Chapter 2
Approximation Theorems

Summary. In this chapter we embed the important work of Griter (cf. [Gr], [Gr]
and [Gr,]) on approximation theorems in the book. Approximation theorems are a
well-known and important topic in classical valuation theory of fields (cf. [E] and
[Rib]). The question is to decide for given valuations vy, ..., v, of a field, elements
ai,...,ayinthefieldand oy, . .., @, in the value groups whether there is an element
x in the field such that

vi(x —a;) = o resp. vi(x —a;) =

for all i; i.e. if the elements a; can be approximated by some x up to a certain
degree. The approximation theorems were then generalized to certain classes of
rings as “rings of Krull type” (cf. [G3]).

Griter elaborated various approximation theorems in our general setting of R-
Priifer rings and has found deep connections, to be reflected below.

We consider three types of approximation theorems: the approximation theorem
in the neighbourhood of zero, the general approximation theorem and the reinforced
approximation theorem. The first concerns the condition v; (x) = «;, the second
vi(x —a;) > «; and the last one v;(x — a;) = «;. The reinforced approximation
theorem was formulated by Griter. He perceived the important connection with the
intersection ring of the v; to be Priifer. He did this also in the case of families
with finite avoidance (in his terminology “with finite character”, cf. also [G4]).
The approximation theorem in the neighbourhood of zero (going already back to
Manis [M], cf. also [Gr;]) was stated in [Al], but only for finitely many valuations.
Our conception of the general approximation theorem appears to be more natural
then the formulation of Griter. We give it also in the case of families having finite
avoidance.

The approximation theorems are treated in Sect. 5—7. After the basic Sect. 1 we
give in Sect. 2—4 the important notions of dependence, inverse property and essential
valuation which will be used widely for the approximation theorems.

In this chapter R, A denote commutative rings with 1.
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60 2 Approximation Theorems
1 Coarsening of Valuations

Already in Volume I coarsenings of a given valuation v : R — I" U {oo} (cf. [Vol.
I, Definition 9 in I §1]) played a major role at many places, and then again here in
Chap. 1. In the present section we collect basic facts about coarsenings, mostly in the
case that v is Manis. Section 1 should be regarded as a tool box for the approximation
theorems on families of valuations, to be studied later.

All these facts are explicitly or virtually contained in the previous chapters, or
very easy consequences of results there. We recommend that the reader does not
bother much about the (hints of) proofs in Sect. 1. Instead, whenever he has doubts
about an assertion in Sect. 1, he should first try to prove it as exercise.

Definition 1 (cf. [Vol. I, Definition 9 in I §1]). Let v, w be valuations on R.

a) Then w is called coarser than v, or v is called finer than w, if there exists a
homomorphism of ordered monoids f : I, U {oco} — I, U {oo}! such that
w(x) = f(v(x)) forall x € R.> We write v < w.

b) If v < worw < v, the valuations v and w are called comparable. Otherwise they
are called incomparable.

It is obvious that A, C A,,, p, D p,, and suppv = suppw if v < w. The latter shows
that in the case of PM-valuations the above relation is not the same as the relation
in Definition 2 of Chap. 1, Sect.3. (In the case of non-trivial valuations they are the
same as we will see later.) Note also that we follow the definition of [Gr] and not
the definition of [Al-M] where the opposite ordering is used.

Remark 1.1. The homomorphism in Definition 1 is uniquely determined and an
epimorphism.

Proof. We work in the situation of Definition 1.

a) Let f and g be homomorphisms of ordered monoids fulfilling the condition. Let
y € I,. There are x, y € R \ suppv such that y = v(x) — v(y). We obtain

f) = fO(x) =v(y) = f((x) = f(¥) = w(x) —w(y)
=g((x)) —g((y)) = gv(x) —v(y)) = g(¥).

b) Givend € I, we have to find some y € I, suchthat f(y) = §. Thereare x, y €
R \ suppw such that § = w(x) — w(y). We obtain with y := v(x) —v(y) € [,

J) = fOx) —v(y) = f((x)) = f((y) = wx) —w(y) = 4.

I'This means that f(a) > f(B) if « > B (cf. [Vol. I, p. 17]). Note that necessarily f(I,) C T},
and that f'|I, : I, — I, is a homomorphism of ordered groups.

Note that then necessarily f(00) = oo.
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Proposition 1.2. The set of valuations on R is partially ordered by the coarsening
relation < up to equivalence.

Proof. Ttis clear that the relation < is reflexive and transitive. For antisymmetry we
have to show the following. Let v, w be valuations on R such thatv < wand w < v.
Then v and w are equivalent. Let f : I, U {oo} — I, U{oo}and g : I, U {oo} —
I, U {oo} be the homomorphisms of ordered monoids such that w = f o v and
v = g o w. We show that f is an isomorphism and then are done. By Remark 1 f
is surjective. For the injectivity of f let y € I, be given such that f(y) = 0. Let
X,y € R\ suppv such that y = v(x) — v(y). Then by the above

Yy =v(x) —v(y) = gw(x)) — gw(y))

and therefore

0= f(y) = flgw(x)) — f(gw(y))) = w(x) —w(y).

Hence

y = gw(x)) —gw(y)) = glw(x) —w(y)) = g(0) =0

and we are done. O

Before looking at characterizations of coarsening we collect facts about the influ-
ence of coarsening on various properties and constructions introduced in Volume 1.

Remarks 1.3. Let v, w be valuations on R such that v < w. Then the following
holds.

(1) If vis trivial then w is trivial.

(2) If vis special then w is special.

(3) If v is Manis then w is Manis.

(4) If wis local then v is local.

(5) vis Manis and local iff w is Manis and local.

(6) v has maximal support iff w has maximal support.
(7) If v is Priifer—Manis then w is Priifer—Manis.

(8) If vis principal then w is principal.

Proof. (1), (2), (3) and (6) are clear by the definitions. To prove (4) let x € A4, \ p,.
We have to show that x is a unit of A,. Since v(x) = 0 also w(x) = 0, hence
x € Ay \ py. Therefore x € A} by the assumption and we obtain some y € A,
such that xy = 1. Consequently v(y) = O andso y € 4, and x € A}. (5) follows
from [Vol. I, Proposition I.1.3.ii]. (7) follows from (3) and [Vol. I, Corollary 1.5.3].
(8) can be seen by [Vol. I, Proposition II1.8.1.a] and Remark 1. O

Proposition 1.4. Let v, w be valuations on R such that v < w. Let B be a subring
of R. Then v|g < w|g holds for the special restrictions of v resp. w to B.
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Proof. Letu; := v|B : B — I, U {oco} and u, := w|B : B — I, U {o0o}.
Let Ay := ¢,,(I) and Ay := ¢,,(I'y). Let f : I, U {oo} — I, U {oo} be the
homomorphism of ordered monoids such that w = f ov. We show that f(A,) C A,
and f(I, \ Ay) C I, \ A,. For the first assertion let y € Aj. Then there is some
x € B with v(x) < 0such that v(x) < y < —v(x). We obtain w(x) = f(v(x)) <0
and

w(x) = f(v(x)) = f(¥) = f(=v(x)) = = f(v(x)) = —w(x).

Hence f(y) € A,. For the second assertion let § € I, \ A;. Clearly § # 0. We
may assume that § > 0. Then § > —v(x) for all x € B. Assume that f(§) €
A,. Then there is some xg € B with w(xp) < 0 such that f(§) < —w(xg). We
obtain § > —v(x2) and f(§) < —w(x2). This contradicts the fact that f is order
preserving. From this two observations and the definition of v|p = u;|A; resp.
wlp = up|A, we see that f induces a well-defined homomorphism of ordered
monoids g : Ay U {oo} = A; U {co} such that g ov|g = w|p. |

Proposition 1.5. Let v,w be valuations on R with suppv = suppw =: q. Let
S be a multiplicative subset of R with S N q = 0. We consider the valuations
vs : ST'R = I, U {oo},ws : ST'R — T, U {0} (cf. [Vol. I, Chap.1 §1]). The
following are equivalent:

(1) v<w.

(2) vs < ws.

Proof. (1)= (2):Let f : I,U{oo} — I, U{oo} be the homomorphism of ordered
monoids such that f ov = w. Let v := vg and w := wg. We have I; = T,

and I; = I,. Hence f is a homomorphism from I3 U {oo} to I}; U {oo}. For
a/s € ST'R we have

f(ﬁ(%)) = f(v(a) —v(9)) = f(v(@)) — f(v(s)) = w(a) —w(s) = W(%)-

2)= (1):Let f : I, U {oo} — I, U {oo} be the homomorphism of ordered
monoids such that f o vg = wg. Then obviously f o v = w. We are done. |

Proposition 1.6. Let v,w be valuations on R with suppv = suppw = ¢. We
consider the valuations v : R/q — I, U {oco},w : R/q — I, U {co} and
v:k(q) — L, U{ool,w : k(q) — I, U{oo} (cf [Vol. I, Chap.1I §1]). The

following are equivalent:

(1) v<w.

(2) v<w.

(3) v <w.

Proof. The equivalence of (1) and (2) is clear. The equivalence of (2) and (3) follows
from Proposition 5. |
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Note that in the situation above ¥ < w iff 0, C 0,, by classical valuation theory (cf.
[Vol. I, Theorem 1.2.6]).

Scholium 1.7 (cf. [Vol. I, Remarks 1.1.12]). Let I" be a totally ordered abelian
group. Given a convex subgroup H of I, the quotient I"/H can be made naturally
into an ordered abelian group such that the canonical map I" — I"/H is an order
preserving homomorphism. If v : R — ' U {oo} is a valuation we obtain a
coarsening w : R — I'/H U {oo} by setting w(x) := v(x) + H for x € R.
This latter valuation is denoted by v/H .

Assume that I" = I, (for the given valuation v on R). The coarsenings w of v
correspond, up to equivalence, uniquely with the convex subgroups H of I' via
w=v/H.

Assume that v is Manis. Let H be a convex subgroup of I". Then the following
holds for the coarsening w := v/H of v (cf. [Vol. I, Scholium I1.1.18]):

A, =Ag :={x € R|v(x) > hforsomeh € H}
Py =pyg :={x € R|v(x)>hforallh € H}.

In the case of Manis valuations we establish more criteria for coarsening.

Proposition 1.8. Let v, w be non-trivial Manis valuations on R. The following are
equivalent:

(1) v=w.

(2) pw C pv C Av C Avw

(3) pyw is anideal of A, contained in p,.
(4) py is a proper v-convex ideal of A,.

Proof. The equivalence of (1)—(3) was established in [Vol. I, Theorem 1.2.6.1].

(3) = (4): Note that p,, is a prime ideal of A4, since A, C A, by (2) and p,, is
a prime ideal of A4,,. We show that suppv C p,, and then will be done by [Vol. I,
Proposition I.1.10]. Since v and w are both Manis and non-trivial and since A, C A,,
we obtain suppv = [A4, : R] C [A,, : R] = suppw C p,,.

(4) = (3): Assume that p,, ¢ p,. Then there is some x € p,, with v(x) = 0.
Since p,, is v-convex we obtain A, C p,,, contradiction. O

Remark 1.9. 1In the situation of Proposition 8 we have that p,, is a prime ideal of A4,.

Scholium 1.10 (cf. [Vol. I, Corollary 1.2.7]). Let v be a Manis valuation on R. The
coarsenings w of v correspond uniquely, up to equivalence, with the prime ideals p
of A := A, between suppv and p, via p = p,,. Also 4,, = Ay,

Remark 1.11. Letv be a Manis valuation on R and let p be a prime ideal of 4 := A,
with suppv C p C p,. Then the following holds.
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i) (Afp), p) is a Manis pair in R.
i) A= [p:pl =1{x € R|xp Cpj.
iii) (App))p) = A and pi) = p.
Proof. By Scholium 10 there is a coarsening w of v such that A,, = A and p,, = p.

i): This follows since w is Manis by (3) of Remarks 3.
ii): This has been proved in [Vol. I, Theorem 1.2.6.ii].
iii): This follows from [Vol. I, Lemma III.1.0]. O

Definition 2. Let v be a Manis valuation on R and let p be a prime ideal of A, with
suppv C p C p,. Then the corresponding coarsening of v is denoted by v¥.

Proposition 1.12. Let v be a Manis valuation on R and let p be a prime ideal of A,
with suppv C p C p,. Then the following are equivalent:

(1) VP is non-trivial.
(2) suppv & p.
Proof. (1) = (2): If suppv = p we have A = [p : p] = R by Remark 11(ii).
Hence V" is trivial.

(2) = (1): Let suppv & p. Then there is some x € p with v(x) # oco. Since
v is Manis there is some y € R with v(y) = —v(x). By Remark 11(ii) we get
Ap = [p:p] Clpy:pl.Buty ¢ [p,: p]since yx € A, \ p,. So App # R. |

Combining Scholium 7 and Scholium 10 we obtain
Remark 1.13. Let v be a Manis valuation on R.

a) Let H be a convex subgroup of I',. Then v/H = vP where
p=py={xeR|v(x)>hforallh e H}.
b) Let p be a prime ideal of A, with suppv C p C p,. Then v’ = v/H where
H={yel,|v(z) >y >—-v(z)forallz € p} = {Fv(x) | x € 4, \ p}.

Theorem 1.14. Let v and w be non-trivial Manis valuations on R. Assume that v is
Priifer—Manis. Then the following are equivalent.

(1) v=w,
(2) A, C Ay,

Proof. (1) = (2): This follows from Proposition 8.

(2) = (1): Since v is PM we have that A, is Priifer in R. By [Vol. I,
Theorem III.1.2] there is an R-regular prime ideal p of A := A, such that 4,, =
App), namely p = py, N A where py, = {x € A, |35 € R\ A, such thatsx € A4,}
(see [Vol. I, Definition 2 in I §2]). Note that p4, = p,, by [Vol. I, Proposition 1.2.3].
By [Vol. I, Theorem I1I.1.3] we get p C p, and p = pp;. But pjp) = p, by the proof
of [Vol. I, Theorem III.1.2]. Hence p,, C p,. By Proposition 8 we obtainv < w. O
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Theorem 1.15. Let v be a non-trivial Priifer—Manis valuation on R. Let B be a
proper R-overring of A. Then there is up to equivalence a unique valuation w on R
such that B = A,,. Moreover, v < w.

Proof. For the existence we can copy the proof of Theorem 14 (2) = (1): Since
v is PM we have by [Vol. I, Corollary II1.3.2] that B is Priifer—Manis in R. Let w
be a Manis valuation such that A,, = B. By Theorem 14 we have v < w for the
corresponding Manis valuation.

For the uniqueness let wi, w, be Manis valuations on R such that 4,,, = 4,, =
B. Applying Theorem 14 we get w; < w, and w, < w;. By Proposition 2 we get
that w; and w, are equivalent. O

Scholium 1.16. Let v be a Priifer—Manis valuation on R.

a) The coarsenings of v correspond uniquely, up to equivalence, with the
R-overrings of A4,.

b) The non-trivial coarsenings of v correspond uniquely, up to equivalence, with
the R-regular prime ideals of A,.

Proof. a): This is a consequence of Theorem 15 (the unique trivial valuation being
coarser than v corresponds of course with R itself).

b): This is a consequence of Scholium 10, Proposition 12 and [Vol. I, Theorem
II1.2.5]. a

Corollary 1.17. Letv and w be non-trivial Manis valuations in R. Let A be a Priifer
subring of R such that A C A, N A,,. The following are equivalent.

(1) v=w,

(2) A, C Ay,

(3) pw C Py

(4) ppNACp,NA.

Proof. Since v is PM by [Vol. I, Corollary 1.5.3] we can apply Theorem 14. This
gives the equivalence of (1) and (2). The implication (1) = (3) follows from
Proposition 8.

(3) = (4): This is trivial.

4)= 2):Letp:=p,NAandp’ :=p, N A We have 4, = A and 4,, = A
by [Vol. I, Theorem III.1.2]. This gives 4, C A,,. O

2 Dependent Families of Manis Valuations

In this section the classical notion of dependence resp. independence (cf. [E]) is
formulated in the setting of Manis valuations (cf. [Gr], [Gr,]). Special attention is
paid to the case of valuations over a Priifer subring.
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Definition 1. Let (v; | i € I) be a family of Manis valuations on R. If there is
a non-trivial Manis valuation # on R with v; < u for i € [ the family is called
dependent; otherwise it is called independent.

We then often say that the valuations v;,i € I, are dependent resp. independent.
N.B. If (v; | i € I) is a family of dependent Manis valuations on R then v; is
non-trivial for i € I and suppv; = suppv; fori,j € I.

Proposition 2.1. Let (v; | i € I) be a family of Manis valuations on R. The
following are equivalent.

(1) (vi | i €1) is dependent.
(2) There is a subset p of R such that p is a prime ideal of A,, with suppv; & p C
py, foralli € I.

Proof. (1) = (2): Let u be a non-trivial Manis valuation on R with v; < u for
i €I.Letp :=p,. Then suppv; = suppu and suppu & p, since u is non-trivial.
By Proposition 1.8 (and Remark 1.9) we see that p C p,, and that p is a prime ideal
of A,, foralli € I.

(2) = (1): By Scholium 1.10 the valuation u corresponding to p is a coarsening of
v; fori € I. Since suppu = suppv; & p for some (resp. all) i € I we get that u is
non-trivial. Hence (v; | i € I) is dependent. |

Definition 2. Assume that (B; | i € [I) is a family of subrings of R. Then we
denote the set of subsets p of R such that p is a prime ideal of every B; by
(s Spec B;.

Remark 2.2. Let W = (v; | i € I) be a family of Manis valuations on R. By
Proposition 1 we know that 0 is dependent iff

Xyg:i={pe ﬂSpecAvl. | suppvi S p Cp,, fori e I}

i€l

is non-empty. By [Vol. I, Proposition 1.1.10] every p € Xg is v;-convex for all
i € I. Hence the elements of Xy are ordered by inclusion, and Xy has the largest
element

by = U b

peEXy

if 0 is dependent.

Corollary 2.3. Let U = (v; | i € I) be a dependent family of Manis valuations
on R. Then there is a finest (non-trivial) Manis valuation which is coarser than v;
foreveryi € I. It is (up to equivalence) the unique Manis valuation u on R with

Pu = po.

Definition 3. Let (v; | i € I) be a family of dependent Manis valuations on R. The
finest Manis valuation which is coarser than v; forall i € I is denoted by \/,; vi.
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We use the results of Sect.1 to establish criteria for dependence and to
describe \/v;.

Remark 2.4. Let B = (v; | i € I) be a dependent family of Manis valuations
on R.

i) We have py/,, = py.
ii) Let u be a Manis valuation such that v; < u fori € I. Then \/;c; vi < u.

Definition 4. Assume that 0 = (v; | i € [) is a family of Manis valuations on R.
If U is dependent and i € I, let Hé] denote the convex subgroup of I',, generated
by vi(Ay; \ py/y,;) with j running through 7. If % is independent, we set H&T =1,
fori e I. ‘

Remark 2.5 (c¢f. Remarks 1.13). 1f 0 = (v; | i € I) is dependent then fori € [
ry,, = I, /Hygand \/v; = vi/Hj.

Remark 2.6. Let (v; | i € I') be afamily of dependent Manis valuations on R. Then
Ay, D [lies Av and pyy, CINiep Py = [Ties Aul

Proposition 2.7. Let (v; | i € I) be afamily of PM-valuations on R. The following
are equivalent.

(1) (vi | i €1) is dependent.
(2) There is a proper subring of R containing A,, foralli € I.
(3) niel AVi 7é R.

Proof. The equivalence of (1) and (2) is a consequence of Scholium 1.16(a). The
equivalence of (2) and (3) is obvious. O

Corollary 2.8. Let (v; | i € I) be a family of Manis valuations on R such that
(ie; Av: is Priifer in R. The following are equivalent.

(1) (vi | i €1) is dependent.

(2) There is a proper subring of R containing A,, foralli € I.

(3) Tlies Av # R.

Proposition 2.9. Let (v; | i € 1) be a family of Manis valuations on R. Let A be a
Priifer subring of R with A C (\;¢; Ay,. The following are equivalent.

(1) (vi |i €1) isdependent.
(2) There is an R-regular prime ideal p of A containedin p,;, N A foralli € I.

