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Abstract The chapter is devoted to investigation of the class V(p,¥) of
@-sub-Gaussian random processes with application to queueing theory. This class of
stochastic processes is more general than the Gaussian one; therefore, all results
obtained in general case are valid for Gaussian processes by selection of certain
Orlicz N -functions ¢ and . We consider different queues filled by an aggregate of
such independent sources and obtain estimates for the tail distribution of some
extremal functionals of incoming random processes and their increments which
describe behavior of the queue. We obtain the upper bound for the buffer overflow
probability for the corresponding storage process and apply obtained result to the
aggregate of sub-Gaussian generalized fractional Brownian motion processes.

1 Introduction

Consider a single server queue that is filled by the aggregate of N independent
(uncorrelated) random sources X; = {X;(¢),t € T}, where T is some parametric
set, e.g., an interval [a, b]. Our main interest is focused on studying the distribution
of the following functionals that depend on the incoming aggregate and characterize
the behavior of the queue:

N
sup (Z Xi(r) - f(t)) :

i=1

N N
sup (Z Xi(t)— f(1) - (Z Xi(s) — f(S))) .
i=1

s<t, s,teT - _
i=l1
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and

N N
sup sup (Z Xi(0) — f(0) — (Z Xis) - f(s))) ,
i=1

s<t ;
steET s=< i=1

where f(¢) is a continuous function which describes intensity of the queue serving.

Here we summarize recent studies [6—8, 13—18] for a general class of incoming
processes X;. We assume that incoming streams belong to the class V (g, ¥) and
study the buffer overflow probability for the storage process Q(t). Our results
are illustrated by sub-Gaussian generalized fractional Brownian motion (GFBM).
Recall that the normalized FBM process with Hurst parameter H € (0.5,1) is
the Gaussian centered process with stationary increments, continuous paths, and
covariance function of the form

Ry(t,s) = (2" + s —|s—1") /2. (1)

Its long-range dependence and self-similarity properties make the FBM process a
natural choice for modeling traffic through telecommunication networks (see more
results on FBM storage models in [1, 10-12]).The paper is organized as follows.
Section 2 is devoted to the general theory of ¢-sub-Gaussian random processes and
is based on the works [2-6, 8,9, 13, 18]. In Sect. 3 we consider the storage process
from the class V (¢, ¥) with application to GFBM processes.

2 Random Variables from Spaces SUB,(£2), SSUB, (£2),
and Class V(g, ¥)

This section contains some basic notions, definitions and properties of random
variables, and processes from the spaces SUB,(§2), SSUB,(£2), and the class
Vip, ¥).

Let (£2,F,P) be a standard probability space and let (7, p) be a pseudometric
(metric) compact space equipped by pseudometric (metric) p.

Definition 1 ([2]). Metric entropy with regard to pseudometric (metric) p or just
metric entropy is a function

10g N(T )(u), if N(T )(u) < 400
H u) = Hr(u) = Hu) = £ . L ,
where N7y () = Nr(u) = N(u) denotes the least number of closed p-balls with
radius u covering space (T, p).
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Example 1. If T is an interval [a, b] and p is the Euclidean distance, then

ln(max{b_a,l}) < Hw) §ln(b_a +1).
2u

Definition 2 ([2]). A continuous even convex function ¢ is said to be an Orlicz
N -function if it is strictly increasing for x > 0, ¢(0) = 0 and

@(x) @(x)
— —>0asx—>0 and —= — oc0asx — oo.
X X

Example 2. The following functions are N -functions.

e ¢(x) =a|x|ﬂ, a>0,>1;

* ¢(x) =exp{|x[} — [x] - L;

e ¢(x) = exp{a|x|ﬂ} -1, a>0, 8>1;
(ea/2)" 5%, |x| < (2/) """

° X)) = o
¢ () exp{|x|*}, |x| > (2/05)1/ ,0<a< 1.
Condition Q ([3]). We say that an N -function ¢ satisfies Condition Q if

liminf(p(;c) —a>0. )
x—0 X

It is permitted « to be infinite.

