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Abstract. The aim of this paper is to understand the influence of the inter-
play between a time-dependent increasing speed of propagation and a time-
dependent coefficient in the dissipation on qualitative properties of solutions
to the wave model

utt − a2(t)Δu+ b(t)ut = 0, u(0, x) = u1(x), ut(0, x) = u2(x). (0.1)

Our considerations are focused to energy estimates. The main difficulty is to
find a good description of non-effective and effective dissipations depending
on a given speed of propagation. The obtained energy estimates are optimal
as special examples will show. At the end we will sketch very briefly how
to get scattering and over-damping results. So, we propose a classification of
different damping terms which is motivated by the thesis of J. Wirth for the
case a ≡ 1.
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1. Introduction

The papers [12] and [13] are devoted to the study of the Cauchy problem for the
wave equation with time-dependent dissipation

utt −Δu+ b(t)ut = 0, u(0, x) = u1(x), ut(0, x) = u2(x). (1.1)

A description of the influence of the coefficient b = b(t) on the qualitative behavior
of solutions is given due to the following classification:

• Scattering: If b(t) has a very weak influence, then there is a relation to the free
wave equation. Such relations are described by so-called scattering results.

c© 2014 Springer International Publishing Switzerland
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• Non-effective: If b(t) has a weak influence, then the classical energy decays to
0 and corresponding Lp-Lq decay estimates are the classical Strichartz decay
estimates with an additional term as a time-dependent coefficient coming
from the decay of the energy itself. Such weak dissipations will be called
non-effective.

• Effective: If b(t) has a stronger influence, then Lp-Lq decay estimates are
similar to those ones for the classical damped wave equation but with an
additional decay function related to the dissipation itself. Such dissipations
will be called effective.

• Over-damping: If b(t) has a “very strong influence”, then in general we can
not expect any decay estimate of the classical wave type energy.

In both cases, scattering or over-damping, we have in general no energy decay.
Roughly speaking, energy decay only appears for dissipations “between” the condi-
tions b /∈ L1(R+) and 1/b /∈ L1(R+) in (1.1). But we have to be more precise. This
leads to distinguish between non-effective and effective dissipation. Correspond-
ingly, we only cite here two results from [11]. Assuming the coefficient function
b = b(t) is a positive, smooth and monotone function of t, which satisfies

|b(k)(t)| ≤ Ckb(t)

(
1

1 + t

)k

for all k ∈ N0.

Result 1.1. Assume lim supt→∞ tb(t) < 1. Then the solution u = u(t, x) of (1.1)
satisfies the Lp-Lq decay estimate

‖(∂t,∇)u(t, ·)‖Lq ≤ C
1

λ(t)
(1 + t)−

n−1
2 ( 1

p− 1
q )
(
‖u1‖WNp+1

p
+ ‖u2‖WNp

p

)
(1.2)

for p ∈ (1, 2], q is the corresponding dual index, Np = n
(
1
p − 1

q

)
and λ(t) is an

auxiliary function which is defined by

λ(t) := exp

(
1

2

∫ t

0

b(τ)dτ

)
.

Result 1.2. Assume tb(t) → ∞ as t → ∞. Then the solution u = u(t, x) of (1.1)
satisfies the Lp-Lq decay estimate

‖(∂t,∇)u(t, ·)‖Lq ≤ C

(
1 +

∫ t

0

dτ

b(τ)

)−n
2 (

1
p− 1

q )− 1
2 (

‖u1‖WNp+1
p

+ ‖u2‖WNp
p

)
(1.3)

for p ∈ (1, 2], q is the corresponding dual index and Np = n
(
1
p − 1

q

)
.

What about wave models in (1.1) without any dissipation? In a series of pa-
pers (see [7], [8], [9] or [5]) the authors have obtained results about decay estimates
for solutions to the Cauchy problem

utt − a2(t)Δu = 0, u(0, x) = u1(x), ut(0, x) = u2(x). (1.4)
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Therein a(t) is chosen as a2(t) = λ2(t)b2(t), where λ(t) is a monotonously
increasing function and b(t) is an oscillating function. In this paper we shall treat
only the case of an increasing propagation speed and we are not interested in
special oscillating parts in the coefficient a(t). We recall that some results from
[10] are obtained under the following assumptions to the coefficient a = a(t):

(A1) a(t) > 0, a′(t) > 0, for t ∈ [0,∞),

(A2) a0
a(t)

A(t)
≤ a′(t)

a(t)
≤ a1

a(t)

A(t)
, a0, a1 > 0,

(A3) |a′′(t)| ≤ a2a(t)
( a(t)

A(t)

)2
, a2 ≥ 0,

(A4) t+
C√
a(t)

is strictly increasing with a positive constant C and for large t.

Here A(t) = 1+
∫ t

0 a(s)ds is a primitive of a(t). So a combination of the goals
of [10] with the goals of [12] and [13] seems to be reasonable. For this reason we
devote to the wave model

utt − a2(t)Δu+ b(t)ut = 0, u(0, x) = u1(x), ut(0, x) = u2(x) (1.5)

with time-dependent increasing speed of propagation and dissipation. An interest-
ing issue is to introduce precise descriptions for non-effective and effective dissipa-
tions in model (1.5). Such a classification we shall propose in Sections 2 and 3. We
derive energy estimates in both cases. Some examples show in Section 3.7 that our
estimates are optimal. At the end of the paper we sketch very briefly scattering
and over-damping results. Most of the results are part of the thesis of Mr. Bui
Tang Bao Ngoc [1].

2. Non-effective dissipation

Let us devote to the wave model

utt − a2(t)Δu + b(t)ut = 0. (2.1)

Our question is the following:

Under which assumptions to the coefficient b = b(t) for a given time-
dependent speed of propagation a = a(t) can we call b a non-effective
dissipation?

Here non-effective means, that on the one hand we have really a dissipation effect
(scattering to wave models is excluded), but on the other hand the wave model
itself is hyperbolic like from the point of view of decay estimates for the wave type
energy. Motivated by the considerations from [12] we assume:

(B1) b(t) > 0, b(t) = μ(t)
a(t)

A(t)
, b /∈ L1(R+),

(B2) |μ′(t)| ≤ Cμμ(t)
a(t)

A(t)
,

(B3) lim supt→∞ μ(t) < 1.
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Instead of the assumption (B3) we assume sometimes

(B3)′ lim inf t→∞ μ(t) > 1.

Finally, we suppose

(C) lim supt→∞ μ(t) + α(t) < 2,

where α = α(t) is defined by

a′(t)
a(t)

=: α(t)
a(t)

A(t)
.

Theorem 2.1. Let us consider the Cauchy problem (2.1) under the assumptions
(A1) to (A3), (B1), (B2), (B3) or (B3)′ and (C). Then we have the following
estimates for the kinetic and elastic energy:

‖ut(t, ·)‖L2 ≤ C

√
a(t)

λ(t)

(‖u1‖H1 + ‖u2‖L2

)
,

‖a(t)∇u(t, ·)‖L2 ≤ C

√
a(t)

λ(t)

(‖u1‖H1 + ‖u2‖L2

)
.

Here λ = λ(t) is defined by

λ(t) := exp
(1
2

∫ t

0

b(τ)dτ
)
. (2.2)

Proof. Applying partial Fourier transformation we have ûtt+a2(t)|ξ|2û+ b(t)ût =
0. Later we will derive estimates for the fundamental solution E = E(t, s, ξ) of an
equivalent system of first order by different ways in different parts of the extended
phase space (0,∞) × Rn: in the dissipative zone and the hyperbolic zone. These
zones are defined by

• Zhyp(N) := {(t, ξ) : t ≥ tξ},
• Zdiss(N) := {(t, ξ) : 0 ≤ t ≤ tξ},

where tξ satisfies A(tξ)|ξ| = N .

2.1. Considerations in the dissipative zone

Let us define the micro-energy U = (Nδ(t)û, Dtû)
T , where we denote δ(t) :=

a(t)

A(t)
.

Then the transformed equation can be written in the form of a system of first order
(in Dt)

DtU = A(t, ξ)U, A(t, ξ) =

⎛⎜⎜⎝ −i
dtδ(t)

δ(t)
Nδ(t)

a2(t)|ξ|2
Nδ(t)

ib(t)

⎞⎟⎟⎠ .

Thus the solution U = U(t, ξ) can be represented as U(t, ξ) = E(t, s, ξ)U(s, ξ),
where E(t, s, ξ) is the fundamental solution, that is, the solution to the system

DtE(t, s, ξ) = A(t, ξ)E(t, s, ξ), E(s, s, ξ) = I, 0 ≤ s ≤ t ≤ tξ.

In the further calculations we use the following statement:
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Lemma 2.2.

1. The assumption (B3) implies for the auxiliary function λ = λ(t) the proper-
ties ∫ t

0

a(τ)

λ2(τ)
dτ � A(t)

λ2(t)
,

and
A(t)

λ2(t)
is monotonously increasing if t tends to infinity.

2. The assumption (B3)′ implies
a(t)

λ2(t)
∈ L1(R+) with∫ ∞

t

a(τ)

λ2(τ)
dτ � A(t)

λ2(t)
.

Furthermore,
A(t)

λ2(t)
is monotonously decreasing for large t.

Proof. To prove these statements we only use integration by parts and straight-
forward calculations. �

Lemma 2.3. Assume that a = a(t) satisfies (A1) and (A2), and the function μ =
μ(t) satisfies the condition (B3). Then there exists a constant δ ∈ (0, 1) such that

a(t)δ
∫ t

0

a(τ)1−δ

λ2(τ)
dτ � A(t)

λ2(t)
. (2.3)

Proof. The statement follows directly after integration of the following inequality:

a(t)1−δ

λ2(t)
�
(

A(t)

a(t)δλ2(t)

)′
=

a(t)1−δ

λ2(t)
− δ

A(t)a′(t)
a(t)1+δλ2(t)

−
A(t)μ(t)

a(t)

A(t)

a(t)δλ2(t)
,

where we use that the right-hand side can be estimated to below by

(1− c)
a(t)1−δ

λ2(t)
− δ

A(t)a′(t)
a(t)1+δλ2(t)

for large t,

and c < 1 due to condition (B3). The desired estimate

a(t)1−δ

λ2(t)
≤ C

(
(1 − c)

a(t)1−δ

λ2(t)
− δ

A(t)a′(t)
a(t)1+δλ2(t)

)
is true if it exits a constant C >

1

1− c
such that

A(t)a′(t) ≤ (1 − c− C−1)δ−1a2(t).

From that we can choose any δ satisfying δ < (lim supt A(t)a
′(t)/a2(t))−1. This

supremum is finite by condition (A2). �
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Denoting by E(jk) the entries of E we get for k = 1, 2 the system

DtE
(1k) = −i

dtδ(t)

δ(t)
E(1k) +Nδ(t)E(2k),

DtE
(2k) =

a2(t)|ξ|2
Nδ(t)

E(1k) + ib(t)E(2k), E(jk)(s, s, ξ) = δjk.

Integration yields

E(1k)(t, s, ξ) =
δ(t)

δ(s)
E(1k)(s, s, ξ) + iNδ(t)

∫ t

s

E(2k)(τ, s, ξ)dτ, (2.4)

E(2k)(t, s, ξ) =
λ2(s)

λ2(t)
E(2k)(s, s, ξ) +

i|ξ|2
Nλ2(t)

∫ t

s

a2(τ)

δ(τ)
λ2(τ)E(1k)(τ, s, ξ)dτ.

We are going to prove the following lemma:

Lemma 2.4. Let us assume (A1) to (A3) and (B3). Then we have the following
estimates for the entries E(kl)(t, 0, ξ) of the fundamental solution E(t, 0, ξ) in the
dissipative zone:

(|E(t, 0, ξ)|) :=
( |E(11)(t, 0, ξ)| |E(12)(t, 0, ξ)|

|E(21)(t, 0, ξ)| |E(22)(t, 0, ξ)|
)

�

⎛⎜⎜⎝
a(t)

A(t)

a(t)1−δ

λ2(t)
|ξ|2K(t)

λ2(t)

a(t)1−δ

λ2(t)

⎞⎟⎟⎠
(2.5)

with K(t) :=
∫ t

0 a2(τ)λ2(τ)dτ ≤ λ2(t)a(t)A(t).

