
Chapter 2
Solitary Quantum Dot Laser

2.1 Introduction

In this chapter, the model for the solitary semiconductor QD laser is introduced
and its turn-on dynamics is studied. As already discussed in the introduction, one
striking difference distinguishing QD from conventional semiconductor QW lasers
is their special carrier scattering dynamics between the discrete QD levels and the
continuous sub-bands of the surrounding carrier reservoir [1, 2]. For instance, this
scattering dynamics is responsible for the strongly damped ROs of QD lasers in
comparison to QW lasers [3–7].

Our modeling approach aims to study in detail the dependence of the dynamics of
the QD laser on the carrier scattering dynamics. Therefore, a microscopically based
rate equation model is introduced that assumes a classical light field, but takes into
accountmicroscopically calculatedCoulomb scattering rates for the carrier exchange
between QD and carrier reservoir as discussed in [5, 8–11] (see [12] for a concise
review). The microscopically calculated Coulomb scattering rates yield nonlinear
carrier lifetimes τe and τh for electrons and holes in the QD levels, which strongly
depend on the band structure, i.e., on the size and the material composition of the
QDs, as well as on the filling of the carrier reservoir and thus on the pump current
[5, 13]. Further, in this microscopic modeling approach it is taken into account that
the energetic distances of the QD levels and the band edges of the carrier reservoir
are different for electrons and holes, which results in different dynamics for electrons
and holes in the QD levels as well as in the carrier reservoir. Therefore, in a hierarchy
of semiconductor modeling approaches (see [14] for an overview), the model bridges
the gap between simple rate equation models and full quantum-mechanic modeling
approaches, which treat also the light field quantum-mechanically and permit to
study the photon statistic of the emitted light [15, 16]. Simpler rate equation models
take into account only one carrier type, i.e., the dynamics of electron-hole pairs is
modeled. Further, the carrier exchange between QDs and carrier reservoir is, in these
models, described by constant carrier lifetimes in the QD levels [17], or by linear
in-scattering rates and constant out-scattering rates [18, 19].
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Our model is kept simple enough to derive analytical expression for RO frequency
and damping. Therefore, a variety of effects has been neglected. For instance, a more
complex modeling approach has to be chosen if changes in the emission wavelength
due to Coulomb enhancement are of interest [20–25]. Furthermore, to study ultra-
fast coherent dynamics on the fs-scale, for example, the gain recovery in QD-based
optical amplifiers [26], the dynamics of themicroscopic polarization becomes impor-
tant, which has been eliminated adiabatically in ourmodel. Tomodel the dynamics of
the microscopic polarization, semiconductor Bloch equations have to be considered
[27–31].

This chapter is organized as follows. After an introduction to the QD laser model
in Sect. 2.2, the dynamical equations are non-dimensionalized in Sect. 2.3. Then,
the turn-on dynamics of the QD laser is studied for different band structures in
Sect. 2.4, and in Sect. 2.5, analytical expressions for the steady states as well as RO
frequency and damping of the QD laser are presented for different band structures.
These expressions reveal how the damping of the ROs is increased with respect to
QW lasers by the carrier lifetimes τe and τh . Finally, a summary is given in Sect. 2.6.

2.2 Quantum Dot Laser Model

In this section, the dynamical equations modeling the solitary QD laser are intro-
duced. The QDs are embedded into a two dimensional QW acting as a carrier reser-
voir. A band structure of the device is depicted in Fig. 2.1. The crucial parameters are
the confinement energies �Ee and �Eh that mark the energy differences between
the QD ground state and the band edge of the surrounding QW for electrons and
holes, respectively. The QD laser model is based on the model described in [5, 13],
which has shown good quantitative agreement with experiments regarding the turn-
on behavior and the modulation response of QD lasers [13]. The nonlinear, coupled,
and five-variable rate equation model including the photon number in the cavity Nph,
as well as the electron and hole occupation probabilities in the QDs, ρe and ρh , and
the electron and hole densities in the QW, we and wh , respectively, is given by the
following equations

d Nph

dt
=

[
2W̄ Z Q D

a (ρe + ρh − 1) − 2κ
]

Nph + β2ZQD
a Wρeρh, (2.1a)

dρe

dt
= Sin

e (1 − ρe) − Sout
e ρe − W̄ (ρe + ρh − 1)Nph − Wρeρh, (2.1b)

dρh

dt
= Sin

h (1 − ρh) − Sout
h ρh − W̄ (ρe + ρh − 1)Nph − Wρeρh, (2.1c)

dwe

dt
= j

e0
− 2NQD

[
Sin

e (1 − ρe) − Sout
e ρe

]
− BSwewh, (2.1d)

dwh

dt
= j

e0
− 2NQD

[
Sin

h (1 − ρh) − Sout
h ρh

]
− BSwewh . (2.1e)



2.2 Quantum Dot Laser Model 17

Fig. 2.1 Energy diagram of
the band structure across a
QD. The ground state lasing
energy is labeled by �ω.
The energetic distances of
the QD levels from the band
edge of the carrier reservoir
(QW) for electrons and holes
are marked by �Ee and
�Eh , respectively. The Auger
in- and out-scattering rates
between QD levels and QW
are denoted by Sin

e/h and Sout
e/h ,

respectively. The occupation
probabilities of the QDs are
denoted by ρe/h , the reservoir
carrier densities are labeled
by we/h , and j is the pump
current density

Here, 2κ are the optical intensity losses, which are balanced by the linear gain term
2W̄ ZQD

a (ρe + ρh − 1), where W̄ ZQD
a is the linear gain coefficient for the processes

of induced emission and absorption. The gain coefficient is proportional first to the
Einstein coefficient of induced emission W̄ that measures the coherent interaction
between the two-level system and the laser mode, and second to the number ZQD

a of
lasing QDs inside the waveguide (the factor 2 is due to spin degeneracy). A detailed
derivation of W̄ may be found in [32, 33]. The number of lasing QDs, ZQD

a , is given
by ZQD

a ≡ aL ANQD
a , where aL is the number of self-organized QD layers, A is the

in-plane area of the QW, and NQD
a is the density per unit area of the active QDs. As

a result of the size distribution and of the material composition fluctuations of the
QDs, the gain spectrum is inhomogeneously broadened, and only a subgroup (density
NQD

a ) of all QDs (NQD) matches the mode energies for lasing. The spontaneous
emission from one QD is taken into account by the term Wρeρh , where W is the
Einstein coefficient for spontaneous emission. It can be determined by calculating
the coherent interaction of a two-level system, i.e., a single QD, with all resonator
modes in the framework of the second quantization [14]. Note that the coefficients
W̄ and W differ by three orders of magnitude. The spontaneous emission factor
measuring the probability that a spontaneously emitted photon is emitted into the
lasingmode is denoted by β. The spontaneous emission in the QW is incorporated by
BSwewh , where BS is the band-band recombination coefficient. The carriers are first
injected into the carrier reservoir with the current density j , and e0 is the elementary
charge. In the lasing regime, where the reservoir carrier densitieswe andwh are very
high, Coulomb scattering, i.e., nonlocal Auger recombination, is the dominant carrier
exchange process between reservoir and discrete QD levels, and phonon scattering
may be neglected [34–37]. This is also supported by the modeling of carrier transport



18 2 Solitary Quantum Dot Laser

in QD structures [38, 39]. Nevertheless, phonon scattering is taken into account for
the intra-band cooling processes in the reservoir. Thus, for the calculation of the
Coulomb scattering rates a quasi-equilibriumwithin the carrier reservoir is assumed,
which is realized by fast phonon intra-band scattering. The Coulomb scattering rates
are calculated microscopically within the framework of the Boltzmann equation and
an orthogonalized plane-wave approach [8, 9]. The Coulomb interaction is treated in
the second-order Born approximation in the Markov limit up to the second order in
the screened Coulomb potential [40, 41]. All relevant electron-electron, hole-hole,
and mixed processes are included. A detailed discussion of the scattering processes
can be found in [28, 42, 43]. The nonlinear scattering rates are denoted by Sin

e and
Sin

h for electron and hole capture into the QD levels and by Sout
e and Sout

h for carrier
escape to the reservoir, respectively (see Fig. 2.1). The scattering rates depend on the
reservoir densities we and wh , and are thus pump current dependent.

