
Chapter 2
Approximation Theorems

Summary. In this chapter we embed the important work of Gräter (cf. [Gr], [Gr1]
and [Gr2]) on approximation theorems in the book. Approximation theorems are a
well-known and important topic in classical valuation theory of fields (cf. [E] and
[Rib]). The question is to decide for given valuations v1; : : : ; vn of a field, elements
a1; : : : ; an in the field and ˛1; : : : ; ˛n in the value groups whether there is an element
x in the field such that

vi .x � ai / � ˛i resp. vi .x � ai / D ˛i

for all i ; i.e. if the elements ai can be approximated by some x up to a certain
degree. The approximation theorems were then generalized to certain classes of
rings as “rings of Krull type” (cf. [G3]).

Gräter elaborated various approximation theorems in our general setting of R-
Prüfer rings and has found deep connections, to be reflected below.

We consider three types of approximation theorems: the approximation theorem
in the neighbourhood of zero, the general approximation theorem and the reinforced
approximation theorem. The first concerns the condition vi .x/ D ˛i , the second
vi .x � ai / � ˛i and the last one vi .x � ai / D ˛i . The reinforced approximation
theorem was formulated by Gräter. He perceived the important connection with the
intersection ring of the vi to be Prüfer. He did this also in the case of families
with finite avoidance (in his terminology “with finite character”, cf. also [G4]).
The approximation theorem in the neighbourhood of zero (going already back to
Manis [M], cf. also [Gr1]) was stated in [Al], but only for finitely many valuations.
Our conception of the general approximation theorem appears to be more natural
then the formulation of Gräter. We give it also in the case of families having finite
avoidance.

The approximation theorems are treated in Sect. 5–7. After the basic Sect. 1 we
give in Sect. 2–4 the important notions of dependence, inverse property and essential
valuation which will be used widely for the approximation theorems.

In this chapter R; A denote commutative rings with 1.
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60 2 Approximation Theorems

1 Coarsening of Valuations

Already in Volume I coarsenings of a given valuation v W R ! � [ f1g (cf. [Vol.
I, Definition 9 in I §1]) played a major role at many places, and then again here in
Chap. 1. In the present section we collect basic facts about coarsenings, mostly in the
case that v is Manis. Section 1 should be regarded as a tool box for the approximation
theorems on families of valuations, to be studied later.

All these facts are explicitly or virtually contained in the previous chapters, or
very easy consequences of results there. We recommend that the reader does not
bother much about the (hints of) proofs in Sect. 1. Instead, whenever he has doubts
about an assertion in Sect. 1, he should first try to prove it as exercise.

Definition 1 (cf. [Vol. I, Definition 9 in I §1]). Let v; w be valuations on R.

a) Then w is called coarser than v, or v is called finer than w, if there exists a
homomorphism of ordered monoids f W �v [ f1g ! �w [ f1g1 such that
w.x/ D f .v.x// for all x 2 R.2 We write v � w.

b) If v � w or w � v, the valuations v and w are called comparable. Otherwise they
are called incomparable.

It is obvious that Av � Aw, pv � pw and supp v D supp w if v � w. The latter shows
that in the case of PM-valuations the above relation is not the same as the relation
in Definition 2 of Chap. 1, Sect.3. (In the case of non-trivial valuations they are the
same as we will see later.) Note also that we follow the definition of [Gr1] and not
the definition of [Al-M] where the opposite ordering is used.

Remark 1.1. The homomorphism in Definition 1 is uniquely determined and an
epimorphism.

Proof. We work in the situation of Definition 1.

a) Let f and g be homomorphisms of ordered monoids fulfilling the condition. Let
� 2 �v. There are x; y 2 R n supp v such that � D v.x/ � v.y/. We obtain

f .�/ D f .v.x/ � v.y// D f .v.x// � f .v.y// D w.x/ � w.y/

D g.v.x// � g.v.y// D g.v.x/ � v.y// D g.�/:

b) Given ı 2 �w we have to find some � 2 �v such that f .�/ D ı. There are x; y 2
R n supp w such that ı D w.x/ � w.y/. We obtain with � WD v.x/ � v.y/ 2 �v

f .�/ D f .v.x/ � v.y// D f .v.x// � f .v.y// D w.x/ � w.y/ D ı:

�

1This means that f .˛/ � f .ˇ/ if ˛ � ˇ (cf. [Vol. I, p. 17]). Note that necessarily f .�v/ � �w

and that f j�v W �v ! �w is a homomorphism of ordered groups.
2Note that then necessarily f .1/ D 1.



1 Coarsening of Valuations 61

Proposition 1.2. The set of valuations on R is partially ordered by the coarsening
relation � up to equivalence.

Proof. It is clear that the relation � is reflexive and transitive. For antisymmetry we
have to show the following. Let v; w be valuations on R such that v � w and w � v.
Then v and w are equivalent. Let f W �v [ f1g ! �w [ f1g and g W �w [ f1g !
�v [ f1g be the homomorphisms of ordered monoids such that w D f ı v and
v D g ı w. We show that f is an isomorphism and then are done. By Remark 1 f

is surjective. For the injectivity of f let � 2 �v be given such that f .�/ D 0. Let
x; y 2 R n supp v such that � D v.x/ � v.y/. Then by the above

� D v.x/ � v.y/ D g.w.x// � g.w.y//

and therefore

0 D f .�/ D f .g.w.x/// � f .g.w.y/// D w.x/ � w.y/:

Hence

� D g.w.x// � g.w.y// D g.w.x/ � w.y// D g.0/ D 0

and we are done. �
Before looking at characterizations of coarsening we collect facts about the influ-
ence of coarsening on various properties and constructions introduced in Volume I.

Remarks 1.3. Let v; w be valuations on R such that v � w. Then the following
holds.

(1) If v is trivial then w is trivial.
(2) If v is special then w is special.
(3) If v is Manis then w is Manis.
(4) If w is local then v is local.
(5) v is Manis and local iff w is Manis and local.
(6) v has maximal support iff w has maximal support.
(7) If v is Prüfer–Manis then w is Prüfer–Manis.
(8) If v is principal then w is principal.

Proof. (1), (2), (3) and (6) are clear by the definitions. To prove (4) let x 2 Av n pv.
We have to show that x is a unit of Av. Since v.x/ D 0 also w.x/ D 0, hence
x 2 Aw n pw. Therefore x 2 A�

w by the assumption and we obtain some y 2 Aw

such that xy D 1. Consequently v.y/ D 0 and so y 2 Av and x 2 A�
v . (5) follows

from [Vol. I, Proposition I.1.3.ii]. (7) follows from (3) and [Vol. I, Corollary I.5.3].
(8) can be seen by [Vol. I, Proposition III.8.1.a] and Remark 1. �

Proposition 1.4. Let v; w be valuations on R such that v � w. Let B be a subring
of R. Then vjB � wjB holds for the special restrictions of v resp. w to B .
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Proof. Let u1 WD vjB W B ! �v [ f1g and u2 WD wjB W B ! �w [ f1g.
Let �1 WD cu1 .�v/ and �2 WD cu2 .�w/. Let f W �v [ f1g ! �w [ f1g be the
homomorphism of ordered monoids such that w D f ıv. We show that f .�1/ � �2

and f .�v n �1/ � �w n �2. For the first assertion let � 2 �1. Then there is some
x 2 B with v.x/ � 0 such that v.x/ � � � �v.x/. We obtain w.x/ D f .v.x// � 0

and

w.x/ D f .v.x// � f .�/ � f .�v.x// D �f .v.x// D �w.x/:

Hence f .�/ 2 �2. For the second assertion let ı 2 �v n �1. Clearly ı ¤ 0. We
may assume that ı > 0. Then ı > �v.x/ for all x 2 B . Assume that f .ı/ 2
�2. Then there is some x0 2 B with w.x0/ < 0 such that f .ı/ � �w.x0/. We
obtain ı > �v.x2

0/ and f .ı/ < �w.x2
0 /. This contradicts the fact that f is order

preserving. From this two observations and the definition of vjB D u1j�1 resp.
wjB D u2j�2 we see that f induces a well-defined homomorphism of ordered
monoids g W �1 [ f1g ! �2 [ f1g such that g ı vjB D wjB . �

Proposition 1.5. Let v; w be valuations on R with supp v D supp w DW q. Let
S be a multiplicative subset of R with S \ q D ;. We consider the valuations
vS W S�1R ! �v [ f1g; wS W S�1R ! �w [ f1g (cf. [Vol. I, Chap. I §1]). The
following are equivalent:

(1) v � w.
(2) vS � wS .

Proof. (1) ) (2): Let f W �v [f1g ! �w [f1g be the homomorphism of ordered
monoids such that f ı v D w. Let Qv WD vS and Qw WD wS . We have �Qv D �v

and �Qw D �w. Hence f is a homomorphism from �Qv [ f1g to �Qw [ f1g. For
a=s 2 S�1R we have

f .Qv.
a

s
// D f .v.a/ � v.s// D f .v.a// � f .v.s// D w.a/ � w.s/ D Qw.

a

s
/:

(2) ) (1): Let f W �v [ f1g ! �w [ f1g be the homomorphism of ordered
monoids such that f ı vS D wS . Then obviously f ı v D w. We are done. �

Proposition 1.6. Let v; w be valuations on R with supp v D supp w WD q. We
consider the valuations v W R=q ! �v [ f1g; w W R=q ! �w [ f1g and
Ov W k.q/ ! �w [ f1g; Ow W k.q/ ! �w [ f1g (cf. [Vol. I, Chap. I §1]). The
following are equivalent:

(1) v � w.
(2) v � w.
(3) Ov � Ow.

Proof. The equivalence of (1) and (2) is clear. The equivalence of (2) and (3) follows
from Proposition 5. �
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Note that in the situation above Ov � Ow iff ov � ow by classical valuation theory (cf.
[Vol. I, Theorem I.2.6]).

Scholium 1.7 (cf. [Vol. I, Remarks I.1.12]). Let � be a totally ordered abelian
group. Given a convex subgroup H of � , the quotient � =H can be made naturally
into an ordered abelian group such that the canonical map � ! � =H is an order
preserving homomorphism. If v W R ! � [ f1g is a valuation we obtain a
coarsening w W R ! � =H [ f1g by setting w.x/ WD v.x/ C H for x 2 R.
This latter valuation is denoted by v=H .

Assume that � D �v (for the given valuation v on R). The coarsenings w of v
correspond, up to equivalence, uniquely with the convex subgroups H of � via
w D v=H .

Assume that v is Manis. Let H be a convex subgroup of � . Then the following
holds for the coarsening w WD v=H of v (cf. [Vol. I, Scholium I.1.18]):

Aw D AH WD fx 2 R j v.x/ � h for some h 2 H g
pw D pH WD fx 2 R j v.x/ > h for all h 2 H g:

In the case of Manis valuations we establish more criteria for coarsening.

Proposition 1.8. Let v; w be non-trivial Manis valuations on R. The following are
equivalent:

(1) v � w.
(2) pw � pv � Av � Aw,
(3) pw is an ideal of Av contained in pv.
(4) pw is a proper v-convex ideal of Av.

Proof. The equivalence of (1)–(3) was established in [Vol. I, Theorem I.2.6.i].
(3) ) (4): Note that pw is a prime ideal of Av since Av � Aw by (2) and pw is

a prime ideal of Aw. We show that supp v � pw and then will be done by [Vol. I,
Proposition I.1.10]. Since v and w are both Manis and non-trivial and since Av � Aw

we obtain supp v D ŒAv W R� � ŒAw W R� D supp w � pw.
(4) ) (3): Assume that pw 6� pv. Then there is some x 2 pw with v.x/ D 0.

Since pw is v-convex we obtain Av � pw, contradiction. �

Remark 1.9. In the situation of Proposition 8 we have that pw is a prime ideal of Av.

Scholium 1.10 (cf. [Vol. I, Corollary I.2.7]). Let v be a Manis valuation on R. The
coarsenings w of v correspond uniquely, up to equivalence, with the prime ideals p
of A WD Av between supp v and pv via p D pw. Also Aw D AŒp�.

Remark 1.11. Let v be a Manis valuation on R and let p be a prime ideal of A WD Av

with supp v � p � pv. Then the following holds.
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i) .AŒp�; p/ is a Manis pair in R.
ii) AŒp� D Œp W p� D fx 2 R j xp � pg.

iii) .AŒp�/Œp� D AŒp� and pŒp� D p.

Proof. By Scholium 10 there is a coarsening w of v such that Aw D AŒp� and pw D p.

i): This follows since w is Manis by (3) of Remarks 3.
ii): This has been proved in [Vol. I, Theorem I.2.6.ii].

iii): This follows from [Vol. I, Lemma III.1.0]. �

Definition 2. Let v be a Manis valuation on R and let p be a prime ideal of Av with
supp v � p � pv. Then the corresponding coarsening of v is denoted by vp.

Proposition 1.12. Let v be a Manis valuation on R and let p be a prime ideal of Av

with supp v � p � pv. Then the following are equivalent:

(1) vp is non-trivial.
(2) supp v ¤ p.

Proof. (1) ) (2): If supp v D p we have AŒp� D Œp W p� D R by Remark 11(ii).
Hence vp is trivial.

(2) ) (1): Let supp v ¤ p. Then there is some x 2 p with v.x/ ¤ 1. Since
v is Manis there is some y 2 R with v.y/ D �v.x/. By Remark 11(ii) we get
Avp D Œp W p� � Œpv W p�. But y … Œpv W p� since yx 2 Av n pv. So Avp ¤ R. �

Combining Scholium 7 and Scholium 10 we obtain

Remark 1.13. Let v be a Manis valuation on R.

a) Let H be a convex subgroup of �v. Then v=H D vp where

p D pH D fx 2 R j v.x/ > h for all h 2 H g:

b) Let p be a prime ideal of Av with supp v � p � pv. Then vp D v=H where

H D f� 2 �v j v.z/ > � > �v.z/ for all z 2 pg D f˙v.x/ j x 2 Av n pg:

Theorem 1.14. Let v and w be non-trivial Manis valuations on R. Assume that v is
Prüfer–Manis. Then the following are equivalent.

(1) v � w,
(2) Av � Aw,

Proof. (1) ) (2): This follows from Proposition 8.
(2) ) (1): Since v is PM we have that Av is Prüfer in R. By [Vol. I,

Theorem III.1.2] there is an R-regular prime ideal p of A WD Av such that Aw D
AŒp�, namely p D pAw \ A where pAw D fx 2 Aw j 9 s 2 R n Aw such that sx 2 Awg
(see [Vol. I, Definition 2 in I §2]). Note that pAw D pw by [Vol. I, Proposition I.2.3].
By [Vol. I,Theorem III.1.3] we get p � pv and p D pŒp�. But pŒp� D pw by the proof
of [Vol. I, Theorem III.1.2]. Hence pw � pv. By Proposition 8 we obtain v � w. �
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Theorem 1.15. Let v be a non-trivial Prüfer–Manis valuation on R. Let B be a
proper R-overring of A. Then there is up to equivalence a unique valuation w on R

such that B D Aw. Moreover, v � w.

Proof. For the existence we can copy the proof of Theorem 14 (2) ) (1): Since
v is PM we have by [Vol. I, Corollary III.3.2] that B is Prüfer–Manis in R. Let w
be a Manis valuation such that Aw D B . By Theorem 14 we have v � w for the
corresponding Manis valuation.

For the uniqueness let w1; w2 be Manis valuations on R such that Aw1 D Aw2 D
B . Applying Theorem 14 we get w1 � w2 and w2 � w1. By Proposition 2 we get
that w1 and w2 are equivalent. �

Scholium 1.16. Let v be a Prüfer–Manis valuation on R.

a) The coarsenings of v correspond uniquely, up to equivalence, with the
R-overrings of Av.

b) The non-trivial coarsenings of v correspond uniquely, up to equivalence, with
the R-regular prime ideals of Av.

Proof. a): This is a consequence of Theorem 15 (the unique trivial valuation being
coarser than v corresponds of course with R itself).

b): This is a consequence of Scholium 10, Proposition 12 and [Vol. I, Theorem
III.2.5]. �

Corollary 1.17. Let v and w be non-trivial Manis valuations in R. Let A be a Prüfer
subring of R such that A � Av \ Aw. The following are equivalent.

(1) v � w,
(2) Av � Aw,
(3) pw � pv.
(4) pw \ A � pv \ A.

Proof. Since v is PM by [Vol. I, Corollary I.5.3] we can apply Theorem 14. This
gives the equivalence of (1) and (2). The implication (1) ) (3) follows from
Proposition 8.
(3) ) (4): This is trivial.
(4) ) (2): Let p WD pv \ A and p0 WD pw \ A. We have Av D AŒp� and Aw D AŒp0�

by [Vol. I, Theorem III.1.2]. This gives Av � Aw. �

2 Dependent Families of Manis Valuations

In this section the classical notion of dependence resp. independence (cf. [E]) is
formulated in the setting of Manis valuations (cf. [Gr1], [Gr2]). Special attention is
paid to the case of valuations over a Prüfer subring.
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Definition 1. Let .vi j i 2 I / be a family of Manis valuations on R. If there is
a non-trivial Manis valuation u on R with vi � u for i 2 I the family is called
dependent; otherwise it is called independent.

We then often say that the valuations vi ; i 2 I; are dependent resp. independent.
N.B. If .vi j i 2 I / is a family of dependent Manis valuations on R then vi is

non-trivial for i 2 I and supp vi D supp vj for i; j 2 I .

Proposition 2.1. Let .vi j i 2 I / be a family of Manis valuations on R. The
following are equivalent.

(1) .vi j i 2 I / is dependent.
(2) There is a subset p of R such that p is a prime ideal of Avi with supp vi ¤ p �

pvi for all i 2 I .

Proof. (1) ) (2): Let u be a non-trivial Manis valuation on R with vi � u for
i 2 I . Let p WD pu. Then supp vi D supp u and supp u ¤ pu since u is non-trivial.
By Proposition 1.8 (and Remark 1.9) we see that p � pvi and that p is a prime ideal
of Avi for all i 2 I .
(2) ) (1): By Scholium 1.10 the valuation u corresponding to p is a coarsening of
vi for i 2 I . Since supp u D supp vi ¤ p for some (resp. all) i 2 I we get that u is
non-trivial. Hence .vi j i 2 I / is dependent. �

Definition 2. Assume that .Bi j i 2 I / is a family of subrings of R. Then we
denote the set of subsets p of R such that p is a prime ideal of every Bi byT

i2I Spec Bi .

Remark 2.2. Let V D .vi j i 2 I / be a family of Manis valuations on R. By
Proposition 1 we know that V is dependent iff

XV WD fp 2
\

i2I

Spec Avi j supp vi ¤ p � pvi for i 2 I g

is non-empty. By [Vol. I, Proposition I.1.10] every p 2 XV is vi -convex for all
i 2 I . Hence the elements of XV are ordered by inclusion, and XV has the largest
element

pV WD
[

p2XV

p

if V is dependent.

Corollary 2.3. Let V D .vi j i 2 I / be a dependent family of Manis valuations
on R. Then there is a finest (non-trivial) Manis valuation which is coarser than vi

for every i 2 I . It is (up to equivalence) the unique Manis valuation u on R with
pu D pV.

Definition 3. Let .vi j i 2 I / be a family of dependent Manis valuations on R. The
finest Manis valuation which is coarser than vi for all i 2 I is denoted by

W
i2I vi .
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We use the results of Sect. 1 to establish criteria for dependence and to
describe

W
vi .

Remark 2.4. Let V D .vi j i 2 I / be a dependent family of Manis valuations
on R.

i) We have pW vi
D pV.

ii) Let u be a Manis valuation such that vi � u for i 2 I . Then
W

i2I vi � u.

Definition 4. Assume that V D .vi j i 2 I / is a family of Manis valuations on R.
If V is dependent and i 2 I , let H i

V denote the convex subgroup of �vi generated
by vi .Avi n pW vj

/ with j running through I . If V is independent, we set H i
V D �vi

for i 2 I .

Remark 2.5 (cf. Remarks 1.13). If V D .vi j i 2 I / is dependent then for i 2 I

�W vj
Š �vi =H i

V and
_

vj D vi =H i
V:

Remark 2.6. Let .vi j i 2 I / be a family of dependent Manis valuations on R. Then
AW

vi
� Q

i2I Avi and pW vi
� Œ
T

i2I pvi W Qi2I Avi �.

Proposition 2.7. Let .vi j i 2 I / be a family of PM-valuations on R. The following
are equivalent.

(1) .vi j i 2 I / is dependent.
(2) There is a proper subring of R containing Avi for all i 2 I .
(3)

Q
i2I Avi ¤ R.

Proof. The equivalence of (1) and (2) is a consequence of Scholium 1.16(a). The
equivalence of (2) and (3) is obvious. �

Corollary 2.8. Let .vi j i 2 I / be a family of Manis valuations on R such thatT
i2I Avi is Prüfer in R. The following are equivalent.

(1) .vi j i 2 I / is dependent.
(2) There is a proper subring of R containing Avi for all i 2 I .
(3)

Q
i2I Avi ¤ R.

Proposition 2.9. Let .vi j i 2 I / be a family of Manis valuations on R. Let A be a
Prüfer subring of R with A � T

i2I Avi . The following are equivalent.

(1) .vi j i 2 I / is dependent.
(2) There is an R-regular prime ideal p of A contained in pvi \ A for all i 2 I .

Proof. (1) ) (2): Let u WD W
vi and p WD pu \ A. Then p � pvi \ A for i 2 I by

Corollary 1.17. Since u is non-trivial we have Au D AŒp� by [Vol. I, Theorem III.1.2]
and [Vol. I, Proposition I.2.3]. By [Vol. I, Lemma III.1.1], p is an R-regular prime
ideal of A.
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(2) ) (1): Let p be an R-regular prime ideal p of A contained in pvi \ A for i 2 I .
Then again by [Vol. I, Theorem III.1.2] AŒp� ¤ R and AŒp� is an R-overring of
AŒpvi \A� D Avi for i 2 I . We get the claim by Proposition 7 or Corollary 8. �

Proposition 2.10. Let .vi j i 2 I / be a dependent family of PM-valuations on R.
Then AW

vi
D Q

i2I Avi and pW vi
D Œ

T
i2I pvi W Qi2I Avi �.

