Chapter 2
Quasi-Neutrality and Magneto-Hydrodynamics

Abstract In this chapter, we justify firstly the massless-electron approximation
from the general ion—electron electrodynamic model. Secondly, we present the
quasi-neutrality approximation, which is the heart of most of the fluid models
presented in this book; this approximation is rigorously proved by an asymptotic
analysis where a small parameter related to the Debye length goes to zero. We then
present the two-temperature Euler system which is the basic model for quasi-neutral
plasmas; in this framework we deal also with thermal conduction and radiative
coupling. Lastly, we introduce the well-known model called electron magneto-
hydrodynamics (MHD) which is the fundamental model for all magnetized plasmas.
We give some details about the related boundary conditions.

Some crucial mathematical properties related to the “ideal part” of the previous
models are displayed at the end of this chapter.

Keywords Debye length ¢ Massless-electron approximation ¢ Quasi-neutrality
approximation ¢ Poisson equation ¢ Two-temperature Euler system ¢ Electron
magneto-hydrodynamics ¢ Ideal magneto-hydrodynamics * Boundary conditions
for MHD

2.1 Massless-Electron Approximation

Before dealing with the massless-electron approximation, we first state the general
electrodynamic model related to the ion—electron Euler system coupled with
Maxwell equations (cf. the first subsection below). From this model, we may address
either modelling based on high-frequency electron waves, called Langmuir waves,
which develop at the electron time scale a);1 (in this framework the ions are
assumed to be either at rest or mobile; see Chap. 4 for this topic) or modelling related

to the evolution of the ion population at a time scale much larger than a)p_l.
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12 2 Quasi-Neutrality and Magneto-Hydrodynamics

In the second framework, which corresponds to the topic of the second subsection
and the other sections of this chapter, we address an observation time scale T that
is in the order of L pjasma/Vini OF Lplasma/Val (Where Lpjaema is a characteristic length
of variations of the plasma density) and the picture is the following

—1 A'D

>0, =

Lplasma Lplasma
Tobs ~ )

Uth,i VAl Uth,e

. Lplasma .
Since one has always Ap < Lpjasma, One sees that Splasma sy Ap , so the previous

- VUth,i Uth,e
ordering is very general and corresponds to the caéhé Wherelhélectron inertia is
neglected with respect to the ion inertia. Thus, we can make the massless-electron
approximation. It consists of assuming that, in the ion—electron Euler—Maxwell
system, the electron mass m, is negligible compared to ion mass m1; so the electron
momentum balance equation reduces to the so-called generalized Ohm’s law which
links the electric field to the electron density (we stress that there are various ways
to state such a Ohm’s law depending on the physical effects to be accounted for).
Moreover, if there is no external electromagnetic source, no phenomena travel at the
speed of light and a simplified version of the Maxwell equations corresponding to an
infinite speed of light may be used. So we are led to the so-called ion Euler—Poisson
system [system (M) below] where the electric field reduces to an electrostatic
one; it is valid even if the Debye length Ap is not very small with respect to the
characteristic length.

Now, in the first subsection, we recall the general electrodynamic model. It is
a classical one (cf. [38, 112]) although it is almost never used for numerical
simulations because the order of magnitude of the characteristic times of the
subsystems are very different. It is worth focusing on it because it gives the
conservation balance for the mass, momentum, and energy of the two populations,
and it enables us to derive numerous fluid models with formal asymptotics.

2.1.1 The Ion—Electron Electrodynamic Model

Let us state the system corresponding to the classical conservation laws for the
two populations of ions and electrons. First of all, the continuity equations for both
species are

a
0 4 V.(NU) =0, @.1)
ON. + V.(N.U,) = 0. (2.2)

ot
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Denote by v, the Coulomb collision coefficient, it is related to collision frequency
between electrons and ions which is equal to v,oNy/m,.. Then, the ion momentum
balance equation reads as

ad
mog(NoU) +moV.(NgUU)+V Py = q. Z(NoE + NoU x B) — v, N, Ny(U-1,).

(2.3)
On the right-hand side, the first term corresponds to the Lorentz force and the second
one to the Coulomb collisions between the two species; at this level it reduces to a
simple friction force proportional to the relative velocity (U — U,) (but we stress
that there are different expressions of this friction force).
Moreover, the ion internal energy equation reads classically

0

5 &0+ V.(U&) + PyV.U = Qu, (2.4)

where the term €2y, is related to the energy exchange between the ion and
electron populations due to the Coulomb collisions. The relationship between this
term and the corresponding term €2.¢ for the electrons will be given below [see
relation (2.16)].

In the same way as above, the electron momentum balance equation reads as

ad
meg(NeUe)'i'meV'(NeUeUe)"'VPe = _qe(N6E+N8UeXB)"'VeONeNO(U_Ue)’
(2.5)
and the electron internal energy equation

0
&gg + V(Ue(c/‘()) + PeV.U@ + V-qth,e = Qeo. (26)

Here qq,c denotes the heat flux for the electron energys; its simplest expression is the

so-called Spitzer flux which is proportional to VTZ/ 2; the details about Spitzer flux
are given below in Sect.2.3.1, see also [111].

Of course, the previous energy equations may be stated in term of ion and
electron total energy, i.e.,

0 1 1
o7 (€0 +moNoz|UP) + V.(U(& + moNo5|UP)) + V.(UPy)

= Qo + quOU~E - VeONeNOU-(U - U(f)v 2.7

0 1 1
E(é‘e"'me]ve§|Ue|2)+v-(U6(€e+meNe§|Ue|2))+v-(UePe)+vqth,e

= Qo0 — ¢e N U .E + v,oN.NoU,.(U—U,). (2.8)
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We now deal with the Coupling with the Electromagnetic Fields.

First, using the electric current J = ¢.ZNyU — ¢.N,U,, the electromagnetic
fields E, B satisfy the full Maxwell equations (respectively Maxwell-Ampere and
Maxwell-Faraday relations)

L9 B+ 1F =0 2.9)
c2 0t 4 pa=5 ’
0
B+ curl E = 0. (2.10)

It is also necessary to account for the electric Gauss relation
e'V.E = g.(ZNy — N,). 2.11)

and the magnetic Gauss relation which reads as V.B = 0.
According to the continuity equations (2.1) and (2.2), we see that the electric
current satisfies the so-called consistency relation for electric charge

]
qu(ZNo—NeHV.J:o. (2.12)

This consistency relation implies that relation (2.11) holds always if it holds at initial
time (indeed, we have 2V.E + V.J = 0).

We now give the classical conversation relations related to this electrodynamic
model.

(a) Momentum Balance Relation.

Adding (2.3) and (2.5), we get
d
g(meNeUe + moNoU) + V. (m N, U, U, + moNoUU) + V(Py + P,) (2.13)
=¢E(VE)+JxB
On the other hand, according to the Maxwell equations, one checks that the

electromagnetic momentum E x B (equal to the Poynting vector, up a multiplicative
constant) satisfies

1 9

1
ﬂE(ExB)— —(curl B) x B — ¢’(curl E) x E 4+ J x B = 0.
cop 2

Now, using the tensor Pp = #(%H|B|2 — BB) and identity (1.3), recall that

1
——Ocurl BxB=V.DPp
W
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so introducing the tensor S = P + £ (3|E|*> — EE), we see that

0

05 © X B) + VS + g E(ZNo — Ne) + I x B = 0.

therefore, we get a classical result of the conversation of global momentum

ad 1
— | =—=(E xB) + m.N.U, + myNyUy
ot | c2uf

+ V. (S + meNeUeUe + mONOUU) + V(P() + Pg) =0.

(b) Energy Balance Relation.

Using the classical vector identity V.(A x B) = B.curl A — A.curl B, we get for
the electromagnetic energy,

d 1 . E|? 1 BJ?
—&electio + V.(—EXxB) + JE =0, with &jecro = 80u + _u (2.14)
ot uo 2 uo 2

where E x B is the Poynting vector. For the plasma energy balance, we first
add (2.7) and (2.8), then on the right-hand side, we get the term

JE+ QeO + QOe - VeONeN0|U - Uelz

So we arrive at the following global energy balance relation

(% + v.(U.)) (50 + m0N0%|U|2)

0 1 agelectro
a, V. e’ e elVe 5 |Ue 2 T a, 2.1
+(8t+ (U))x(€+mN2|U|)+ o (2.15)

1
+V. (EE X B) + V(P0U+ PeUe) + V-qlh,e = QEO + QOe - VeONeN0|U_Ue|2'

According to the energy conservation principle, the right-hand side must be zero;
thus we must have

Qoo = —Q0e + veoNeNo|U = U, |? (2.16)
Moreover, the classical form of €2, is the following

Q0e = woemoNo(Te — To) 2.17)
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where @y, is a positive quantity with an inverse wo, ~! known as the characteristic
time of temperature relaxation. Notice that expression (2.17) is obtained by taking
the two first moments of the Vlasov-Fokker—Planck equations for the ion and
electron population evolution (see the companion book on “Kinetic Models”, [118]),
where wg, depends on the electron temperature and the electron density, e.g., it may
be assumed to be proportional to

N.Z*(log A)/ T>/*

2.1.2 The Ion Euler System with Massless-Electron
Approximation

Consider the evolution of a plasma with an observation time Tqps large enough
compared with the inverse of the plasma frequency (but with a Debye length Ap
not necessarily very small with respect to Lpjasma)-

> Cl)_l T Lplasma
p » Lobs > T,

Lplasma

Tobs ~
Uth,i

Lplasma ~ AD or Lplasma > AD~

This situation is very frequent. For instance in the ionosphere problems, recall some
orders of magnitude: the Debye is in the order of 2.3 x 107> m and the inverse
of the plasma frequency is in the order of 1.5 x 1078 s, and for electrical discharge
concerning small Earth-orbiting satellites the characteristic time is larger than 107> s
and the characteristic length is larger than 10~2 m.

In the same way, for cavity plasmas in Inertial Confinement Fusion, the Debye
length is about 2.3 x 10~° m and the inverse of plasma frequency about 6 x 10716 s,
but the characteristic time is larger than 10™!2 s and the characteristic length is larger
than 10~ m ; indeed the variation of laser intensity is in the order of 10~!! s and the
size of the target is in the order of a few millimeters.

So, in this framework electron inertia may be neglected with respect to the ion
inertia, and the characteristic speed of the phenomena is much smaller than the
electron thermal speed (and, of course, the speed of light).

Let us first stress that we can assume that the speed of light ¢ is infinite in the
previous general electrodynamic model by assuming that the displacement current
ﬁ %—If in (2.9) is negligible with respect to the electric current J. In this framework,
the Maxwell equations and Gauss relations reduce to

curl B = 11°J, (2.18)

and
@) curl E = —9,B,
(ii) V.B =0, (2.19)
(iii) 'V.E = q.(ZNy — N.).
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Here there is no formal asymptotic analysis with a small parameter and we do not
take care of the relation £°14°¢c? = 1, in this approximation £° and ° are solid values
(and we simply set ¢! ~ 0). It is worth noticing that once the densities Ny, N, are
known one can find B and E satisfying (2.18) and (2.19) only if the electric current
satisfies

vVJ=0.

Thus, the approximation “infinite speed of light” is not appropriated with any
general model for the electrons: it is made when the electron velocity is evaluated
thanks to the electric current J, in particular in the framework of the massless-
electron approximation.

With the approximation of “infinite speed of light”, from (2.18), the electromag-
netic momentum balance reduces to

VP +JxB =0,

[using identity (1.3)].
Now, according to the above vector identity for V.(E x B), we see that the
magnetic energy balance reads as

19 1
— B+ —V.(ExB E=0. 2.20
20 01 |+M0 (ExB)+1J (2:20)

Thus, for the global energy (the sum of ion energy, electron energy, and magnetic
energy), we get

0 1 d
(E—FV-(U')) (5o+moNoz|U|2)+ (E%-V-(Ue')) (E)+V.(POU+P.U,)+V.qune
1 a I
- JE=—— 2 BP-v.(— :
JE=— 5558 (MOEXB)

This conservative balance is the same kind as the one displayed in (2.14) but Egjectro
is replaced by the magnetic energy ﬁ IB|%.

In the framework of the massless-electron approximation, which is the frame-
work of the rest of the chapter, the electron density and velocity are not characterized
by the mass and momentum conservation laws. The picture is the following.

On the one hand, the electron density is evaluated thanks to the Poisson equation
which is obtained by inserting an expression of the generalized Ohm’s law (see
(2.21) below) into the electric Gauss relation. On the other hand, we claim that the
electric current J is given by (2.18) and the electron velocity defined by N, U, =
ZNoU—q;'J . Moreover, the magnetic field is the solution of the evolution equation
obtained by inserting the expression of E given by (2.21) into the Maxwell-Faraday
equation (2.19(1)).

More precisely, the massless-electron approximation corresponds to the case
where the electron mass m, is assumed to be very small with respect to the ion mass.
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Then a formal asymptotics (corresponding to a small parameter m,/my — 0) leads
to the following model. Since the electron and ion density are in the same order
of magnitude and the electron velocity U, is in the same order of magnitude as
the ion one U, we check that the electron momentum is negligible with respect to
the ion momentum and that the electron kinetic energy meNe%|Ue|2 is negligible
with respect to the ion kinetic energy. For a rigorous result, see the analysis in the
one-dimensional framework in [63] or [71] and also [2].

Therefore, from the electron momentum balance equation (2.5), we have firstly
the relation

VP, 4+ g.N.E + q.ZNUxB —J x B = v,0N,No(U —U,)
veoNo(U(N, — ZNo) +Jg. ).