In thermodynamic equilibrium, there is a detailed balance between in- and out-
scattering rates, which allows one to relate the coefficients of in- and out-scattering
even away from the thermodynamic equilibrium [44]. The detailed balance relation
for in- and out-scattering rates for the quasi-equilibrium then reads [5, 11]

Sout
e (we, wh) = Sin

e (we, wh)e
− �Ee

kboT
[
e

we
DekboT − 1

]−1
, (2.2a)

Sout
h (we, wh) = Sin

h (we, wh)e
− �Eh

kboT

[
e

wh
Dh kboT − 1

]−1

. (2.2b)

Here, �Ee ≡ EQW
e − EQD

e and �Eh ≡ EQD
h − EQW

h are the energy differences

between theQD levels, EQD
e and EQD

h , and the band edges of theQW, EQW
e and EQW

h ,
for electrons and holes, respectively. The carrier degeneracy concentrations are given
by De/hkboT , where De/h ≡ me/h/(π�

2) are the 2D densities of state in the carrier
reservoir with the effective masses me/h . The temperature is denoted by T and kbo
is Boltzmann’s constant. Figure 2.2a–d depict electron in- and out-scattering rates
(Sin

e and Sout
e ) as well as hole in-and out-scattering rates (Sin

h and Sout
h ) in terms of the

electron density we in the carrier reservoir for three fixed ratios wh/we of hole and
electron densities. The energy spacings are �Ee = 210 meV and �Eh = 50 meV
for electron and holes, respectively. Crosses mark microscopically calculated values,
while colored lines depict the fit functions given in Appendix A.0.1. Gray dashed
and black dash-dotted vertical lines denote the steady state values of we close to
( j = 1.5 jth) and well above threshold ( j = 3.5 jth), where jth denotes the threshold
current density. jth is the current density, at which the induced emission starts to
dominate the induced absorption and the cavity losses [45].

Hole in- and out-scattering rates are larger than their electronic counterparts, due
to the smaller energetic distances of the QD level of the holes to the band edge of the
reservoir. For low reservoir densities, the in-scattering rates increase quadratically
with we as expected from mass action kinetics.
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(a) (b)

(c) (d)

Fig. 2.2 In- and out-scattering rates for electrons (Sin
e (a) and Sout

e (b)) and holes (Sin
h (c) and Sout

h
(d)), respectively, in dependence of the electron density in the carrier reservoir we (normalized to
2NQD). The energy spacings between the band edges of the carrier reservoir and the discrete energy
levels of the QDs are �Ee = 210 meV and �Eh = 50 meV for electrons and holes, respectively
(reference rates). Crosses denote results of microscopic calculations and lines denote fit functions
given in Appendix A.1. The gray dashed and the dash-dotted black lines denote steady state values
of we for pump current densities of j = 1.5 jth and j = 3.5 jth, respectively, and jth is the current
density at lasing threshold. Different colors denote different ratioswh/we of hole (wh) and electron
(we) densities in the carrier reservoir. Parameters as in Table 2.2

The carrier lifetimes τe and τh that result from Coulomb scattering between QDs
and carrier reservoir are defined by the nonlinear scattering rates as

τe ≡ (Sin
e + Sout

e )−1 and τh ≡ (Sin
h + Sout

h )−1. (2.3)

It is important to note that these lifetimes are not constant but depend on the carrier
densities in the surrounding carrier reservoir and thus on the injected pump current.
They constitute the additional time scales that distinguishes QD from QW lasers.
In the following chapters, their importance for the turn-on dynamics of the laser as
well as for its dynamical response to external optical injection and feedback will be
discussed. One advantage of QD lasers is that the additional lifetimes τe and τh can be
tuned by the growth conditions and the material composition of the QDs [1], which
changes the energy spacings �Ee and �Eh between the band edge of the carrier
reservoir and the QD levels. The energy spacings determine how τe and τh compare
to the carrier lifetimes in the carrier reservoir and the photon lifetime. The pump
dependent steady state values of τe and τh are shown in Fig. 2.3 for three different
QD structures, which are compared throughout this work. The different structures
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(a) (b) (c)

Fig. 2.3 Nonlinear steady state carrier lifetimes τe and τh for electrons and holes, respectively,
as resulting from the microscopically calculated scattering rates calculated microscopically for (a)
slow, (b) reference, and (c) fast rates (see Table 2.1). Parameters as in Table 2.2. Modified from
[32]

Table 2.1 Energy differences �Ee and �Eh between carrier reservoir and QD ground state for
the three different sets of scattering rates used for the simulations as well as steady state carrier
lifetimes for electrons (τe) and holes (τh)

Data set �Ee (meV) �Eh (meV) τe (ns) τh (ns)

Slow 140 120 0.395 0.129
Reference 210 50 0.071 0.005
Fast 74 40 0.021 0.01

For a pump current density of j = 3.5 jth ( jth is the pump current density at lasing threshold.)

are modeled by using three different sets of confinement energies between QD and
carrier reservoir listed in Table2.1.

By controlling the growth mode during epitaxy, it is possible to create QDs with
different size and composition. As such the reference rates plotted in Fig. 2.3b result
from QDs with a base length of 18 × 18nm and a ratio of 10 between the effective
masses of holes and electrons (as used in [13]). They are named “reference”, because
with these rates, good agreement of the QD model with experimental turn-on curves
is observed [5]. Figure 2.4 shows the turn-on dynamics of the photon number Nph
as measured from experiment (black stars), which is superimposed by the calculated
turn-on dynamics for j = 2.2 jth and j = 2.7 jth (blue lines), respectively. Typical
for QD lasers is the strong suppression of the ROs.

Differences in the effective masses (e.g. obtained by changing the QD composi-
tion) are expressed in a different ratio between electron and hole confinement energy
(see [11]). Figure 2.3a depicts the case of large confinement energies that are similar
for electrons and holes, i.e., �Ee ≈ �Eh , resulting in long Auger scattering life-
times. Increasing the size of the dots leads to smaller confinement energies (shallow
dots with smaller energetic distance between the QD levels and carrier reservoir) and
thus to the fast scattering rates (Fig. 2.3c). Fit function for the three sets of scattering



2.2 Quantum Dot Laser Model 21

Fig. 2.4 QD laser turn-on after the pump current jth is switched on simulated with the reference
rates (blue curves) and compared to experimental results (black stars) for j = 2.2 jth and j = 2.7 jth,
respectively. Modified from [10]

Table 2.2 Physical parameters used in the simulation of the QD lasermodel unless stated otherwise

Symbol Value Symbol Value Symbol Value

W 0.7 ns−1 A 4 × 10−5 cm2 T 300K
W̄ 0.11µs−1 NQD

a 0.3 × 1010 cm−2 L 1mm
2κ 0.1 ps−1 NQD 1 × 1011 cm−2 εbg 14.2
β 2.2 × 10−3 BS 540 ns−1 nm2 τin 24 ps

aL 15 Z Q D
a 1.8 × 106 me 0.043m0

λopt 1.3µm νlas 230 THz mh 0.45m0

rates can be found in the Appendix A. All other numerical parameters that were used
in the simulation are shown in Table2.2.

2.3 Non-dimensionalized Rate Equations

For the subsequent study of the dynamical equations (2.1), they are rewritten into a
dimensionless form. This has two advantages: on the one hand, the number of inde-
pendent parameters is reduced by combining them into dimensionless groups, which
can be for example time scale ratios. On the other hand, dimensionless equations are
better suited for numerical simulations, because very large and very small numbers
are avoided [46, 47]. As it is usually done for rate equation models of semiconductor
lasers, time is rescaled with respect to the photon lifetime τph ≡ (2κ)−1 [48] by
introducing the dimensionless time t ′ ≡ 2κt . Furthermore, dimensionless reservoir
populations We ≡ we/(2NQD) and Wh ≡ wh/(2NQD) are introduced, which are of
order one. The dynamical equations (2.1) then read
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N ′
ph = ρinv(ρe, ρh)Nph + dρeρh, (2.4a)

ρ′
e = γ

[
Fe(ρe, ρh, We, Wh) − rw(ρe + ρh − 1)Nph − ρeρh

]
, (2.4b)

ρ′
h = γ

[
Fh(ρe, ρh, We, Wh) − rw(ρe + ρh − 1)Nph − ρeρh

]
, (2.4c)

W ′
e = γ

[
J − Fe(ρe, ρh, We, Wh) − cWeWh

]
, (2.4d)

W ′
h = γ

[
J − Fh(ρe, ρh, We, Wh) − cWeWh

]
, (2.4e)

where (·)′ denotes differentiation with respect to the dimensionless time t ′. In
Eq. (2.4a) a rescaled inversion ρinv was introduced, which is defined as1

ρinv(ρe, ρh) ≡ 1

2
[g(ρe + ρh − 1) − 1] . (2.5)

Since the occupation probabilities ρe and ρh are restricted to values between zero
and one, ρinv is in turn restricted to

− (g + 1)

2
≤ ρinv ≤ g − 1

2
.