Example 3. Condition Q is fulfilled for N-function ¢(x) = c|x|?, ¢ > 0, when
1 < B < 2and is not fulfilled when 8 > 2.

Definition 3 ([2]). Let ¢ be an Orlicz N -function satisfying Condition Q. The
random variable £ belongs to the space SUB,(£2) (a space of ¢-sub-Gaussian
random variables), if it is centered, i.e., E§ = 0, the moment generating function
Eexp{A&} exists for all A € R and there exists a positive constant a such that the
following inequality

Eexp (A§) < exp (¢(al)) 3)

holds for all A € R.

Theorem 1 ([2]). The space SUB(£2) is a Banach space with respect to the norm
7,(§) = inf{a > 0: Eexp (A§) < exp(¢(al)), A € R} and the inequality

Eexp(A§) < exp(p(A7,(8))) , 4
holds for all A € R. Moreover, for all r > 0 there exists constant ¢, > 0 such that

(BN < ¢,1,(8). (5)
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When ¢(x) = x?/2, the space SUB,(£2) is called the space of sub-Gaussian
random variables and is denoted by SUB(£2). The simplest examples of sub-
Gaussian random variables are the following:

s Centered Gaussian random variables £ = N(0, %) belong to the space SUB(£2)
and 7(§) = (E£)"/2.

e Let £ be a centered bounded random variable, i.e., E§ = 0, and there exists
number ¢ > 0 that |§] < ¢ almost surely. Then £ € SUB(£2) and 7(§) < c.

Theorem 2 ([8]). Let £ € SUB,(82). Then for all ¢ > 0 the following inequality
holds:

P{E| > &) < 2exp{—¢ (T “ZE))} .
@

Definition 4 ([2]). Random process X = {X(¢),t € T} is called a ¢-sub-Gaussian
processifforallt € T X(t) € SUB,(£2).

Condition X~'. Suppose there exists such a continuous monotonically increasing
function 0 = {o(h),h > 0} that 6 (h) — 0, as h — 0, and the following inequality
for increments of the process is true:

sup 7, (Y(1) = Y(5)) < o(h). (6)
p(t.s)<h

If a process X (7) is continuous in norm 7, (-), then the function

o(h) = sup 7,(Y(t) —Y(s))
p(t.$)<h

satisfies Condition X'.

Theorem 3 ([2]). Let ¢ be an Orlicz N -function satisfying Condition Q and the
Sunction (/) be convex. Suppose that £,&,...,&, are independent random
variables from the space SUB(§2). Then

rf,(Zs,-) <D ). (7)
i=1 i=1

Definition 5 ([4]). A family of random variables A from the space SUB,(£2) is
called strictly SUB,(2), if there exists a constant C4 > 0 such that for arbitrary
finiteset I : & € A,i € I and for any A; € R, the following inequality takes place:

fw(ingi) < CA<E(Z)L,-$,»)2)I/2. (8)

iel i€l
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If A is a family of strictly SUB, (§2) random variables, then linear closure A of the
family A in the space L,(£2) is also strictly SUB,(§2) family of random variables.
Linearly closed families of strictly SUB,(£2) random variables form a space of
strictly ¢-sub-Gaussian random variables. This space is denoted by SSUB,,(£2).

When ¢(x) = x%/2, the space SSUB,(£2) is called the space of strictly sub-
Gaussian random variables and is denoted as SSUB(£2). The space of jointly
Gaussian random variables belongs to the space SSUB(£2) and 7%(§) = E£2, i.e.,
Cy=1.

Definition 6 ([2]). A random process X = {X(¢),t € T} is a strictly ¢-sub-
Gaussian process if the corresponding family of random variables belongs to the
space SSUB, (2).

Example 4 ([4]). Let ¢ be such an Orlicz N-function that the function ¢(,/~) is
convex and

X(t) =) &i (o),

k=1

o0
where series Y & ¢y () converges in mean square sense for all 1 € T and
k=1
family {&,k > 1} belongs to the space SSUB,(£2), for instance, {§x.k > 1}
are independent random variables from SSUB,(§2). Then X () is a strictly ¢-sub-

Gaussian random process.

