Chapter 2
Microscale Conservation Principles

2.1 Overview

TCAT models are developed by formally upscaling conservation and balance equa-
tions, thermodynamic relations, and equilibrium conditions from the microscale to
a macroscale, a megascale, or some combination of the two scales. A prerequisite
of a TCAT implementation is thus the full set of microscale equations that are to be
upscaled. The purpose of this chapter is to provide the necessary understanding and
forms of the microscale conservation and balance equations. Microscale thermody-
namics will be presented in Chap. 3 and the microscale equilibrium conditions will
be developed in Chap. 4.

Recall that the microscale is sufficiently large to allow the use of a continuum,
rather than a molecular, representation of the physical system and sufficiently well
resolved that the geometry of each entity is completely represented. This means that
phases are viewed as being juxtaposed and a geometric description of the regions oc-
cupied by each phase is employed. The interfacial areas between phases, common
curves where three phases come together, and common points where four phases
come together are all parts of the problem description. Solution for the locations of
the boundaries of the phases may be necessary for the microscale problem (i.e., for
the case of a moving boundary problem [4]). Certain extensive quantities are known
to be conserved or balanced within each of the entity types. Extensive properties of
a system, such as mass, momentum, angular momentum, energy, entropy, and elec-
trical charge, are additive.' The total amount of an extensive quantity in a system is
the sum of the amounts of the extensive quantity associated with each element of the
system. Intensive quantities are not additive. For example, temperatures, pressures,
and chemical potentials are not additive. A system that is formed as a combination
of two identical systems possesses twice the amount of extensive properties of each
contributing system, while the intensive properties of the individual and combined

I Although conservation of electrical charge is an important principle that has applicability in
porous media problems such as fuel cells and capillary electrochromatography [5, 11, 13], this is
not covered in this book.
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38 2 Microscale Conservation Principles

systems are the same. Conservation and balance equations are not derived for inten-
sive quantities, only for extensive quantities. Conservation and balance equations
describe the rate of change of the amount of an extensive quantity in a region. They
account for flows of the property into and out of the region as well as sources and
generation of the quantity. Formulation of these equations in terms of microscale
properties is the subject of this chapter.

Traditional treatments of conservation principles are primarily concerned with
conservation of properties of a phase. Exchanges between phases at interfaces be-
tween phases are accounted for by jump conditions [e.g., 6]. Our study adopts a
more comprehensive approach. For porous medium problems, the dynamics of pro-
cesses occurring at microscale discontinuities, including interfaces, common curves,
and common points, are important to the system behavior. By their nature, porous
media are highly heterogeneous from a microscale perspective due to these discon-
tinuities. Thus, it is imperative that all important features of conservation and bal-
ance principles involving these entities be accounted for in larger scale equations,
as well as at the microscale. Therefore, we will make use of general conservation
and balance equations not only for phases but also for interfaces, common curves,
and common points. Conservation principles will be developed for material in an
entity as a whole and also based on each species that may be present in an entity.
Summation of the species-based forms of conservation relations will provide the
entity-based forms; for an entity consisting of a single chemical species, the entity-
and species-based forms are identical.

The ability to account for processes occurring in regions of discontinuity be-
tween phases in porous media is conceptually appealing. However, in practice this
ability comes only with significant overhead due to the expansion in the number of
conservation equations that must be employed. A brief count will reinforce this no-
tion. There are four different types of entities: phases, interfaces, common curves,
and common points. For each entity, we can consider three types of conservation
and balance equations by formulating them for each chemical species, for an entity
composed of a single chemical species, and by considering the entity equations as
accounting for the behavior of all species collectively. This suggests that 12 different
classes of equations exist. For each of these 12 classes there are nine conservation
or balance equations, excluding conservation of charge. These are the scalar mass
conservation, energy conservation, and entropy balance equations plus the vector
momentum and angular momentum equations, each of which consists of three com-
ponents. Thus, we can potentially form 108 different conservation or balance equa-
tions. For common points, the radius of possible rotation is zero so that we need
not consider the nine possible equation types of angular momentum counted above.
Thus, there are 99 equations that may potentially be employed in modeling a system.
All of these equations are not needed to describe a given system (e.g., for a single-
fluid-phase porous media system, no common curves or common points exist; if one
employs conservation equations for all species in an entity, the entity-based equa-
tion is not needed). For some systems, more than 99 equations will be employed
since species-based equations can be employed for each chemical species present in
each entity. By considering the differences in the full set of equations, however, we
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will have a basis for selection of equations to be used to model a system of interest.
The focus of this chapter is on providing examples of the derivation of the equations
and on listing the equations of importance.