The functions Fe and Fh contain the contributions of the scattering rates

Fe(ρe, ρh, We, Wh) ≡ sine (We, Wh)(1 − ρe) − soute (We, Wh)ρe, (2.6a)

Fh(ρe, ρh, We, Wh) ≡ sinh (We, Wh)(1 − ρh) − south (We, Wh)ρh . (2.6b)

Here, dimensionless in-scattering rates (sine , soute ) and out-scattering rates (soute , south ),
dimensionless carrier lifetimes (te, th), the linear gain coefficient g, the ratio of photon
and carrier lifetimes γ, the ratio of the Einstein-factors of induced and spontaneous
emission rw, the dimensionless pump rate J , the spontaneous emission coefficient d,
and the coefficient of spontaneous and non-radiative losses in the carrier reservoir c
have been introduced as follows

sin/oute/h ≡ 1

W
Sin/out

e/h , t−1
e/h ≡ 1

W
(Sin

e/h + Sin/out
e/h ), g ≡ 2aL W̄ ANQD

a

2κ
,

rw ≡ W̄

W
, γ ≡ W

2κ
, J ≡ j

e02NQDW
,

1 For this model, ρinv is not a very useful coordinate to simplify the calculation of the steady
states, because there is no simple expression for the spontaneous emission terms −ρeρh in the QD
Eqs. (3.12c) and (3.12d) in terms of ρinv. However, introducing ρinv permits to directly compare the
modeling results withmost of the literature on three variablemodels (R,�, ρinv) of QW lasers under
optical injection, where the rescaled inversion is usually denoted by N or Z . For recent reviews of
the literature see for example [48] and [49].

http://dx.doi.org/10.1007/978-3-319-03786-8_3
http://dx.doi.org/10.1007/978-3-319-03786-8_3
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Table 2.3 Parameter values for the dimensionless dynamical equations for theQD laser (Eqs. (2.4))
that correspond to the physical parameters given in Table 2.2

Parameters Value Meaning

g 3.78 Linear gain parameter
γ 7 × 10−3 Ratio of photon and carrier lifetime
rw 1.5 × 10−4 Ratio of Einstein-factors of induced and spont. emission
c 1.54 Spontaneous and non-radiative losses in QW
d 55.44 Coefficient of spontaneous emission

d ≡ β
W ZQD

a

κ
, c ≡ BS2NQD

W
. (2.7)

The values of the dimensionless parameters g, γ, c, and rw, which correspond to the
physical parameters of Table 2.2, are listed in Table 2.3.

For the subsequent analysis, it is crucial to note that the carrier equations (2.4b)–
(2.4e) are not independent but contain carrier conservation, which can be seen by
verifying that

ρ′
e + W ′

e = ρ′
h + W ′

h (2.8)

holds. Thus,ρe−ρh + We−Wh is a constant to be determinedby the initial conditions.
In the absence of doping, this constant is zero and the effect of reservoir doping can
be included by choosing a non-zero initial value for one of the reservoir densities,
i.e., n-doping is described by We �= 0 and p-doping by Wh �= 0 [11]. Due to the
carrier conservation, one dynamical variable can be eliminated by expressing one
carrier type in terms of the others, i.e.,

Wh = ρe + We − ρh . (2.9)

2.4 Turn-on Dynamics

In their dimensionless form, the dynamical Eqs. (2.4) directly reveal the different
time scales that determine the dynamics. It has been proposed by Tredicce at al. in
[50] that lasers may be classified by the ratio of three important time scales given by
the decay of the polarization, of the field in the cavity, and of the carriers:

(i) In class C lasers, these three dynamical variables decay on the same time scale.
This leads to complex dynamics, and chaotic behavior may be observed already
for the solitary laser.

(ii) In class B lasers, the polarization decays on a much faster time scale (fem-
toseconds) than the field in the cavity, and may be eliminated adiabatically.
Furthermore, a time scale separation exists between the fast photon and the
slower carrier subsystem, i.e., the photon lifetime τph (tenth of picoseconds)
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is much smaller than the carrier lifetime τc (nonoseconds). This means that
the laser is a slow-fast system and thus responds to a perturbation by weakly
damped, pronounced oscillations back to equilibrium, which are called relax-
ation oscillations (ROs) [51]. QW semiconductor lasers are typical class B
lasers. Complex and particularly chaotic dynamical behavior only occurs if the
laser is subject to an external perturbation, which adds an additional degree of
freedom. This perturbation may consist of external optical injection or external
optical feedback.

(iii) In class A lasers, the polarization as well as the carriers decay much faster
than the field, and both may be eliminated adiabatically. The simple dynamics
of class A lasers is well described by one differential equation for the field.
External perturbations add one degree of freedom, which makes periodic or
quasi periodic behavior possible. Typical representatives of class A lasers are
gas lasers. Their cavity consists of highly refractive mirrors, which guarantees
a long photon lifetime. Also QD semiconductor lasers can reach the dynamical
stability of class A laser [6], which is discussed in the present and the next
chapter.

In the dynamical equations (2.4) for the QD laser, the polarization has already been
eliminated adiabatically. In contrast to QW lasers, the carrier lifetimes τe and τh of
the optically active levels in QD lasers may be tuned by adapting the band structure.
If the QD laser behaves like a class B or a class A laser, depends on the scaling of τe

and τh with respect to the photon lifetime τph = 2κ. (Note that in the dimensionless
Eqs. (2.4) the photon lifetime is unity, i.e., the scaling of the dimensionless carrier
lifetimes te and th with respect to unity has to be discussed). Figures 2.5a–c depict
the turn-on dynamics of the QD laser for the three different band structures listed
in Table 2.1, and additionally the limit of very large scattering rates is depicted in
Fig. 2.5d. For this limit, the in-scattering rates of the shallow dot structure (fast rates)
have been multiplied by a factor of 1 × 104.

The slow rates represent the class B limit of the equations. The carrier
Eqs. (2.4b)–(2.4e) are multiplied by the small parameter γ, and the functions Fb

(b = e for electrons and b = h for holes), which contain the contributions of the
scattering rates, are small enough to guarantee that the product γFb � 1 remains
small. Thismeans that the equations are of slow-fast type. As a consequence, the time
series of the photon number Nph (Fig. 2.5a left column) shows pronounced, weakly
damped relaxation oscillations. In a linear theory, RO damping and frequency are
determined by the eigenvalues of the Jacobien of Eqs. (2.4). The RO damping �RO
is determined by the eigenvalue, whose real part has the smallest absolute value,
i.e., by the eigenvalue with the smallest decay rate. This eigenvalue is denoted as
leading eigenvalue. Usually, the lasing fixed point is a stable focus and has a pair
of complex conjugate leading eigenvalues σ̃± ≡ −�RO ± iωRO. The RO frequency
ωRO is then given by the absolute value of the imaginary parts of these eigenvalues.
For class B lasers, the damping is much smaller than the frequency (�RO � ωRO)
and oscillations can be observed. Figure 2.6a and b depict frequency ωRO and damp-
ing �RO of the ROs, respectively, for the four different band structures of Fig. 2.5.
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(a)

(b)

(c)

(d)

Fig. 2.5 Turn-on dynamics for (a) slow, (b) reference, (c) fast, and (d) very fast sets of scattering
rates studied in this work. Left column Time traces of the photon number Nph (normalized to the
steady state photon number N 0

ph), the electronic occupation probability ρe, and the electron density
in the carrier reservoir We. Middle column Phase space projections of the trajectories onto a plane
spanned by We and ρe (ρ0e and W 0

e are the steady state values of ρe and We, respectively). Right
column Phase space projections of the trajectories onto a plane spanned by We and Nph. Parameters
J = 2.5 × Jth and other parameters as in Table 2.2

RO frequency and damping were calculated from the eigenvalues of the linearized
dynamical equations.