Proof. Let u WD W
i2I vi .

a) We have Au � Q
i2I Avi by Remark 6. On the other hand there is by

Scholium 1.16(a) a Manis valuation u0 on R such that Au0 D Q
i2I Avi and

vi � u0 for i 2 I . Since u � u0 we get Au � Au0 .
b) Let p WD Œ

T
i2I pvi W Qi2I Avi �. Then p is a proper ideal of Au containing pu by

Remark 6. Since u is non-trivial, the ideal pu is R-regular by [Vol. I, Theorem
III.2.5]. Since p contains pu it is clearly also R-regular. By [Vol. I, Theorem
III.3.10] we get that p is contained in pu. �

Corollary 2.11. Let .vi j i 2 I / be a dependent family of Manis valuations on R. IfT
i2I Avi is Prüfer in R, then AW

vi
D Q

i2I Avi and pW vi
D Œ

T
i2I pvi W Qi2I Avi �.

We collect basic facts about dependent and independent families.

Remark 2.12. Let .vi j i 2 I / be a family of Manis valuations on R and let J � I .
If .vi j i 2 I / is dependent then .vi j i 2 J / is dependent and

W
i2J vi � W

i2I vi .

Proposition 2.13. Let .vi j i 2 I /; .wi j i 2 I / be families of Manis valuations on
R such that vi � wi for all i 2 I . If .wi j i 2 I / is dependent then .vi j i 2 I / is
dependent and

W
i2I vi � W

i2I wi .

Proof. By the transitivity of � we get vi � W
j 2I wj for all i 2 I . Hence

.vi j i 2 I / is dependent and
W

i2I vi � W
i2I wj . �

Definition 5. Let .vi j i 2 I / be an independent family of Manis valuations on R.
If supp vi D supp vj for all i; j 2 I we denote by

W
i2I vi the trivial valuation with

supp
W

i2I vi D supp vj for j 2 I . Otherwise let
W

i2I vi denote the map R ! f0g.
Notice that in this case

W
i2I vi is not a valuation.

Remark 2.14. Let .vi j i 2 I / be a family of Manis valuations on R with supp vi D
supp vj for i; j 2 I . Then

W
j 2I vj is a coarsening of vi for i 2 I . We have

AW
vj

D .Avi /ŒpW vj
�

for i 2 I (see Scholium 1.10).

Proposition 2.15. Let V D .vi j i 2 I / be a family of Manis valuations on R with
supp vi D supp vj for all i; j 2 I . Let wi WD vi jAW vj

for i 2 I . Then wi is a Manis

valuation on AW
vj

with �wi D H i
V and supp wi D pW vj

for i 2 I (cf. Definitions 4
and 5 above).
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Proof. a) If V is independent then AW
vj

D R and nothing is to show. So we assume
that V is dependent. Let i 2 I . By [Vol. I, Proposition I.1.17] and Remark 6 wi

is a Manis valuation on Au where u WD W
vj .

b) We show that �wi D H i
V. Let � 2 �wi . Then there is some x 2 Au with wi .x/ D

� . Since wi .x/ < 1 we have wi .x/ D vi .x/ and find some y 2 Au with
vi .y/ � 0 and vi .y/ � vi .x/ � �vi .y/ by the definition of the special restriction.
Since vi � u and y 2 Au we get u.y/ D u.x/ D 0 and therefore � 2 H i

V. Let
ı 2 H i

V � �vi . Let x 2 R with vi .x/ D ı. Then u.x/ D 0 and therefore x 2 Au.
Let x0 2 R with vi .x

0/ D �ı. By the same argument we get x0 2 Au. By the
definition of the special restriction we get wi .x/ D ı and therefore ı 2 �wi .

c) We show that supp wi D pu. Let x 2 supp wi � Au. Assume that x … pu. Then
u.x/ D 0 and therefore v.x/ 2 H i

V and wi .x/ D vi .x/ ¤ 1 by the argument
in b), contradiction. Let x 2 pu � Au. Assume that wi .x/ ¤ 1. Then by the
definition of the special restriction there is some y 2 Au with vi .y/ � 0 and
vi .y/ � vi .x/ � �vi .y/. Since vi � u we obtain u.y/ � u.x/ � �u.y/. This
gives u.y/ < 0, contradiction to y 2 Au. �

3 The Inverse Property

The inverse property is a substitute for the inverse element in the case of fields (cf.
[M]). We prove various inequalities to be used later and investigate the connection
between dependence and the inverse property (see also [Gr1], [Al] and [Al1]).

Definition 1. Let .vi j i 2 I / be a family of Manis valuations on R.

i) The family has the inverse property if for every x 2 R, there is some x0 2 R

such that vi .xx0/ D 0 for all i 2 I with vi .x/ ¤ 1.
ii) The family has the finite inverse property if every finite subfamily has the inverse

property.

We then often say that the valuations vi ; i 2 I; have the inverse (resp. finite inverse)
property.

Remarks 3.1. a) Let v be a Manis valuation on R. Then v has the inverse property.
b) If a family of Manis valuations on R has the inverse property then it has also the

finite inverse property.
c) Let .vi j i 2 I / be a family of Manis valuations on R having the inverse (resp.

finite inverse) property. Then for J � I , the subfamily .vi j i 2 J / has the
inverse (resp. finite inverse) property.

d) Any family of valuations on a field has the inverse property.

Proof. a): The inverse property for a single valuation is equivalent with the Manis
property.

b), c): This is obvious.
d): Let R be a field. Given x 2 R� take x�1. �
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Remark 3.2. A family .vi j i 2 I / of Manis valuations on R has the inverse
property iff for every x 2 R there is some x0 2 R such that vi .x

2x0/ D vi .x/

for all i 2 I .

Remark 3.3. Let .vi j i 2 I1/ be a family of Manis valuations on R with the (finite)
inverse property. Let .vi j i 2 I2/ be a family of trivial Manis valuations on R such
that for every i 2 I2 there is an i 0 2 I1 with supp vi 0 D supp vi . Then the family
.vi j i 2 I1 [ I2/ has the (finite) inverse property.

Remark 3.4. Let .vi j i 2 I / be a family of Manis valuations on R. Let I be an
ideal of R such that I � supp vi for all i 2 I . For i 2 I we denote by vi the
corresponding Manis valuation of vi on R=I . The following are equivalent.

(1) .vi j i 2 I / has the inverse (resp. finite inverse) property.
(2) .vi j i 2 I / has the inverse (resp. finite inverse) property.

Before exploiting the inverse property we prove useful inequalities for a finite set of
Manis valuations.

Lemma 3.5 (cf. [Vol. I, Lemma I.6.9]). Let k be a subring of R and let v1; : : : ; vn

be valuations on R with Avi � k for all 1 � i � n. Let m 2 N. Given an element
x of R, there exists a monic polynomial F.T / 2 kŒT � with F.0/ D 0 and the
following property:

If G.T / 2 kŒT � is any monic polynomial of degree � 1 with absolute term
G.0/ 2 k�, then vi .G.F.x/// D 0 if vi .x/ � 0 and vi .G.F.x/// � mvi .x/ if
vi .x/ < 0 for 1 � i � n.

Proof. We take F.T / WD T mF1.t/ : : : Fn.T / in the proof of [Vol. I,
Lemma I.6.9]. �
Proposition 3.6. Let v1; : : : ; vn be valuations on R and let x 2 R. Let m 2 N.
Then there exists y 2 R such that vi .y/ D 0 if vi .x/ � 0 and vi .y/ � mvi .x/ if
vi .x/ < 0 for all 1 � i � n.

Proof. In the previous Lemma 5 we take k WD Z � 1R. Let F.T / 2 kŒT � be a monic
polynomial with F.0/ D 0 and the above property. We take G.T / WD 1 C T . Then
y WD 1 C F.x/ fulfills the requirements. �

Lemma 3.7. Let v1; : : : ; vn; w1; : : : ; wm be valuations on R. Let x1; : : : ; xk 2 R

such that for every i 2 f1; : : : ; ng there is at most one l 2 f1; : : : ; kg with
vi .xl / D 0. Then there are y1; : : : ; yk 2 R such that the following properties
hold.

i) If u 2 fv1; : : : ; vn; w1; : : : ; wmg, l 2 f1; : : : ; kg and u.xl / < 1, then
u.yl / < 1.

ii) If u 2 fv1; : : : ; vn; w1; : : : ; wmg, l 2 f1; : : : ; kg and u.xl /�0, then u.yl /�0

where � 2 f<; D; >g.
iii) If i 2 f1; : : : ; ng, l1; l2 2 f1; : : : ; kg; l1 ¤ l2, and vi .xl1/ < 1 or vi .xl2/ < 1,

then vi .yl1/ ¤ vi .yl2 /.
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Proof. We do induction on k.
k D 1: There is nothing to show, we can take y1 WD x1.
k ! k C 1: By the inductive hypothesis applied to x1; : : : ; xk we find y1; : : : ; yk 2
R with the above properties.

Claim: Let 1 � i � n. Let 1 � l � k such that vi .xkC1/ < 1 or vi .yl / < 1.
Then there is at most one mi;l 2 N such that vi .x

mi;l

kC1/ D vi .yl /.

Proof of the Claim: Let 1 � l � k. By the assumption of the lemma and the
inductive hypotheses we have vi .xkC1/ ¤ 0 or vi .yl / ¤ 0. This gives the claim.

We choose now m 2 N such that m > mi;l for all such mi;l above. Then we take
ykC1 WD xm

kC1. �

Proposition 3.8. Let v1; : : : ; vn; w be valuations on R such that Aw 6� Avi for all
1 � i � n. Then there is some x 2 R such that w.x/ D 0 and vi .x/ < 0 for all
1 � i � n.

Proof. We do induction on n.
n D 1: Since Aw 6� Av1 there is some x0 2 R such that w.x0/ � 0 and v1.x

0/ < 0.
By Proposition 6 there is some x 2 R such that w.x/ D 0 and v1.x/ < 0.
n ! n C 1: By the inductive hypothesis and the case n D 1 there are x0; x00 2 R

such that

w.x0/ D 0; v1.x
0/ < 0; : : : ; vn.x0/ < 0;

w.x00/ D 0; vnC1.x
00/ < 0:

If vnC1.x
0/ < 0 we take x WD x0. So we assume that vnC1.x

0/ � 0. Applying
Lemma 7 we can assume that vi .x

0/ ¤ vi .x
00/ for all 1 � i � n C 1. Let Ox WD

x0 C x00. Then w. Ox/ � 0 and vi . Ox/ < 0 for all 1 � i � n C 1. By Proposition 6
there is some x 2 R with w.x/ D 0 and vi .x/ < 0 for all 1 � i � n. �

Corollary 3.9. Let v1; : : : ; vn; w1; : : : ; wm be valuations on R such that the follow-
ing properties hold.

a) Aw1 6� Avi for all 1 � i � n.
b) Aw1 � Awj for all 1 � j � m.

Then there is some x 2 R such that wj .x/ D 0 for all 1 � j � m and vi .x/ < 0

for all 1 � i � n.

Proof. We do induction on m.
m D 1: This is covered by Proposition 8.
m ! m C 1: By the inductive hypothesis there is some x0 2 R, such that

wj .x0/ D 0 for all 1 � j � m, and vi .x
0/ < 0 for all 1 � i � n. By assumption b)

we have wmC1.x
0/ � 0. By Proposition 6 we find some x 2 R such that wj .x/ D 0

for all 1 � j � m C 1 and vi .x/ � vi .x
0/ < 0 for 1 � i � n. �
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Remark 3.10. Assume that v is a non-trivial special valuation on R. Then for every
˛ 2 �v there exists some x 2 R with v.x/ < ˛.

Proof. Let ˛ 2 �v. Then there are y; z 2 R n supp v with ˛ D v.y/ � v.z/. Since
v is special and non-trivial there is some z0 2 R with v.z0/ < �v.z/. We take
x WD yz0. �

Proposition 3.11. Let v1; : : : ; vn be non-trivial special valuations on R. Let
˛i 2 �vi for 1 � i � n. Then there is some x in R such that vi .x/ < ˛i for
all 1 � i � n.

Proof. We do induction on n.
n D 1: This is clear by Remark 10.
n ! nC1: Since the valuations v1; : : : ; vnC1 are non-trivial we may assume that

˛i < 0 for all 1 � i � n C 1. By the inductive hypothesis there are x0; x00 2 R

such that vi .x
0/ < ˛i for 1 � i � n and vi .x

00/ < ˛i for 2 � i � n C 1.
By Lemma 7 we can assume that vi .x

0/ ¤ vi .x
00/ for all 1 � i � n C 1. If

vnC1.x
0/ < ˛nC1 or v1.x

00/ < ˛1 we are done. Otherwise let x WD x0 C x00. For
2 � i � n we have vi .x/ D minfvi .x

0/; vi .x
00/g < ˛i . Also, v1.x/ D v1.x

0/ < ˛1

and vnC1.x/ D vnC1.x
00/ < ˛nC1. �

Proposition 3.12. Let v1; : : : ; vn be non-trivial special valuations on R and let
w1; : : : ; wm be trivial valuations on R. Let ˛i 2 �vi for 1 � i � n. Then there
is some x 2 R such that vi .x/ < ˛i for 1 � i � n and wj .x/ D 0 for 1 � j � m.

Proof. We do induction on m.
m D 1: We may assume that ˛i < 0 for 1 � i � n. By Proposition 11 there is

some x0 2 R such that vi .x
0/ < ˛i for 1 � i � n. If w1.x0/ D 0 we take x WD x0.

If w1.x
0/ D 1 we take x D 1 C x0. Then vi .x/ D vi .x

0/ < ˛i for 1 � i � n and
w1.x/ D 0.

m ! m C 1: Again we may assume that ˛i < 0 for 1 � i � n. By the inductive
hypothesis there is for 1 � j � m C 1 some xj 2 R such that vi .xj / < ˛i for
1 � i � n and wk.xj / D 0 for k 2 f1; : : : ; m C 1g n fj g. If there is some
j 2 f1; : : : ; m C 1g such that wj .xj / D 0 we are done. Otherwise let
yj WD Q

k¤j xk for 1 � j � m C 1. Then

vi .yj / D
X

k¤j

vi .xk/ < m˛i < ˛i

for 1 � i � n. Moreover, wj .yj / D 0 and wk.yj / D 1 for
k 2 f1; : : : ; m C 1g n fj g. By Lemma 7 we may assume that vi .yj1/ ¤ vi .yj2/

for all 1 � i � n and j1 ¤ j2. We set x WD y1 C : : : C ymC1. Then
vi .x/ D minfvi .y1/; : : : ; vi .ymC1/g < ˛i for 1 � i � n and wj .x/ D 0 for
1 � j � m C 1. �

Corollary 3.13. Let v1; : : : ; vn be special valuations on R. Let ˛i 2 �vi for
1 � i � n. Then there is some x 2 R such that vi .x/ � ˛i for all 1 � i � n.
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Proof. Without restriction we may assume that there is some k 2 f0; : : : ; ng such
that vi is non-trivial for 1 � i � k and trivial for k C 1 � i � n. Then ˛i D 0 for
k C 1 � i � n. We get the claim by Proposition 12. �

Now the inverse property comes into the game. We start by exploiting the results
above.

Corollary 3.14. Let v1; : : : ; vn; w be Manis valuations on R having the inverse
property such that Aw 6� Avi for all 1 � i � n. Then there is some x 2 R such that
w.x/ D 0 and 0 < vi .x/ < 1 for all 1 � i � n.

Proof. By Proposition 8 there is some x0 2 R such that w.x0/ D 0 and vi .x
0/ < 0

for all 1 � i � n. Since v1; : : : ; vn; w have the inverse property there is some x 2 R

such that w.x/ D w.x0/ D 0 and vi .x/ D �vi .x
0/ > 0 for all 1 � i � n. �

Corollary 3.15. Let v1; : : : ; vn; w1; : : : ; wm be Manis valuations on R having the
inverse property such that the following hold.

a) Aw1 6� Avi for all 1 � i � n.
b) Aw1 � Awj for all 1 � j � m.

Then there is some x 2 R such that wj .x/ D 0 for all 1 � j � m and
0 < vi .x/ < 1 for all 1 � i � n.

Proof. This follows from Corollary 9 and the inverse property. �

Corollary 3.16. Let v1; : : : ; vn be non-trivial Manis valuations on R having the
inverse property. Let ˛i 2 �vi for 1 � i � n. Then there is some x in R such that
˛i < vi .x/ < 1 for all 1 � i � n.

Proof. By Proposition 11 there is some x0 2 R such that vi .x
0/ < �˛i for all

1 � i � n. The statement follows from the inverse property. �

Corollary 3.17. Let v1; : : : ; vn; w1; : : : ; wm be Manis valuations on R having the
inverse property such that v1; : : : ; vn are non-trivial and w1; : : : ; wm are trivial. Let
˛i 2 �vi for 1 � i � n. Then there is some x 2 R such that ˛i < vi .x/ < 1 for
1 � i � n and wj .x/ D 0 for 1 � j � m.

Proof. This follows from Proposition 12 and the inverse property. �

Corollary 3.18. Let v1; : : : ; vn be Manis valuations on R having the inverse
property. Let ˛i 2 �vi for 1 � i � n. Then there is some x 2 R such that
˛i � vi .x/ < 1 for all 1 � i � n.

Proof. This follows from Corollary 13 and the inverse property. �

Proposition 3.19. Let v1; : : : ; vn be Manis valuations on R. The following are
equivalent.

(1) v1; : : : ; vn have the inverse property.
(2) For any x 2 R there is an element y 2 R such that, for all 1 � i � n,

vi .y/ D vi .x/ if vi .x/ � 0, and �vi .x/ � vi .y/ < 1 if vi .x/ < 0.
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(3) For any x 2 R there is an element y 2 R such that, for all 1 � i � n,
vi .y/ D vi .x/ if vi .x/ � 0, and �vi .x/ � vi .y/ if vi .x/ < 0.

(4) If 1 � i � n and x 2 R with vi .x/ < 0 and vj .x/ D 0 for j ¤ i , then there is
an element y 2 R such that 0 � vi .xy/ < 1 and vj .y/ D 0 for j ¤ i .

(5) If 1 � i � n and x 2 R with vi .x/ < 0 and vj .x/ D 0 for j ¤ i , then there is
an element y 2 R such that 0 � vi .xy/ and vj .y/ D 0 for j ¤ i .

Proof. (1) ) (2): By Proposition 6 we find some y0 2 R such that for all 1 � i � n

vi .y
0/ D 0 if vi .x/ � 0 and vi .y

0/ � 2vi .x/ if vi .x/ < 0. Since v1; : : : ; vn have
the inverse property there is some y00 2 R such that for all 1 � i � n vi .y

00/ D 0

if vi .x/ � 0 and �2vi .x/ � vi .y
00/ < 1 if vi .x/ < 0. We set y WD xy00. Let

1 � i � n. If vi .x/ � 0 then vi .y/ D vi .x/ C vi .y
00/ D vi .x/. If vi .x/ < 0 then

vi .y/ D vi .x/ C vi .y
00/ � vi .x/ � 2vi .x/ D �vi .x/ and vi .y/ ¤ 1.

(2) ) (3): This is obvious.
(2) ) (4): Take y from (2).
(3) ) (5): Take y from (3).
(4) ) (5): This is obvious.
(5) ) (1): We do induction on n.
n D 1: fv1g has the inverse property since v1 is Manis (cf. Remarks 1(a)).

� n ! n C 1: Let x 2 R. By the inductive hypothesis we may assume that
vi .x/ ¤ 1 for 1 � i � nC1. Also by the inductive hypothesis there is some y1 2 R

such that vi .xy1/ D 0 for 2 � i � n C 1. By (5) we may assume that v1.xy1/ � 0.
(Otherwise, v1.xy1/ < 0. By (5) there is some z1 2 R with vi .xy1z1/ D 0 for
2 � i � n C 1, and v1.xy1z1/ � 0. Replacing y1 by y1z1, we are done.) In the
same way there are y2; : : : ; ynC1 2 R such that for 1 � i � n C 1 vj .xyi / D 0 for
j ¤ i and vi .xyi / � 0. If there is some 1 � i � n C 1 such that vi .xyi / D 0 we
take x0 WD yi and are done. Otherwise, vi .xyi / > 0 for all 1 � i � n C 1. We set
x0

i WD xn�1
Q

j ¤i yj . Then

vi .xx0
i / D vi .x

n
Y

j ¤i

yj / D
X

j ¤i

vi .xyj / D 0

for 1 � i � n C 1 and

vj .xx0
i / D vj .xn

Y

k¤i

yk/ D
X

k¤i

vj .xyk/ D vj .xyj / > 0

for all j ¤ i . Let x0 WD x0
1 C : : : C x0

nC1. Then vi .xx0/ D vi .xx0
i / D 0 for all

1 � i � n C 1.
�

Corollary 3.20. Let v1; : : : ; vn be Manis valuations on R having the inverse
property. Let B be an R-overring of

Qn
iD1 Avi . Then the special restrictions

v1jB; : : : ; vnjB of v1; : : : ; vn to B have the inverse property.

Proof. By [Vol. I, Proposition I.1.17], vi jB is a Manis valuation for 1 � i � n.
We show that condition (5) of Proposition 19 holds. Without restriction we show it
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for i D 1. Let x 2 B with v1jB.x/ < 0 and vj jB.x/ D 0 for 2 � j � n. Then
vi jB.x/ D vi .x/ for all 1 � i � n. By Proposition 19(5) applied to v1; : : : ; vn there
is some y 2 R such that v1.xy/ � 0 and vj .y/ D 0 for 2 � j � n. We see that
y 2 Tn

iD1 Avi � B . We get v1jB.xy/ � 0 and vj jB.y/ D 0 for 2 � j � n. �

We show in Proposition 4.19 below that the statement of Corollary 20 holds even
for overrings of

T
1�i�n Avi .

Now we investigate the connection of the inverse property with coarsening and
independence.

Proposition 3.21. Let .vi j i 2 I /; .wj j j 2 J / be families of Manis valuations
on R such that the following holds.

a) .vi j i 2 I / has the inverse (resp. finite inverse) property.
b) For every j 2 J there is some i 2 I such that vi � wj .

Then .wj j j 2 J / has the inverse (resp. finite inverse) property.

Proof. We may concentrate on the inverse property. Let x 2 R. Since .vi j i 2 I /

has the inverse property there is by Remark 2 some x0 2 R such that
vi .x

2x0/ D vi .x/ for all i 2 I . For j 2 J let ij 2 I with vij � wj . Let
fij W �vij

[ f1g ! �w [ f1g be the homomorphism of ordered monoids such that
wj D fij ı vij . We obtain

wj .x2x0/ D fij .vij .x2x0// D fij .vij .x// D wj .x/

for all j 2 J . By Remark 2 we get the claim. �
Proposition 3.22. Let v; w be two Manis valuations on R with w non-trivial. The
following are equivalent.

(1) v � w.
(2) v; w have the inverse property and Av � Aw.
(3) v; w have the inverse property and supp v ¤ pw � pv.