Proof. Let us consider

E(21)(t, 0, ξ) =
i|ξ|2

Nλ2(t)

∫ t

0

a2(τ)

δ(τ)
λ2(τ)E(11)(τ, 0, ξ)dτ

=
i|ξ|2

Nλ2(t)

( ∫ t

0

a2(τ)

δ(0)
λ2(τ)dτ +

∫ t

0

a2(τ)λ2(τ)iNdτ

∫ τ

0

E(21)(θ, 0, ξ)dθdτ
)

=
i|ξ|2

Nδ(0)λ2(t)
K(t)− |ξ|2

λ2(t)

∫ t

0

a2(τ)λ2(τ)

∫ τ

0

E(21)(θ, 0, ξ)dθdτ

=
i|ξ|2

CNλ2(t)
K(t)− |ξ|2

λ2(t)

∫ t

0

(∫ t

θ

a2(τ)λ2(τ)dτ
)
E(21)(θ, 0, ξ)dθ.

Rewriting the integral equation gives

CNλ2(t)E(21)(t, 0, ξ)

|ξ|2K(t)
= i+

∫ t

0

k1(t, θ, ξ)
CNλ2(θ)E(21)(θ, 0, ξ)

|ξ|2K(θ)
dθ (2.6)

with kernel

k1(t, θ, ξ) = −|ξ|2 K(θ)

K(t)λ2(θ)

∫ t

θ

a2(τ)λ2(τ)dτ, θ ∈ [0, t]. (2.7)
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Now we estimate∫ t

0

sup
θ≤t̃≤t

|k1(t̃, θ, ξ)|dθ � |ξ|2
∫ tξ

0

sup
t̃

K(θ)

λ2(θ)K(t̃)

(
K(t̃)−K(θ)

)
dθ

≤ |ξ|2
∫ tξ

0

K(θ)

λ2(θ)
dθ � |ξ|2

∫ tξ

0

a(θ)A(θ)dθ =
1

2
|ξ|2A2(tξ) � 1

uniformly in Zdiss(N). Therefore, we obtained

|E(21)(t, 0, ξ)| � |ξ|2K(t)

λ2(t)
. (2.8)

Substituting this estimate into the first integral equation implies

|E(11)(t, 0, ξ)| ≤ δ(t)

δ(0)
+Nδ(t)

∫ t

0

|ξ|2K(τ)

λ2(τ)
dτ � δ(t)+ |ξ|2δ(t)A2(t) � δ(t) =

a(t)

A(t)
.

Next, we consider

E(22)(t, 0, ξ) =
λ2(0)

λ2(t)
+

i|ξ|2
Nλ2(t)

∫ t

0

a2(τ)

δ(τ)
λ2(τ)E(12)(τ, 0, ξ)dτ

=
λ2(0)

λ2(t)
− |ξ|2

λ2(t)

∫ t

0

a2(τ)λ2(τ)

∫ τ

0

E(22)(θ, 0, ξ)dθdτ,

λ2(t)E(22)(t, 0, ξ) = 1− |ξ|2
∫ t

0

( ∫ t

θ

a2(τ)λ2(τ)dτ
)
E(22)(θ, 0, ξ)dθ,

respectively. Our goal is to show that |E(22)(t, 0, ξ)| � a(t)1−δ

λ2(t)
. Therefore, we

rewrite the integral equation as

λ2(t)E(22)(t, 0, ξ)

a(t)1−δ
=

1

a(t)1−δ
+

∫ t

0

k2(t, θ, ξ)
λ2(θ)E(22)(θ, 0, ξ)

a(θ)1−δ
dθ (2.9)

with the kernel

k2(t, θ, ξ) = −|ξ|2 a(θ)1−δ

a(t)1−δλ2(θ)

∫ t

θ

a2(τ)λ2(τ)dτ, θ ∈ [0, t]. (2.10)

The following integral over the kernel satisfies the desired estimate. It holds∫ t

0

sup
θ≤t̃≤t

|k2(t̃, θ, ξ)|dθ � |ξ|2
∫ tξ

0

sup
t̃

(a(θ))1−δ

(a(t̃)1−δ)λ2(θ)

(
K(t̃)−K(θ)

)
dθ

≤ |ξ|2
∫ tξ

0

sup
t̃

(a(θ))1−δK(t̃)

(a(t̃))1−δλ2(θ)
dθ ≤ |ξ|2λ2(tξ)A(tξ)(a(tξ))

δ

∫ tξ

0

(a(θ))1−δ

λ2(θ)
dθ

� |ξ|2λ2(tξ)A(tξ)
A(tξ)

λ2(tξ)
≤ |ξ|2A2(tξ) � 1.

Here we have used Lemma 2.3 and, therefore,

|E(22)(t, 0, ξ)| � a(t)1−δ

λ2(t)
. (2.11)
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After plugging this estimate into the first integral equation and using Lem-
ma 2.3 again we have

|E(12)(t, 0, ξ)| � δ(t)

∫ t

0

a(τ)1−δ

λ2(τ)
dτ � a(t)1−δ

A(t)

A(t)

λ2(t)
� a(t)1−δ

λ2(t)
. (2.12)

This completes the proof. �

Now let us come back to

U(t, ξ) = E(t, 0, ξ)U(0, ξ) for all 0 ≤ t ≤ tξ. (2.13)

Because of a(t)|ξ||û(t, ξ)| ≤ N
a(t)

A(t)
|û(t, ξ)| in Zdiss(N) the following statement can

be concluded from (2.13) and Lemma 2.4:

Corollary 2.5. We have in the dissipative zone Zdiss(N) the following estimates
for all 0 ≤ t ≤ tξ:

a(t)|ξ||û(t, ξ)| ≤ CN
a(t)

A(t)
|û(0, ξ)|+ CN

a(t)1−δ

λ2(t)
|Dtû(0, ξ)|,

|Dtû(t, ξ)| ≤ CN
|ξ|2K(t)

λ2(t)
|û(0, ξ)|+ CN

a(t)1−δ

λ2(t)
|Dtû(0, ξ)|.

Lemma 2.6. Let us assume (A1) to (A3) and (B3)′. Then we have the following
estimates for the entries E(kl)(t, 0, ξ) of the fundamental solution E(t, 0, ξ):

(|E(t, 0, ξ)|) :=
( |E(11)(t, 0, ξ)| |E(12)(t, 0, ξ)|

|E(21)(t, 0, ξ)| |E(22)(t, 0, ξ)|
)

�

⎛⎜⎜⎝
a(t)

A(t)

a(t)

A(t)
a(t)

A(t)

a(t)

A(t)

⎞⎟⎟⎠ . (2.14)

Proof. We start by estimating the first column. Plugging the representation for
E(21)(t, s, ξ) into the integral equation for E(11)(t, s, ξ) gives

δ(0)

δ(t)
E(11)(t, 0, ξ) = 1− |ξ|2

∫ t

0

∫ τ

0

λ2(θ)

λ2(τ)
a2(θ)

δ(0)

δ(θ)
E(11)(θ, 0, ξ)dθdτ,

1

δ(t)
|E(11)(t, 0, ξ)| � 1 + |ξ|2

∫ t

0

∫ τ

0

λ2(θ)

λ2(τ)︸ ︷︷ ︸
≤1

a2(θ)
1

δ(θ)
|E(11)(θ, 0, ξ)|dθdτ,

1

δ(t)
|E(11)(t, 0, ξ)| � exp

(
|ξ|2

∫ t

0

∫ τ

0

a2(θ)dθdτ

)
� exp

(|ξ|2A2(t)
)
� 1,

|E(11)(t, 0, ξ)| � δ(t) =
a(t)

A(t)
.
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Here we have used the definition of dissipative zone and assumption (A2) for
a(t). Let us consider E(21)(t, 0, ξ). We have

|E(21)(t, 0, ξ)| � |ξ|2
λ2(t)

∫ t

0

a2(τ)

δ(τ)
λ2(τ)|E(11)(τ, 0, ξ)|dτ

� |ξ|2
∫ t

0

a2(τ)

δ(τ)

λ2(τ)

λ2(t)︸ ︷︷ ︸
≤1

δ(τ)dτ � |ξ|2A(t)a(t) ≤ CN
a(t)

A(t)
.

Now we will estimate the entries of the second column. We get

1

δ(t)
E(12)(t, 0, ξ) = iNλ2(0)

∫ t

0

dτ

λ2(τ)
− |ξ|2

∫ t

0

∫ τ

0

λ2(θ)

λ2(τ)︸ ︷︷ ︸
≤1

a2(θ)

δ(θ)
E(12)(θ, 0, ξ)dθdτ.

Because the first integral is uniformly bounded by the second statement from
Lemma 2.2 we can obtain by the above reasoning together with assumption (A1)
the desired estimate for E(12). For E(22) we have

1

δ(t)
|E(22)(t, 0, ξ)| � A(t)

a(t)λ2(t)
+

|ξ|2A(t)
a(t)λ2(t)

∫ t

0

a2(τ)λ2(τ)dτ

� A(t)

a(t)λ2(t)
+

|ξ|2A(t)
a(t)

∫ t

0

a2(τ)dτ︸ ︷︷ ︸
≤CN

.

If we notice the second statement of Lemma 2.2 the function
A(t)

λ2(t)
is decreasing.

Taking account of the increasing behavior of a(t) this implies that
A(t)

a(t)λ2(t)
is

uniformly bounded for large t. This completes the proof. �

2.2. Considerations in the hyperbolic zone

Here we use the hyperbolic micro-energy U = (a(t)|ξ|û, Dtû)
T . Then U satisfies

DtU = A(t, ξ)U :=

(
Dta

a
a(t)|ξ|

a(t)|ξ| ib(t)

)
U. (2.15)

Let us carry out the first step of diagonalization. For this reason we introduce

M =

(
1 −1
1 1

)
, M−1 =

1

2

(
1 1
−1 1

)
and U (0) := M−1U.
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So DtU
(0) = D(t, ξ)U (0) +R(t)U (0), where

D(t, ξ) =

(
τ1(t, ξ) 0

0 τ2(t, ξ)

)
:=

(
a(t)|ξ| 0

0 −a(t)|ξ|
)
,

R(t) = (Rkl(t)) :=
1

2

(
Dta
a + ib(t) −Dta

a + ib(t)

−Dta
a + ib(t) Dta

a + ib(t)

)
.

Let F0(t) be the diagonal part of R(t). Now we carry out the second step of
diagonalization procedure. Therefore we introduce the matrices

N (1) =

⎛⎜⎝ 0
R12

τ1 − τ2
R21

τ2 − τ1
0

⎞⎟⎠ =

⎛⎜⎜⎝ 0 i
δ1(t)

4a(t)|ξ|
−i

δ1(t)

4a(t)|ξ| 0

⎞⎟⎟⎠ , N1 = I +N (1).

Here δ1 :=
a′

a
+ b. We have⎛⎜⎝ a′

a
(t)

4a(t)|ξ|

⎞⎟⎠
2

�

⎛⎝ a

A
(t)

4a(t)|ξ|

⎞⎠2

�
( 1

A(t)|ξ|
)2

� C

N2
.

If we use the ansatz b(t) = μ(t)
a(t)

A(t)
and the assumptions (B3) or (B3)′ and (C),

i.e., we have lim supt→∞ μ(t) � 1, then( b(t)

4a(t)|ξ|
)2

=
( μ(t)a(t)

4a(t)A(t)|ξ|
)2

�
( 1

A(t)|ξ|
)2

≤ C

N2
.