The fast rates represent the class A limit of the QD equations. Here, the product of
γFb is of order one, and the time scale separation breaks down.2 As a result, the time
series of Nph in Fig. 2.5c shows an overdamped, relaxation free turn-on behavior.
From Fig. 2.6, it can be seen that for J < 2.2Jth (Jth denotes the pump current at
lasing threshold) ωRO and �RO are of the same order of magnitude, which makes
oscillations impossible. For higher pump currents, the leading eigenvalue is real.

2 In the following, the Landau symbol O is frequently used to describe the scaling of a quantity,
e.g., ‘γFb is of order one’ may be written as γFb = O(1) [52].
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(a) (b)

Fig. 2.6 Frequency ωRO (a) and damping �RO (b) of the RO oscillations versus the pump current J
(normalized to the pump current at lasing threshold Jth) as obtained from the numerically calculated
eigenvalues for the four different band structures studied in this work. Parameters as in Table 2.3

The typical QD laser represented by the reference set of rates lies in between the
class A and the class B limit of the equations. A time scale separation still exists,
but the RO damping is much higher while the RO frequency is nearly the same as
for the slow rates (see Fig. 2.6). This results in strongly suppressed ROs, which are
depicted in the time series of Fig. 2.5b. Lingnau et al. studied RO frequency and
damping of the shallow dot structure (energy differences of fast rates) by varying
the lifetime of the electrons in the QDs (τe) while keeping the ratio of electron and
hole lifetime fixed [23, 53]. The authors observed that for the deep-dot structure,
increasing the electronic lifetime from large values (corresponding to the slow rates)
to smaller values first yields an increase of the RO damping. Then, the RO damping
reaches a maximum, and eventually decays again. For the shallow-dot structure, the
RO oscillations are completely damped out close to the maximum. Furthermore, the
authors observed that the maximum of the RO damping for the deep dot structure
appears when ωRO ∼ τ−1

e . This corresponds to the observation that in the strongly
damped regime, �RO and ωRO are of the same order of magnitude, because the
analytical formula for theROdamping of the reference rates reveals that the dominant
contribution of the RO damping rate is given by the inverse lifetimes of the slower
species, i.e.,

�RO ∼ τ−1
e

2
≈ Sin

e

2
.

This analytic expression for the RO damping was derived in [42] and will also be
discussed in detail in Sect. 2.5.3. Generally, the electrons are slower than the holes,
i.e., τe > τh , because the energetic distance between carrier reservoir and QD levels
is larger for electrons due to their lower effective masses [28]. Thus, the dominant
contribution to the RO damping is always given by the slower carrier type.

In Fig. 2.7, RO damping �RO (black dashed lines) and RO frequency ωRO (red
solid lines) of the shallow-dot QD laser (energy distances of fast set of scattering
rates) are plottedwith respect to the inverse electronic carrier lifetime τ−1

e . The carrier
lifetimes τe and τh have been varied by multiplying the in-scattering rate Sin

e/h with
constant factors (indicated by green dots). Meanwhile, the pump current has been
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Fig. 2.7 RO damping �RO and RO frequency ωRO of the QD laser with respect to the inverse
electronic carrier lifetime τ−1

e . Electron and hole lifetimes τe and τh have been varied bymultiplying
the in-scattering rates Sin

e/h by constant factors. Black and red dashed lines label asymptotic values
of ωRO and �RO in the limit of very fast scattering rates (τe/h → 0), respectively. Red, green,
and blue arrows indicate the values of τe for the reference and the fast set of rates, respectively.
Parameters: j = 2 jth and other parameters as in Table 2.3. Modified from [53]

adapted to keep a fixed pump level of J = 2Jth. The red dot and the red arrow denote
the microscopically calculated scattering rates for the shallow dot structure, i.e., the
fast set of scattering rates. It is located close to the maximum of the RO damping.
Decreasing the scattering rates by multiplying with a factor smaller than unity, yields
a strong decrease of the RO damping. Blue and green arrows indicate the inverse
electronic lifetimes τ−1

e as obtained from the deep dot structures of the reference
rates and the slow rates, respectively. The RO damping decreases from the fast over
the reference to the slow set of rates, as depicted in the time series of Fig. 2.5a–c.
Increasing the scattering rates by multiplying with a factor larger than unity, i.e.,
decreasing τ−1

e , leads to a strong decrease of the RO damping, which results in a
reappearance of the ROs. For very large values of the scattering rates, RO damping
and RO frequency saturate to constant values denoted by the horizontal black dashed
line and the horizontal red dashed line, respectively. The turn-on dynamics in the
limit of very fast scattering rates is depicted in Fig. 2.5d.

For slow, reference, and fast scattering rates, the reservoir populations We and
Wh vary very little above lasing threshold. This can be seen in the time series
of Fig. 2.5a–c (left column) as well as in the phase space projections onto to
(We, Nph)-plane (right column). From the latter, it can be seen that during the turn-
on oscillations, We remains close to its steady state value above threshold W 0

e . For
not too large scattering rates, the reservoir is large enough to be hardly effected by
the lasing process. Further, the middle column of Fig. 2.5a and b reveals that for
the slow and the reference rates, the decay of We is faster than the decay of ρe,
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which expresses in a nearly vertical section at the end of the trajectory. In contrast,
for the fast and very fast rates, ρb decay faster than Wb, which expresses in nearly
horizontal segment at the end of the trajectory (see middle column of Fig. 2.5c
and d).

In contrast to slow, reference, and fast rates, the variation of the reservoir pop-
ulations are more pronounced in the limit of very fast scattering rates (Fb → ∞)
depicted in Fig. 2.5d. The oscillations of We observed in the time series (left panel)
express in a projection of the trajectory onto the (We, Nph)-plane in a spiralingmotion
towards the lasing fixed point, which is a stable focus (right panel). The reason is that
the large scattering rates induce a carrier exchange fast enough for QD and reser-
voir carriers to be in quasi-equilibrium, which induces a strong coupling between
reservoir and QD levels [23]. The laser system may now be described by dynamical
equations for the dynamical variables N+

b ≡ ρb + Wb, which are the sums of the
carrier population in the QD levels and in the carrier reservoir. This is discussed in
detail in Sect. 3.7.4. The resulting equations are structurally similar to class B laser
equations with a clear time scale separation between the photon and the slow carrier
subsystem expressed by the small parameter γ. These findings are consistent with
those obtained for a three variable rate equation model for a QD laser in [4].

2.5 Analytic Results

In the last section, it was discussed that the band structure of a QD laser has a
strong impact on the damping of the ROs. In this section, analytical approximations
of RO frequency and damping are introduced and compared to the corresponding
expressions for a QW laser. Therefore, at first, a standard rate equation model for a
conventional QW laser is discussed in Sect. 2.5.1. Then, in Sect. 2.5.2, the steady
states of the QD laser are studied, before discussing the analytical expressions for RO
frequency and damping in the limit of the reference and the slow sets of scattering
rates (cf. Table 2.1) in Sects. 2.5.3 and 2.5.4, respectively. Furthermore, in Sect. 2.5.5
a reduced set of equations is derived that is valid in the limit of vanishing carrier
lifetimes τe and τh , i.e., in the limit of very fast scattering rates. Expressions for
RO frequency and damping are then derived from the reduced set of equations, and
compared to the QW laser. Table 2.4 summarizes the main results of this section.
The analytical expressions for frequency ωRO and RO damping �RO are expressed
with respect to dimensionless time t ′ = 2κt , which permits best to compare the
expressions obtained for the reference rates (ωref and �ref ), for the slow rates (ωS

and �S), the limit of very fast rates (ωvf and �vf ), and for the QW model discussed
in the next section (ωQW and �QW).

http://dx.doi.org/10.1007/978-3-319-03786-8_3
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Table 2.4 Analytic expressions for RO frequency ωRO and RO damping �RO with respect to
dimensionless time t ′ ≡ 2κt as obtained for reference, slow, and very fast rates as well as for the
QW laser, respectively