But it is usual in the ion momentum equation (2.3) and in the previous equation to
replace the term v,oNo(U — U,) with a closure of the form g, y11°J where y is a
positive function depending on the ion density and temperature. Then we get the
relation

VP, +¢q.NE+q.ZNoUxB—J xB—q,N,xpn°J = 0, (2.21)

which is called the generalized Ohm’s law (see e.g., [108] or [38]). Coefficient yu°
is called the specific electric resistivity of the plasma.

Secondly, combining relation (2.21) with (2.3), we get a new relation for
momentum balance

mO%(NoU) + mgV. (NoUU) + V(Py + P.) = J x B+ ¢’E(V.E)
= -V.Pz +E(V.E). (222)

Thirdly, according to the previous remarks, the electron global energy (Ee + meNe%
|Ue|2) reduces to its internal energy &,. Thus, using (2.16), (2.8) reads now as
follows

9 5
(— + V.(U-)) (&) + V.(P,U) = V. (-Tel)
ot 2 q.

+ V.qine = Q0 — ¢e N U,.E + g, 1’ N, xJ.U.

or equivalently

(% + V.(U-)) (&) + V.(P,U) — V. GTei) + Vique (223)

= Qoo + U, VP, + qeti° N xJ.(U-1U,)
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(indeed, according to (2.21), we have ¢, N, U..E + U,.VP, — ¢, u°N, xJ.U, = 0).
Note that the term %Te in (2.23) stands for (£, + P.)/N.,.

The ion internal energy & is given by (2.4).

The key point is to define the electron density N,; this is done by gathering the
electric Gauss relation and Ohm’s law (2.21); see below.

Now, using the evaluation of E given by the generalized Ohm’s law (2.21), the
Maxwell-Faraday equation reads now as an evolution equation for the field

0 ZN
—B—curl ( 0

1
5 N, UxB) = curl( VP,

curl B x B) —curl (ycurl B)
deNe

(2.24)

It is called the diffusion magnetic equation. On the right-hand side, the last term
is the usual resistive diffusion operator; moreover, the quadratic term, curl(ngcurl
B x B) is called the Hall’s effect term (it is taken into account only if the electron
density is small enough and if the magnetic field is strong enough).

Lastly, we have the Gauss relation

B uoq. N,

V.B=0;
of course, if this relation holds at initial time, it holds at any time.
(a) The Ion Euler—Poisson Model Without Resistivity.

For the sake of this presentation, we state first the Euler—Poisson model by

neglecting the resistive term in Ohm’s law, i.e., y = O0; afterwards we will
reintroduce the resistivity. So, in this framework the Ohm’s law reduces to
ZN 1 1
ge(E+ U xB) = ——V(N.T.) + —J xB, (2.25)
e Ne Ne

and, according to the electric Gauss relation, we get

g0 1 g0 ZN, 1
——V.(—V(N,T,)) — —V. UxB—— B) =¢g.(ZNy — N,).
) (Ne ( e)) 4o (qe N, X NeJ X B) = q.(Z Ny ¢)

Then, we are led to the following equation for defining the electron density N,

2

A 22 1 ZNy N
D v (T.V T Dy 0 e
. log No))+A . ( ZNoUxB—JxB ) = - .

Tret [V.(T.V(log Ne)) el Tret N, (ge 0 ) Neet  Niet

(2.26)

It is a nonlinear Poisson equation and it is crucial in plasma modelling when
the quasi-neutrality assumption is not valid. Of course, this nonlinear elliptic
equation needs to be supplemented by boundary conditions, for instance, Neumann
conditions if the electrostatic field may be set to zero on the boundaries. But
in simulations where one has to account for probes or electrodes, one must use
Dirichlet conditions or more implicit boundary conditions (e.g., related to the
electric current); this kind of problem is related to the so-called plasma sheath theory
(see, e.g., [3,109]).
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Denoting N,/ Nyt = ¢?, the nonlinear Poisson equation reads also as

AZD A2 e ® ZNy M2
— 2V (T,VD)+e®—ZLV. (. ZNU x B — J x B)—) = +=2 AT,
Tref Tref 1 0 N, ref N, ref Tref
2.27)
Note that relation N, = Ne®, where ® is an electric potential divided by a

temperature, is called the Maxwell-Boltzmann relation; it is often used in physics
literature when the magnetic effects are not important (then (2.25) reduces ¢.E =
—T.V® — VT,). Notice that if the reference density N is modified, we must
also modify the potential ® by adding a constant; as a matter of fact, in physical
applications, these constants are fixed by the boundary conditions (see, e.g., [65]).

Summary. Assuming that B solves (2.24), the model consists of the following
Euler—Poisson system. Recall that £, = %Ne T,, P, =T,N,and J = I%curl B.

ad

(i) m, (%+V.(U-)) (NoU)+V(Py+P.)+V.Pp=q.E(ZNy—N,),

(ii1) (8%4-V-(U')) (&0)+PoV.U=Ke,

M) (Givy (3+V.(U.)) (£,) +P,V.U-V. ( ;Te

V.qe
o J)+ th,

qe

VP,
= —Qpe+—. (U(ZNO—NE)—i) ,
N, qe

2 2 1
V) =72 [VAT.V(log No))+AT.] —52V. (F(q(,ZNOUxB—JxB))
e

_ ZNo—N,
N Nref .
with
 SREZALL VIVE S L L R SO (2.28)
N, ge Ne  qe N~ '

Of course, this system needs to be supplemented with boundary conditions; for the
nonlinear Poisson equation, the simplest one is the Neumann condition.

Equation (iv) reads also as (2.23). We can state once more an energy balance
accounting only for ion and electron energy:

a mo 2 STe
(Ew.(u-)) (56+50+7N0 Ul ) +V. ((Pe—l—PO)U—i-z

J) +V-qth,e=J.E.
(2.29)

e
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[indeed, if we multiply by (Z Ny — N,)U the relation defining the field E, we get

P+(

~4e(ZNy = NUE = ~(ZNy — No)U.—

0 _1)UJxB=JE

1
moreover Z Ny VU'(J xB)—J.VP, = J.E, so we have the previous balance

e q@ NE

by using equation (ii) multiplied by U and remembering that V.Pp = —J x B. O]
In the previous relation, term J.E is the one which appears in the magnetic energy

equation [see (2.20)].

Remark 1. To my knowledge, it is an open problem to make a rigorous asymptotic
analysis leading to a massless-electron model in the multidimensional framework
(i.e., to let the ratio of electron mass to ion mass m,/mg converge to zero in the
ion—electron Euler system); see [63] for a proof in a monodimensional case. |

Notice that the nonlinear Poisson equation (v) may be replaced by a simpler one
if necessary and in equation (iv), term (Z Ny — N,)U may be neglected with respect
toJ/qe.

This system looks quite complicated. As a matter of fact, it is an open problem to
show its well-posedness from a mathematical point of view. Nevertheless, we have
a result that is a clue in this direction: it shows that equation (v) above is well-posed
and that its solution N, is positive.

If we denote

1 1
= B —q9.ZNyU x B), = AT,
Q Nref (J % 1 o ) £ Tref
(2.26) reads as
N, Z N,
—AZV( v1ogN)+N +/\DT V.(Q ref): N°+A§)g. (2.30)
ref ref ref ref

Let O be a bounded set with a smooth boundary and denote by n the outwards
normal to the boundary 0O of O. Equation (2.30) needs to be supplemented with
a boundary condition on dO. For the sake of simplicity, we can take one of the
following conditions on 0O

.0 0
() 5 (NeTe) = 0. or (ii) N, =0. 2.31)

The first condition corresponds to the case where the normal gradient of the electron
pressure is zero, i.e., the electric field is tangential to the boundary (if there is no
magnetic effect); the second condition is a simplification of the first one.

Assume that Ny, g, Q and V.Q belong to L°°(0), that Nj is strictly positive,
and that 7, is a strictly positive bounded function. So we have:

Proposition 1. Assume that inf, (-2~ N No + A% g) > 0. For (2.30) supplemented
with one of the conditions (2.31) on 8(’) there is a unique solution N, in the cone
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of functions of H'(O) which are strictly positive and bounded, if A% ||V.Q|| ;o is
small enough. Moreover, we have

1
N ref

1 ZN,
N.(x) > = inf 0
2 x Nref

+ )LzDg)

Of course, we have also 7,V log(N.T,) € L*(O).

We may also address this problem in the case where the spatial domain is the
whole space R? (or R?) and the result is the same, provided that Ny is in L?(O).

It is worth noting that (2.30) is also sometimes called the Poincaré equation
(cf. [96]), at least in its simple form —A%A(log N.) + N, = Ny, and it arises in
many physical areas.

(b) A Simplified Model without Magnetic Effects

In the case where the magnetic effects are neglected, we may address a simplified
model based on the barotropic approximation for the ion pressure: it is given by a
closure with respect to Ny, for instance, Py is defined by Po(N) = p,N? (where
tp and y > 1). In this model, there is only one energy equation (the coupling term
Q. disappears) and the four unknowns Ny, U, T, and N, satisfy the system.

B%No + V.(NoU) = 0, (2.32)
3 1
mo (5 + v.(U.)) (NoU) + VPy(Ng) = —ZNOFV(NETE), (2.33)
e
d 3 1
3 TVU) )| SNeTe ) +NTeV.U = (ZNo = Ne) - UV(NeTe). (234
e
AL ZNo — N,
L2 V.(—V(N,T,)) = ——+——=. 2.35
Tref (Ne ( ¢ E)) Nref ( )

In the momentum equation, the right-hand side may also be stated in a conservative
form, which reads as

—V(N,T,) + ¢*(V.(EE) — %V.|E|2)

i 1
with ¢.E = FV(NeTE).

e
As usual, we need to supplement this system with boundary conditions on dO.
For the three first equations, it is sufficient to state two conditions (for this topic, see
the last section of this chapter); so, for the sake of simplicity, we can state

—71, =0, n.U=0.

For elliptic equation (2.35), we consider condition (2.31 (ii)) (which is now
identical to (2.31 (1))
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We also have to supplement this system with initial conditions, that is to say
No(0) = N, U(0) = UM, T,(0) = T, where these initial values satisfy the
boundary conditions and N/, 7" are strictly positive.

Then, we may define the ion internal energy by E(N) = Po(N)/(y—1)if y # 1
and E(N) = pp(N log(N) + 1) otherwise, and we have the following result.

Proposition 2. For system (2.32)—(2.35), supplemented with the previous boundary
conditions, we have the energy balance relation

(% + v.(U-)) (gzven + Eo(No) + ?NMUP) + V. (U(P, + Po(No))) = 0
(2.36)

Moreover, as soon as the temperature T, remains strictly positive and bounded, the
electron density N, is a positive bounded function such that V log(N,T,) € L*(0).

Using the boundary conditions, property (2.36) implies that for all times 7, we get
3 m
[ (Grers + oty + 2 l0R ) ax = o
o \2 2
that is to say there is a good balance for the global energy which is %Ne T,+E(No)+
0 No|U|2.
2
(¢) The lon Euler—Poisson Model with Resistivity.

In order to account for the resistive term in the generalized Ohm’s law (2.21), we
need to modify the previous system. Due to (2.21), the following expression of E
Z Ny 1 VP, 1

1
UxB=—— + ——JIxB+ yu’J
N, ¢e Ne  q.Ne e

E +

may be plugged in Gauss relation, so we get the modified nonlinear Poisson

1 ZN,
V.5 VN T~V g V(e x1)=47 (ZNo=Ne).
e e

Or with the same notations as above

N, Net.  ZN,
£ Viog N,) + —~ + 13 —V.(Q f) 0

-3 V. (
Tret Nt P ﬂe Niet

+ 13 (g — 1°q. 3.V x).

From a mathematical point of view this equation is the same as in the case y = 0
(only the right-hand side is changed).

The model for the evolution of Ny, U, & is the same as in system (M); the only
difference is that there is a resistive term in the evolution equation (v) for &,

9 5T,
(E i v.(U-)) )+ P.V.U-V. ( 2 J) + V.que (2.37)

VP,
= _QOe + N

e

. (U(ZN0 - N,) — qi) + g’ Ny J.(U - U,).

e
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We can easily check that the global energy balance (2.29) is still true. It is worth
noticing the supplementary term N, yJ.(U — U,), which is called the Joule effect
term. Indeed, we will see below that in the quasi-neutral case, J and N,(U — U,)
will be equal up to the constant ¢,; then this term equal to y|J|*> will be positive.
It corresponds to the heating of the plasma occurring due to the electric current and
the energy exchange due to the friction between electrons and ions.

2.2 Quasi-Neutrality Approximation

As above, we make the massless-electron approximation, but we assume more-
over that the Debye length Ap is very small if compared to the characteristic
length Lpjaema. In this framework corresponding to the so-called plasma approxi-
mation, the picture is now

Lplasma

>l T > =

AD < Lplasmas Tops ~ M
Uth,i
Then the electron density is close to the ion density N, >~ Z N, (this is the quasi-
neutrality approximation), but as claimed previously the electric field cannot be set

to zero.

Our aim is to explain how this quasi-neutrality may be justified from a mathe-
matical point of view. This analysis will be performed from the ion Euler—Poisson
system in two different physical frameworks

e The first case corresponds to the case where the magnetic phenomena are
negligible and a simple Ohm’s law suffices; see (2.38)

» The second case corresponds to the general case, where the magnetic field needs
to be accounted for and Ohm’s law reads as (2.25)

In both cases, starting from the Gauss relation

qe 1
AL VE= ZNy— N,
b Tref Nref( 0 e)

where the Debye length comes into sight, we derive a nonlinear Poisson equation of
the form (2.26).