Several approaches exist for deriving the microscale conservation and balance
equations. One approach is to derive a general conservation equation for each type
of entity and to specify the appropriate mapping between the general conservation
equation and the physical phenomena of interest for a particular conservation equa-
tion. We will follow this approach because it provides the opportunity to minimize
the calculations that must be performed in comparison to ignoring similarities and
developing equations for each conserved quantity by independent calculations.

2.2 General Conservation and Balance Principles

This section proceeds by first presenting a conceptual conservation or balance equa-
tion that describe the physical processes that must be considered in the formula-
tion of an appropriate equation. Then, in the subsequent subsections, the conceptual
physical description provided is translated into a mathematical form that is appro-
priate for each of the four types of entities.

2.2.1 General Qualitative Formulation

Because we are interested in changes with time of extensive properties, we will de-
velop equations that describe the rate of change of a property in a domain of interest.
A change in the amount of a property in a region must be due to advective transport
of the property across the boundary, the rate at which the property is added within
the domain due to body sources, non-advective boundary fluxes of the property, and
generation of the property within the domain. These mechanisms can be combined
in a conceptual balance equation that accounts for the rate of change of the extensive
property within a domain as

Rate of Net Outward | | Body
Accumulation Advective Flux Sources

=0. @2.1)

_ Non-advective _ Rate of
Generation

Boundary Sources

The dimensions, or units, of Eq. (2.1) are the dimensions of the extensive property
being considered per time. The challenge is to convert this verbal equation into
an appropriate and useful mathematical form. The ease with which this can be done
depends on the extensive property that is being conserved and physical insight about
the forms of the source and generation terms. Insight exists based on the shared
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human experience over centuries that has resulted in detailed studies of physical
systems including highly resolved experimental results and computational analyses
across many scales.

Equation (2.1) can be used to formulate microscale conservation equations by
first considering a megascale region whose boundary is resolved at the microscale.
There are several aspects of this region that should be noted. The extent and location
of the region are not necessarily fixed. Note, however, that for the extensive property
of interest to enter (or exit) the region, it must be transported in a direction normal
to the boundary of the region. Thus, the normal velocity of advective transport at the
boundary relative to the velocity of the boundary is important, not just the velocity
alone. Advection tangent to the surface, or normal to the surface but at the same ve-
locity as the normal velocity of the boundary, will not result in a flux of a property of
interest into or out of the system. The boundaries of a region need not be coincident
with any physical boundary, but can be located as is convenient or desirable to iden-
tify a particular study region. For example, a portion of an interface between phases
may be considered rather than the entire interface; or a volume can be considered
that moves through a larger system at some selected velocity to model the rate of
change of the extensive property in that volume. For convenience here, though not
generally required, the domains will be selected such that microscale properties are
continuous within the region and are first-order differentiable with respect to space.
If a fluid is in a porous medium, the microscale domain chosen is such that it consists
exclusively of that fluid. An interface between fluids, for example, will be studied in
a surficial domain that contains only that interface type. Additionally, the require-
ment of first order differentiability is employed so that the normal to an interface
domain is unique and the tangent to a common curve is unique. This condition does
not preclude the ability to consider piecewise continuous or disconnected regions
in identifying a domain. For the continuum mechanical approach taken here, small
changes in the size of a region should in turn lead to small changes in respective
extensive quantities.