Proof. (1) = (2):Letu:= \/v; andp := p, N A. Thenp C p,, N Afori € I by
Corollary 1.17. Since u is non-trivial we have A, = A[y) by [Vol. I, Theorem II1.1.2]
and [Vol. I, Proposition 1.2.3]. By [Vol. I, Lemma III.1.1], p is an R-regular prime
ideal of A.
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(2) = (1): Let p be an R-regular prime ideal p of A contained inp,, N A fori € I.
Then again by [Vol. I, Theorem III.1.2] Af,) # R and App is an R-overring of
Alp,,na) = Ay, fori € 1. We get the claim by Proposition 7 or Corollary 8. |

Proposition 2.10. Let (v; | i € I) be a dependent family of PM-valuations on R.
Then Ay, = [lie; Av and pyyy, = [Nies pvi = Tlies Avl
Proof. Letu:=\/;c; vi.

a) We have A, D [],c; 4y by Remark 6. On the other hand there is by
Scholium 1.16(a) a Manis valuation #’ on R such that 4, = [[;c; 4y, and
vi <u'fori € I.Sinceu < u' wegetA, C Ay.

b) Letp :=[\;e; Pv : [[;e; Av]- Then p is a proper ideal of A, containing p, by
Remark 6. Since u is non-trivial, the ideal p, is R-regular by [Vol. I, Theorem
II1.2.5]. Since p contains p,, it is clearly also R-regular. By [Vol. I, Theorem
II1.3.10] we get that p is contained in p,,. O

Corollary 2.11. Let (v; | i € 1) be a dependent family of Manis valuations on R. If
(Nies Ay is Priifer in R, then Ay, = [];e; Ay and pyyy, = [Nies pvi * [lies Aul-
We collect basic facts about dependent and independent families.

Remark 2.12. Let (v; | i € I) be a family of Manis valuations on R andlet J C I.
If (v; | i € I)isdependentthen (v; | i € J)is dependentand \/;c; vi < \/;¢; vi.

Proposition 2.13. Let (v; | i € I),(w; | i € I) be families of Manis valuations on
R such thatv; < w; foralli € I.If (w; | i € I) is dependent then (v; | i € I)is
dependent and \/;c; vi < \/,;c; Wi.

Proof. By the transitivity of < we get v; < \/ jerwj foralli e I. Hence
(vi |i € I'Nisdependentand \/,¢c; vi < \V;e; W;- O

Definition 5. Let (v; | i € I) be an independent family of Manis valuations on R.
If suppv; = suppv; foralli, j € I we denote by \/,, v; the trivial valuation with
supp \/;¢; vi = suppv; for j € I. Otherwise let \/; ., v; denote the map R — {0}.
Notice that in this case \/; ¢, v; is not a valuation.

Remark 2.14. Let (v; | i € I') be a family of Manis valuations on R with suppv; =
suppv; fori, j € I.Then \/;c; v; is a coarsening of v; for i € /. We have

A\/ vi — (Avi)[l’vvj-]

fori € I (see Scholium 1.10).
Proposition 2.15. Let U = (v; | i € I) be a family of Manis valuations on R with
suppv; = suppv; foralli,j € I. Let w; := V"|A\/v, fori € I. Then w; is a Manis

valuation on Ay, with I, = Hé] and suppw; = py/,; fori € I (cf. Definitions 4
and 5 above).
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Proof. a) If Uisindependentthen Ay/,, = R and nothing is to show. So we assume
that *U is dependent. Let i € I. By [Vol I, Proposition 1.1.17] and Remark 6 w;
is a Manis valuation on A, where u := \/v;.

b) We show that I}, = H%. Lety € I,,. Then there is some x € 4, with w; (x) =
y. Since w;(x) < oo we have w;(x) = v;(x) and find some y € A, with
vi(y) < 0andv;(y) < v;(x) < —v;(y) by the definition of the special restriction.
Since v; <uandy € A, we get u(y) = u(x) = 0 and therefore y € H%. Let
8 € Hy; C I,;. Letx € R withv;(x) = §. Then u(x) = 0 and therefore x € 4,.
Let x’ € R with v;(x") = —§. By the same argument we get x’ € A,. By the
definition of the special restriction we get w; (x) = § and therefore § € I,,.

c) We show that suppw; = p,. Let x € suppw; C A,. Assume that x ¢ p,. Then
u(x) = 0 and therefore v(x) € H% and w; (x) = v;(x) # oo by the argument
in b), contradiction. Let x € p, C A,. Assume that w;(x) # oo. Then by the
definition of the special restriction there is some y € A, with v;(y) < 0 and
vi(y) < vi(x) < —v;(y). Since v; < u we obtain u(y) < u(x) < —u(y). This
gives u(y) < 0, contradictionto y € A4,,. |

3 The Inverse Property

The inverse property is a substitute for the inverse element in the case of fields (cf.
[M]). We prove various inequalities to be used later and investigate the connection
between dependence and the inverse property (see also [Gr;], [Al] and [Al;]).

Definition 1. Let (v; | i € I) be a family of Manis valuations on R.

i) The family has the inverse property if for every x € R, there is some x’ € R
such that v; (xx") = 0 for all i € I with v;(x) # oo.
ii) The family has the finite inverse property if every finite subfamily has the inverse

property.
We then often say that the valuations v;,i € I, have the inverse (resp. finite inverse)
property.

Remarks 3.1. a) Let v be a Manis valuation on R. Then v has the inverse property.

b) If a family of Manis valuations on R has the inverse property then it has also the
finite inverse property.

c) Let (v; | i € I) be a family of Manis valuations on R having the inverse (resp.
finite inverse) property. Then for J C I, the subfamily (v; | i € J) has the
inverse (resp. finite inverse) property.

d) Any family of valuations on a field has the inverse property.

Proof. a): The inverse property for a single valuation is equivalent with the Manis
property.

b), ¢): This is obvious.

d): Let R be a field. Given x € R* take x~ . O
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Remark 3.2. A family (v; | i € I) of Manis valuations on R has the inverse
property iff for every x € R there is some x’ € R such that v; (x’x’) = v;(x)
foralli € I.

Remark 3.3. Let (v; | i € I,) be afamily of Manis valuations on R with the (finite)
inverse property. Let (v; | i € I7) be a family of trivial Manis valuations on R such
that for every i € I, there is an i’ € I} with suppv;y = suppv;. Then the family
(vi | i € I U I,) has the (finite) inverse property.

Remark 3.4. Let (v; | i € I) be a family of Manis valuations on R. Let I be an
ideal of R such that I C suppv; foralli € I. Fori € I we denote by v; the
corresponding Manis valuation of v; on R/I. The following are equivalent.

(1) (v; | i € I) has the inverse (resp. finite inverse) property.
(2) (v; | i € I) has the inverse (resp. finite inverse) property.

Before exploiting the inverse property we prove useful inequalities for a finite set of
Manis valuations.

Lemma 3.5 (cf. [Vol. I, Lemma 1.6.9]). Let k be a subring of R and let vy, ..., v,
be valuations on R with A,, D k forall 1 <i < n. Let m € N. Given an element
x of R, there exists a monic polynomial F(T) € k[T] with F(0) = 0 and the
following property:

If G(T) € k[T] is any monic polynomial of degree > 1 with absolute term
G(0) € k*, then vi(G(F(x))) = 0if vi(x) = 0 and v;(G(F(x))) < mv;(x) if
vi(x) <0forl1 <i <n.

Proof. We take F(T) := T"F(t)...F,(T) in the proof of [Vol. I,
Lemma 1.6.9]. O
Proposition 3.6. Let vy, ...,v, be valuations on R and let x € R. Let m € N.

Then there exists y € R such that vi(y) = 0 if vi(x) > 0 and v;(y) < mv;(x) if
vi(x) <Oforalll <i <n.

Proof. In the previous Lemma 5 we take k := Z - 1. Let F(T') € k[T] be a monic
polynomial with F(0) = 0 and the above property. We take G(7') := 1 + T'. Then

y := 1+ F(x) fulfills the requirements. |
Lemma 3.7. Let v,...,v,,Wy,..., W, be valuations on R. Let x1,...,x; € R
such that for every i € {l,...,n} there is at most one | € {1,... k} with
vi(x;) = 0. Then there are yi,...,yx € R such that the following properties
hold.
D Ifu € {vi,....vi,wi,...,wpnh, I € {1,...,k} and u(x;) < oo, then
u(y;) < oo.

i) Ifu € {vi,...,vy,wi,...,wut, I € {1,...,k} and u(x;)c0, then u(y;)o0
where 0 € {<,=,>}.

ii) Ifi e {l,...,n}, b e{l,...,k},l; # b, and v; (x;,) < 00 or v;i(x},) < 00,
then v (y1,) # vi(y1,)-
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Proof. We do induction on k.

k = 1: There is nothing to show, we can take y; := x;.

k — k + 1: By the inductive hypothesis applied to xi, ..., xx we find yi, ..., yx €
R with the above properties.

Claim: Let1 <i <n.Letl <[ < k such that v; (x;4+1) < 00 or v;(y;) < oo.
Then there is at most one m;; € N such that v; (xfi’l) =v;i(y).

Proof of the Claim: Let 1 < [ < k. By the assumption of the lemma and the
inductive hypotheses we have v; (xx+1) # 0 or v;(y;) # 0. This gives the claim.

We choose now m € N such that m > m;; for all such m;; above. Then we take
Yik+1 = x;{n_;,_l- O

Proposition 3.8. Let vy, ..., v,, w be valuations on R such that A,, ¢ A,, for all
1 < i < n. Then there is some x € R such that w(x) = 0 and v;(x) < O for all
1<i<n.

Proof. We do induction on n.

n = 1: Since A, ¢ A,, there is some x’ € R such that w(x") > 0 and v;(x’) < 0.
By Proposition 6 there is some x € R such that w(x) = 0 and v;(x) < 0.

n — n + 1: By the inductive hypothesis and the case n = 1 there are x’, x” € R
such that

w(x') = 0,v(x") <0,...,v(x") <0,
w(x") = 0,v,41(x") <0.
If v,41(x’) < 0 we take x := x’. So we assume that v,1;(x’) > 0. Applying

Lemma 7 we can assume that v; (x’) # v;(x”)forall 1 <i <n+ 1.Letx :=
x" + x”. Then w(X) > 0 and v;(%) < Oforall 1 <i < n + 1. By Proposition 6

there is some x € R with w(x) = Oand v;(x) < Oforall 1 <i <n. |
Corollary 3.9. Letvy,...,v,,wi,..., Wy be valuations on R such that the follow-
ing properties hold.

a) Ay, ¢ A,, foralll <i <n.
b) A, C Aw‘/. foralll < j <m.

Then there is some x € R such thatw;(x) = Oforalll < j <mandv;(x) <0
foralll <i <n.

Proof. We do induction on m.

m = 1: This is covered by Proposition 8.

m — m + 1: By the inductive hypothesis there is some x’ € R, such that
wi(x’) =0foralll < j <m,and v;(x’) <O0forall 1 <i < n.By assumption b)
we have wy,+1(x’) > 0. By Proposition 6 we find some x € R such that w;(x) =0
foralll < j <m+ landv;(x) <v;(x’) <Oforl <i <n. O
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Remark 3.10. Assume that v is a non-trivial special valuation on R. Then for every
a € T, there exists some x € R with v(x) < a.

Proof. Let o € I,. Then there are y,z € R \ suppv with « = v(y) — v(z). Since
v is special and non-trivial there is some 7 € R with v(7') < —v(z). We take
x = yZ. O

Proposition 3.11. Let vi,...,v, be non-trivial special valuations on R. Let
a; €I, for 1 < i < n. Then there is some x in R such that vi(x) < «; for
alll <i <n.

Proof. We do induction on n.

n = 1: This is clear by Remark 10.

n — n + 1: Since the valuations vy, . . ., v,4+ are non-trivial we may assume that
a@; < Oforall 1 <i < n+ 1. By the inductive hypothesis there are x’,x” € R
such that v;(x’) < o; for 1 < i < nand vi(x”) < o; for2 < i < n+ 1.
By Lemma 7 we can assume that v;(x’) # v;(x”) forall 1 < i < n + 1. If
Vnt1(X") < oy41 or vi(x”) < ay we are done. Otherwise let x := x’ 4+ x”. For
2 < i < n we have v;(x) = min{v; (x"), v; (x")} < ;. Also, vi(x) = vi(x') < o
and v,,+1(x) = vn+1(x”) < Op+1- O

Proposition 3.12. Let vy,...,v, be non-trivial special valuations on R and let
Wi, ..., Wy be trivial valuations on R. Let a; € I, for 1 < i < n. Then there
is some x € R such thatv;(x) <a; for1 <i <nandw;(x) =0for1 <j <m.

Proof. We do induction on m.

m = 1: We may assume that o; < 0 for I < i < n. By Proposition 11 there is
some x" € R such that v;(x") < o; for1 <i < n. If wi(x’) = 0 we take x := x’.
If wi(x") = oo we take x = 1 + x’. Then v;(x) = v;(x’) < o; for 1 <i < n and
wl(x) =0.

m — m + 1: Again we may assume that o; < 0 for 1 <i < n. By the inductive
hypothesis there is for 1 < j < m + 1 some x; € R such that v;(x;) < «; for
1 <i < nandwi(x;) = 0fork € {I,...,m + 1} \ {j}. If there is some
j € {l,...,m + 1} such that w;(x;) = 0 we are done. Otherwise let
yj = ]_[k#jxk for1 < j <m+ 1. Then

vi(yj) = Zvi(xk) < mo < o
k#j

for 1 < i < n. Moreover, w;(y;) = 0 and wi(y;) = oo for
ke{l,....m+ 1} \ {j}. By Lemma 7 we may assume that v;(y;,) # vi(y},)
forall 1 < i < nand j; # j,. Weset x := y; + ... + Vmu+1. Then

vi(x) = min{v;(¥1),....vi(m+1)} < @ for1 < i < nand w;(x) = 0 for
1<j<m+1. O
Corollary 3.13. Let vi,...,v, be special valuations on R. Let a; € I, for

1 <i < n. Then there is some x € R such that v;i(x) < «; foralll <i <n.
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Proof. Without restriction we may assume that there is some k € {0,...,n} such
that v; is non-trivial for 1 < i < k and trivial fork + 1 <i < n. Then«; = 0 for
k + 1 <i < n.We get the claim by Proposition 12. O

Now the inverse property comes into the game. We start by exploiting the results
above.

Corollary 3.14. Let vi,...,v,,w be Manis valuations on R having the inverse
property such that A,, ¢ A,, for all 1 <i < n. Then there is some x € R such that
w(x) =0and 0 < v;(x) < oo foralll <i <n.

Proof. By Proposition 8 there is some x’ € R such that w(x") = 0 and v;(x) < 0

forall 1 <i <n.Sincevy,...,v,, w have the inverse property there is some x € R
such that w(x) = w(x’) = 0 and v; (x) = —v;(x’) > Oforall 1 <i <n. O
Corollary 3.15. Let vy,..., vy, Wi,..., Wy, be Manis valuations on R having the

inverse property such that the following hold.

a) A, ¢ A, foralll <i <n.
b) Ay, C Ay, foralll < j <m.

Then there is some x € R such that wi(x) = O forall1 < j < m and
0<vi(x)<ooforalll <i <n.

Proof. This follows from Corollary 9 and the inverse property. a

Corollary 3.16. Let vy,...,v, be non-trivial Manis valuations on R having the
inverse property. Let o; € I, for 1 < i < n. Then there is some x in R such that
o <vi(x) <ooforalll <i <n.

Proof. By Proposition 11 there is some x’ € R such that v;(x") < —o; for all

1 <1 < n. The statement follows from the inverse property. O
Corollary 3.17. Let vy,...,v,,Wi,...,wy, be Manis valuations on R having the
inverse property such that vy, ..., v, are non-trivial and wy, . .., wy, are trivial. Let

a; € I, for 1 <i < n. Then there is some x € R such that o; < v;(x) < oo for
1<i<nandw;(x)=0for1 <j <m.

Proof. This follows from Proposition 12 and the inverse property. O

Corollary 3.18. Let vy,...,v, be Manis valuations on R having the inverse
property. Let o; € I, for 1 < i < n. Then there is some x € R such that
o <vi(x) <ooforalll <i <n.

Proof. This follows from Corollary 13 and the inverse property. |
Proposition 3.19. Let vy,...,v, be Manis valuations on R. The following are
equivalent.

(1) vi,...,v, have the inverse property.

(2) For any x € R there is an element y € R such that, for all 1 < i < n,
vi(y) = vi(x) ifvi(x) =0, and —v;(x) < v;(y) < 0 ifvi(x) <O0.
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(3) For any x € R there is an element y € R such that, for all 1 < i < n,
vi(y) = vi(x) ifvi(x) = 0, and —v;i(x) < v;(y) if vi(x) <O.

(4) If1 <i <nandx € Rwithvi(x) <0andv;(x) =0 for j # i, then there is
an element y € R such that 0 < v;(xy) < ocoandv;(y) = 0for j #1i.

(5) If1 <i <nandx € Rwithvi(x) <0andv;(x) =0 for j # i, then there is
an element 'y € R such that 0 < v;(xy) andv;(y) =0 for j #i.

Proof. (1) = (2): By Proposition 6 we find some y’ € R such thatforall 1 <i <n
vi(y) = 0if v;(x) = 0 and v;(y') < 2v;(x) if v;(x) < 0. Since vy,...,v, have
the inverse property there is some y” € R such that forall 1 <i <nv;(y") =0
if v;i(x) > 0and —2v;(x) < v;(y") < oo if v;(x) < 0. We set y := xy”. Let
1 <i <nIfvi(x) >0thenv;(y) = vi(x) +vi(y") = vi(x). If v;(x) < O then
vi(y) = vi(x) +vi(y") = vi(x) —2v;(x) = —v;(x) and v; (y) # oco.
(2) = (3): This is obvious.
(2) = (4): Take y from (2).
(3) = (5): Take y from (3).
(4) = (5): This is obvious.
(5) = (1): We do induction on 7.
n = 1: {v;} has the inverse property since v; is Manis (cf. Remarks 1(a)).

<n — n+ l: Let x € R. By the inductive hypothesis we may assume that
vi(x) # oofor1 < i < n+1. Also by the inductive hypothesis there is some y; € R
such that v;(xy;) = 0for2 <i <n + 1. By (§) we may assume that v;(xy;) > 0.
(Otherwise, vi(xy;) < 0. By (5) there is some z; € R with v;(xy;z;) = 0 for
2 <i <n+1,and vi(xy;z1) > 0. Replacing y; by y;z;, we are done.) In the
same way there are y»,...,y,41 € Rsuchthatforl <i <n +1v;(xy;) = 0for
j # iand v;(xy;) > 0. If there is some 1 < i < n + 1 such that v;(xy;) = 0 we
take x’ := y; and are done. Otherwise, v;(xy;) > Oforall 1 <i <n + 1. We set
x; :=x"""T],;4 »;. Then

viex)) = vix" []y) =D vilxy)) =0
J#i J#i
forl <i <n+1and

viGex)) = v " [T we) =D v = v, (xy;) >0
ki ki

forall j # i.Letx" := x| + ...+ x,,,. Then v;(xx") = v;(xx]) = 0 for all
I<i<n+1.

|
Corollary 3.20. Let vy,...,v, be Manis valuations on R having the inverse
property. Let B be an R-overring of []/_, Av,. Then the special restrictions

Vilg,....vulB of vi,...,v, to B have the inverse property.

Proof. By [Vol. 1, Proposition 1.1.17], v;| g is a Manis valuation for 1 < i < n.
We show that condition (5) of Proposition 19 holds. Without restriction we show it
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fori = 1. Let x € B with vi|p(x) < O and v;|g(x) = O0for2 < j < n. Then
vi|p(x) = v;i(x) forall 1 <i < n.By Proposition 19(5) applied to vy, ..., v, there
is some y € R such that vi(xy) > Oand v;(y) = 0 for2 < j < n. We see that
y ez A, C B.Wegetvi|g(xy) >0andv;|z(y) =0for2 < j <n. O

We show in Proposition 4.19 below that the statement of Corollary 20 holds even
for overrings of (), _; ., Av,-

Now we investigate the connection of the inverse property with coarsening and
independence.

Proposition 3.21. Let (v; | i € I),(w; | j € J) be families of Manis valuations
on R such that the following holds.

a) (vi | i € I) has the inverse (resp. finite inverse) property.
b) Forevery j € J thereis somei € I suchthatv; < w;.

Then (w; | j € J) has the inverse (resp. finite inverse) property.