Example 5 ([7]). We call the process Z¥ = (Z"(t),t € T) strictly ¢-sub-
Gaussian GFBM with Hurst index H € (0, 1), if Z is a strictly ¢-sub-Gaussian
process with stationary increments and covariance function as defined by (1).

In order to give an example of such a process, let’s consider a sequence of
independent strictly ¢-sub-Gaussian random variables {n,,n = 1,2, ...} for which
En, =0, En? = 1, and ¢ is such an N-function that function ¢(,/7) is convex

o0

and 7,(n,) < v < +o0. Then the process ZH(t) = 3 Auna¥a(2) is a centered
n=1
strictly ¢-sub-Gaussian random process with covariance function Ry from (1), if A,,

are eigenvalues and 1, are corresponding eigenfunctions of the following integral
equation:

T
() = A7 / Ri(t. s)v (1) dr.

0

Definition 7 ([6]). N-function ¢ is subordinated by an Orlicz N -function
¥ (¢ < ) if there are exist such numbers xo > 0 and k > 0 that ¢(x) < ¥ (kx)
for x > xg.
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Theorem 4 ([13]). Let ¢, and ¢, be such N -functions that ¢; < ¢,. If § €
SUB,, (£2), then § € SUB,(82), and there exists such a constant cy, ,, that

Ty (§) = Cpy.4n Ty (§).

Definition 8 ([6]). Let ¢ < i are two Orlicz N-functions. Random process X =
{X(t),t € T} belongs to class V(¢, ) if for all € T the random variable X(¢) is
from SUBy, (£2) and, for all 5,7 € T increments (X (¢) — X (s)) belong to the family
SUB,(£2).

Example 6. Sub-Gaussian random processes belong to the class V(gp, ) with
o(x) = x2/2.
Example 7. Let

X(0) =&+ ) &),
k=1

where ¢ is such an Orlicz N -function that ¢(./+) is a convex function. Let & be a
¥-sub-Gaussian random variable and {&,k = 1,2,...} be a sequence of ¢-sub-
o0

Gaussian random variables such that ) 7,(£x)| f«(¢)| < oo. Then the process X(t)
k=1
belongs to the class V (g, V).

Condition F. A continuous function f = { f(¢),t € T} satisfies Condition F if

|f () = f()] = 8(p(u, v)),

where § = {§(s), s > 0} is some monotonically increasing nonnegative function.

Condition R. A continuous function » = {r(u),u > 1} satisfies Condition R if
r(u) > 0 when u > 1 and function s(¢) = r(exp{t}),z > 0, is convex.

Let B C T be a compact set. In what follows we use the following notation:
© () =1y (X(w) < oo;
¢ B > 0issuch a number that 8 < o (inf sup p(t, s));

SEB tEB
e Bi={ueB:u<t}
L(u) = (N(u)* + N(u))/2, where function N(x) is denoted in Definition 1.

Theorem 5 ([18]). Let X = {X(¢t),t € B} be a separable random process from
the class V (@, V) which satisfies Condition X. Let functions f = {f(t),t € B}
and r = {r(u):u > 1} satisfy Conditions F and R, respectively. If

B
/r(N(U(_”(u))) du < oo,

0
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then for all p € (0, 1) and x > 0 the following inequality holds

P lsup(X(0) — ) > 3} < 0 2.0 9.,

teT
where
Z (A, p,B)
AB C g k=1
= exp { Oy (A, p) + pe (ﬂ) + A (25(0( '(Br* ) —X)}
k=2
) Bp
xr=D / r(N(o ™V (u))) du | , 9)
0
Ay (u
Oy (A, p) = sup ((1 (ly_(p))—)tf(u)). (10)

Example 8 ([18]). Let ZH = {Z" (), € [a,b]},0 < a < b < oo be a GFBM
process from the class V (¢, ) with Hurst index H € (0,1) and let ¢ > 0 be a
constant service rate. Then for all p € (0,1), 8 € (0, b - a/2)H], and A > 0, the
following inequality holds:

. e \VH
P - <b-a)—
oo o-a(s)
Ae(Bp)'/H

1B Ax
e e (75) +-pman - av

xexp%

where 0y (A, p) = sup (W (%) - CA)(LTZP)).

a<u<b

More details on the GFBM process can be found in papers [7, 13—15].