Proof. (1) ) (2): The valuations v; w have the inverse property by Remarks 1(a)
and Proposition 21. The valuation v is non-trivial by Remarks 1.3(1). We get by
Proposition 1.8 that Av � Aw.

(2) ) (3): We show that pw � pv. Assume that pw 6� pv. Let x 2 pw n pv. Then
w.x/ > 0 and v.x/ � 0.

Case 1: w.x/ < 1. Since v; w have the inverse property there is some x0 2 R such
that v.x0/ D �v.x/ � 0 and w.x0/ D �w.x/ < 0, i.e. x0 2 Av n Aw, contradiction.

Case 2: w.x/ D 1. Since w is non-trivial there is some y 2 R such that
0 < w.y/ < 1. By Case 1 we get y 2 pv, i.e. v.y/ > 0. Let x0 WD x C y.
Then v.x0/ D v.x/ � 0 and 0 < w.x0/ D w.y/ < 1, contradiction to Case 1.

It remains to show that supp v ¤ pw. Since w is non-trivial Aw ¤ R. Hence
Av ¤ R and therefore v is also non-trivial. We obtain
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supp v D ŒAv W R� � ŒAw W R� D supp w ¤ pw:

(3) ) (1): Since supp v ¤ pv the valuation v is non-trivial. By Proposition 1.8 it
suffices to show that Av � Aw. Assume that this does not hold. By Corollary 14 we
find some x 2 R with v.x/ D 0 and w.x/ > 0, hence x 2 pw n pv, contradiction
to (3). �

Corollary 3.23. Let v1; : : : ; vn; w be Manis valuations on R having the inverse
property such that v1; : : : ; vn are non-trivial and w — vi for all 1 � i � n. Then
there is some x 2 R such that w.x/ D 0 and 0 < vi .x/ < 1 for all 1 � i � n.

Proof. By Proposition 22 we see that Aw 6� Avi for all 1 � i � n. We get the claim
by Corollary 14. �
Corollary 3.24. Let v1; : : : ; vn; w1; : : : ; wm be Manis valuations on R having the
inverse property such that v1; : : : ; vn are non-trivial and the following hold.

a) w1 — vi for all 1 � i � n.
b) w1 � wj for all 1 � j � m.

Then there is some x 2 R such that wj .x/ D 0 for all 1 � j � m and
0 < vi .x/ < 1 for all 1 � i � n.

Proof. By Proposition 22 we get that Awj 6� Avi for all 1 � j � m and 1 � i � n.
Clearly, Aw1 � Awj for all 2 � j � m. We get the claim by Corollary 15. �

Let v; w be Manis valuations with supp v D supp w having the inverse property. Our
next goal is to describe v _ w in this situation.

Lemma 3.25. Let v be a valuation on R and let B be a subring of R. Then
p WD Œpv W B� is a v-convex prime ideal of Av with supp v � p � pv.

Proof. Since pv is an ideal of Av, clearly p is an ideal of Av. Since 1 2 B we have
p � pv. Obviously p is a v-convex ideal with supp v � p. It remains to show that p
is prime. Let a; b 2 Av n p. There are x; y 2 B such that v.ax/ � 0 and v.by/ � 0.
Hence v.abxy/ � 0 and therefore ab 62 p since xy 2 B . �

Remark 3.26. Let v be a valuation on R and let B be a subring of R. Then
Œpv W B� D Œpv W conv.B/�, with conv.B/ denoting the v-convex hull of B .

Proposition 3.27. Let v be a Manis valuation on R and let B1; B2 be subrings of
R. The following are equivalent.

(1) Œpv W B1� D Œpv W B2�,
(2) conv.B1/ D conv.B2/.

Proof. (2) ) (1): This follows with Remark 26.
(1) ) (2): By Remark 26 we can assume that B1 and B2 are v-convex and have

to show that B1 D B2. Assume that there is some x 2 B1 n B2. Then v.x/ < v.y/
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for all y 2 B2. Let z 2 R with v.z/ D �v.x/. Then v.zy/ > 0 for all y 2 B2, hence
z 2 Œpv W B2�. But v.zx/ D 0, hence z 62 Œpv W B1�, contradiction. �

Proposition 3.28. Let v; w be Manis valuations on R having the inverse property
such that supp v D supp w. Let p WD Œpv W Aw�. Then p is a w-convex prime ideal of
Aw with supp w � p � pw.

Proof. a) Since supp w D supp v we get that supp w � p by Lemma 25.
b) We show that p � pw. Suppose that p 6� pw. Let x 2 p n pw. Then x 62 supp w D

supp v. Since v; w have the inverse property there is some x0 2 R with v.xx0/ D
w.xx0/ D 0. Since x 62 pw we get x0 2 Aw. From x 2 p D ŒpvW Aw� we see that
xx0 2 pv, contradiction to v.xx0/ D 0.

c) We show that p is an ideal of Aw. Given x 2 p and a 2 Aw we get xaAw �
xAw � pv, hence xa 2 p.

d) Finally we show that p is a prime ideal of Aw. Let x; y 2 Aw with xy 2 p and
y 62 p. Then there is some a 2 Aw with ya 62 pv and therefore v.ya/ � 0. For
any b 2 Aw we get

v.xb/ � v.xb/ C v.ya/ D v.xyab/:

Since xy 2 p; ab 2 Aw and pAw � pv by the definition of p, we have
v.xyab/ > 0. So v.xb/ > 0 for all b 2 B and hence x 2 p.

By [Vol. I, Proposition I.1.10] p is w-convex. �

Proposition 3.29. Let v; w be Manis valuations on R having the inverse property
such that supp v D supp w. Then pv_w D Œpv W Aw�.

Proof. Let p WD Œpv W Aw�. By Lemma 25 and Proposition 28, p is a prime ideal of
Av and Aw such that supp v; supp w � p � pv \ pw.

Case 1: v and w are dependent. By Remark 2.2 and Corollary 2.3 we have to show
the following. Let r be a prime ideal of Av and Aw with r � pv \ pw. Then r � p.
Let x 2 r and let a 2 Aw be arbitrary. Then xa 2 r � pv and therefore x 2 p by the
definition of p.

Case 2: v and w are independent. Again by Remark 2.2 we get that p D supp v D
supp w and therefore p D pv_w D supp.v _ w/ according to Definition 5 in
Sect. 2. �

Corollary 3.30. Let v; w be Manis valuations on R having the inverse property
such that supp v D supp w. Then Œpv W Aw� D Œpw W Av�.

Proof. By Proposition 29 we get

Œpv W Aw� D pv_w D pw_v D Œpw W Av�:

�
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Proposition 3.31. Let v; w be Manis valuations on R having the inverse property
such that supp v D supp w. Then Œpv W Aw� D Œpv \ pw W AvAw� D Œpw W Av�.

Proof. Let p WD Œpv W Aw�. We show that Œpv \ pw W AvAw� D p and then are done
by Corollary 30. By Lemma 25 and Proposition 28, p is a prime ideal of Av and Aw

with p � pv \ pw. Hence p � Œpv \ pw W AvAw�. The other inclusion is trivial. �

Corollary 3.32. Let v; w be Manis valuations on R having the inverse property
such that supp v D supp w. Then pv_w D Œpv \ pw W AvAw�.

Proof. This follows from Propositions 29 and 31. �

We extend the above results to finitely many Manis valuations. Let .vi j i 2 I / be a
family of Manis valuations on R. For J � I we set vJ WD W

i2J vi ; AJ WD Q
i2J Avi

and pJ WD pvJ . For J finite we often omit the brackets in the index, writing A1;2

instead of Af1;2g etc.

Proposition 3.33. Let I be a finite set and let .vi j i 2 I / be a family of Manis
valuations on R having the inverse property such that supp vi D supp vj for all
i; j 2 I . Given a non-empty subset J of I we have pI D ŒpJ W AK� for every
non-empty subset K of I with J [ K D I .

Proof. Let ; ¤ J � I and let ; ¤ K � I with J [ K D I .

Case 1: J D I . Clearly pI D ŒpI W AvI �. By Remark 2.6 and Definition 5 in Sect. 2
AvI � AK . Hence pI � ŒpI W AK�. Since 1 2 AK , we have equality.

Case 2: J ¤ I . Without restriction we assume that I D f1; : : : ; ng for some n 2 N.
We do induction on n.

n D 1: Nothing is to show.
n ! n C 1: Without restriction we may assume that n C 1 … J . We have

v1;:::;nC1 D v1;:::;n _ vnC1. By Proposition 21 the valuations v1;:::;n; vnC1 have the
inverse property. By Proposition 29 we obtain p1;:::;nC1 D Œp1;:::;n W AnC1�. By
the inductive hypothesis we get p1;:::;nC1 D ŒŒpJ W AKnfnC1g� W AnC1�. But the latter
set clearly coincides with ŒpJ W AK�. �
Proposition 3.34. Let I be a finite set and let .vi j i 2 I / be a family of Manis
valuations on R having the inverse property such that supp vi D supp vj for all
i; j 2 I . For every non-empty subset J of I we have pI D Œ

T
i2J pi W AI �.

Proof. We may assume that I D f1; : : : ; ng for some n 2 N.

Special Case: J D I . We do induction on n.
n D 1: Clearly pv D Œpv W Av� for any valuation v on R.
n ! n C 1: We have v1;:::;nC1 D v1;:::;n _ vnC1. By Proposition 21 the valuations

v1;:::;n; vnC1 have the inverse property. By Corollary 32 we obtain

pI D Œp1;:::;n \ pnC1 W A1;:::;nAnC1� D Œp1;:::;n \ pnC1 W AI �:
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By the inductive hypothesis we get

pI D ŒŒ

n\

iD1

pi W A1;:::;n� \ pnC1 W AI �:

But the latter set clearly coincides with Œ
T

i2I pi W AI �.

General Case. By Proposition 33 we have pI D ŒpJ W AI �. By the special case we
obtain

pI D ŒŒ
\

i2J

pi W AJ � W AI �:

But the latter set clearly coincides with Œ
T

i2J pi W AI �. �

Proposition 3.35. Let v1; : : : ; vn be Manis valuations on R having the inverse prop-
erty such that supp vi D supp vj for all 1 � i; j � n. Then v1jAW vj

; : : : ; vnjAW vj
are

independent Manis valuations on AW
vj

having the inverse property.

Proof. If v1; : : : ; vn are independent then AW
vj

D R and nothing is to show. So
we assume that v1; : : : ; vn are dependent. Let u WD W

1�j �n vj : For 1 � i � n

let wi WD vi jAu . Suppose that w1; : : : ; wn are dependent. Let u0 WD W
1�i�n wi . By

Remark 2.6, Au � Qn
iD1 Avi . By Corollary 20 the valuations w1; : : : ; wn have the

inverse property. By Remark 2.2 we find some x 2 pu0 n supp w1. Then x 62 pu by
Proposition 2.15. By Proposition 33 we get x … Œpv1 W B� where B WD Qn

iD2 Avi .
Hence we find some a 2 B such that xa 62 pv1 resp. v1.ax/ � 0. By the above
B � Au. Hence ax 2 Au and therefore w1.ax/ D v1.ax/ � 0. But ax 2 pu0 � pw1

by Remark 2.2. So w1.ax/ > 0, contradiction. �

4 Essential Valuations

The notion of essentiality in the field case (cf. [E]) and for rings of Krull type
(cf. [G4], [Al-O]) is generalized to arbitrary Manis valuations: A valuation over
a subring A is called A-essential if v can be recovered from the trace of v on A. If
the intersection ring A of a family of valuations is Prüfer then every valuation in
this family is A-essential. We want to establish criteria for the converse. For this
we introduce the important notion of a family of valuations having finite avoidance
(compare with Definition 2 in Chap. 1, Sect. 1). (Compare the notion of “endlichem
Typ” in the work of Gräter and of “finite character” in the work of Griffin and
Alajbegović.) For finitely many valuations the inverse property is equivalent with
essentiality. We establish this result for families having finite avoidance by defining
the finite avoidance inverse property.
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Definition 1. Let v be a valuation on R and let A be a subring of R.

a) If A � Av we say that v is a valuation over A.
b) Let v be a valuation over A. Then the prime ideal pv \A of A is called the center

of v on A and is denoted by centA.v/.
c) Let v be a valuation over A. We say that v is A-essential if Av D AŒcentA.v/�.

Example 4.1. Let v be any valuation on R. Then v is Av-essential by [Vol. I, Lemma
III.1.0].

Remarks 4.2. Let v be any valuation on R.

i) pv is the center of v on Av (compare with [Vol. I, p. 11]).
ii) Let A be a subring of R such that v is a valuation over A. Then AŒcentA.v/� � Av.

Proposition 4.3. Let A be a subring of R and let v be an A-essential valuation
on R. Let B be an R-overring of A such that v is a valuation over B . Then v is
B-essential.

Proof. Let r1 WD centA.v/ and r2 WD centB.v/. By Remark 2(ii) it is enough to show
Av � BŒr2�. Let x 2 Av. Since v is A-essential there is some y 2 A n r1 such that
xy 2 A. Then clearly y 2 B n r2 and xy 2 B . Hence x 2 BŒr2�. �

Proposition 4.4. Let A be a subring of R and let v be an A-essential valuation on
R. Then pv D centA.v/ŒcentA.v/�.

Proof. Let r WD centA.v/. Obviously pv � rŒr�. Let x 2 pv � Av. Then since v is
A-essential there is some s 2 A n r with xs 2 A. We have v.s/ D 0 and therefore
v.xs/ D v.x/ > 0. So xs 2 pv \ A D r and therefore x 2 rŒr�. �
Proposition 4.5. Let v; w be Manis valuations on R with v � w. Let A be a subring
of R. If v is A-essential then w is A-essential.

Proof. We have pw � pv � Av � Aw by Sect. 1. In particular w is a valuation over
A. Let rv WD centA.v/ and rw WD centA.w/. Then rw � rv. By Remark 2(ii) it is
enough to show Aw � AŒrw�. Let x 2 Aw.

Case 1: x 2 Av. Since Av D AŒrv� by assumption there is some s 2 A n rv such that
xs 2 A. Since A n rv � A n rw we are done.

Case 2: x 2 AwnAv. Then x 2 Awnpw and therefore w.x/ D 0. Since x 62 Av there
is some y 2 pv with xy 2 Av n pv. Therefore xy 2 Aw n pw and hence w.xy/ D 0.
We obtain w.y/ D 0 and so y 2 pv n pw. From Av D AŒrv� we get s; t 2 A n rv

such that xys 2 A and yt 2 A. Then xyst 2 A. We have s 2 A n rw, so we show
that yt 2 A n rw and are done. But y 2 pv n pw � Aw n pw and t 2 A n rw, hence
yt 62 pw. �

Corollary 4.6. Let v; w be a Manis valuations on R such that v � w. Then w is
B-essential for every ring B with Av � B � Aw.
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Proof. This follows immediately from Example 1, Propositions 3 and 5. �

In particular we obtain in the above situation Aw D .Av/ŒcentAv .w/� and pw D
centAv .w/ (cf. Scholium 1.10).

Theorem 4.7. Let A � B be subrings of R and let v be an A-essential Manis
valuation on R. Then the special restriction vjB is a Manis valuations on B that is
A-essential.

Proof. Let r WD centA.v/ and w WD vjB .

a) We show that w is A-essential. Since v is A-essential we have

Av D AR
Œr� D fx 2 R j 9 s 2 A n r such that xs 2 Ag

and

pv D rR
Œr� D fx 2 R j 9 s 2 A n r such that xs 2 rg:

Since Aw D Av \ B and pw D pv \ B we get that

Aw D AB
Œr� D fx 2 B j 9 s 2 A n r such that xs 2 Ag

and

pw D rB
Œr� D fx 2 B j 9 s 2 A n r such that xs 2 rg:

This shows that w is A-essential.
We show that w is Manis. Let x 2 B with w.x/ < 1. We need to find some

x0 2 B with w.xx0/ D 0.

Case 1: w.x/ � 0. Then w.x/ D v.x/ < 1. Since v is Manis there is some
y 2 R such that v.y/ D �v.x/ � 0. By the above we have some z 2 A and
s 2 A n r with ys D z, hence v.z/ D v.y/ D �v.x/. Then x0 WD z 2 B and
w.xx0/ D 0.

Case 2: w.x/ > 0. Since w is special, there exists some y 2 B with w.y/ �
�w.x/, hence w.xy/ � 0. Then by Case 1 we obtain some z 2 B with w.xyz/ D
0. So x0 WD yz 2 B does the job. �

Theorem 4.8. Let A be Prüfer in R and let v be a Manis valuation over A. Then v
is A-essential.

Proof. Let r WD centA.v/. Since A is Prüfer the pair .AŒr�; rŒr�/ is a Manis pair. By
Remarks 2(ii) we know that AŒr� � Av. We show that pv \ AŒr� D rŒr� and obtain by
[Vol. I, Theorem I.2.4 i) ) ii)] that AŒr� D Av.

Let x 2 pv \ AŒr�. Then v.x/ > 0 and there is some s 2 A n r such that xs 2 A.
Since v.s/ D 0 we get v.xs/ > 0 and hence xs 2 r. This shows that x 2 rŒr�. Let
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x0 2 rŒr�. Then there is some s0 2 A n r with x0s0 2 r. So v.x0/ D v.x0s0/ > 0 and
therefore x0 2 pv \ AŒr�. �

Corollary 4.9. Let .vi j i 2 I / be a family of Manis valuations on R. If
A WD T

i2I Avi is Prüfer in R then every vi is A-essential.

Corollary 4.10. Let A be Prüfer in R and let v be a Manis valuation over A. Let B

be an R-overring of A. Then vjB is a PM-valuation on B .

Proof. Let w WD vjB . By Theorem 7 w is a Manis valuation on B . By the definition
of a special restriction (cf. [Vol. I, Definition 11 in I §1]) we have Aw D B\Av � A.
By [Vol. I, Corollary I.5.3] Aw is Prüfer in B . Hence w is a PM-valuation. �

Corollary 4.11. Let .vi j i 2 I / be a family of Manis valuations on R. Then the
following are equivalent.

(1)
T

i2I Avi is Prüfer in R.
(2) For all i 2 I we have that

T
j ¤i Avj is Prüfer in R and vi jTj ¤i Avj

is a PM-

valuation on
T

j ¤i Avj .
(3) There is some i 2 I such that

T
j ¤i Avj is Prüfer in R and vi jTj ¤i Avj

is a

PM-valuation on
T

j ¤i Avj .

Proof. Let A WD T
i2I Avi . For i 2 I let Bi WD T

j ¤i Avi and wi WD vi jBi . By the
very definition of special restriction we see that Awi D Avi \ Bi D A.

(1) ) (2): For i 2 I vi is a valuation over A. By Corollary 10 we obtain that wi

is a PM-valuation on Bi .
(2) ) (3): This is trivial.
(3) ) (1): Let i 2 I such that the property in (3) holds. Since wi is

a PM-valuation by assumption we get that A D Awi is Prüfer in Bi . Since
Bi is Prüfer in R by assumption we get that A is Prüfer in R by [Vol. I,
Theorem I.5.6]. �
Corollary 4.12. Let v; w be PM-valuations on R. The following are equivalent.

(1) Av \ Aw is Prüfer in R.
(2) vjAw is a PM-valuation on Aw.
(3) wjAv is a PM-valuation on Av.

Proposition 4.13. Let v1; : : : ; vn be Manis valuations on R and let A �
Av1 \ : : : \ Avn be Prüfer in R. Let B be an R-overring of A. If v1jB; : : : ; vnjB
are dependent then v1; : : : ; vn are dependent and then

W
vi jB D .

W
vi /jB .

Proof. Let wi WD vi jB for 1 � i � n. By Corollary 10 these valuations are Manis
on B . We have

\

i�i�n

Awi D
\

1�i�n

Avi \ B � A:
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By [Vol. I, Corollary I.5.3]
T

1�i�n Awi is Prüfer in B . We assume that w1; : : : ; wn

are dependent.

a) We show that v1; : : : ; vn are dependent. We have
Qn

iD1 Awi ¤ B by Corollary 2.8
and AW

wi
D Qn

iD1 Awi by Corollary 2.11. Again by Corollary 2.8 we have to
show that

Qn
iD1 Avi ¤ R. Assume this does not hold. Since

Qn
iD1 Awi ¤ B

we find some a 2 B with .
W

wi /.a/ < 0. Clearly a 2 R D Qn
iD1 Avi . Hence

there is some q 2 N and bi;1; : : : ; bi;q 2 Avi for 1 � i � n such that a DPq
pD1

Qn
iD1 bi;p . The valuations v1; : : : ; vn are A-essential by Theorem 8. Hence

there are si;p 2 AncentA.vi / such that bi;psi;p 2 A for 1 � i � n and 1 � p � q.
By Proposition 1.8 we have for 1 � i � n

pWwj
� pwi D centB.vi / � pvi :

Hence .
W

wj /.si;p/ D 0 for all 1 � i � n and 1 � p � q. Let x WDQn
iD1

Qq
pD1 si;p . For 1 � p � q we get

.
_

wj /

 
nY

iD1

bi;px

!

D .
_

wj /

 
nY

iD1

bi;psi;p

!

� 0

since bi;psi;p 2 A � AW
wj

. Hence

.
_

wj /.ax/ D .
_

wj /

0

@
qX

pD1

.

nY

iD1

bi;px/

1

A

� minf.
_

wj /

 
nY

iD1

bi;px

!

j 1 � p � qg � 0:

But .
W

wj /.ax/ D .
W

wj /.a/ < 0, contradiction.
b) We have

Aw1 \ : : : \ Awn D Av1 \ : : : \ Avn \ B D A:

By [Vol. I, Corollary I.5.3] A is Prüfer in B . By the definition of special
restriction and Scholium 1.16 we have to show that AW

wi
D AW

vi
\ B . By a)

v1; : : : ; vn are dependent. The proof has shown that .
Qn

iD1 Avi /\B � Qn
iD1 Awi .

Since

nY

iD1

Awi D
nY

iD1

.Avi \ B/ � .

nY

iD1

Avi / \ B

we get that
Qn

iD1 Awi D .
Qn

iD1 Avi / \ B: Hence AW
wi

D AW
vi

\ B by
Corollary 2.11. �
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We introduce the important notion of a family of Manis valuations with finite
avoidance. Many theorems for the finite case can be extended to this more general
situation.

Definition 2. A family of Manis valuations .vi j i 2 I / on R has finite avoidance if
the family .Avi j i 2 I / has finite avoidance in the sense of Definition 2 in Chap. 1,
Sect. 1; i.e. for every x 2 R the set of indices i 2 I such that vi .x/ < 0 is finite.

The following will be useful for later.