Proof. We may concentrate on the inverse property. Let x € R. Since (v; |i € I)
has the inverse property there is by Remark 2 some x’ € R such that
vi(x?x’) = vi(x) forall i € I.For j € Jleti; € I withv;; < w;. Let
fi; Fw, U {oo} — I, U {oco} be the homomorphism of ordered monoids such that
wj = fi; ov;;. We obtain

wj (x2x/) = ﬁ/ (Vij (XZX/)) = ﬁ/ (Vij (X)) =Ww; (.X)
forall j € J. By Remark 2 we get the claim. O

Proposition 3.22. Let v, w be two Manis valuations on R with w non-trivial. The
following are equivalent.

(1) v<w.
(2) v,w have the inverse property and A, C A,.
(3) v,w have the inverse property and suppv & ., C py.

Proof. (1) = (2): The valuations v, w have the inverse property by Remarks 1(a)
and Proposition 21. The valuation v is non-trivial by Remarks 1.3(1). We get by
Proposition 1.8 that A, C A,,.

(2) = (3): We show that p,, C p,. Assume that p,, ¢ p,. Let x € p,, \ p,. Then
w(x) > 0and v(x) <0.

Case I: w(x) < oo. Since v, w have the inverse property there is some x’ € R such
that v(x") = —v(x) > 0 and w(x') = —w(x) < 0,1.e. x’ € A, \ A,, contradiction.

Case 2: w(x) = oo. Since w is non-trivial there is some y € R such that
0 < w(y) < oo. By Case 1 we get y € p,, ie. v(y) > 0. Let x’ := x + y.
Then v(x’) = v(x) < 0and 0 < w(x") = w(y) < oo, contradiction to Case 1.

It remains to show that suppv & p,. Since w is non-trivial 4,, # R. Hence
A, # R and therefore v is also non-trivial. We obtain
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suppv = [4, : R] C [A,, : R] = suppw & p,,.
(3) = (1): Since suppv & p, the valuation v is non-trivial. By Proposition 1.8 it

suffices to show that A, C A,,. Assume that this does not hold. By Corollary 14 we
find some x € R with v(x) = 0 and w(x) > 0, hence x € p,, \ p,, contradiction

to (3). O
Corollary 3.23. Let vy,...,v,,w be Manis valuations on R having the inverse
property such that vy, ..., v, are non-trivial and w £ v; for all 1 < i < n. Then

there is some x € R such that w(x) = 0and 0 < v;(x) <ooforalll <i <n.

Proof. By Proposition 22 we see that A,, ¢ A,, forall 1 <i < n. We get the claim

by Corollary 14. O
Corollary 3.24. Let vy,..., vy, Wi,..., Wy, be Manis valuations on R having the
inverse property such that vy, ..., v, are non-trivial and the following hold.

a) wy £v; foralll <i <n.
b) wi <wjforalll < j <m.

Then there is some x € R such that wi(x) = O forall1 < j < m and
0<vi(x)<ooforalll <i <n.

Proof. By Proposition 22 we get that ij Z A, foralll < j <mand1<i <n.
Clearly, A,, C A, forall 2 < j < m. We get the claim by Corollary 15. |

Let v, w be Manis valuations with supp v = supp w having the inverse property. Our
next goal is to describe v V w in this situation.

Lemma 3.25. Let v be a valuation on R and let B be a subring of R. Then
p := [p, : B] is a v-convex prime ideal of A, with suppv C p C p,.

Proof. Since p, is an ideal of A4,, clearly p is an ideal of A,. Since 1 € B we have
p C p,. Obviously p is a v-convex ideal with suppv C p. It remains to show that p
is prime. Leta,b € A, \ p. There are x, y € B such that v(ax) < 0 and v(by) < 0.
Hence v(abxy) < 0 and therefore ab ¢ p since xy € B. |

Remark 3.26. Let v be a valuation on R and let B be a subring of R. Then
[p, : B] = [p, : conv(B)], with conv(B) denoting the v-convex hull of B.

Proposition 3.27. Let v be a Manis valuation on R and let By, B, be subrings of
R. The following are equivalent.

(]) [pv : Bl] = [pv : BZ]y
(2) conv(B;) = conv(B,).
Proof. (2) = (1): This follows with Remark 26.

(1) = (2): By Remark 26 we can assume that B; and B, are v-convex and have
to show that By = B,. Assume that there is some x € B; \ B;. Then v(x) < v(y)
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forall y € By. Let z € R with v(z) = —v(x). Then v(zy) > 0 for all y € B,, hence
zZ € [py : Ba]. Butv(zx) = 0, hence z € [p, : B], contradiction. O

Proposition 3.28. Let v, w be Manis valuations on R having the inverse property
such that suppv = suppw. Let p := [p, : Ay,]. Then p is a w-convex prime ideal of
A, with suppw C p C py,.

Proof. a) Since suppw = supp v we get that suppw C p by Lemma 25.

b) We show that p C p,,. Suppose that p & p,,. Let x € p \ p,,. Then x & suppw =
supp v. Since v, w have the inverse property there is some x’ € R with v(xx") =
w(xx’) = 0. Since x ¢ p,, we get x’ € A,,. From x € p = [p,: 4,,] we see that
xx' € p,, contradiction to v(xx’) = 0.

c) We show that p is an ideal of 4,,. Given x € p and a € A,, we get xaA,, C
xA,, C p,, hence xa € p.

d) Finally we show that p is a prime ideal of 4,,. Let x,y € A,, with xy € p and
¥y & p. Then there is some a € A,, with ya ¢ p, and therefore v(ya) < 0. For
any b € A,, we get

v(xb) = v(xb) + v(ya) = v(xyab).

Since xy € p,ab € A, and pA, C p, by the definition of p, we have
v(xyab) > 0. So v(xb) > 0 for all b € B and hence x € p.
By [Vol. I, Proposition 1.1.10] p is w-convex. |

Proposition 3.29. Let v,w be Manis valuations on R having the inverse property
such that suppv = suppw. Then p,v, = [py : Ayl

Proof. Letp := [p, : A,]. By Lemma 25 and Proposition 28, p is a prime ideal of
A, and A,, such that supp v, suppw C p C p, N Py,.

Case 1: v and w are dependent. By Remark 2.2 and Corollary 2.3 we have to show
the following. Let ¢ be a prime ideal of A, and A4,, with ¢t C p, N p,,. Then v C p.
Let x € vand leta € A,, be arbitrary. Then xa € v C p, and therefore x € p by the
definition of p.

Case 2: v and w are independent. Again by Remark 2.2 we get that p = suppv =
suppw and therefore p = p,v,w = supp(v V w) according to Definition 5 in
Sect. 2. a

Corollary 3.30. Let v,w be Manis valuations on R having the inverse property
such that suppv = suppw. Then [p, : Ay] = [py 1 4)].

Proof. By Proposition 29 we get

[pv . Aw] = Povw = Pwvy = [pw . Av]
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Proposition 3.31. Let v,w be Manis valuations on R having the inverse property
such that suppv = suppw. Then [p, : Ay] = [py NPy A, AL] = [pw @ 4]

Proof. Letp := [p, : A,]. We show that [p, N p,, : A,A4,,] = p and then are done
by Corollary 30. By Lemma 25 and Proposition 28, p is a prime ideal of 4, and A,,
with p C p, N p,,. Hence p C [p, N p,, : A, A,,]. The other inclusion is trivial. [

Corollary 3.32. Let v,w be Manis valuations on R having the inverse property
such that suppv = suppw. Then p,v,, = [Py NPy, @ A Ay

Proof. This follows from Propositions 29 and 31. a

We extend the above results to finitely many Manis valuations. Let (v; | i € ) be a
family of Manis valuationson R. For J C I wesetvy := \/,c; Vi, As = [[;c; Au
and p; := p,,. For J finite we often omit the brackets in the index, writing A4, »

instead of Ay 2, etc.

Proposition 3.33. Let [ be a finite set and let (v; | i € I) be a family of Manis
valuations on R having the inverse property such that suppv; = suppv; for all
i,j € I. Given a non-empty subset J of I we have p; = [p; : Ak] for every
non-empty subset K of I with J U K = 1.

Proof. Let® # J C [ andlet@ # K C I with J UK = 1.

Case 1: J = I.Clearly p; = [p; : A,,]. By Remark 2.6 and Definition 5 in Sect. 2
A,; D Ax.Hence p; C [p; : Ak]. Since 1 € Ak, we have equality.

Case2: J & 1. Withoutrestriction we assume that / = {1,...,n} forsomen € N.
We do induction on #.

n = 1: Nothing is to show.

n — n + 1: Without restriction we may assume that n + 1 ¢ J. We have
n+1 = Vi..n V Vpy1. By Proposition 21 the valuations vy ns Vn+1 have the
inverse property. By Proposition 29 we obtain p;__,+1 = [P1..n : An+1]- By

set clearly coincides with [p; : Ak]. |

Proposition 3.34. Let I be a finite set and let (v; | i € I) be a family of Manis
valuations on R having the inverse property such that suppv; = suppv; for all
i, j € 1. For every non-empty subset J of I we have p; = [(;c,; pi : A1l

Proof. We may assume that I = {1,...,n} forsomen € N.

Special Case: J = I. We do induction on n.
n = 1: Clearly p, = [p, : A4,] for any valuation v on R.
n—n+1: Wehave vy _,4+1 = vi..n V Vy+1. By Proposition 21 the valuations
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By the inductive hypothesis we get

i=1
But the latter set clearly coincides with [, ¢; pi © A/].

General Case. By Proposition 33 we have p; = [py : A;]. By the special case we
obtain

pr = [[ﬂ pi Ayl Af

ieJ
But the latter set clearly coincides with [("); ¢, pi : A;]. |

Proposition 3.35. Letv,...,v, be Manisvaluations on R having the inverse prop-
erty such that suppv; = suppv; forall1 <i, j < n. Then v1|A\/~ . ,vn|AvV_ are

Vi J
independent Manis valuations on A/, having the inverse property.

Proof. If vy, ..., v, are independent then A\/v‘/. = R and nothing is to show. So
we assume that vy, ..., v, are dependent. Let u := vlsjsn vi.Forl <i <n
let w; := v;|4,. Suppose that wi, ..., w, are dependent. Let u’' := \/,_;_, wi. By
Remark 2.6, A, D ]_[:-;1 A,,. By Corollary 20 the valuations wy, ... ,w, have the
inverse property. By Remark 2.2 we find some x € p,/ \ suppw;. Then x & p, by
Proposition 2.15. By Proposition 33 we get x ¢ [p,, : B] where B := []/_, 4,,.
Hence we find some @ € B such that xa ¢ p,, resp. vi(ax) < 0. By the above
B C A,.Hence ax € A, and therefore wi(ax) = vi(ax) < 0.Butax € py C py,
by Remark 2.2. So wy(ax) > 0, contradiction. |

4 Essential Valuations

The notion of essentiality in the field case (cf. [E]) and for rings of Krull type
(cf. [G4], [AI-O]) is generalized to arbitrary Manis valuations: A valuation over
a subring A is called A-essential if v can be recovered from the trace of v on A4. If
the intersection ring A of a family of valuations is Priifer then every valuation in
this family is A-essential. We want to establish criteria for the converse. For this
we introduce the important notion of a family of valuations having finite avoidance
(compare with Definition 2 in Chap. 1, Sect. 1). (Compare the notion of “endlichem
Typ” in the work of Griter and of “finite character” in the work of Griffin and
Alajbegovié.) For finitely many valuations the inverse property is equivalent with
essentiality. We establish this result for families having finite avoidance by defining
the finite avoidance inverse property.
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Definition 1. Let v be a valuation on R and let A be a subring of R.

a) If A C A, we say that v is a valuation over A.

b) Letv be a valuation over A. Then the prime ideal p, N A of A is called the center
of v on A and is denoted by cent4(v).

c) Letv be a valuation over A. We say that v is A-essential if A, = Ajcents(v))-

Example 4.1. Letv be any valuation on R. Then v is A4,-essential by [Vol. I, Lemma
I11.1.0].

Remarks 4.2. Let v be any valuation on R.

i) p, is the center of v on A, (compare with [Vol. I, p. 11]).
ii) Let A be a subring of R such that v is a valuation over A. Then Ajcen, (v C Ay

Proposition 4.3. Let A be a subring of R and let v be an A-essential valuation
on R. Let B be an R-overring of A such that v is a valuation over B. Then v is
B-essential.

Proof. Lett; := centy(v) and v, := centg(v). By Remark 2(ii) it is enough to show
A, C Bp,). Let x € A,. Since v is A-essential there is some y € A \ v; such that
xy € A. Thenclearly y € B\ v, and xy € B. Hence x € By,]. a

Proposition 4.4. Let A be a subring of R and let v be an A-essential valuation on
R. Then p, = centy (V) [cent, (v)]-

Proof. Let v := centy(v). Obviously p, D vj). Let x € p, C A,. Then since v is
A-essential there is some s € A \ v with xs € A. We have v(s) = 0 and therefore
v(xs) = v(x) > 0.So xs € p, N A = v and therefore x € 1. |

Proposition 4.5. Let v, w be Manis valuations on R withv < w. Let A be a subring
of R. If v is A-essential then w is A-essential.

Proof. We have p,, C p, C A, C A, by Sect. 1. In particular w is a valuation over
A. Let v, := centy(v) and ¢, := centy(w). Then t,, C t,. By Remark 2(ii) it is
enough to show A,, C A, ). Let x € A,,.

Case 1: x € A,. Since A, = Aj,) by assumption there is some s € A \ v, such that
xs € A.Since A\ t, C A\ t,, we are done.

Case2: x € A,\A,. Then x € A,,\p,, and therefore w(x) = 0. Since x & A, there
is some y € p, with xy € A, \ p,. Therefore xy € A4,, \ p,, and hence w(xy) = 0.
We obtain w(y) = Oandso y € p, \ p,. From A, = A,y we gets,t € A\ v,
such that xys € A and yt € A. Then xyst € A. We have s € A4 \ t,, so we show
that yt € A\ t,, and are done. But y € p, \ p,, C 4,,\ p, and ¢ € A\ t,, hence

Vt & Py O

Corollary 4.6. Let v,w be a Manis valuations on R such that v < w. Then w is
B-essential for every ring B with A, C B C A,,.
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Proof. This follows immediately from Example 1, Propositions 3 and 5. |

In particular we obtain in the above situation A, = (A,)[cents,(w)] and p, =
centy, (w) (cf. Scholium 1.10).

Theorem 4.7. Let A C B be subrings of R and let v be an A-essential Manis
valuation on R. Then the special restriction v|g is a Manis valuations on B that is
A-essential.

Proof. Let v := centy(v) and w := v|3p.

a) We show that w is A-essential. Since v is A-essential we have

A, = Afi] ={x e R|3ds e A\ vsuchthat xs € A}
and

Py :tﬁ] ={x € R|3s € A\ vsuchthat xs € t}.
Since A, = A, N B and p,, = p, N B we get that

Ay, = Aﬁ] ={x € B|3se€ A\ vsuchthat xs € A}
and

Py = tﬁ] ={x e B|3s € A\ vsuchthat xs € t}.

This shows that w is A-essential.
We show that w is Manis. Let x € B with w(x) < co. We need to find some
x" € B with w(xx") = 0.

Case 1: w(x) < 0. Then w(x) = v(x) < oo. Since v is Manis there is some
y € R such that v(y) = —v(x) > 0. By the above we have some z € A and
s € A\ v with ys = z, hence v(z) = v(y) = —v(x). Then x’ := z € B and
w(xx") = 0.

Case 2: w(x) > 0. Since w is special, there exists some y € B with w(y) <
—w(x), hence w(xy) < 0. Then by Case 1 we obtain some z € B with w(xyz) =
0. So x’ := yz € B does the job. O

Theorem 4.8. Let A be Priifer in R and let v be a Manis valuation over A. Then v
is A-essential.

Proof. Let v := centy(v). Since A is Priifer the pair (A, t[}) is a Manis pair. By
Remarks 2(ii) we know that Ay C A,. We show that p, N Ay = v and obtain by
[Vol. I, Theorem 1.2.4 i) = ii)] that A} = A,.

Let x € p, N Ap. Then v(x) > 0 and there is some s € A \ t such that xs € A.
Since v(s) = 0 we get v(xs) > 0 and hence xs € v. This shows that x € t}y. Let
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x’ € t[. Then there is some s € A \ v with x’s” € v. So v(x") = v(x's’) > 0 and
therefore x’ € p, N Apy. a

Corollary 4.9. Let (v; | i € I) be a family of Manis valuations on R. If
A :=(\;e; Ay, is Priifer in R then every v; is A-essential.

Corollary 4.10. Let A be Priifer in R and let v be a Manis valuation over A. Let B
be an R-overring of A. Then v|p is a PM-valuation on B.

Proof. Let w := v|p. By Theorem 7 w is a Manis valuation on B. By the definition
of a special restriction (cf. [Vol. I, Definition 11 in I §1]) we have A,, = BN A, D A.
By [Vol. 1, Corollary 1.5.3] A,, is Priifer in B. Hence w is a PM-valuation. O

Corollary 4.11. Let (v; | i € I) be a family of Manis valuations on R. Then the
following are equivalent.

(1) (s Ay, is Priifer in R.

(2) For alli € I we have that ﬂj# Ay, is Priifer in R and Vi|ﬂj7éi Ay, is a PM-
valuation on ﬂj# Ay,

(3) There is some i € I such that ﬂj# Av‘/. is Priifer in R and vi|ﬂj7éi Ay, is a
PM-valuation on () 4; Ay;.

Proof. Let A := (\;¢; Ay, Fori € I let B; := ﬂﬁéi Ay, and w; := v;|p,. By the
very definition of special restriction we see that A4, = 4,, N B; = A.

(1) = (2): Fori € I v; is a valuation over A. By Corollary 10 we obtain that w;
is a PM-valuation on B;.

(2) = (3): This is trivial.

(3) = (1): Let i € [I such that the property in (3) holds. Since w; is

a PM-valuation by assumption we get that A = A,, is Priifer in B;. Since
B; is Priifer in R by assumption we get that A is Priifer in R by [Vol. I,
Theorem 1.5.6]. O

Corollary 4.12. Let v,w be PM-valuations on R. The following are equivalent.

(1) A, N A, is Priifer in R.
(2) vl|a, is a PM-valuation on A,,.
(3) wl|a, is a PM-valuation on A,.

Proposition 4.13. Let vy,...,v, be Manis valuations on R and let A C
A, N ...N A, be Priifer in R. Let B be an R-overring of A. If vilg,...,Vu|B
are dependent then vy, . . ., v, are dependent and then \/ vi|p = (\/ vi)|5.

Proof. Let w; := v;|p for 1 <i < n. By Corollary 10 these valuations are Manis
on B. We have

() 4w = () 4, NB> A

i<i<n 1<i<n
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By [Vol. I, Corollary 1.5.3] ﬂlSiSn A,, is Priifer in B. We assume that wy, ..., w,
are dependent.

a)

b)

We show that vy, ..., v, are dependent. We have [['_, 4,, # B by Corollary 2.8
and Ay/,, = []/=, Ay, by Corollary 2.11. Again by Corollary 2.8 we have to
show that []_, 4,, # R. Assume this does not hold. Since []/_, A,, # B
we find some a € B with (\/ w;)(a) < 0. Clearly a € R = [[/_, 4,,. Hence
there is some ¢ € N and b;,...,b;y € A,, for1 < i < n suchthata =

‘177:1 [T~ bi - The valuations vy, .. ., v, are A-essential by Theorem 8. Hence
thereare s; , € A\centy(v;) suchthatb; ,s; , € Aforl <i <mandl < p <gq.
By Proposition 1.8 we have for 1 <i <n

Pvw; C pw, = centp(vi) C py,.

Hence (\/w;)(sip) = Oforalll <i <mandl < p < gq.Letx =
[Ti=i [T)=) sip- For 1 < p < g we get

\/w)) (]‘[ bi,px) =/ wp) (]‘[ bi,ps,-,,,) >0
i=l1 i=l1

since b; i p € A C Ay, Hence

q n
A\ wiax) = \/w) | D[ Tbip»

p=1i=1

> min{(\/wj) (Hbi,px) |1 <p=<gq}=0.

i=1

But (\/ w;j)(ax) = (\/ w;)(a) < 0, contradiction.
We have

Ay N...NA, =4, N...NA, NB=A.