2.2.2 General Quantitative Formulation

Suppose it is desired to develop a conservation equation for an extensive property
in a region 2 with boundary I When considering a phase, Q is a volumetric re-
gion with surface I'; for an interface property, €2 is a surface region with bounding
curve I; for a curve, Q2 is a one-dimensional region with end points at I'. Note that
while a volume always has a boundary, a closed surface or a closed common curve
will not have a boundary. Common points have no boundaries. Now designate the
extensive property of interest as . Furthermore, let the point value per unit region
(i.e., the density of IF) be indicated as F. Thus for a spatial domain, F has units of
the extensive property per unit volume; while for a surficial domain, F has units of
the extensive property per unit area; and so forth. In formulating a balance equation,
it is important to take into account the fact that although I is an extensive quantity,
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it may vary at the microscale throughout the region such that [ is not necessarily
equal to the product of F at any given point in  and the extent of the integration
region, which could be a volume, area, length, or number of points depending upon
the type of entity represented by . Additionally, the material within the region
might not have a uniform microscale velocity; and the fluxes at the boundary are
not necessarily uniform across the boundary. Thus, the successful development of
a conservation equation with units of the extensive quantity per unit time must de-
pend upon integral expressions over the domains and their boundaries. For example,
the extensive property, [F, is related to its density distribution within a domain, F,
according to

F= [ Fde. 2.2)
/

The rate of accumulation term in Eq. (2.1) for extensive property IF is expressed as

Rate of dF d
{Accumulation} Tdr &/th' (23)
Q

The net rate of advective transport out of €2 is related to the advective flux across
the boundary, I Denote the advective velocity as v, the velocity of the boundary of
the domain as w and the unit normal vector to the boundary oriented to be positive
outward as n. The amount of I that will cross the boundary depends upon the density
distribution F' at the boundary and the normal advective velocity, v-n, relative to the
normal velocity of the boundary, w-n. The rate of depletion of [ in the region of
interest due to advective flux across the boundary, the second term in Eq. (2.1), is

Net Outward
{Advective Flux} N /F (v—w)-ndr. (2.4

It is helpful to realize that the sign of (v — w) -n determines whether the flux is into
(negative) or out of (positive) the region.

The body source rate of supply of ' per unit of domain is denoted Sq7, where
the subscript T indicates that we are considering the total body source which can be
broken into components as will be seen subsequently. The rate of generation within
the body per unit of domain is denoted G . These two quantities may be integrated
over the domain so that the third and fifth terms in Eq. (2.1) are expressed as

Bod Rate of
O | Raeo Z/SQTdt—i-/Gth. 2.5)
Sources Generation

Q Q

The supply of I at the boundary due to processes other than advection still in-
volves transfer across the boundary and therefore is in the direction normal to the
boundary. Because non-advective transport may also occur in directions tangent to
the boundary, it is important to isolate the component of this transport that is normal
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to the boundary. The non-advective transfer of IF per unit of boundary in the normal
direction is denoted as Sr--n so that the fourth term in Eq. (2.1) is accounted for as

Non-advective

= [ Sr-ndt. 2.6

{Boundary Sources} / e (26)
r

Substitution of Egs. (2.3)—(2.6) into Eq. (2.1) yields the general conservation
equation,

d
g/th—F/F(V—W)'ndt—/SQTdt—/S]"'ndt—/Gth:O. 2.7)
Q r Q r Q

The particular forms that the integrands take in this equation depend upon the ex-
tensive quantity being conserved or balanced and the geometric dimensionality of
the region being considered.

Equation (2.7) provides a good beginning point to develop conservation and bal-
ance equations for properties of entities as a whole, whether those entities be vol-
umes, surfaces, curves, or common points. A small twist has to be accommodated
in considering common curves and points due to their geometric character. For in-
stance, the boundary of a curve is the points at the end of the curve. Thus the in-
tegral over the boundary of a common curve has to be simplified to be explicitly
represented as a sum over the end points of the curve. This issue will be treated in
detail when developing the equations for the common curve explicitly.

2.2.3 Species-based Quantitative Formulation

In most porous medium systems of interest, a phase will consist of multiple species.
For example, a water phase may contain not only hydrogen and oxygen, but also
a wide range of other inorganic and organic species—hundreds of different species
in some cases. Species-based models are important under two conditions. First, the
composition of a phase may be of interest intrinsically. This would be the case if a
species in the phase were a contaminant of interest and it were important to model
the spatial and temporal distribution of the species. Second, the composition of a
phase can influence its physical or chemical properties and hence its behavior. For
example, changes in the mass fraction of an inorganic salt can affect the density or
viscosity of a water phase. Similar comments apply for other entities as well. There-
fore, species-based, or compositional, porous medium models can be important.