Remark 4.14. Let .vi j i 2 I / be a family of Manis valuations on R having finite
avoidance. Let i 2 I such that vi is non-trivial. Then the set fj 2 I j vj � vig is
finite.

Proof. Let J be the above set. Since vi is non-trivial there is some x 2 R such that
vi .x/ < 0. By the finite avoidance property there is a finite set QJ � I such that
vk.x/ � 0 for all k 2 I n QJ . Hence J � QJ and we are done. �

Proposition 4.15. Let .vi j i 2 I / be a family of Manis valuations on R having
finite avoidance. Let A WD T

i2I Avi . The following are equivalent.

(1) A is Prüfer in R.
(2) A � R is a PF-extension (cf. Definition 1 in Chap. 1, Sect. 4).

Proof. (1) ) (2): We can assume that all vi are non-trivial. We can also assume that
the valuations vi are pairwise incomparable (by taking only the minimal elements
with respect to �, using Remark 14). By Theorem 1.4.1 we get that A is a PF-
extension.

(2) ) (1): This is obvious by the definition of a PF-extension. �

Theorem 4.16. Let .vi j i 2 I / be a family of Manis valuations on R having finite
avoidance such that A WD T

i2I Avi is Prüfer in R. Let m be a maximal ideal of A

such that m ¤ centA.vi / for all i 2 I and let w be a non-trivial Manis valuation on
R such that vi � w for some i 2 I . Then centA.w/ 6� m.

Proof. It clearly suffices to do the proof in the case that all vi are non-trivial.
Moreover, we can assume that the valuations are pairwise incomparable. Then
Avi 6� Avj for i ¤ j by Corollary 1.17. Let ri WD centA.vi / for i 2 I . Then
Avi D AŒri � by Theorem 8. Hence ri 6� rj for i ¤ j . By [Vol. I, Lemma III.1.1] we
have that ri is an R-regular prime ideal of A for all i 2 I . Similarly to Proposition
1.1.7 we see that fri j i 2 I g is the set of all maximal R-regular prime ideals of A.
So if m is a maximal ideal of A with m ¤ ri for all i 2 I then m is not R-regular.

Let now w be a non-trivial Manis valuation on R such that vi � w for some
i 2 I . By Proposition 5 we get that w is A-essential, so AŒcentA.w/� D Aw ¤ R.
Therefore again by [Vol. I, Lemma III.1.1] the ideal centA.w/ of A is R-regular and
so centA.w/ 6� m, simply by [Vol. I, Definition 1 in II §1]. �

We show a result converse to Corollary 9 (in the case of finite avoidance) and
Theorem 16 for PM-valuations.
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Theorem 4.17. Let .vi j i 2 I / be a family of PM-valuations on R having finite
avoidance. Let A WD T

i2I Avi . Assume that the following properties hold.

i) Every vi is A-essential.
ii) If m is a maximal ideal of A such that m ¤ centA.vi / for all i 2 I and if w

is a non-trivial Manis valuation on R such that vi � w for some i 2 I , then
centA.w/ 6� m.

Then A is Prüfer in R.

Proof. Let m be a maximal ideal of A. We show that .AŒm�;mŒm�/ is a Manis pair
and are done.

Case 1: m D centA.vi / for some i 2 I . Since vi is A-essential by (i) we have
AŒm� D Avi . By Proposition 4 we get mŒm� D pv. Since vi is Manis by assumption
we are done.

Case 2: m ¤ centA.vi / for all i 2 I . It is enough to show AŒm� D R. Suppose that
AŒm� ¤ R. Let x 2 R n AŒm�. Then

.A WA x/ D fa 2 A j xa 2 Ag � m:

We have .A WA x/ D T
i2I .Avi WA x/. Since the family .vi j i 2 I / has finite

avoidance there are i1; : : : ; in in I such that vi .x/ � 0 for all i … J WD fi1; : : : ; ing.
Hence A D .Avi WA x/ for all i … J . This gives

T
1�l�n.Avil

WA x/ � m and
therefore .Avik

WA x/ � m for some 1 � k � n. We write j WD ik .

Case 2.1: vj is trivial. Then .Avj WAvj
x/ D R and hence

.Avj WA x/ D .Avj WAvj
x/ \ A D A:

We get m D A, contradiction.

Case 2.2: vj is non-trivial. From .Avj WA x/ � m we conclude
p

.Avj WA x/ � m.

Obviously the ideals .Avj WAvj
x/ and

q
.Avj WAvj

x/ of Avj are vj -convex.

Therefore
q

.Avj WAvj
x/ is a prime ideal of Avj . Since vj is Manis we have

.Avj WAvj
x/ ¥supp vj . With [Vol. I, Theorem III.2.5] we get that n WD

q
.Avj WAvj

x/ is an R-regular prime ideal of Avi contained in pvj . By Scholium 1.10

and Proposition 1.12 we obtain a non-trivial coarsening w of vj with Aw D .Avj /Œn�

and pw D n. Since
q

.Avj WAvj
x/ \ A D p

.Avj WA x/ we get pw \ A � m,

contradiction to (ii). �
The next results establish the connection between the inverse property and essential
valuations.
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Theorem 4.18. Let v1; : : : ; vn be Manis valuations on R and let A WD
Av1 \ : : : \ Avn . The following are equivalent.

(1) v1; : : : ; vn have the inverse property.
(2) Every vi is A-essential.

Proof. Let ri WD centA.vi / for 1 � i � n.
(1) ) (2): Let i 2 f1; : : : ; ng. Clearly vi is a valuation over A. By Remarks 2(ii)

it is enough to show Avi � AŒri �. Let x 2 Avi . By Proposition 3.6 there is some
y 2 R such that for 1 � j � n vj .y/ D 0 if vj .x/ � 0 and vj .y/ � vj .x/

if vj .x/ � 0. Since v1; : : : ; vn have the inverse property we get some s 2 R such
that vj .s/ D �vj .y/ for all 1 � j � n. Then vj .s/ � 0 for all 1 � j � n and
vi .s/ D 0. This gives s 2 A n ri . We have vj .xs/ D vj .x/ � vj .y/ � 0 for all
1 � j � n. Hence xs 2 A. This shows that x 2 AŒri �.

(2) ) (1): By Proposition 3.21 we can assume that vi ; vj are incomparable for
all i ¤ j .

Special Case: We assume that every vi is non-trivial. We do induction on n.
n D 1: fv1g has the inverse property since v1 is Manis (cf. Remark 3.1(a)).
n ! n C 1: Let x 2 R. By the inductive hypothesis and Proposition 3 we may

assume that vi .x/ ¤ 1 for all 1 � j � n C 1 (otherwise we can omit those vi

with vi .x/ D 1). We have to find some x0 2 R with vi .x
0/ D �vi .x/ for all

1 � i � nC1. Let B WD Tn
iD1 Avi . By Proposition 3 v1; : : : ; vn are B-essential. By

the inductive hypothesis the valuations v1; : : : ; vn have the inverse property.

Claim 1: There is some y 2 R such that

v1.y/ D 0; v2.y/ > 0; : : : ; vnC1.y/ > 0:

Proof of Claim 1: By Corollary 3.23 there is some y0 2 R with v1.y
0/ D 0 and

0 < vi .y
0/ < 1 for all 2 � i � n. We may assume that vnC1.y

0/ � 0. Otherwise,
since Av1 D AŒr1� there is some a 2 Anr1 with y0a 2 A. Then we replace y0 by y0a.
Applied the same arguments to the valuations v1; v3; : : : ; vnC1 we find some y00 2 R

with v1.y00/ D 0; v2.y
00/ � 0 and vi .y

00/ > 0 for all 3 � i � nC1. With y WD y0y00
we get v1.y/ D 0 and vi .y/ > 0 for all 2 � i � n C 1.

By above v1; : : : ; vn have the inverse property. Hence there is some z1 2 R with
v1.xz1/ D 0 and vi .xz1/ � 0 for all 2 � i � n. As in the proof of Claim 1 we can
assume that vnC1.xz1/ � 0. Let y1 2 R be as in Claim 1. Then v1.xy1z1/ D 0 and
vi .xy1z1/ > 0 for all 2 � i � n C 1. In the same way we obtain y2; : : : ; ynC1 2 R

and z2; : : : ; znC1 2 R such that vi .xyi zi / D 0 and vj .xyi zi / > 0 for all j ¤ i . Let
x0 WD y1z1 C : : : C ynzn. Then v.xx0/ D 0 for all 1 � i � n.

General Case: We may assume that v1; : : : ; vk are trivial and vkC1; : : : ; vnC1 are
non-trivial for some 0 � k � n C 1. We do induction on k.

k D 0: This is covered by the special case.
k ! k C1: We may assume that supp v1 is minimal in fsupp vi j 1 � i � k C1g

with respect to inclusion.
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Claim 2: Let "i 2 �vi for k C 2 � i � n. Then there is some z 2 R such that

v1.z/ D 0; v2.z/ D 1; : : : ; vkC1.z/ D 1; vkC2.z/ > "kC2; : : : ; vn.z/ > "n:

Proof of Claim 2: We can assume that "i > 0 for k C 2 � i � n. By
Proposition 3.11 there is some z0 2 R with vi .z0/ < �"i for all k C 2 � i � n. We
have Av1 D R D AŒr1� by assumption. Hence there is some s 2 A n r1 with z0s 2 A,
We get that v1.s/ D 0 and vi .s/ > "i for k C 1 � i � n. By assumption supp v1 is
minimal in fsupp vi j 1 � i � k C 1g. Since vi and vj are incomparable for i ¤ j

we have supp v1 ¤ supp vi for 2 � i � kC1. Hence there is for 2 � i � kC1 some
bi 2 supp vi n supp v1. Let b WD sb2 � : : : � bkC1. Then v1.b/ D 0 and vi .b/ D 1 for
2 � i � k C 1. Since R D AŒr1� there is some t 2 A n r1 such that c WD bt 2 A. We
obtain

v1.c/ D 0; v2.c/ D 1; : : : ; vkC1.c/ D 1; vkC2.c/ � 0; : : : ; vn.c/ � 0:

Let z WD sc. Then z fulfills the requirements of the claim.

Let now x 2 R. We have to find some x0 2 R with vi .x
0/ D �vi .x/ for all

1 � i � n with vi .x/ < 1. By the inductive hypothesis there is some y 2 R such
that vi .y/ D �vi .x/ for all 2 � i � n with vi .x/ < 1. If v1.x/ D 1 nothing
is to show. So we assume that v1.x/ D 0. If v1.y/ D 0 we are done. Otherwise
v1.y/ D 1. By the claim there is some z 2 R such that v1.z/ D 0, vi .z/ D 1 for
2 � i � k C 1 and vj .z/ > vj .y/ for all k C 1 � j � n with vj .y/ < 1. Let
x0 WD y C z. Then vi .x

0/ D �vi .x/ for all 1 � i � n such that vi .x/ ¤ 1. �

We want to extend Theorem 18 to the case of finite avoidance. For that reason we
introduce the following technical definition.

Definition 3. Let .vi j i 2 I / be a family of Manis valuations on R. We say that it
has the finite avoidance inverse property if for all i1; : : : ; in 2 I and all R-overrings
B of

T
i2I Avi the special restrictions vi1 jB; : : : ; vin jB are Manis valuations on B

having the inverse property.

Proposition 4.19. Let v1; : : : ; vn be finitely many Manis valuations on R. The
following are equivalent.

(1) v1; : : : ; vn have the inverse property.
(2) v1; : : : ; vn have the finite avoidance inverse property.

Proof. (1) ) (2): Let A WD T
1�i�n Avi . Let i1; : : : ; iq 2 f1; : : : ; ng and let B

be an R-overring of A. We have to show that vi1 jB; : : : ; viq jB are Manis valuations
on B having the inverse property. We write wp WD vip jB for 1 � p � q. By
Theorems 18 and 7 w1; : : : ; wq are Manis valuations on B and A-essential. Let C WDT

1�p�q Awi . Clearly A � C � B . By Proposition 3 we get that w1; : : : ; wq are C -
essential. By Theorem 18 we get that they have the inverse property.

(2) ) (1): Apply (2) to 1; : : : ; n and B D R. �
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Remark 4.20. Let .vi j i 2 I / be a family of Manis valuations on R having the
finite avoidance inverse property.

a) For J � I , the subfamily .vi j i 2 J / has the finite avoidance inverse property.
b) The family .vi j i 2 I / has the finite inverse property.

Proof. a): This is clear from the definition.
b): This follows from (a) and Proposition 19. �

Theorem 4.21. Let .vi j i 2 I / be a family of Manis valuations on R having finite
avoidance and let A WD T

i2I Avi . The following are equivalent.

(1) .vi j i 2 I / has the finite avoidance inverse property.
(2) Every vi is A-essential.

Proof. Let ri WD centA.vi / for i 2 I .
(1) ) (2): Let i0 2 I . Clearly vi0 is a valuation over A. By Remark 2(ii) it is

enough to show Avi0
� AŒri0 �. Let x 2 Avi0

. Since .vi j i 2 I / has finite avoidance
there is a finite subset J D fi0; : : : ; ing of I such that x 2 Avk

for all k … J .
(Enlarging J if necessary we can assume that i0 2 J .) Let B WD T

k…J Avk
. Then

x 2 B . Since .vi j i 2 I / has the finite avoidance inverse property the valuations
vi1 jB; : : : ; vin jB are Manis with the inverse property. Let wk WD vik jB for 0 � k � n.
We have

\

0�k�n

Awk
D

\

0�k�n

.Avik
\ B/ D .

\

0�k�n

Avik
/ \ B D A

and

centA.w0/ D pw0 \ A D pvi0
\ B \ A D centA.vi0 / D ri0 :

By Theorem 18, (1) ) (2), we have that w0 is A essential. Hence there is some
s 2 A n ri0 such that xs 2 A.

(2) ) (1): Let i1; : : : ; in 2 I and let B be an R-overring of A. Let wk WD vik jB
for 1 � k � n. By Theorem 7 the valuations w1; : : : ; wn are Manis on B and
A-essential. We have

\

1�k�n

Awk
D

\

1�k�n

.Avik
\ B/ D .

\

1�k�n

Avik
/ \ B � A:

By Proposition 3 w1; : : : ; wn are
T

1�k�n Awk
-essential. By Theorem 18, (2) ) (1),

we get that w1; : : : ; wn have the inverse property. �.

Corollary 4.22. Let .vi j i 2 I / be a family of Manis valuation on R having finite
avoidance. If

T
i2I Avi is Prüfer in R then the family has the finite avoidance inverse

property.
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Proof. Let A WD T
i2I Avi . By Corollary 9 vi is A-essential for every i 2 I . By

Theorem 21 the family has the finite avoidance inverse property. �

5 The Approximation Theorem in the Neighbourhood
of Zero

The approximation theorem in the neighbourhood of zero for finitely many val-
uations is equivalent to the inverse property (and essentiality). Therefore the
approximation theorem holds if the intersection ring of the finitely many valuations
is Prüfer. Extending the existing literature (cf. [Gr1], [Al-O], [Al-M]) we introduce
the notion of the approximation theorem in the neighbourhood of zero for arbitrary
families. It implies the finite avoidance inverse property and is implied by the
so-called strong finite avoidance inverse property and the Prüfer condition.

Proposition 5.1. Let v; w be Manis valuations on R with the inverse property. Then
the following are equivalent.

(1) For any " 2 �v with " � 0 there is some x 2 R with v.x/ � " and w.x/ � 0.
(2) For any " 2 �v with " � 0 there is some x 2 R with v.x/ D " and w.x/ � 0.
(3) For any " 2 �v with " � 0 there is some x 2 R with v.x/ � " and w.x/ D 0.
(4) For any " 2 �v with " � 0 there is some x 2 R with v.x/ D " and w.x/ D 0.
(5) For any " 2 �v there is some x 2 R with v.x/ D " and w.x/ D 0.
(6) For any " 2 �v and � 2 �w there is some x 2 R with v.x/ D " and w.x/ D �.

Proof. Clearly condition (6) implies all the other conditions. We verify (1) ) (2)
) (3) ) (4) ) (5) ) (6), and then will be done.

(1) ) (2): By (1), there is some y 2 R with v.y/ � " and w.y/ � 0. If v.y/ D "

we are done. We assume that v.y/ > ". Since v is Manis there is some z 2 R

with v.z/ D ". If w.z/ � 0 we are done. So we may assume that w.z/ > 0. With
x WD y C z we obtain v.x/ D v.y C z/ D v.z/ D " and w.x/ D w.y/ � 0.

(2) ) (3): For " D 0 we can take x D 1. So we assume that " > 0. By (2) there is
some y 2 R such that v.y/ � " and w.y/ � 0. If w.y/ D 0 we are done. Hence we
assume that w.y/ < 0. Then v.1Cy/ D v.1/ D 0 and w.1Cy/ D w.y/ < 0. Since
v; w have the inverse property there is some z 2 R with v.z/ D �v.1 C y/ D 0

and w.z/ D �w.1 C y/ D �w.y/. With x WD yz we get v.x/ D v.y/ � " and
w.x/ D w.y/ C w.z/ D w.y/ � w.y/ D 0.

(3) ) (4): For " D 0 we can take x D 1. So we assume that " > 0. By (3) there
is some y 2 R with v.y/ � " and w.y/ D 0. If v.y/ D " we are done. Hence we
assume that v.y/ > ". Since v is Manis there is some z 2 R with v.z/ D ".

Case 1: w.z/ D 0. Then we can take x WD z.

Case 2: w.z/ > 0. Let x WD y C z. Then v.x/ D v.z/ D " and w.x/ D w.y/ D 0.
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Case 3: w.z/ < 0. Then v.1 C z/ D v.1/ D 0 and w.1 C z/ D w.z/ < 0. Since
v; w have the inverse property there is some z0 2 R with v.z0/ D �v.1 C z/ D 0 and
w.z0/ D �w.1 C z/ D �w.z/. With x WD zz0 we get v.x/ D v.z/ C v.z0/ D " and
w.x/ D w.z/ C w.z0/ D w.z/ � w.z/ D 0.

(4) ) (5): By (4), we may assume that " < 0. Again by (4) there is some y 2 R

with v.y/ D �" and w.y/ D 0. Since v; w have the inverse property there is some
x 2 R such that v.x/ D �v.y/ D " and w.x/ D �w.y/ D 0.

(5) ) (6):

Case 1: � D 0. The claim follows with (5).

Case 2: � < 0. Since w is Manis there is some y 2 R with w.y/ D �. We may
assume that v.y/ ¤ 1. (Otherwise, we replace y by 1 C y.) By (5) there is some
z 2 R with v.z/ D " � v.y/ and w.z/ D 0. Let x WD yz. Then v.x/ D " and
w.x/ D w.y/ D �.

Case 3: � > 0. By Case 2 there is an element y 2 R such that v.y/ D �" and
w.y/ D ��. Since v and w have the inverse property the claim follows. �

Proposition 5.2. Let v1; : : : ; vn be Manis valuations on R with the inverse property.
Let "i 2 �vi for 1 � i � n. The following are equivalent.

(1) There is some x 2 R with v1.x/ D "1; : : : ; vn.x/ D "n.
(2) For each pair .i; j / there is some x 2 R with vi .x/ D "i and vj .x/ D "j .

Proof. (1) ) (2): This is obvious.
(2) ) (1):

Claim 1: If v1 � v2 it is enough to show (1) for v2; : : : ; vn.

Proof of Claim 1: Assume that there is some x 2 R such that v2.x/ D
"2; : : : ; vn.x/ D "n. By (2) there is some y 2 R such that v1.y/ D "1 and
v2.y/ D "2. Let f W �v2 [ f1g ! �v1 [ f1g be the homomorphism of ordered
monoids such that v1 D f ı v2. Then

v1.x/ D f .v2.x// D f ."2/ D f .v2.y// D v1.y/ D "1:

By Claim 1 we may assume that vi 6� vj for all i ¤ j . (Otherwise, if vi � vj for
some i; j , we may omit vj .)

Special Case: v1; : : : ; vn are non-trivial.

Claim 2: There is some y 2 R such that v1.y/ D "1; v2.y/ > "2; : : : ; vn.y/ > "n:

Proof of Claim 2: We prove Claim 2 by induction on n.
n D 1: This is obvious since v1 is Manis.
n ! n C 1: By the inductive hypothesis there is some y0 2 R such that

v1.y
0/ D "1; v2.y

0/ > "2; : : : ; vn.y0/ > "n:
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If vnC1.y
0/ > "nC1 we are done. Hence we assume that vnC1.y

0/ � "nC1. For the
pair .1; n C 1/ there is by (2) some z 2 R with v1.z/ D "1 and vnC1.z/ D "nC1.
Since v1 and vnC1 have the inverse property there is some z0 2 R such that v1.z0/ D
�"1 and vnC1.z0/ D �"nC1. Hence v1.y

0z0/ D 0 and ˛ WD vnC1.y
0z0/ � 0. By

Proposition 3.19, (1) ) (3), applied to y0z0 there is some a 2 R such that

v1.a/ D 0; v2.a/ � 0; : : : ; vn.a/ � 0; vnC1.a/ � �˛:

Since v1 6� vnC1 there is by Corollary 3.23 some b 2 R with v1.b/ D 0 and
vnC1.b/ > 0. By Proposition 3.19, (1) ) (3), we may assume that

v1.b/ D 0; v2.b/ � 0; : : : ; vn.b/ � 0; vnC1.b/ > 0:

Hence

v1.ab/ D 0; v2.ab/ � 0; : : : ; vn.ab/ � 0; vnC1.ab/ > �˛:

We set y WD y0ab. Then

v1.y/ D v1.y
0/ C v1.ab/ D "1;

vi .y/ D vi .y
0/ C vi .ab/ � vi .y

0/ > "i

for 2 � i � n and

vnC1.y/ D vnC1.y
0/ C vnC1.ab/

> vnC1.y
0/ � ˛ D vnC1.y

0/ � vnC1.y
0z0/

D �vnC1.z
0/ D vnC1.z/ D "nC1:

This shows Claim 2.

By Claim 2 there is for each 1 � i � n some xi 2 R such that vi .xi / D "i and
vj .xi / > "j for all j ¤ i provided all vi are non-trivial. Let x WD x1 C � � � C xn.
Then vi .x/ D "i for all 1 � i � n.