By [Vol. I, Corollary 1.5.3] A is Priifer in B. By the definition of special
restriction and Scholium 1.16 we have to show that 4y/,, = Ay/,, N B. By a)
Vi...., vy, are dependent. The proof has shown that ([];_; 4,,)NB C [, Aw,.
Since

[T4w =]]JAwnB) c(]4nNnB
i=1 i=1 i=1

we get that []/_; Ay, = ([[i=; 4y,) N B. Hence Ay,, = Ay, N B by
Corollary 2.11. O
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We introduce the important notion of a family of Manis valuations with finite
avoidance. Many theorems for the finite case can be extended to this more general
situation.

Definition 2. A family of Manis valuations (v; | i € I) on R has finite avoidance if
the family (A4,, | i € I) has finite avoidance in the sense of Definition 2 in Chap. 1,
Sect. 1; i.e. for every x € R the set of indices i € I such that v; (x) < 0 is finite.

The following will be useful for later.

Remark 4.14. Let (v; | i € I) be a family of Manis valuations on R having finite
avoidance. Let i € I such that v; is non-trivial. Then the set {j € [ | v; < v;}is
finite.

Proof. Let J be the above set. Since v; is non-trivial there is some x € R such that
vi(x) < 0. By the finite avoidance property there is a finite set J C [ such that
vi(x) >0forallk € I \ J.Hence J C J and we are done. O

Proposition 4.15. Let (v; | i € I) be a family of Manis valuations on R having
finite avoidance. Let A := (\;c; Ay, The following are equivalent.

(1) A is Priifer in R.
(2) A C R is a PF-extension (cf. Definition 1 in Chap. I, Sect. 4).

Proof. (1) = (2): We can assume that all v; are non-trivial. We can also assume that
the valuations v; are pairwise incomparable (by taking only the minimal elements
with respect to <, using Remark 14). By Theorem 1.4.1 we get that A is a PF-
extension.

(2) = (1): This is obvious by the definition of a PF-extension. O

Theorem 4.16. Let (v; | i € I) be a family of Manis valuations on R having finite
avoidance such that A := ();¢; Ay, is Priifer in R. Let m be a maximal ideal of A
such that m # centy (v;) for alli € I and let w be a non-trivial Manis valuation on
R such that v; <w for somei € I. Then centy(w) ¢ m.

Proof. Tt clearly suffices to do the proof in the case that all v; are non-trivial.
Moreover, we can assume that the valuations are pairwise incomparable. Then
Ay, & A,; fori # j by Corollary 1.17. Let v; := centy(v;) for i € I. Then
Ay, = A[;) by Theorem 8. Hence v; ¢ t; fori # j. By [Vol. I, Lemma III.1.1] we
have that v; is an R-regular prime ideal of A for all i € /. Similarly to Proposition
1.1.7 we see that {t; | i € I} is the set of all maximal R-regular prime ideals of A.
So if m is a maximal ideal of A with m # t; for all i € I then m is not R-regular.
Let now w be a non-trivial Manis valuation on R such that v; < w for some
i € I. By Proposition 5 we get that w is A-essential, s0 Ajcen(w)) = Aw # R.
Therefore again by [Vol. I, Lemma III.1.1] the ideal cent, (w) of A is R-regular and
so cent4(w) ¢ m, simply by [Vol. I, Definition 1 in II §1]. O

We show a result converse to Corollary 9 (in the case of finite avoidance) and
Theorem 16 for PM-valuations.
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Theorem 4.17. Let (v; | i € 1) be a family of PM-valuations on R having finite
avoidance. Let A := ();¢; Ay, Assume that the following properties hold.

i) Everyv; is A-essential.

ii) If m is a maximal ideal of A such that m # centy(v;) for alli € I and if w
is a non-trivial Manis valuation on R such that vi < w for some i € I, then
centg(w) Z m.

Then A is Priifer in R.

Proof. Let m be a maximal ideal of A. We show that (A[m], M[w)) is @ Manis pair
and are done.

Case 1: m = centy(v;) for some i € [I. Since v; is A-essential by (i) we have
Am) = A,;. By Proposition 4 we get mm) = p,. Since v; is Manis by assumption
we are done.

Case 2: m # centy(v;) forall i € I.Itis enough to show Am) = R. Suppose that
A[m] # R.Letx € R\ A[m]. Then

(A:yx)=4{aeA|xae A} Cm.

We have (A 14 x) = ();¢;(Ay; 14 x). Since the family (v; | i € I) has finite
avoidance there are iy, ..., I, in I such that v;(x) > Oforalli ¢ J := {iy,...,i,}.
Hence A = (A,, 14 x) foralli ¢ J. This gives ﬂlslsn(Aw, 4 X) C m and
therefore (Avl-k 14 x) Cmforsome 1 <k <n.Wewrite j := iy.

Case 2.1: vj is trivial. Then (A,, Ay Xx) = R and hence
(Avj X)) = (Av‘/. Ay X)NA=A.

We get m = A, contradiction.
Case 2.2: v; is non-trivial. From (4,; 14 x) C m we conclude \/(4,; 14 x) C m.
Obviously the ideals (Av‘/. Ay x) and /(Av‘/. Ay x) of Avj are v;-convex.

Therefore /(Av‘/. Ay x) is a prime ideal of Av‘/.. Since v; is Manis we have
(Ay;, 4, X) 2suppv;. With [Vol. I, Theorem IIL.2.5] we get that n :=

J
(A, J Ay x) is an R-regular prime ideal of A,, contained in p, ;- By Scholium 1.10
and Proposition 1.12 we obtain a non-trivial coarsening w of v; with 4,, = (4, )y

and p,, = n. Since /(A,, Ay x)NA4A = /(4,4 x) we getp, NA C m,

contradiction to (ii). O

The next results establish the connection between the inverse property and essential
valuations.
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Theorem 4.18. Let vy,...,v, be Manis valuations on R and let A =
A, N...NA,,. The following are equivalent.

(1) vi,...,v, have the inverse property.
(2) Everyv; is A-essential.

Proof. Lett; := centy(v;) forl <i <n.

(1) = (2): Leti € {1,...,n}. Clearly v; is a valuation over A. By Remarks 2(ii)
it is enough to show A4,, C A[;}. Let x € A,,. By Proposition 3.6 there is some
¥y € Rsuchthatfor1 < j < nv;(y) = 0ifv;(x) > 0Oand v;(y) < v;(x)
if v;(x) < 0. Since vy,...,v, have the inverse property we get some s € R such
that v;(s) = —v;(y) forall1 < j < n.Thenv;(s) > Oforall 1 < j < n and
vi(s) = 0. This gives s € A \ v;. We have v;(xs) = v;(x) —v;(y) > 0 for all
1 < j < n.Hence xs € A. This shows that x € A,

(2) = (1): By Proposition 3.21 we can assume that v;, v; are incomparable for
alli # j.

Special Case: We assume that every v; is non-trivial. We do induction on 7.

n = 1: {v;} has the inverse property since v; is Manis (cf. Remark 3.1(a)).

n — n 4+ 1: Let x € R. By the inductive hypothesis and Proposition 3 we may
assume that v;(x) # oo forall 1 < j < n + 1 (otherwise we can omit those v;
with v; (x) = oo). We have to find some x’ € R with v;(x’) = —v;(x) for all
1<i<n+1.LetB:= ﬂ;;l A,,. By Proposition 3 vy, ..., v, are B-essential. By
the inductive hypothesis the valuations vy, ..., v, have the inverse property.

Claim 1: There is some y € R such that

vi(y) =0,v2(y) > 0,...,vp41(y) > 0.

Proof of Claim 1: By Corollary 3.23 there is some y’ € R with v;(y’) = 0 and
0 <vi(y') <ooforall2 <i < n.We may assume that v,1(y’) > 0. Otherwise,
since A,, = A[y,] thereis some a € A\ v, with y’a € A. Then we replace y’ by y'a.
Applied the same arguments to the valuations vy, vs, ..., v,+; we find some y” € R
with vi(»”) = 0,v2(y”) > 0and v;(y”) > Oforall3 <i <n+1. Withy := y’y”
we getvi(y) =0andv;(y) >O0forall2 <i <n+ 1.

By above vy, ..., v, have the inverse property. Hence there is some z; € R with
vi(xz1) = 0 and v;(xz1) = 0 forall 2 < i < n. As in the proof of Claim 1 we can
assume that v,4+1(xz;) > 0. Let y; € R be as in Claim 1. Then v;(xy;z;) = 0 and
vi(xy1z1) > Oforall2 <i < n + 1. In the same way we obtain y;,..., Yy+1 € R
and z2,...,2,4+1 € R such that v;(xy;z;) = O and v;(xy;z;) > Oforall j # i.Let
x':=y1z1 + ...+ ypzu. Thenv(xx’) = 0forall 1 <i < n.

General Case: We may assume that vy, ..., v, are trivial and vg4q, ..., v, are
non-trivial for some 0 < k < n + 1. We do induction on k.

k = 0: This is covered by the special case.

k — k + 1: We may assume that supp v; is minimal in {suppv; | 1 <i <k +1}
with respect to inclusion.
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Claim 2: Lete; € I, fork + 2 <i < n. Then there is some z € R such that

vi(z) = 0,va(z) = 00,...,Vk+1(2) = 00, vk +2(2) > &k42,...,Va(2) > &p.

Proof of Claim 2: We can assume that &; > 0 for k + 2 < i < n. By
Proposition 3.11 there is some 77 € R with v;(7') < —s; forall k +2 <i < n. We
have A, = R = Aj,,) by assumption. Hence there is some s € A\ t; with Z's € 4,
We get that vi(s) = 0 and v;(s) > & fork + 1 <i < n. By assumption supp v; is
minimal in {suppv; | 1 <i <k + 1}. Since v; and v; are incomparable for i # j
we have supp vy # suppv; for2 <i < k+1. Hence thereis for2 <i < k+1 some
b; € supp v; \ suppv;.Letb := sby ... br41. Then v, (b) = 0 and v; (b) = oo for
2 <i <k+1.Since R = A, thereis some ¢t € A\ t; such thatc := bt € A. We
obtain

vi(c) =0,v2(c) = 00, ..., vk+1(c) = 00, Vk42(c) = 0,...,v,(c) = 0.

Let z := sc. Then z fulfills the requirements of the claim.

Let now x € R. We have to find some x’ € R with v;(x") = —v;(x) for all
1 <i < n with v;(x) < oco. By the inductive hypothesis there is some y € R such
that v;(y) = —v;(x) for all 2 < i < n with v;(x) < oo. If vi(x) = oo nothing

is to show. So we assume that v{(x) = 0. If vi(y) = 0 we are done. Otherwise
vi(y) = oo. By the claim there is some z € R such that v;(z) = 0, v;(z) = oo for
2<i=<k+1landv;(z) >v;(y)forallk +1 < j < n withv;(y) < oo. Let
x" =y +z Thenv;(x") = —v;(x) forall 1 <i < n such that v; (x) # oo. O

We want to extend Theorem 18 to the case of finite avoidance. For that reason we
introduce the following technical definition.

Definition 3. Let (v; | i € I) be a family of Manis valuations on R. We say that it
has the finite avoidance inverse property if for all iy, ... ,i, € I and all R-overrings
B of ﬂiel A,, the special restrictions v;, |5, ..., v, |p are Manis valuations on B
having the inverse property.

Proposition 4.19. Let vi,...,v, be finitely many Manis valuations on R. The
following are equivalent.

(1) vi,...,v, have the inverse property.

(2) vi,...,Vv, have the finite avoidance inverse property.

Proof. (1) = (2): Let A := ﬂlﬁiﬁn Ay, Letiy,....ig € {l,...,n} and let B
be an R-overring of A. We have to show that v; |5, ..., Vi, | p are Manis valuations
on B having the inverse property. We write w, := v; [p for 1 < p < q. By
Theorems 18 and 7 wy, . .., w, are Manis valuations on B and A-essential. Let C :=

ﬂlﬁpﬁq A,, . Clearly A C C C B. By Proposition 3 we get that wy, ..., w, are C-
essential. By Theorem 18 we get that they have the inverse property.
2)={):Apply(2)to 1,...,nand B = R. O
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Remark 4.20. Let (v; | i € I) be a family of Manis valuations on R having the
finite avoidance inverse property.

a) For J C I, the subfamily (v; | i € J) has the finite avoidance inverse property.
b) The family (v; | i € I) has the finite inverse property.

Proof. a): This is clear from the definition.
b): This follows from (a) and Proposition 19. O

Theorem 4.21. Let (v; | i € I) be a family of Manis valuations on R having finite
avoidance and let A := (");¢; Av;. The following are equivalent.

(1) (vi | i € 1) has the finite avoidance inverse property.
(2) Everyv; is A-essential.

Proof. Lett; := centq(v;) fori € I.

(1) = (2): Let iy € I. Clearly v;, is a valuation over A. By Remark 2(ii) it is
enough to show A,, C Ap, ). Let x € A,, . Since (v; | i € I) has finite avoidance
there is a finite subset J = {ip,...,i,} of [ such that x € A, forallk ¢ J.
(Enlarging J if necessary we can assume that ig € J.) Let B := ("¢, Ay, Then
x € B.Since (v; | i € I) has the finite avoidance inverse property the valuations
Vi,|Bs- ... Vi, |p are Manis with the inverse property. Let wy := v;, |p for0 < k < n.
We have

() Aw= () @A, NB)=(() 4,)NB=4

0<k<n 0<k<n 0<k=n

and
centy(wo) = Pw, N A = py,, N BN A = centy(vi,) = tjp-

By Theorem 18, (1) = (2), we have that wy is A essential. Hence there is some
s € A\ t;, such that xs € A.

(2) = (1): Letiy,...,i, € I and let B be an R-overring of A. Let wy := v;, |
for 1 < k < n. By Theorem 7 the valuations wy,...,w, are Manis on B and
A-essential. We have

() Aw= () A, NB)=([) 4,)NBD A

I<k=n I<k=n I<k=<n

By Proposition 3 wy, ..., w, are ﬂlsksn A,, -essential. By Theorem 18, (2) = (1),
we get that wy, ..., w, have the inverse property. 0.

Corollary 4.22. Let (v; | i € I) be a family of Manis valuation on R having finite
avoidance. If (\;c; Ay, is Priifer in R then the family has the finite avoidance inverse

pl"OpE}'Ty.
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Proof. Let A := ();¢; Ay,. By Corollary 9 v; is A-essential for every i € I. By
Theorem 21 the family has the finite avoidance inverse property. |

S The Approximation Theorem in the Neighbourhood
of Zero

The approximation theorem in the neighbourhood of zero for finitely many val-
uations is equivalent to the inverse property (and essentiality). Therefore the
approximation theorem holds if the intersection ring of the finitely many valuations
is Priifer. Extending the existing literature (cf. [Gr;], [Al-O], [Al-M]) we introduce
the notion of the approximation theorem in the neighbourhood of zero for arbitrary
families. It implies the finite avoidance inverse property and is implied by the
so-called strong finite avoidance inverse property and the Priifer condition.

Proposition 5.1. Let v, w be Manis valuations on R with the inverse property. Then
the following are equivalent.

(1) Forany e € I, with ¢ > 0 there is some x € R with v(x) > ¢ and w(x) < 0.
(2) Forany ¢ € I, with ¢ > 0 there is some x € R with v(x) = ¢ and w(x) < 0.
(3) Forany ¢ € I, with ¢ > 0 there is some x € R with v(x) > ¢ and w(x) = 0.
(4) Forany ¢ € I, with ¢ > 0 there is some x € R with v(x) = ¢ and w(x) = 0.
(5) Forany ¢ € I, there is some x € R with v(x) = ¢ and w(x) = 0.

(6) Foranye € I, andn € I, there is some x € R with v(x) = ¢ and w(x) = 1.

Proof. Clearly condition (6) implies all the other conditions. We verify (1) = (2)
= (3) = (4) = (5) = (6), and then will be done.

(1) = (2): By (1), there is some y € R with v(y) > eand w(y) < 0.Ifv(y) = ¢
we are done. We assume that v(y) > e&. Since v is Manis there is some z € R
with v(z) = . If w(z) < 0 we are done. So we may assume that w(z) > 0. With
X =Yy +zweobtainv(x) = v(y +z) = v(z) = e and w(x) = w(y) <0.

(2) = (3): For ¢ = 0 we can take x = 1. So we assume that ¢ > 0. By (2) there is
some y € R such that v(y) > ¢ and w(y) < 0. If w(y) = 0 we are done. Hence we
assume that w(y) < 0. Thenv(1 + y) = v(1) = 0 and w(1 + y) = w(y) < 0. Since
v, w have the inverse property there is some z € R with v(z) = —v(1 +y) = 0
and w(z) = —w(l + y) = —w(y). With x := yz we get v(x) = v(y) > ¢ and
w(x) = w(y) +w(z) = w(y) —w(y) = 0.

(3) = (4): For ¢ = 0 we can take x = 1. So we assume that ¢ > 0. By (3) there
is some y € R with v(y) > ¢ and w(y) = 0. If v(y) = ¢ we are done. Hence we
assume that v(y) > ¢. Since v is Manis there is some z € R with v(z) = &.

Case 1: w(z) = 0. Then we can take x := z.

Case 2: w(z) > 0.Letx := y + z. Then v(x) = v(z) = ¢ and w(x) = w(y) = 0.
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Case 3: w(z) < 0. Then v(1 + z) = v(1) = 0 and w(l + z) = w(z) < 0. Since
v, w have the inverse property there is some 7’ € R with v(7') = —v(1 4+ z) = 0 and
w(@) = —w(l 4+ z) = —w(z). With x := zz’ we get v(x) = v(z) + v(z/) = ¢ and
w(x) = w(z) + w(Z) = w(z) —w(z) = 0.

(4) = (5): By (4), we may assume that ¢ < 0. Again by (4) there is some y € R

with v(y) = —e and w(y) = 0. Since v, w have the inverse property there is some
x € Rsuchthatv(x) = —v(y) = eand w(x) = —w(y) = 0.
(5) = (6):

Case 1: n = 0. The claim follows with (5).

Case 2: n < 0. Since w is Manis there is some y € R with w(y) = 1. We may
assume that v(y) # oo. (Otherwise, we replace y by 1 + y.) By (5) there is some
z € Rwithv(z) = ¢ —v(y) and w(z) = 0. Let x := yz. Then v(x) = ¢ and
w(x) =w(y) =n.

Case 3: n > 0. By Case 2 there is an element y € R such that v(y) = —e& and
w(y) = —n. Since v and w have the inverse property the claim follows. O
Proposition 5.2. Let vy, ..., v, be Manis valuations on R with the inverse property.

Lete; € I, for 1 <i < n. The following are equivalent.

(1) There is some x € Rwithvi(x) = €1,...,v,(x) = &,.
(2) For each pair (i, j) there is some x € R with v;(x) = & andv;(x) = &;.

Proof. (1) = (2): This is obvious.
(2)= (1)

Claim 1: If vi > v, it is enough to show (1) for v, ..., v,.

Proof of Claim 1: Assume that there is some x € R such that v,(x) =
€2,...,vy(x) = &,. By (2) there is some y € R such that vi(y) = & and
va(y) = e Let f : I, U {oo} — I, U {oo} be the homomorphism of ordered
monoids such that v = f o v,. Then

vi(x) = f(n(x) = fle2) = f(n2(y)) =vi(y) = &1
By Claim 1 we may assume that v; # v; foralli # j. (Otherwise, if v; < v; for
some i, j, we may omit v;.)
Special Case: vi,...,v, are non-trivial.
Claim 2: Thereis some y € R such that vi(y) = €1,v2()) > €2,..., v (y) > &,.

Proof of Claim 2: 'We prove Claim 2 by induction on #.
n = 1: This is obvious since v; is Manis.
n — n + 1: By the inductive hypothesis there is some y’ € R such that

() =e1,v()) > e, ... v () > e
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If v,+1(y’) > &,41 we are done. Hence we assume that v, +1(y’) < &,+;. For the
pair (1,n + 1) there is by (2) some z € R with vi(z) = &; and v,+1(z) = €,+1-
Since vy and v, 4+ have the inverse property there is some 7 € R such that v;(7) =
—¢&1 and vy41(Z) = —€u+1. Hence vi(y’'7) = 0 and o := v,+1(y'7) < 0. By
Proposition 3.19, (1) = (3), applied to y’Z’ there is some a € R such that

vi(a) =0,v(a) >0,...,v,(a) = 0,v,+1(a) > —a.

