I"\G ) is Abelian, then I"\ G is diffeomorphic
to a torus, [Mos54, Mos57, Theorem 1], see, e.g., [GOV97, Corollary II.2]. More
precisely, one can prove that a compact aspherical homogeneous manifold having
nilpotent fundamental group is diffeomorphic to some nilmanifold, which is unique
up to diffeomorphism, see, e.g., [GOV97, Theorem I1.2.7].

Remark 1.18. Note that nilmanifolds and solvmanifolds are parallelizable,11
[TO97, Theorem 2.3.11].

Given a 2n-dimensional solvmanifold X = I'\ G, consider (g, [-,~]) the Lie
algebra naturally associated to the Lie group G; given a basis {ej,..., ez} of
g, the Lie algebra structure of g is characterized by the structure constants

k _. kot m
dge —.Zcme ne',
Lm

10We recall that the following theorem by A.I. Mal’tsev: a group I” is isomorphic to a discrete
co-compact subgroup in a simply-connected connected nilpotent Lie group if and only if it is
finitely-generated, nilpotent, and torsion-free, [Mal49, Corollary 1], see, e.g., [Rag72, Theorem
2.18].

Recall that a manifold is called parallelizable if its tangent bundle is trivial.
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where {e!, ... e*"} is the dual basis of g* of {e, ..., ez} and dg: g* — A%g* is
defined by

g* > ar>dgal, ) = —a(, ) € APg*.

To shorten the notation, as in [Sal01], we will refer to a given solvmanifold X =
I'\ G writing the structure equations of its Lie algebra: for example, writing

X = (0% 12, 13), (org := (0% 12, 13) ,)

we mean that X = I"\ G and there exists a basis of the Lie algebra g naturally asso-
ciated to G, let us say {ey, ..., es}, whose dual will be denoted by {el, e, eé},
such that the structure equations with respect to such basis are

de! = de? = de* = de* =0

de’> = elne? = e .

de® = elned = e

where we also shorten e48 := e A 5.

The following theorem by A.I. Mal’tsev characterizes the nilpotent Lie algebras

g for which the naturally associated connected simply-connected Lie group admits

a co-compact discrete subgroup, and hence such that there exists a nilmanifold with
g as Lie algebra; (see also, e.g., [Rag72, Theorem 2.12]).

Theorem 1.28 ([Mal49, Theorem 7]). In order that a simply-connected con-
nected nilpotent Lie group contain a discrete co-compact Lie group it is necessary
and sufficient that the Lie algebra of this group have rational constant structures
with respect to an appropriate basis.

As regards the existence of discrete co-compact subgroups in solvable Lie
groups, one has the following obstruction provided by J. Milnor. (Recall that a Lie
group G, with associated Lie algebra g, is called unimodular if, for all X € g, it
holds trad X = 0; see also [Mil76, Lemmas 6.1, 7.1, and 6.3] for other equivalent
formulations.)

Lemma 1.1 ([Mil76, Lemma 6.2]). Any connected Lie group that admits a dis-
crete subgroup with compact quotient is unimodular and in particular admits a
bi-invariant volume form n.

Dealing with G-left-invariant objects on X, we mean objects induced by objects
on G being invariant under the left-action of G on itself given by left-translations.
By means of left-translations, G-left-invariant objects will be identified with objects
on the Lie algebra g.

For example, a G-left-invariant complex structure J € End(7X) on X is uniquely
determined by a linear complex structure J € End(g) on g satisfying the integrabil-
ity condition Nij; = 0, [NN57, Theorem 1.1], where
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Nij; () = [+ -]+ T[T =1 I € %" @ras
we will denote the set of G-left-invariant complex structures on X by
C(g):={J €End(g) : J>=—idy and Nij, =0} .

By the Leibniz rule, the map dq: A'g* — A?g* induces a differential operator
d: A®g* — A®Tlg* giving a graded differential algebra (A®g*, d), and hence a
differential complex (A®g*, d), which is usually called the Chevalley and Eilenberg
complex of g, [CE48]; we will denote by Hy, (g;R) = H®(A°g*, d) the
cohomology of such a differential complex.