2.2.1 Asymptotic Analysis in the Nonmagnetized Case

We introduce a dimensionless spatial variable related to Lppysm, and we set A =
A D/ Lprasma Which is small with respect to 1.
Here, we assume that instead of (2.25) we simply have

1
q.E = —FV(NeTg) (2.38)
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then the potential log(N, / Nrer) is solution to a nonlinear Poisson equation. Set
D, = lOg(Ne/Nref)

in order to make clear the dependency with respect to the parameter A, so Poisson
equation [which is a simplified form of (2.26)] reads as

— A2V. ( Te an) _ZNo_ ey g (2.39)
Tref Nref

recalling that g = ﬁATe. In the same way, in the sequel, denote the electric field

by E, instead of E.

The asymptotic analysis of this equation when the small parameter tends to 0 was
addressed in [23] about 20 years ago in the case of a constant temperature. A wide
range of literature is devoted to this subject; see, e.g., [110, 115] and the references
therein. Notice also that it is interesting to address such an asymptotic analysis with
a vanishing Debye length in order to design numerical schemes for Euler—Poisson
models in the case where quasi-neutral and non—quasi-neutral regions coexist in the
same simulation domain; see, e.g., [35, 36, 39].

Here for the sake of completeness we state a generalization of the initial result
of [23] in the case of a nonconstant temperature. We first assume that the spatial
domain O is a smooth bounded open set; of course, (2.39) needs to be supplemented
with a boundary condition, and as previously we set

% _ . (2.40)
an
This corresponds to the case of an insulating material. It also possible to address a
boundary condition of the type &, equal to given data (see below). Now, to state a
rigorous mathematical result, we need to make some technical assumptions. First,
we assume

inf7, > 0, inf Ny > 0, T, € L®(0), Ny € H'(O) N L®(0), AT, € L*®(0).
X X

(2.41)
Moreover, for the sake of simplicity, we impose
a
—Ny =0, on 00.
an

Proposition 3. Assume that assumptions (2.41) hold. When A goes to 0, the unique
solution ®, of nonlinear equation (2.39) with the boundary condition (2.40)
satisfies!

Nusexp(®;) — ZNy  in L*(0),
V®;, — Vlog(ZNy)  in L*(O) weakly.

'A sequence u, converges weakly to u, if [ u,v — [ uv for any v in L2.
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The proof is given below. Notice that there are also results with weaker
assumptions on the regularity of Ny (see the proof). This proposition shows first
that the quasi-neutrality holds

N, >~ ZN,, P, ~ ZNyT,.

Moreover, this implies that the electric field E, satisfies
1
qBy = -T,V®, — VT, — —FV(NOTE) in L?(©) weakly,
0
that is to say, it may be approximated in the following way
1
q.Ey ~ ——V(NoT,). (2.42)
No

This last relation for the electric field is a very usual one. In the case where the
electron temperature is almost constant, this relation reads ¢.E, ~ —T,V(log Ny)
as it appears in the beginning of the handbook [27].

Other boundary conditions of Dirichlet type may be addressed; for instance.
for the modelling of a plasma surrounded by a conducting material. As a matter
of fact, if a given electric potential may be applied on two different parts of
the boundary that correspond to conducting material, we can make the following
modelling: assume that I'; and I'; are two smooth parts of the boundary dO that
are disconnected, such that the potential ® is given by a constant: B on I'} and B,
on ['.

Then we have the following result.

Proposition 4. With the same assumptions as above, there exists a unique solution
@, in H'(O) to (2.39) with the boundary conditions

0
(D)L = Bl on Fl; CD/\ = Bz on Fz; %él =0 on 30\(F1 U Fz) (243)

Moreover, when A goes to 0,we have

Nye® — ZNy  in L*(0), (2.44)
V&, — VIog(ZNy)  in L*(O) weakly. (2.45)

Generally, there exists boundary layers on the parts I'; and I', since Nyt exp(B,)
is not equal to Z Nj.

See also [3,64] for other boundary condition problems related to the electrostatic
sheath phenomena. We stress that it may lead to technical difficulties related to
boundary layers where the quasi-neutrality fails.



2.2 Quasi-Neutrality Approximation 27

Of course, we may address the case where the spatial domain O is the full space
O = R? (or R?) and the asymptotic result may be proven in the same way.

Remark 2. Instead of (2.39), we may state the Poisson equation in the form

Z Ny P, opP,
Nref NrefTe ' on

lso = 0,

—A?V. (TT V(log Pe)) =

ref

which is interesting if one prescribes a boundary condition on 9O of the type
daixf = 0. Then, denoting P, ; instead of P,, Proposition 3 reads as follows: when A
goes to 0, the solution P, ; of this equation satisfies

P,, = ZNyT, in LZ((’)) strongly;
V(log P, ;) — V(log NgT,)  in L*(O) weakly. O

Remark 3. In the quasi-neutral approximation, determination of the electric field is
a local problem in the interior of the domain, as it appears in (2.42); evaluation of
E is performed with the local fluid variables only. But near the boundary 9O, this
evaluation is more complex due to the boundary layers. O

2.2.2 Asymptotic Analysis in the Magnetized Case

We now address the more realistic case corresponding to a magnetized plasma

(called also current-carrying plasma). We assume that the evolution of the field

B is known (recall that the electron velocity is given by U, = N%NOU - Nelqe J).
We consider the generalized Ohm’s law (2.25), i.e.,

Z Ny

1 1
Go(E + UxB)=-——V(N.T,) + —J xB (2.46)
N, N,

e
(if we want to account for the resistivity, it suffices to add to the right-hand side a
term of the type yu°J). The electron density N, = Nyre®* is given by the solution
of the nonlinear Poisson equation (2.27), which reads as
T
— AV (=2
T .

ref

ZNy

ref

1
Vd,) +e® + )LZT—(V.Qe_‘D*) = +A%g (2.47)
ref

Heuristically, if A vanishes, we see that e® is very close to the function i,—N]‘j, ie.,
el

the quasi-neutrality holds, and we may use the following approximations

N, = Nyse® ~ Z Ny, P, ~ ZNyT,, (2.48)

1 1
YN, ~ — VN, (249)
N, Ny
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So, according to (2.46), we get

1 JxB
(E+UxB)~ - —V(NyT,
q.(E + U xB) Ny (No )+ZN0

Let us justify these approximations by an asymptotic analysis. So, we address
equation (2.47) as above in a bounded open set O, with boundary conditions (2.40)

Proposition 5. Assume that (2.41) holds and that g,Q and V.Q are bounded in
L. Then, when A goes to 0, the unique solution @, to (2.47) with boundary
condition (2.40) satisfies

Nye® — ZNy  in L*(0) (2.50)

V&, — Vlog Ny, in L*(O) weakly (2.51)

Thus, denoting the electric field by E, instead of E, it satisfies

N, ref

ZNe in L*(0) weakly

1
geEBy = —T,V®; —VT, + Qe — —FV(NOTe) +Q
0

To justify the statement of quasi-neutral models, we must now address terms where
the electric field appears in the general massless-electron model above. In particular,
we need to deal with the term ¢°E; (V.E;) in the momentum equation (2.22). With
the previous notations, we have ¢, E; = —T,V®, —VT, +Qe~® (recall that Q = 0
in the nonmagnetized case) and

0 A2 T,
E)L(V.E,\) = (TEV®A+VT9—Qe_(D*) T_ (V.(T—VQDA)—V.(Qe_q’“)—i-g)
ref

ref ref

&

We now claim

Proposition 6. Assume that the same assumptions as the one of Proposition 5 hold,

then we have if A — 0,

80

E,(V.E)) — 0 inLY(0O).
Nref

[Indeed, according to Proposition 5, we get

T, ZN, .
A(V.(Qe~ %) — V(7 quh)) =5 ;’ —e® 4+ 2% >0  inL}O);

moreover, we know that V®; is bounded in L2(Q). Therefore, A2V ®; (V.(Qe~%*)
~V.(75V®;)) — 0in L'.0Oj]

Summary (About quasi-neutrality). The previous proposition means that either
the plasma is resistive or not, and the term ¢°E(V.E) may be neglected; then (2.22)
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becomes simply

3
Mo (NoU) +moV.(NoUU) + V Py + VPe = J xB. (2.52)
= -V.Pg

Thus, the basic principles of quasi-neutral approximation may be summarized as
follows.

* One prescribes N, = ZNy and P, = ZNyT,.

* For ion modelling, one has a classical fluid dynamic system, e.g., (2.52) for the
momentum equation.

* The electrostatic field E is given by Ohm’s law, which may read in the form:

qeZNy(E4+UxB)-JxB+ VP, =0, (2.53)
or, accounting for the resistive effect,
4. ZNy(E+UxB)-JxB+ VP, = quNo)(,uOJ. (2.54)

In these relations, the field (E + U x B) comes into sight; it is a natural quantity
in all the MHD models. Moreover, it is worth noticing that the electron velocity
never appears explicitly in these models (it is always evaluated thanks to U and J)
and that, generally, one has to account for the evolution of the electron temperature.

2.2.3  Proofs of the Propositions of Sects. 2.1 and 2.2

Proof of Proposition 1. Let us set A = Ap which is fixed. For the sake of concise-
ness, we set T = 1 and T, = T. Let us address equation (2.30) where N,/ Nyt
is denoted by u ; moreover f = %\,—N;’ + A2g and r = —V.Q are assumed to be
bounded. It reads -

T 1
_ A%V, (—Vu) + X SQVutu=f+225, (2.55)
u u u

It is supplemented with Neumann boundary condition %u = 0; with the other

boundary condition %(Tu) = 0, the proof is similar. There exist two constants o
and foo independent of A such that

0<2a=ir):ff, J(x) = fo

Denote also Tiy = inf T, goo = sup,—; 3 [|Qxlloo and 7o = sup ||| -
We will prove the existence and the uniqueness of a solution in the convex subset
K ={v e L?>(O)/a < infv < B} of the space L*(0), where B is defined below.
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Existence of a Solution (Based on the Fixed-Point Schauder Theorem?). For all
functions v in K, let us define the operator S from K into L%(Q) defined by
S(v) = u, where u is the unique solution in H'(O) to the linear equation

T 1
— A%V. (—Vu) +AV=SQVu+u=f +a2l (2.56)
v v v

with boundary condition ain” = 0. Since || < 2, according to the maximum

principle,’ we have

20— 221 <y < po a2l
o o
We assume now that A is smaller than 1g = &/ /T; therefore, we get
a<uzp
where B = foo + @ andu = S(v) € K.

To show that S is compact and continuous on L2(©), let us consider a sequence
v, in K that is bounded in L?(Q) and we set S(v,) = u,. So we have

T 1 1
AZ<—WH, vu,,> + A2 <—2Q.Vu,,,un> + Jlup|> = A2 <r—, u>
vn

v’l n
(in the sequel || - || means || - || .2(o))- This implies
T T 5
AZ?IIVMH 12+l I1? < A2(C llus | + %IIWH o 1) < 2% (EIIVMH I* + 2/3;::’;4 llaa 1> + € lluy II) .

Therefore, the sequence Vu, is bounded in L?(®) and u, is in a compact set
of L2(0).

Assume now that the sequence converges to vy« in L2((). We have seen that the
sequence u, is bounded in H'(O); thus a subsequence, still denoted u,, converges
to a function uy in L2(0) and Vu, converges weakly to V.. Moreover, for each
test function iy we have

22 <Vu,1, ZVl//> + A2 <Q.Vu,1, %w> + (tp, ) = A2 <ri, w>

n n n

2Let S be a mapping from a convex subset of a Banach space into itself, if S is continuous and
compact with respect to the Banach topology, then S has a fixed point.

3See result 1 in the Appendix.
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Now since the mappings v +— 1 and v — % are Lipschitz on K, we know that
v U

ULHVW — LVy and #W — éw in L? strongly; thus we can pass to the limit in
the previous relation and we get

AZ<W*, 1w> + AZ<Q.W*, %w> + (s Y1) = 12<ri,w>
Vs U Ux

Therefore, u, is a solution to (2.56) with v = wv,. If another subsequence of u,
converges to a function u* in L?(0), this function u* is also a solution to (2.56)
with v = vy.

Since this solution is unique, we have u* = u, and the entire sequence u,
converges to uy in L2(0)

S(,) = ux = S(vx)  in L*(O)

The operator S is continuous from K into K endowed with the norm of L*(O).
According to the Schauder theorem, there exists a fixed point u = S(u); it belongs
to H'(0) and is a solution of (2.55).

Uniqueness of the Solution. Assume that there exist two solutions u and U of (2.55)
belonging to H'(O) which are strictly positive and bounded: for some « and S
we have

a<u<p, a<U=<B§8,
and they satisfy
5 5 1 5 1 2 (T r
AV (TV(logu—1log U) + A2 —=Q.Vu—22—Q.VU +u—U = A (— - —).
u? U2 u U
Then multiplying by log(u/ U), we get
2 u uy_ ol 1 u _ U\ _ofr_r u
A <VlogU,TV10gU> A <u U,Q.V(logU)>+<u U,logU>—)k <u U,logU>.
2.57)
If we had have Q = 0, r = 0, the uniqueness would come from relation

(u—U)logy = 0. In the general case, denoting z = (u — U)/U, we see that
|z| < B/ and notice that

1 1
<U(1—~|— ) U Q.Vlog(1l + Z)> < Co||VIog(1 + 2)|llzll-

So, (2.57) implies

ATV 1og(142) > +(Uz log(1 + 2)) < /\2C0||Vlog(l+z)|l||z||+%ﬂ)&2 (z.log(1 + 2)) .
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Then we have

AZ
o (z.log(1 + 2)) < ——C2llzl> + =2 BA% (z. log(1 + 2)) .
4T, a?