Since vi £ vy41 there is by Corollary 3.23 some b € R with v{(b) = 0 and
vu+1(b) > 0. By Proposition 3.19, (1) = (3), we may assume that

vi(b) = 0,v2(b) >0,...,v,(b) > 0,v,41(b) > 0.
Hence
vi(ab) = 0,va(ab) = 0,...,v,(ab) = 0,v,41(ab) > —a.
We set y := y’ab. Then

vi(y) = vi(y') +vi(ab) = ey,
vi(y) = vi(y) +vi(ab) = vi(y)) > &

for2 <i <mnand

Va1 (0) = Va1 (¥) + vag1(ab)

Vn+l(y/) -0 = Vn+l(y/) - Vn+1(y/Z/)

\

= _Vn+l(Z/) = Vu+1(2) = &nt1.

This shows Claim 2.

By Claim 2 there is for each 1 <i < n some x; € R such that v;(x;) = &; and
vj(x;j) > ¢; forall j # i provided all v; are non-trivial. Let x := x; + -+ + x,.
Thenv;(x) = ¢; forall1 <i <n.

General Case: We may assume that vy, ..., v are non-trivial and vg41, ..., v, are
trivial for some 0 < k < n. We can also assume that vi1, ..., v, are all different.
Note that g; = O forall k + 1 <i < n. We write vg41,...,V, as

Vils oo o s VI V21 oo o5 V2ys o o o5 Vimgs o o+ s Vil

withm € Ny, [; € N(where 1 < j < m and ZT:I l; = n — k) such that supp v
is maximal in {suppv; | k + 1 <i < n} and suppv;; D suppv,;s forl < j <m
and 1 < j’ < ;. Note that after rewriting ¢ ;;» = 0 for all j, j'.
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By the special case there is some x € R such that v;(x) = ¢; for all
1<i<k.Let

n(x) :=#1=<j <m|v(x) = oo}.

Note that if v;1(x) = O thenv;;»(x) = 0forall 1 < j’ <[;. Henceif n(x) = 0 we
are done. So we may assume that n(x) > 1 and without restriction we assume that
vi1(x) = oo. Since suppv;; is maximal and the trivial valuations are all different
there is for 2 < j < m some a; € R with a; € suppv;; \ suppvii. Let a :=
az-...-ay. Thenvii(a) = 0andv;i(a) = oo for2 < j < m. By Proposition 3.19,
(1) = (3), we can assume that vi(a) > 0, ...,v¢(a) > 0. By Corollary 3.17 we find
some b € R with vi;(b) = 0 and vi(b) > e1,...,vi(b) > &. Then vy (ab) = 0,
vji(ab) = cofor2 < j < nandv;(ab) = vi(a) +vi(b) > g forl <i < k.Let
x" = x + ab. Then v;(x") = vi(x) = & for1 <i < k,vi;(x") = vi1(ab) =0
and v (x") = v;i(x) for2 < j < m. So n(x") < n(x). Doing induction on n(x)
we obtain the claim. O

Proposition 5.3. Let vy,...,v, be Manis valuations on R having the inverse
property. Then the following are equivalent.

(1) Foreveryi # j v; andv; are independent.

(2) Forany (g1,...,e0) € I, X ... x I, there is some x € R with v;(x) = & for
all1 <i <n.

(3) For everyi # j and e; € I, there is some x € R with v;(x;) = & and
vi(x) =0.

Proof. By Remark 3.1(c) and Proposition 2 it is enough to do the proof in the case
n=2Letv:i=v,w:=w,e:=¢and n:= &
1) = (2):

Case 1: suppv ¢ suppw. Let y € suppv \ suppw. Since w is Manis there is some
z € R with w(yz) = 0. Forany 0 < ¢ € I, we have v(yz) = oo > ¢'. By
Proposition 1, (3) = (6), we get some x € R such that v(x) = ¢ and w(x) = 7.

Case 2: suppw ¢ suppv. We can copy the proof of Case 1.

Case 3: suppv = suppw. Let p := [p,, : A,]. Then by Proposition 3.29 we have
P = Pyvy. Since v and w are independent by assumption we get p = suppv (cf.
Definition 5 in Sect.2). Let &’ € I, with ¢’ > 0. Let y € A, with v(y) = ¢’. Then
y & suppv = p. Hence there is some a € A, such that z := ay & p,,. We obtain
v(z) = v(a) +v(y) = v(y) = ¢ and w(z) < 0. By Proposition 1, (1) = (6), we get
some x € R such that v(x) = ¢ and w(x) = 7.

(2) = (3): This is obvious.

(3) = (1): Suppose that v and w are dependent. Then by Remark 2.2 there is a
prime ideal p of A, and A4,, such that

supp v, suppw S p C p, Ny,
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Let y € p \ suppv. Let & := v(y) < co. We show that there is no x € R such that
v(x) = ¢ and w(x) = 0, contradiction. Hence suppose there is some x € R with
v(x) = ¢ and w(x) = 0. Since v, w have the inverse property and v(y), w(y) # oo
there is some y’ € R such that v(yy’) = 0 and w(yy’) = 0. We have

v(xy") = v(x) +v() = v(y) —v(y) = 0.

This shows that xy’ € A,. Since y € p and p is an ideal of 4, we get xyy’ € p.
Since p C p,, we get w(xyy’) > 0. But

w(xyy') = w(x) + w(yy') = w(x) =0,

contradiction. O

Definition 1. Let v;, v, be Manis valuations on R. We write H,, ,, for the subgroup
H(lvwz) of I, introduced in Sect. 2, Definition 4. We set I, ,, := I,/H,,,, and
write fy, ., : I, = I, ,, for the canonical homomorphism of (ordered) groups.
Note that I3, ,, = I5,vy, if supp vy = supp v, (in particular if vy, v, are dependent)
and that I, ,, = {0} if v;, v, are independent. Let suppv; = supp v,. Extending
Jui., by setting £, ,, (00) = oo the map f,, ., : I, U{oo} — I,vy, U {oco} is the
homomorphism of ordered monoids such that v; vV v, = f,,,, o vi.

Corollary 5.4. Let vy, ..., v, be Manis valuations on R with the inverse property.
Let ¢; € ﬂj# H, ., for 1 <i < n. Then there is some x € R with vi(x) =
&1y, vn(X) = &,

Proof. Leti,j € {1,...,n} withi # j.Since ¢; € H,,,;, and ¢; € H,,,, itis
enough by Proposition 2 to show the claim for v; and v;. Letv := v; and w := v;.
If v and w are independent the claim follows from Proposition 3. So we assume that
v and w are dependent. Then suppv = suppw. By Proposition 3.35 V' := vy,
and w' = w| A, are independent Manis valuations on A,v,, having the inverse
property. By Propositions 2.15 and 3 we find some x € A,y,, such that v/(x) = ¢
and w'(x) = n. We get v(x) = V'(x) = ¢ and w(x) = w/(x) = 7. O

Definition 2. i) Let v, w be Manis valuations on R. Let («, 8) € I, x I,. Then
(o, B) is called compatible if f,,, (o) = fi,.,(B).

ii) Let vy, ..., v, be Manis valuations on R and let (&, ...,o,) € I, X...x I}, .
The tuple (@, ...,q,) is called compatible if (o;, ;) is compatible for every
1<i,j<n.

Remark 5.5. Letvy,...,v, be Manis valuations on R.

a) Letx € R\ <<, suppv;. The tuple (vi(x),...,v,(x)) € I}, x ... x I}, is
compatible.

b) Let (ay,...,0,) € I, x...x I, be compatible. Then for every 1 < k < n the
tuple (@1, ..., o) € I, x ... x I, is compatible.
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Remark 5.6. Let v, w be Manis valuation on R with v < w. Let («, 8) € R. Then
(o, B) is compatible iff § = f,,, ().

Proposition 5.7. Letvy,...,v, be Manis valuationson R. For1 <i <nlet A; :=
ﬂj# H, ;. Let (81,...,8,) € Ay x...x A,. Then (81,...,8,) is compatible.

Proof. Let 1 < i,j < n. We may assume that i # j. Since §; € H, ,; and
§; € Hy, ,;, wehave f,,,,(8;) = f,,,(8;) =0. O
Proposition 5.8. Let vy, ..., v, be Manis valuations on R. Then the following are

equivalent.

(1) Foreveryi # j v;,v; are independent.
(2) Every (ai,...,0,) € I, x ... x I, is compatible.

Proof. Tt clearly suffices to do the proof in the case n = 2. We set v := v, w =
Vo, =« and B = «ay.
(1) = (2): This follows immediately from I7,,, = {0} (cf. Definition 4 in Sect. 2).
(2) = (1): Assume that v, w are dependent. We choose x € R\ A,y,. Then
(v(x), 2w(x)) is not compatible since

Fraw(W(x)) = (v vV w)(x) # 200V w)(x) = fi,,,2w(x)),

contradiction. O
Let vi,...,v, be Manis valuations on R. Let («i,...,a,) € I, x ... x I,,. By
Remark 5(a) it is necessary that (o, . .., ;) is compatible to find some x € R with
vix) = ap, ..., v(x) = ay.

Definition 3. Let v,...,v, be Manis valuations on R. The approximation the-
orem in the neighbourhood of zero holds for vy,...,v, if for every compatible
(ay,...,ay) € I, x ... x I, there is some x € R such that v{(x) =
Ay, (X)) = ap.

Example 5.9. Letvy,...,v, be Manis valuations on R having the inverse property
such that v; and v; are independent for every i # j. Then by Proposition 3 the
approximation theorem in the neighbourhood of zero holds for vy, ..., v,.

Remark 5.10. Let vy,...,v,,w1,...,w, be Manis valuations on R such that for

every | < j < mthereis some 1 < i < n with v; < w;. The following are
equivalent.

(1) The approximation theorem in the neighbourhood of zero holds for vy, ..., v,.
(2) The approximation theorem in the neighbourhood of zero holds for vy, ..., v,,
Wi, eooy Wipo

Proof. For 1 < j < m we choose 1 <i; < n such that vi; S wj.

()= @2):Let (a1,...,00,B1,....Bw) e [, x...x 1T, x I, x...x 1T, be
compatible. Then (o, ..., 0,) € I, x...x I, is compatible. Hence there is some
X € Rsuchthatv;(x) =«; forall1 <i <n.Let1 < j < m. Then by Remark 6
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Wj(x) = fVij,W‘/‘ (Vij(x)) = fVijst (ai‘/) = IBj-

(2) = (1): Let (a1,...,a4) € I, x ... x I, be compatible. Let §; :=
fv,.j,w‘/.(a,-j) for 1 < j < m. Then (a1,....0,B1,....,B,) € I, x ... x T, x
I, x...x 1T, is compatible. To see this we distinguish three cases.

Claim 1: (o4, ;) is compatible for 1 < k,[ < n. This follows from the setting.

Claim 2: (o, f;) is compatible for 1 < k < nand 1 < < m. We may assume
that vy and w; are dependent. Then vi V v;, < v V w; by Proposition 2.13. Let
g: kawiz U{oo} — I, vw, U {oo} be the homomorphism of ordered monoids such
that vy V w; = g o (vk V v;;). We obtain

fw;,vk (:81) = fw;,vk (fv,-, Wi (ai1)) = g(fv;, Wk (ai1)) = g(ka,vil (ak)) = ka,w1 (ak)-

Claim 3: (B, B1) is compatible for 1 < k,/ < m. We may assume that wy, w; are
dependent. Then v;, v v;; < wy V w; by Proposition 2.13. Let 4 : Fv,.k v, U {o0} —
Ly vw, U {oo} be the homomorphism of ordered monoids such that wy v w; =
h o (v, Vv;). We obtain

fwk,w (IBk) = fwk,wl (fVik Wi (aik)) = h(fvik Vi (aik))
= h(fvi, ,Vik (O(il )) = fW1,wk (fVi, W (ai1))

= S (BD).
Since (a1, ...,q, B1, ..., Bn) is compatible, there is by assumption some x € R
such that v; (x) = o; for 1 <i <nandw;(x) = B; for 1 < j < m. Hence we are
done. O
Theorem 5.11. Let vy,...,v, be Manis valuations on R. The following are equiv-
alent.
(1) vi,...,v, have the inverse property.
(2) The approximation theorem in the neighbourhood of zero holds for vy, ..., v,.

Proof. (1) = (2): By Definitions 3 and 2 and Proposition 2 we can assume that
n = 2. We write v := v; and w := v,. By Proposition 3 we can assume that v and
w are dependent. Let (o, B) € I, x I, be compatible. Then f, ,(¢) = f,.,(B) in
Iy, Hence there is some y € R with (v v w)(y) = fiw(e) = f..(B8). We get
v(y) —«a € H,,, and w(y) — B € H,,. By Corollary 4 there is some z € R such
that v(z) = —v(y) + o and w(z) = —w(y) + B. With x := yz we get v(x) = « and

w(x) = p.
(2) = (1):Letx € R.For1 <i <n we take o; := —v;(x) if v; (x) < oo and
a; = 0if v;(x) = oo.

Claim: (vq,...,0,) € I, x ... x I, is compatible.
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Proof of the Claim: 1t clearly suffices to check the following case: Let k # [
such that v(x) < oo and v;(x) = oo. Then (ak,c) is compatible. Since
x € suppv; \ suppvx we get that v¢ and v; are independent. We have I,,, = {0}
and are done.

By the assumption there is some x” € R such that v;(x’) = o; for 1 <i < n.By
construction v; (x’) = —v;(x) forall 1 < i < n such that v; (x) # oo. O

Corollary 5.12. Let vy,...,v, be Manis valuations on R. If A,, N ... N A,, is
Priifer in R then the approximation theorem in the neighbourhood of zero holds for
Vi,eeoy Vyo

Proof. By Theorem 4.18 and Corollary 4.9 the Manis valuations vy, . .., v, have the
inverse property. We get the claim by Theorem 11. |

Corollary 5.13. Assume that the approximation theorem in the neighbourhood of
zero holds for Manis valuations vy, . .., v,. Let 1 < k < n. Then the approximation
theorem in the neighbourhood of zero holds for vy, ..., vg.

Proof. By Theorem 11 vy,...,v, have the inverse property. By Remark 3.1(c)
we know that vi,...,v; have the inverse property. Again by Theorem 11 the
approximation theorem in the neighbourhood of zero holds for vy, ..., vk. |

Corollary 5.14. Let vy,...,v, be non-trivial Manis valuations on R such that
the approximation theorem in the neighbourhood of zero holds for vy, ..., v,. Let
1 < k < n. Then a compatible tuple (a;, ... ,ox) € I, X ... x I, can be enlarged
to a compatible tuple (a1, ..., a,) € I,y X ... x T,.

Proof. Let (ay,...,0r) € I, x...x I, be compatible. By Corollary 13 the
approximation theorem in the neighbourhood of zero holds for vy, ..., v(. Hence
there is some x € R such that v;(x) = «; forall 1 < i < k. By Theorem
11 vy,...,v, have the inverse property. Let I := {1 < i < n | v;i(x) < oo}.
Note that / D {1,...,k}. By Corollary 3.16 there is some y € R such that
vi(x) <vi(y) <ooforalli € [ andv;(y) < ocoforalli ¢ I.Letz:= x4+ y. Then
vi(2) =vi(x) =«; foralll <j <kandv;(z) <ocoforallk +1 <i <n. Let
a; »=vi(z)fork +1 <i <n.Then (a1,...,a,) € I, x...x I, is compatible
by Remark 5(a). O

In [Al-M] an example of two incomparable Manis valuations not fulfilling the
approximation theorem in the neighbourhood of zero from [Ar] is formulated:

Example 5.15. Let v be a valuation on a field K with value group isomorphic to
Z&Z equipped with the lexicographical order. Let H := {0}&Z and letw := v/H.
Then I, = Z. The valuations v and w defined by

Vag+a1 X + ...+ a, X") :=min{v(ay) + k-(1,0) | 1 <k < n}
resp.

wag+ a1 X + ...+ a, X") :=min{w(ay) + k-1|1 <k <n}
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are Manis valuations on K[X] that do not satisfy the approximation theorem in the
neighbourhood of zero.

We want to consider the case of families with finite avoidance. Some notations have
to be introduced.

Definition 4. Let (v; | i € I) be a family of Manis valuations on R. Leti € I and
letow € I, U {oo}. If o ¢ {0, 00} let H, denote the largest convex subgroup of I,
that does not contain . We set

{i} a € {0, oo},
I(a) := if
{jell|v;<vi/Hy} a¢{0,00}.

Remark 5.16. Let in the above situation o ¢ {0, oo}. Let w := v;/H,. Then w is
a non-trivial Manis valuation on R with v; < w (cf. Scholium 1.7). In particular
iel(ax). Soi € I(w) foralli € I)If0 < ¢ < oo and ¢ = v;(x) for
some x € R then p,, is the smallest v;-convex prime ideal of A,, containing x
(cf. Scholium 1.10).

Proposition 5.17. Let (v; | i € I) be a family of Manis valuations on R. Let i €
anda € I, \ {0}. Then

Ia)=1{j €] fov (@) #0}.

Proof. Letw := v;/H,. We have that w is non-trivial with v; < w. Hence we obtain

forj e Iv; <wiffv; vv; <wiff H,,,;, C Hy iffa ¢ H,, ,; iff f,, ., () # 0in

I, .. O
iV

Remark 5.18. Let (v; | i € I) be a family of Manis valuations on R having finite
avoidance. Leti € [ and leta € I, U co. Then /() is finite.

Proof. If a € {0, co} nothing is to show. If @ ¢ {0, co} then we are done by the
definition and Remark 4.14. |

Definition 5. Let (v; | i € I) be a family of Manis valuations on R and let
i1y...,ip € I.Then (ay,...,0,) € Iy, x...x Iy, is called {i1,...,in}-complete
ifUlsksn (o) = {ir, ... in}.

Remark 5.19. a) Note that | J, .-, (k) D {i1,...,in} foranyiy,...,i, € I and
(@r.....ay) € Iy, X ... % I, by Remark 16.

b) If (v; | i € I) consists of pairwise independent Manis valuations then every
(ap,...,qy) € Iy, x...x Ty, is {i1,...,ip}-complete for all iy,...,i, € I by
Proposition 17.

Remark 5.20. Let (v; | i € I) be a family of Manis valuations on R and let
i1,...,0p € I.Let (o, ...,q,) € I, x...x I, becompatible and {it, ... i}~
complete. Let ji,...,jm € I \ {i1,...,in}. Then (ay,...,2,,0,...,0) €
Iy, x...x I, x I, x...xTI, iscompatible.
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Proof. Letl <k <nand1 <[ < m.If o4 = O then clearly fvl-,(,v/-, (o) = 0. If
ar # Othen f,, ,, (ox) = 0 by Proposition 17 since j; ¢ I(otk). |

Definition 6. Let (v; | i € I) be a family of Manis valuations on R. We say that the
approximation theorem in the neighbourhood of zero holds for the family if for each
i1,...,iy € I and each compatible and {iy, ..., i,}-complete tuple (a1, ...,®,) €
Fvil x...x Ty, thereissomex € Rwithv,-p(x) =a,forl < p<nandv;(x) >0
forall j € I \{i1,...,in}.

Remark 5.21. 1f I is finite then Definition 6 coincides with Definition 3.
Proof. Letl = {1,...,n}.

a) We show that the approximation theorem in the neighbourhood of zero in the
sense of Definition 6 implies the one in the sense of Definition 3. To see this let
(a1,...,0,) € I, x ... x T, becompatible. By Remark 19(a) itis {1,...,n}-
complete and we are done.

b) We show that the approximation theorem in the neighbourhood of zero in the
sense of Definition 3 implies the one in the sense of Definition 6. For this let
i1...,0k €{1,...,n}. Without restriction we can assume that iy = 1,...,i; =
k.Let (ai1,...,0¢) € I, x ... x I, be compatible and {1,..., k}-complete.
Then («y,...,0,0,...,0) € I, x...x I, is compatible by Remark 20. Hence
there is some x € R such that v;(x) = o; for 1 < i < k and v;(x) = 0 for
k 4+ 1 <i < n and we are done. O

The approximation theorem in the neighbourhood of zero implies the finite avoid-
ance inverse property.

Theorem 5.22. Let (v; | i € I) be a family of Manis valuations on R having finite
avoidance. If the approximation theorem in the neighbourhood of zero holds for the
family then it has the finite avoidance inverse property.

Proof. By Theorem 4.21 it is enough to show that every v; is A-essential. Let iy € 1.
We set p := centy(v;,). We have to show that A,, C Ap,. Let x € Ay, - Since the

i0

given family has finite avoidance we find iy, ...,i, € I such that v; (x) < O for
1 <k<nandv;(x)>O0forall j € J :=1\{i1,...,in}.