In the interest of generality, we will be developing conservation and balance
equations for the properties of individual species in an entity. The species-based
equations can be obtained by identification of the chemical species processes corre-
sponding to terms in Eq. (2.7). The equations obtained apply directly for the single-
species and multiple-species situations. Summation of a species conservation equa-
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tion over all species impacting the entity yields a conservation or balance equation
for the entity as a whole. Here we provide the general species-based form. The
“derivation” involves little more than the introduction of some subscript notation
into Eq. (2.7).

Because we are studying species in phase, interface, common curve, and common
point entities, it is helpful to make use of notation that identifies both the species
and the entity of interest. We will make use of subscripts to designate quantities of
interest as being microscale properties.? The subscript i is used to designate an indi-
vidual chemical species from among the full set of chemical species in the system.
The subscript & is used to indicate the entity that is being considered. For exam-
ple, in the general equation, F;, would be the density of the microscale property of
interest for chemical species 7 in entity «. The domain of all species in entity « is
Q, and the boundary of that domain is I'. Neither the domain nor the boundary
depends on the chemical species being considered in the entity. The outwardly di-
rected normal from the boundary of € is the unit vector ny. Each chemical species
may have a different advective velocity so that the velocity of species i in entity «
is designated as v;q. Although each species may have a different velocity, thereby
requiring the use of subscript i to differentiate among the species present, the veloc-
ity of the boundary of the domain is species independent. Therefore, the boundary
velocity is denoted as wy. The body source, non-advective surface source, and the
generation terms in Eq. (2.7) all may depend on the species being considered and
the entity. Therefore, the subscript i will be appended to each of these. Thus, the
general conservation equation for an extensive property of a chemical species in an
entity o can be written in terms of microscale variables as:

d
a/Fiadt‘i‘/E'a (Vioz_Woc)'nocd'c_/SQTiocdt
Qq Iy Qq

7/S1’ia'nad’f*/GQiadt:0 forieJ;,ael, (2.8)
Iy Qq

where J; is the set of species indices and J is the set of entity indices, which includes
the indices of phases (Jp), interfaces (Jy), common curves (J¢), and common points
(Ipy) such that J = Jp UJyUJc UJp,. We will refer to all of the sets of indices as index
sets.

With Eq. (2.8) as a starting point, we will make use of theorems that allow equa-
tions for an entire entity to be localized so that they apply at any point in the entity.
The theorems depend on the dimensionality of the entity. The entity types will be
considered in turn, starting with phases and proceeding in order to entities of lower
dimensionality. We will then identify the quantities that appear in the general equa-
tions based on the processes of interest so that they are particularized to the members
of the set of conservation and balance equations.

2 It is perhaps premature, but may be helpful, to note that while subscripts are used for microscale
quantities, superscripts will be used to designate larger scale quantities in subsequent chapters.
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Iy

Fig. 2.1 Arbitrary closed volume Q, C IR? containing phase o € Jp with boundary I, C IR%. Unit
vector ny is normal to I, and oriented to be positive outward from Q2

2.3 Conservation and Balance Principles for a Phase

The objectives of this section, which focuses on conservation and balance equations
for phases, are twofold. First, the general conservation equation for a species-based
extensive property given in Eq. (2.8) will be changed from the given form appropri-
ate for a phase as a whole to a form that is appropriate at any microscale point in
the phase. Second, particular forms of the conservation and balance equations will
be developed for mass, momentum, energy, and entropy.

2.3.1 General Microscale Point Forms

The study of conservation of a property of an & phase, where o € Jp, requires that
the region of study, ., with boundary Iy, be a closed volume, as depicted in Fig.
2.1. The fact that this phase occupies volume can be expressed as Q4 C IR, which
states that the domain is in three-dimensional real space. The extent of « is the
volume it occupies, V. The boundary is a two-dimensional surface, implying that
I, C IR?, and the extent of I}, is measured by the area Ayq. The double subscript
on A is used to indicate the total boundary area of 2, regardless of any other phase
or phases also contacting I',.