Thus, for A2 < ot3/(2/3roo), we get
A2 201112
(2.log(1 + ) < 7= CPl<I

and z = 0 if A satisfies also A2CZ < 2T, % log(1 + £). O

Proof of Proposition 2. According to (2.32) we have N; ' (9,4 U.V)(N,) = —V.U,
so using (2.33) we get in a classical way

No(3; + U.V)(N; ') = V.U,

1
m0N0(3, + UV)(U) = —VP()(N()) — ZNOFV(NeTg).

Since (Ny '&(Np)) = Ny *Po(No), we get
No(@s + U.V)(molUP + Ny E0(No)) = NoNg>Po(No)(d; + U.V)(No) — U.VPy(No) — ZNONLU.V(NETF),

1
= —Py(No)V-U = U.VPy(No) = ZNo 1 ~UV(N. T.)

Moreover, using the identity No(d; + U.V)w = 9,(Now) + V(NowU), if we add
this relation and (2.34), we get

3, + V(U (&) + (3, + V(U.)) (mONO%IUlz + SO(NO)) + N,T,V.U + V(Py(No)U)
= —ZNONLU.V(NGTE) + (ZNo — Ne)NLV(NGTe).U =—U.VN,T,).

Then, the result follows. O

Proof of Proposition 3. For A small enough, the function f5 = ZNy/ Nyt + A’g
satisfies f3 > 2a for « strictly positive (independent of A); it is bounded in L?
uniformly with respect to A. According to Proposition 1, there exists a unique
solution ®; in H'(O) to the equation

— A2V (TV®)) + ¥ = f;. (2.58)

and we have exp @) > «.
We now multiply (2.58) by ®, and integrate with respect to the space variable

ATV D, V) + (e —1,0,) = (fi — 1, ;).
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Using the identity (¥ —e®)(¥ — @) > (¥ —@)? min(e?, e¥) for each ¥, ¢ (i.e., the
convexity of the exponential function), we get

o 1
VTl VO + af| Pal* < EIIGDAII2 + 5”]& — 1% (2.59)

so there exists a constant Cy (independent of 1) such that |®,| < C,. Using this
bound, we get the estimate

VTl VOL? < Coll f — 1.
Thus, it exists C; such that
AIVE, | = Cy. (2.60)
We now denote F = log(Z Ny/ Nief), so multiplying (2.58) by &, — F, we get
ATV, V() — F)) + (®r — F.e™ — ZNo/Neet) = 1> (®5 — F. g) .

Since (TV®,,V (P, — F)) > (TVF,V(®, — F)), according to the above
mentioned property of the exponential function, we see that it exists oo independent
of A such that

|| ®r — FII> < (1 — F.e®™ — ZNo/ Nrer)
< MPTol VOV + A Palllgll — A% (F. g)

Due to (2.60) and the hypothesis of the proposition, we have when A goes to 0
®;, — F = &) —10g(ZNy/Net) = 0 in L2,
e® — ZNy/Nyws — 0 in L2, (2.61)

Since V®; is bounded in L?(0), according to result 4 in the Appendix, we get
V®, — VF in L?(O) weakly; so (2.45) holds. O

Remark 4. 1f the smoothness assumption on Nj is false, i.e., VN is not in L2(0),
then using the bound of ®; in L2(0), we may show that ®; — log(ZNy) in L>(0)
weakly, but one can only prove that V&, — Vlog(Z Ny) in distribution meaning.

|

Proof of Proposition 4. We will use the following lemmas, the proof of which is
given below.
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Lemma 1. Let ©) be the solution of
—A2A0; + 0, =0, (2.62)

supplemented with the boundary condition: ®,|r, =1, O], = 0, %®A|ao\1‘]
UI, = 0. Then, we have

00,

on

1
<Ci—.

(i) /G)A < CyA, (i) VO Scol, (iii) f <
o A 90 A

Lemma 2. With the assumptions of the proposition, the solution ®) of (2.39) and
(2.43) is such that there exists C, with

/rlUFz

As for the Neumann boundary condition, for all A, there exists a unique solution
®, to the Poisson equation

8@1

1
“on =C

2.

A

AV (TV®y) + ¥ = fi

supplemented with (2.43). Moreover, for A small enough, there exist two constants
a, B (independent of 1) such that

loga < @, <log§p.

Multiplying the Poisson equation by ®,, we get as above

9
/\2<T,|Vd>k|2>+(eq’* L) = (fi — 1.®y) +A2[FUF CDATa—nA
1 2

Since (¢®* — 1, ®;) > a®?, according to Lemma 2, one sees that
o
A Toinl VO, + E||¢’A||2 < G+ AGCy,
therefore we get

VO]l = Cs/A.

On the other hand, with F = log(Z Ny/ Nref), multiplying the Poisson equation by
®), — F, we get

ZN,
ATV (P~ F), V&) + <ch — F,e% — _°> =

N, ref

9D
2y (B—F)T—A+A2(<I>A—Fg)
q=1.2
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Thus, using the inequality (TV(®, — F),V®,) > (TV(P, — F),VF), we get
according to Lemma 2:

|| @ — F|* < X’Too|[VF V@] + AC2(sup(B1. B2) + || Flloo) Too + Co’.

So we see that |®; — F|> = O(A) and the remaining part of the proposition
follows. |

Proof of the Lemma 1. Denote by §(x) the distance from x to the boundary T';. Let
now 6, be the solution of —A2A@, + 6, = 0, supplemented with the boundary
condition 8y |yo = 1. We have the usual bound (cf. Lemma 2 of [17])

0<6(x) <e®/*  ford(x) > 4r/3

Then, for each local map Oy, one knows that there exists a local coordinate system
X1, X2, X3 such that the boundary is of the form x3 = f(x;,x;) and a constant r
such that

8(x) = r(xz — f(x1,x2)).

so integrating over x, we get

—+oo
/ 0, (x)dx < / eI/ gy < // (/ e_’(“_”""”))/“d)q) dxidx, < CA.
ono, ono, xeo, \Jo

Then fo 0, (x)dx < Cx«A. Now, since 0 < ®, < 6, we get point (i).

Moreover, ®; is the minimum function in H'(©) for the functional ® —
A2 VO|*> + ||®|* with the constraints Oxlr, = 1, Ox|r, = 0. Thus, there exists
Co such that A2 |[VO; > < CZ (it suffices to compare with a smooth function ¢
such that {|r, = 1, {|r, = 0). Now consider a positive smooth test function &
(independent of A) such that §|r, = 1, £|r, = 0 and multiply (2.62) by & and
integrate over the domain O, we have

)
0<A?| —0,= AZ/ VEVO,;dx +/ £@;dx < ACy || VE|| + ACx.
r, on o 9]

In the same way, multiplying (2.62) by 7 such that |, = 0, n|r, = 1 and
integrating over the domain O, we get

3
0< —AZ/ —0, = —A2/ VnVO,dx —/ nO,dx < ACy ||Vl + ACx,
r, on o o

then the last point follows. O

Proof of Lemma 2. Since @ is bounded by logS, we first notice that
1+ @) <exp(®y) < P +y.

with y = max(8, 1 — loga)
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Leta! = inf; inf,(f3), and a®> = sup, sup, (f1). Now, let ¢! and ¢ be the solutions
of the linear problems

—A*V.(TV¢))+ ¢, =a' —y

—AVA(TV) + ¢ =a’ —1

with the same boundary conditions ¢f{ ’Fl = B, ¢Z |r2 = B;. So, according to the
maximum and minimum principle, we check that

¢} < d; < P

Therefore, we get on each part I'; and I', of the boundary

ad o | < ( d 419 2|
e 8n¢* ' anqu
So if we prove that
/ a(jbq 0(1) f 1,2 (2.63)
— = B orqg =1, .
r | py 1

and the same bounds for I';, then the lemma follows.
According to linearity properties, to show (2.63), it suffices to prove this relation
for the following toy problem. So consider W solution to

d

—A2V.(TV¥) + ¥ =0, Y|, =1, V|, =0, —w =0.
on JO\TLUT,

This solution is positive and bounded by 1. So, multiplying it by ®,, we get

v 1
T— = TVY. VO — (P, 0,).
/n - /o 1+ iP (W, ;)

and multiplying (2.62) by T,

90 1
f Ty =/ TVUVO; + — (TP, 0;).
Iy n o A

Therefore, we have

v
0 = Tmin a_ = Too
F] n I‘1

00,

1
[ B a-nwe)+c.

Then, according to Lemma 1, we see that the right-hand side is a O(A™") and
that (2.63) holds for I';. For I',, it suffices to integrate the equation satisfied by
W over the domain O and to use Lemma 1. O
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Proof of Proposition 5. Recall that fy = ZNy/ Nyt + A%g is uniformly bounded,
then the equation reads as

A2V (TV®)) 4+ A2V.(e" % Q) + e® = f

According to Proposition 1, we know that %(infx filx)) = a <exp®, < B with
a, B independent from A.Then, multiplying this equation by ®;, we get

PATV®L V) + (@1, — 1) = (@1, /o — 1) + 27 (7™ Q.VP3)
RTal VO = C(1+22) + 22C V0, e~

Then by the same argument as above, there exists a constant C, independent from
A such that

AIVO, | = G«

Moreover, multiplying by ®; — F, where F = log( f3), we get

A(TVD,,V (0y — F)) + (01 — Fe® — f;) = A2 (®) — F, V.(e"%Q)).
Since (TV®,,V (9, — F)) > (TVF,V (D, — F)), we obtain
@@ FI? = (@, = g.¢% = f) < 2T [VOLIVF ]| + A2(| @3] + [ FINC +CCu).

thus | @, — F|| — 0. Then, the result follows. |

2.3 Two-Temperature Euler Models
and Magneto-Hydrodynamics

We now perform the quasi-neutrality approximation that is justified above. With this
approximation, different quasi-neutral models may be stated; these models depend
on the physics to be accounted for. We address in the first subsection plasmas
without magnetic effect, which leads to the usual two-temperature Euler system
that we address in different physical situations.

In the second subsection, we describe the popular magneto-hydrodynamic
(MHD) system, which is relevant if we must account for magnetic effects; we
address this in the two-temperature framework, which enables us to emphasize the
energy exchange among ion population, electron population, and magnetic energy.
To get the one-temperature MHD system, it suffices to mingle the ion and electron
temperature, as explained below.
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It is worth noticing that the two-temperature Euler system with radiative coupling
and thermal conduction is the basis of most of the computational codes for solar
astrophysics and for the simulation of Inertial Confinement Fusion experiments,
while the electron MHD system is the basis of all models of reduced MHD (see
below) which are used in practice for the fluid simulations of the evolution of
tokamak plasmas.

2.3.1 The Two-Temperature Euler System

Here, we do not account for the time evolution of the magnetic field. Firstly,
we address the case where no electric current is accounted for and we state a
simple system including the evolution of the ion temperature and of the electron
temperature without radiative phenomenon. Secondly, we give some enlightenment
on a simple thermal conduction model and on a radiative diffusion model. Lastly,
we deal with the case of current-carrying plasmas.

As was explained above, since the quasi-neutrality approximation is valid, the
general prescription is that N, = ZNy, P, = ZNyT, and the Ohm’s law reduces to

q.E = —(ZNy)"'VP, = =Ny~ 'V(NyT,)

Now, the ion momentum equation reads
0
moE(N()U) + moyV.(NoyUU) + VPy + VP, = 0. (2.64)

Recall that €, is proportional to (7, — Ty) (see formula (2.68) below) and the ion
and the electron energy balance equations (2.4) and (2.37) simply read as

0
550 + V.(&U) + Py V.U = Q. (2.65)

9
o Ee + VAEU) + PV.U+ Vane = ~Que. (2.66)

Then, for the ion total energy balance, we get the relation

3 1
(5 + V. (U-)) (50 + moN0§|U|2) + V.(PyU) + U.VP, = Qq.,

and for the global energy balance relation

) 1
(5 +V. (U-)) (50 + &+ m0N0§|U|2) + V.(PoU + P,U) + V.qpe = 0.
2.67)
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It is classical to use the density p = moNy and to introduce the specific internal
energies
&o E 37

o = Ee =
moNy’

- e
mON() 2 my

Recall that the relation between pressure and internal energies is given by

2 2
Pe = gge = 5/)89 = ZNOTg, P() = ()/ — 1)50 = ()/ — 1)p80 = N()T().

(i.e., an equation of state of perfect gas law type). Then besides the continuity
equation (2.1)

0
ENO + V.(NoyU) =0,

the system that consists of (2.64)—(2.66) is closed. It is formally equivalent to the
system (2.64), (2.66), and (2.67).
Now, introduce the Lagrangian derivative

D 0
—e = — U.V(e).
Dt ¢ ot ot ®)
According to the continuity equation, we check that
D 0
—e = — V.(Upe).
Pp, = 5, (P + V.(Upe)

Summary. Using the Lagrangian derivatives, the system may be stated as follows

D
i —p ' =V.U=0
@) Po.P ,
. D
(ii) pD_tU +V(Py+ P,) =0,
(&27)
(iif) D PVU=Q
iii —e U= ,
th 0 0 0e

. D
(iv) Pp e T P,V.U+ V.qne = —Qe

Of course, equation (iii) may be replaced by the following equation for the total
energy

D 1
- (80 et §|U|2) + V(P + P.U) + V.qe = 0



40 2 Quasi-Neutrality and Magneto-Hydrodynamics

that is to say

0 1
(5 + V-(U')) (50 +& + P§|U|2) + V.(PU+ P U) +V.qpe =0

It is worthwhile noticing that although the roles of ions and electrons seem to
be similar in (2.65) and (2.66), it is not the case. Indeed, we know that when
shocks occur, some information is missing if we state only the system (2.64)—(2.66).
In its reduced form without the thermal conduction term qq e, it has been analyzed
recently from a mathematical point of view; it is related to the definition of the non-
conservative products like P, V.U when U is discontinuous. It may be shown that
one has to add some information on the entropy deposition, see [37] for example.
Zel’dovich and Raizer noted a long time ago in [117] that this entropy deposition
needs to be made on ion population only. This fact has been justified also in [32] with
an asymptotic analysis (in the case where the Debye length goes to zero). In [31], it
has been proved in one dimension that the solution of the ion Euler system coupled
with the nonlinear Poisson equation converge to the solution of (2.1) and (2.64) in
the case of constant temperatures.