Case 1: v;(x) = 0. Then the tuple (v;,(x),v;(x),...,v;,(x)) € I, X
Iy, x ... x I, is compatible and {ip,...,i,}-complete. The tuple (—v;,(x),
=iy (X), ..., (x)) € I, x Iy, X ...x Iy 1is then also compatible and
{ig, ..., iy}-complete. By assumption we find some y € ﬂjej Ay, such that
viy(y) = —vjp(x) = 0 and v (y) = —v;(x) > 0for1 < k < n. Hence

yeA\pandxy € A.

Case 2: vi,(x) > 0. Then v;;(1 + x) = 0, v;;(1 +x) < Oforl < k < n and
vi(1 +x) > O0forall j € I\ {i1,...,i,}. By Case 1 we have 1 + x € A, and
therefore x € Ap). O

We are not able to prove the other implication. We introduce the following notion.
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Definition 7. Let (v; | i € I) be a family of Manis valuations on R. We say
that it has the strong finite avoidance inverse property if it has the finite avoidance
inverse property and the following holds for all iy,...,i, € I and all R-overrings
Bof (;e; Av;: Ifvi |5, ..., v, |p are dependent then v; , ..., v;, are dependent and

Vil B = (\Vvi)ls.

Remark 5.23. Let (v; | i € I) be a family of Manis valuations on R such that
(ie; Ay, is Priifer in R. The the family has the strong finite avoidance inverse

property.
Proof. This follows from Proposition 4.13. |

Theorem 5.24. Let (v; | i € I) be a family of Manis valuations on R having finite
avoidance. If the family has the strong finite avoidance inverse property then the
approximation theorem in the neighbourhood of zero holds for it.

Proof. Letiy,...,i, € I and let (ay,...,q,) € I, x...x 1T, becompatible
and {ii,...,i,}-complete. By Remark 4.20(b) the valuations v;,...,v;, have the
inverse property. By Theorem 11 the approximation theorem in the neighbourhood
of zero holds for v;,, ..., v;,. Hence there is some y € R such that v;, (y) = o for
1 < k < n. Since (a1, ...,—ay) is also compatible there is some y’ € R such
that v;, (y') = —oy for 1 < k < n. Since the family has finite avoidance there is
a finite subset J of I containing 7, ..., such that v;(y) > 0 and v;(y’) > 0 for
all j € I'\J.Let B := ();cp; Av;- Then y, y" € B. We write J \ {i1,...,ix}
as {iy41,...,iu} for some m > n. For 1 < k < m we set wy := v;, |p. The family
(vi | i € I) has the finite avoidance inverse property by assumption. Therefore the
valuations wy, ..., w,, are Manis on B and have the inverse property. By Theorem
11 the approximation theorem in the neighbourhood of zero holds for wy, ..., wy,.
Since y,y’ € B we have o € I, and ax = wy(y) for I < k < n. We set
ap:=0€el,, forn+1=<k <m.

Claim: The tuple (o, ...,0n) € Iy, X ... x I, is compatible.

Proof of the Claim: Let 1 < k <1 < m. We show that (o, o) is compatible. We
distinguish three cases.

Case l: 1 <k,l <n.Thenw(y) = o, and w;(y) = o, so (e, o) is compatible.

Case2: 1<k <nandn+1=<1[<m.Sincei; & I(o) we get fy, v, () = 0in
Iy, vv, by Proposition 17. By the strong finite avoidance inverse property and the
definition of special restriction we obtain f,, ., (ax) = 0in I3, ,,. So (o, o) is
compatible.

Case 3: n+1 <k <[ < m.This is obvious.

Since the approximation theorem in the neighbourhood of zero holds for
Wi,..., W, there is some x € B such that wy(x) = o for 1 < k < m.
Then v;, (x) = o for I < k < n. It remains to show that v;(x) > 0 for all
Jel\{it,....in}. If j =iy forsomen + 1 <k <mthenv;(x) = wi(x) = 0.
If j ¢ J thenv;(x) > 0since x € B. |
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Corollary 5.25. Let (v; | i € 1) be a family of Manis valuations on R having
finite avoidance. If (\;¢; Ay, is Priifer in R then the approximation theorem in the
neighbourhood of zero holds for (v; | i € I).

Proof. By Remark 23 the family (v;, | i € I) has the strong finite avoidance inverse
property. We get the claim by Theorem 24. O

6 The General Approximation Theorem

We formulate the general approximation theorem both in the finite and in the
infinite case. Note that our reasoning in the finite case also contains Griter’s
general approximation theorem (cf. [Gr]). Assuming finite avoidance the general
approximation theorem implies the approximation theorem in the neighbourhood of
zero and is implied by the Priifer condition if the valuations are additionally pairwise
independent. The theory of distributive submodules (cf. Chap. II) is heavily used.

Definition 1. i) Let v, w be Manis valuations on R. Let («,8) € I, x I, and
a,b € R. We call the tuple (o, 8, a, b) weakly compatible if (v v w)(a — b) >
min{ £, (@), fiv(B)}-

ii) Let vi,...,v, be Manis valuations on R. Let («y,...,o,,a;,...,a,) €
I, x...x 1T, x R" The tuple («1,...,0,ai,...,a,) is called weakly
compatible if (a;,«;, a;,a;) is weakly compatible forevery 1 < i, j < n.

Remark 6.1. Letvy,...,v, be Manis valuations on R.

a) Let (ay,...,0y,a1,...,a,) € I, x...x 1T, x R". Let x € R such that
vilx —ay) > ay,...,vy(x —a,) > a,. Then (¢, ...,a,,ay,...,a,) is weakly
compatible.

b) For1 <i <nlet A; := ﬂﬁéi H,, ., . Wesetw; :=v;/A;. Leta; € A,, and
¢ € A;. Then the tuple

n
(&1, &nsar,...,ay) € Iy, x...x I, x R

is weakly compatible.
Proof. Letl <i,j <n.

a): Wesetv:=v,w:=v;,o:=0;,B:=0a;,a:=a; and b := a;. We have

vvw)a—->b)=wVvw(a—x+x—>b)>min{(vVw)(a—x),vVw)b-—x)}

= min{fv,w(v(a - X)), f;v.v(w(b - X))} > min{fv.w(a)’ ﬁvv(ﬂ)}

b): We may assume that i # j and that v; and v; are dependent. We have
(vi Vvi)ai —aj) = (vi Vv;)(ai). Since A; C H,,,, wesee w; < v; V.
Since a; € A,, we get (vi Vv;)(a;) > 0. Clearly f,,;(¢;) = fi,4,(e;) =0
and we are done. O
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Proposition 6.2. Let vy,...,v, be Manis valuations on R. Then the following are
equivalent.

(1) Foreveryi # j v; andv; are independent.
(2) Every (a1, ...,0y,4a1,...,ay) € I, x ... x I, x R" is weakly compatible.

Proof. Tt clearly suffices to do the proof in the case n = 2. We set v := v, w =
vy, =, B :=az,a:=aj;and b := by.
(1) = (2): This follows immediately from I7,,, = {0} (cf. Definition 1 in Sect. 5).
(2) = (1): Assume that v, w are dependent. We choose x € R\ A,y,. Then

(0,0,x,0) € I, x I}, x R? is not compatible since (v vV w)(x) < 0. |
Definition 2. Let vy, ..., v, be Manis valuations on R. The general approximation
theorem holds for vy, . . ., v, if for every weakly compatible («;, ..., a,, a;,...,a)

€ I, x...x T, x R" there is some x € R such that vi(x —a;) > «a,...,
vp(x —a,) > a,.

Note that by Remark 1(b) our definition of a general approximation theorem
contains the one of Griter in [Gr].

Remark 6.3. Letvy,...,v, be Manis valuations on R and let wy, ..., w,, be trivial
Manis valuations on R. The general approximation theorem holds for vy, ..., v, iff
it holds for vy, ..., vy, Wi, ..., Wy. O

It is clear by the preceding remark that the notion of general approximation
theorem is vacuous in the case of trivial valuations. In the case of non-trivial
valuations we get that the general approximation theorem implies the approximation
theorem in the neighbourhood of zero.

Theorem 6.4. Let vy,...,v, be non-trivial Manis valuations on R. If the general
approximation theorem holds for vy, . .., v, then also the approximation theorem in
the neighbourhood of zero.

Proof. We can clearly assume that the valuations vi,...,v, are pairwise
non-isomorphic. Without restriction we write the valuations as vy, ..., Vi, Wi, ..., w;
such that the following properties hold.

i) v; and v; are incomparable fori # j.
ii) Thereis ¢ : {1,...,1} — {1,...,k} suchthat v,y <w; foralll < j </[.

Let (ay,...,0. B1,....01) € I, x...x I, x I, x...x I, be compatible. For
1 <i <kletx; € Rsuchthatv;(x;) = «;. For1 < j <[lety; := x,(). Then
w;(y;) = B for1 < j <I.Since v; is non-trivial and v; # v; forall j # i we get
that H,, ,, # {0} forall j # i. Since v; is non-trivial and v; # w; forall 1 < j </
we get that H,, ,,; 7# {0} forall 1 < j </. Since these are convex subgroups of I,
we obtain that

A= m Hy ;N m H,, ., # {0}

j#i I=j=l
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Let$; € A; withd; > Oandlete; := oy + 6.

Claim: Thetuple (e1,..., &k, Bty Bi, X15+ s Xk, V1, ..., y1) is weakly compat-
ible.

Proof of the Claim: We distinguish three cases.

Subclaim 1: (g;,€;,x;,x;) is weakly compatible for 1 <i, j < k. We have

(vi Vi) (e —x;) = min{(vi Vv;)(xi), (vi Vv (x;)}
= min{ fy, », (vi (x:)). fo; 0, (v (x;))}

mind £, v; (@), fo, v ()}

min{ fy, v; (&), fy; 0 (€)}

Subclaim 2: (g;, Bj,x;i,y;) is weakly compatible for 1 <i <kand1 < j < [.
We may assume that v; and w; are dependent. Then v; V vy;) < v; V w; by
Proposition 2.13. Let g : I, vy, ;, U {00} — I, v, U {00} be the homomorphism
of ordered monoids such that v; V w; = g o (v; V v,(;)). We have
i vw)(x;i —y;) = min{(vi vV w;)(x;), (vi Vw;)(y;)}
min{fvi,w‘/ (Vi (X,')), fw,'.,vi (Wj (yj ))}
= min{g(fvi,vw(j) (vi(xi))), g(qu;(j),w (Vo) (X))}
=g (min{fvi,vw(j) (Vi (xi))v fvw(‘/‘),w (Vw(j)(xw(j)))})
=8 (min{fw,vqa(j)(“i)’ Fooywi (O‘w(j))})
= g (min{ﬁ’i,vw(j)(gi)s ﬂlw(j),l’i (a(p(j))})
= min{g(fvi,vw(j) (¢1)), g(fvw(‘/),vi (ago(j)))}
= min{fvi,wj- (&), fw,‘,vi (:31)}

Subclaim 3: (B;,B;.yi,y;) is weakly compatible for 1 < i,j < k. We
may assume that w; and w; are dependent. Then vy;) V vy;) < w; V w; by
Proposition 2.13. Let i : T Vi) Vo) U {oo} — [y,vw; U{oo} be the homomorphism
of ordered monoids such that vy, v,,, = h o (V) V ve(j)). We have

wi Vw;)(yi —y;) = min{(wi vV w;) (i), Wi Vw;)(y;)}
= min{ fi, w; Wi (¥:)), froj o W; ()}
= min{h(fo,¢)v,0) Vo) Ko@) B vy v Vo) (X))}
= I (min{ £1,¢,.v,0) Vo) ) e Vo) Ko(1))3})
= h(min{ fi,) vy, Qo) Fogiiy e @o())})
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= min{h(fvfp(i)avfp(j)(a(p(i)))’ h(fvw(j)’vw(i) (a‘ﬂ(j)))}
= min{ f, w; (Bi), fu; i (Bj)}-

Since the general approximation theorem holds for vy, ..., v, we find by the claim
some x € R such that v;(x —x;) > g for1 <i <k (andw;(x —y;) > B; for
1 <j <1I).Then

vi(x) = min{v; (x;),vi(x — x;)} = a;
for] <i <k and

wi(X) = foyym; V() (X)) = foyym; (@) = B,

forl <j <lI. O

Corollary 6.5. Let vy, ..., v, be non-trivial Manis valuations on R. If the general
approximation theorem holds for vy, ..., v, then vy,...,v, have the inverse prop-
erty.

Proof. By Theorem 4 the approximation theorem in the neighbourhood of zero
holds for vy, ..., v,. By Theorem 5.11 vy, ..., v, have the inverse property. O

Next, we show that the general approximation theorem holds for vy,...,v, if
Vi,...,V, are pairwise independent and 4,, N ... N 4,, is Priifer in R. For this, we
need some preparation.

Definition 3. Let A be a ring, M an A-module and Nj,..., Ny submodules
of M. We say that the Chinese Remainder Theorem (CRT) holds for the
submodules Nj,..., Ny of M, if for any elements xj,...,x;x of M with
x; =x; mod (N; + N;) and for every 1 < i, j < k there exists some x € M
withx = x; mod N; forall1 <i <k.

Remark 6.6. Conversely, if x = x; mod N; for some x € R then certainly
x; =x; mod (N; + N;)forevery 1 <i,j <k.

Lemma 6.7. Let M be an A-module. Then CRT holds for any two submodules Ny
and Ny of M.

Proof. Let x1,x, € M with x; — x, € N; + N,. Then there are a; € Ny, a, € N,
such that x; — x, = a; + a;. Then x := x; —a; = x> + a; does the job. O

Proposition 6.8. Let M be an A-module and let Ny,..., Ny be distributive
submodules of M (cf. [Vol. I, Definition 1 in Il §5]). Then CRT holds for Ny, ..., Ni.

Proof. We do induction on k.

k = 1: This is obvious.

k—1— k:Letx,...,xx € M withx; = x; mod N;+N, foralll <i,j <k.
By the inductive hypothesis there is some y € M such that y — x; € N; for all
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1 <i < k —1.1Itis enough to find some x € R withx —y € ﬂf:ll N; and
X — X, € Nr. By Lemma 7 it suffices to show that y —x; € (ﬂf:} N,-) + Nj.. Since
Ny is distributive we get by applying [Vol. I, Proposition I1.5.2(2)] iterated that

k=1 k=1
(ﬂ Ni) + N, = ﬂ(Ni ~+ Ni).

i=1 i=1
But foreach 1 <i < k — 1 we have
Yy—Xx=Y—X;+xi —xx € N+ N; + N, = N; + Ny.

|

Corollary 6.9. Let A be Priifer in R. Then CRT holds for finitely many R-regular
A-submodules of R.

Proof. By [Vol. I, Example 11.5.1] every R-regular A-submodule of R is a distribu-

tive submodule of R. Now we can apply Proposition 8. |
Proposition 6.10. Let vy, ..., v, be Manis valuations on R such that A, N...NA,,
is Priifer in R. Let ay,...,a, € Rande, € I,,...,&, € I,,. Then the following

are equivalent.

(1) There is some x € R such that vi(x —a;) > ¢; forall 1 <i <n.
(2) For each 1 < i,j < n there is some x € R with vi(x —a;) > & and
vj(a—aj) > &j.

Proof. LetA:= A4, N...NA,,.

(1) = (2): This is trivial.

2)= (1):Let I :={y € R | vi(y) = &} for 1 <k < n. We have to show that
there is some x € R such that x = a; mod I; for 1 < k < n. Note that [;, = R if
v is trivial. We have that I is a v¢-convex A4,, -submodule of R properly containing
supp vk. By [Vol. I, Theorem II1.2.2] we get that [ is an R-regular A,, -submodule
and therefore an R-regular A-module for all 1 < k < n. Hence CRT holds for
Iy, ..., I, by Corollary 9. Hence it is enough to show that a; — a; € I + I; for all
1 < k,l < n.By Remark 6 we are done if we find some x € R with x —a; € I
andx —a; € Ij,i.e. vi(x —ax) > &, and v;(x — a;) > ¢&;. But this holds by (2). O

Theorem 6.11. Letvy, ..., v, be pairwise independent Manis valuations on R such
that A,, N---N A,, is Priifer in R. Then the general approximation theorem holds
forvy, ..., v,

Proof. By Definition 1, Proposition 10 and [Vol. I, Corollary 1.5.3] it is enough to
show the case n = 2. So let (a1, a2, a1, a2) € I, x I, x R? be weakly compatible.
Weset I :={y € R | vi(y) > a4} for 1 <k <2.Then Iy, I, are A-modules. By
Lemma 7 we have to show thata; —a, € I} + 1.
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Case 1: vi(a; —az) > oy fork = 1lork =2.Thena; —a, € I} C I} + I and
we are done.

Case 2: vi(ag —ap) < o for1 < k < 2. Let yx := o — vi(a1 —az) > 0.
Since v; and v, are independent and since A := A,, N A,, is Priifer we find by
Proposition 5.8 and Corollary 5.12 x;,x, € R such that vi(x;) = y;,v2(x1) = 0
and vy (x2) = 0,v2(x2) = y». We have v (x1(a; — az)) = «;. So

xl(al —az) el C (11 =+ 12) C (11 + ]z)sz.

By [Vol. I, Theorem I11.2.2] I, is an R-regular A,,-module. Hence (/| 4-12) 4,, is an
R-regular A,,-module. Again by [Vol. I, Theorem II1.2.2] we see that (/; + 1) A,,
is vo-convex. Since v2(x1) = 0 we geta; —az € ({1 + I2)A,,. In the same way we
obtaina; —a, € ({1 + I,)A,,. Hence

a,—ap € ﬂ (I + Iz)Avk =L+
k=12

where the latter equality holds by [Vol. I, Theorem I1.1.4(4)]. |

For the following, recall Definitions 4 and 5 from Sect. 5.

Definition 4. Let (v; | i € I) be a family of Manis valuations on R and let
ity...,ip € 1. Then (a1,...,0y,a1,...,ay) € I, x ... x T, x R"is called
{i1,...,in}- complete if

U 1@ u | T0(an)) = i, ia}.
k=1

k=1

Remark 6.12. Let (v; | i € I) be a family of Manis valuations on R and let

it,...,ip € I.Let(ay,...,qy,ay,...,a,) € Ly, x...x I, x R" be {i1,...,in}-
complete. Then («y, ..., a,) is {i, ..., i, }-complete.
Proof. This follows immediately from Remark 5.19(a). |

Remark 6.13. Let (v; | i € I) be a family of Manis valuations on R and let

i1y...,0p € I.Let (a1,...,0,ay,...,a,) € Iy, x ... x Iy, x R" be weakly

compatible and {i\, ..., i,}-complete. Let ji,..., j, € I \ {i1,...,iy}. Then
(oe1,...,2,,0,...,0,ay,...,a,,0,...,0) €

n+m
Fvil X...x D, XFV/n x...vajm X R

is weakly compatible and {i\, ..., i,, ji,..., jm}-complete.

Proof. Letl < p<nandl1 <¢q <m.
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a) We show that f,, , (o,) = 0.If ¢, = O this is clear. If «, # 0 then
ipYlq
Jvipw,, (@p) = 0 by Proposition 5.17 since jg ¢ I(ctp).

b) We show that (vi, Vv )(a,) > 0. We have (v;, vV v; )(a,) = fv,p Vig (vi,(ap))-
If vi,(ap) = 0orv; (ap) = oo nothing is to show Therefore we assume the
vi,(ap) € I; \ {0}. Since j, ¢ I(v,(ap)) we get fvl.pﬁvjq(v,-p(a,,)) = 0 be
Proposition 5.17.

By (a) and (b) we get that

(o1,...,0,,0,...,0,aq,...,a,,0,...,0) €

n, x...xI, xI x Rt

Vi1

X...x I

Vim

is weakly compatible. It is clear by Definition 4 in Sect.5 that it is

{it, .- yin> J1s--., Jm}j-complete. O
Definition 5. Let (v; | i € I) be a family of Manis valuations on R. We say that the
general approximation theorem holds for the family if for each iy,...,i, € I and
each weakly compatible and {i1, ..., i,}-complete tuple («y,...,d,,ay,...,a,) €

Fvil x...x I, X R" there is some x € R withv; (x —a;) > a, for I < k <nand
vi(x) >0forall j € I\ {i1,...,in}.