Condition ¥N. We say that independent separable random processes X; =
{X;(t),t € B} from classes V(g;,¥;) defined on a compact set B C T
satisfy Condition X' N if there exist such continuous monotone increasing functions
{o;(h), h > 0} that o; (h) — 0 when & — 0 and

sup T,(Xi(t) — Xi(s)) < 0i(h), (12)
p(t.s)<h

vi() = 7y (Xi(w)) < oo, (13)

o(h) = sup o;(h) <oo, i=1,N. (14)

1<i<N
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N
Theorem 6. Ler random process X(t) = Y. X;(t) satisfy the assumptions of
i=1
Theorem 5, where functions y;(u) and o(h) are given in (13) and (14). Then for
all p € (0,1) and x > 0, following inequalities hold:

{fg(Zﬂt)-f(ﬂ) >x¢ < Z(p.B.x),
N
P{}gg (; X;(t) - f(t)) <—x¢ < Z.(p,B.x),
N
P{sup Y Xi) - f()| > xp <2Z,(p.B.x).
1€B ;]

where

Bp
Z,(p.B.x)=r" (ﬁlp 0/ r (Ns(c ™" () du)

Xrntexp§9 A, p)+p2<p,( )!3 ) (Z e 1>(ﬁpk—1))_x>§,

i=1 k=2

7,
0y (k. p) = sup ((1 —p) Zx/n ( v ‘p)) —Af(u)) .

Proof. Let V;, denote a set of the centers of closed balls with radii g, = oV (Bph),
p € (0,1), k = 0,1,2,..., which forms minimal covering of the space (B, p).
Number of elements in the set V;, is equal to N p)(sx) = Np(ex).

It follows from Theorem 2 and Condition X' that for any ¢ > 0

P{Xi(0) — Xi(s)| > ¢}

e &
=2 e"p{_")" ( X () - Xl-(s»)} = 2o %_‘”" (o(p(t,s)))} |

Therefore the processes X; (¢) are continuous in probability, and the process X() =

Z X;(t) — f(¢) is continuous in probability as well. Hence the set V = U Ve, is
i=1 k=1
a set of separability of the process X and with probability one

sup X(¢) = sup X(¢). (15)
teT tev
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Consider a mapping a, = {o,(t),n = 0,1...} of the set V = [V, into the set
Ve,, where o, (¢) is such a point from the set V,, that p(¢, o, (¢)) < &,. If t € V,
then «, (t) = t. If there exist several such points from the set V;, that p(¢, o, (¢)) <
&n, then we choose one of them and denote it a, (¢).

It follows from Chebyshev’s inequality, Theorem 1, and Condition X' that

P{IX: () = X ()] > pt}

< E(X (1) — Xi (e (1)))? < 37, (Y (1) = ¥(a(1))) - c30?(ey)

— C2ﬁ2Pn ,
p" p" p

where ¢; is the constant from (5). This inequality implies that

oo

S P{IX(0) — Xi(@, )] > pt < oo.

n=1

It follows from the Borel-Kantelli lemma that X; () — X;(«,(t)) — 0O asn — oo
with probability one. Since the function f is continuous, then X (¢) — X (e, (¢)) — 0
as n — oo with probability one as well. Since the set V' is countable, then X (¢) —
X(an(t)) — 0asn — oo for all ¢ simultaneously.