Thus we can choose a sufficiently large N such that the determinant of N1 is

detN1 = 1−
( δ1(t)

4a(t)|ξ|
)2

< 1/2. Hence, the matrix N1 is invertible. Setting

B(1) = DtN
(1) − (R − F0)N

(1) =

⎛⎜⎜⎝ − δ21(t)

8a(t)|ξ| ∂t
δ1(t)

4a(t)|ξ|
−∂t

δ1(t)

4a(t)|ξ|
δ21(t)

8a(t)|ξ|

⎞⎟⎟⎠ ,

and R1(t, ξ) = −N−1
1 B(1)(t, ξ). We can conclude that(

Dt − D(t, ξ)− R(t)
)
N1(t, ξ)U

(1) = N1(t, ξ)
(
Dt − D(t, ξ)− F0(t)− R1(t, ξ)

)
U (1).

Now we shall find the solution U (0)(t, ξ) := N1(t, ξ)U
(1)(t, ξ), where U (1)(t, ξ) is

the solution to the system(
Dt − D(t, ξ)− F0(t)− R1(t, ξ)

)
U (1)(t, ξ) = 0.

We can write U (1)(t, ξ) = E(t, tξ, ξ)U
(1)(tξ, ξ), where E(t, s, ξ) is the funda-

mental solution, that is, the solution of the system

DtE(t,s,ξ)=
(
Dt−D(t,ξ)−F0(t)−R1(t,ξ)

)
E(t,s,ξ),E(s,s,ξ)=I, t≥s≥ tξ.
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The solution E0 = E0(t, s, ξ) of the “principal diagonal part” of the last system
fulfils

DtE0(t, s, ξ) = (D(t, ξ) + F0(t))E0(t, s, ξ), E0(s, s, ξ) = I, t ≥ s ≥ tξ.

Thus

E0(t, s, ξ) =

√
a(t)√
a(s)

λ(s)

λ(t)

⎛⎝ exp
( ∫ t

s ia(τ)|ξ|dτ
)

0

0 exp
(
− ∫ t

s ia(τ)|ξ|dτ
) ⎞⎠ .

Let us set

R2(t, s, ξ) = E0(t, s, ξ)
−1R1(t, ξ)E0(t, s, ξ),

Q(t, s, ξ) = I +

∞∑
k=1

∫ t

s

R2(t1, s, ξ)

∫ t1

s

R2(t2, s, ξ) . . .

∫ tk−1

s

R2(tk, s, ξ)dtk . . . dt2dt1.

Then Q(t, s, ξ) solves the Cauchy problem

DtQ(t, s, ξ) = R2(t, s, ξ)Q(t, s, ξ), Q(s, s, ξ) = I, t ≥ s ≥ tξ.

The fundamental solution E = E(t, s, ξ) is representable in the form E(t, s, ξ) =
E0(t, s, ξ)Q(t, s, ξ). Taking into consideration the above representation forQ(t, s, ξ)
we are able to prove the following estimate:

|Q(t, s, ξ)| ≤ exp
(∫ t

s

|R1(τ, ξ)|dτ
)

≤ exp
( 1

|ξ|
( 1

A(τ)

)∣∣∣t
s

)
≤ CN .

The backward transformation yields

U(t, ξ) = MN1(t, ξ)E0(t, s, ξ)Q(t, s, ξ)N−1
1 (s, ξ)M−1U(s, ξ),

therefore, we may conclude∣∣∣∣( a(t)|ξ|û(t, ξ)
Dtû(t, ξ)

)∣∣∣∣ ≤
√
a(t)√
a(s)

λ(s)

λ(t)

∣∣∣∣( a(s)|ξ|û(s, ξ)
Dtû(s, ξ)

)∣∣∣∣ for all t ≥ s ≥ tξ.

Corollary 2.7. We have in the hyperbolic zone Zhyp(N) the estimate∣∣∣∣( a(t)|ξ|û(t, ξ)
Dtû(t, ξ)

)∣∣∣∣ ≤ C

√
a(t)√
a(tξ)

λ(tξ)

λ(t)

∣∣∣∣( a(tξ)|ξ|û(tξ, ξ)
Dtû(tξ, ξ)

)∣∣∣∣
for all t ≥ tξ.

2.3. Gluing procedure and L2-L2 estimates

Before gluing the estimates in the dissipative zone and the hyperbolic zone we
state the following lemma:

Lemma 2.8. Assume that the functions μ = μ(t) and α = α(t) satisfy the assump-
tion

lim sup
t→∞

(
μ(t) + α(t)

)
< 2.
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Then the following inequality holds:

λ(t)
√

a(t)

A(t)
≤ C.

Proof. We have from the definition of λ and α

λ(t)
√

a(t)

A(t)
�

exp
(

1
2

∫ t

0 μ(s)
a(s)

A(s)
ds
)
exp

(
1
2

∫ t

0 α(s)
a(s)

A(s)
ds
)

exp
( ∫ t

0

a(s)

A(s)
ds
)

= exp
(1
2

∫ t

0

(
μ(s) + α(s)− 2

) a(s)
A(s)

ds
)
.

According to the assumption it holds μ(t)+α(t)− 2 ≤ 0 for t ≥ t0 with a suitable
t0. From that we may conclude

λ(t)
√

a(t)

A(t)
� exp

(∫ t0

0

(
μ(s) + α(s)− 2

) a(s)
A(s)

ds
)
≤ C(t0). (2.16)

This completes the proof. �

From the statements of Corollaries 2.5 and 2.7 we derive the statement of
our theorem.

Case 1: {|ξ| ≥ N}. Then the statement of Corollary 2.7 implies immediately∣∣∣∣( a(t)|ξ|û(t, ξ)
Dtû(t, ξ)

)∣∣∣∣ ≤ C

√
a(t)

λ(t)

∣∣∣∣( |ξ|û(0, ξ)
Dtû(0, ξ)

)∣∣∣∣
for all t ≥ 0.

Case 2: {|ξ| ≤ N} and {t ≥ tξ}. Then the statements of Corollary 2.7 imply
immediately

a(t)|ξ||û(t, ξ)| + |Dtû(t, ξ)| ≤ C

√
a(t)√
a(tξ)

λ(tξ)

λ(t)

(
a(tξ)|ξ||û(tξ, ξ)|+ |Dtû(tξ, ξ)|

)
≤ CN

√
a(t)

λ(t)

( λ(tξ)√
a(tξ)

a(tξ)|ξ||û(tξ, ξ)|+ λ(tξ)√
a(tξ)

|Dtû(tξ, ξ)|
)
.

From Corollary 2.5 we have for t = tξ

a(tξ)|ξ||û(t, ξ)|+ |Dtû(tξ, ξ)| ≤ C
a(tξ)

A(tξ)
|û(0, ξ)|+ C

a(tξ)
1−δ

λ2(tξ)
|Dtû(0, ξ)|.

Summarizing we get

a(t)|ξ||û(t,ξ)|+|Dtû(tξ,ξ)|≤C

√
a(t)

λ(t)

(√
a(tξ)λ(tξ)

A(tξ)
|û(0,ξ)|+ a(tξ)

1
2−δ

λ(tξ)
|Dtû(0,ξ)|

)
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for all admissible (t, ξ). If we choose δ ≥ 1

2
and apply Lemma 2.8, then we may

conclude

a(t)|ξ||û(t,ξ)|+|Dtû(t,ξ)|≤CN

√
a(t)

λ(t)

(|û(0,ξ)|+|Dtû(0,ξ)|
)
for all admissible(t,ξ).

Case 3: {|ξ| ≤ N} and {t ≤ tξ}. Then the statements of Corollary 2.5 imply
immediately

a(t)|ξ||û(t, ξ)| + |Dtû(t, ξ)| ≤ CN
a(t)

A(t)
|û(0, ξ)|+ CN

a(t)1−δ

λ2(t)
|Dtû(0, ξ)|.

If we choose δ ≥ 1

2
and apply Lemma 2.8, then we may conclude

a(t)|ξ||û(t,ξ)|+|Dtû(t,ξ)|≤CN

√
a(t)

λ(t)

(|û(0,ξ)|+|Dtû(0,ξ)|
)
for all admissible(t,ξ).

This completes the proof to Theorem 2.1. �
Remark 2.9. If we choose in Theorem 2.1 the coefficient a(t) ≡ 1, then the obtained
estimates coincide with the estimates from Result 1.1 for p = q = 2.

Example. Let μ ∈ (0, 1) or μ ∈ (
1, 2− l

l+1

)
. We choose with l > 0

a(t) = (1 + t)l, A(t) =
1

l + 1
(1 + t)l+1, b(t) =

μ(l + 1)

1 + t
.

These coefficients satisfy the assumptions of Theorem 2.1. Taking into considera-

tion λ(t) = (1 + t)
μ(l+1)

2 we may conclude∥∥((1 + t)l∇u(t, ·), ut(t, ·)
)∥∥

L2 � (1 + t)
l
2−μ(l+1)

2

(‖u1‖H1 + ‖u2‖L2

)
.

Example. Let μ ∈ (0, 1). We choose

a(t) = et, A(t) = et, b(t) = μ.

These coefficients satisfy the assumptions of Theorem 2.1. We have λ(t) = e
μ
2 t.

So, we may conclude∥∥(et∇u(t, ·), ut(t, ·)
)∥∥

L2 � e
t
2−μ

2 t
(‖u1‖H1 + ‖u2‖L2

)
.

Example. Let μ > 0 and m ≥ 1. We choose

a(t) = (e[m] + t)l, A(t) =
1

l + 1
(e[m] + t)l+1,

and μ(t) =
μ

(l + 1) log(e[m] + t) · · · log[m](e[m] + t)
.

These coefficients satisfy the assumptions of Theorem 2.1.

We have λ(t) =
(
log[m](e[m] + t)

)μ
2 . So, we may conclude∥∥((e[m] + t)l∇u(t, ·), ut(t, ·)

)∥∥
L2 � (e[m] + t)

l
2(

log[m](e[m] + t)
)μ

2

(‖u1‖H1 + ‖u2‖L2

)
.
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3. Effective dissipation

We consider the following Cauchy problem

utt − a2(t)Δu + b(t)ut = 0, u(0, x) = u1(x), ut(0, x) = u2(x). (3.1)

In the previous section we have concerned with the influence of the dissipation
term b(t)ut for a given speed of propagation a(t) such that the equation (3.1) is
from the point of view of long time behavior of solutions and its energies in some
sense close to the wave equation with increasing speed of propagation. Now our
question is the following:
Under which assumptions to the coefficient b = b(t) for a given time-dependent
speed of propagation a = a(t) can we call b an effective dissipation?
Here effective means, that on the one hand we have really a dissipation effect
(overdamping is excluded), but on the other hand the model is parabolic like from
the point of view of decay estimates for the wave type energy.
We will apply a transformation of the damped wave equation from (3.1) to a wave
equation with time-dependent speed of propagation and potential. Thus, we define
the new function

v(t, x) := exp
(1
2

∫ t

0

b(τ)dτ
)
u(t, x).

After some calculations we get

vtt − a2(t)Δv −
(1
4
b2(t) +

1

2
b′(t)

)
v = 0.

Applying partial Fourier transformation we have

v̂tt +m(t, ξ)v̂ = 0, (3.2)

here

m(t, ξ) = a2(t)|ξ|2 − 1

4
b2(t)− 1

2
b′(t). (3.3)

To study the interacting between a(t) and b(t) we assume:

(B′1) b(t) > 0, b(t) = μ(t)
a(t)

A(t)
,
a2(t)

b(t)
/∈ L1(R+),

(B′2)
∣∣dkt μ(t)∣∣ ≤ Ckμ(t)

(
a(t)

A(t)

)k

for k = 1, 2,

(B′3) μ(t) → ∞ as t → ∞,
μ(t)

A(t)
is monotonous.