General Case: We may assume that v1; : : : ; vk are non-trivial and vkC1; : : : ; vn are
trivial for some 0 � k � n. We can also assume that vkC1; : : : ; vn are all different.
Note that "i D 0 for all k C 1 � i � n. We write vkC1; : : : ; vn as

v11; : : : ; v1l1 ; v21; : : : ; v2l2 ; : : : ; vm1; : : : ; vmlm

with m 2 N0, lj 2 N (where 1 � j � m and
Pm

j D1 lj D n � k) such that supp vj1

is maximal in fsupp vi j k C 1 � i � ng and supp vj1 � supp vjj 0 for 1 � j � m

and 1 � j 0 � lj . Note that after rewriting "jj 0 D 0 for all j; j 0.
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By the special case there is some x 2 R such that vi .x/ D "i for all
1 � i � k. Let

n.x/ WD #f1 � j � m j vj1.x/ D 1g:

Note that if vj1.x/ D 0 then vjj 0.x/ D 0 for all 1 � j 0 � lj . Hence if n.x/ D 0 we
are done. So we may assume that n.x/ � 1 and without restriction we assume that
v11.x/ D 1. Since supp vj1 is maximal and the trivial valuations are all different
there is for 2 � j � m some aj 2 R with aj 2 supp vj1 n supp v11. Let a WD
a2 � : : : � am. Then v11.a/ D 0 and vj1.a/ D 1 for 2 � j � m. By Proposition 3.19,
(1) ) (3), we can assume that v1.a/ � 0; : : : ; vk.a/ � 0. By Corollary 3.17 we find
some b 2 R with v11.b/ D 0 and v1.b/ > "1; : : : ; vk.b/ > "k. Then v11.ab/ D 0,
vj1.ab/ D 1 for 2 � j � n and vi .ab/ D vi .a/ C vi .b/ > "i for 1 � i � k. Let
x0 WD x C ab. Then vi .x

0/ D vi .x/ D "i for 1 � i � k, v11.x
0/ D v11.ab/ D 0

and vj1.x
0/ D vj1.x/ for 2 � j � m. So n.x0/ < n.x/. Doing induction on n.x/

we obtain the claim. �
Proposition 5.3. Let v1; : : : ; vn be Manis valuations on R having the inverse
property. Then the following are equivalent.

(1) For every i ¤ j vi and vj are independent.
(2) For any ."1; : : : ; "n/ 2 �v1 � : : : � �vn there is some x 2 R with vi .x/ D "i for

all 1 � i � n.
(3) For every i ¤ j and "i 2 �vi there is some x 2 R with vi .xi / D "i and

vj .x/ D 0.

Proof. By Remark 3.1(c) and Proposition 2 it is enough to do the proof in the case
n D 2. Let v WD v1; w WD v2; " WD "1 and � WD "2

(1) ) (2):

Case 1: supp v 6� supp w. Let y 2 supp v n supp w. Since w is Manis there is some
z 2 R with w.yz/ D 0. For any 0 � "0 2 �v we have v.yz/ D 1 � "0. By
Proposition 1, (3) ) (6), we get some x 2 R such that v.x/ D " and w.x/ D �.

Case 2: supp w 6� supp v. We can copy the proof of Case 1.

Case 3: supp v D supp w. Let p WD Œpw W Av�. Then by Proposition 3.29 we have
p D pv_w. Since v and w are independent by assumption we get p D supp v (cf.
Definition 5 in Sect. 2). Let "0 2 �v with "0 � 0. Let y 2 Av with v.y/ D "0. Then
y 62 supp v D p. Hence there is some a 2 Av such that z WD ay 62 pw. We obtain
v.z/ D v.a/ C v.y/ � v.y/ D "0 and w.z/ � 0. By Proposition 1, (1) ) (6), we get
some x 2 R such that v.x/ D " and w.x/ D �.

(2) ) (3): This is obvious.
(3) ) (1): Suppose that v and w are dependent. Then by Remark 2.2 there is a

prime ideal p of Av and Aw such that

supp v; supp w ¤ p � pv \ pw:
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Let y 2 p n supp v. Let " WD v.y/ < 1. We show that there is no x 2 R such that
v.x/ D " and w.x/ D 0, contradiction. Hence suppose there is some x 2 R with
v.x/ D " and w.x/ D 0. Since v; w have the inverse property and v.y/; w.y/ ¤ 1
there is some y0 2 R such that v.yy0/ D 0 and w.yy0/ D 0. We have

v.xy0/ D v.x/ C v.y0/ D v.y/ � v.y/ D 0:

This shows that xy0 2 Av. Since y 2 p and p is an ideal of Av we get xyy0 2 p.
Since p � pw we get w.xyy0/ > 0. But

w.xyy0/ D w.x/ C w.yy0/ D w.x/ D 0;

contradiction. �

Definition 1. Let v1; v2 be Manis valuations on R. We write Hv1;v2 for the subgroup
H 1

.v1;v2/ of �v1 introduced in Sect. 2, Definition 4. We set �v1;v2 WD �v1=Hv1;v2 and
write fv1;v2 W �v1 ! �v1;v2 for the canonical homomorphism of (ordered) groups.

Note that �v1;v2 D �v1_v2 if supp v1 D supp v2 (in particular if v1; v2 are dependent)
and that �v1;v2 D f0g if v1; v2 are independent. Let supp v1 D supp v2. Extending
fv1;v2 by setting fv1;v2 .1/ D 1 the map fv1;v2 W �v1 [ f1g ! �v1_v2 [ f1g is the
homomorphism of ordered monoids such that v1 _ v2 D fv1;v2 ı v1.

Corollary 5.4. Let v1; : : : ; vn be Manis valuations on R with the inverse property.
Let "i 2 T

j ¤i Hvi ;vj for 1 � i � n. Then there is some x 2 R with v1.x/ D
"1; : : : ; vn.x/ D "n.

Proof. Let i; j 2 f1; : : : ; ng with i ¤ j . Since "i 2 Hvi ;vj and "j 2 Hvj ;vi it is
enough by Proposition 2 to show the claim for vi and vj . Let v WD vi and w WD vj .
If v and w are independent the claim follows from Proposition 3. So we assume that
v and w are dependent. Then supp v D supp w. By Proposition 3.35 v0 WD vjAv_w

and w0 WD wjAv_w are independent Manis valuations on Av_w having the inverse
property. By Propositions 2.15 and 3 we find some x 2 Av_w such that v0.x/ D "

and w0.x/ D �. We get v.x/ D v0.x/ D " and w.x/ D w0.x/ D �. �
Definition 2. i) Let v; w be Manis valuations on R. Let .˛; ˇ/ 2 �v � �w. Then

.˛; ˇ/ is called compatible if fv;w.˛/ D fw;v.ˇ/.
ii) Let v1; : : : ; vn be Manis valuations on R and let .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn .

The tuple .˛1; : : : ; ˛n/ is called compatible if .˛i ; ˛j / is compatible for every
1 � i; j � n.

Remark 5.5. Let v1; : : : ; vn be Manis valuations on R.

a) Let x 2 R n S1�i�n supp vi . The tuple .v1.x/; : : : ; vn.x// 2 �v1 � : : : � �vn is
compatible.

b) Let .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn be compatible. Then for every 1 � k � n the
tuple .˛1; : : : ; ˛k/ 2 �v1 � : : : � �vk

is compatible.
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Remark 5.6. Let v; w be Manis valuation on R with v � w. Let .˛; ˇ/ 2 R. Then
.˛; ˇ/ is compatible iff ˇ D fv;w.˛/.

Proposition 5.7. Let v1; : : : ; vn be Manis valuations on R. For 1 � i � n let �i WDT
j ¤i Hvi ;vj . Let .ı1; : : : ; ın/ 2 �1 � : : : � �n. Then .ı1; : : : ; ın/ is compatible.

Proof. Let 1 � i; j � n. We may assume that i ¤ j . Since ıi 2 Hvi ;vj and
ıj 2 Hvj ;vi we have fvi ;vj .ıi / D fvj ;vi .ıj / D 0. �

Proposition 5.8. Let v1; : : : ; vn be Manis valuations on R. Then the following are
equivalent.

(1) For every i ¤ j vi ; vj are independent.
(2) Every .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn is compatible.

Proof. It clearly suffices to do the proof in the case n D 2. We set v WD v1; w WD
v2; ˛ WD ˛1 and ˇ WD ˛2.

(1) ) (2): This follows immediately from �v;w D f0g (cf. Definition 4 in Sect. 2).
(2) ) (1): Assume that v; w are dependent. We choose x 2 R n Av_w. Then

.v.x/; 2w.x// is not compatible since

fv;w.v.x// D .v _ w/.x/ ¤ 2.v _ w/.x/ D fw;v.2w.x//;

contradiction. �

Let v1; : : : ; vn be Manis valuations on R. Let .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn . By
Remark 5(a) it is necessary that .˛1; : : : ; ˛n/ is compatible to find some x 2 R with
v1.x/ D ˛1; : : : ; vn.x/ D ˛n.

Definition 3. Let v1; : : : ; vn be Manis valuations on R. The approximation the-
orem in the neighbourhood of zero holds for v1; : : : ; vn if for every compatible
.˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn there is some x 2 R such that v1.x/ D
˛1; : : : ; vn.x/ D ˛n.

Example 5.9. Let v1; : : : ; vn be Manis valuations on R having the inverse property
such that vi and vj are independent for every i ¤ j . Then by Proposition 3 the
approximation theorem in the neighbourhood of zero holds for v1; : : : ; vn.

Remark 5.10. Let v1; : : : ; vn; w1; : : : ; wm be Manis valuations on R such that for
every 1 � j � m there is some 1 � i � n with vi � wj . The following are
equivalent.

(1) The approximation theorem in the neighbourhood of zero holds for v1; : : : ; vn.
(2) The approximation theorem in the neighbourhood of zero holds for v1; : : : ; vn;

w1; : : : ; wm.

Proof. For 1 � j � m we choose 1 � ij � n such that vij � wj .
(1) ) (2): Let .˛1; : : : ; ˛n; ˇ1; : : : ; ˇm/ 2 �v1 � : : : � �vn � �w1 � : : : � �wm be

compatible. Then .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn is compatible. Hence there is some
x 2 R such that vi .x/ D ˛i for all 1 � i � n. Let 1 � j � m. Then by Remark 6
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wj .x/ D fvij ;wj .vij .x// D fvij ;wj .˛ij / D ˇj :

(2) ) (1): Let .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn be compatible. Let ˇj WD
fvij ;wj .˛ij / for 1 � j � m. Then .˛1; : : : ; ˛n; ˇ1; : : : ; ˇn/ 2 �v1 � : : : � �vn �
�w1 � : : : � �wm is compatible. To see this we distinguish three cases.

Claim 1: .˛k; ˛l / is compatible for 1 � k; l � n. This follows from the setting.

Claim 2: .˛k; ˇl / is compatible for 1 � k � n and 1 � l � m. We may assume
that vk and wl are dependent. Then vk _ vil � vk _ wl by Proposition 2.13. Let
g W �vk_vil

[ f1g ! �vk_wl
[ f1g be the homomorphism of ordered monoids such

that vk _ wl D g ı .vk _ vil /. We obtain

fwl ;vk
.ˇl / D fwl ;vk

.fvil
;wl

.˛il // D g.fvil
;vk

.˛il // D g.fvk ;vil
.˛k// D fvk ;wl

.˛k/:

Claim 3: .ˇk; ˇl / is compatible for 1 � k; l � m. We may assume that wk; wl are
dependent. Then vik _ vil � wk _ wl by Proposition 2.13. Let h W �vik

_vil
[ f1g !

�wk_wl
[ f1g be the homomorphism of ordered monoids such that wk _ wl D

h ı .vik _ vil /. We obtain

fwk;wl
.ˇk/ D fwk ;wl

.fvik
;wk

.˛ik // D h.fvik
;vil

.˛ik //

D h.fvil
;vik

.˛il // D fwl ;wk
.fvil

;wl
.˛il //

D fwl ;wk
.ˇl /:

Since .˛1; : : : ; ˛n; ˇ1; : : : ; ˇn/ is compatible, there is by assumption some x 2 R

such that vi .x/ D ˛i for 1 � i � n and wj .x/ D ˇj for 1 � j � m. Hence we are
done. �

Theorem 5.11. Let v1; : : : ; vn be Manis valuations on R. The following are equiv-
alent.

(1) v1; : : : ; vn have the inverse property.
(2) The approximation theorem in the neighbourhood of zero holds for v1; : : : ; vn.

Proof. (1) ) (2): By Definitions 3 and 2 and Proposition 2 we can assume that
n D 2. We write v WD v1 and w WD v2. By Proposition 3 we can assume that v and
w are dependent. Let .˛; ˇ/ 2 �v � �w be compatible. Then fv;w.˛/ D fw;v.ˇ/ in
�v_w. Hence there is some y 2 R with .v _ w/.y/ D fv;w.˛/ D fw;v.ˇ/. We get
v.y/ � ˛ 2 Hv;w and w.y/ � ˇ 2 Hw;v. By Corollary 4 there is some z 2 R such
that v.z/ D �v.y/ C ˛ and w.z/ D �w.y/ C ˇ. With x WD yz we get v.x/ D ˛ and
w.x/ D ˇ.

(2) ) (1): Let x 2 R. For 1 � i � n we take ˛i WD �vi .x/ if vi .x/ < 1 and
˛i WD 0 if vi .x/ D 1.

Claim: .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn is compatible.
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Proof of the Claim: It clearly suffices to check the following case: Let k ¤ l

such that vk.x/ < 1 and vl .x/ D 1. Then .˛k; ˛l / is compatible. Since
x 2 supp vl n supp vk we get that vk and vl are independent. We have �v;w D f0g
and are done.

By the assumption there is some x0 2 R such that vi .x
0/ D ˛i for 1 � i � n. By

construction vi .x
0/ D �vi .x/ for all 1 � i � n such that vi .x/ ¤ 1. �

Corollary 5.12. Let v1; : : : ; vn be Manis valuations on R. If Av1 \ : : : \ Avn is
Prüfer in R then the approximation theorem in the neighbourhood of zero holds for
v1; : : : ; vn.

Proof. By Theorem 4.18 and Corollary 4.9 the Manis valuations v1; : : : ; vn have the
inverse property. We get the claim by Theorem 11. �

Corollary 5.13. Assume that the approximation theorem in the neighbourhood of
zero holds for Manis valuations v1; : : : ; vn. Let 1 � k � n. Then the approximation
theorem in the neighbourhood of zero holds for v1; : : : ; vk .

Proof. By Theorem 11 v1; : : : ; vn have the inverse property. By Remark 3.1(c)
we know that v1; : : : ; vk have the inverse property. Again by Theorem 11 the
approximation theorem in the neighbourhood of zero holds for v1; : : : ; vk . �

Corollary 5.14. Let v1; : : : ; vn be non-trivial Manis valuations on R such that
the approximation theorem in the neighbourhood of zero holds for v1; : : : ; vn. Let
1 � k � n. Then a compatible tuple .˛1; : : : ; ˛k/ 2 �v1 � : : : � �vk

can be enlarged
to a compatible tuple .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn .

Proof. Let .˛1; : : : ; ˛k/ 2 �v1 � : : : � �vk
be compatible. By Corollary 13 the

approximation theorem in the neighbourhood of zero holds for v1; : : : ; vk . Hence
there is some x 2 R such that vi .x/ D ˛i for all 1 � i � k. By Theorem
11 v1; : : : ; vn have the inverse property. Let I WD f1 � i � n j vi .x/ < 1g:
Note that I � f1; : : : ; kg. By Corollary 3.16 there is some y 2 R such that
vi .x/ < vi .y/ < 1 for all i 2 I and vi .y/ < 1 for all i … I . Let z WD x Cy. Then
vi .z/ D vi .x/ D ˛i for all 1 � i � k and vi .z/ < 1 for all k C 1 � i � n. Let
˛i WD vi .z/ for k C 1 � i � n. Then .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn is compatible
by Remark 5(a). �

In [Al-M] an example of two incomparable Manis valuations not fulfilling the
approximation theorem in the neighbourhood of zero from [Ar] is formulated:

Example 5.15. Let v be a valuation on a field K with value group isomorphic to
Z˚Z equipped with the lexicographical order. Let H WD f0g˚Z and let w WD v=H .
Then �w Š Z. The valuations v and w defined by

v.a0 C a1X C : : : C anXn/ WD minfv.ak/ C k � .1; 0/ j 1 � k � ng
resp.

w.a0 C a1X C : : : C anXn/ WD minfw.ak/ C k � 1 j 1 � k � ng
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are Manis valuations on KŒX� that do not satisfy the approximation theorem in the
neighbourhood of zero.

We want to consider the case of families with finite avoidance. Some notations have
to be introduced.

Definition 4. Let .vi j i 2 I / be a family of Manis valuations on R. Let i 2 I and
let ˛ 2 �vi [ f1g. If ˛ … f0; 1g let H˛ denote the largest convex subgroup of �vi

that does not contain ˛. We set

I.˛/ WD
8
<

:

fig ˛ 2 f0; 1g;
if

fj 2 I j vj � vi =H˛g ˛ … f0; 1g:

Remark 5.16. Let in the above situation ˛ … f0; 1g. Let w WD vi =H˛: Then w is
a non-trivial Manis valuation on R with vi � w (cf. Scholium 1.7). In particular
i 2 I.˛/. (So i 2 I.˛/ for all i 2 I .) If 0 < ˛ < 1 and ˛ D vi .x/ for
some x 2 R then pw is the smallest vi -convex prime ideal of Avi containing x

(cf. Scholium 1.10).

Proposition 5.17. Let .vi j i 2 I / be a family of Manis valuations on R. Let i 2 I

and ˛ 2 �vi n f0g. Then

I.˛/ D fj 2 I j fvi ;vj .˛/ ¤ 0g:

Proof. Let w WD vi =H˛ . We have that w is non-trivial with vi � w. Hence we obtain
for j 2 I vj � w iff vi _ vj � w iff Hvi ;vj � H˛ iff ˛ … Hvi ;vj iff fvi ;vj .˛/ ¤ 0 in
�vi ;vj . �

Remark 5.18. Let .vi j i 2 I / be a family of Manis valuations on R having finite
avoidance. Let i 2 I and let ˛ 2 �vi [ 1. Then I.˛/ is finite.

Proof. If ˛ 2 f0; 1g nothing is to show. If ˛ … f0; 1g then we are done by the
definition and Remark 4.14. �

Definition 5. Let .vi j i 2 I / be a family of Manis valuations on R and let
i1; : : : ; in 2 I . Then .˛1; : : : ; ˛n/ 2 �vi1

� : : : � �vin
is called fi1; : : : ; ing-complete

if
S

1�k�n I.˛k/ D fi1; : : : ; ing:
Remark 5.19. a) Note that

S
1�k�n I.˛k/ � fi1; : : : ; ing for any i1; : : : ; in 2 I and

.˛1; : : : ; ˛n/ 2 �vi1
� : : : � �vin

by Remark 16.
b) If .vi j i 2 I / consists of pairwise independent Manis valuations then every

.˛1; : : : ; ˛n/ 2 �vi1
� : : : � �vin

is fi1; : : : ; ing-complete for all i1; : : : ; in 2 I by
Proposition 17.

Remark 5.20. Let .vi j i 2 I / be a family of Manis valuations on R and let
i1; : : : ; in 2 I . Let .˛1; : : : ; ˛n/ 2 �vi1

� : : : � �vin
be compatible and fi1; : : : ; ing-

complete. Let j1; : : : ; jm 2 I n fi1; : : : ; ing. Then .˛1; : : : ; ˛n; 0; : : : ; 0/ 2
�vi1

� : : : � �vin
� �vj1

� : : : � �vjm
is compatible.
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Proof. Let 1 � k � n and 1 � l � m. If ˛k D 0 then clearly fvik
;vjl

.˛k/ D 0. If
˛k ¤ 0 then fvik

;vjl
.˛k/ D 0 by Proposition 17 since jl … I.˛k/. �

Definition 6. Let .vi j i 2 I / be a family of Manis valuations on R. We say that the
approximation theorem in the neighbourhood of zero holds for the family if for each
i1; : : : ; in 2 I and each compatible and fi1; : : : ; ing-complete tuple .˛1; : : : ; ˛n/ 2
�vi1

� : : :��vin
there is some x 2 R with vip .x/ D ˛p for 1 � p � n and vj .x/ � 0

for all j 2 I n fi1; : : : ; ing.

Remark 5.21. If I is finite then Definition 6 coincides with Definition 3.

Proof. Let I D f1; : : : ; ng.

a) We show that the approximation theorem in the neighbourhood of zero in the
sense of Definition 6 implies the one in the sense of Definition 3. To see this let
.˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn be compatible. By Remark 19(a) it is f1; : : : ; ng-
complete and we are done.

b) We show that the approximation theorem in the neighbourhood of zero in the
sense of Definition 3 implies the one in the sense of Definition 6. For this let
i1 : : : ; ik 2 f1; : : : ; ng. Without restriction we can assume that i1 D 1; : : : ; ik D
k. Let .˛1; : : : ; ˛k/ 2 �v1 � : : : � �vk

be compatible and f1; : : : ; kg-complete.
Then .˛1; : : : ; ˛k; 0; : : : ; 0/ 2 �v1 �: : :��vn is compatible by Remark 20. Hence
there is some x 2 R such that vi .x/ D ˛i for 1 � i � k and vi .x/ D 0 for
k C 1 � i � n and we are done. �

The approximation theorem in the neighbourhood of zero implies the finite avoid-
ance inverse property.

Theorem 5.22. Let .vi j i 2 I / be a family of Manis valuations on R having finite
avoidance. If the approximation theorem in the neighbourhood of zero holds for the
family then it has the finite avoidance inverse property.

Proof. By Theorem 4.21 it is enough to show that every vi is A-essential. Let i0 2 I .
We set p WD centA.vi0 /. We have to show that Avi0

� AŒp�. Let x 2 Avi0
. Since the

given family has finite avoidance we find i1; : : : ; in 2 I such that vik .x/ < 0 for
1 � k � n and vj .x/ � 0 for all j 2 J WD I n fi1; : : : ; ing.

Case 1: vi0 .x/ D 0. Then the tuple .vi0 .x/; vi1 .x/; : : : ; vin .x// 2 �vi0
�

�vi1
� : : : � �vin

is compatible and fi0; : : : ; ing-complete. The tuple .�vi0 .x/;

�vi1 .x/; : : : ; �vin .x// 2 �vi0
� �vi1

� : : : � �vin
is then also compatible and

fi0; : : : ; ing-complete. By assumption we find some y 2 T
j 2J Avj such that

vi0 .y/ D �vi0 .x/ D 0 and vik .y/ D �vik .x/ � 0 for 1 � k � n. Hence
y 2 A n p and xy 2 A.