Rates/Laser RO frequency (ωRO) RO damping (�RO)

Reference ωref ≡
√

γrw N 0
ph �ref ≡ γ

2

[
rw N 0

ph

(
th
γ + 1

)
+ t−1

e + ρ0h

]

Slow ωS ≡
√
2γrw N 0

ph �S ≡ �S,QW + γ
2

[
g−1 + (t−1

e +t−1
h )

2

]

with �S,QW ≡ γ
2 (1 + 2rw N 0

ph)

Very fast ωvf ≡
√

γrw N 0
ph

(
2+ze+zh

(1+ze)(1+zh )

)
�vf ≡ γrw N0

ph
2(1+ze)(1+zh )

⎡
⎢⎢⎣

2 + zh + ze

+ρ0h(1 + zh) + ρ0e(1 + ze)

+c

[
W 0

e zh(1 + ze)

+W 0
h ze(1 + zh)

]

⎤
⎥⎥⎦

QW laser ωQW ≡
√
2γQWrQWN 0

ph �QW ≡ γQW (1+2rQWN0
ph)

2

2.5.1 Quantum Well Laser

In this section, analytical expressions for RO frequency and damping for a rate
equation model for a conventional, single-mode, class B QW laser model [54, 55]
are derived. The QW rate equations are given by

dE
dt

= 1

2

[
Gn(n − ntr) − 1

τph

]
E, (2.10a)

dn

dt
= j

e0
− n

τc
− Gn(n − ntr)(E)2. (2.10b)

Here, E is the slowly varying amplitude of the electrical field, which is normalized
such that E2 = Nph, and n is the carrier density. The linear gain coefficient is
denoted by G N , ntr is the transparency density of carriers, j is the pumping current
density, e0 the elementary charge, and τph and τc are the photon and carrier lifetimes,
respectively. Equating the left hand sides of Eqs. (2.10) to zero, the non-zero intensity
steady state (Nph �= 0) is

n0 = ntr + 1

Gnτph
, (2.11)

(E0)2 = 1

Gn(n0 − ntr)
(

j

e0
− n0

τc
), (2.12)

where the superscript (·)0 is used to mark steady state values. From the linearized
equations, the characteristic equation for the growth rate σ̃ is the determined as
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σ̃2 +
(
1

τc
+ Gn(E0)2

)
σ̃ + 1

τph
Gn(E0)2 = 0. (2.13)

In order to properly define the RO frequency and its damping rate, we take advantage
of the fact that τph � τc, i.e., that the photon subsystem is much faster than the one
of the carriers. The roots of the quadratic equation then take the form

σ̃ = −�
QW
RO ± iωQW

RO , (2.14)

where

�
QW
RO ≡ 1

2

(
1

τs
+ Gn(E0)2

)
, (2.15)

ω
QW
RO ≡

√
Gn

τph
(E0)2 −

(
�
QW
RO

)2 ≈
√

Gn

τph
N 0
ph (2.16)

are defined as the RO damping rate and RO frequency of the solitary laser, respec-
tively. They are the main quantities of a laser that can be easily measured experi-
mentally.

In order to determine asymptotic approximations, the rate equations have to be
reformulated in dimensionless form. The simplest way is to measure time in units of
the photon lifetime by introducing

t ′ ≡ t/τph. (2.17)

Furthermore, introducing the new dimensionless dependent inversion ρinv defined
by

ρinv ≡ 1

2

[
Gn(n − ntr)τph − 1

]
(2.18)

allows to reduce the number of parameters.
Inserting Eqs. (2.17) and (2.18) into Eqs. (2.10a) and (2.10b), yields

dE
dt ′

= ρinvE, (2.19a)

dρinv

dt ′
= γQW

[
P − ρinv − rQW(1 + 2ρinv)E2

]
, (2.19b)

where the time scale separation γQW, the pump P , and rQW3 are defined by

3 Note that often in the literature (cf. [48, 49, 56, 57]) a rescaled field amplitude R ≡ √
rQWE is

introduced, such that the rescaled intensity I ≡ R2 is of O(1). However, to compare the findings
of this section with those derived for the QD model in the next sections, E2 = Nph is used.
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γQW ≡ τph

τc
, P ≡ Gnτphτc

2e0
( j − jth) , where jth ≡ e0

(
ntr

τc
+ 1

Gnτphτc

)

and rQW ≡ τcGn

2
. (2.20)

The non-zero intensity steady state is given by

ρ0inv = 0 and N 0
ph ≡ (E0)2 = P/rQW. (2.21)

The rescaled inversion ρ0inv is zero above lasing threshold, which is known as gain-
clamping [58], and N 0

ph increases linearly with the pump P ∼ j − jth. The charac-
teristic equation for the growth rate σ is given by

σ2 + γQW(1 + 2rQWN 0
ph)σ + 2γQWrQWN 0

ph = 0. (2.22)

Provided γQW is sufficiently small, the roots of Eq. (2.22) are complex conjugate.
The dimensionless RO damping rate and the RO frequency (in units of time t ′) are
then defined from the imaginary and real part of these roots. We obtain

�QW ≡ γQW
(1 + 2rQWN 0

ph)

2
= γQW (1 + 2P)

2
, (2.23a)

ωQW ≡
√
2γQWrQWN 0

ph − (�QW)2 ≈
√
2γQWrQWN 0

ph as γQW → 0. (2.23b)

Note that the RO damping scales like γQW and is thus much smaller than the RO
frequency, which scales like

√
γQW. This is the reason for the pronounced relaxation

oscillations observed in class B lasers.
The same dimensionless time t ′ ≡ t/τph is used in the analysis of the QD rate

equations of the solitary laser discussed in the remainder of this section as well as in
the analysis of the QD laser under optical injection (Chap. 3) and the analysis of the
QD laser subject to optical feedback (Chap. 4). Furthermore, the dynamic equations
are formulated such that a small time scale separation parameter γ multiplies the
right hand side of the carrier equations (cf. Eqs. (2.4)).

2.5.2 Steady States of Solitary Quantum Dot (QD) Laser

Now, the solitary QD laser Eqs. (2.4) are analyzed starting with the steady states. For
the subsequent analysis, the spontaneous emission in the field Eqs. (2.4) is neglected
by setting d = 0. Equating to zero the right hand sides of Eqs. (2.4), yields the steady
state relations

http://dx.doi.org/10.1007/978-3-319-03786-8_3
http://dx.doi.org/10.1007/978-3-319-03786-8_4


32 2 Solitary Quantum Dot Laser

0 = ρ0invN 0
ph, (2.24a)

0 = γ
[

Fe(ρ
0
e, ρ

0
h, W 0

e , W 0
h ) − rw(ρ0e + ρ0h − 1)N 0

ph − ρ0eρ
0
h

]
, (2.24b)

0 = γ
[

Fh(ρ0e, ρ
0
h, W 0

e , W 0
h ) − rw(ρ0e + ρ0h − 1)N 0

ph − ρ0eρ
0
h

]
, (2.24c)

0 = γ
[

J − Fe(ρ
0
e, ρ

0
h, W 0

e , W 0
h ) − cW 0

e W 0
h

]
, (2.24d)

0 = γ
[

J − Fh(ρ0e, ρ
0
h, W 0

e , W 0
h ) − cW 0

e W 0
h

]
, (2.24e)

where steady state values of dynamical variables are denoted by superscript (·)0.
Equation (3.18) shows that above threshold (Nph �= 0) the inversion is clamped to
zero

ρ0inv ≡ 1

2

[
g(ρ0e + ρ0h − 1) − 1

]
= 0, (2.25)

which is known as gain-clamping [56]. Next, the steady state of the photon num-
ber may be expressed in terms of the carrier populations and the pump current, by
inserting Eq. (2.24d) into Eq. (2.24b)

N 0
ph = g

rw

(
J − cW 0

e W 0
h − ρ0eρ

0
h

)
≈ g

rw

(J − Jth) = g

rw

(
J

Jth
− 1

)
Jth. (2.26)

Here, the gain-clamping of Eq. (2.25) has been used to write ρ0e +ρ0h −1 = g−1. The
approximation in the last equality of Eq. (2.26) is based on the assumption that the
product of the carrier densities does not vary significantly above threshold, which
permits to introduce the threshold current of the solitary laser as

Jth ≡ cW th
e W th

h − ρthe ρthh , (2.27)

where quantities with superscript (·)th are taken at the lasing threshold of the solitary
laser. Equation (2.26) expresses the linear increase of the photon number with the
current observed above threshold [45, 59].