Using assumption (B′1) we can rewrite the formula (3.3) by

m(t, ξ) = a2(t)|ξ|2 − 1

4
μ2(t)

a2(t)

A2(t)
− 1

2

(
μ(t)

a(t)

A(t)

)′
.

Assumptions (B′2) and (B’3) show that b′(t) is a negligible term in comparison
with b2(t), this means |b′(t)| = o(b2(t)) as t → ∞.
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We introduce the auxiliary symbol

〈ξ〉b(t) :=
√∣∣∣a2(t)|ξ|2 − b2(t)

4

∣∣∣ =√∣∣∣a2(t)|ξ|2 − μ2(t)

4

a2(t)

A2(t)

∣∣∣. (3.4)

The main result of this section is the following statement:

Theorem 3.1. Let us assume the conditions (A1) to (A3) and (B′1) to (B′3). Then
we have the following L2-L2 estimates:

For the kinetic energy we have

‖ut(t, ·)‖L2 � a(t)

(
1 +

∫ t

0

a2(τ)

b(τ)
dτ

)− 1
2 (‖u1‖H1 + ‖u2‖L2

)
.

For the“elastic” energy we have

‖a(t)∇u(t, ·)‖L2 � a(t)

(
1 +

∫ t

0

a2(τ)

b(τ)
dτ

)− 1
2 (‖u1‖H1 + ‖u2‖L2

)
.

3.1. Regions and zones

We define the separating curve tξ = t(|ξ|) by

Γ =
{
(t, ξ) : |ξ| = 1

2

μ(t)

A(t)

}
,

and introduce the following regions in the extended phase space (0,∞)× Rn
ξ :

the hyperbolic region: Πhyp =
{
(t, ξ) : |ξ| > 1

2
μ(t)
A(t)

}
,

the elliptic region: Πell =
{
(t, ξ) : |ξ| < 1

2
μ(t)
A(t)

}
.

The auxiliary symbol 〈ξ〉b(t) is differentiable in these regions and satisfies

∂t〈ξ〉b(t) = ±
a′(t)a(t)|ξ|2 − μ(t)a(t)

2A(t)

(
μ(t)a(t)
2A(t)

)′
〈ξ〉b(t) , ∂|ξ|〈ξ〉b(t) = ±a2(t)|ξ|

〈ξ〉b(t) , (3.5)

where the upper sign is taken in the hyperbolic region.
We will also divide both regions of the extended phase space into zones. For

this reason we define

the hyperbolic zone:

Zhyp(N) =
{
(t, ξ) : 〈ξ〉b(t) ≥ Nμ(t)

a(t)

2A(t)

}
∩Πhyp,

the pseudo-differential zone:

Zpd(N, ε) =
{
(t, ξ) : εμ(t)

a(t)

2A(t)
≤ 〈ξ〉b(t) ≤ Nμ(t)

a(t)

2A(t)

}
∩Πhyp,

the dissipative zone:

Zdiss(c0) =
{
(t, ξ) : |ξ| ≤ c0

1

A(t)

}
∩Πell,
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the elliptic zone:

Zell(c0, ε) =
{
(t, ξ) : |ξ| ≥ c0

1

A(t)

}
∩
{
〈ξ〉b(t) ≥ εμ(t)

a(t)

2A(t)

}
∩Πell,

the reduced zone:

Zred(ε) =
{
(t, ξ) : 〈ξ〉b(t) ≤ εμ(t)

a(t)

2A(t)

}
.

Remark 3.2. The dissipative zone can be skipped if we assume the further assump-
tion

(S1)
a2(t)

b(t)A2(t)
=

a(t)

μ(t)A(t)
∈ L1(R+).

Under this additional assumption we define Zell(ε) := Zell(0, ε).

3.2. The hyperbolic region

3.2.1. Symbols in Πhyp.

Definition 3.3. Let us define the following classes of symbols in the hyperbolic
zone:

Sl{m1,m2,m3} =
{
c(t, ξ) : |Dα

ξ D
k
t c(t, ξ)| ≤ Cα,k〈ξ〉m1−|α|

b(t) a(t)m2+|α|( a(t)

A(t)

)m3+k

for all (t, ξ) ∈ Zhyp(N), α, and k ≤ l
}
.

Lemma 3.4. The family of symbol classes Sl{m1,m2,m3} generates a hierarchy
having the following properties:

• Sl{m1,m2,m3} is a vector space,
• Sl{m1,m2,m3}Sl{m′1,m′2,m′3} ⊂ Sl{m1 +m′1,m2 +m′2,m3 +m′3},
• Dk

t D
α
ξ Sl{m1,m2,m3} ⊂ Sl−k{m1 − |α|,m2 + |α|,m3 + k},

• S0{−1, 0, 2} ⊂ L∞ξ L1
t (Zhyp(N)).

Proof. We only verify the fourth property. Indeed, if c = c(t, ξ) ∈ S0{−1, 0, 2},
then∫ ∞

tξ

|c(τ, ξ)|dτ �
∫ ∞

tξ

a2(τ)dτ

〈ξ〉b(τ)A2(τ)
∼
∫ ∞

tξ

a(τ)dτ

|ξ|A2(τ)
≤ C

A(tξ)|ξ| ≤ C

Nμ(tξ)
< ∞

due to the definition of the hyperbolic zone and assumption (B′3). Remark, that
here we used

〈ξ〉b(t) ∼ a(t)|ξ| uniformly onZhyp(N) (3.6)

to conclude what we wanted to have. �
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3.2.2. Consideration in the hyperbolic zone. Now we consider the micro-energy

V = (〈ξ〉b(t)v̂, Dtv̂)
T . (3.7)

Then it holds

DtV =

(
0 〈ξ〉b(t)

〈ξ〉b(t) 0

)
V +

⎛⎝ Dt〈ξ〉b(t)
〈ξ〉b(t) 0

−
(
μ(t) a(t)

A(t)

)′
2〈ξ〉b(t) 0

⎞⎠V. (3.8)

Lemma 3.5. Let us assume the conditions (B′1), (B′2) and (B′3). Then the fol-
lowing estimate holds for the fundamental solution EV (t, s, ξ) with (s, ξ), t, ξ) ∈
Zhyp(N), s ≤ t:

|EV (t, s, ξ)| �
√

a(t)√
a(s)

.

Proof. Let us carry out the first step of diagonalization. For this reason we set

M =

(
1 −1
1 1

)
, M−1 =

1

2

(
1 1
−1 1

)
, and V (0) := M−1V.

Hence,

DtV
(0) = D(t, ξ)V (0) +R(t, ξ)V (0), (3.9)

where

D(t, ξ) =

( 〈ξ〉b(t) 0
0 −〈ξ〉b(t)

)
∈ S2{1, 0, 0}, (3.10)

R(t, ξ) =

⎛⎝ Dt〈ξ〉b(t)
2〈ξ〉b(t) − b′(t)

4〈ξ〉b(t) −Dt〈ξ〉b(t)
2〈ξ〉b(t) + b′(t)

4〈ξ〉b(t)

−Dt〈ξ〉b(t)
2〈ξ〉b(t) − b′(t)

4〈ξ〉b(t)
Dt〈ξ〉b(t)
2〈ξ〉b(t) + b′(t)

4〈ξ〉b(t)

⎞⎠ ∈ S1{0, 0, 1}. (3.11)

Let F0(t, ξ) be the diagonal part of R(t, ξ). Now we carry out the second step
of diagonalization procedure. Therefore we introduce the matrices

N (1) =

(
0 R12

τ1−τ2R21

τ2−τ1
0

)

=

⎛⎝ 0 −Dt〈ξ〉b(t)
4〈ξ〉2

b(t)

− b′(t)
8〈ξ〉2

b(t)

−Dt〈ξ〉b(t)
4〈ξ〉2

b(t)

+ b′(t)
8〈ξ〉2

b(t)

0

⎞⎠ ∈ S1{−1, 0, 1},

N1(t, ξ) = I + N (1)(t, ξ) ∈ S1{0, 0, 0}. For sufficiently large time t0 = t0(ε) the
matrix N1(t, ξ) is invertible with uniformly bounded inverse N−1

1 (t, ξ) for t ≥ t0 in
Zhyp(N) (see Remark 3.6). Now we can follow the usual procedure to diagonalize.
Let

B(1)(t, ξ) = DtN
(1)(t, ξ)− (R(t, ξ) − F0(t, ξ)

)
N (1)(t, ξ) ∈ S0{−1, 0, 2},

R1(t, ξ) = −N−1
1 (t, ξ)B(1)(t, ξ) ∈ S0{−1, 0, 2}.
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Then we can conclude(
Dt−D(t, ξ)−R(t, ξ)

)
N1(t, ξ)V

(1) = N1(t, ξ)
(
Dt−D(t, ξ)−F0(t, ξ)−R1(t, ξ)

)
V (1).

Now we shall find the solution V (0)(t, ξ) =: N1(t, ξ)V
(1)(t, ξ), where V (1)(t, ξ)

is the solution to the system(
Dt − D(t, ξ)− F0(t, ξ)− R1(t, ξ)

)
V (1)(t, ξ) = 0.

We can write V (1)(t, ξ) = EV (t, tξ, ξ)V
(1)(tξ, ξ). Here EV (t, s, ξ) is the fundamental

solution to the following system:(
Dt − D(t, ξ)− F0(t, ξ)− R1(t, ξ)

)
EV (t, s, ξ) = 0, EV (s, s, ξ) = I, t ≥ s ≥ tξ.

The solution E0 = E0(t, s, ξ) of the “principal diagonal part” of this system fulfils

DtE0(t, s, ξ) =
(D(t, ξ) + F0(t, ξ)

)
E0(t, s, ξ), E0(s, s, ξ) = I, t ≥ s ≥ tξ.

Thus

E0(t, s, ξ) = exp

(
i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)
,

and we can get

|E0(t, s, ξ)| � exp

(∫ t

s

∂t〈ξ〉b(τ)
2〈ξ〉b(τ) dτ

)
=

√〈ξ〉b(t)√〈ξ〉b(s)
∼

√
a(t)|ξ|√
a(s)|ξ| ∼

√
a(t)√
a(s)

.

Let us set

R2(t, s, ξ) = E−1
0 (t, s, ξ)R1(t, ξ)E0(t, s, ξ),

Q(t, s, ξ) = I +
∞∑
k=1

∫ t

s

R2(t1, s, ξ)

∫ t1

s

R2(t2, s, ξ) · · ·
∫ tk−1

s

R2(tk, s, ξ)dtk · · · dt2dt1.

Then Q = Q(t, s, ξ) solves the Cauchy problem

DtQ(t, s, ξ) = R2(t, s, ξ)Q(t, s, ξ), Q(s, s, ξ) = I, t ≥ s ≥ tξ.

The fundamental solution EV (t, s, ξ) is representable in the form EV (t, s, ξ) =
E0(t, s, ξ)Q(t, s, ξ). Furthermore, applying the fourth property from Lemma 3.4 to
R1 ∈ S0{−1, 0, 2} ⊂ L∞ξ L1

t (Zhyp) we see that

|Q(t, s, ξ)| ≤ exp
( ∫ t

s

|R1(τ, ξ)|dτ
)

≤ CN .

This completes the proof. �

Remark 3.6. The large constant N guarantees the invertibility in the whole hyper-
bolic zone. The remaining problem consists in the understanding of invertibility
in the pseudo-differential zone. For t ≥ t0(ε) this zone can be skipped after the
choice N = ε. The other set {t ∈ (0, t0(ε)] : (t, ξ) ∈ Zpd(N, ε)} is compact.
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3.3. The elliptic region

3.3.1. Symbols in Πell. The symbols in the elliptic zone are constructed in a sim-
ilar manner as in the hyperbolic zone with a little change for the auxiliary symbol
〈ξ〉b(t) which can be estimated by

〈ξ〉b(t) ∼
b(t)

2
∼ μ(t)

a(t)

2A(t)
uniformly onZell(c0, ε). (3.12)

Definition 3.7. Let us define the following classes of symbols in the elliptic zone:

Sl{m1,m2,m3} =
{
c = c(t, ξ) : |Dα

ξ D
k
t c(t, ξ)| ≤ Cα,k〈ξ〉m1−|α|

b(t) a(t)m2+|α|( a(t)

A(t)

)m3+k

for all (t, ξ) ∈ Zell(c0, ε), α and k ≤ l
}
.