Let ¢ be an arbitrary point from the set V. Denote by t,, = (1), tyw—1 =
Ap—1(tm), ..., t1 = a1(ty) for any m > 1. Since for all m > 2

X(6) =X(1) + Y _(X(t) = X(te-1) + X(1) = X(@n (1))
k=2

< max X(u) + ) max (X () — X(o—1 () + X (1) = X(em (1))
k=2 %

u€Ve

we have

X(t)

A

m—>00 ue VSI

m
lim inf (max Xw+> max (X (1) =X (o1 (1)) + X (1) =X (e (z))))
ue
k=2 ‘%
m
= lim_inf (rrellzyf X(u)+ ; max (X (u)—X (ot (u)))) . (16)
It follows from (15) and (16) that with probability one

teT

sup X(r) < lim_inf (neu% X(u) + grg% (X () — X (otp—1 (u)))) . a7
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o0

Let {gr.k = 1,2,...} be such a sequence that gy > 1 and )" g;' < 1.1t follows
k=1

from the Holder’s inequality, the Fatou’s lemma, and (17) that for all A > 0

Eexp {)&sup X(t)}

teT
m—00

<E lim infexp gx (neleyf X(u) + ]; max (X (u) — X (o1 (u))))§

< lim infEexp
m—>0o0

A (;gevgf X(u) + ]; max (X(u) — X(ak_mu))))}

1/q
< lim inf ((Eexp {qlk max X(u)})
m—>00 MGVSI

1/qx
<] (Eexp {qu max (X(0) - X(ak_1<u)))}) )

k=2

1/q1
< (Eexp {qlk max X(u)})

U€Ve,

0o 1/qx
<T] (E exp {qu max (X(u) ~ X(akl(u»)}) | (18)

k=2

Consider each of the factors in the right-hand side of (18) separately. It follows
from (4) that forall 1 <i <N

Eexp{qiAX;(u)} < exp{yi(qiAy; (1))}

and
EexpiqiA(Xi (1) — Xi (ax-1(w))} < expl{e; (qxAoi(ek—1))}.
Therefore,
1/q1
(Eexp {qlk max X(u)} )

N 1/q1
< (X Eewfon Y xw}er |- arrw))

u€Ve, i=1
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N 1/q1
< (T Ieew{nrxofew {-arrw))

ueVe i=1
< (Na(en) " exp ] - sup S vitarin) - i)}
N 91 ueB \ =
Using the assumption | f(u#) — f(v)| < §(p(u, v)), we obtain that

1/qxk
(E exp {qu max (X() - X(ak_1<u>))})

N
< (M max Benp {3 (4100~ Xienma 1)}

i=1

X exp { — A (f (u) — f(ak—l(u)))}) 1/dx . (NB (8k)>1/qk

N 1/qk
X (max exp { Z(ﬂi (gxro(ex—1)) + Qk)trs(/)(u»ak—l(u)))} )

uEVﬁk =

N
< (NB (sk))l/qk exp qu_l > o (arBp*") + 48 (a“l’(ﬂp"_l))} :

i=1

From inequality (18) after substitution of ¢ = p'~%/(1 — p), k > 1, we have

Eexp {)LsupX(t)}
tEB
(9] N 2 (o)
<exp g Ya=pp Y o (%) +A) 8 (0(‘”(/317"‘1))}
k=2 i=1 k=2
X exp { Oy(r.p)+ Y _(1—p)p* " Hp (o<‘“(ﬁpk))} : (19)
k=1

As in Theorem 5 Condition R implies the next inequality for the function r(¢)

0o Bp
1
eXP{Z(l—mP"“HB (0(‘”(/31/‘))} < r<“>(ﬂ— / r (N (0D () du)-
14
k=1 5

(20)
So, we obtain the assertion of Theorem 6 from (19), (20), and Chebyshev’s
inequality.
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3 Storage Processes

This section is devoted to the study of a storage process with mixed input from class

Vip, ¥).

Definition 9. We call a random process Q(¢) = {Q(¢),t € T} storage process of
the queue with input process X(¢t) = {X(¢),t € T} if

Q1) = sup (X(1) = X(5) = (f() = D). 5.1 €T, @n

where function f(¢) denotes intensity of queue serving.

If more work arrives than can be processed by the server, then the surplus is
stored in a buffer of size x > 0. Obviously that part of the input received after the
moment when buffer overflow is lost. Therefore estimation of the buffer overflow
probability is an important task in the queueing theory. Such problem can also
be reformulated in terms of the risk theory as estimation of the probability of
bankruptcy for the corresponding risk process, e.g., [1, 15].