In general, on a solvmanifold, the inclusion (A®g*, d) < (A®*X, d) induces an
injective map in cohomology, i: Hj, (g;R) — Hj(X;R) (see [Rag72, Remark
7.30], [TO97, Theorem 3.2.10], and compare [CFO1, Lemma 9] and Lemma 3.2 for
the Dolbeault and, respectively, Bott-Chern cohomologies), which is not always an
isomorphism, as the example in [dBT06, Corollary 4.2, Remark 4.3] shows. On the
other hand, the following theorem by K. Nomizu says that the de Rham cohomology
of a nilmanifold can be computed as the cohomology of the subcomplex of
left-invariant forms (some results in this direction have been provided also by
Y. Matsushima in [Mat51, Theorems 5 and 6]).

Theorem 1.29 ([Nom54, Theorem 1]). Ler X = I'\ G be a nilmanifold and
denote the Lie algebra naturally associated to G by g. The complex (A°g*,d) is
a minimal model for (AN*X, d). In particular, the map (A°*g*, d) — (A°X, d) of
differential complexes is a quasi-isomorphism:

it Hjp(g:R) > Hjp(X:R).

The proof rests on an inductive argument, which can be performed since every
nilmanifold can be seen as a principal torus-bundle over a lower dimensional nil-
manifold, see [Mal49, Lemma 4], [Mat51, Theorem 3]; see also [Rag72, Corollary
7.28].

A similar result holds also in the case of completely-solvable solvmanifolds, as
proven by A. Hattori, as a consequence of the Mostow structure theorem,'” [Mos54,
Mos57].

12We recall the following, referring, e.g., to [TO97, Theorem 1.2]; see also [Rag72, Theorem 3.3,
Corollary 3.5] for a different proof.

Theorem 1.30 (Mostow Structure Theorem, [Mos54, Mos57, Theorem 2]). Any solvmanifold
can be naturally fibred over a torus with a nilmanifold as a fibre. More precisely, let '\G be a
solvmanifold, and consider the maximal connected nilpotent subgroup N of G. Then (i) NI is a
closed subgroup in G, (i) N N I is a lattice in N, and (i) NI'\G is a torus. Hence, one gets the
Mostow bundle

NNI\N = '\NI' — I'\G — NI'\G .
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Theorem 1.31 ([Hat60, Corollary 4.2]). Let X = I'\ G be a completely-solvable
solvmanifold and denote the Lie algebra naturally associated to G by g. The map
(A*g*, d) — (A*X, d) of differential complexes is a quasi-isomorphism.:

it Hjp(g:R) > HRp(X;R) .

The previous result holds true also for solvmanifolds satisfying the so-called
Mostow condition, [Mos54, Theorem 8.2, Corollary 8.1], see also [Rag72, Corollary
7.29]. For some results concerning the de Rham cohomology of (non-necessarily
completely-solvable) solvmanifolds, see [Gua07, CF11, Kas13a, Kas12a, CFK13].
We refer also to Sect. 3.1.2 for further classical results concerning the computation
of the de Rham and Dolbeault cohomologies of nilmanifolds and solvmanifolds.

In some cases, we will see that the study of (properties of) geometric structures on
a solvmanifold is reduced to the study of the corresponding (properties of) geometric
structures on the associated Lie algebra (see, e.g., Theorem 4.13, Proposition 4.2,
Theorem 4.6). To this aim, we need the following trick by F.A. Belgun (see also
[FG04, Theorem 2.1]).