Equation (2.8) can be focused further for the specific case of species-based con-
servation of a phase property and then reduced to a point form. With just the minor
tweak of restricting J to be Jp, and with proper identification of the integrand terms,
Eq. (2.8) becomes a statement of mass, momentum, or energy conservation, or an
entropy balance, for a species in a phase. Each of these equations will be formulated
after first reducing the equation to point form.
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The conversion of Eq. (2.8), with J restricted to Jp, to the form that applies at
a point within a phase requires that the surface integral terms be converted to vol-
ume integrals. This task can be accomplished making use of mathematical theo-
rems. Because a variety of theorems will be relied upon in this work, we adopt
a previously established convention to name these theorems [8, 12] of the form
<letter>[i,(j,k),l]. For a transport theorem <lerter> is T while <letter> is re-
placed by D for a divergence theorem. Gradient theorems, which are similar to di-
vergence theorems, replace <letter> with G. Theorems involving material deriva-
tives and averages of deviations between quantities at different scales are designated
as M theorems. The index 7 indicates the dimensionality of the microscale domain,
Jj refers to the number of macroscale dimensions that make use of differential opera-
tors, k is the number of macroscale dimensions over which integration occurs, and /
is the number of megascale dimensions. For the theorems of this chapter, conversion
is from the megascale, with integrals over the entire domain, to integrals over the
microscale. Thus both j and k are zero.

Two theorems are employed to eliminate the surface integrals in Eq. (2.8). The
transport theorem is as follows [3, 8, 10, 15]:

Theorem 2.1 (T[3,(0,0),3]) For a smooth continuous and differentiable function f
defined over a domain Q¢ C IR® that may deform with time t due to velocity Wy, of
closed boundary Iy with outward normal from the boundary ng,

d B af
dtﬂ/()fdt / EdtJr/fwmnadt. (2.9)

' Q1) Ta(r)

Physically, when f is the density of some conserved quantity, the left side of Eq.
(2.9) represent the change in the total amount of the conserved quantity with time
over the entire domain. This change is accounted for on the right side by changes
of the property density within €2, and movement of the domain boundary I, that
could affect both the location of £, where changes in f are being studied and the
size of V.

Also of use for manipulations with integrals over the boundary of the domain is
the divergence theorem [3, 8, 10, 15]:

Theorem 2.2 (D[3,(0,0),3]) For a smooth continuous and differentiable tensor func-
tion f defined over a domain Q¢ C IR® that may deform with time t due to velocity
W, of closed boundary Iy, with outward normal from the boundary ng,

/divfdt: /f-nadt, (2.10)
Qq (1) Lo (t)

where div is a divergence operator that contracts the last index of f.

If f is a vector or a symmetric second order tensor, then divf may be written equiv-
alently as V-f. In general, if f is a second order tensor, divf is equal to V-fT, where
the superscript T indicates the transpose. Physically, Eq. (2.10) equates the sum of
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the net outward fluxes from all points within the spatial domain on the left side to
the flux across the domain boundary on the right side.

With f replaced by Fjq, and f replaced by FjyViq in one instance and by Sr;¢ in
another, Egs. (2.9) and (2.10) can be used to eliminate the surface integrals from Eq.
(2.8) giving

JF,
/[ a;a+V'(ViocE'a)*S.QTia*diVSFioc*GQia de=0 foriel;,aeclp.

Ba
@2.11)

For a phase, the body source does not include fluxes from adjacent entities that act as
body sources because a point within a phase is not in contact with any other entities;
other entities are encountered only at the boundary of the phase. The portion of the
total body source that is independent of adjacent entities is designated as Sq;q, such
that, for a phase,

Soria =Siq foricIg,aeclp. (2.12)

Because the integration volume is arbitrary, Eq. (2.11) must hold for any volume
that is sufficiently large to meet the previously noted continuum hypothesis require-
ments. This fact implies that the integrand itself must be zero at each microscale
point within the volume. Recall that a value of a microscale quantity at a point im-
plies an average about a volume with a length scale that is long compared to the
mean distance between molecules. Thus the general point conservation equation for
an extensive property of a species per unit microscale volume in a phase is

dFq
ot

+V. (ViocFia) —Soiq —divSriq — Gaiq =0, foriclg,aeclp. (2.13)