Further, with the help of the carrier conservation relation of Eq. (2.9), expressions
of ρ0e and ρ0h in terms of the reservoir populations W 0

e and W 0
h are obtained from

Eq. (2.25), which read

ρ0e = 1

2

[
1 + g

g
+ W 0

h − W 0
e

]
and ρ0h = 1

2

[
1 + g

g
− W 0

h + W 0
e

]
. (2.28)

Eventually, the steady states of the reservoir populations W 0
e and W 0

h can be cal-
culated by inserting Eqs. (2.28) into Eqs. (2.24d) and (2.24e), and the solving self-
consistently for W 0

e and W 0
h . This has to be done numerically, because Fe and Fh

are nonlinear functions of W 0
e and W 0

h (see Eqs. (2.6)).

http://dx.doi.org/10.1007/978-3-319-03786-8_3
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2.5.3 QD Laser: RO Frequency and Damping for the Reference
Rates

In the limit of the reference and the slow set of scattering rates (cf. Table 2.1),
analytical expression for RO frequency and damping of the QD laser have been
derived by Lüdge et al. in Ref. [42]. In this and the next subsection, the result-
ing expression are discussed for the slow and the reference rates, respectively. The
asymptoticmethods needed to derive these expression are introduced in Sect. 3.6, and
eventually the formulas for RO damping and frequency (cf. Table 2.4) are retrieved
from the eigenvalues of the laser under optical injection in Sect. 3.8.

With respect to the dimensionless time t ′ ≡ (2κ)−1t , RO frequency and damping
of the solitary laser are given for the set of reference scattering rates by

ωref ≡
√

γrw N 0
ph ≈ √

γg(J − Jth) and (2.29a)

�ref ≡ γ

2

[
rw N 0

ph

(
th
γ

+ 1

)
+ t−1

e + ρ0h

]

≈ γ

2

[
g(J − Jth)

(
th
γ

+ 1

)
+ t−1

e + ρ0h

]
, (2.29b)

respectively. In the approximations of Eqs. (2.29), a linear dependence of N 0
ph on

the pump current was assumed (see Eq. (2.26)). Eventually, we obtain for the RO
frequency ωref

RO ≡ 2κωref and damping �ref
RO ≡ 2κ�ref in terms of physical time t

ωref
RO = 2κ

√
γrw N 0

ph ≈ 2κ
√

γg(J − Jth), (2.30a)

�ref
RO = κγ

[
2rw N 0

ph

(
Wτh

γ
+ 1

2

)
+ 1

Wτe
+ ρ0h

]

≈ κγ

[
2g(J − Jth)

(
Wτh

γ
+ 1

2

)
+ 1

Wτe
+ ρ0h

]
. (2.30b)

Figure 2.8a and b depict RO frequency and damping as obtained from the numer-
ically calculated eigenvalues of the full system (full black lines) and from the ana-
lytical approximations (2.30) (blue dashed lines). The RO frequency clearly shows
the square-root like scaling with the pump current as predicted by Eq. (2.30a), and
�ref
RO scales in very good approximation linearly with the pump current. Further, for

low pump currents, the κγ/(Wτe)-term (green dashed line in Fig. 2.8b) constitutes
the dominant contribution to the RO damping. This permits to conclude that for
low pump currents the slower carrier type, i.e., the electrons, dominate the turn-on
damping [42], while, for pump currents high above threshold, the first two terms in
the rectangular brackets of Eq. (2.30b) become more important. Next, the expres-
sion (2.29a) for the RO frequency of the QD laser is compared to the corresponding
expression (2.23b) for the QW laser. It can be seen that the RO frequency of the QD
laser is by a factor 1/

√
2 lower than for the QW laser if for QD and QW the same

http://dx.doi.org/10.1007/978-3-319-03786-8_3
http://dx.doi.org/10.1007/978-3-319-03786-8_3


34 2 Solitary Quantum Dot Laser

(a) (b)

Fig. 2.8 Comparison of RO frequency ωref
RO (a) and RO damping �ref

RO (b) calculated numerically
from the eigenvalues of the full system (black solid lines) with their analytical approximations
of Eqs. (2.30a) and (2.30b) (blue dashed lines). The thin dash-dotted green line in (b) marks
the dominant contribution κγ/(Wτe) of the RO damping. Parameters: reference rates and other
parameters as in Table 2.3

time scale separation (γQW = γ), the same ratio of the Einstein factors (rQW = rw),
and the same steady state photon number N 0

ph are assumed.

2.5.4 QD Laser: RO Frequency and Damping for the Slow Rates

For the slow set of scattering rates of Table 2.1, RO frequency and damping read in
units of time t ′ = (2κ)−1t

ωS ≡
√
2γrw N 0

ph ≈ √
2γg(J − Jth), (2.31a)

�S ≡ �S,QW + γ

2

[
g−1 + (t−1

e + t−1
h )

2

]
, (2.31b)

where we have introduced

�S,QW ≡ γ

2
(1 + 2rw N 0

ph) ≈ γ

2
[1 + 2g(J − Jth)], (2.32)

The contribution �S,QW corresponds to the RO damping of the QW laser
(cf. Eq. (2.23a)) for γQW = γ and rQW = rw. Furthermore, the linear dependence
of N 0

ph ≈ g/(rw)(J − Jth) on the pump current J (see Eq. (2.26)) was used. Finally,
in units of the physical time t = 2κt ′ the damping rate reads

ωS
RO ≡ 2κ

√
2γrw N 0

ph ≈ 2κ
√
2γg(J − Jth), (2.33a)
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(a) (b)

Fig. 2.9 Comparison of RO frequency ωS
RO (a) and RO damping �S

RO (b) as obtained numeri-
cally from the eigenvalues of the full system (black lines) with their analytical approximations of
Eqs. (2.33a) and (2.33b) (blue dash dotted lines). The QW contribution �

S,QW
RO of Eq. (2.34) is

marked by a green dash-dotted line in (b), and the blue shaded region in (b) marks the difference
of �S

RO and �
S,QW
RO . Parameters: slow rates and other parameters as in Table 2.3

�S
RO ≡ �

S,QW
RO + κγ

[
g−1 + 1

W

(
τ−1

e + τh−1

2

)]
, (2.33b)

where the QW contribution to the damping rate �
S,QW
RO is given by

�
S,QW
RO ≡ κγ

[
1 + 2rw N 0

ph

]
≈ κγ [1 + 2g(J − Jth)]. (2.34)

Figure 2.9a and b depict RO frequency and damping as obtained from the eigenval-
ues of the full system (full black lines) and from the analytical approximations (2.33)
(dashed blue lines), respectively. As in the limit of the reference rates, the RO fre-
quency clearly shows the square-root like scaling with the pump current as predicted
by Eq. (2.33a). The RO damping �S

RO (see Eq. (2.33b)) scales for J � 2Jth linearly

with the pump current. For the QW contribution �
S,QW
RO , this can be seen directly

from Eq. (2.34), and the term in the rectangular brackets in Eq. (2.33b) scales nearly
linearly with the pump current, because the constant term proportional to g−1 is neg-
ligible, and the inverse carrier lifetimes τ−1

e and τ−1
h increase nearly linearly with J .

To see this, note that for the slow set of scattering rates, the in- and out-scattering
rates Sin/out

e/h for both, electrons and holes, are similar to the electronic scattering
rates for the reference set of rates. The latter are depicted in Fig. 2.2a and b, respec-
tively. FromFig. 2.2b, we see that the out-scattering rates are negligible, which yields
τ−1

e,h ≈ Sin
e/h , and from Fig. 2.2a, we note that well above threshold, i.e., to the right of

the gray dashed line denoting the steady state of we for J = 1.5Jth, the in-scattering
rates scale nearly linearly with the pump current.