Lemma 3.8. The family of symbol classes Sl{m1,m2,m3} generates a hierarchy
having the following properties:

• Sl{m1,m2,m3} is a vector space,
• Sl{m1,m2,m3}Sl{m′1,m′2,m′3} ⊂ Sl{m1 +m′1,m2 +m′2,m3 +m′3},
• Dk

t D
α
ξ Sl{m1,m2,m3} ⊂ Sl−k{m1 − |α|,m2 + |α|,m3 + k},

• S0{−1, 0, 2} ⊂ L∞ξ L1
t (Zell(c0, ε)).

Proof. We only verify the fourth property. Indeed, if c ∈ S0{−1, 0, 2}, then∫ tξ2

tξ1

|c(τ, ξ)|dτ �
∫ tξ2

tξ1

a2(τ)

〈ξ〉b(t)A2(τ)
dτ ∼

∫ tξ2

tξ1

a(τ)

μ(τ)A(τ)
dτ

�
∫ tξ2

tξ1

√
1− ε2a(τ)

|ξ|A2(τ)
dτ � 1

|ξ|A(tξ1)
� C(ε, c0),

where tξ1 , tξ2 denotes the lower, upper boundary of the elliptic zone, respectively.
From the definitions of the elliptic zone and dissipative zone we have μ(t) ≥
2|ξ|A(t)√
1− ε2

for all t ∈ [tξ1 , tξ2 ] and |ξ|A(tξ1 ) ∼ 1. �

3.3.2. Consideration in the elliptic zone. In this region we introduce again the
micro-energy

V = (〈ξ〉b(t)v̂, Dtv̂)
T .

Then we can get the system of differential equations

DtV =

⎛⎝( 0 〈ξ〉b(t)
−〈ξ〉b(t) 0

)
+

⎛⎝ Dt〈ξ〉b(t)
〈ξ〉b(t) 0

− b′(t)
2〈ξ〉b(t) 0

⎞⎠⎞⎠V. (3.13)

In a first step we use the diagonalizer of the first matrix which is defined as follows:

M =

(
i −i
1 1

)
, M−1 =

1

2

( −i 1
i 1

)
, and V (0) := M−1V.

Hence,

DtV
(0) = D(t, ξ)V (0) +R(t, ξ)V (0), (3.14)
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where

D(t, ξ) =

( −i〈ξ〉b(t) 0
0 i〈ξ〉b(t)

)
∈ S2{1, 0, 0}, (3.15)

R(t, ξ) =
1

2

⎛⎝ Dt〈ξ〉b(t)
2〈ξ〉b(t) − i b′(t)

4〈ξ〉b(t) −Dt〈ξ〉b(t)
2〈ξ〉b(t) + i b′(t)

4〈ξ〉b(t)

−Dt〈ξ〉b(t)
2〈ξ〉b(t) − i b′(t)

4〈ξ〉b(t)
Dt〈ξ〉b(t)
2〈ξ〉b(t) + i b′(t)

4〈ξ〉b(t)

⎞⎠ ∈ S1{0, 0, 1}.

(3.16)

Let F0 = F0(t, ξ) be the diagonal part of R = R(t, ξ). Now we carry out the
second step of diagonalization procedure. Thus, we consider the difference δ of the
entries of D(t, ξ) + F0(t, ξ). We have

iδ(t, ξ) = 2〈ξ〉b(t) + b′(t)
2〈ξ〉b(t) ∼ 2〈ξ〉b(t) + b2(t)

2〈ξ〉b(t) ∼ 〈ξ〉b(t) ∈ S2(1, 0, 0) (3.17)

for t ≥ t0 with a sufficiently large t0 = t0(ε) by using |b′(t)| = o(b2(t)). Now
we can follow the usual procedure of diagonalization. Therefore, we introduce the
matrices

N (1) =

(
0 −R12

δR21

δ 0

)

∼

⎛⎝ 0 i
Dt〈ξ〉b(t)
4〈ξ〉2

b(t)

− b′(t)
8〈ξ〉2

b(t)

i
Dt〈ξ〉b(t)
4〈ξ〉2

b(t)

+ b′(t)
8〈ξ〉2

b(t)

0

⎞⎠ ∈ S1{−1, 0, 1},

N1(t, ξ) = I+N (1)(t, ξ) ∈ S1{0, 0, 0}. For a sufficiently large time t ≥ t0 the matrix
N1(t, ξ) is invertible with uniformly bounded inverse N−1

1 (t, ξ) in Zell(c0, ε). Let

B(1)(t, ξ) = DtN
(1)(t, ξ)− (R(t, ξ) − F0(t, ξ)

)
N (1)(t, ξ) ∈ S0{−1, 0, 2},

R1(t, ξ) = −N−1
1 (t, ξ)B(1)(t, ξ) ∈ S0{−1, 0, 2}.

We can conclude that(
Dt−D(t, ξ)−R(t, ξ)

)
N1(t, ξ)V

(1) = N1(t, ξ)
(
Dt−D(t, ξ)−F0(t, ξ)−R1(t, ξ)

)
V (1).

Now we shall find the solution V (1)(t, ξ) := N−1
1 (t, ξ)V (0)(t, ξ), where V (1)(t, ξ) is

the solution to the system(
Dt − D(t, ξ)− F0(t, ξ)− R1(t, ξ)

)
V (1)(t, ξ) = 0.

We can write V (1)(t, ξ) = EV,1(t, s, ξ)V
(1)(s, ξ). Here EV,1(t, s, ξ) is the fundamen-

tal solution to the following system:(
Dt − D(t, ξ) − F0(t, ξ)− R1(t, ξ)

)
EV,1(t, s, ξ) = 0, EV,1(s, s, ξ) = I, t ≥ s ≥ tξ.

We transform the system for EV,1(t, s, ξ) to an integral equation for a new
matrix-valued function Qell(t, s, ξ) by considering

exp

(
−i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)
EV,1(t, s, ξ).
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Using this ansatz we have after differentiation

Dt

(
exp

(
−i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)
EV,1(t, s, ξ)

)
= −(D(t, ξ) + F0(t, ξ)

)
exp

(
−i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)
EV,1(t, s, ξ)

+ exp

(
−i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)(D(t, ξ) + F0(t, ξ) +R1(t, ξ)
)
EV,1(t, s, ξ)

= exp

(
−i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)
R1(t, ξ)EV,1(t, s, ξ).

Consequently,

EV,1(t, s, ξ) = exp

(
i

∫ t

s

(D(τ, ξ) + F0(τ, ξ)
)
dτ

)
EV,1(s, s, ξ)

+ i

∫ t

s

exp
(
i

∫ t

θ

(D(τ, ξ) + F0(τ, ξ)
)
dτ
)
R1(θ, ξ)EV,1(θ, s, ξ)dθ.

We introduce an unknown weight factor to represent Qell,1 in the following way:

Qell,1(t, s, ξ) = exp
(
−
∫ t

s

w(τ, ξ)dτ
)
EV,1(t, s, ξ).

Then we get

Qell,1(t, s, ξ) = exp

(∫ t

s

(
iD(τ, ξ) + iF0(τ, ξ)− w(τ, ξ)I

)
dτ

)
+

∫ t

s

exp

(∫ t

θ

(
iD(τ, ξ) + iF0(τ, ξ) − w(τ, ξ)I

)
dτ

)
R1(θ, ξ)Qell,1(θ, s, ξ)dθ.

The main entries of the diagonal matrix iD(t, ξ) + iF0(t, ξ) are given by

(I) = 〈ξ〉b(t) +
∂t〈ξ〉b(t)
2〈ξ〉b(t) +

b′(t)
4〈ξ〉b(t) , (II) = −〈ξ〉b(t) +

∂t〈ξ〉b(t)
2〈ξ〉b(t) − b′(t)

4〈ξ〉b(t) .

For the difference (II)−(I) we get

(II)− (I) = −2〈ξ〉b(t) − b′(t)
2〈ξ〉b(t) = − b2(t) + b′(t)− 4a2(t)|ξ|2

2〈ξ〉b(t) ≤ 0

in Zell(c0, ε) for t ≥ t0 by using |b′(t)| = o(b2(t)). We are choosing the weight
w(t, ξ) = (I). By this choice the matrix

H(t, s, ξ) = exp

(∫ t

s

(
iD(τ, ξ) + iF0(τ, ξ)− w(τ, ξ)I

)
dτ

)
= diag

(
1, exp

(∫ t

s

(
− 2〈ξ〉b(τ) − b′(τ)

2〈ξ〉b(τ)
)
dτ

))
→
(

1 0
0 0

)
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as t → ∞ with a fixed s. Hence, the matrix H(t, s, ξ) is uniformly bounded for
(s, ξ), (t, ξ) ∈ Zell(c0, ε). Taking account of R1 ∈ S0{−1, 0, 2} is uniformly inte-
grable over the elliptic zone and that the matrix which can be represented by

Qell,1(t, s, ξ) = H(t, s, ξ) +

∞∑
k=1

ik
∫ t

s

H(t, t1, ξ)R1(t1, s, ξ)

×
∫ t1

s

H(t1, t2, ξ)R1(t2, s, ξ) · · ·
∫ tk−1

s

H(tk−1, tk, ξ)R1(tk, s, ξ)dtk · · · dt2dt1
is uniformly bounded in Zell(c0, ε) from the last considerations we may conclude

EV,1(t, s, ξ) = exp

(∫ t

s

w(τ, ξ)dτ

)
Qell,1(t, s, ξ)

= exp

(∫ t

s

(
〈ξ〉b(τ) +

∂〈ξ〉b(τ)
2〈ξ〉b(τ) +

b′(τ)
4〈ξ〉b(τ)

)
dτ

)
Qell,1(t, s, ξ)

∼ exp

(∫ t

s

(
〈ξ〉b(τ) +

∂〈ξ〉b(τ)
2〈ξ〉b(τ) +

b′(τ)
2b(τ)

)
dτ

)
Qell,1(t, s, ξ)

∼
〈ξ〉b(t)
〈ξ〉b(s) exp

(∫ t

s

〈ξ〉b(τ)dτ
)
Qell,1(t, s, ξ).

Summarizing the considerations of this section we have proved the following lemma:

Lemma 3.9. Under the assumptions (B′1), (B′2) and (B′3) the fundamental solu-
tion EV (t, s, ξ) to the operator Dt−D(t, ξ)−F0(t, ξ)−R1(t, ξ), with (t, ξ), (s, ξ) ∈
Zell(c0, ε) ∩ {t ≥ t0(ε)}, s ≤ t can be represented as

EV,1(t, s, ξ) ∼
〈ξ〉b(t)
〈ξ〉b(s) exp

(∫ t

s

〈ξ〉b(τ)dτ
)
Qell,1(t, s, ξ).

3.4. The reduced zone

In this zone we can estimate 〈ξ〉b(t) by ε
b(t)

2
. Thus, we consider the micro-energy

V =
(
ε
b(t)

2
v̂, Dtv̂

)T
. (3.18)

We get the following system of first order

DtV =

⎛⎝ Dtb(t)
b(t) ε b(t)

2
a2(t)|ξ|2− 1

4 b
2(t)− 1

2 b
′(t)

ε 1
2 b(t)

⎞⎠V. (3.19)

To estimate the entries of this matrix we will use

• |b′(t)| = o(b2(t)),

• 〈ξ〉b(t) � ε b(t)
2 ,

• consequently,
a2(t)|ξ|2− 1

4 b
2(t)− 1

2 b
′(t)

ε 1
2 b(t)

� ε b(t)
2 − b′(t)

εb(t) � εb(t).