This equation may also be written equivalently using the material derivative as

DiocFiOC

+ Figl:diq — Sgiq — divSriq — Giog =0, foriceJg, oo €Tp, (2.14)

where the material derivative is defined as

D, 9
= — i’V ; 2.15
Dt o1 + Via ( )

the symmetric rate of strain tensor for species i in phase « is defined as
1 T
dia =5 [Vvia +(VVia) " | 3 (2.16)

and | is the unit tensor. Because our interest in the microscale is primarily to provide
equations for transformation to the larger scale, we will work mostly with micro-
scale equations in the form of Eq. (2.13) because mathematical theorems for change
in scale are more directly available for the partial time derivative than the material
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derivative. We emphasize, however, that Eqs. (2.13) and (2.14) are exactly equiva-
lent.

When a phase consists of only one chemical species, the subscript i may be
deleted from Eqs. (2.13)—(2.16) to obtain the general equation for a phase. When
a phase is composed of multiple species, a conservation equation for a property
of the phase as a whole may be obtained by summing all the conservation equa-
tions for that property based on the species present. Then judicious choice of the
variables deemed to be characteristic of the phase as a whole, rather than of species-
based properties, results in the phase-based conservation equation. This procedure
is best accomplished based on the particular property being conserved or balanced
to ensure that the phase-based variables are properly defined in terms of the species-
based variables.

2.3.2 Specific Conservation and Balance Principles

Specific conservation and balance equations can be derived directly from general
Eq. (2.13), or the equivalent form given by Eq. (2.14), by selecting a property to be
conserved or balanced and then specifying the mapping between the general vari-
ables in the equations and specific applicable physical quantities. These quantities
must be specified such that all of the operative processes that affect the conservation
or balance principle are included in the equation. The discussion here will focus on
the physical basis for the respective mapping assignments, and the resulting equa-
tion forms will be listed.

The mappings for conservation of species mass, momentum, and energy and for
the balance of species entropy are given in Table 2.1. A notation that will prove to
be convenient is introduced such that M, P, &, S, and G represent equations for
conservation of mass, momentum, and energy, and balance of entropy and gravita-
tional potential, respectively, written in partial time derivative form. Additionally,
we make use of the notation M., P, &, Ss, and G, to denote the corresponding,
and equivalent, equations written using material derivatives. In the table each of the
conservation equation types is subscripted with the species qualifier, i € J;, and the
entity qualifier, o € Jp to indicate that the equations apply to that species and phase.

Conservation and balance equations for phase entities accounting for the species
collectively rather than individually are given in Table 2.2. Each of the properties
appropriate for the conservation equation of interest is given. Note that the sum of
a set of species-based equations for a property over all species present is equal to
the corresponding phase-based equation. Based on this fact, it is tempting to think
that an entry in Table 2.2 is equal to the sum over all species of the corresponding
entry in Table 2.1. However this is not so for all terms! Rather the relations between
the phase-based and species-based terms must be determined carefully such that
multiple definitions for a designated quantity do not arise.

Table 2.1 can be used along with Eq. (2.13) or Eq. (2.14), which are repeated for
convenience at the top of the table, to write a full set of species-based conservation
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Table 2.1 Physical variables for species-based phase equations in partial derivative or material
derivative form. Mo, Pig, Eia» Sia»> and Giq correspond, respectively, to conservation of mass,
momentum, and energy, and balance equations of entropy and body force potential for species i in
phase «

JF;
Fia =~ + V- (ViaFia) = Soia ~divSria — Gaia =0 fori€ Jy,a e Jp
or
D, F;
Fia = #t’“ + Figlidiq — Saiq — divSpia — Gaia =0 fori€ I, acJp
Fia Fio Sqia Sria Gaia
Miq PoWig — - Tiow
Pi PoDioVie Pa Oiaia tio Pio + g Via
Vig'V, VoV
Eia Eig + Po Wie, % PoWiaLia Via +hig tiaT‘Via +Qic €y T Pig Via T Tig %
Sioz *Auz nioz bizx ¢[o¢ Ailx
d
Gia Wi —PoDiaBiaVia — PaWia % + ria Via

and balance equations for a phase. For example, making use of the table, one obtains
the equation of conservation of mass of a chemical species in partial time derivative
form as:

I (PaWia)