Lemma 1.2 (F.A. Belgun’s Symmetrization Trick, [Bel00, Theorem 7]). Let
X = I'\G be a solvmanifold, and denote the Lie algebra naturally associated
to G by g. Let n be a G-bi-invariant volume form on G such that fX n = 1, whose
existence follows from J. Milnor’s lemma [Mil76, Lemma 6.2]. Up to identifying
G-left-invariant forms on X and linear forms over g* through left-translations,
define the F. A. Belgun’s symmetrization map

pAX = A ) = [ aly o).
One has that
laegs = id[aeg* .
and that
dop = pod.
In particular, the symmetrization map p induces a map u:(A*X,d) —
(A®g*, d) of differential complexes, and hence a map p: Hj,(X;R) — Hj, (g;R)

in cohomology. Since fi| ne g+ = id| ae g+, if the inclusion (A®g*, d) — (A®X, d) is
a quasi-isomorphism (for example, if X is a nilmanifold, by [Nom54, Theorem 1],

(See also [Boc09, Theorem 3.6], which gives a sufficient condition for the Mostow bundle to be a
principal bundle.)
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or a completely-solvable solvmanifold, by [Hat60, Corollary 4.2]), then the map
w:(A*X, d) = (A®g*, d) turns out to be a quasi-isomorphism.

K. Nomizu’s theorem [Nom54, Theorem 1], A. Hattori’s theorem [Hat60,
Corollary 4.2], and F.A. Belgun’s theorem [Bel0O, Theorem 7] suggest that nilmani-
folds, and, more in general, solvmanifolds, may provide a very useful and interesting
class of examples in non-Kihler geometry. On the other hand, another reason for
this statement is given by the following result by Ch. Benson and C.S. Gordon, and
by K. Hasegawa: it answers the Weinstein and Thurston problem for nilmanifolds,
namely, it characterizes the nilmanifolds admitting a Kéahler structure.

Theorem 1.32 ([BG88, Theorem A]). Let X be a nilmanifold endowed with a
symplectic structure @ such that the Hard Lefschetz Condition holds. Then X is
diffeomorphic to a torus.

Actually, one can prove that any 2n-dimensional nilmanifold X endowed with a
symplectic structure o such that the map [0]" ™" : Hl(X;R) — H'~'(X;R) is an
isomorphism is diffeomorphic to a torus, [LO94], see, e.g., [FOT08, Theorem 4.98].
A minimal model proof of Ch. Benson and C.S. Gordon’s theorem [BG88, Theorem
Al is due to G. Lupton and J. Oprea, [LO94, Theorem 3.5].

Remark 1.19. For some results on Hard Lefschetz Condition for solvmanifolds,
obtained by H. Kasuya, see [Kas13a, Kas09].

Theorem 1.33 ([Has89, Theorem 1, Corollary]). Let X be a nilmanifold. If X is
formal, then X is diffeomorphic to a torus.

Remark 1.20. For some results on formality for solvmanifolds, obtained by
H. Kasuya, see [Kas13a, Kas12d, Kas09].

In particular, since compact Kéhler manifolds satisfy the Hard Lefschetz Con-
dition, [Wei58, Théoréme IV.5], and are formal, [DGMS75, Main Theorem], it
follows that a nilmanifold admits a Kihler structure if and only if it is diffeomorphic
to a torus (compare also [Han57, Theorem II, Footnote 1]). More in general,
compact completely-solvable Kihler solvmanifolds are tori, as proven by A. Tralle
and J. Kedra in [TK97, Theorem 1], solving a conjecture by Ch. Benson and
C.S. Gordon, [BG90, p. 972]. In fact, the following result by K. Hasegawa gives
a complete characterization of Kihler solvmanifolds.

Theorem 1.34 ([Has06, Main Theorem]). Let X be a compact homogeneous
space of solvable Lie group, that is, a compact differentiable manifold on which
a connected solvable Lie group acts transitively. Then X admits a Kdhler structure
if and only if it is a finite quotient of a complex torus which has a structure of a
complex torus-bundle over a complex torus. In particular, a completely-solvable
solvmanifold has a Kdhler structure if and only if it is a complex torus.