Remark 6.14. 1If I is finite then Definition 5 coincides with Definition 2.
Proof. Letl ={1,...,n}.

a) We show that the general approximation theorem in the sense of Def-
inition 5 implies the one in the sense of Definition 2. To see this let
(a1,...,0p,a1,...,ay) € I, x ... x I, x R" be weakly compatible. By
Remark 5.19(a) it is {1, ..., n}-complete and we are done.

b) We show that the general approximation theorem in the sense of Definition
2 implies the one in the sense of Definition 5. For this let ij...,iy €
{1,...,n}. Without restriction we can assume that iy = 1,...,iy = k. Let
(@i,...,0,ai,...,a;r) € I, x...x I, x R¥ be weakly compatible and
{1,..., k}-complete. Then

(cer,...,0t,0,...,0,ay,...,ax,0,...,0) €
r,x...xI, xR"

is weakly compatible by Remark 13. Hence there is some x € R such that
vilx —a;) > a; for1 <i < kandvi(x) > 0fork +1 <i < n and we
are done. O

We can generalize Theorem 4 to families with finite avoidance.

Theorem 6.15. Let (v; | i € I) be a family of non-trivial Manis valuations on R
with finite avoidance. If the general approximation theorem holds for (v; | i € I)
then also the approximation theorem in the neighbourhood of zero.
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Proof. We can clearly assume that the valuations v;,i € [, are pairwise non-
isomorphic. We write / = KUL such that the following holds.

i) The valuations in the family (vx | k € K) are pairwise incomparable.
ii) Thereis ¢ : L — K such that v,q) < v, forall/ € L.

(Note that there are no infinite descending chains by Remark 4.14.) Let iy, ... i, €
Kand ji,...,jm € L. Let

(o1,... 0, B1y..., Bm) € Ly, ... XFVik X Iy ... va‘/.[
be compatible and {i1, ..., i, ji,..., jm}-complete. Applying Remark 5.20 we can
assume that ¢(j;) € {i1,...,ip}foralll <] <m.Forl <k <nletx; € R
such that v;, (x¢) = ax. For 1 < [ < mlet y; := x,(j,). Then v;,(y;) = B; for
1 </ < m. Clearly the tuple

(@1, .. 0, B B X1y X0, V1o V) €

Lox...xT, xI,. x...xT, xR'"™M
i in Jm

J1

is{i1, ... i, J1,---» jm-complete.

Claim : Let A := () ,ep\gy3 Hir,p- Then A # {0}

Proof of the Claim: Since v; # v, for all p # i, and since i1 € K we have

H; , # {0} for all p # i;. Assume that A = {0}. Then we find a sequence

P1, P2,...in I \ {i;} such that
I,, 2 H;

Vip #&

2 H,

1L.p1 = 2 H;

D)
1L.p2 = 1L,p3 2 v

So
Vip VVp > Vi VVp, >V Vg > L.

Since v;, V v,, is non-trivial we find some x € R such that (v;, vV v,,)(x) < 0. Then
(vi, Vvp,)(x) < Oforallm € N. We getv,, (x) < 0 forall p € N. This contradicts
the condition that the family has finite avoidance.

For 1 < k < n we find by the claim & € ),/ Hic.p With & > 0.

Let ey := o + 8¢ for 1 < k < n. We see as in the proof of Theorem 4 that
the tuple (&1,...,&n, B1s---s BmsX1s---sXn, V1s---, Ym) is weakly compatible. By
construction it is clearly {iy, ..., i,, ji,--., jm}-complete.

Since the general approximation theorem holds for (v; | i € I) we find some
X € Rsuchthatv; (x —xz) > gpforl <k <n,v;(x —y;) > Biforl </ <m
andv,(x) > Ofor p € I\ {i1,...,is, j1,..., jmy. Asin the proof of Theorem 4 we
see that v;, (x) = oy for 1 <k <mnandvj;(x) = B for1 </ < m and are done. (]
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Theorem 6.16. Let (v; | i € [I) be a family of pairwise independent Manis
valuations on R having finite avoidance. If (\;c; A, is Priifer in R then the general
approximation theorem holds for (v; | i € I).

Proof. We set A := (\,¢; Ay,. Letiy, ... i, € I.Let (a1,....0.4a1,....a,) €
I, x...x I, x R" (The tuple is weakly compatible by Proposition 2 and
{i1,...,iy}-complete by Remark 5.19(b)) For 1 < k < n let x; € R with
vi,(xx) = o and yr € R with v (yx) = —a. Since (v; | i € [I) has
finite avoidance there is a finite subset J of I containing ij,...,i, such that
vi(xk) > 0,v;(yx) > 0andv;(ax) > Oforalll <k <nandall j €]\ J.Let
B = ﬂjelv Ay, . Then xi, yi,ar € Bforalll <k <n.Wewrite J \{i1,...,i}
as {iy+1,...,iy} for some m > n. For 1 < k < m we set wy = v|p.
By Corollary 4.10 wy, ..., w,, are Manis valuations. By Proposition 4.13 they are
pairwise independent. By construction oy € I, for 1 < k < n. The tuple

(ar,...,0,,0,...,0,ay,...,a,,0,...,0) € I, x...x T, xB™.

is weakly compatible and {iy, . .., i,, }-complete. We have
(| A= () A, NB=A.
1<k<m 1<k<m

Hence (), .4 <, Aw, is Priifer in B by [Vol. I, Corollary 1.5.3]. Applying Theorem
11 there is some x € B such that wy (x —ag) = arforl <k <nmandwi(x) >0
forn + 1 < k < m. Therefore v; (x —ax) > o for1 <k <nandv;(x) > 0 for
Jj el \{i1,... i} O

7 The Reinforced Approximation Theorem

We present the remarkable result of Griter [Grz] on the reinforced approximation
theorem. It implies the approximation theorem in the neighbourhood of zero.
Assuming finite avoidance the reinforced approximation theorem for pairwise non-
isomorphic PM-valuations is equivalent to the Priifer condition. The concept of
maximally dominant Manis valuations is introduced and used.

Definition 1. i) Letv, w be Manis valuation on R. Let (&, 8,a,b) € I',x I, x R?.
We call the tuple (¢, B, a, b) compatible if it is weakly compatible (cf. Sect. 6,
Definition 1) and if the tuple («,8) € I, x I, is compatible (cf. Sect.5,
Definition 2).

ii) Let vi,...,v, be Manis valuations on R. Let («y,...,o,,a;,...,a,) €
I, x...x I} xR" Thetuple (o, ...,a,ai,...,a,) is called compatible if
(ai,aj,a;,a;) is compatible forevery 1 <i,j < n.
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Remark 7.1. Let vi,...,v, be Manis valuations on R. Let (a,...,q,) €
I, x...x 1T, Thetuple («p,...,cq,) is compatible (in the sense of Definition 2 in
Sect. 5) iff (ay,...,a,,0,...,0) € I, x...x I, x R"is compatible (in the sense
of Definition 1).

Remark 7.2. Let v, w be Manis valuations on R. A tuple (o, 8,a,b) € I',x I, x R?
is compatible iff («, B) € I, x I, is compatible and the following holds:

via—-»b)<a= fiw(®) =@Vvw)a—>b)inl,,,
or
w(a—>b) <= fu,(B) =(vVw)(a—>b)inTl,,.

Remark 7.3. Letvy,...,v, be Manis valuations on R.

i) Let x € R\ U <;<,suppv; and leta; € Rfor 1 <i < n.Ifvi(a;) = vi(x)

forall 1 <i <nthen (vi(x),...,vy(x),a1,...,a,) € I, x...x I, X R"is
compatible.

ii) Let (ay,...,ay) € I, x ... x I, be compatible and let x,a;,...,a, € R
such that v;(x —a;) > «; forall 1 < i < n. Then (ay,...,,,4a;,...,a,) €

I, x...xT, x R"is compatible.

Proof. 1): The tuple (vi(x),...,w(x)) € [}, x ... x I} 1is compatible by
Remark 5.5(a). We show that (vi(x),...,v,(x),ay,...,a,) is weakly compati-
ble.Letl <i,j <n. Wesetv:=v,w:=v;,a:=v(x),B:=wkx),a:=a,
and b :=a;. Then

vvw)a—>b)=@wvwi(@a—x+x—>b)>min{(vVw)(a—x),vVw(b-—x)}
min{fv.w(v(a - X)), fw.v(w(b - X))}
min{ f,.,,,(v(x)), fow(v(@)), s W(X)), fun(W(D))}

Jreaw(@)(= S (B)).

vl

ii): This follows from Remark 6.1(a). O

Definition 2. Let vy,..., v, be Manis valuations on R. The reinforced approxima-
tion theorem holds for vy, . .., v, if for every compatible (¢, ..., ®,,a;,...,a,) €
I, x...xI, xR" thereis some x € R suchthatvi(x—a;) = ay,...,vy(x—a,) =
oy

Remark 7.4. (cf. [Al-M, p. 107]) Let vy, ..., v, be Manis valuations and let
(a1,...,au,a1,...,ap) € I, x...x T, xR".

Assume that there is some x € R such that v;(x —a;) = «; forall 1 <i < n. Then
the above tuple is not necessary compatible.
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Proof. Let vi, v, be dependent Manis valuations on R. Let oy € I3, and ap €
I, with f,, ,,(01) < fi,v, (02). Let aj,a, € R with vi(a;) = o and va(a) =
a;. Taking x = 0 we have v;(x —a;) = «o; for 1 < i < 2. But («, ;) is not

compatible. |
Remark 7.5. Let vi,...,v,,wi,...,w, be Manis valuations on R such that for
every 1 < j < m thereis some 1 < i < n with v; < w;. If the reinforced
approximation theorem holds for vy, ..., v,, wy, ..., w, then also for v, ..., v,.

Proof. For1l < j <mwechoosel <i; <n suchthatv,-j <w;.Let
(a1,...,0,a1,...,ay) € 1, x...x T, xR"

be compatible. For 1 < j < mlet B; := fvl-j w;(@;;) and b := a;;. We see as in
the proof of Remark 5.10, (2) = (1), that the tuple

(o1, ..., an, B1,....Bmmar,....an by, ... .by) €

L, x...xT, x, x...xT, xR
is compatible. By assumption there is some x € R such that v; (x — ;) = «; for all
1<i<n. O

Remark 7.6. Letvy,...,v, benon-trivial Manis valuations on R and let wy, ..., wy,,
be trivial Manis valuations on R. If the reinforced approximation theorem holds for
Vi, ooy Vi, Wi, ..., Wy, then also for vy, ..., v,.

Proof. Let (ay,...,0y,a1,...,a,) € I, x...x I, x R" be compatible. Then

(o1,...,0,,0,...,0,aq,...,a,,0,...,0) €

Ly x...x T, x Ty x...x T, xR"™™

is compatible since v;, w; are independentand w;, w; are independentfor1 <i <n
and 1 < j # [ < m. By assumption there is some x € R such that v;(x —a;) = «;

foralll <i <n. O
Proposition 7.7. Letvy,...,v, be Manis valuations on R. If the reinforced approx-
imation theorem holds for vi,...,v, then also the approximation theorem in the
neighbourhood of zero.

Proof. Let (ai,...,a,) € I, x ... x I, be compatible. By Remark 1 the tuple

(aiy...,0,,0,...,0) € I, x...x I, x R"is compatible. Hence there is some
X € Rsuchthatv;(x) =q; foralll <i <n. O
Corollary 7.8. Letvy,...,v, be Manis valuations on R. If the reinforced approxi-

mation theorem holds for vy, ..., v, thenvi,...,v, have the inverse property.
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Proof. By Proposition 7 the approximation theorem in the neighbourhood of zero

holds for vy, ..., v,. By Theorem 5.11 vy, ..., v, have the inverse property. O
Proposition 7.9. Let vy, ..., v, be Manis valuations on R such that A,, N---N A4,,
is Priifer in R. Let (a1, ...,Qy, a1, ...,a,) € I, x...x I, x R" be compatible.
Then there is some x € R suchthatvi(x —a;) > oy,...,v,(x —a,) > a,.

Proof. We can adapt the proof of Theorem 6.11. By Proposition 6.10 and [Vol.
I, Corollary 1.5.3] it is enough to show the case n = 2. So let (o1, 22,a1,a3) €
I,, x I,, x R* be compatible. We set I := {y € R | v(y) > a;} for 1 <k <2.
By Lemma 6.7 we have to show thata; —a, € I + I».

Case I: vi(ay —ay) > ag fork = lork = 2. Thena; —a, € Iy C I} + I, and
we are done.

Case 2: vi(a; —az) < ai for1 <k <2.Then

(v vn)(a —az) = fvlsvz(al) = fvzsvl ()

by Remark 2. Let y; := ax — vi(a; —az) > 0. Then f,,,,(y1) = fi,.,(y2) = 0.
So (y1,0) and (0,y,) are compatible. Since 4 := A, N A,, is Priifer we
find by Corollary 5.12 x;,x, € R such that vi(x;) = y;,v2(x;) = 0 and
vi(x2) = 0,va(x2) = y2. We have v(x;(a; — a2)) = «. Now we can proceed
as in the proof of Theorem 6.11. a

The main result is that the reinforced approximation theorem holds for pairwise
non-isomorphic non-trivial Manis valuations vy, ..., v, if 4,, N ... N 4,, is Priifer
in R.

Theorem 7.10. Let vy,...,v, be pairwise non-isomorphic non-trivial Manis val-
uations on R such that A, N --- N A, is Priifer in R. Then the reinforced
approximation theorem holds for vy, ..., v,.

Proof. Without restriction we write the valuations as vi,..., Vg, wi,...,w; such
that the following properties hold.

i) v; and v; are incomparable fori # j.
ii) Thereis ¢ : {1,...,1} — {1,...,k} suchthat v,y <w; forall1 < j <.

Let (o1,....0x, B1,.... Br,ar,....ak. by, ....by) e I, x ... x I, x [, x...x
I, x R**! be compatible. Since (1, . .., o, 1, ..., fi) is compatible there is by
Corollary 5.12 some x’ € R such that v;(x") = o; for 1 <i <k andw;(x") = B;
for 1 < j <. As in the proof of Theorem 6.4 we find for 1 <i < k & > «; such
that (&1, ..., &k, B1,-..,B1,a1,...,ar,bi,...,b) is compatible. By Proposition 9
there is some x” € R such thatv; (x”"—a;) > ¢ forall 1 <i <kandw;(x"—b;) >
Bjforalll < j <Il.Lety:=x"+x". Thenv;(y —a;) = o; for1 <i <k and
wij(y—>bj)>Bjforl <j<I[.Forl<i<kweset

A,’ = ﬂ Hvi,\zj N ﬂ HVist‘

j#i 1<j<l
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Then A; is a convex subgroup of I, distinct from {0}. Hence we find some §; € A;
such that §; > 0 and

gi=a;+8 ¢vily —b),....vi(y —by)}

for 1 < i < k. Then (¢],....&,p1,....B:) is compatible. By Corollary 5.12
we find some »’ € R such that v;(y") = ¢ for1 < i < k and w;(y") = B;
forl < j <I[l.Letx := y+ y.Thenvi(x —a;) = o; for 1 <i < n and
wi(x—bj)>Bjforl <j <[ Weshowthatw;(x —b;) =, forl < j <I[.To
see this we fix 1 < j <. Since 8(’/)(1.) # vy(jy(y — b;) we have

Vo (X = bj) = vp() (¥ = bj 4+ ¥") = min{vyjy (v — bj), €l ;)}-

We distinguish two cases.

Case 1: vy(j)(x —b;) =& ;. Then

wi(x =b;) = foyirm; Ge(n(X =5)) = om0, (E)
= Fopiywi We(n () = w; (') = B;.

Case 2: vy(j)(x —bj) < 5;(].) (and vy(j)(x —b;) = vy(j)(¥» — b;)). Then

wi (X =D;) = fopim; Oe(n (6 =57)) = fuyiym; (Ey)
= Froyms e (V) =w; (v) = B;.

But w;(x — b;) > B; by above. Hence equality holds. |

Corollary 7.11. Let vy, ..., v, be pairwise non-isomorphic Manis valuations on R.
If A, N ...N A,, is Priifer in R then the reinforced approximation theorem holds
forvi,...,v,.

Proof. We can assume that vy, ..., v, are trivial and vg 41, ..., v, are non-trivial for
some 0 < k < n. We do induction on k.

k = 0: This is covered by Theorem 10.

k —1 — k: After switching the order we can assume that suppv; is minimal

in {suppv; | 1 <i < k} with respect to inclusion. Let («y,...,,,ai,...,a,) €
I, x...x T, x R" be compatible. Note that o; = 0 for 1 < i < k. The tuple
(a2,...,an,0a2,...,ay) € I, x...xI,, x R"1is also compatible. By the inductive

hypothesis there is some x” € R withv; (x'—a;) = o; for2 <i <n.Ifvi(x'—a;) =
0 we are done. Assume that vi(x’ — a;) = oo. We have suppv; # suppv; for all
2 < i < k by assumption. By Theorem 4.18 and Corollary 4.9 vy, ..., v, have the
inverse property. Therefore Claim 2 in the proof of Theorem 4.18 holds. Hence there
is some x” € R with
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vi(x") = 0,va(x") = o0, ..., vi(x") = 0o, vk 1 (X)) > opts s Ve (X)) > .

Letx := x’' + x”. Thenv;(x —a;) = a; forall 1 <i <n. O

Remark 7.12. Tt is in general necessary in Corollary 11 that the valuations are
non-isomorphic.

Proof. Let R be the field Z/2Z. Let v be the trivial valuation on R (with suppv =
{0}). Then the reinforced approximation theorem does not hold for v, v for the
following reason: The tuple (0,0,1,0) € I}, x I, x R? is clearly compatible but
there is no x € R such that v(x — 1) = 0 and v(x) = 0 since there is no x € R with
x—1=1landx = 1. O

The converse of Theorem 10 holds if the valuations are PM. We need the notion of
maximal dominance.

Definition 3. A Manis valuation v on R is said to be maximally dominant if for all
non-trivial Manis valuations w on R with v < w the ideal p,, is maximal in 4,,.

Remark 7.13.

1) A trivial valuation is maximally dominant.
ii) Let v be a non-trivial Manis valuation on R that is maximally dominant. Then
p, is a maximal ideal of A4,.

Proposition 7.14. Let v be a non-trivial Manis valuation on R. Then the following
are equivalent:

(1) A, is Priifer in R (i.e. v is a PM-valuation).

(2) v is maximally dominant.

(3) py is a maximal ideal of A, and for any maximal ideal m of A, with m # p,
there is no prime ideal p of A, such that suppv S p C p, andp C m.

Proof. Let A := A,.

(1) = (2): Let w be a non-trivial Manis valuation on R with v < w. Then
A, D A, by Proposition 1.8 and hence A,, is Priifer by [Vol. I, Corollary 1.5.3].
Therefore p,, is a maximal ideal of A,, by [Vol. I, Corollary III.1.4] and [Vol. I,
Proposition 1.2.3].

(2) = (3): By Remark 13(ii) p, is a maximal ideal of A. Let m be a maximal ideal
of A with m # p,. Suppose that there is some prime ideal p of 4 such that suppv &
p C py,and p C m. By Scholium 1.10 there is a coarsening w of v such that 4,, =
Ap) and p,, = p (namely v?, cf. Definition 2 in Sect. 1). By Proposition 1.12 w is
non-trivial. By assumption p is a maximal ideal of A,, =: B. By [Vol. I, Proposition
1.1.17] v| g is Manis.

Claim: suppv|p = p.

Proof of the Claim: We show that suppv|p C p.Let x € B\ p. If v(x) <0
then v|p(x) = v(x) and therefore x ¢ supp v|p. So we assume that v(x) > 0. Then
x € A\p. Since suppv C p and v is Manis there is some y € R with v(y) = —v(x).
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Hence yx € A and therefore y € Ay = B. So v|p(x) = v(x) < oo. We show
that p C suppv|g. Let x € p. Then v(x) > 0. Assume that x ¢ suppv|g. Then
there is some y € B with v(x) < —v(y). Since B = Ajp there is some s € A\ p
with ys € A. So v(ys) > 0 and therefore v(s) > —v(y). We get v(x) < v(s) and
therefore s € p since p is v-convex by [Vol. I, Proposition I.1.10], contradiction.

By the claim we obtain that v|p has maximal support (cf. [Vol. I, Definition 7
inI§1]). Clearly A = A,|,. By above p, and m are prime ideals of A that contain
suppv|g. By [Vol. I, Proposition I.1.11 v) = vi)], the two ideals m and p, of A are
v| g convex. Therefore they are comparable. This contradicts the fact that p, and m
are distinct maximal ideals of A.