The following theorem gives an upper estimate for the tail distribution of a
storage process with aggregate input

N
o) = Sup (Z(Xi(t) - Xi($) - (f() = f(S))) . steB (22)

i=1

Theorem 7. Let X; = {X;(t),t € B} be independent separable random processes
from classes V(¢;, V;) defined on a compact set B C T and satisfying Condition
XN. Let f = {f(t),t € B} be a continuous function satisfying Condition F, and let
r = {r(u),u > 1} be a continuous function satisfying Condition R. If, in addition,

B
Rp(t) = / r(Np, (6™ (u))) du < oo, (23)
0

then for all p € (0,1) and x > 0 the following inequality holds for the storage
process Q(t) defined in (22)
P{O@t) > x} = Z:(p.1.x), (24)

where

Z,(p.t,x) = r"V (Rg(1)/ (Bp))

N 2 o)
ng W(A, p,t)exp {p Z(pi (%) + A (ZS (o'(_l)(IBpk—l)) —x)§ ’

i=1 k=2
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W(A,t, p) = min{Ui (A, 1, p); Us(A,t, p)},
(Ui(A,t, p))'/0=»)

Ng, (0D (Bp))+1

{ zN:fp (Ao(2xo(_l)(ﬂ1)))) 4 A(?(Zxo(_l)(ﬁp))% d.

B / P l—p l-p

i=1

1

UaCht.p) = (N (0 (Bp2) '™ i exp { ek ()

i=1

N P
“Af@) + man ((v 0= L (e xf(u)).

i=1

The assertion of Theorem 7 follows from Theorem 6 and comes as a natural
generalization of the results in [17] for a sum of random processes from classes
Vg, ¥i).

Theorem 8§ also follows from Theorem 6 and can be easily obtained through the
generalization of the results of paper [16] for an aggregate of random processes from
classes V(g;, ¥;).

Theorem 8. Let X; = {X;(t),t € B} be independent separable random processes
from classes V(g;, V;) defined on a compact set B C T and satisfying Condition
XN. Let f = {f(t),t € B} be a continuous function satisfying Condition F, and let
r = {r(u),u > 1} be a continuous function satisfying Condition R. If, in addition,
the following condition holds

B
/ r (L (0(_1)(14))) du < o0, (25)

0

then for all p € (0,1) and x > 0 following estimates hold for the storage process
Q(t) defined in (22)

P{ swp Q) > x} < Z.(p.x), 26)
s<t;st€B
P{ _inf_00) < —x} < Z.(p.x), @7

P{ sup |Q(I)I>X}§2Zr(p,x), (28)

s<t; s,t€B
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where

2

Zi(potx) =) (= / " (L@ @w)) du
Bp Jo

N [ele]
xigg W(A, p) exp {p Zgoi (%) +A (228 (0(_1)(ﬁpk)) _x)} ,

i=l k=1
N(e =D (8p))—1
W@, p) = ( > (N(@TBp) -1)
=0
a Ao (2lo ™V (Bp)) A8(21a " (Bp)) o
XexP%;‘pi( 1-p )+ 1—p } '

Example 9. Consider independent centered normalized GFBM processes X; (t) =
{X;(t),t € [a,b]} from classes V(;, ¢;) and N-functions ¢; (x) = x?/x?, where
x; > 0 are some constants, i = 1, N. Let f(¢) be a continuous service function with
the following property:

|f(f)—f(S)|§C|l—S|n, t,SE[a,b], (29)

where ¢ > 0 and 0 < n < 1 are some constants. It is easy to see that Condition F
holds for the function f.

Let Condition X' N be fulfilled for processes X;. Then the following estimates
follow from Theorem 8.