Notice also that without accounting for the thermal conduction V.qy., this
system may enter into the framework of the well-posed Lagrangian system
described in [44]. Its numerical treatment is a whole subject not covered in this
book, but it is related to the hyperbolic property of this system; this property is
analyzed in the last section of this chapter.

2.3.1.1 Accounting for the Thermal Conduction

More than 50 years ago, Spitzer [111] stated a usual formula for the electron thermal
conduction in hot plasmas. In its simplest term, it reads as

K
Qe = —— VT,
i

where k is a positive coefficient that is roughly speaking proportional to the inverse
of the Coulomb logarithm logA (recall that logA is in the order of some units and
may be considered as a very smooth function of the space variable).

Notice that the accurate modelling of the electron thermal conduction is a very
active area; besides [111], see pioneering works such as [54,79] and more recent
works [94, 104] and the references therein (as a matter of fact, in hot plasmas the
heat flux is not simply proportional to the gradient of the temperature, so it is called
a nonlocal heat flux).

To achieve the statement of the evolution system (£27), notice that the coupling
term £2¢, between the ion and electron temperatures reads generally as

Qoe = L-L(T)(T, = Ty) (2.68)
mo
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where the inverse of the relaxation time ¢ between the two temperature is given by

{(T.) = ptc/ T}?

here the coefficient ¢¢ is proportional to Z2(logA), see [38, 111] for more details.
From (£27), let us focus on the subsystem corresponding to the two-temperature
evolution equations with thermal conduction and two-temperature coupling; it reads

D
pore0+ PV.U = Lo(T)(T, - Ty),
t my
D K 7/2 Y
Pp et P VU=V (—VT,7") = —L(T)(To — To).
mo mo

Here, we can consider a “hydrodynamics part” corresponding to the pressure terms
and a “thermal part” corresponding to the conduction and the two-temperature
coupling. This thermal part reads as follows

3Z 9

P g Te = V.(kVT)?) = pt(T)(Ty — T.) (2.69)
39

,0557"0 = pl(T)(Te — To), (2.70)

where the density p = p(x) is frozen and is strictly positive, « is a strictly positive
function depending on x, and ¢ is a strictly positive function of x, 7,. We now
consider this system on a bounded open set O with smooth boundary and state a
result for its well-posedness. Of course, it needs to be supplemented with boundary
conditions for 7, and initial conditions T;“i, Toi“i. For the sake of simplicity, we
consider the Neumann boundary condition

—7,=0
on ¢

and we assume that two constants & and § exist and are such that
O<a<TM<B, a<TM<p (2.71)

Now, we need to make technical assumptions. The function ¢ satisfies the following
properties: two constants K, ko exist and are such that
K(x) >0 > 0; |¢(x, Te) — &(x, T))| < K|T, — T)| forall x, T,, T, st.a < T,, T, < B
(2.72)

Then we have the following result (the proof of which is given at the end of the
section).
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Proposition 7. Assume that (2.72) holds and the initial conditions satisfy (2.71)
and belong to H'(O) and L*(O). Then for system (2.69), (2.70) and for any
final time ty, there is a unique solution (T,(t),To(t)) belonging to the spaces
L*0,15; HY(O)) N C(0,t7, L*(O)) and C(0,t7; L*(O)) and such that

a <T.() =<8 a<Tyt)<p (2.73)

Of course, according to (2.73), if the density p is bounded, the function {(x, T;)
which is proportional to p(x)Tg_y ? satisfies the Lipschitz condition (2.72).

Notice that if assumption (2.72) is not true and if the initial conditions (7™, 7i")
are zero in a subdomain there are some technical difficulties to prove the uniqueness
of the solution (up to my knowledge, it is an open problem).

2.3.1.2 Accounting for Radiative Coupling

In the case of hot plasmas, such as in stellar plasmas or in Inertial Confinement
Fusion plasmas, radiative coupling has also to be taken into account. So, we describe
here a simple model to address radiative phenomena: the frequency-dependent
radiative diffusion. To account for these phenomena, we must introduce the radiative
energy density &, (¢, x) corresponding to the energy of the photon population with
frequency v, at time ¢ and position x; the frequency variable v belongs to the half-
line R™ (a photon of frequency v has a energy equal to #v where h is the Planck
constant). Notice that £, is evaluated in the fluid’s reference frame.

Recall that each hot material emits spontaneously and continuously photonic
radiation over a wide spectrum of frequency; if it is at local thermodynamic
equilibrium, the emitted radiation is described by Planck’s function which is a
universal function depending only on the electron temperature 7, and frequency
variable v and which reads

8w hv _
B,(T,) = C—3hv3(exp(7) -

up to a multiplicative factor ¢ /(47). It is called black body emission. The integral
of B,(T,) over all the frequency is equal to arTeA' (here a, is the universal radiation
constant).

Denote by o, = 0,(T,) the frequency-dependent absorption coefficient (also
called opacity); it depends on the temperature and on the material characteristic.
For instance, for fully ionized plasma, we may use the so-called Kramer formula for
the opacity

1 1 hv
oy = COEW(CXP(E) -1
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where the coefficient Cy is a function of the atomic number of the material and its
density. Moreover, denote by oy, the so-called Thomson scattering coefficient given
by o1h = Ocons Ne (Where o¢ops 1S @ universal constant).

Now, besides evolution equations for p, U, &g, &,, we have to state the evolu-
tion equation for the radiative energy density &,; it reads

8(115 ) c

—FV
3(ov + omm)

9 1
S EvtVAUE) + 3 (6=

0 )WV.U— V(

gv) = coy(By(Te)—&E) + Gy (Te, Ey).

or in the Lagrangian framework

D&Y L, M08 gy ¢ _ .
le ( p ) + 3(61, )YV.U-V. (3(% ¥ om) Vé',,) = co,(By(Te) — &) + Gy (Te, ).

The term 8(”5” is related to the so-called Doppler effect, i.e., the frequency shift

due to the expansmn or compression of the matter. Moreover, the operator G, (T, -)
corresponds to the so-called Compton effect; it is defined by

Gy (Te. &) = ocv (4T E —hvE, (1+

3
prscye)h (acvhvz&,(l +

) + UCuTeV *( Z))
(ocy is a coefficient close to the Thomson coefficient ory); the Compton effect is
negligible when the plasma is not very hot. One notices in these equations the

o, +(Th) V¢, ) and the term o, (B, (T,) — &,) related
to the emission/absorption phenomena between radiation and matter.
Notice that the quantity
+o00
E = / Edv,
0

corresponds to the total radiative energy (evaluated in the fluid’s reference frame)
and we may define the radiative pressure by %5, .

Now, the radiative phenomena are coupled with the plasma model in the
following way. In system (£27), equation (iv) must account for the exchange term
between radiation and matter; it reads now as

radiative diffusion term V. (

D +00 +o0
PESe+PeV~U+V'CIth,e = —QOe+C/ [Uvgv—Uva(Te)]dV_/ Gy(Te, Ey)dv
0 0
Moreover, equation (ii) is modified by the following way
DU—I—V(P + P, + ]5)—0
th 0 e 3 r) — Y.

Then, the energy balance equation reads

D 1., & 1 /+°° cVE,
— = YV (Po+Pet - E)U)+V.qne—V. gy =
PDI(50+5e+2|U| + . )+V.((Po+ e+35 YU)+V.qine A 30y tom) v

(2.74)
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For this modelling and the mathematical analysis, see, e.g., [87, 97] and more
recently [78] and the references therein. Without accounting for the hydrodynamics
part, it has been proved that with appropriated assumptions, the reduced system

ad ¢
—& -V | ——VE& | = co,(B,(T,) — &),
até’ (3(0v+0th) 5) co,(B,(T,) —&,)

0 +o0 +o0
—&, = c/ 0,E,dv — c/ o, B, (T,)dv.
0 0

Pt
is well-posed; see [8]. But the full system is quite difficult to handle.

There is also a simpler radiative model called the gray-diffusion approximation
which may be derived from the previous one by making some elementary closures.
We emphasize it now (disregarding the Compton effect).

Instead of the frequency-dependent energy density £,, we need to consider only
one evolution equation for the gray energy density &,. Then, we define the Planck
averaged opacity op(T,) as

—1
op(T.) = /Uqu(Te)dV~ (/ Bv(Te)dU)

and the term [ o, (B, (T,)—&,)dv for the emission/absorption phenomena is simply
replaced by op (a,T;* — &,). The evolution equation for &, reads as

9 1
L+ V.(UE) + ~EVU-V. [ -5VE ) = cop@T—&)  (275)
ot 3 30k

or in the Lagrangian framework

D (& 1 c
— (= —EVU-V.|—VE | = TH—&),
"Di (,o)+ 3 (30’R ) coplaT, )

where the Rosseland averaged opacity oz (7T,) defined as

1 Foo 1 0B, Foo 0B,
= T.)dv. —(T,)d
or(T,) /0 oy + owm 0T, (Te)dv ([) o7, (Te) V)

See, e.g., [77,97] or [21] for such a model.
If we disregard the thermal diffusive term, the previous system reads as

-1
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D
—pl-vVU=0
PP ,

D
p5 U+ V(P + P+ 1&) =0,

D
(€2TR) pp 0t PoV.U = ISUT(Te — To),

D
po-ee + PV.U = EUT)Ty ~T.) +cor(E, - aT?).

D 5” 1 c _ 4
o (;) +levu-v. (mvg,.) = cop(aT! - &).

Of course, there is a energy balance equation that reads as

,02 (50 + &, + l|U|2 + é) + V. ((P0 + P(,—I—lé’,)U) —V. (LV&) = 0.
Dt 2 0 3 30r

We may notice that in model (€27 R) as for system (£27), there are difficulties
when shocks occur which are related to the definition of the nonconservative
products such as P, V.U or %E,V.U. As a matter of fact, we need to add some
information on the entropy deposition: the two quantities £, and &, play a similar
part, and from a physical point of view one needs to claim that the entropy deposition
is made on the ion population only.

Remark 5. The usual Rosseland approximation corresponds to the fact that in
system (£2TR) we set &, = arT€4 and we gather together the two last equations
and replace them by

C“Vﬁ)=£{@%%—nx
30’R my

D . 1
P (e + ZTH + (P + ~a,THV.U - V.
Dt p 3

For mathematical results related to the well-posedness of this system and to
a justification of the Rosseland approximation, see, e.g., [8]. For some other
models and numerical methods, see [15]. For details of the modelling of radiative
hydrodynamics using with transport equations, see [25]. a

2.3.1.3 Accounting for Electric Current

We deal now with current-carrying plasmas: the magnetic field B is either an
external field or is given by an evolution equation (see the following subsection
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where the electron magneto-hydrodynamics model is complete). For the sake of
legibility, we disregard the radiative coupling phenomena.

So, we address a two-temperature quasi-neutral model with given fields B and J
(with V.B = 0) and we take a generalized Ohm’s law given by (2.54); that is to say

1 1
JxB+ —VP, = yuJ.

E+UxB-
quﬁ (IeNe

Recall that the ion momentum equation (2.22) reads
a
moE(NOU) 4+ moV.(NoyUU) + VPy+ VP, = J xB (2.76)
or equivalently
0
mOE(NOU) + moV.(NgUU) + VP = ¢ Ne(E + U x B) — g Nopl°xJ. (2.77)

Let us go back now to the ion and electron energy equations (2.4) and (2.37). Thanks
to the quasi-neutrality, since U — U, = J(¢g,N,)™", the ion energy equation reads

0
E&) + V.(&U) + Py V.U = Q. (2.78)

and the electron equation may read in one of the two equivalent forms

1
Neq.

ad 5
O AV (EU) 4PV U4V que = —QotV. (27,2 )=
ot 2 "4

JVP A4y’ 32
(2.79)

) 5
56+ VAEU) + PV.U+ Vg =~ + V. (ETel) +J.(E+UxB).
qe

One moves from one form to the other by using the following relation (obtained
thanks to the Ohm’s law)

1

JE+UxB) =~ LV P + I

eYe

Using the specific internal energies, the previous system reads as
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D
i —p ' —V.U=0,
€y PP

D
(i) pp U+ V(Po+ P)=JxB.

D
€27 i P f0+ PoV.U = Q.

. D 5T,
(iv) p—¢e. + P.V.U~+ V-qth,e = —Qq. + V. J
Dt | 24,

geNe

JVP, + yul|J2.

The term y.°|J|* corresponds to the so-called Joule effect or Ohmic heating.
Of course, multiplying (2.76) by U and combining with (2.54), we get as above
the global energy balance

d 1
o7 e+ Eo+moNo U + V(& U, + EoU) + V.(PyU + P, U,) + Ve = J.E

(the term J.E being related to the work of electromagnetic forces).

Remark 6. The two terms V. (% T.J ) and m,] .V P, are not always taken into

account in the literature, but they appear, e.g., in [21,38].

The first term may be considered as a part of the thermal conduction flux. But
the second one is the counterpart of the term J.E and it is necessary to have the
right energy balance (recall that —ZLNOVPQ is the main term in the expression that
defines E). O

2.3.2 Electron Magneto-Hydrodynamics

In the framework of the quasi-neutral approximation, we now account for the full
electron magneto-hydrodynamics , i.e., the magnetic field equation is coupled with
the previous system: the field B obeys an evolution equation coming from the
Maxwell-Faraday equation and the generalized Ohm’s law.