(3) = (1): Let m be any maximal ideal of A. If m = p, then A, = A and
M = m by [Vol. I, Lemma I11.1.0], so (A[m], Mm]) iS @ Manis pair of R. Let
now m # p,. We show that Ay,) = R and are done. Suppose that A, # R and
let x € R\ Afm). Then (4 : x) C m. We have that (4 : x) is v-convex. Thus
p := /(A :Xx)is a v-convex prime ideal of A with p C m. We have p 2 supp(v)
since v is Manis and p C p, since (4 : x) C p, because of x ¢ A = App,. This
contradicts (3). O

Note that (1) = (3) in the previous proof would also follow from Theorem 4.16
with A := A, and Scholium 1.10 combined with Proposition 1.12.

Corollary 7.15. Let v be a non-trivial discrete Manis valuation on R and A := A,.
Then A is Priifer in R if and only if , is a maximal ideal of A.

Proof. Since v is discrete the set of all non-trivial Manis valuations coarser than v

contains only v. We get the claim by Proposition 14. |
Theorem 7.16. Letvy,...,v, be PM-valuations on R. If the reinforced approxima-
tion theorem holds for vy, ..., v, then A, N ... N A,, is Priifer in R.

Proof. By Proposition 1.8 and Remark 5 we can assume that v;, v; are incomparable
fori # j.By Remark 6 we can assume that v; is non-trivial for all 1 <i < n. Let
A = A, N...N A,,. The approximation theorem in the neighbourhood of zero
holds for vy, ..., v, by Proposition 7. By Theorems 5.11 and 4.18 we get that v; is
A-essential for every 1 < i < n. Therefore we show condition (ii) of Theorem 4.17
to get the claim. Let m be a maximal ideal of A with m # cent,(v;) for 1 <i <n.
Let w be a non-trivial Manis valuation with v; < w for some 1 < i < n. We have to
show that cent4(w) ¢ m. Without restriction we assume that i = 1 and set v := v;.
Assume that centy (w) C m. Let By := A[p,,] = A + p,, and qp := m + p,,.

Claim 1: qo is a prime ideal of By with qo N 4 = m.

Proof of Claim 1: It is clear that qo is an ideal of By with qo N A = m. We show
that it is prime. Let x = a + p,y = b + q € By where a,b € A and p,q € p,
such that xy € qo. Let p’ := aq + bp + pq € p,. Then xy = ab + p’. Since
Xy € qo there is some m € m and some ¢’ € p,, such that ab + p’ = m + ¢’. Hence
ab—m € centy(w) C m and therefore ab € m. Since m is prime in A we geta € m
or b € m. This gives that x € gp or y € qo.
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By [LM, Theorem 10.6] there is a Manis pair (B, q) of 4,, with By C B and
qN By =qo. Henceq D p,andqN 4 = m.

Claim 2: (B, q) is a Manis pair of R.

Proof of Claim 2: By [Vol. I, Theorem 1.2.4] we have to find for x € R\ B some
y € qsuchthat xy € B\q.If x € A,, we are done since (B, q) is a Manis pair in A4,,.
So we assume that x € R \ A,,. Then there is some p € p,, with xp € A,, \ p,,. By
assumption v is PM. Hence it is maximally dominant by Proposition 14, (1) = (2).
So p,, is a maximal ideal of A4,,. Hence xpA,, + p,, = A,, and we find a € A,, and
p’ € p, with xpa + p’ = 1. Since p,, C q we get that xpa ¢ q.Let g := pa € p,,.
Then xq € A, \ q.If xg € B wetake y := q.If xq € A,, \ B there is some ¢’ € q
such that xgq’ € B \ ¢. Then we take y := gq’.

Let u be the Manis valuation on R corresponding to (B, q). Since w and u are
non-trivial we get u < w by Proposition 1.8.

Claim 3: v £uforl <i <n.

Proof of Claim 3: Assume that there is some 1 < i < n such that v; < u. Then
Py C py,;. We have p, = q and obtain cent, (1) = qN A = m. Hence m C cent,(v;).
This contradicts the fact that m is a maximal ideal of A distinct from cent,(v;).

We may assume that there is some 1 </ < n such that
i, =4vi [ vi < wl

In the proof of Claim 2 we have seen that p,, is a maximal ideal of A,,. Hence
K = A, /p,isafield. For 1 <i <[ we define

vi(x) x €A, \ Pw,
VK — I, U{ool,7i(x +p,) = if
00 X € Py

and we set

u(x) xe€A,\py,
u: K — I,U{oo},ulx +p,) = if
o0 X € Py.

Since p,, is v;-convex for every 1 < i < [ and u-convex these are well defined
valuations on k. We have py; = centy, (vi)/pw = py,/pw for 1 < i < [ and
pz = centy,, (1) /Py = Pu/Pw. As in Claim 3 we see that v; Zuforl <i </.

Claim 4: Thereis some y € K withu(y) <0 andv;(y) =0foralll <i <.

Proof of Claim 4: Since v; £ u forall 1 <i <[ we have that (), _;; Haz # {0}.
Let @ € (o< Haz with @ < 0. Then (,0,...,0) € Iy x I35 X ... x I3
is compatible. By Remark 3.1(d) valuations on a field have the inverse property.
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Hence we find by Theorem 5.11 some y € K withu(y) = o < 0 and v;(y) = 0 for
1<i=<l

From Claim 4 we obtain some x € A, with u(x) < 0 and v;(x) = 0 for
1 <i <. Wefix this x.

Claim 5: Let J :={(i,j) € {l,....1} x{l + 1,....n} | v;,v; dependent}. Then
there is some z € p,, withz € 4,,vy; \ Py, vy, forall (i, j) € J.

Proof of Claim 5: Assume that the assertion does not hold. Then

centy(w) C U centy(vi Vvj).
(i.j)es

So there is a pair (i, j) € J with centy(w) C centy(v; V v;). Then Acent,w)) D
Alcent A VY- Since v; is A-essential we get that w is also A-essential by Propo-
sition 4.5. By the same argument we see that v; V v; is A-essential. So A4,, D
Ay, vv; - We have seen at the beginning of the proof that the approximation theorem
in the neighbourhood of zero holds for vy,...,v,. Hence by Theorem 5.11 and
Proposition 3.21 w, v;, v; have the inverse property. By Proposition 3.22 we obtain
thatv; V v; < w. Therefore v; < w, contradiction.

By Claim 5 we find some z € p,, with z € A,,vy; \ Py, vy, forall (i, j) € J. Let
a; :=vi(z)forl <i <[.Thenwo; > Osincez € p, C p,, for 1 <i < [. Since
7 € Ay;wv; \ Py, forall (i, j) € J the tuple

(@1,...,00,0,...,0,x,...,x,0,...,00 e [, x...x I, xR"

is compatible. Since the reinforced approximation theorem holds for vy, .. ., v, there
issomea € Rwithvi(a—x) =«a;forl <i </andv;(a) =0for/ +1=<j <n.
Forl <i <l wegetvi(a) =vi(a—x 4+ x) = 0since vi(x) = 0and ; > 0. So
a € A. We show that u(a — x) > 0. We have v < w. Therefore

w(a —x) = fin(v(a—x)) = fiwlr) = fiu(v(z) =w(z) >0

since z € p,,. Since u < w we get u(a — x) > 0. Sou(a) = u(x +a —x) < 0.
Hence we have found some a € A with u(a) < 0. But A C A, by construction,
contradiction. O

Corollary 7.17. Let vy,...,v, be pairwise non-isomorphic non-trivial PM-
valuations on R satisfying the reinforced approximation theorem. Let wy, ..., Wy,
be pairwise non-isomorphic trivial Manis valuations on R. Then the reinforced
approximation theorem holds for vy, ..., vy, Wi, ..., Wp,.

Proof. By Theorem 16 (),_;,_, Ay, is Prifer in R. Since (), ., Ay N
Mi<j<m Aw; = Ni<i<n Av; We get the claim by Corollary 11. a
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Corollary 7.18. Let vi,...,v, be pairwise independent PM-valuations on R. If
the reinforced approximation theorem holds for vi,...,v, then also the general
approximation theorem.

Proof. By Theorem 16 A,, N...N A,, is Priifer in R. By Theorem 6.11 the general
approximation theorem holds for vy, ..., v,. O

Definition 4. Let (v; | i € I) be a family of Manis valuations on R. We say that
the reinforced approximation theorem holds for the family if for each iy,...,i, €1
and each compatible and {ij,...,i,}-complete tuple («1,...,®,,a;,...,a,) €
Iy, x...x I, x R" there is some x € R with vip(x —ay) =arforl <k <n
andv;(x) > Oforall j € I\ {i1,...,in}.

Remark 7.19. Let (v; |i € I) be a family of Manis valuations on R and let
it,...,ip € I.Let(ay,...,0,ay,...,a,) € Fvil X ...x I, x R" be compatible
and {iy,...,i,}-complete. Let ji,..., ju € I \ {i1,...,i,}. Then

(o1,...,0,,0,...,0,aq,...,a,,0,...,0) €
n—+m
Fvil X...x D, XFV/n x...vajm X R

is compatible and {iy, ..., i, ji,-.., jm}-complete.

Proof. Let1 <k <nand1 <[ < m.If oy = 0 then clearly fvl-k,v,-, (o) = 0.
If ax # O then also f,, ,, (ey) = 0 by Proposition 5.17 since j; ¢ I(a;). By
Proposition 5.17 we get also (vi, Vv;)(ak) =0in I, ,, since j; ¢ I(vi,(ax)). So
the above tuple is compatible. It is clear by Definition 4 in Sect. 5 that the tuple is
{its---sins J1,---, jm}-complete. O

Remark 7.20. If I is finite then Definition 4 coincides with Definition 2.
Proof. Letl ={1,...,n}.

a) We show that the reinforced approximation theorem in the sense of
Definition 4 implies the one in the sense of Definition 2. To see this let
(a1,...,04,a1,...,ay) € I, x...xI, x R" be compatible. By Remark 5.19(a)
itis {1,...,n}-complete and we are done.

b) We show that the reinforced approximation theorem in the sense of Definition
2 implies the approximation theorem in the sense of Definition 4. For this let
i1...,ir € {1,...,n}. Without restriction we can assume thati; = 1,...,i; =
k. Let (a1,...,a,a1,...,ax) € I, x ... x I, x R¥ be compatible and
{1,..., k}-complete. Then

(ar,...,0,0,...,0,a1,...,ar,0,...,00 e I, x...x T, xR"

is compatible by Remark 19. Hence there is some x € R such that v;(x —a;) =
a; for1 <i <kandv;(x) =0fork + 1 <i < n and we are done. O
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Proposition 7.21. Let (vi | i € I) be a family of Manis valuations on R.
If the reinforced approximation holds then the approximation theorem in the
neighbourhood of zero.

Proof. Letiy,... i, € I.Let («y,...,q,) € I, x...x T, becompatible and
{i1,...,in}-complete. Then

(otl,...,oz,,,O,...,O)EI“VI.1 X...x I, xR"

is compatible and {iy, ..., i,}-complete. Since the reinforced approximation theo-
rem holds there is some x € R such that v, (x) = ox forl <k <nandv;(x) >0
forj e I\ {i1,....iy}. |

We extend the above relationship between the reinforced approximation theorem
and Priifer rings to families having finite avoidance.

Theorem 7.22. Let (v; | i € I) be a family of pairwise non-isomorphic Manis
valuations on R having finite avoidance. If (\;c; Ay, is Priifer in R then the
reinforced approximation theorem holds for the family.

Proof. Weset A 1= (\;¢; Ay, Letiy,... i, € I andlet (a1, ..., 0, a1,...,a,) €
I, x...x T, x R"be compatible and {i1,...,iy}-complete. Since A is Priifer
also (=, Avl-k is Priifer in R by [Vol. I, Corollary 1.5.3]. By Corollary 5.12 the
approximation theorem in the neighbourhood of zero holds for v;, ..., v;,. Hence
there are y,y’ € R such that v, (y) = o; and v; ())) = —o; for 1 < k < n.
By Corollary 11 the reinforced approximation theorem holds for v;, ..., v;,. Hence
there is some z € R such that v;, (z —a;) = o; for 1 < k < n. Since the family
has finite avoidance there is a finite subset J of I containing iy, ..., i, such that
vi(¥) = 0,v;(y") > 0,vi(z) > 0and v;(ar) > O0foralli € I \ Jandalll <k <n.
Let B := ﬂiEI\J A,,. Then y,y',z,ay,...,a, € B. We write J \ {i1,...,i,} as
{int1s...,imy forsome m > n.For 1 <k < m we set wi := vj,|p.

Claim 1: The valuations wy, ..., wy are pairwise non-isomorphic and Manis.

Proof of Claim 1: By Corollary 4.10 the valuations are Manis. Assume that there
are r # s such that w, = w,. Then p,, = p,,. Since p,, = py, N B and
A C B we obtain cent, (v;,) = cent,(w,). Similarly cent4(v;,) = cent,(wy). Hence
centy (v;,) = centyq(v;, ). By Corollary 1.17 and Proposition 1.2 we get that v; and
v;, are isomorphic, contradiction.

Clearly (), ;< Aw, = A. By [Vol. I, Corollary 1.5.3] A is Priifer in B. Hence
the reinforced approximation theorem holds for wy, ..., w,, by Corollary 11 and
Claim 1. Since y,y’ € Bwehavea; € I, for ] <k <n.Wesetay :=0¢€ I,
anday :=0€ Bforn+1<k <m.

Claim 2: Thetuple (ay, ..., 0y, a1, ....ay) € Iy, x...x1I,, xB™iscompatible.

Proof of Claim 2: Let 1 < k <[ < m. We show that (o, s, a, a;) is compatible.
We distinguish three cases.
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Case l: 1 <k,l <n.Thenw(y) = oy and w;(y) = oy, so (e, @) is compatible.
We have wy (z — ar) = oy and w;(z — a;) = o, so (o, o, ay, a;) is compatible by
Remark 3(ii).

Case2: 1<k <nandn+1</[ <m.Sincei; & I(o) we get fvik,wl (ax) = 0in
Fv,.k,v,.[ by Proposition 5.17. Hence f,,, , (¢;) = 01in I, ,, by Proposition 4.13. So
(o, o) is compatible. Since i; ¢ I(v;, (a;)) we get fv,.k,vl.l (vi,(ax)) = 0in Fv,.k v,
by Proposition 5.17. By Proposition 4.13 we obtain f,, ., (Wi (ar)) = 0in I}, .,
Since fi, w, (x) = 0in I3, ,, as just seen we get the claim.

Case 3: n+1 <k <[ < m.This is obvious.

Since the reinforced approximation theorem holds for wy, ..., w,, there is some
X € B such that wi(x —ax) = o for 1 < k < m. Then v; (x — ax) = oy for
1 < k < n. It remains to show that v;(x) > Oforalli € I \ {iy,...,i,}. Ifi = i
forsomen + 1 < k < mthenv;(x) = wi(x) = 0.1fi ¢ J then v;(x) > 0 since
X € B. O

Theorem 7.23. Let (v; | i € [I) be a family of PM-valuations on R with
finite avoidance. If the reinforced approximation theorem holds for the family then
(ie; Av: is Priifer in R.

Proof. We can clearly assume that v; is non-trivial for all i € I (cf. Remark 6). Let
A :=");¢; Av;- The approximation theorem in the neighbourhood of zero holds for
(vi | i € I) by Proposition 21. By Theorems 5.22 and 4.21 every v; is A-essential.
Therefore we show condition (ii) of Theorem 4.17 to get the claim. Let m be a
maximal ideal of A with m # cent,4(v;) for alli € I. Let w be a non-trivial Manis
valuation with v;, < w forsomei; € /. We have to show that cent4(w) ¢ m. We set
v := v;,. By assumption v is PM. Hence it is maximally dominant by Proposition
14, (1) = (2). So p,, is a maximal ideal of A4,,,.

Assume that centy (w) C m. Let By := A[p,] = A + py and qo := m + p,,. As
in the proof of Theorem 16 (Claim 1 and Claim 2) we find a Manis pair (B, q) of
R such that By C B and q N By = ¢o. Then q D p,, and g N A = m. Let u be the
Manis valuation on R corresponding to (B, q). Since w and u are non-trivial we get
u < w by Proposition 1.8. Again as in the proof of Theorem 16 (Claim 3) we have
vi Zuforalli € I. By Remark 4.14 the set J := {i € I | v; < w} is finite. Let
J ={i1,...,i}. By above p,, is a maximal ideal of A4,,. Hence K := A,,/p,, is a
field. For 1 < k < n we define

Vi, (%) X € Ay \ bu,
Vi K — I, U{oo}, i (x + py) = if
o0 X € Ppu.

and we set

u(x) x €A, \pw,
u: K — I,U{oo},u(x +p,) = if
00 X € Py
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Since p,, is v; -convex for every 1 < k < n and u-convex these are well defined
valuations on K. We have Py = centy, (vi,)/pyw = Py, /py for 1 < k < n and
pz = centy,, (1) /Py = Pu/Pw. As above we get that v;, £ ufor 1 <k <n. Asinthe
proof of Theorem 16 (Claim 4) we find some y € K with #(y) < 0 and v; (y) =0
forall 1 < k < n. Hence we find some x € 4,, with u(x) < 0 and v; (x) = 0O for
1 < k < n. We fix this x.

Claim A: There is some z € p,, \ suppw such that J = I(v(z)).

Proof of Claim A: Note that given z € p,, \ suppw we have J C I(v(z)). To see this
letz € p,, \ suppw. Then 0 < w(z) < co. Wehavev vy, <wforalll <k <n.
Hence 0 < (v Vv )(z) < oo forall I <k < n. Therefore f,,, (v(z)) # 0 for all
1 <k < n.ByRemark 5.17 we obtain J C 1(v(2)).

By the above we have to find some z € p,, \ suppw such that /(v(z)) C J.
Let H be the convex subgroup of I, such that w = v/H (cf. Remarks 1.13(b)).
Assume that there is no convex subgroup H of I, with H G H G I. Let then
Z € py, \ suppw be arbitrary. Since 0 < w(z) < oo we have v(z) ¢ H. By the
assumption we get H,; = H (cf. Definition 4 in Sect.5). Therefore v/H,; =
v/H = w. By Definition 4 in Sect. 5 we obtain

Iv@) ={iel|vi<v/Hgt={iel|v <wy=J

and are done. So we assume that there is a convex subgroup H of T, with H G
H G I,.Letw := v/H. Then w is non-trivial and w < w. By Remark 4.14 the set

Ji={iel|vi<w

is finite and contains clearly J. Let J \ J := {i,41....,in}. Arguing similarly to
above we obtain some z € Ay such that w(z) > Oand v, ,(z) = ... = v;,(z) = 0.
Since v;, < wforalln +1 < k < m we obtain z ¢ p;. So z € p,, \ py. Note
that necessarily w(z) = 0 since w(z) < 0 and w < w. Since suppw = suppw we
have z € p,, \ suppw. Since w(z) > 0 and w(z) = O we have H C H,;) & H.So
w < v/H,; < wandv/H,;(z) > 0.Leti € I(v(z)). Then v; < v/H, ). We get
vi(z) > 0. Moreover, v; < w. Soi € J.But Vi (@ =...=v;,(z) =0.S0i € J
and Claim A is proven

We choose z as in Claim A. Let ot := v;, (z) for 1 <k < n.Sincez € p,, \suppw
we have 0 < w(z) < oo. Since v;, <wforalll <k <n we get 0 < a; < oo for
alll <k <n.

Claim B: The tuple (a1,...,0,,X,...,X) € Fvl.l X ...x I, x R"is compatible
and J-complete.

Proof of Claim B. The tuple is clearly compatible. By Claim A I(«;) = J. Since
vi,(x) = 0forall 1 <k < n it remains to show that /(o) C J forall2 < k < n.
Fix2 <k <n.Letj € I(a). Thenv; < v,-k/Ha,.k. By Claim A iy € I(«y).
Therefore v;, < v;,/H,,. We conclude that v; <v; /H,, andso j € (o)) = J.
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Applying the reinforced approximation theorem to the tuple of Claim B we can
finish the proof as the proof of Theorem 16. |

Corollary 7.24. Let (v; | i € 1) be a family of pairwise independent PM-
valuations on R with finite avoidance. If the reinforced approximation theorem holds
for (v; | i € I) then also the general approximation theorem.

Proof. By Theorem 23 (),¢; A, is Priifer in R. By Theorem 6.16 the general
approximation theorem holds for (v; | i € I). |
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