Theorem 9. Let X;(t) = {X;(¢), t € [a, b]} be independent GFBM processes with
Hurst indexes H; € (0,1) from classes V({;, ¢;) defined by Orlicz N -functions
p(x) = x*/x2 i = 1IN, and let f = {f(t).t € |a,b]} be a continuous function
which satisfies (29). Then for all

pe (o, min {(2/3)*’"“* : 1/;3}] and x>0 (30)
the following estimates hold

N
P{ sup ( (X[(t)—Xi(s))—(f(t)—f(s)))>x}§Z(p,x),
1

s<t;s,t€B

i=

N
P{ inf (Z(X,m — Xi(5)) = (f()) — f(S))> < —x} < Z(p.x),
i=l1

s<t;s,t€B

N

P% sup > x% <2Z(p,x),

s<t;s,t€B

(Xi (1) = Xi () = (f (1) = f(5))
1

i=
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where Hmin = mil‘li:m H,', Hmax = maxi:m H,‘,

b—a
2(p)!/Hmax

bh— 2
Z(p,x) = %(ﬂpe)z/}]m” Z (Z(ﬂp)l/Hmdx +1- l)

=0

X exp

ey B e 2By e (1 o)) -
4pB2 301y X7 (4+p (212 '

Proof. From (8), (12), and (14), we obtain the following bounds for sub-Gaussian
increments of the aggregate Y X; (¢):

He
" umm,OSuSl,
, _ P 31
o(u) = lsule{U )} = sup u { wHmx > 1, G
and
l/Hmax 0 < < 1
(_1) . u s su=1l,
o'V (u) = {ul/Hmin7 us> 1. G2

Letr(u) =u*,0 <o < 5 pr < m1n{(2/3)Hmle ; 1/,3} then I/Hmax > %, since
u < (2/3)Hme (h — a/Z)Hm“ < pB < 1. Therefore, we obtain

e (L (1)
A [ e w)
[ 1/
b—a 2 b—a Y
: (ﬁ / <(2,41/Hmx + 1) T e T 1) /2 du)
1 ﬂp —a 3 2u 1o 1 1 Bp b—a .
ﬁ_ Zul/Hde + z) dl/l < 5 5/‘0 (m) du

—1/a _
) ( 3 Ijot ) = (b a) (Bp )2/Hmax, oa— 0. (33)

max

1/«

Also

350 = 3ty = BT
k=1

k=1

— pn/Hmax (34)

Applying (33), (34), and the following chain of transforms to Theorem 5, we obtain
the assertion of Theorem 9 (Fig. 1).
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Fig. 1 Here is depicted upper estimating function Z(p, x) from Theorem 9 for various sets of
sub-Gaussian GFBM incoming processes considered on interval [a, b] = [0, 1] with the following

). xi = /2.8 = (b%“)Hmx = (0.5)mx, p = 0.25

values: ¢ = 1,n =1 (ie., f(t) = ¢
= 1,H=075©N=25H =09@N = 5,

(@ N =1H = 05® N
H; €{0.5,0.6,0.7,0.8,0.9}

N 2 00
el B (725) o4 (o= e
k=1

i=1

N
. 4pAZIB2 zcﬂ”/Hmaxp”/Hmax
= jnfexp { D ( (= /i 7

i=1

h—

20V i _ N 922097\2H; 2
X Z (—b - —i—l—l)exp{X:—)t @7 (Pp)

1=0 Z(ﬁp)ﬁ i=1 xi2(1 —-p’
I—p bl;/‘fll
A20)" o )\ Wy~
Al e(Er) }) 5( 5 iy
—p =0 2(ﬁp)Hmux
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4

1—
X ZCﬂH/HmaxPn/Hmax (zl)nc(ﬁp)”/Hmax 4
L—p  (1=p)(1 = p/Hm) 1-p

b—a
2(8p)!/Hmax

b—a
| 2 (1)

=0
1_
X exp d — (x — C(Zl)” (ﬁp)n/Hmux _ 2C(ﬂp2)"/Hm*"‘/(l _ pn/Hmax))z p
4pp2 YN X2 (4 + p(21)2H)
Conclusions

The paper summarizes some recent studies that have been made for a general class
V(¢,¥) of incoming processes X;. As an example, we consider sub-Gaussian
GFBM storage process with aggregated input formed by independent sources.
We show that obtained estimate for the tail distribution of such storage process
depends on the buffer size x as o (exp {—(xxz}). Also we provide several illustra-
tions of the buffer overflow probability for different values of Hurst parameter of
the incoming processes.
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