Case 2: vi0 .x/ > 0. Then vi0.1 C x/ D 0, vik .1 C x/ < 0 for 1 � k � n and
vj .1 C x/ � 0 for all j 2 I n fi1; : : : ; ing. By Case 1 we have 1 C x 2 AŒp� and
therefore x 2 AŒp�. �

We are not able to prove the other implication. We introduce the following notion.
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Definition 7. Let .vi j i 2 I / be a family of Manis valuations on R. We say
that it has the strong finite avoidance inverse property if it has the finite avoidance
inverse property and the following holds for all i1; : : : ; in 2 I and all R-overrings
B of

T
i2I Avi : If vi1 jB; : : : ; vin jB are dependent then vi1 ; : : : ; vin are dependent andW

vik jB D .
W

vik /jB .

Remark 5.23. Let .vi j i 2 I / be a family of Manis valuations on R such thatT
i2I Avi is Prüfer in R. The the family has the strong finite avoidance inverse

property.

Proof. This follows from Proposition 4.13. �

Theorem 5.24. Let .vi j i 2 I / be a family of Manis valuations on R having finite
avoidance. If the family has the strong finite avoidance inverse property then the
approximation theorem in the neighbourhood of zero holds for it.

Proof. Let i1; : : : ; in 2 I and let .˛1; : : : ; ˛n/ 2 �vi1
� : : : � �vin

be compatible
and fi1; : : : ; ing-complete. By Remark 4.20(b) the valuations vi1 ; : : : ; vin have the
inverse property. By Theorem 11 the approximation theorem in the neighbourhood
of zero holds for vi1 ; : : : ; vin . Hence there is some y 2 R such that vik .y/ D ˛k for
1 � k � n. Since .�˛1; : : : ; �˛n/ is also compatible there is some y0 2 R such
that vik .y0/ D �˛k for 1 � k � n. Since the family has finite avoidance there is
a finite subset J of I containing i1; : : : ; in such that vj .y/ � 0 and vj .y0/ � 0 for
all j 2 I n J . Let B WD T

j 2InJ Avj . Then y; y0 2 B . We write J n fi1; : : : ; ing
as finC1; : : : ; img for some m � n. For 1 � k � m we set wk WD vik jB . The family
.vi j i 2 I / has the finite avoidance inverse property by assumption. Therefore the
valuations w1; : : : ; wm are Manis on B and have the inverse property. By Theorem
11 the approximation theorem in the neighbourhood of zero holds for w1; : : : ; wm.
Since y; y0 2 B we have ˛k 2 �wk

and ˛k D wk.y/ for 1 � k � n. We set
˛k WD 0 2 �wk

for n C 1 � k � m.

Claim: The tuple .˛1; : : : ; ˛m/ 2 �w1 � : : : � �wm is compatible.

Proof of the Claim: Let 1 � k < l � m. We show that .˛k; ˛l / is compatible. We
distinguish three cases.

Case 1: 1 � k; l � n. Then wk.y/ D ˛k and wl .y/ D ˛l , so .˛k; ˛l / is compatible.

Case 2: 1 � k � n and n C 1 � l � m. Since il 62 I.˛k/ we get fvik
;vil

.˛k/ D 0 in
�vik

_vil
by Proposition 17. By the strong finite avoidance inverse property and the

definition of special restriction we obtain fwk ;wl
.˛k/ D 0 in �wk ;wl

. So .˛k; ˛l / is
compatible.

Case 3: n C 1 � k < l � m. This is obvious.

Since the approximation theorem in the neighbourhood of zero holds for
w1; : : : ; wm there is some x 2 B such that wk.x/ D ˛k for 1 � k � m.
Then vik .x/ D ˛k for 1 � k � n. It remains to show that vj .x/ � 0 for all
j 2 I n fi1; : : : ; ing. If j D ik for some n C 1 � k � m then vj .x/ D wk.x/ D 0.
If j … J then vj .x/ � 0 since x 2 B . �
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Corollary 5.25. Let .vi j i 2 I / be a family of Manis valuations on R having
finite avoidance. If

T
i2i Avi is Prüfer in R then the approximation theorem in the

neighbourhood of zero holds for .vi j i 2 I /.

Proof. By Remark 23 the family .vi ; j i 2 I / has the strong finite avoidance inverse
property. We get the claim by Theorem 24. �

6 The General Approximation Theorem

We formulate the general approximation theorem both in the finite and in the
infinite case. Note that our reasoning in the finite case also contains Gräter’s
general approximation theorem (cf. [Gr]). Assuming finite avoidance the general
approximation theorem implies the approximation theorem in the neighbourhood of
zero and is implied by the Prüfer condition if the valuations are additionally pairwise
independent. The theory of distributive submodules (cf. Chap. II) is heavily used.

Definition 1. i) Let v; w be Manis valuations on R. Let .˛; ˇ/ 2 �v � �w and
a; b 2 R. We call the tuple .˛; ˇ; a; b/ weakly compatible if .v _ w/.a � b/ �
minffv;w.˛/; fw;v.ˇ/g.

ii) Let v1; : : : ; vn be Manis valuations on R. Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�v1 � : : : � �vk

� Rn. The tuple .˛1; : : : ; ˛n; a1; : : : ; an/ is called weakly
compatible if .˛i ; ˛j ; ai ; aj / is weakly compatible for every 1 � i; j � n.

Remark 6.1. Let v1; : : : ; vn be Manis valuations on R.

a) Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn. Let x 2 R such that
v1.x � a1/ � ˛1; : : : ; vn.x � an/ � ˛n. Then .˛1; : : : ; ˛n; a1; : : : ; an/ is weakly
compatible.

b) For 1 � i � n let �i WD T
j ¤i Hvi ;vj . We set wi WD vi =�i . Let ai 2 Awi and

" 2 �i . Then the tuple

."1; : : : ; "n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn

is weakly compatible.

Proof. Let 1 � i; j � n.

a): We set v WD vi ; w WD vj ; ˛ WD ˛i ; ˇ WD ˛j ; a WD ai and b WD aj . We have

.v _ w/.a � b/ D .v _ w/.a � x C x � b/ � minf.v _ w/.a � x/; .v _ w/.b � x/g
D minffv;w.v.a � x//; fw;v.w.b � x//g � minffv;w.˛/; fw;v.ˇ/g:

b): We may assume that i ¤ j and that vi and vj are dependent. We have
.vi _ vj /.ai � aj / � .vi _ vj /.ai /. Since �i � Hvi ;vj we see wi � vi _ vj .
Since ai 2 Awi we get .vi _ vj /.ai / � 0. Clearly fvi ;vj ."i / D fvj ;vi ."j / D 0

and we are done. �
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Proposition 6.2. Let v1; : : : ; vn be Manis valuations on R. Then the following are
equivalent.

(1) For every i ¤ j vi and vj are independent.
(2) Every .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn is weakly compatible.

Proof. It clearly suffices to do the proof in the case n D 2. We set v WD v1; w WD
v2; ˛ WD ˛1; ˇ WD ˛2; a WD a1 and b WD b1.

(1) ) (2): This follows immediately from �v;w D f0g (cf. Definition 1 in Sect. 5).
(2) ) (1): Assume that v; w are dependent. We choose x 2 R n Av_w. Then

.0; 0; x; 0/ 2 �v � �w � R2 is not compatible since .v _ w/.x/ < 0. �
Definition 2. Let v1; : : : ; vn be Manis valuations on R. The general approximation
theorem holds for v1; : : : ; vn if for every weakly compatible .˛1; : : : ; ˛n; a1; : : : ; an/

2 �v1 � : : : � �vk
� Rn there is some x 2 R such that v1.x � a1/ � ˛1; : : : ;

vn.x � an/ � ˛n.

Note that by Remark 1(b) our definition of a general approximation theorem
contains the one of Gräter in [Gr].

Remark 6.3. Let v1; : : : ; vn be Manis valuations on R and let w1; : : : ; wm be trivial
Manis valuations on R. The general approximation theorem holds for v1; : : : ; vn iff
it holds for v1; : : : ; vn; w1; : : : ; wm. �

It is clear by the preceding remark that the notion of general approximation
theorem is vacuous in the case of trivial valuations. In the case of non-trivial
valuations we get that the general approximation theorem implies the approximation
theorem in the neighbourhood of zero.

Theorem 6.4. Let v1; : : : ; vn be non-trivial Manis valuations on R. If the general
approximation theorem holds for v1; : : : ; vn then also the approximation theorem in
the neighbourhood of zero.

Proof. We can clearly assume that the valuations v1; : : : ; vn are pairwise
non-isomorphic. Without restriction we write the valuations as v1; : : : ; vk; w1; : : : ; wl

such that the following properties hold.

i) vi and vj are incomparable for i ¤ j .
ii) There is ' W f1; : : : ; lg ! f1; : : : ; kg such that v'.j / � wj for all 1 � j � l .

Let .˛1; : : : ; ˛k; ˇ1; : : : ; ˇl / 2 �v1 � : : : � �vk
� �w1 � : : : � �wl

be compatible. For
1 � i � k let xi 2 R such that vi .xi / D ˛i . For 1 � j � l let yj WD x'.j /. Then
wj .yj / D ˇj for 1 � j � l . Since vi is non-trivial and vi 6� vj for all j ¤ i we get
that Hvi ;vj ¤ f0g for all j ¤ i . Since vi is non-trivial and vi 6� wj for all 1 � j � l

we get that Hvi ;wj ¤ f0g for all 1 � j � l . Since these are convex subgroups of �vi

we obtain that

�i WD
\

j ¤i

Hvi ;vj \
\

1�j �l

Hvi ;wj ¤ f0g:
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Let ıi 2 �i with ıi > 0 and let "i WD ˛i C ıi .

Claim: The tuple ."1; : : : ; "k; ˇ1; : : : ; ˇl ; x1; : : : ; xk; y1; : : : ; yl / is weakly compat-
ible.

Proof of the Claim: We distinguish three cases.

Subclaim 1: ."i ; "j ; xi ; xj / is weakly compatible for 1 � i; j � k. We have

.vi _ vj /.xi � xj / � minf.vi _ vj /.xi /; .vi _ vj /.xj /g
D minffvi ;vj .vi .xi //; fvj ;vi .vj .xj //g
D minffvi ;vj .˛i /; fvj ;vi .˛j /g
D minffvi ;vj ."i /; fvj ;vi ."j /g:

Subclaim 2: ."i ; ˇj ; xi ; yj / is weakly compatible for 1 � i � k and 1 � j � l .
We may assume that vi and wj are dependent. Then vi _ v'.j / � vi _ wj by
Proposition 2.13. Let g W �vi _v'.j /

[ f1g ! �vi _wj [ f1g be the homomorphism
of ordered monoids such that vi _ wj D g ı .vi _ v'.j //. We have

.vi _ wj /.xi � yj / � minf.vi _ wj /.xi /; .vi _ wj /.yj /g
D minffvi ;wj .vi .xi //; fwj ;vi .wj .yj //g
D minfg.fvi ;v'.j /

.vi .xi ///; g.fv'.j /;vi .v'.j /.x'.j ////g
D g

�
minffvi ;v'.j /

.vi .xi //; fv'.j /;vi .v'.j /.x'.j ///g
�

D g
�
minffvi ;v'.j /

.˛i /; fv'.j /;vi .˛'.j //g
�

D g
�
minffvi ;v'.j /

."i /; fv'.j /;vi .˛'.j //g
�

D minfg.fvi ;v'.j /
."i //; g.fv'.j /;vi .˛'.j ///g

D minffvi ;wj ."i /; fwj ;vi .ˇj /g:

Subclaim 3: .ˇi ; ˇj ; yi ; yj / is weakly compatible for 1 � i; j � k. We
may assume that wi and wj are dependent. Then v'.i/ _ v'.j / � wi _ wj by
Proposition 2.13. Let h W �v'.i/_v'.j /

[ f1g ! �wi _wj [ f1g be the homomorphism
of ordered monoids such that vwi _wj D h ı .v'.i/ _ v'.j //. We have

.wi _ wj /.yi � yj / � minf.wi _ wj /.yi /; .wi _ wj /.yj /g
D minffwi ;wj .wi .yi //; fwj ;wi .wj .yj //g
D minfh.fv'.i/;v'.j /

.v'.i/.x'.i////; h.fv'.j /;v'.i/
.v'.j /.x'.j ////g

D h
�
minffv'.i/;v'.j /

.v'.i/.x'.i///; fv'.j /;v'.i/
.v'.j /.x'.j ///g

�

D h
�
minffv'.i/;v'.j /

.˛'.i//; fv'.j /;v'.i/
.˛'.j //g

�
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D minfh.fv'.i/;v'.j /
.˛'.i///; h.fv'.j /;v'.i/

.˛'.j ///g
D minffwi ;wj .ˇi /; fwj ;wi .ˇj /g:

Since the general approximation theorem holds for v1; : : : ; vn we find by the claim
some x 2 R such that vi .x � xi / � "i for 1 � i � k (and wj .x � yj / � ˇj for
1 � j � l). Then

vi .x/ D minfvi .xi /; vi .x � xi /g D ˛i

for 1 � i � k and

wj .x/ D fv'.j /;wj .v'.j /.x// D fv'.j /;wj .˛j / D ˇj

for 1 � j � l . �

Corollary 6.5. Let v1; : : : ; vn be non-trivial Manis valuations on R. If the general
approximation theorem holds for v1; : : : ; vn then v1; : : : ; vn have the inverse prop-
erty.

Proof. By Theorem 4 the approximation theorem in the neighbourhood of zero
holds for v1; : : : ; vn. By Theorem 5.11 v1; : : : ; vn have the inverse property. �

Next, we show that the general approximation theorem holds for v1; : : : ; vn if
v1; : : : ; vn are pairwise independent and Av1 \ : : : \ Avn is Prüfer in R. For this, we
need some preparation.

Definition 3. Let A be a ring, M an A-module and N1; : : : ; Nk submodules
of M . We say that the Chinese Remainder Theorem (CRT) holds for the
submodules N1; : : : ; Nk of M , if for any elements x1; : : : ; xk of M with
xi 	 xj mod .Ni C Nj / and for every 1 � i; j � k there exists some x 2 M

with x 	 xi mod Ni for all 1 � i � k.

Remark 6.6. Conversely, if x 	 xi mod Ni for some x 2 R then certainly
xi 	 xj mod .Ni C Nj / for every 1 � i; j � k.

Lemma 6.7. Let M be an A-module. Then CRT holds for any two submodules N1

and N2 of M .

Proof. Let x1; x2 2 M with x1 � x2 2 N1 C N2. Then there are a1 2 N1, a2 2 N2

such that x1 � x2 D a1 C a2. Then x WD x1 � a1 D x2 C a2 does the job. �

Proposition 6.8. Let M be an A-module and let N1; : : : ; Nk be distributive
submodules of M (cf. [Vol. I, Definition 1 in II §5]). Then CRT holds for N1; : : : ; Nk .

Proof. We do induction on k.
k D 1: This is obvious.
k�1 ! k: Let x1; : : : ; xk 2 M with xi 	 xj mod Ni CNj for all 1 � i; j � k.

By the inductive hypothesis there is some y 2 M such that y � xi 2 Ni for all
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1 � i � k � 1. It is enough to find some x 2 R with x � y 2 Tk�1
iD1 Ni and

x �xk 2 Nk. By Lemma 7 it suffices to show that y �xk 2
�Tk�1

iD1 Ni

�
CNk . Since

Nk is distributive we get by applying [Vol. I, Proposition II.5.2(2)] iterated that

 
k�1\

iD1

Ni

!

C Nk D
k�1\

iD1

.Ni C Nk/:

But for each 1 � i � k � 1 we have

y � xk D y � xi C xi � xk 2 Ni C Ni C Nk D Ni C Nk:

�

Corollary 6.9. Let A be Prüfer in R. Then CRT holds for finitely many R-regular
A-submodules of R.

Proof. By [Vol. I, Example II.5.1] every R-regular A-submodule of R is a distribu-
tive submodule of R. Now we can apply Proposition 8. �

Proposition 6.10. Let v1; : : : ; vn be Manis valuations on R such that Av1 \: : :\Avn

is Prüfer in R. Let a1; : : : ; an 2 R and "1 2 �v1 ; : : : ; "n 2 �vn . Then the following
are equivalent.

(1) There is some x 2 R such that vi .x � ai / � "i for all 1 � i � n.
(2) For each 1 � i; j � n there is some x 2 R with vi .x � ai / � "i and

vj .a � aj / � "j .

Proof. Let A WD Av1 \ : : : \ Avn .
(1) ) (2): This is trivial.
(2) ) (1): Let Ik WD fy 2 R j vk.y/ � "kg for 1 � k � n. We have to show that

there is some x 2 R such that x 	 ak mod Ik for 1 � k � n. Note that Ik D R if
vk is trivial. We have that Ik is a vk-convex Avk

-submodule of R properly containing
supp vk . By [Vol. I, Theorem III.2.2] we get that Ik is an R-regular Avk

-submodule
and therefore an R-regular A-module for all 1 � k � n. Hence CRT holds for
I1; : : : ; In by Corollary 9. Hence it is enough to show that ak � al 2 Ik C Il for all
1 � k; l � n. By Remark 6 we are done if we find some x 2 R with x � ak 2 Ik

and x � al 2 Il , i.e. vk.x � ak/ � "k and vl .x � al / � "l . But this holds by (2). �

Theorem 6.11. Let v1; : : : ; vn be pairwise independent Manis valuations on R such
that Av1 \ � � � \ Avn is Prüfer in R. Then the general approximation theorem holds
for v1; : : : ; vn.

Proof. By Definition 1, Proposition 10 and [Vol. I, Corollary I.5.3] it is enough to
show the case n D 2. So let .˛1; ˛2; a1; a2/ 2 �v1 � �v2 � R2 be weakly compatible.
We set Ik WD fy 2 R j vk.y/ � ˛kg for 1 � k � 2. Then I1; I2 are A-modules. By
Lemma 7 we have to show that a1 � a2 2 I1 C I2.
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Case 1: vk.a1 � a2/ � ˛k for k D 1 or k D 2. Then a1 � a2 2 Ik � I1 C I2 and
we are done.

Case 2: vk.a1 � a2/ < ˛k for 1 � k � 2. Let �k WD ˛k � vk.a1 � a2/ > 0.
Since v1 and v2 are independent and since A WD Av1 \ Av2 is Prüfer we find by
Proposition 5.8 and Corollary 5.12 x1; x2 2 R such that v1.x1/ D �1; v2.x1/ D 0

and v1.x2/ D 0; v2.x2/ D �2. We have v1.x1.a1 � a2// D ˛1. So

x1.a1 � a2/ 2 I1 � .I1 C I2/ � .I1 C I2/Av2 :

By [Vol. I, Theorem III.2.2] I2 is an R-regular Av2-module. Hence .I1 CI2/Av2 is an
R-regular Av2-module. Again by [Vol. I, Theorem III.2.2] we see that .I1 C I2/Av2

is v2-convex. Since v2.x1/ D 0 we get a1 � a2 2 .I1 C I2/Av2 . In the same way we
obtain a1 � a2 2 .I1 C I2/Av1 . Hence

a1 � a2 2
\

kD1;2

.I1 C I2/Avk
D I1 C I2

where the latter equality holds by [Vol. I, Theorem II.1.4(4)]. �

For the following, recall Definitions 4 and 5 from Sect. 5.

Definition 4. Let .vi j i 2 I / be a family of Manis valuations on R and let
i1; : : : ; in 2 I . Then .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn is called
fi1; : : : ; ing- complete if

n[

kD1

I.˛k/ [
n[

kD1

I.vk.ak// D fi1; : : : ; ing:

Remark 6.12. Let .vi j i 2 I / be a family of Manis valuations on R and let
i1; : : : ; in 2 I . Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �vi1

� : : : � �vin
� Rn be fi1; : : : ; ing-

complete. Then .˛1; : : : ; ˛n/ is fi1; : : : ; ing-complete.

Proof. This follows immediately from Remark 5.19(a). �

Remark 6.13. Let .vi j i 2 I / be a family of Manis valuations on R and let
i1; : : : ; in 2 I . Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �vi1

� : : : � �vin
� Rn be weakly

compatible and fi1; : : : ; ing-complete. Let j1; : : : ; jm 2 I n fi1; : : : ; ing. Then

.˛1; : : : ; ˛n; 0; : : : ; 0; a1; : : : ; an; 0; : : : ; 0/ 2

�vi1
� : : : � �vin

� �vj1
� : : : � �vjm

� RnCm

is weakly compatible and fi1; : : : ; in; j1; : : : ; jmg-complete.

Proof. Let 1 � p � n and 1 � q � m.
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a) We show that fvip ;vjq
.˛p/ D 0. If ˛p D 0 this is clear. If ˛p ¤ 0 then

fvip ;vjq
.˛p/ D 0 by Proposition 5.17 since jq … I.˛p/.

b) We show that .vip _ vjq /.ap/ � 0. We have .vip _ vjq /.ap/ D fvip ;vjq
.vip .ap//.

If vip .ap/ D 0 or vip .ap/ D 1 nothing is to show. Therefore we assume the
vip .ap/ 2 �vi n f0g. Since jq … I.vp.ap// we get fvip ;vjq

.vip .ap// D 0 be
Proposition 5.17.

By (a) and (b) we get that

.˛1; : : : ; ˛n; 0; : : : ; 0; a1; : : : ; an; 0; : : : ; 0/ 2
�vi1

� : : : � �vin
� �vj1

� : : : � �vjm
� RnCm

is weakly compatible. It is clear by Definition 4 in Sect. 5 that it is
fi1; : : : ; in; j1; : : : ; jmg-complete. �

Definition 5. Let .vi j i 2 I / be a family of Manis valuations on R. We say that the
general approximation theorem holds for the family if for each i1; : : : ; in 2 I and
each weakly compatible and fi1; : : : ; ing-complete tuple .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�vi1

� : : : � �vin
� Rn there is some x 2 R with vik .x � ai / � ˛k for 1 � k � n and

vj .x/ � 0 for all j 2 I n fi1; : : : ; ing.

Remark 6.14. If I is finite then Definition 5 coincides with Definition 2.

Proof. Let I D f1; : : : ; ng.

a) We show that the general approximation theorem in the sense of Def-
inition 5 implies the one in the sense of Definition 2. To see this let
.˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn be weakly compatible. By
Remark 5.19(a) it is f1; : : : ; ng-complete and we are done.

b) We show that the general approximation theorem in the sense of Definition
2 implies the one in the sense of Definition 5. For this let i1 : : : ; ik 2
f1; : : : ; ng. Without restriction we can assume that i1 D 1; : : : ; ik D k. Let
.˛1; : : : ; ˛k; a1; : : : ; ak/ 2 �v1 � : : : � �vk

� Rk be weakly compatible and
f1; : : : ; kg-complete. Then

.˛1; : : : ; ˛k; 0; : : : ; 0; a1; : : : ; ak; 0; : : : ; 0/ 2

�v1 � : : : � �vn � Rn

is weakly compatible by Remark 13. Hence there is some x 2 R such that
vi .x � ai / � ˛i for 1 � i � k and vi .x/ � 0 for k C 1 � i � n and we
are done. �

We can generalize Theorem 4 to families with finite avoidance.