The RO frequency is exactly the same as for a QW laser (cf. Eq. (2.23b)) with
the same time scale separation (γQW = γ) and the same ratio of the Einstein fac-
tors (rQW = rw). It would thus be by a factor

√
2 higher than in the limit of the
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reference rates (see Eq. (2.30b)) if both lasers had the same steady state photon num-
ber N 0

ph at the same pump level J/Jth (see last equality in Eq. (2.26)). However,

comparing the pump dependence of ωS
RO in Fig. 2.9a with the pump dependence of

ωref
RO in Fig. 2.8, we see that the higher photon number in the case of the reference

rates overcompensates the factor
√
2, and consequently, ωref

RO is even slightly higher
than ωS

RO.
As already discussed in the introductory Sect. 2.2, the damping is much higher in

the limit of the reference rates than in the limit of the slow rates, whichmay be seen by
comparing Fig. 2.8b with Fig. 2.9b. The formula (2.33b) for the damping of the slow
rates contains two contributions. The first term �

S,QW
RO corresponds to the damping

rate of a QW laser having the same time scale separation (γQW = γ), the same ratio
of the Einstein factors (rQW = rw), and the same steady state photon number (see
Eq. (2.23a)). The second term contains the contribution of the carrier lifetimes τe

and τh in the QD levels and thus describes the impact of the band structure on the
RO damping. Since electron and hole lifetimes are similar for the set of slow rates
(see Table 2.1), they enter symmetrically into the expression (2.33b). Further, from
Table 2.1, it can be seen that τe and τh are now similar to the electronic lifetime in
the limit of the reference rates. This is why they contribute in the same way to �S

RO
(see Eq. (2.33b)) than the electronic lifetime τe contributes to �ref

RO (see Eq. (2.30b)).
The bluish shaded region in Fig. 2.9 marks the difference between the full damping
rate �S

RO and its QW contribution �
S,QW
RO . Thus, it describes the impact of the band

structure. The difference increases with the pump current, because τ−1
e and τ−1

h
increase faster with the pump current (cf. Fig. 2.3) than the steady state of the photon
number N 0

ph.

2.5.5 QD Laser: Limit of Very Fast Scattering Rates

The limit of very fast scattering rates is described by the limit Fb → ∞ (b = e for
electrons and b = h for holes) of the dynamical equations (2.4). In this regime, the
carrier lifetimes τb in the QD levels vanish, and the carrier exchange is fast enough to
ensure that QDs and carrier reservoir remain in quasi-equilibrium during the turn-on
process. This results in an enhanced coupling between reservoir and QD variables,
which is best taken into account by introducing the new variables N+

b and N−
b

N+
b ≡ ρb + Wb and N−

b ≡ ρb − Wb. (2.35)

Rewriting ρb and Wb in terms of the new variables, yields

ρb = N+
b + N−

b

2
and Wb = N+

b − N−
b

2
. (2.36)
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Further, for the subsequent analysis, it is convenient that the dynamical variables are
all O(1), which simplifies their comparison to the small parameter γ describing the
time scale separation. Therefore, we rescale the photon number Nph

4 with respect to
its steady state value N 0

ph (see Eq. (2.26)) by introducing Nph = N 0
phR2, where R is

O(1). The dynamical equations (2.4) then read in the new coordinates

R′ = ρinvR, (2.37a)

(N+
e )′ = (N+

h )′ = γ
[

J − rph(ρe + ρh − 1)R2 − ρeρh − cWeWh

]
, (2.37b)

(N−
e )′ = γ

[
− J + 2Fe − rph(ρe + ρh − 1)R2 − ρeρh + cWeWh

]
,

(2.37c)

(N−
h )′ = γ

[
− J + 2Fh − rph(ρe + ρh − 1)R2 − ρeρh + cWeWh

]
,

(2.37d)

where rph ≡ rw N 0
ph has been introduced. Due to the carrier conservation (2.8), which

reads in these coordinates as (N+
e )′ = (N+

h )′, the dynamical variables N+
e and N+

h
have the same dynamics, and additionally one carrier variable may be eliminated,
i.e, expressed in terms of the others. For the set of very fast scattering rates, we may
assume that the terms Fb ≡ sinb −(sinb + soutb )ρb expressing the impact of theCoulomb
scattering rates are at leastO(γ−2) large, which justifies an adiabatic elimination of
N−

e and N−
h , i.e, to assume (N−

e )′ = (N−
h )′ = 0. Equating to zero the right hand

sides of Eqs. (2.37c) and (2.37d), and employing the definitions of the Fb’s, the QD
populations can be expressed as

ρb = sinb tb − tb
2

{J + rph(ρe + ρh − 1)R2 + ρeρh − cWeWh},

where we have used the dimensionless carrier lifetimes tb ≡ (sinb + soutb )−1, which
are at least O(γ2) small. Since the terms in the curly brackets are all O(1), they
constitute only a small correction to the first term, and the above equation can be
written as

ρb = tbsinb + O(γ2). (2.38)

In- and out-scattering rates are related by the detailed balance relation (2.2) [5],
which reads in its dimensionless form (see also Appendix A)

soutb = sinb e
− �Eb

kboT
[
ecbWb − 1

]−1
, (2.39)

where the coefficients cb ≡ 2NQD/(DbkboT ) were introduced. Inserting Eq. (2.39)
into Eq. (2.38), the ρb ’s can be expressed in terms of the reservoir populations Wb as

4 Typically, Nph = O(104), which implies that the product of rw N 0
ph is a O(1).
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ρb(Wb) = tbsinb = 1

1 + soutb /sinb
=

(
1 + e

− �Eb
kboT

[
ecbWb − 1

]−1
)−1

, (2.40)

which is valid up toO(γ2). From the above formula, we see that in leading order ρe

is only a function of We, and that the same holds for the holes. Thus, the coupling to
the other carrier type is at least O(γ2) small, and may be neglected. This permits to
express the reservoir populations Wb in terms of ρb by inverting Eq. (2.40)

Wb(ρb) = 1

cb
ln

(
1 + e

− �Eb
kboT

ρb

1 − ρb

)
. (2.41)

Instead of expressing the right hand sides of the dynamical equations (2.37a) and
(2.37b) in terms of the N±

b s, we can use Eq. (2.41) to write N+
e = ρe + We(ρe) as

a function of ρe. This permits to formulate the right hand side of Eq. (2.37b) as

(N+
e )′ = d

dt ′ (ρe + We(ρe)) = (1 + ∂ρe We)ρ
′
e. (2.42)

Employing the above equation, the dynamical equations (2.4) simplify in the limit
of very large scattering rates (Fb → ∞) as

R′ = ρinvR, (2.43a)

ρ′
e = γ

1 + ze

[
J − rph(ρe + ρh − 1)R2 − ρeρh − cWeWh

]
, (2.43b)

where the abbreviations

zb ≡ ∂ρb

∣∣
ρ0b

Wb =
[

cb(1 − ρb)

(
e

�Eb
kboT (1 − ρb) + ρb

)]−1

(2.44)

have been introduced. InEqs. (2.43) the hole populationsρh andWh(ρh) are functions
of ρe. For a given value of ρe, the electronic population in the reservoir We can be
calculated from Eq. (2.41) for b = e. Furthermore, the occupation probability of
the hole level ρh can be calculated by inserting Eq. (2.41) for b = h into the carrier
conservation (2.9), which yields

ρh + Wh(ρh) = ρe + We(ρe). (2.45)

The above equation can then be solved for ρh , and eventually, Wh can be calculated
from Eq. (2.41) for b = h.

The dynamical equations (2.43) describe a typical slow-fast system consisting of
a fast optical subsystem (Eq. (2.43a)) and a slow carrier subsystem (Eq. (2.43b)).
The time scale separation is expressed by the small parameter γ. (Note that ze and
the terms in the brackets in Eq. (2.43b) are all O(1).) Thus, from Eqs. (2.43), we
would expect the turn-on dynamics of the QD laser to be similar to the one of a
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class B QW laser. That this is actually the case can be seen from the time series in
Fig. 2.5d, which shows pronounced, weakly damped ROs that are typical for class
B QW lasers.

In the remainder of this section, at first, the steady states of Eqs. (2.43) are dis-
cussed, and then analytical expression for frequency and damping of the ROs are
derived.