Beside the first paragraph where the conductivity o is a scalar, we address in a
second paragraph the case where the conductivity is a tensor (which is generally
used in the cases where the magnetic field is very strong).
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2.3.2.1 Case with Scalar Conductivity

Here the electric resistivity* x is of Spitzer type: i.e., it is the inverse of the electric
conductivity o (up to the constant °); we have with the notations introduced above.

xp”) ' =0=2Zq2/veo

so it is also proportional to the Coulomb collision frequency 7, = m./ (Voo Npet)-

Notice that the electric conductivity is strongly related to the conductivity
function (4.11) given below by o(®) = (ZNog?)(veoNo—im,w)~! since the Debye
length is negligible; as a matter of fact, we get

Re(o(w)™ ) =07 = yu. (2.80)

When we take the “curl” of relation (2.54), we get

curl(E + U x B) = —curl( N, VP,) + curl(yuoJ) + curl( J x B).
q

e

Therefore, the Maxwell-Faraday equation leads to

0 VP, 1
—B—curl(U x B) +curl (ycurl B) = curl —curl { ——curlBxB ],
ot geNe geNept

with the constraint that B has to satisfy the magnetic Gauss relation
V.B =0. (2.81)

Of course, if B is initially divergence-free, it remains divergence-free always.
According to this constraint and identity (A.1), we may write the left-hand side
of this evolution equation in other forms

0 D
—_B— = — V.U)—-(B.V
BtB curl(U x B) DtB + B(V.U)—-(B.V)U

D B
pD_t(;) - (B.V)U.

To get the last line, relation V.U = NyD; N, ' = pD,p~! has been used.

On momentum equation [£27 J(ii)], since the current is curl B/u°, we display
the magnetic pressure tensor V.Pp. Then, we get the following system for the
evolution of p, U, &9, &., B

4 As a matter of fact, the electric resistivity is defined as 1’ ; it is also denoted by 5 in some physics
textbooks.
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6))] D - v.U=0
i — —-V.U=0,
PD[P
. D
(11) /OEU + V(PO + Pg) + VPB = 0,
D
(iii) p—=¢eo + PoV.U = Q,

Dt

D 5T, curlB
(MHD)| (iv) poree + PV.U+ Vidue = Qo + V. ( Rl )

2q. 10

VP 1B
__e.curo + lo |curlB|?
geNe 1 M
D (B VP,
W) p— (—) —(B.V)U + curl (ycurlB) = curl ( ' )
Dt \ p qelVe

1
—curl ( OcurlB X B) ,
qeNept

with the constraint (2.81).
Of course, we may state this system in an Euler framework, it suffices to replace
equation (i) by

3
—p+V.(pU) =0
Tl (pU)

D ‘
and in the other equations to replace pEX by %(pX ) + V.(pXU). Then the last

equation reads as

%B—I—V.(UB)—(B.V)U—Fcurl (xcurlB) = curl ((Z;i) —curl (wcurlB X B)

In equation (v), the quadratic term (curl B x B), which is related to the Hall effect,
may be neglected if the magnetic field is not very strong. Note that there is no
contribution of the Hall effect term in the energy balance (indeed, we have always
B.curl(N, 'curlB x B) = 0).

The term V.(& curlB

S 2q O
temperature 1S constant.

It is worth noticing that in equation (v) the term with (V P,)/N, corresponds
to the so-called self-generated magnetic field and reads also as curl(N;'VP,) =
VP, x V(N;); it is an external source that is not zero if the gradient of the plasma
density and the gradient of the electron temperature are not parallel.

) is called the thermoelectric one; it is zero if the electron
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It has its counterpart at the right-hand side of equation (iv). Therefore, it is
possible to neglect these terms with (V P,)/ N, both in equation (iv) and (v).
Energy Balance

Let us recall that the magnetic energy is equal to 217 |B|2. Recall that VU denotes

the tensor (VU); ; = d,,U;. Let us multiply the last equation of (MHD) by B/ u.°.
For the first part of the magnetic energy balance relation, we get

21

_ 2 Bl +Pp : VU
_th 2p/1/0 B - )

1 D _ D (B 1,
EB. (D—tB +B(V.U)—(B.V)U) =5 (—0) +E[IB| V.U -B((B.V)U)]

B
indeed we have as usual pD—(u) = 2 Dr |B| - |B| (V.U) and obviously
B((B.V)U) = BB : VU. For the second part, using identity (A.2), we get
1 VP, 1
B.curl ——JxB
0geNe 19, N,

((J 1VP+ 1 JXB)XB)+ OJ(J 1VP)
u° geNe, uoq. N, o u1® geNe, '

So we may state the magnetic energy balance equation

D [ B)? (( 1 VP, 1 ) ) o 1un o VP,
— +Pp s (VO+V.( ( J—— + JxB| xB |+’ JP=J.—=% =o.
D1 (2/0#0) 3: (VD) K70 4N, T 10N, ol geN.

Introduce the global energy
1 1
Eo = =— B + & + & + smoNo [U]*.
2 2

Therefore, multiplying the momentum equation by U and using the tensor iden-
tity (A.5), we get finally

Dt

V(XB B+ B (VP6+ ]JB))
= A — X cur —_— X | — X .
,bLO /10 qCNE QeNe

D (E
PDr ( :t) +V.((Po+ P)U) + V.(Pp.U) + V.dune

Since the right-hand side is a divergence of a vector, we see that this energy balance
relation is a conservative one.
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Remark 7. The usual simplified resistive electron-MHD system is obtained when
one disregards the Hall effect terms and the self-generated magnetic field (this is
justified in the cases where the magnetic field is not very strong) and the thermo-
electric term (justified if the electron temperature is quite constant).

More precisely, it corresponds withdrawing the right hand side of equation
[MHD(v)] and keeping only the Joule effect term (and the two-temperature
coupling) in the electron energy equation; so [MHD(iv), (v)] are replaced by

D
p—te + PV.U + V.gne = Qo + 2 [curlB]?  (2.82)
Dt uo

ad
&B — curl(U x B) + curl (ycurlB) = 0. (2.83)

Of course, the above global energy balance relation reads now as

D (E
= ( /;ol) +V.((Py+P)U)+V.(P5.U)+V.que = V. (%B X CurlB) O

2.3.2.2 Case with a Tensor Conductivity

We now address the case of the strongly magnetized plasma and we want to
determine a link between the electric current J and the fields E and B. Therefore,
we define the unit vector b = B/|B| and the electron Larmor frequency

Wee = £|B|

e
and we begin with the Ohm’s law (2.54) which we write in the following form

) 2z
Jxplele Ly 42 g L yxp) = L
Ve0No Veo Voo No

VP, (2.84)

Thanks to this expression, we now perform a closure by dropping the r.h.s. term
related to the thermo-electric effect. By a classic way, Ej = b(E.b) denotes the
parallel component and E; = bx(E x b) the perpendicular component of the
electrostatic field. Since we have bx(W x b)=W, for all vectors W orthogonal to b,
it may be checked that (2.84) leads to (y; is the scalar resistivity defined as above

by veod; > 7,0)
1 1

J= g+
w0 X I

1
M() mbX(EL + U X B)

S wee v

1
. —(EL +UxB) +
HOXs 1 4 2

This expresses the desired closure

J=0 (E+UxB) (2.85)
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where the tensor o, may read in the system of coordinates defined by
b, bX(I::Xb), (b x I:Z) (where E= E ) as follows

]
x5 0 0
o =10 '+ 0
0 0 X G+ )™

Moreover, the resistivity tensor y is givenby y u’ = o ~! and reads as
<~ <~ <~

xs 0 0
2
X =] 0 xd+35) 0
0 0 xGL+E

We can now proceed as in the previous paragraph. Since
curl E = —curl(U x B)+curl (E + U x B) = —curl(U x B)+curl (&_'J),

the Maxwell-Faraday equation leads to the evolution equation of the magnetic field.
d
—B — curl(U x B)+curl ( x curlB) = 0.
ot -

As above, this equation may read also as

D B
p—(=)—B.V)U + curl ( X curlB) =0 (2.86)
Dt p <~

We may state the MHD system in this framework

o) D gu=o
1 —_— —V.U=20,
'ODI'O
D
(ii) P35, U+ V(Po + Po) + V.Py =0,
D
(MHDT) (ii1) ,OESO + PyV.U = Qy,,

D 1
(iV) Pr=€e + PeVU + V-qthe = _QOe + —curlB. X .CllI‘lB,
Dt ’ uo <~

D B
(v) p—(—)—(B.V)U + curl ( X .curlB) = 0.
Dt p <~
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Let us now focus on the Joule effect term

1
Soule = —gcurlB. y .curlB = J.(E + U x B)
H <~

In the above-defined system of coordinates {b, bx (Exb), (b x E)} we may compute
2

this term. Since J Z&.(E—FUXB), we get (E+UxB) = u® o Jy+uxs(14+%5)J 1

where J; = (J.b).b. and J1 = J — J; then we see that

2
Wee
SJoule = /’LOXX|J|||2 + /’LOXS(I + v2 )lJJ-|2

We notice that the term with (-~ + “) in the resistivity tensor does not appear in

this formula (this term corresponds to the component of y .J which is orthogonal
<~
to E).

Remark 8 (Energy Balance). We now state the magnetic energy balance. Since,
according to (A.2), we have

B.curl( X .J) =V. (( X .J) XB) +u’J. 7 J
<> <> <>

we get

D ( |B)? 0
p— 5| +Ps: VU4 V. x J)xB)+u'J x J=0.
Dt \ 2pu <~ <~

Thus, for the global energy balance relation, we get as above

D (Eg 1
p— =) +V.((Po + PHU)+V.(Ps.U) = V. (Bx | — y curlB) ). O
Dt \ p RPN

Remark 9. As a matter of fact it is also possible to add in the r.h.s. of [MH D7 (v)]

e
geNe
Remark 10. As in the case of scalar conductivity, the conductivity tensor
o, is closely related to the conductivity tensor function g (w) proposed in

Sect.4.1.1 of Chap.4 which links the envelope fields Jand E by a relation of
the type J = g (w)E (where the envelope fields are such that E = Ee/kx—io7,

J — jeik.x—iwt)' O

the term curl( ) , related to the self-generated magnetic field. |
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2.3.2.3 Boundary Conditions. Axi-Symmetric Geometry Case
(a) Boundary Conditions in the 3D Framework

We analyze here some different boundary conditions for the M HD models, but
we disregard the two energy equations (indeed, for the sake of simplicity, one
may assume that the ion and electron temperatures are somehow constant near the
boundary). Roughly speaking, there are two kinds of material boundaries for such
models: either the boundary corresponds to an insulation material or a conducting
material. Of course, the wall material may also own magnetic properties; then we
need to deal with impedance conditions on this boundary (but this is more tricky).

Since we assume that the temperatures are given, 2V p may replace V (P, + P)
with an appropriated sound velocity c;, so we may address the following simplified
problem near the boundary

]
5Pt V.(pU) =0 (2.87)
)
5(pU) + V.(pUU) + ¢?Vp+ V.Pg =0 (2.88)
]
EB—curl(U x B) + curl (ycurlB) = 0 (2.89)

with Pp = ﬁ(% |B|> — BB).

In the sequel, we denote as usual by n the outwards unit normal vector to the
boundary I" of domain O.

It is worth noticing first that curl(ycurl B) is a diffusion-like term; then for the
boundary conditions, there are two different cases: firstly, y is strictly positive near
the boundary; secondly, y is zero near the boundary. We focus here only on the
first case corresponding to a resistive model, which is assumed to be valid up to
the boundary. Therefore, we do not account for the existence of a “vacuum” near
the boundary. (“Vacuum” means that the ion density is zero near the boundary. This
case is quite difficult because the electron population is nonzero and a corresponding
electric current needs to be addressed.)

Since y is strictly positive, (2.89) is of parabolic type and its boundary condition
is specific and may be imposed independently of the two other equations.

It is also worth recalling that system (2.87) and (2.88), which reads in the form

I p P : P pU
oot ( (pU)) e (pU pUU+c2pl + Pp,
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is hyperbolic® and the eigenvalues of the Jacobian matrix are equal to n.U + c;;
indeed, Pp does not depend on p and U, thus it does not come into the Jacobian
matrix (notice that the computation of the eigenvalues for the full M HD system
is made in Sect.2.4 below). One knows (see, e.g., [60]) that if the flow near the
boundary is supersonic with an outgoing velocity, i.e., n.U > ¢, then no boundary
condition needs to be imposed; moreover, if it is subsonic, i.e., |[n.U| < ¢,, one must
impose a scalar equation for the boundary condition.

Generally, the plasma flow is subsonic and we must handle one boundary
condition related to the normal ion velocity n.U. This point is quite sensitive,
since there are sheath effects according to the presence of a electric current at the
boundary; moreover, the quasi-neutrality does not hold in the neighborhood of
the conductor in a width of about a few tens of typical Debye lengths which is
called the Langmuir sheath (and is related to the Child-Langmuir problem when
an electric potential is imposed). There is a wide range of literature related to this
problem; see, e.g., [28] for a review.

Nevertheless, in the case where there is no external electric circuit and the surface
of the material is not insulated, there is a crude approximation known as the Bohm
criterion, which claims that the ion velocity near the boundary must satisfy

n.U = c.