Thus, we can estimate the norm of the coefficient matrix by εb(t) for sufficiently
large t.
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Summarizing the following statement holds:

Lemma 3.10. If we assume (B′1) to (B′3), then the fundamental solution EV (t, s, ξ)
to (3.19) can be estimated by

|EV (t, s, ξ)| � exp
(
ε

∫ t

s

b(τ)dτ
)

for t0 ≤ s ≤ t with sufficiently large t0 = t0(ε) and (t, ξ), (s, ξ) ∈ Zred(ε).

Remark 3.11. We can make the reduced zone as small as we want by the control
of the constant ε.

3.4.1. The dissipative zone. By Remark 3.2 the dissipative zone can be skipped if
we assume (S1). Now, let us assume, that the assumption (S1) does not hold, i.e.,

a(t)

μ(t)A(t)
�∈ L1(R+). Thus, we introduced the dissipative zone to ensure integrabil-

ity of S0{−1, 0, 2} over the elliptic zone Zell(c0, ε). In this case we can apply directly
Lemma 2.6 (because of assumption limt→∞ μ(t) → ∞) to estimate the fundamen-

tal solution E(t, s, ξ) related to the micro-energy U = ( a(t)
A(t) û, Dtû)

T and relate this

estimate to the fundamental solution EV (t, s, ξ) related to V = (〈ξ〉b(t)v̂, Dtv̂)
T .

3.5. Estimates for the fundamental solution

We want to obtain estimates for the energy of the solution to our original Cauchy
problem. For this reason we need to transform back to estimate the fundamental
solution E(t, s, ξ) which is related to the micro-energy (a(t)|ξ|û, Dtû).
Outside the reduced zone it holds

E(t, s, ξ) = T (t, ξ)EV (t, s, ξ)T
−1(s, ξ), (3.20)

where the matrix T (t, ξ) is defined in the following way:(
h(t, ξ)û
Dtû

)
=

(
h(t,ξ)

λ(t)〈ξ〉b(t) 0

i b(t)
2λ(t)〈ξ〉b(t)

1
λ(t)

)
︸ ︷︷ ︸

T (t,ξ)

( 〈ξ〉b(t)v̂
Dtv̂

)
(3.21)

with inverse

T−1(t, ξ) =

(
λ(t)〈ξ〉b(t)

h(t,ξ) 0

−i b(t)λ(t)2h(t,ξ) λ(t)

)
. (3.22)

Recall that outside of the dissipative zone we have h(t, ξ) = a(t)|ξ| and, espe-
cially, in the dissipative zone we use h(t, ξ) =

a(t)

A(t)
. Inside the reduced zone we

have estimated 〈ξ〉b(t) by ε b(t)
2 . Therefore, we change the definition of the matrix

T (t, ξ) by (
2h(t,ξ)
ελ(t)b(t) 0

i 1
λ(t)

1
λ(t)

)
, |T (t, ξ)| ∼ λ−1(t) (3.23)

for all (t, ξ) ∈ Zred(ε).
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Remark 3.12. We may conclude that in the hyperbolic and reduced zones the
fundamental solution to our original Cauchy problem in the extended phase space
can be estimated by

(|E(t, s, ξ)|) � λ(s)

λ(t)
(|EV (t, s, ξ)|).

Some auxiliary estimates. We continue with some auxiliary estimates which are
used to obtain energy estimates later on.

Lemma 3.13. Let us suppose (B′1) to (B′3) and let λ(t) = exp
(
1
2

∫ t

0 b(τ)dτ
)
. Then

the following holds:

1. The definition of 〈ξ〉b(t) in the elliptic zone implies 〈ξ〉b(t)− b(t)

2
≤ −a2(t)|ξ|2

b(t)
.

2.
λ(s)

λ(t)
exp

(∫ t

s 〈ξ〉b(τ)dτ
)
� exp

(
−|ξ|2

t∫
s

a2(τ)

b(τ)
dτ

)
.

3. With A(tξ1)|ξ| ∼ 1 (separating line between dissipative and elliptic zone) it
holds

exp

(
−|ξ|2

∫ tξ1

0

a2(τ)

b(τ)
dτ

)
∼ 1.

Proof. The first statement is equivalent to the following inequality√
b2(t)

4
− a2(t)|ξ|2 − b(t)

2
≤ −a2(t)|ξ|2

b(t)
.

The second statement follows directly from the first one together with the definition
of λ(t). The third statement can be directly obtained from the following estimate:

|ξ|2
∫ tξ1

0

a2(τ)

b(τ)
dτ = |ξ|2

∫ tξ1

0

a(τ)A(τ)

μ(τ)
dτ

≤ |ξ|2
∫ tξ1

0

a(τ)A(τ)

μ0
dτ � |ξ|2A2(tξ1) � 1.

The proof is complete. �

A refined estimate for the fundamental solution in the elliptic zone. Inside the
elliptic zone we have

|EV (t, s, ξ)| � b(t)

b(s)
exp

(∫ t

s

〈ξ〉b(τ)dτ
)
.

This yields in combination with (3.20) the estimate

(|E(t, s, ξ)|) �
(

a(t)|ξ| 0
b(t) b(t)

)
exp

(∫ t

s

(
〈ξ〉b(τ) − b(τ)

2

)
dτ

)(
1

a(s)|ξ| 0
1

a(s)|ξ|
1

b(s)

)
� exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)(
a(t)
a(s)

a(t)|ξ|
b(s)

b(t)
a(s)|ξ|

b(t)
b(s)

)
. (3.24)
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Here we have used the first statement from Lemma 3.13. The estimate for
the first row seems to be optimal while the estimate for the second row is not
optimal, because at least for an increasing coefficient function b(t) for fixed ξ some
entries of the matrix from the right-hand side of (3.24) become unbounded for
increasing t. This estimate contradicts to our a priori knowledge that the wave
type energy itself is decreasing. For this reason we need a refined estimate which
will be presented in the following steps. Let us assume that Φk(t, s, ξ), k = 1, 2,
are solutions to the equation

Φtt + a2(t)|ξ|2Φ + b(t)Φt = 0

with initial values

Φk(s, s, ξ) = δ1k, ∂tΦk(s, s, ξ) = δ2k.

Then we have(
a(t)|ξ|v(t, ξ)
Dtv(t, ξ)

)
=

⎛⎜⎜⎝
a(t)

a(s)
Φ1(t, s, ξ) ia(t)|ξ|Φ2(t, s, ξ)

DtΦ1(t, s, ξ)

a(s)|ξ| iDtΦ2(t, s, ξ)

⎞⎟⎟⎠(
a(s)|ξ|v(s, ξ)
Dtv(s, ξ)

)
.

Hence, if we compare with the estimate (3.24), then

|Φ1(t, s, ξ)| � exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
, (3.25)

|Φ2(t, s, ξ)| � 1

b(s)
exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
, (3.26)

|∂tΦ1(t, s, ξ)| � b(t) exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
, (3.27)

|∂tΦ1(t, s, ξ)| � b(t)

b(s)
exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
. (3.28)

Let Ψk(t, s, ξ) = ∂tΦk(t, s, ξ), k = 1, 2. Then we obtain the equations of first order

∂tΨk + b(t)Ψk = −a2(t)|ξ|2Φk(t, s, ξ), Ψk(s, s, ξ) = δk2.

Applying Duhamel’s principle we get

Ψ1(t, s, ξ) = −|ξ|2
∫ t

s

a2(τ)
λ2(τ)

λ2(t)
Φ1(τ, s, ξ)dτ,

|Ψ1(t, s, ξ)| � |ξ|2
λ2(t)

∫ t

s

a2(τ)λ2(τ) exp

(
−|ξ|2

∫ τ

s

a2(θ)

b(θ)
dθ

)
dτ

� a2(t)|ξ|2
λ2(t)

∫ t

s

λ2(τ) exp

(
−|ξ|2

∫ τ

s

a2(θ)

b(θ)
dθ

)
dτ

� a2(t)|ξ|2
λ2(t)

∫ t

s

b(τ)λ2(τ)︸ ︷︷ ︸
∂τλ2(τ)

1

b(τ)
exp

(
−|ξ|2

∫ τ

s

a2(θ)

b(θ)
dθ

)
dτ
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� a2(t)|ξ|2
λ2(t)

(
λ2(τ)

1

b(τ)
exp

(
−|ξ|2

∫ τ

s

a2(θ)

b(θ)
dθ

)) ∣∣∣t
s

+
a2(t)|ξ|2
λ2(t)

∫ t

s

λ2(τ)

( |ξ|2a2(τ)
b(τ)

+
b′(τ)
b2(τ)

)
︸ ︷︷ ︸

�C(τ)<1

exp

(
−|ξ|2

∫ τ

s

a2(θ)

b(θ)
dθ

)
dτ

� a2(t)|ξ|2
b(t)

exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
− a2(t)|ξ|2

b(s)

λ2(s)

λ2(t)
.

Here we have used a2(t)|ξ|2/b2(t) ≤ 1/2 from the definition of the elliptic

zone and b′(t)
b2(t) = o(1). We see that the second summand is subordinate to the first

one because

b(s)

b(t)
exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
λ2(t)

λ2(s)
= exp

(∫ t

s

(
b(τ)− a2(τ)|ξ|2

b(τ)
− b′(τ)

b(τ)︸ ︷︷ ︸
>0, if τ≥t0

)
dτ
)

for t0 ≤ s ≤ t with t0 sufficiently large. Similarly, we can represent Ψ2 in the
following way:

Ψ2(t, s, ξ) =
λ2(s)

λ2(t)
− |ξ|2

∫ t

s

a2(τ)
λ2(τ)

λ2(t)
Φ2(τ, s, ξ)dτ,

|Ψ2(t, s, ξ)| � λ2(s)

λ2(t)
+

|ξ|2
λ2(t)

∫ t

s

a2(τ)λ2(τ)
1

b(s)
exp

(
−|ξ|2

∫ τ

s

a2(θ)

b(θ)
dθ

)
dτ

� λ2(s)

λ2(t)
+

a2(t)|ξ|2
b(t)b(s)

exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)
.

Thus, we have proved the following lemma:

Lemma 3.14. Let (s, ξ), (t, ξ) ∈ Zell(c0, ε) with s ≤ t. Then the fundamental solu-
tion E(t, s, ξ) can be estimated in the following way:

(|E(t, s, ξ)|) � exp

(
−|ξ|2

∫ t

s

a2(τ)

b(τ)
dτ

)( a(t)
a(s)

a(t)|ξ|
b(s)

a2(t)|ξ|
a(s)b(t)

a2(t)|ξ|2
b(s)b(t)

)
+
λ2(s)

λ2(t)

(
0 0
0 1

)
.

(3.29)

Remark 3.15. Let us choose a fixed s. Then the second summand in (3.29) is

dominated by the first one. If we set s = tξ2 , then in the two cases
( μ(t)

A(t)
is

increasing or decreasing
)
we can use a(tξ2)|ξ| ∼ b(tξ2) to get the following estimate:

(|E(t, tξ2 , ξ)|) � exp

(
−|ξ|2

∫ t

tξ2

a2(τ)

b(τ)
dτ

)( a(t)
a(tξ2 )

a(t)
a(tξ2 )

a2(t)|ξ|
a(tξ2 )b(t)

a2(t)|ξ|
a(tξ2 )b(t)

)
. (3.30)
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3.6. Gluing procedure

Case 1: The function
μ(t)

A(t)
is monotonously decreasing.