Steady States

The steady states are calculated from Eqs. (2.43) by equating to zero their right hand
sides, which yields

0 = ρinvR0, (2.46a)

0 = γ

1 + ze

[
J − rph(ρe + ρh − 1)

(
R0

)2 − ρeρh − cWeWh

]
. (2.46b)

By definition, the steady state of R above leasing threshold is given by R0 = 1.
Since the optical steady state equation (2.46a) is the same as for the full system (see
Eq. (2.4a)) with R0 replaced by N 0

ph, the gain-clamping relation ρ0inv = 0 remains
valid (see Eq. (2.25)). From the carrier equation (2.46b), we then see that also the
expression (2.26) for N 0

ph as a function of the carrier populations remains valid. The

steady state ρ0e of ρe may be obtained by at first calculating the steady state ρ0h of
ρh as a function of ρ0e from Eq. (2.45), inserting then the resulting expression for
ρ0h = ρh(ρ0e) into Eq. (2.25), and then solving for ρ0e . Subsequently, ρ

0
h is calculated

by inserting ρ0e back into Eq. (2.45), and eventually, the steady states of the reservoir
populations W 0

e and W 0
h can be calculated from Eq. (2.41).

RO Frequency and Damping in the Limit of Very Fast Scattering Rates

For the linearization of the dynamical equations (2.43), the partial derivatives of ρh

and Wh with respect to ρe have to be calculated. Employing the carrier conservation
relation (2.45), they can be calculated as

∂ρe

∣∣
ρ0e

ρh = ∂ρe

∣∣
ρ0e

(ρe + We − Wh) = 1 + ze − (∂ρe

∣∣
ρ0e

ρh)zh

⇔ ∂ρe

∣∣
ρ0e

ρh = 1 + ze

1 + zh
, (2.47a)

∂ρe

∣∣
ρ0e

Wh = zh
1 + ze

1 + zh
, (2.47b)

where the derivative has been taken at the steady state value ρ0e of the solitary laser.
Linearizing Eqs. (2.43) around the lasing steady state (N 0

ph, ρ
0
e), yields the following

characteristic equations for the growth rate σ
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det

⎡
⎢⎢⎢⎢⎣

−σ gR0

2

(
1 + 1+ze

1+zh

)

− γ2rphR0

(1+ze)g
−γ

⎡
⎢⎣

rph(R0)2
(

1
1+ze

+ 1
1+zh

)

+ ρ0h
1+ze

+ ρ0e
1+zh

+ c

(
W 0

e zh
1+zh

+ W 0
h ze

1+ze

)
⎤
⎥⎦ − σ

⎤
⎥⎥⎥⎥⎦

= 0, (2.48)

where the gain-clamping ρ0inv = 0 has been used. Solving for σ, yields two complex
conjugate solutions

σ± = −γ�vf
1 ± i

√
γrph(R0)2

cz

1 + ze
− γ2(�vf

1 )2 = −γ�vf
1 ± i

√
γωvf

1/2 + O(γ2),

(2.49)
where we have introduced

cz ≡
(
1 + 1 + ze

1 + zh

)
(2.50)

as well as

�vf
1 ≡ 1

2

[
rw N 0

ph

(1 + ze)(1 + zh)

(
2 + zh + ze + ρ0h(1 + zh) + ρ0e(1 + ze)

+ c
(
W 0

e zh(1 + ze) + W 0
h ze(1 + zh)

)
)]

,

(2.51a)

ωvf
1/2 ≡

√
rph(R0)2

cz

1 + ze
=

√
rw N 0

ph

(
2 + ze + zh

(1 + ze)(1 + zh)

)
. (2.51b)

Damping and frequency of the ROs are then given in terms of the dimensionless time
t ′ by

�vf ≡ γ�vf
1 and ωvf ≡ √

γωvf
1/2, (2.52)

respectively. In terms of the physical time t , RO damping and frequency read5

�vf
RO ≡ κγ

[
(W̄/W )N 0

ph

(1 + ze)(1 + zh)

(
2 + zh + ze + ρ0h(1 + zh) + ρ0e(1 + ze)

+ BS2NQD

W

(
W 0

e zh(1 + ze) + W 0
h ze(1 + zh)

)
)]

,

(2.53a)

ωvf
RO ≡ 2κ

√
γ (W̄/W )N 0

ph

(
2 + ze + zh

(1 + ze)(1 + zh)

)
, (2.53b)

where zb is given as a function of the carrier densities in the reservoir wb:

zb = ∂ρb

∣∣
ρ0e

Wb = 1

2NQD ∂ρb

∣∣
ρ0e

wb.

5 Note that �vf
RO and ωvf

RO are given by �vf
RO = 2κγ�vf

1 and ωvf
RO = 2κ

√
γωvf

1/2, respectively.
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(a) (b)

Fig. 2.10 Comparison of RO frequency ωS
RO (a) and RO damping �S

RO (b) as obtained numeri-
cally from the eigenvalues of the full system (black lines) with their analytical approximations of
Eqs. (2.53) (blue dash dotted lines). Parameters: Very fast scattering rates and other parameters as
in Table 2.3

Note that the damping scales like γ and is thus small compared to the frequency,
which scales like

√
γ. This is well known from class B semiconductor lasers [48] (see

also Sect. 2.5.1). In Fig. 2.10, RO frequencies (Fig. 2.10a) and damping (Fig. 2.10b)
obtained numerically from the eigenvalues of the full Eqs. (3.12) (solid black lines)
are compared to the analytical approximations of Eqs. (2.53) (blue dashed lines). The
analytical approximation agree perfectly with the numerical results. The square-root
like increase of ωvf

RO and the linear increase of �vf
RO with the pump current can be

attributed to the linear dependence of N 0
ph on the pump current (see Eq. (2.26)).

Comparison to QW Laser

Next, the expressions for RO damping and frequency of Eqs. (2.52) are compared
to the expressions obtained for the standard rate equation model for a class B laser
derived in Sect. 2.5.1 (seeEqs. (2.23)). The limit of ze → 0 ofEqs. (2.52) corresponds
to a decoupling of the QD levels from the carrier reservoir ωvf → ωQW. If we addi-
tionally assume that both lasers have the same time scale separation (γQW = γ), the
same ratio of the Einstein factors of spontaneous and induced emission (rQW = rw),
and the same steady state photon number N 0

ph, the RO frequency of the QD laser

converges to the one of the QW laser ωvf → ωQW. Further, employing the limit
ze → 0, we obtain for the RO damping of the QD laser �vf (see Eqs. (2.52))

�vf = γ

2

[
2rw N 0

ph + rw N 0
ph

(
1 + 1

g

)]
, for ze → 0. (2.54)

The above expression shows that �vf has in the limit ze → 0 the same linear
dependence on N 0

ph ∼ J − Jth and thus on the pump current J as RO damping

for the QW laser �QW (cf. Eq. (2.23a)). However, since rw N 0
ph > 1 and g > 0,

http://dx.doi.org/10.1007/978-3-319-03786-8_3
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the damping is in the limit ze → 0 larger than for the QW laser. Note however that
the reduced dynamical equations (2.43) derived in the limit of very fast scattering
rates are valid for strong coupling between carrier reservoir and QD levels, which is
expressed by ze = O(1).

2.6 Summary

In this chapter, a rate equation model for a QD laser has been introduced, in which
the carrier exchange between discrete QD levels and the surrounding quantum well
acting as a carrier reservoir is mediated by microscopically calculated Coulomb
scattering rates. The latter yield carrier lifetimes τe and τh of electrons and holes in
the QD levels, which depend on the band structure, i.e., on the material composition
and the growth conditions of the QDs. Further, τe and τh constitute additional time
scales, which are responsible for the strongly suppressed ROs of QD lasers [4, 42].
The turn-on dynamics has been discussed for three different band structures as well
as in the limit of vanishing carrier lifetimes, which has revealed that band structure
engineering permits to strongly influence the turn-on of the laser. Subsequently,
analytical expressions for RO frequency and damping of the QD laser for different
band structures have been presented and compared to the corresponding expressions
for a conventional class B QW laser model. These expressions have revealed how
the carrier lifetimes τe and τh , i.e., the band structure, increases the turn-on damping
of QD lasers if compared to the turn-on damping of QW lasers.
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