Remark 1.21. For some results on Hodge decomposition and 90-Lemma for solv-
manifolds, obtained by H. Kasuya, see [Kas11, Kas12b].
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Remark 1.22. In this context, another class that could provide several interesting
examples is given by complex orbifolds'® of the type X = X/G, where X
is a complex manifold (possibly, a nilmanifold or a solvmanifold'*) and G is a
finite group of biholomorphisms of X (compare the Bochner linearization theorem,
[Boc45, Theorem 1], see also [Rai06, Theorem 1.7.2]). Orbifolds of such a global-
quotient-type have been considered and studied, e.g., by D.D. Joyce in constructing
examples of compact seven-dimensional manifolds with holonomy G, [Joy96b]
and [Joy00, Chaps. 11-12], and examples of compact eight-dimensional manifolds
with holonomy Spin(7), [Joy96a, Joy99] and [Joy0O0, Chaps. 13—14]. We refer to
[Sat56, Bai56, Bai54, Angl3a] for results concerning the de Rham, Dolbeault, and
Bott-Chern cohomologies of orbifolds.

Appendix: Low Dimensional Solvmanifolds and Special
Structures

In this section, we summarize some results concerning low-dimensional solvable
Lie algebras, especially focusing on their classification and on the geometric proper-
ties of the possibly associated solvmanifolds. As regards nilpotent Lie algebras, we
recall that, up to isomorphisms, the nilpotent Lie algebras of dimension less than or
equal to 6 are finitely-many; on the other hand, in dimension 7, there are infinitely-
many non-isomorphic nilpotent Lie algebras.

We refer mainly to [Boc09] for the classification, and to [TO97,Sal01,Mac13] for
results on the geometric properties of nilmanifolds and solvmanifolds. (As regards
classification of nilpotent Lie algebras up to dimension 7, see also, e.g., [Gon98]
and the references therein.)

A.1 Solvmanifolds up to Dimension 4

In Table 1.1, we list the isomorphism classes of solvable Lie algebras of dimension
less or equal to 4 and whose connected simply-connected Lie group admit a lattice
(at least for some parameter), [Boc09, Sect.5, Theorem 5.3, Table 1], [Boc09,
Sect. 6, Theorem 6.2, Table 2], [Boc09, Table 8]. The notation follows [Mub63c,

3The notion of orbifold has been introduced by I. Satake in [Sat56], with the name of
V-manifold, and has been studied, among others, by W.L. Baily, [Bai56, Bai54]. We recall that
a complex orbifold of complex dimension n is a singular complex space whose singularities are
locally isomorphic to quotient singularities C"/G , for finite subgroups G C GL(n; C), [Sat56,
Definition 2]. We refer, e.g., to [Joy07, Joy00, Sat56, Bai56, Bai54] for more results concerning
complex orbifolds and their cohomology.

14Recall that nilmanifolds and solvmanifolds are Eilenberg and MacLane spaces of type K(r; 1);
in particular, they are not simply-connected.
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Boc09]. (For the classification of three-dimensional solvable Lie algebras and,
respectively, of three-dimensional solvmanifolds, see also, e.g., [TO97, Theorems
1.6 and 1.9]. For results concerning four-dimensional solvmanifolds, see also, e.g.,
[TO97, Theorem 1.10].)

A.2 Five-Dimensional Solvmanifolds

In Table 1.2, we list the 9 isomorphism classes of five-dimensional nilpotent Lie
algebras, [Boc09, Table 9], [Mub63a], and the 19 isomorphism classes of five-
dimensional solvable non-nilpotent unimodular Lie algebras, [Boc09, Tables 10-14]
(a list of the 24, respectively 33 classes of five-dimensional solvable non-nilpotent
decomposable, respectively indecomposable Lie algebras has been obtained by
G.M. Mubarakzjanov in [Mub63a)).