In the previous sections we have considered the fundamental solution in dif-
ferent zones. Now we have to glue the estimates from Lemmas 2.6, 3.14, 3.10 and
3.5. We obtain for the part of the hyperbolic zone which contains large frequencies
{ξ : |ξ| ≥ c > 0} the following estimate for the fundamental solution:

(|E(t, 0, ξ)|) �
√

a(t) exp

(
−1

2

∫ t

0

b(τ)dτ

)(
1 1
1 1

)
to our original problem in the extended phase space, cf. Lemma 3.5 and Remark
3.12. It remains to consider the influence of the dissipative zone, the elliptic zone,
the reduced zone and the hyperbolic zone for small frequencies. We denote by
tξk , k = 1, 2, 3, the separating lines between the dissipative zone and the elliptic
zone (k = 1), between the elliptic zone and the reduced zone (k = 2) and between
the reduced zone and the hyperbolic zone (k = 3).

Case 1.1: t ≤ tξ1 .

In this case we follow directly Lemma 2.6.

Case 1.2: tξ1 ≤ t ≤ tξ2 .

Now we have to glue the estimates from Lemmas 2.6 and 3.10. We have the
following corollary:

Corollary 3.16. The following estimates hold for all t ∈ [tξ1 , tξ2 ] :

(|E(t, 0, ξ)|) � exp

(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)(
a(t)|ξ| a(t)|ξ|
a2(t)|ξ|2

b(t)
a2(t)|ξ|2

b(t)

)

+ exp

(
−
∫ t

tξ1

b(τ)dτ

)
a(tξ1)|ξ|

(
0 0
1 1

)
.

Proof. The fundamental solution E(t, 0, ξ) can be represented as

E(t, tξ1 , ξ)E(tξ1 , 0, ξ).

This yields for all (t, ξ) ∈ Zell(c0, ε)

(|E(t, 0, ξ)|) � (|E(t, tξ1 , ξ)|)(|E(tξ1 , 0, ξ)|)

�
(
exp

(
−|ξ|2

∫ t

tξ1

a2(τ)

b(τ)
dτ

)( a(t)
a(tξ1 )

a(t)|ξ|
b(tξ1 )

a2(t)|ξ|
a(tξ1 )b(t)

a2(t)|ξ|2
b(tξ1 )b(t)

)

+
λ2(tξ1)

λ2(t)

(
0 0
0 1

))
× a(tξ1)

A(tξ1)

(
1 1
1 1

)
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� exp

(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)(
a(t)|ξ| a(t)|ξ|
a2(t)|ξ|2

b(t)
a2(t)|ξ|2

b(t)

)

+ exp

(
−
∫ t

tξ1

b(τ)dτ

)
a(tξ1)|ξ|

(
0 0
1 1

)
.

Here we used a(tξ1)|ξ| � b(tξ1), |ξ| ∼
c0

A(tξ1 )
together with the third state-

ment from Lemma 3.13 to extend the above integral. This completes the proof. �

Case 1.3: tξ2 ≤ t ≤ tξ3 .

Now we will glue the estimates from Lemma 3.10 and Corollary 3.16.

Corollary 3.17. The following estimate holds for all t ∈ [tξ2 , tξ3 ]:

(|E(t, 0, ξ)|) � exp

(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)
a(t)|ξ|

(
1 1
1 1

)
.

Proof. From Lemma 3.10 and Remark 3.12 we have the following estimate:

(|E(t, tξ2 , ξ)|) �
λ(tξ2 )

λ(t)
exp

(
ε

∫ t

tξ2

b(τ)dτ

)(
1 1
1 1

)
.

Taking account of the representation of the fundamental solution E(t, 0, ξ) as
E(t, tξ2 , ξ)E(tξ2 , 0, ξ) gives after application of Corollary 3.16 the following es-
timate:

(|E(t,0,ξ)|)�(|E(t,tξ2 ,ξ)|)(|E(tξ2 ,0,ξ)|)

�exp

((
ε− 1

2

)∫ t

tξ2

b(τ)dτ

)(
1 1
1 1

)(
exp

(
−
∫ tξ2

tξ1

b(τ)dτ

)
a(tξ1)|ξ|

(
0 0
1 1

)

+exp

(
−|ξ|2

∫ tξ2

0

a2(τ)

b(τ)
dτ

)(
a(tξ2)|ξ| a(tξ2)|ξ|
a2(tξ2 )|ξ|2

b(tξ2 )

a2(tξ2 )|ξ|2
b(tξ2 )

))

�
(
exp

((
ε− 1

2

)∫ t

tξ2

b(τ)dτ

)
exp

(
−|ξ|2

∫ tξ2

0

a2(τ)

b(τ)
dτ

)(
a(tξ2)|ξ|+

a2(tξ2)|ξ|2
b(tξ2)

)

+exp

((
ε− 1

2

)∫ t

tξ2

b(τ)dτ

)
exp

(
−
∫ tξ2

tξ1

b(τ)dτ

)
a(tξ1)|ξ|

)(
1 1
1 1

)
.

From the definition of Zred(ε) with a sufficiently small ε we have

a2(t)|ξ|2 ≤
(1
2
− ε

)
b2(t).

For t ≤ tξ2 we use

a(t)|ξ| � b(t).
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Hence, the integral

exp
(
−
∫ tξ2

tξ1

b(τ)dτ
)

can be estimated by

exp
(
− |ξ|2

∫ tξ2

tξ1

a2(τ)

b(τ)
dτ
)
,

and the last integral can be extended up to t = 0. Using t ≥ tξ2 and the increasing
behavior of a we conclude from the last estimates the desired statement. �

Case 1.4: tξ3 ≤ t < ∞.

From Lemma 3.5 and Remark 3.12 we obtain the following statement:

Corollary 3.18. The following estimate holds for all t ∈ [tξ3 ,∞):

(|E(t, tξ3 , ξ)|) �
√

a(t)√
a(tξ3)

exp

(
−1

2

∫ t

tξ3

b(τ)dτ

)(
1 1
1 1

)
.

Finally, we have to glue the estimates from Corollaries 3.17 and 3.18.

Corollary 3.19. The following estimate holds for all t ∈ [tξ3 ,∞):

(|E(t, 0, ξ)|) � exp

(
−|ξ|2

∫ tξ3

0

a2(τ)

b(τ)
dτ

)
exp

(
−1

2

∫ t

tξ3

b(τ)dτ

)

×
√
a(t)

√
a(tξ3)|ξ|

(
1 1
1 1

)
.

Case 2: The function
μ(t)

A(t)
is monotonously increasing.

The elliptic region lies in this case on the top of the hyperbolic region. For
small frequencies the set {ξ : |ξ| ≤ c0} lies completely inside the elliptic zone. For
this reason we can use the estimates from the elliptic zone and obtain immediately

(|E(t, 0, ξ)|) � exp

(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)( a(t)
a(0)

a(t)
a(0)

a2(t)|ξ|
a(0)b(t)

a2(t)|ξ|
a(0)b(t)

)
. (3.31)

It remains to consider the influence of the elliptic zone, the reduced zone and the
hyperbolic zone for large frequencies. We denote by tξk , k = 1, 2, the separating
lines between the hyperbolic zone and the reduced zone (k = 1) and between the
reduced zone and the elliptic zone (k = 2).

Case 2.1: t ≤ tξ1 .

In this case we follow directly Lemma 3.5 and Remark 3.12 to obtain

(|E(t, 0, ξ)|) �
√

a(t)√
a(0)

exp

(
−1

2

∫ t

0

b(τ)dτ

)(
1 1
1 1

)
.
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Case 2.2: tξ1 ≤ t ≤ tξ2 .

In this case we need to glue the estimates in the hyperbolic zone and in the
reduced zone. We have

|E(t, 0, ξ)| � exp

((
ε− 1

2

) ∫ t

tξ1

b(τ)dτ − 1

2

∫ tξ1

0

b(τ)dτ

) √
a(tξ1)√
a(0)

.

Case 2.3: tξ2 ≤ t.

In this case we need to glue the estimates in the elliptic zone and in the
reduced zone. Summarizing yields the following corollary:

Corollary 3.20. The following estimate holds for all t ∈ [tξ2 ,∞):

(|E(t, 0, ξ)|) � exp

(
−|ξ|2

∫ t

tξ2

a2(τ)

b(τ)
dτ +

(
ε− 1

2

) ∫ tξ2

tξ1

b(τ)dτ − 1

2

∫ tξ1

0

b(τ)dτ

)

×
√

a(tξ1)√
a(0)

( a(t)
a(tξ2 )

a(t)
a(tξ2 )

a2(t)|ξ|
a(tξ2 )b(t)

a2(t)|ξ|
a(tξ2 )b(t)

)
.

3.6.1. L2-L2 estimates – end of the proof.

Case 1: The function
μ(t)

A(t)
is monotonously decreasing.

In the case t ∈ [0, tξ1 ] we have from Lemma 2.6 the estimate

|E(t, 0, ξ)| � a(t)

A(t)
� a(t)√

1 +
∫ t

0
a2(τ)
b(τ) dτ

.

This follows directly from∫ t

0

a2(τ)

b(τ)
dτ =

∫ t

0

a(τ)A(τ)

μ(τ)
dτ �

∫ t

0

a(τ)A(τ)dτ � A2(t)

for large t.
In the case t ∈ [tξ1 , tξ2 ] we will estimate separately each row in the estimate

from Corollary 3.16. Let us consider the first row. It holds

a(t)|ξ| exp
(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)
� a(t)

(
1 +

∫ t

0

a2(τ)

b(τ)
dτ

)− 1
2

,

therefore, we get the desired decay estimate. Using the monotonicity of a for the
second row we can estimate by the first one

a2(t)

b(t)
|ξ|2 = a(t)|ξ|a(t)|ξ|

b(t)
� a(t)|ξ|,

a(tξ1) exp

(
−
∫ t

0

b(τ)dτ

)
� a(t) exp

(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)
.

In the case t ∈ [tξ2 , tξ3 ] by using Corollary 3.17 we can estimate like in the
case t ∈ [tξ1 , tξ2 ].
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To derive the corresponding estimates from Corollary 3.19 we have in the
case t ∈ [tξ3 ,∞) to estimate the term

S(t, |ξ|) := |ξ| exp
(
−|ξ|2

∫ tξ3

0

a2(τ)

b(τ)
dτ

)
exp

(
−1

2

∫ t

tξ3

b(τ)dτ

)
.

Lemma 3.21. The maximum of the function S(t, |ξ|) is taken at a point |ξ| inde-
pendent of t ≥ tξ3 and

S(t, |ξ|) ≤ max
ξ∈Rn

{
|ξ| exp

(
−|ξ|2

∫ t

0

a2(τ)

b(τ)
dτ

)}
.

Proof. To estimate the function S(t, |ξ|) it is important that we will prove that
the first partial derivative ∂|ξ|S(t, |ξ|) is negative for |ξ| small. This follows from

∂|ξ|S(t, |ξ|)

= S(t, |ξ|)
(

1

|ξ| − 2|ξ|
∫ tξ3

0

a2(τ)

b(τ)
dτ − a2(tξ3)|ξ|2

b(tξ3)
d|ξ|tξ3 +

b(tξ3)

2
d|ξ|tξ3

)
< S(t, |ξ|)

(
1

|ξ| +
(b(tξ3)

2
− a2(tξ3)|ξ|2

b(tξ3)

)
d|ξ|tξ3

)
< S(t, |ξ|)

(
1

|ξ| +
(1− ε2)b(tξ3)

4
d|ξ|tξ3

)
.

Here we have used
a2(tξ3)|ξ|2

b(tξ3)
=

(1 + ε2)b(tξ3)

4
.

Hence, a sufficiently small ε guarantees
(1−ε2)b(tξ3 )

4 > 0. Taking account of d|ξ|tξ3 <

0, |d|ξ|tξ3 | ≥ μ(tξ3 )

|ξ|b(tξ3 ) and μ(tξ3) → ∞ for |ξ| → 0 we have the desired decreasing

behavior of the function S(t, |ξ|) in |ξ|. Now let us fix t > 0. Then the function

S(t, |ξ|) takes its maximum for |ξ̃| satisfying t = tξ̃3 , that is, the second integral

vanishes in S(t, |ξ|). This completes the proof. �

Corollary 3.19 and Lemma 3.21 yield the following result:

|E(t, 0, ξ)| � a(t)

(
1 +

∫ t

0

a2(τ)

b(τ)
dτ

)− 1
2

for t ∈ [tξ3 ,∞).