Theorem 6.15. Let .vi j i 2 I / be a family of non-trivial Manis valuations on R

with finite avoidance. If the general approximation theorem holds for .vi j i 2 I /

then also the approximation theorem in the neighbourhood of zero.
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Proof. We can clearly assume that the valuations vi ; i 2 I; are pairwise non-
isomorphic. We write I D K P[L such that the following holds.

i) The valuations in the family .vk j k 2 K/ are pairwise incomparable.
ii) There is ' W L ! K such that v'.l/ � vl for all l 2 L.

(Note that there are no infinite descending chains by Remark 4.14.) Let i1; : : : ; in 2
K and j1; : : : ; jm 2 L. Let

.˛1; : : : ; ˛n; ˇ1; : : : ; ˇm/ 2 �vi1
� : : : � �vik

� �vj1
� : : : � �vjl

be compatible and fi1; : : : ; in; j1; : : : ; jmg-complete. Applying Remark 5.20 we can
assume that '.jl / 2 fi1; : : : ; ing for all 1 � l � m. For 1 � k � n let xk 2 R

such that vik .xk/ D ˛k . For 1 � l � m let yl WD x'.jl /. Then vjl
.yl / D ˇl for

1 � l � m. Clearly the tuple

.˛1; : : : ; ˛n; ˇ1; : : : ; ˇm; x1; : : : ; xn; y1; : : : ; ym/ 2

�vi1
� : : : � �vin

� �vj1
� : : : � �vjm

� RnCm

is fi1; : : : ; in; j1; : : : ; jmg-complete.

Claim : Let � WD T
p2Infi1g Hi1;p . Then � ¤ f0g.

Proof of the Claim: Since vi1 ¤ vp for all p ¤ i1 and since i1 2 K we have
Hi1;p ¤ f0g for all p ¤ i1. Assume that � D f0g. Then we find a sequence
p1; p2; : : : in I n fi1g such that

�vi1
¥ Hi1;p1 ¥ Hi1;p2 ¥ Hi1;p3 ¥ : : : :

So

vi1 _ vp1 > vi1 _ vp2 > vi1 _ vp3 > : : : :

Since vi1 _ vp1 is non-trivial we find some x 2 R such that .vi1 _ vp1/.x/ < 0. Then
.vi1 _ vpn/.x/ < 0 for all n 2 N. We get vpn.x/ < 0 for all p 2 N. This contradicts
the condition that the family has finite avoidance.

For 1 � k � n we find by the claim ıi 2 T
p2Infikg Hik;p with ıi > 0.

Let "k WD ˛k C ık for 1 � k � n. We see as in the proof of Theorem 4 that
the tuple ."1; : : : ; "n; ˇ1; : : : ; ˇm; x1; : : : ; xn; y1; : : : ; ym/ is weakly compatible. By
construction it is clearly fi1; : : : ; in; j1; : : : ; jmg-complete.

Since the general approximation theorem holds for .vi j i 2 I / we find some
x 2 R such that vik .x � xk/ � "k for 1 � k � n, vjl

.x � yl / � ˇl for 1 � l � m

and vp.x/ � 0 for p 2 I n fi1; : : : ; in; j1; : : : ; jmg. As in the proof of Theorem 4 we
see that vik .x/ D ˛k for 1 � k � n and vjl

.x/ D ˇl for 1 � l � m and are done. �
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Theorem 6.16. Let .vi j i 2 I / be a family of pairwise independent Manis
valuations on R having finite avoidance. If

T
i2I Avi is Prüfer in R then the general

approximation theorem holds for .vi j i 2 I /.

Proof. We set A WD T
i2I Avi . Let i1; : : : ; in 2 I . Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2

�vi1
� : : : � �vin

� Rn. (The tuple is weakly compatible by Proposition 2 and
fi1; : : : ; ing-complete by Remark 5.19(b)) For 1 � k � n let xk 2 R with
vik .xk/ D ˛k and yk 2 R with vik .yk/ D �˛k . Since .vi j i 2 I / has
finite avoidance there is a finite subset J of I containing i1; : : : ; in such that
vj .xk/ � 0; vj .yk/ � 0 and vj .ak/ � 0 for all 1 � k � n and all j 2 I n J . Let
B WD T

j 2InJ Avj . Then xk; yk; ak 2 B for all 1 � k � n. We write J nfi1; : : : ; ing
as finC1; : : : ; img for some m � n. For 1 � k � m we set wk WD vik jB .
By Corollary 4.10 w1; : : : ; wm are Manis valuations. By Proposition 4.13 they are
pairwise independent. By construction ˛k 2 �wk

for 1 � k � n. The tuple

.˛1; : : : ; ˛n; 0; : : : ; 0; a1; : : : ; an; 0; : : : ; 0/ 2 �w1 � : : : � �wm � Bm:

is weakly compatible and fi1; : : : ; img-complete. We have

\

1�k�m

Awk
D

\

1�k�m

Avik
\ B D A:

Hence
T

1�k�m Awk
is Prüfer in B by [Vol. I, Corollary I.5.3]. Applying Theorem

11 there is some x 2 B such that wk.x � ak/ � ˛k for 1 � k � n and wk.x/ � 0

for n C 1 � k � m. Therefore vik .x � ak/ � ˛k for 1 � k � n and vj .x/ � 0 for
j 2 I n fi1; : : : ; ing. �

7 The Reinforced Approximation Theorem

We present the remarkable result of Gräter [Gr2] on the reinforced approximation
theorem. It implies the approximation theorem in the neighbourhood of zero.
Assuming finite avoidance the reinforced approximation theorem for pairwise non-
isomorphic PM-valuations is equivalent to the Prüfer condition. The concept of
maximally dominant Manis valuations is introduced and used.

Definition 1. i) Let v; w be Manis valuation on R. Let .˛; ˇ; a; b/ 2 �v ��w �R2.
We call the tuple .˛; ˇ; a; b/ compatible if it is weakly compatible (cf. Sect. 6,
Definition 1) and if the tuple .˛; ˇ/ 2 �v � �w is compatible (cf. Sect. 5,
Definition 2).

ii) Let v1; : : : ; vn be Manis valuations on R. Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�v1 � : : : � �vk

� Rn. The tuple .˛1; : : : ; ˛n; a1; : : : ; an/ is called compatible if
.˛i ; ˛j ; ai ; aj / is compatible for every 1 � i; j � n.
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Remark 7.1. Let v1; : : : ; vn be Manis valuations on R. Let .˛1; : : : ; ˛n/ 2
�v1 � : : : � �vn . The tuple .˛1; : : : ; ˛n/ is compatible (in the sense of Definition 2 in
Sect. 5) iff .˛1; : : : ; ˛n; 0; : : : ; 0/ 2 �v1 � : : : � �vn � Rn is compatible (in the sense
of Definition 1).

Remark 7.2. Let v; w be Manis valuations on R. A tuple .˛; ˇ; a; b/ 2 �v ��w �R2

is compatible iff .˛; ˇ/ 2 �v � �w is compatible and the following holds:

v.a � b/ < ˛ H) fv;w.˛/ D .v _ w/.a � b/ in �v;w;

or

w.a � b/ < ˇ H) fw;v.ˇ/ D .v _ w/.a � b/ in �v;w:

Remark 7.3. Let v1; : : : ; vn be Manis valuations on R.

i) Let x 2 R n S1�i�n supp vi and let ai 2 R for 1 � i � n. If vi .ai / � vi .x/

for all 1 � i � n then .v1.x/; : : : ; vn.x/; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn is
compatible.

ii) Let .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn be compatible and let x; a1; : : : ; an 2 R

such that vi .x � ai / � ˛i for all 1 � i � n. Then .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�v1 � : : : � �vn � Rn is compatible.

Proof. i): The tuple .v1.x/; : : : ; vn.x// 2 �v1 � : : : � �vn is compatible by
Remark 5.5(a). We show that .v1.x/; : : : ; vn.x/; a1; : : : ; an/ is weakly compati-
ble. Let 1 � i; j � n. We set v WD vi ; w WD vj ; ˛ WD v.x/; ˇ WD w.x/; a WD ai ,
and b WD aj . Then

.v _ w/.a � b// D .v _ w/.a � x C x � b/ � minf.v _ w/.a � x/; .v _ w/.b � x/g
D minffv;w.v.a � x//; fw;v.w.b � x//g
� minffv;w.v.x//; fv;w.v.a//; fw;v.w.x//; fw;v.w.b//g
D fv;w.˛/.D fw;v.ˇ//:

ii): This follows from Remark 6.1(a). �

Definition 2. Let v1; : : : ; vn be Manis valuations on R. The reinforced approxima-
tion theorem holds for v1; : : : ; vn if for every compatible .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�v1 �: : :��vn �Rn there is some x 2 R such that v1.x�a1/ D ˛1; : : : ; vn.x�an/ D
˛n.

Remark 7.4. (cf. [Al-M, p. 107]) Let v1; : : : ; vn be Manis valuations and let

.˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn:

Assume that there is some x 2 R such that vi .x � ai / D ˛i for all 1 � i � n. Then
the above tuple is not necessary compatible.
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Proof. Let v1; v2 be dependent Manis valuations on R. Let ˛1 2 �v1 and ˛2 2
�v2 with fv1;v2 .˛1/ < fv2;v1 .˛2/. Let a1; a2 2 R with v1.a1/ D ˛1 and v2.a2/ D
˛2. Taking x D 0 we have vi .x � ai / D ˛i for 1 � i � 2. But .˛1; ˛2/ is not
compatible. �

Remark 7.5. Let v1; : : : ; vn; w1; : : : ; wm be Manis valuations on R such that for
every 1 � j � m there is some 1 � i � n with vi � wj . If the reinforced
approximation theorem holds for v1; : : : ; vn; w1; : : : ; wm then also for v1; : : : ; vn.

Proof. For 1 � j � m we choose 1 � ij � n such that vij � wj . Let

.˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn

be compatible. For 1 � j � m let ˇj WD fvij ;wj .˛ij / and bj WD aij . We see as in
the proof of Remark 5.10, (2) ) (1), that the tuple

.˛1; : : : ; ˛n; ˇ1; : : : ; ˇm; a1; : : : ; an; b1; : : : ; bm/ 2

�v1 � : : : � �vn � �w1 � : : : � �wm � RnCm

is compatible. By assumption there is some x 2 R such that vi .x � ai / D ˛i for all
1 � i � n. �

Remark 7.6. Let v1; : : : ; vn be non-trivial Manis valuations on R and let w1; : : : ; wm

be trivial Manis valuations on R. If the reinforced approximation theorem holds for
v1; : : : ; vn; w1; : : : ; wm then also for v1; : : : ; vn.

Proof. Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn be compatible. Then

.˛1; : : : ; ˛n; 0; : : : ; 0; a1; : : : ; an; 0; : : : ; 0/ 2
�v1 � : : : � �vn � �w1 � : : : � �wm � RnCm

is compatible since vi ; wj are independent and wj ; wl are independent for 1 � i � n

and 1 � j ¤ l � m. By assumption there is some x 2 R such that vi .x � ai / D ˛i

for all 1 � i � n. �

Proposition 7.7. Let v1; : : : ; vn be Manis valuations on R. If the reinforced approx-
imation theorem holds for v1; : : : ; vn then also the approximation theorem in the
neighbourhood of zero.

Proof. Let .˛1; : : : ; ˛n/ 2 �v1 � : : : � �vn be compatible. By Remark 1 the tuple
.˛1; : : : ; ˛n; 0; : : : ; 0/ 2 �v1 � : : : � �vn � Rn is compatible. Hence there is some
x 2 R such that vi .x/ D ˛i for all 1 � i � n. �

Corollary 7.8. Let v1; : : : ; vn be Manis valuations on R. If the reinforced approxi-
mation theorem holds for v1; : : : ; vn then v1; : : : ; vn have the inverse property.
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Proof. By Proposition 7 the approximation theorem in the neighbourhood of zero
holds for v1; : : : ; vn. By Theorem 5.11 v1; : : : ; vn have the inverse property. �

Proposition 7.9. Let v1; : : : ; vn be Manis valuations on R such that Av1 \ � � �\ Avn

is Prüfer in R. Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 � : : : � �vn � Rn be compatible.
Then there is some x 2 R such that v1.x � a1/ � ˛1; : : : ; vn.x � an/ � ˛n.

Proof. We can adapt the proof of Theorem 6.11. By Proposition 6.10 and [Vol.
I, Corollary I.5.3] it is enough to show the case n D 2. So let .˛1; ˛2; a1; a2/ 2
�v1 � �v2 � R2 be compatible. We set Ik WD fy 2 R j vk.y/ � ˛i g for 1 � k � 2.
By Lemma 6.7 we have to show that a1 � a2 2 I1 C I2.

Case 1: vk.a1 � a2/ � ˛k for k D 1 or k D 2. Then a1 � a2 2 Ik � I1 C I2 and
we are done.

Case 2: vk.a1 � a2/ < ˛k for 1 � k � 2. Then

.v1 _ v2/.a1 � a2/ D fv1;v2 .˛1/ D fv2;v1 .˛2/

by Remark 2. Let �k WD ˛k � vk.a1 � a2/ > 0. Then fv1;v2 .�1/ D fv2;v1 .�2/ D 0.
So .�1; 0/ and .0; �2/ are compatible. Since A WD Av1 \ Av2 is Prüfer we
find by Corollary 5.12 x1; x2 2 R such that v1.x1/ D �1; v2.x1/ D 0 and
v1.x2/ D 0; v2.x2/ D �2. We have v1.x1.a1 � a2// D ˛1. Now we can proceed
as in the proof of Theorem 6.11. �
The main result is that the reinforced approximation theorem holds for pairwise
non-isomorphic non-trivial Manis valuations v1; : : : ; vn if Av1 \ : : : \ Avn is Prüfer
in R.

Theorem 7.10. Let v1; : : : ; vn be pairwise non-isomorphic non-trivial Manis val-
uations on R such that Av1 \ � � � \ Avn is Prüfer in R. Then the reinforced
approximation theorem holds for v1; : : : ; vn.

Proof. Without restriction we write the valuations as v1; : : : ; vk; w1; : : : ; wl such
that the following properties hold.

i) vi and vj are incomparable for i ¤ j .
ii) There is ' W f1; : : : ; lg ! f1; : : : ; kg such that v'.j / � wj for all 1 � j � l .

Let .˛1; : : : ; ˛k; ˇ1; : : : ; ˇl ; a1; : : : ; ak; b1; : : : ; bl / 2 �v1 � : : : � �vk
� �w1 � : : : �

�wl
� RkCl be compatible. Since .˛1; : : : ; ˛k; ˇ1; : : : ; ˇl / is compatible there is by

Corollary 5.12 some x0 2 R such that vi .x
0/ D ˛i for 1 � i � k and wj .x0/ D ˇj

for 1 � j � l . As in the proof of Theorem 6.4 we find for 1 � i � k "i > ˛i such
that ."1; : : : ; "k; ˇ1; : : : ; ˇl ; a1; : : : ; ak; b1; : : : ; bl / is compatible. By Proposition 9
there is some x00 2 R such that vi .x

00�ai / � "i for all 1 � i � k and wj .x00�bj / �
ˇj for all 1 � j � l . Let y WD x0 C x00. Then vi .y � ai / D ˛i for 1 � i � k and
wj .y � bj / � ˇj for 1 � j � l . For 1 � i � k we set

�i WD
\

j ¤i

Hvi ;vj \
\

1�j �l

Hvi ;wj :
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Then �i is a convex subgroup of �vi distinct from f0g. Hence we find some ı0
i 2 �i

such that ı0
i > 0 and

"0
i WD ˛i C ı0

i … fvi .y � b1/; : : : ; vi .y � bl/g

for 1 � i � k. Then ."0
1; : : : ; "0

k; ˇ1; : : : ; ˇl / is compatible. By Corollary 5.12
we find some y0 2 R such that vi .y

0/ D "0
i for 1 � i � k and wj .y0/ D ˇj

for 1 � j � l . Let x WD y C y0. Then vi .x � ai / D ˛i for 1 � i � n and
wj .x � bj / � ˇj for 1 � j � l . We show that wj .x � bj / D ˇj for 1 � j � l . To
see this we fix 1 � j � l . Since "0

'.j / ¤ v'.j /.y � bj / we have

v'.j /.x � bj / D v'.j /.y � bj C y0/ D minfv'.j /.y � bj /; "0
'.j /g:

We distinguish two cases.

Case 1: v'.j /.x � bj / D "0
'.j /. Then

wj .x � bj / D fv'.j /;wj .v'.j /.x � bj // D fv'.j /;wj ."0
'.j //

D fv'.j /;wj .v'.j /.y
0// D wj .y0/ D ˇj :

Case 2: v'.j /.x � bj / < "0
'.j / (and v'.j /.x � bj / D v'.j /.y � bj /). Then

wj .x � bj / D fv'.j /;wj .v'.j /.x � bj // � fv'.j /;wj ."0
'.j //

D fv'.j /;wj .v'.j /.y
0// D wj .y0/ D ˇj :

But wj .x � bj / � ˇj by above. Hence equality holds. �

Corollary 7.11. Let v1; : : : ; vn be pairwise non-isomorphic Manis valuations on R.
If Av1 \ : : : \ Avn is Prüfer in R then the reinforced approximation theorem holds
for v1; : : : ; vn.

Proof. We can assume that v1; : : : ; vk are trivial and vkC1; : : : ; vn are non-trivial for
some 0 � k � n. We do induction on k.

k D 0: This is covered by Theorem 10.
k � 1 ! k: After switching the order we can assume that supp v1 is minimal

in fsupp vi j 1 � i � kg with respect to inclusion. Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�v1 � : : : � �vn � Rn be compatible. Note that ˛i D 0 for 1 � i � k. The tuple
.˛2; : : : ; ˛n; a2; : : : ; an/ 2 �v2 �: : :��vn �Rn�1 is also compatible. By the inductive
hypothesis there is some x0 2 R with vi .x

0�ai / D ˛i for 2 � i � n. If v1.x
0�a1/ D

0 we are done. Assume that v1.x
0 � a1/ D 1. We have supp v1 ¤ supp vi for all

2 � i � k by assumption. By Theorem 4.18 and Corollary 4.9 v1; : : : ; vn have the
inverse property. Therefore Claim 2 in the proof of Theorem 4.18 holds. Hence there
is some x00 2 R with
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v1.x
00/ D 0; v2.x

00/ D 1; : : : ; vk.x00/ D 1; vkC1.x
00/ > ˛kC1; : : : ; vn.x00/ > ˛n:

Let x WD x0 C x00. Then vi .x � ai / D ˛i for all 1 � i � n. �

Remark 7.12. It is in general necessary in Corollary 11 that the valuations are
non-isomorphic.

Proof. Let R be the field Z=2Z. Let v be the trivial valuation on R (with supp v D
f0g). Then the reinforced approximation theorem does not hold for v; v for the
following reason: The tuple .0; 0; 1; 0/ 2 �v � �v � R2 is clearly compatible but
there is no x 2 R such that v.x � 1/ D 0 and v.x/ D 0 since there is no x 2 R with
x � 1 D 1 and x D 1. �

The converse of Theorem 10 holds if the valuations are PM. We need the notion of
maximal dominance.

Definition 3. A Manis valuation v on R is said to be maximally dominant if for all
non-trivial Manis valuations w on R with v � w the ideal pw is maximal in Aw.

Remark 7.13.

i) A trivial valuation is maximally dominant.
ii) Let v be a non-trivial Manis valuation on R that is maximally dominant. Then

pv is a maximal ideal of Av.

Proposition 7.14. Let v be a non-trivial Manis valuation on R. Then the following
are equivalent:

(1) Av is Prüfer in R (i.e. v is a PM-valuation).
(2) v is maximally dominant.
(3) pv is a maximal ideal of Av and for any maximal ideal m of Av with m ¤ pv

there is no prime ideal p of Av such that supp v ¤ p � pv and p � m.

Proof. Let A WD Av.
(1) ) (2): Let w be a non-trivial Manis valuation on R with v � w. Then

Aw � Av by Proposition 1.8 and hence Aw is Prüfer by [Vol. I, Corollary I.5.3].
Therefore pw is a maximal ideal of Aw by [Vol. I, Corollary III.1.4] and [Vol. I,
Proposition I.2.3].

(2) ) (3): By Remark 13(ii) pv is a maximal ideal of A. Let m be a maximal ideal
of A with m ¤ pv. Suppose that there is some prime ideal p of A such that supp v ¤
p � pv and p � m. By Scholium 1.10 there is a coarsening w of v such that Aw D
AŒp� and pw D p (namely vp, cf. Definition 2 in Sect. 1). By Proposition 1.12 w is
non-trivial. By assumption p is a maximal ideal of Aw DW B . By [Vol. I, Proposition
I.1.17] vjB is Manis.

Claim: supp vjB D p.

Proof of the Claim: We show that supp vjB � p. Let x 2 B n p. If v.x/ � 0

then vjB.x/ D v.x/ and therefore x … supp vjB . So we assume that v.x/ > 0. Then
x 2 Anp. Since supp v � p and v is Manis there is some y 2 R with v.y/ D �v.x/.
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Hence yx 2 A and therefore y 2 AŒp� D B . So vjB.x/ D v.x/ < 1. We show
that p � supp vjB . Let x 2 p. Then v.x/ > 0. Assume that x 62 supp vjB . Then
there is some y 2 B with v.x/ � �v.y/. Since B D AŒp� there is some s 2 A n p
with ys 2 A. So v.ys/ � 0 and therefore v.s/ � �v.y/. We get v.x/ � v.s/ and
therefore s 2 p since p is v-convex by [Vol. I, Proposition I.1.10], contradiction.

By the claim we obtain that vjB has maximal support (cf. [Vol. I, Definition 7
in I §1]). Clearly A D AvjB . By above pv and m are prime ideals of A that contain
supp vjB . By [Vol. I, Proposition I.1.11 v) ) vi)], the two ideals m and pv of A are
vjB convex. Therefore they are comparable. This contradicts the fact that pv and m
are distinct maximal ideals of A.