On the contrary, if the surface is perfectly insulated, we can assume that n.U = 0.
Let us address now the boundary condition problem for (2.89). But firstly, let us
go back to the classical calculus for the magnetic energy. If we multiply (2.89) by
B and integrate over the spatial domain, using the vector identity (A.5) and setting
S=—/, xlcurlB|?dx + Jo (U x B.curlB)dx the usual inner term, we get

10
—— BI?
28;/@| Fax

/ B.curl(U X B — ycurlB) dx = S + / n.(U x B — ycurlB) x BdT'(x)
o r

S+ /((U X B — ycurlB) X n)[(B x n) X n]dI"(x)
r

[using the usual formula n.(A x B) =(A x n).((B xn) x n) ]. This shows that
the normal component of the Pointing vector (U x B— ycurlB)xB on the boundary
is related to the tangential components of the two vectors E = —U x B+ ycurlB
and B.

We now address two kinds of boundary material.

1. Ifit is a purely conductive material, since the electric potential of the conductor
is constant, we must have E x n = 0, which implies the following condition.

SFor a one-dimensional space variable, a system of the form 9,Y + % (F(Y)) = 0 is called
hyperbolic if all the eigenvalues of the Jacobian matrix dF/0Y are real and there exists a complete
set of eigenvectors. For a three-dimensional space variable, a system 9,Y + X %(F i (Y)) =0
is called hyperbolic if one has the analogous property for the Jacobian matrix %(a)l]Fl + wFy +
w3[F3) for all coefficients w, w,, ws.
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(U xB—ycurlB) xn = 0.

2. If it is not a purely conductive material, one needs to impose a boundary
condition that links the tangential components of the electric field E and the
magnetic one B; so with a positive coefficient & depending on the material, we
may impose the so-called impedance boundary condition

a(U x B—ycurlB)xn 4+ (B xn) xn = 0.

This type of condition is usual in electromagnetism. Notice that the case ¢ = 0
corresponds to a pure insulated material.

Remark 11 (Transparent Boundary Conditions). Generally the simulation domain
needs to be truncated and it is necessary to pay attention to the treatment of the
artificial boundaries. For the subsystem (2.87) and (2.88), if the flow is hypersonic
with an outgoing velocity, one must not impose any boundary condition; but if the
flow is subsonic, one needs to impose a transparent boundary condition. One may
address this problem by using a perfectly matched layer technique as in [11] (see,
e.g., [89]); one may also use a technique related to the Riemann invariants of the
system (pn.U=xpc;), see, e.g., [60].

In all cases, one needs to deal also with boundary conditions for the resistive part
(curl(ycurlB)) and the analysis made above needs to be adapted for dealing with
this problem.

Notice that in the case where y = 0 near the boundary, the full system (2.87)—
(2.89) is hyperbolic, and the statement of the boundary conditions is different and
depends on the flow characteristics—more precisely on the signs of the eigenvalues
of this hyperbolic system (see Sect. 2.4). O

(b) The Two-Dimensional Axi-Symmetric Geometry

For many applications, e.g., for tokamak simulations or for Z-pinch simulations, one
needs to deal with the previous system in this geometry. Let us give some notations:
(r, z) denotes the coordinates (r is the distance to axis of axi-symmetric geometry),
0 denotes the angular coordinate in the direction of rotation, and ey denotes the unit
vector at point (r, z, 6) in the direction of rotation. All the fields and functions are
functions of (r, z) only. A vector field A in 3D may be decomposed into a toroidal
component Ageg (wWhere Ay is a scalar function) and a two-dimensional poloidal
component Ay = (A,, A;) which has no component according to ey; i.e., to say
A = Apeg + A,. Recall that the divergence of the two-dimensional vector field is
defined by

1
V.Ap = -0,(rA,) + 0.4,
r
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and for the curl we get

0 a
[curlA]l, = V XA = a—ZA, — EAZ,

0 10
[curl(Ageg)], = —— Ay, [curl(Agep)], = ——(rAg)
0z ror

Then the magnetic field B must be decomposed into its toroidal component By and
its poloidal component B, = (B,, B.). The constraint V.B = 0 (in R?) reads
now as

VBy =0
Using this relation, the divergence of the magnetic tensor becomes

B, 0 0 10

0 _ 20 Y 2
wV.Pgl, = . (rBe) B, e —B, + = 29r —B;
19
= 53—(|BA|2+BQ)+ -B — (B B.) — ——(rBz)
19 9 19
Ov' _ _ — - n2
WIVPsl: = 55 B BarBZJ’zaB
19 1 9
=35 (IBal* + B}) — (rB B.) — —32

The system (MHDr) may now read as follows (with the notation V.e= % o,

+3%.z)
D
PEU +V(Py+ P.) +V.Pg =0,
D
— PyV.U = Qy,,
thso + Py 0
D
pase + PeV-U + V'qth,e = _QOe + Sjoules
D By U, 1
P (o)~ By -, ( x -—V(VBO)) 0
<~ I
Ba €9
p—(—)—(BA.V)U+curl xJo) =0, Jo = —0(curlBA)9
Dt p <~ 2
where

1 11
SJoule = _0J9 x Jo+ —O—ZV(FBQ) X .V(VB@)
1% Ad mer <~
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In a Euler framework, the two last equations read as

B U, - 1
0 L V.(UBy)— By—~ — V. ( P .—V(ng)) =0,
ot r T

a'l 4+ V.(UBA)—(BA.V)U+-curl ( X .J@) =0.
ot ~
It is worth noting that, in this model, the two components of the magnetic field are
somehow no longer coupled, the Joule effect term being the sum of the contribution
of the two components.

Notice that a lot of work has been made in order to state so-called reduced models
of MHD in the axi-symmetric case, see, e.g., [45] and the references therein.

(c) Boundary Conditions in the Two-Dimensional Axi-Symmetric Framework

The boundary conditions for the magnetic field state for an insulated material is as
follows

By = 0;

moreover, there is no boundary condition for B, .
For the case of a conductive material, the conditions for the two components of
B read as

0 10
nx(U x Bp)—ynxcurlB, =0, csBg + )([nZa—Bg + n,—a—(ng)] =0.
Z ror

indeed (U x B,) and curlB, are parallel to ey. Therefore, we check that the
boundary conditions for By and for B, are no longer coupled.

Proof of Proposition 7. Letus set 0, T instead of T, Ty. Set also m = 7/2 and drop
the coefficient %(it is possible with a change of time scaling). Then system (2.69)
and (2.70) reads as

nge — V.(km0™'VO) = pL(0)(T — 0)

P T = pt(B)(60 ~T)
t
Assume first that there exists a solution (6, T') belonging to L*(0,7y, H'(0)) N
C(0,t7, L*(0)), and C(0, 7, L*(0)). The first key point is to prove the maximum
principle (2.73).

For all functions Y, let us define the so-called sign — function s~ (Y') by

sT(Y)=0 ifY>=0, s (Y)=1 ifY <O.
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then we have s~ (Y)Y < O for all Y. Notice that s~ (Y)Y = 0 is equivalent to
Y >0.
Let us denote

and set
It)=Z /O ps~(6(1,x))0(t, x)dx + /O ps (T (t,x))T (t,x)dx
We have, of course, 7(0) = 0, so it suffices now to prove that
a,1(t) =0, (2.90)
indeed, this implies /() = 0 and
0=60-a>0, T=T-a>0.

As a matter of fact, to be rigorous, we must introduce a regularized differentiable
function s°(Y’) with compact support that is decreasing and that converges toward
s7(Y). Then

1(1) = lim (z/ ps(0(t,x))0(t, x)dx +/ pSS(T(t,x))T(z,x)dx)
e—> o @]
giy — Oy=o (where § is the Dirac distribution), we have S(Ys*(Y)) =

sE(Y )aa—f gsy 3; - s ()X % » in the distribution meaning. Thus, we have

Since

lim ng(és%é)) = lim s°()V.(km6™~'V0) + 5~ (0)pt (O)(T — 6)
tim pa (75°(F) = s~ (P)pt ()@ - T)
and we get
3, I1(r) = /O pe(ONT = 0)(s~(0) — s~ (T))dx — lim /O km0" 'V .Vst(0)dx

For the first integral, to determine the sign of the integrand there are four cases
according to the values of s~ (9) and s~ (7). If one has s~ (0) = 1,5~ (T) = 0, then
we have § < Oand 7 > 0 and (T — 9)(s (9) -5 (T)) > 0; in the case s (9)
0,s(T) =1,then wehave T < Oand > 0 and (T — 9)(s (9)—s (T)) > 0.
Therefore,

/ p2(O)(T — ) (s~ (B) — s~ (T))dx = 0,
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Let us focus on the second integral. We see that Vé.Vss(é) = (aysg)(§)|V0~|2 <0
for all function € in H'(0). And passing to the limit, we get

lim [ km6""'VH.Vs®(6)dx < 0.

e—>0

Therefore, (2.90) follows and 6(¢) > «, T'(¢) > « for all 7.
By the same technique, we can prove that for all ¢

0(t) < B, T(t) <B. (2.91)

Now let us show an a priori estimate. Assume that 6(¢),7(¢) is a solu-
tion of (2.69) and (2.70) such that # and T belong to L*(0,7,, H'(O)) and
L*(0,17, L*(O)). Multiplying (2.69) by 6 and (2.70) by T and integrating over
the domain O,we get

Z

E% p92dx+/Km9m—l|V9|2dx = /PE(Q)(T—Q)de,
2 [ orax = [¢<9><T 0)Td
20t ) PHY T P X.

Thus, since we have 6 > «, we obtain

d[Z 1
5 |:3prde + E/pTzdx] + koma™ ™! / IVO|*dx <0

then for all time intervals [0, /] we have
5 2 L )
Co ||9(tf)HL2((’)) + Co ”T(tf)”Lz((’)) + C/(; ”V@”LZ(O) dt
VA L 1 -
< > / pOM2dx + > / pT™2dx (2.92)

Existence of a Solution. For system (2.69) and (2.70), there exists a weak solution
(6, T) belonging to L*(0,¢,; H'(0)) x L*(0,17; L*(0)), if (6, T) satisfy
Z 0
9 / pOodx + /KV(G'").V(]bdx = / pC(ONT — 0)pdx

& [ orvax = [ e - oppax
forall ¥, ¢ in L2(0,17; H'(0)) x L*(0,17; L*(O)).

We use a usual Galerkin method by approximating the original system by a
system in a finite dimension.

More precisely, consider a family of finite-dimensional subspaces (H(lp) (0),
L(zp)(O)) of (H'(0),L*(0)) such that UP(H(IP)((’)),L%[;)((’))) is dense in
(H'(0), L*(0)). First, we can check that there exists a sequence of solutions
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(0,(t), T,(r)) that are continuous from [0,7,] into (H(lp)((’)) X pr)((’))), which
satisfy

Z 0
EE/PG,,(de+/m;c9i’,”*1V9,,.V¢dx = /pi(@,,)(T,,—@,,)q}dx (2.93)

0
gprpwdx = /—pf(Gp)(Tp—Gp)Ipdx (2.94)

for all (¢, ) belonging to (H(lp)(O) X L%p)(O)). This is a system of ordinary
differential equations.

Moreover, it is easy to check that these functions (6,(¢), T,(¢)) satisfy the
bounds (2.91) and the analogous bounds of (2.92) since V((6,)") = m@,’,”_IV@p.
So, we see that there exists a constant C independent from p such that

1y
[ 10 et =€ 100 mey <8 IOl <

for all ¢ € [0,¢/]. Thus, there exists a subsequence still denoted by 8,, T, and two
functions 6 in L*(0,77; H'(O)) N L>®(0,¢7; L®(0O) and T in L>°(0,5; L>®(O)
such that

6, > 6 and 6," — 6" in L?(0, tr; L?(0)) strong

0, — 0in L>(0,ty; L*°(0)) weak-*

T, — T in L*(0,15; L>(O)) weak-*

and
V(6,™) — V(8™) in L*(0,; L*(O)) weak.

Since ¢ is Lipschitz continuous, we have {(6,) — ¢(6) in L*(0,17; L*(0))
strongly and

é‘(ep)(Tp - 91,) - 5(9)(71 - 9) in Lz(O, lf; LZ(O)) weak.

(due to the usual result 4 stated in the appendix). Therefore, we can pass to the limit
in (2.93) and (2.94); thus, (6, T') is a weak solution of the systems (2.69) and (2.70).

Now, note that the equation satisfied by 8 is of the type 9,60 + A(0) = £(0) where
£ is a Lipschitz continuous function and 4 is a continuous operator from H! into
the space H ~!. Due to the classic Aubin-Lions lemma,® we know that 6 belongs

%The Aubin-Lions lemma says that if # € L?*(0,¢, H') and 9,0 € L*(0,t, H™'), then 6 €
C(0,t, L?).(H ™ is the dual space of H').
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to C(0,77; L*(0)); thus, it is a classic solution in the space L?(O), i.e., we have
(1) — 0(0) = [, £(0(s))ds — [y A(O(s))ds for all .

Moreover, according to result 1 in the appendix, we know that 7" belongs also to
C(0,t7; L*(0)).