A.3 Six-Dimensional Nilmanifolds

V.V. Morozov classified in [Mor58] the six-dimensional nilpotent Lie algebras, up
to isomorphism, in 34 different classes, see also [Mag86], see also [Boc(09, Table
15], see also [Gon98, Sect. 3]. In [Sal01], S.M. Salamon identified the 18 classes
of six-dimensional nilpotent Lie algebras admitting a linear integrable complex
structure, [Sal01, Theorems 3.1-3.3, Proposition 3.4], and provided an estimate
of the moduli spaces of complex structures and symplectic structures, [SalOl,
Eqgs. (28) and (31)], see [SalO1, Sect. 5]: up to equivalence, the linear integrable non-
nilpotent complex structures have been classified by L. Ugarte and R. Villacampa
in [UV09], the linear integrable Abelian complex structures have been classified
by A. Andrada, M.L. Barberis, and I.G. Dotti in [ABDMI11], and lastly the
linear integrable nilpotent non-Abelian complex structures have been classified by
M. Ceballos, A. Otal, L. Ugarte, and R. Villacampa in [COUV11]. The 26 classes
of six-dimensional nilmanifolds admitting left-invariant symplectic structures have
been classified by M. Goze and Y. Khakimdjanov, [GK96], see also [Sal01, Sect. 5].
There are 16 classes of nilmanifolds admitting both left-invariant complex structures
and left-invariant symplectic structures (only one admitting a Kihler structure).
Hence, there are five classes of six-dimensional nilmanifolds admitting neither
left-invariant complex structures nor left-invariant symplectic structures, [Sal01,
Theorem 5.1]: in fact, G.R. Cavalcanti and M. Gualtieri proved that such classes
admit left-invariant generalized complex structures, [CG04, Theorems 4.1 and 4.2],
see also [CGO4, Table 1]. In Table 1.3, we list the classes of six-dimensional
nilpotent Lie algebras following the notation [Boc09, Tables 4 and 15], and
[Mag86,CFGU97,CG04,Sal01]. Moreover, in Table 1.4, we recall the classification
of linear integrable complex structures on six-dimensional nilpotent Lie algebras up
to equivalence by M. Ceballos, A. Otal, L. Ugarte, and R. Villacampa, [COUV11].
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1.7 Solvmanifolds
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A.4 Six-Dimensional Solvmanifolds

The six-dimensional solvable non-decomposable Lie algebras were classified by
G.M. Mubarakzjanov, [Mub63b, CS05], and by P. Turkowski, [Tur90]; see also
[Boc09, Sect. 8]. In addition to [Boc09, Table 15], which lists the six-dimensional
nilpotent non-decomposable Lie algebras, [Mor58], we refer to [Boc09, Tables
17/33], and also [Mac13, Table A.1], for a list of the six-dimensional unimodular
solvable non-nilpotent non-decomposable Lie algebras; see [Boc09, Sect. 8]. The
Betti numbers of six-dimensional unimodular solvable non-nilpotent Lie algebras
can be found in [Mac13, Table 1] (see also [Boc(09, Tables 34/36] for the first
Betti numbers). See [Boc09, Tables 5-6] for a list of decomposable non-nilpotent
solvmanifolds, together with their Betti numbers and results concerning formality
and symplectic structures. In [CM12], six-dimensional non-completely-solvable
almost-Abelian solvmanifolds for which Mostow condition does not hold are
investigated; in particular, see [CM12, Table 1]. The six-dimensional unimodular
solvable non-nilpotent Lie algebras admitting a symplectic structure are listed
in [Macl3, Theorem 1], and their symplectic structures are listed in [Macl3,
Table B.1]. In [Boc09, Sect.9] and [Mac13], the Hard Lefschetz Condition on
solvmanifolds has been investigated; in particular, [Boc09, Table 7] summarizes
the relations between formality, Hard Lefschetz Condition, and even odd-degree
Betti numbers, providing some known examples, see also [IRTUO3, Theorem 3.1,
Table 1] (see also [FMS03,dBT06,Kas13a,Kas09,Kas11,Kas12d] for examples and
results on cohomologically-Kihler manifolds); furthermore, in [Mac13, Theorem
4], M. Macri provided three solvmanifolds endowed with symplectic structures that

satisfy the Hard Lefschetz Condition, more precisely, I \ (Gé’ ’7_1’_1 X R) (see also
[Boc09, Theorem 9.1]), and I"\ (G34 x R?), and I'\(G34 X G34).
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