In this way all statements are proved.

Case 2: The function
μ(t)

A(t)
is monotonously increasing.

For small frequencies {ξ : |ξ| ≤ c0} we can apply the estimate in (3.31). Here

we use that
A(t)

μ(t)
is monotonously decreasing. For large frequencies {ξ : |ξ| ≥ c0}
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we consider the estimates from Corollary 3.20, that is, we have

exp

(
−|ξ|2

∫ t

tξ2

a2(τ)

b(τ)
dτ +

(
ε− 1

2

)∫ tξ2

tξ1

b(τ)dτ − 1

2

∫ tξ1

0

b(τ)dτ

)

� exp

(
−c20

∫ t

0

a2(τ)

b(τ)
dτ

)
.

Here we use for ε sufficiently small the inequality(1
2
− ε

) ∫ tξ2

tξ1

b(τ)dτ ≥ |ξ|2
∫ tξ2

tξ1

a2(τ)

b(τ)
dτ.

Moreover, the following estimate holds for c0 <
1√
2

μ(0)

A(0)
:

b(t)

2
≥ c20

a2(t)

b(t)
iff

b2(t)

2
≥ c20a

2(t) iff
1

2

μ2(t)

A2(t)
≥ c20.

We can see that the first row in the estimate from Corollary 3.20 has its
maximum for large t inside of {ξ : |ξ| ≤ c0}. From that the theorem is completely
proved.

Remark 3.22. If we choose in Theorem 3.1 the coefficient a(t) ≡ 1, then the
obtained estimates coincide with the estimates from Result 1.2 for p = q = 2.

Examples. We will give some examples for special coefficients.

Example. Let a(t) = (1 + t)l, b(t) = (1 + t)k, k ∈ (−1, 2l+ 1] with l > 0. Then we
have ∥∥((1 + t)l∇u(t, ·), ut(t, ·)

)∥∥
L2 � (1 + t)

k−1
2

(‖u1‖H1 + ‖u2‖L2

)
.

Example. Let a(t) = et, b(t) = eβt, β ∈ (0, 2]. Then we have∥∥(et∇u(t, ·), ut(t, ·)
)∥∥

L2 � e
β
2 t
(‖u1‖H1 + ‖u2‖L2

)
.

3.7. Comparison with known results

In [1] some results for scale-invariant models are proved by applying direct cal-
culations and the theory of special functions. Now let us compare these results
with the main results Theorem 2.1 for non-effective dissipations from Section 2
and Theorem 3.1 for effective dissipations from Section 3 to see that our estimates
are optimal.

3.7.1. Speed of potential order. We start with the Cauchy problem

utt − (1 + t)2lΔu +
μ(l + 1)

(1 + t)
ut = 0, u(0, x) = u1(x), ut(0, x) = u2(x) (3.32)

with l > 0. Then the following result can be found in [1]:
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Proposition 3.23. We have the following estimate for the energies of solutions to
(3.32):

‖ut(t, ·), (1+ t)l∇u(t, ·)‖L2 � (1+ t)l+(l+1)max{ρ− 1
2 ,−1} (‖u1‖H1 + ‖u2‖L2) (3.33)

with ρ = 1
2 (1− μ− l

l+1 ).

Case 1: Non-effective dissipation
(
max{ρ− 1

2 ,−1} = ρ− 1
2

)
.

With μ �= 1 we can see that a(t) = (1 + t)1+l, b(t) =
μ(l + 1)

(1 + t)
satisfy all

assumptions from Theorem 2.1. Otherwise, from the definition of ρ and the condi-
tion

(
max{ρ− 1

2 ,−1} = ρ− 1
2

)
we obtain μ+ l

l+1 < 2, i.e., this condition satisfies

the condition (C): lim supt→∞ μ(t) + α(t) < 2.
Applying Theorem 2.1 in the case of non-effective dissipation the asymptotic

profile for the “kinetic energy” ‖ut(t, ·)‖L2 and for the “elastic energy” ‖(1 +
t)l∇u(t, ·)‖L2 is determined by√

a(t)

λ(t)
=

(1 + t)
l
2

e
1
2

∫
t
0

μ(l+1)
1+s ds

= (1 + t)
l
2−μ(l+1)

2 .

This profile coincides with the profiles from the estimates in Proposition 3.23.

Case 2: Effective dissipation
(
max{ρ− 1

2 ,−1} = −1
)
.

From the definition of ρ we can see that the above condition implies μ+ l
l+1 ≥

2. Applying Theorem 3.1 for the case of effective dissipation the asymptotic profile
of the “kinetic energy” ‖ut(t, ·)‖L2 and for the “elastic energy” ‖(1+ t)l∇u(t, ·)‖L2

is determined by

a(t)

(
1 +

∫ t

0

a2(τ)

b(τ)
dτ

)− 1
2

=
(1 + t)l√

1 +
∫ t

0
(1+τ)2l+1

μ(l+1) dτ
∼

1

1 + t
.

Due to assumption (B′3) it is not allowed to apply Theorem 3.1 directly to
the Cauchy problem (3.32). But, if we formally do it for μ ≥ 2 − l

l+1 , then this
profile coincides with the profiles from the estimates of Proposition 3.23. For the
case μ = 0 some Lp-Lq estimates on the conjugate line are proposed in [6].

3.7.2. Speed of exponential order. Now we consider another model case to com-
pare with the general results Theorem 2.1 for non-effective dissipations and The-
orem 3.1 for effective dissipations. We devote the Cauchy problem

utt − e2tΔu + μut = 0, u(0, x) = u1(x), ut(0, x) = u2(x). (3.34)

Then the following result can be found in [1]:

Proposition 3.24. We have the following estimates for the solutions to (3.34):

‖ut(t, ·), (et∇u(t, ·)‖L2 � et+tmax{ρ− 1
2 ,−1} (‖u1‖H1 + ‖u2‖L2) (3.35)

with ρ = −μ
2 .
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Case 1: Non-effective dissipation
(
max{ρ− 1

2 ,−1} = ρ− 1
2

)
.

The assumptions from Theorem 2.1 are satisfied for μ �= 1. Keep in mind
that ρ− 1

2 > −1 ⇔ −μ
2 − 1

2 > −1, this condition implies μ+1 < 2, i.e., it satisfies
the condition (C) : lim supt→∞ μ(t) + α(t) < 2.

Applying Theorem 2.1 in the case of non-effective dissipations the asymp-
totic profile for the “kinetic energy” ‖ut(t, ·)‖L2 and for the “elastic energy”
‖et∇u(t, ·)‖L2 is determined by√

a(t)

λ(t)
=

e
t
2

e
1
2

∫
t
0
μds

= e
t
2−μt

2 .

This profile coincides with the profiles from the estimates from Proposition 3.24.

Case 2: Effective dissipation
(
max{ρ− 1

2 ,−1} = −1
)
.

From the definition of ρ we can see that the above condition implies μ+1 ≥ 2.
Hence, this condition does not satisfy the condition (C). Applying Theorem 3.1
in the case of effective dissipations the asymptotic profile of the “kinetic energy”
‖ut(t, ·)‖L2 and of the “elastic energy” ‖et∇u(t, ·)‖L2 is determined by

a(t)

(
1 +

∫ t

0

a2(s)

b(s)
ds

)− 1
2

=
et√

1 +
∫ t

0
e2s

μ ds
∼ C.

Due to assumption (B′3) it is not allowed to apply Theorem 3.1 to the Cauchy
problem (3.35). But if we formally do it for μ ≥ 1, then this profile coincides with
the profiles from the estimates of Proposition 3.24. For the case μ = 0 some Lp-Lq

estimates on the conjugate line are proposed in [4].

4. Scattering and over-damping

From the thesis of J. Wirth [11] we expect scattering and over-damping results,
too.

4.1. Scattering

We will concern with conditions for b = b(t) that the solutions u = u(t, x) of

utt − a2(t)Δu + b(t)ut = 0, u(0, x) = u1(x), ut(0, x) = u2(x) (4.1)

behave asymptotically equal to the solution of the corresponding wave equation
with strictly increasing speed of propagation

vtt − a2(t)Δv = 0, v(0, x) = v1(x), vt(0, x) = v2(x) (4.2)

with some suitable Cauchy data (v1, v2).
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Here we introduce the energy space E(Rn) = Ḣ1(Rn) × L2(Rn) and we
assume (u1, u2) ∈ E(Rn), this means, (|D|u1, u2) ∈ L2(Rn).

Result 4.1. We assume that the coefficient b = b(t) satisfies b ∈ L1(R+). Then
there exists the Møller wave operator W+ : E → E mapping the Cauchy data
(a(0)u1, u2) ∈ E from (4.1) to Cauchy data (a(0)v1, v2) from (4.2) by

(a(0)v1, v2)
T = W+(a(0)u1, u2)

T

such that the asymptotic equivalence of solutions of the problems (4.1) and (4.2)
holds in the following way:

1√
a(t)

‖(a(t)u,Dtu)− (a(t)v,Dtv)‖E → 0 (4.3)

while t → ∞. Moreover, we have the decay estimate

1√
a(t)

‖(a(t)u,Dtu)− (a(t)v,Dtv)‖E � ‖(u1, u2)‖E
∫ ∞

t

b(τ)dτ (4.4)

with the convergence rate
∫∞
t

b(τ)dτ to 0 as t → ∞.

4.2. Over-damping

We consider now “large” coefficients b = b(t) in the damping term. For this reason
we may assume

(OD)

∫ ∞

0

a2(τ)

b(τ)
dτ < ∞.

Then the formal application of Theorem 3.1 implies among other things

‖∇u(t, ·)‖L2 ≤ C(‖u1‖H1 + ‖u2‖L2).

The following result shows that no more can be expected in this case of so-called
over-damping.

Result 4.2. Assume (A1) to (A3), (B′1) to (B′3) and (OD). Then for (u1, u2) ∈
L2(Rn)×H−1(Rn) the limit

u(∞, x) = lim
t→∞u(t, x)

exists in L2(Rn) and is different from zero for non-zero data. Furthermore, under
the regularity assumption (u1, u2) ∈ H2(Rn)×H1(Rn) it holds

‖u(t, ·)− u(∞, ·)‖L2 = O
(∫ ∞

t

a2(τ)

b(τ)
dτ

)
.
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5. Concluding remarks

Remark 5.1. There are several papers which are devoted to the Cauchy problem
for the following non-linear wave equations

utt − a(t)2Δu = u2
t − a(t)2|∇u|2, u(0, x) = u1(x), ut(0, x) = u2(x). (5.1)

In particular, in two papers [14] and [15] it is explained how the above class of
special semi-linear Cauchy problems can be reduced by Nirenberg’s transformation
to a linear model with constrain condition. The above papers and the paper [2]
concern with the problem of global existence (in time) for small data solutions to
the semi-linear Cauchy problem

utt − a(t)2Δu = u2
t − a(t)2|∇u|2, u(0, x) = u1(x), ut(0, x) = u2(x). (5.2)

It would be a challenge to apply this approach to the case of non-effective dissi-
pations to the following semi-linear Cauchy problem

utt − a(t)2Δu+ b(t)ut = u2
t − a(t)2|∇u|2, u(0, x) = u1(x), ut(0, x) = u2(x). (5.3)

Remark 5.2. Another interesting application to the case of effective dissipations
is the question for global small data solutions to the following semi-linear model

utt − a(t)2Δu+ b(t)ut = f(u), u(0, x) = u1(x), ut(0, x) = u2(x), (5.4)

where f(u) ≈ |u|p. In a recent paper [3] the authors have constructed counter-
examples which provide a nonexistence result for weak solutions to (5.4).

Both problems are attacked in forthcoming papers.
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