Uniqueness. Assume that § and T belong to L*(0,77; H(0))NC(0,17; L*(O))
and C(0,1; L*(0)) are solutions to the system (2.69), (2.70), and that 6=0+Y
andT =T+X belonging to the same spaces are also solutions to this system.Then
we have

pZ%Y — V.(k(V6" = VO™) = p{(6 + Y)(T + X =6 —Y) = pt(O)(T — 6)

poX = —pt(O+ Y)T + X —0— 1)+ ptO)T ~6)

Denote now S(.) the sign function (S(Y) = 1,if Y > 0and S(Y) = —1,if Y <0)
and S°(.) is a regularized function of S(.) that increases with compact support and
such that lim, S(Y) = S(Y). Then, multiplying by S*(Y) and integrating over O,
we get, with &(Y) = ¢(0 + Y) — (),

lim 83 / pZYS*(Y)dx + lim/ kV(O+Y)"—60™).VS®(Y)dx

e—0 0t

= /pé"(é)(X —Y)S(Y)dx +/059(Y)(T —0)S(Y)dx

0 R
lim / PXS*(X)dx = / “pt()(X —Y)S(X)dx— / pEs(Y)(T —0)S(X)dx

Therefore, using the same kind of argument as above, we get
3 , -
o | pIZIY[+|X]ldx +1im B, = /p§(9)(X—Y)(S(Y)—S(X))dx+fpée(Y)(T—9)(S(Y)—S(X))dx

ot

where we have
B, = /ml(((@ +Y)" L —gm VY. VSE(Y)dx
= /m;c((@ +Y)" 1t — gm0y S)(Y)|VY |Pdx — 0, if e — 0.
We check that

/ p(B)(X — Y)(S(Y) - S(X))dx <0.
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Therefore, since &y is Lipschitz continuous and |S(Y) — S(X)| < 2, we have

a C
5 [ezivi+ixnax <c [olviax =2 [ olzivi+ ixds

Now, according to Gronwal’s lemma, we see that
(/ plZ16 — 0] +|T — T|]dx) (1) < €17 / plZ |0 =0 | 4| T —T" ||dx.

and uniqueness follows. O

2.4 Analysis of the Hyperbolic Part of Systems (£27)
and (MHD)

Here we are concerned only with the “ideal part” of systems (£27) and (MHD);
the ideal part corresponds to keeping only the terms with first-order spatial
derivatives and neglecting the right-hand-side terms (see below). Our aim is to
check that this ideal part is hyperbolic: we need to check that the eigenvalues of the
matrix of the first-order derivatives are real. To do this, we choose the Lagrangian
framework. We introduce the specific volume

T =1/p,

which is the good unknown function for the continuity equation; indeed, we have

D
Z_vu
T

For the ideal part of two models, the electron energy equation reduces to
D
pESQ + PeV.U =0
and may be replaced by

b + P b 0
—¢&, e—7T = 0.
Dt Dt

But, since ¢, = %Z T, and P, = ZNyT, = %89/‘[, it is equivalent to

D
D; log(e.t?/?) = 0.
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Then a natural quantity &,72/3 = %PE‘ES/ 3 appears, called the electron entropy, and

this entropy is preserved by the Lagrangian derivative (it is equal to the physical
entropy up to the sign and a multiplicative constant).

Therefore, defining the specific total energy by
|
€=80+Se+§|U|
the ideal part of system (£27) has the following form
D
p—1—V.U=0,
Dt
D
—U+VP, =0,
th + P
D + V.(UP,) =0
—e . =0,
Y P
D
paserz/3 =0.

Set Y as the vector (of dimension 6) of the physical state and F(Y) as the tensor,
which are then characterized by

T -U
U P.I

Y= , dF(Y) = P
e and F(Y) Up,

g, T2/3 0

(recall that [ is the identity tensor), system (£27) reads as
D
PD; Y]+ V. [F(Y)] =0. (2.95)
Now for (MHD), the specific total energy is given by
bt SUP 4+ Lo B
e=¢g +¢& + = —1 .
0 2 2u0

Using the identity V.(BU) = U(V.B) + (B.V)U (and the fact that V.B = 0), the
magnetic field equation is

D
P, (B) = V.(BU).

So, the ideal MHD system reads as (2.95) but the vector Y (of dimension 9) and
F(Y) are now given by
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T -U
U Pl +Pp
Y= B , and F = -UB
e P,U+Pp.U
g, 72/3 0

2.4.1 On the Galilean Transformations

We now make a regular transformation of the unknown variables Z = Z,(Y)
corresponding to a fixed translation of vector u, (i.e., a Galilean transforma-

D
tion); so the density p is not changed. Then system (2.95) becomes pE Z] +

zZ
WV. [F(Y(Z))] = 0; since the Jacobian matrix g—‘Z{ is constant, the new system
reads

pD% [Z] + V. [F(Z)] -0

~ 07
with F(Z) = W.F(Y(Z)). The system is called “invariant through a Galilean

transformation,” if for any fixed vector u, after the transformation, we have F=F.

For the (MHD) model, consider now a Galilean transformation related to a
translation u; since we have v/ = 7, ¢, = ¢, , &, = g9, U = U—uand B’ = B, the
characteristic vector Z = Z,(Y) reads

T T
U U—u
7= B’ = B
e e+ (3lu?—Uw)
Si, (1’/)2/3 89(7)2/3

Of course, we have Pl; = P,.P; = P;. Since u is constant, we have d,u = 0 and
V.u = 0; then we see that

-U U
P+ Py P+ Py
F = —UB = ~UB
PU +Pp.U PU +Pp.U

0 0
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Indeed, for the energy we have
D
pE(e —Uu) = V.(PIL+ Pp).U) —uV(PI+Pp) = V.(PI + Pg).U")

Thus, this model is invariant through this Galilean transformation.

For the model (£27), it is the same calculus.

Moreover, for both models, it is crucial to notice that the electric field becomes
E’' = E + u x B and the generalized Ohm’s law reads as

GeZNo(E' + U xB) + VP, =0

One may also check that in these models, the flux tensor has the general form
described in [43].

2.4.2 Hyperbolic Properties of Both Models

Our concern is analysis of the ideal part of both systems, so we focus on the
Lagrangian framework in the one-dimensional case, i.e., all the physical quantities
depend only on the x-variable. It is useful to introduce the new variable m defined
by dm = pdx; the tensor F(Y) reduces to a vector F and the system for the ideal
part reads now as

D 9
—Y+ —F(Y)=0. 2.96
oY T 5, ¥¥) (2.96)

(i) For Model (£2T).
Since 7, e depends only on the x-variable, the evolution of U = (U, U,, U,)
reduces to the one of U,. So we have to deal with the system

D 0
- U, =0,
Dt om

D

ad
Ui + —(Py+ P,) =0,
Dt x+am(0+ e)

D 0
D¢ + %(Ux(PO +P.)) =0,

D
Dr log(e.t*?) = 0.

It is a four-dimensional vector system of type (2.96) with

T _Ux

U P
Y = e dF(Y) = P

e and F(¥) U.p,

g, T2/3 0
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where we set (assuming that yo=5/3)

2

1
e=¢,+ = x2 £p = & + €., Pp=P0+Pe=§£pr

2
s . , , doF
Proposition 8. The eigenvalues of the Jacobian matrix of the flux term Iy are
, 5
—a,, 0, 0, a,, where a, = g,oPp

It can be seen that for the double eigenvalue 0, the space of the eigenvector is
of dimension two, so the system is hyperbolic. We recover that when the original
system (2.95) is written in a Eulerian framework, the eigenvalues of the Jacobian
matrix are —a,/p, 0, 0, a,/p (when the plasma velocity is zero).

Note that
ap 5P
P 3p

is the usual expression for the sound speed (of course, the pressure taken into
account is the total pressure).
(ii) For Model (MHD).

Recall that B = (B,, By, B;) and U = (Uy, U,, U;) which depends only on
the x-variable. According to the constraint on the magnetic field V.B = 0, we get
%BX = 0; then we have also a%Bx = 0; so B, is a given constant and the system
reads as

D d

ET—%UX=0,
Do+ 2 p 4 Py =0
Dt dm P mae '
Dy B0 p
Dt 7 poomTY 7
Dy Bd,

Dt uo am

D i)
57 (BsD) = Bez Uy =0,

om

(B;r)— B J U, =0
—(B;r) - B, —U, =
Dt ¢ “om ¢ ’

D 9 9 B.
Ee + ﬂ(UX(PP + Pmag)) — % ((UyBy + Usz)F) =0,

D 2
/3y =0
Dt(gef ) =0,



68 2 Quasi-Neutrality and Magneto-Hydrodynamics

where e = ¢, + %|U|2 + #(|Bx|2 + |By|* + |B.|*) and P,, ¢, defined as above,
Puag = 5,0(Bj + B — B).

Of course, if B, = 0, we recover model (£27). We are now concerned with the
eigenvalues of the Jacobian matrix of this system. For the sake of simplicity, assume
that U, and B, are zero. We simplify the notations by setting U = Uy, V = U,,
M = B,t, B = B. So we get

1 1 T
— —*UZ—* 2—7M2—7 2;
TS 2 2007 Pl
poap 21 +1 M2 g 21 vr v? + L e 5}82
ma=778 A0 5 T e — —— — — 7 0
P £ 3¢ 20 T3 2 2 61072 610

D
and the six-dimensional vector system reads EY + —F(Y) = 0, with

om
S _ U _
U Py + Prag
v=| V and F(Y) = M
A B —BV
e U(Py + Pugg) — L VM7
| et | i 0 i
OF

are given by
Y

_\IXfast/ps 'VXslow/ 5 O, O’ VXslow/ 5 \/Xfasz/p

where
1 IB|? 1 B]\? Sﬁ
Xiow = = | — —— = —4—=—
e 2( +M0) 2[( ) T w

1 IB|? ) (aé |B|2)2 a; B
Xpas = = (2 + (% BE 4
Jar = (p ) 2| \p o p o

Therefore, the six eigenvalues A of the original problem are the following

Y/ )OXfusl, RY stlow, O, 09 V pXSlUW7 vV praSt-

Remark 12. 1t may be checked that if |B| goes to zero, the two roots Xj,, and
X 450 converge to 0 and a3/ p, and the eigenvalues A converge to

Proposition 9. The six eigenvalues of the Jacobian matrix Iy

—ao, 07 Oa 0, 0, ap.
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(recall that +ag are exactly the eigenvalues of the model (£27)). One may prove
(see [43]) that the dimension of the eigenspace corresponding to 0 is equal to 4, thus
the system is strictly hyperbolic.

Assume on the contrary that the sound speed aq is very small compared to

2 2 2 1/2 2
. B|2 2 B|?
the magnetic energy; then we have |:<%° + IM—L) - 4%0 %] o~ ‘H—(I) + %0(1 —

28%/|B|?), then we get
2

P Xsiow aé@

||2 2

~ B 2
)OXfusl — pW + ao(l - W

So, we see that the two eigenvalues A related to X s, are at first order equal to

++/p/u°|B| and the corresponding characteristic speeds are equal to |B|/+/pu?,
that is to say the Alfven speed. |

2.4.3  Proofs of the Propositions of the Section

The following lemma will be useful.
D .
Lemma 3. If a system Dr [Y] + % [F(Y)] = 0 is invariant through a Galilean

are the same as the
Y

transformation, the eigenvalues of the Jacobian matrix —

when YO is the state obtained by setting U = 0.
YO

oF
ones of the Jacobian matrix —

Proof. Tt is clear that if we apply a transformation corresponding to a fixed
translation of vector u, the new system will have a Jacobian matrix
oF
0Z

_9Z OF

T OY 9Y
z

Y
Y(2) 0Z

V4 F
Since — is the inverse of —, if A is an eigenvalue for the matrix —| , itis also
Y d0Z Y |y

JF
an eigenvalue for the matrix Zl For a given point X, we can apply this remark by

zZ
choosing u = —U(x), then the state Z corresponds to the same state as the original
one, but the velocity U’ is equal to 0 at point x. So, according to the fact that F = F,
the lemma follows. |
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JF
Proof of Proposition 8. The Jacobian matrix of the flux term is the matrix —
given by

0 —1 0 0
—2g172 —2U,r7! tho
—%sttr_z %eztr_l — %szr_l %er_l 0
0 0 0 0

Then the characteristic polynomial is A det(A — AI) = 0, where A is the same as
above without the last row and column, i.e.,

0 —1 0
—pPy  —3Usp  3p
~UspPy P, —3UZp 3Uxp

A=

According to the previous lemma, one may evaluate the eigenvalues of A4 after
setting U, to zero and we get

det(A—AI) = A° — gppr. O

Proof of Proposition 9. The Jacobian matrix of the flux term [2£] reduces (after
withdrawing the last column and the last row) to the matrix given by

—1 0 0 0
2e—|UJ? | 2 2 2 1 1 21
T oo M —5U —3V w5y
Bl _s1
oM 0 ik 0
0 0 -8 0 0
_U2e7|2U|2 + UM? BYM
3t

s + Lot Py Prag — U2 = UV — %M i UM — Ly 2y

According to the previous lemma, one may evaluate the eigenvalues of this matrix

after setting U = V = 0. Then, going back to the physical variables, we have to
compute the characteristic polynomial det(Ag — A1) where

0 ~1 0 0 0
—pPp — pR 0 0 #PBy %P

Ay = l%,oBy 0 0 l%p 0
0 0 -B 0 0

0 Pt Pug—5B 0 0
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[here we have set R = #(ZBy2 + B?)] and this polynomial reads as

) -1 0 0 0

—pPy—pR -1 0 50pBy 3p
;% pB, 0 —A ‘;% p 0 ]=0

0 0 B -1 0

0 Pyt Pug—5B, 0 -2

and we get after some tedious calculus

2 2
=¥ +21% [P +R+ = P + = Pmdb+’3 }Hp[ 7’3—0(PP+P,M)+WB§—’3—(P +R):|—0

We see that O is, of course, a root of this equation. The other roots are obtained by
solving a second-degree equation with A> = pX, where this equation in X reads as

. . . B?
follows (using the notation a3 = % PP, and noticing that% Prag + R = M—f))

2 B2y @2 2 g2
X2_x @4_«‘—0ﬂ +|:a_0,3_0:|=
P M oK

32+ﬂ

2
Its discriminant is A = ( L4 — 4a° ﬁ [which is always greater than

(a/f — —) ]. Since B, = 0, notice that 222 /3 |B| is the magnetic energy and the
two roots are Xg/o0 and X 745 given in the proposmon. Then the eigenvalues of the
initial Jacobian matrix are

Y/ Xfast»_v Xslovvv 0,0, \Y% XSZ()W? v Xfasz- O
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