(3) ) (1): Let m be any maximal ideal of A. If m D pv then AŒm� D A and
mŒm� D m by [Vol. I, Lemma III.1.0], so .AŒm�;mŒm�/ is a Manis pair of R. Let
now m ¤ pv. We show that AŒm� D R and are done. Suppose that AŒm� ¤ R and
let x 2 R n AŒm�. Then .A W x/ � m. We have that .A W x/ is v-convex. Thus
p WD p

.A W x/ is a v-convex prime ideal of A with p � m. We have p ¥ supp.v/

since v is Manis and p � pv since .A W x/ � pv because of x 62 A D AŒpv�. This
contradicts (3). �
Note that (1) ) (3) in the previous proof would also follow from Theorem 4.16
with A WD Av and Scholium 1.10 combined with Proposition 1.12.

Corollary 7.15. Let v be a non-trivial discrete Manis valuation on R and A WD Av.
Then A is Prüfer in R if and only if pv is a maximal ideal of A.

Proof. Since v is discrete the set of all non-trivial Manis valuations coarser than v
contains only v. We get the claim by Proposition 14. �

Theorem 7.16. Let v1; : : : ; vn be PM-valuations on R. If the reinforced approxima-
tion theorem holds for v1; : : : ; vn then Av1 \ : : : \ Avn is Prüfer in R.

Proof. By Proposition 1.8 and Remark 5 we can assume that vi ; vj are incomparable
for i ¤ j . By Remark 6 we can assume that vi is non-trivial for all 1 � i � n. Let
A WD Av1 \ : : : \ Avn . The approximation theorem in the neighbourhood of zero
holds for v1; : : : ; vn by Proposition 7. By Theorems 5.11 and 4.18 we get that vi is
A-essential for every 1 � i � n. Therefore we show condition (ii) of Theorem 4.17
to get the claim. Let m be a maximal ideal of A with m ¤ centA.vi / for 1 � i � n.
Let w be a non-trivial Manis valuation with vi � w for some 1 � i � n. We have to
show that centA.w/ 6� m. Without restriction we assume that i D 1 and set v WD vi .
Assume that centA.w/ � m. Let B0 WD AŒpw� D A C pw and q0 WD m C pw.

Claim 1: q0 is a prime ideal of B0 with q0 \ A D m.

Proof of Claim 1: It is clear that q0 is an ideal of B0 with q0 \ A D m. We show
that it is prime. Let x D a C p; y D b C q 2 B0 where a; b 2 A and p; q 2 pw

such that xy 2 q0. Let p0 WD aq C bp C pq 2 pw. Then xy D ab C p0. Since
xy 2 q0 there is some m 2 m and some q0 2 pw such that ab Cp0 D m Cq0. Hence
ab �m 2 centA.w/ � m and therefore ab 2 m. Since m is prime in A we get a 2 m
or b 2 m. This gives that x 2 q0 or y 2 q0.
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By [LM, Theorem 10.6] there is a Manis pair .B; q/ of Aw with B0 � B and
q \ B0 D q0. Hence q � pw and q \ A D m.

Claim 2: .B; q/ is a Manis pair of R.

Proof of Claim 2: By [Vol. I, Theorem I.2.4] we have to find for x 2 R n B some
y 2 q such that xy 2 Bnq. If x 2 Aw we are done since .B; q/ is a Manis pair in Aw.
So we assume that x 2 R n Aw. Then there is some p 2 pw with xp 2 Aw n pw. By
assumption v is PM. Hence it is maximally dominant by Proposition 14, (1) ) (2).
So pw is a maximal ideal of Aw. Hence xpAw C pw D Aw and we find a 2 Aw and
p0 2 pw with xpa C p0 D 1. Since pw � q we get that xpa … q. Let q WD pa 2 pw.
Then xq 2 Aw n q. If xq 2 B we take y WD q. If xq 2 Aw n B there is some q0 2 q
such that xqq0 2 B n q. Then we take y WD qq0.

Let u be the Manis valuation on R corresponding to .B; q/. Since w and u are
non-trivial we get u � w by Proposition 1.8.

Claim 3: vi 6� u for 1 � i � n.

Proof of Claim 3: Assume that there is some 1 � i � n such that vi � u. Then
pu � pvi . We have pu D q and obtain centA.u/ D q\A D m. Hence m � centA.vi /.
This contradicts the fact that m is a maximal ideal of A distinct from centA.vi /.

We may assume that there is some 1 � l � n such that

fv1; : : : ; vlg D fvi j vi � wg:
In the proof of Claim 2 we have seen that pw is a maximal ideal of Aw. Hence
K WD Aw=pw is a field. For 1 � i � l we define

vi W K ! �vi [ f1g; vi .x C pw/ D
8
<

:

vi .x/ x 2 Aw n pw;

if
1 x 2 pw:

and we set

u W K ! �u [ f1g; u.x C pw/ D
8
<

:

u.x/ x 2 Aw n pw;

if
1 x 2 pw:

Since pw is vi -convex for every 1 � i � l and u-convex these are well defined
valuations on k. We have pvi D centAw.vi /=pw D pvi =pw for 1 � i � l and
pu D centAw.u/=pw D pu=pw. As in Claim 3 we see that vi 6� u for 1 � i � l .

Claim 4: There is some y 2 K with u.y/ < 0 and vi .y/ D 0 for all 1 � i � l .

Proof of Claim 4: Since vi 6� u for all 1 � i � l we have that
T

1�i�l Hu;vi ¤ f0g.
Let ˛ 2 T

1�i�l Hu;vi with ˛ < 0. Then .˛; 0; : : : ; 0/ 2 �u � �v1 � : : : � �vl

is compatible. By Remark 3.1(d) valuations on a field have the inverse property.
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Hence we find by Theorem 5.11 some y 2 K with u.y/ D ˛ < 0 and vi .y/ D 0 for
1 � i � l .

From Claim 4 we obtain some x 2 Aw with u.x/ < 0 and vi .x/ D 0 for
1 � i � l . We fix this x.

Claim 5: Let J WD f.i; j / 2 f1; : : : ; lg � fl C 1; : : : ; ng j vi ; vj dependentg. Then
there is some z 2 pw with z 2 Avi _vj n pvi _vj for all .i; j / 2 J .

Proof of Claim 5: Assume that the assertion does not hold. Then

centA.w/ �
[

.i;j /2J

centA.vi _ vj /:

So there is a pair .i; j / 2 J with centA.w/ � centA.vi _ vj /. Then AŒcentA.w/� �
AŒcentA.vi _vj /�. Since vi is A-essential we get that w is also A-essential by Propo-
sition 4.5. By the same argument we see that vi _ vj is A-essential. So Aw �
Avi _vj . We have seen at the beginning of the proof that the approximation theorem
in the neighbourhood of zero holds for v1; : : : ; vn. Hence by Theorem 5.11 and
Proposition 3.21 w; vi ; vj have the inverse property. By Proposition 3.22 we obtain
that vi _ vj � w. Therefore vj � w, contradiction.

By Claim 5 we find some z 2 pw with z 2 Avi _vj n pvi _vj for all .i; j / 2 J . Let
˛i WD vi .z/ for 1 � i � l . Then ˛i > 0 since z 2 pw � pvi for 1 � i � l . Since
z 2 Avi _vj n pvi _vj for all .i; j / 2 J the tuple

.˛1; : : : ; ˛l ; 0; : : : ; 0; x; : : : ; x; 0; : : : ; 0/ 2 �v1 � : : : � �vn � Rn

is compatible. Since the reinforced approximation theorem holds for v1; : : : ; vn there
is some a 2 R with vi .a � x/ D ˛i for 1 � i � l and vj .a/ D 0 for l C 1 � j � n.
For 1 � i � l we get vi .a/ D vi .a � x C x/ D 0 since vi .x/ D 0 and ˛i > 0. So
a 2 A. We show that u.a � x/ > 0. We have v � w. Therefore

w.a � x/ D fv;w.v.a � x// D fv;w.˛1/ D fv;w.v.z// D w.z/ > 0

since z 2 pw. Since u � w we get u.a � x/ > 0. So u.a/ D u.x C a � x/ < 0.
Hence we have found some a 2 A with u.a/ < 0. But A � Au by construction,
contradiction. �
Corollary 7.17. Let v1; : : : ; vn be pairwise non-isomorphic non-trivial PM-
valuations on R satisfying the reinforced approximation theorem. Let w1; : : : ; wm

be pairwise non-isomorphic trivial Manis valuations on R. Then the reinforced
approximation theorem holds for v1; : : : ; vn; w1; : : : ; wm.

Proof. By Theorem 16
T

1�i�n Avi is Prüfer in R. Since
T

1�i�n Avi \T
1�j �m Awj D T

1�i�n Avi we get the claim by Corollary 11. �
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Corollary 7.18. Let v1; : : : ; vn be pairwise independent PM-valuations on R. If
the reinforced approximation theorem holds for v1; : : : ; vn then also the general
approximation theorem.

Proof. By Theorem 16 Av1 \ : : : \ Avn is Prüfer in R. By Theorem 6.11 the general
approximation theorem holds for v1; : : : ; vn. �

Definition 4. Let .vi j i 2 I / be a family of Manis valuations on R. We say that
the reinforced approximation theorem holds for the family if for each i1; : : : ; in 2 I

and each compatible and fi1; : : : ; ing-complete tuple .˛1; : : : ; ˛n; a1; : : : ; an/ 2
�vi1

� : : : � �vin
� Rn there is some x 2 R with vik .x � ak/ D ˛k for 1 � k � n

and vj .x/ � 0 for all j 2 I n fi1; : : : ; ing.

Remark 7.19. Let .vi j i 2 I / be a family of Manis valuations on R and let
i1; : : : ; in 2 I . Let .˛1; : : : ; ˛n; a1; : : : ; an/ 2 �vi1

� : : : � �vin
� Rn be compatible

and fi1; : : : ; ing-complete. Let j1; : : : ; jm 2 I n fi1; : : : ; ing. Then

.˛1; : : : ; ˛n; 0; : : : ; 0; a1; : : : ; an; 0; : : : ; 0/ 2

�vi1
� : : : � �vin

� �vj1
� : : : � �vjm

� RnCm

is compatible and fi1; : : : ; in; j1; : : : ; jmg-complete.

Proof. Let 1 � k � n and 1 � l � m. If ˛k D 0 then clearly fvik
;vjl

.˛k/ D 0.
If ˛k ¤ 0 then also fvik

;vjl
.˛l / D 0 by Proposition 5.17 since jq … I.˛i /. By

Proposition 5.17 we get also .vik _ vjl
/.ak/ D 0 in �vik

;vjl
since jq … I.vik .ak//. So

the above tuple is compatible. It is clear by Definition 4 in Sect. 5 that the tuple is
fi1; : : : ; in; j1; : : : ; jmg-complete. �

Remark 7.20. If I is finite then Definition 4 coincides with Definition 2.

Proof. Let I D f1; : : : ; ng.

a) We show that the reinforced approximation theorem in the sense of
Definition 4 implies the one in the sense of Definition 2. To see this let
.˛1; : : : ; ˛n; a1; : : : ; an/ 2 �v1 �: : :��vn �Rn be compatible. By Remark 5.19(a)
it is f1; : : : ; ng-complete and we are done.

b) We show that the reinforced approximation theorem in the sense of Definition
2 implies the approximation theorem in the sense of Definition 4. For this let
i1 : : : ; ik 2 f1; : : : ; ng. Without restriction we can assume that i1 D 1; : : : ; ik D
k. Let .˛1; : : : ; ˛k; a1; : : : ; ak/ 2 �v1 � : : : � �vk

� Rk be compatible and
f1; : : : ; kg-complete. Then

.˛1; : : : ; ˛k; 0; : : : ; 0; a1; : : : ; ak; 0; : : : ; 0/ 2 �v1 � : : : � �vn � Rn

is compatible by Remark 19. Hence there is some x 2 R such that vi .x � ai / D
˛i for 1 � i � k and vi .x/ D 0 for k C 1 � i � n and we are done. �
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Proposition 7.21. Let .vi j i 2 I / be a family of Manis valuations on R.
If the reinforced approximation holds then the approximation theorem in the
neighbourhood of zero.

Proof. Let i1; : : : ; in 2 I . Let .˛1; : : : ; ˛n/ 2 �vi1
� : : : � �vin

be compatible and
fi1; : : : ; ing-complete. Then

.˛1; : : : ; ˛n; 0; : : : ; 0/ 2 �vi1
� : : : � �vin

� Rn

is compatible and fi1; : : : ; ing-complete. Since the reinforced approximation theo-
rem holds there is some x 2 R such that vik .x/ D ˛k for 1 � k � n and vj .x/ � 0

for j 2 I n fi1; : : : ; ing. �

We extend the above relationship between the reinforced approximation theorem
and Prüfer rings to families having finite avoidance.

Theorem 7.22. Let .vi j i 2 I / be a family of pairwise non-isomorphic Manis
valuations on R having finite avoidance. If

T
i2I Avi is Prüfer in R then the

reinforced approximation theorem holds for the family.

Proof. We set A WD T
i2I Avi . Let i1; : : : ; in 2 I and let .˛1; : : : ; ˛n; a1; : : : ; an/ 2

�vi1
� : : : � �vin

� Rn be compatible and fi1; : : : ; ing-complete. Since A is Prüfer
also

Tn
kD1 Avik

is Prüfer in R by [Vol. I, Corollary I.5.3]. By Corollary 5.12 the
approximation theorem in the neighbourhood of zero holds for vi1 ; : : : ; vin . Hence
there are y; y0 2 R such that vik .y/ D ˛i and vik .y0/ D �˛i for 1 � k � n.
By Corollary 11 the reinforced approximation theorem holds for vi1 ; : : : ; vin . Hence
there is some z 2 R such that vik .z � ai / D ˛i for 1 � k � n. Since the family
has finite avoidance there is a finite subset J of I containing i1; : : : ; in such that
vi .y/ � 0; vi .y

0/ � 0; vi .z/ � 0 and vi .ak/ � 0 for all i 2 I n J and all 1 � k � n.
Let B WD T

i2InJ Avi . Then y; y0; z; a1; : : : ; an 2 B . We write J n fi1; : : : ; ing as
finC1; : : : ; img for some m � n. For 1 � k � m we set wk WD vik jB .

Claim 1: The valuations w1; : : : ; wk are pairwise non-isomorphic and Manis.

Proof of Claim 1: By Corollary 4.10 the valuations are Manis. Assume that there
are r ¤ s such that wr Š ws . Then pwr D pws . Since pwr D pvir

\ B and
A � B we obtain centA.vir / D centA.wr /. Similarly centA.vis / D centA.ws/. Hence
centA.vir / D centA.vis /. By Corollary 1.17 and Proposition 1.2 we get that vir and
vis are isomorphic, contradiction.

Clearly
T

1�k�m Awk
D A. By [Vol. I, Corollary I.5.3] A is Prüfer in B . Hence

the reinforced approximation theorem holds for w1; : : : ; wm by Corollary 11 and
Claim 1. Since y; y0 2 B we have ˛i 2 �wk

for 1 � k � n. We set ˛k WD 0 2 �wk

and ak WD 0 2 B for n C 1 � k � m.

Claim 2: The tuple .˛1; : : : ; ˛m; a1; : : : ; am/ 2 �w1 � : : :��wm �Bm is compatible.

Proof of Claim 2: Let 1 � k < l � m. We show that .˛k; ˛l ; ak; al / is compatible.
We distinguish three cases.
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Case 1: 1 � k; l � n. Then wk.y/ D ˛k and wl .y/ D ˛l , so .˛k; ˛l / is compatible.
We have wk.z � ak/ D ˛k and wl .z � al / D ˛l , so .˛k; ˛l ; ak; al / is compatible by
Remark 3(ii).

Case 2: 1 � k � n and n C 1 � l � m. Since il 62 I.˛k/ we get fvik
;vil

.˛k/ D 0 in
�vik

;vil
by Proposition 5.17. Hence fwk;wl

.˛i / D 0 in �wk;wl
by Proposition 4.13. So

.˛k; ˛l / is compatible. Since il … I.vik .ai // we get fvik
;vil

.vik .ak// D 0 in �vik
_vil

by Proposition 5.17. By Proposition 4.13 we obtain fwk ;wl
.wk.ak// D 0 in �wk;wl

.
Since fwk ;wl

.˛k/ D 0 in �wk;wl
as just seen we get the claim.

Case 3: n C 1 � k < l � m. This is obvious.

Since the reinforced approximation theorem holds for w1; : : : ; wm there is some
x 2 B such that wk.x � ak/ D ˛k for 1 � k � m. Then vik .x � ak/ D ˛k for
1 � k � n. It remains to show that vi .x/ � 0 for all i 2 I n fi1; : : : ; ing. If i D ik
for some n C 1 � k � m then vi .x/ D wk.x/ D 0. If i … J then vi .x/ � 0 since
x 2 B . �

Theorem 7.23. Let .vi j i 2 I / be a family of PM-valuations on R with
finite avoidance. If the reinforced approximation theorem holds for the family thenT

i2I Avi is Prüfer in R.

Proof. We can clearly assume that vi is non-trivial for all i 2 I (cf. Remark 6). Let
A WD T

i2I Avi . The approximation theorem in the neighbourhood of zero holds for
.vi j i 2 I / by Proposition 21. By Theorems 5.22 and 4.21 every vi is A-essential.
Therefore we show condition (ii) of Theorem 4.17 to get the claim. Let m be a
maximal ideal of A with m ¤ centA.vi / for all i 2 I . Let w be a non-trivial Manis
valuation with vi1 � w for some i1 2 I . We have to show that centA.w/ 6� m. We set
v WD vi1 . By assumption v is PM. Hence it is maximally dominant by Proposition
14, (1) ) (2). So pw is a maximal ideal of Aw.

Assume that centA.w/ � m. Let B0 WD AŒpw� D A C pw and q0 WD m C pw. As
in the proof of Theorem 16 (Claim 1 and Claim 2) we find a Manis pair .B; q/ of
R such that B0 � B and q \ B0 D q0. Then q � pw and q \ A D m. Let u be the
Manis valuation on R corresponding to .B; q/. Since w and u are non-trivial we get
u � w by Proposition 1.8. Again as in the proof of Theorem 16 (Claim 3) we have
vi 6� u for all i 2 I . By Remark 4.14 the set J WD fi 2 I j vi � wg is finite. Let
J D fi1; : : : ; ing. By above pw is a maximal ideal of Aw. Hence K WD Aw=pw is a
field. For 1 � k � n we define

vik W K ! �vi [ f1g; vik .x C pw/ D
8
<

:

vik .x/ x 2 Aw n pw;

if
1 x 2 pw:

and we set

u W K ! �u [ f1g; u.x C pw/ D
8
<

:

u.x/ x 2 Aw n pw;

if
1 x 2 pw:
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Since pw is vik -convex for every 1 � k � n and u-convex these are well defined
valuations on K . We have pvik

D centAw.vik /=pw D pvik
=pw for 1 � k � n and

pu D centAw.u/=pw D pu=pw. As above we get that vik 6� u for 1 � k � n. As in the
proof of Theorem 16 (Claim 4) we find some y 2 K with u.y/ < 0 and vik .y/ D 0

for all 1 � k � n. Hence we find some x 2 Aw with u.x/ < 0 and vik .x/ D 0 for
1 � k � n. We fix this x.

Claim A: There is some z 2 pw n supp w such that J D I.v.z//.

Proof of Claim A: Note that given z 2 pw n supp w we have J � I.v.z//. To see this
let z 2 pw n supp w. Then 0 < w.z/ < 1. We have v _ vik � w for all 1 � k � n.
Hence 0 < .v _ vik /.z/ < 1 for all 1 � k � n. Therefore fv;vik

.v.z// ¤ 0 for all
1 � k � n. By Remark 5.17 we obtain J � I.v.z//.

By the above we have to find some z 2 pw n supp w such that I.v.z// � J .
Let H be the convex subgroup of �v such that w D v=H (cf. Remarks 1.13(b)).
Assume that there is no convex subgroup QH of �v with H ¤ QH ¤ �v. Let then
z 2 pw n supp w be arbitrary. Since 0 < w.z/ < 1 we have v.z/ … H . By the
assumption we get Hv.z/ D H (cf. Definition 4 in Sect. 5). Therefore v=Hv.z/ D
v=H D w. By Definition 4 in Sect. 5 we obtain

I.v.z// D fi 2 I j vi � v=Hv.z/g D fi 2 I j vi � wg D J

and are done. So we assume that there is a convex subgroup QH of �v with H ¤
QH ¤ �v. Let Qw WD v= QH . Then Qw is non-trivial and w � Qw. By Remark 4.14 the set

QJ WD fi 2 I j vi � Qwg
is finite and contains clearly J . Let QJ n J WD finC1; : : : ; img. Arguing similarly to
above we obtain some z 2 AQw such that w.z/ > 0 and vinC1

.z/ D : : : D vim.z/ D 0.
Since vik � Qw for all n C 1 � k � m we obtain z … p Qw. So z 2 pw n p Qw. Note
that necessarily Qw.z/ D 0 since Qw.z/ � 0 and w � Qw. Since supp w D supp Qw we
have z 2 pw n supp w. Since w.z/ > 0 and Qw.z/ D 0 we have H � Hv.z/ ¤ QH . So
w � v=Hv.z/ < Qw and v=Hv.z/.z/ > 0. Let i 2 I.v.z//. Then vi � v=Hv.z/. We get
vi .z/ > 0. Moreover, vi � Qw. So i 2 QJ . But vinC1

.z/ D : : : D vim.z/ D 0. So i 2 J

and Claim A is proven

We choose z as in Claim A. Let ˛k WD vik .z/ for 1 � k � n. Since z 2 pwnsupp w
we have 0 < w.z/ < 1. Since vik � w for all 1 � k � n we get 0 < ˛k < 1 for
all 1 � k � n.

Claim B: The tuple .˛1; : : : ; ˛n; x; : : : ; x/ 2 �vi1
� : : : � �vin

� Rn is compatible
and J -complete.

Proof of Claim B. The tuple is clearly compatible. By Claim A I.˛1/ D J . Since
vik .x/ D 0 for all 1 � k � n it remains to show that I.˛k/ � J for all 2 � k � n.
Fix 2 � k � n. Let j 2 I.˛k/. Then vj � vik =H˛ik

. By Claim A ik 2 I.˛1/.
Therefore vik � vi1=H˛1 . We conclude that vj � vi1=H˛1 and so j 2 I.˛1/ D J .
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Applying the reinforced approximation theorem to the tuple of Claim B we can
finish the proof as the proof of Theorem 16. �

Corollary 7.24. Let .vi j i 2 I / be a family of pairwise independent PM-
valuations on R with finite avoidance. If the reinforced approximation theorem holds
for .vi j i 2 I / then also the general approximation theorem.

Proof. By Theorem 23
T

i2I Avi is Prüfer in R. By Theorem 6.16 the general
approximation theorem holds for .vi j i 2 I /. �
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