Mia = ot

+V-(paa)iavia)—ria:0 forieJs,a € Jp, (2.17)
where p is the mass density equal to mass of o phase per volume of & phase;
;o 1s the mass fraction of species i in phase o (i.e., the fraction of the mass of
the phase that is due to the presence of species i); and the generation term, r;,,
accounts for the set of reactions that produce species i in phase ¢« by conversion
from other species. Many simultaneous reactions that either produce or consume
species i may be operative. Therefore, r;, is a variable that represents the net result
of some set of intraphase biogeochemical reactions. The precise form of these re-
actions will be system dependent, and the mathematical representation of r;, may
be mechanistically rigorous or an approximation that tries to account for the im-
portant elements of the reaction. One example of an approximate relation for r;,
would be the representation of a complex reaction pathway by only accounting for
the rate-limiting step. Another case is the approximation of a higher order reaction
by a lower order expression when the mass fraction of one of the reactants is ap-
proximately constant. Simplifications of these types are commonplace. Finally, note
that in Eq. (2.17) there are no non-advective sources of the species because the only
mechanisms for modification of the amount of a chemical constituent at a point are
advection and reaction.

The species mass conservation equation in material derivative form, M.y, may
also be obtained directly from Table 2.1 as
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Table 2.2 Physical variables for entity-based phase equations in partial derivative or material form.
My, Pa, Eas Sa, and Gy correspond, respectively, to conservation of mass, momentum, and
energy, and balance equations of entropy and body force potential in phase o

dF,
Fou=—55+V (VaFa) ~Sau—VSra— ), Goia =0 foraeJp
icJg
or
D, Fo N
Fro = +Fylidy —Soa—V-Sra— Y. Gaia =0 foraeJp
Dt i€Js
Fa Fo Soa Sra Gaia
M Pa — -
P PaVa PoBa ty —
VoV
Eu Eq +pa ( az e +KEa) PaaVa +ha to Vo +qa -
+ L Pa®iaVia ia
i€dg
Sa—Ag Na by Py Aia
Y —PafaVa— L PaOiafiaWe — L PaiaViaWia Paia Via
Ga i€y i€Js dt
+ria Vi
D, (P(xwz’a) .
M*ia:m‘T‘I‘pawial:dia*ria:O fOI‘lGjS,(XGJP. (218)

Mathematically, this equation is equivalent to Eq. (2.17), and the two equations are
interchangeable. Throughout the text, however, we will be careful to make use of the
notation Mg vs. M. to distinguish between the forms of the species conservation
equation being employed. In many cases, one form as opposed to the other is more
appropriate for a particular analysis.

There are a couple of ways to obtain an equation of mass conservation for the &
entity as a whole as in the M row in Table 2.2. For example, the material derivative
form for mass conservation is

DyPa

M*(l = Dt

+polidg =0 foraeTp. (2.19)

Note that there are no terms specific to any species or any chemical reaction term
in this equation. Unlike the species mass, which can be generated by transformation
from a different chemical species, the total mass of all species combined in an entity
is not impacted by reactions such that

Y ria=0. (2.20)

i€Jdg

Although Eq. (2.19) applies whether or not a phase is composed of multiple species,
it cannot distinguish among the conservation behaviors of different species. If there
is only one species present, then the species-based and phase-based equations are
equivalent since @y = 1, Viq = Vg, and rig = 0 in the species-based equation.
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Even though the conservation equation for a phase can be obtained as a sum over
all the species, this process is not as direct using the material derivative forms as with
the partial derivative forms. This is because the velocity in the material derivative
can be different for each species. Thus, it is easiest to obtain the phase-based mass
conservation equation from the species-based form as

d
My = %+V-(pava) —0 foroedp 2.21)
by summing Eq. (2.17) over all species. By making use of the fact that, by definition,
the sum of the mass fractions of all species is 1 such that

Y wu=1, (2.22)

i€dg

and by choosing v, to be the velocity of the center of mass of the material, the
barycentric velocity, defined as

Va= Y, OigVia , (2.23)
ic€Jg

one obtains Eq. (2.21). Then Eq. (2.19) is obtained directly from Eq. (2.21) by mak-
ing use of the definition of the material derivative. We can also define the diffusion
velocity of a chemical species, u,,, as the species velocity relative to the barycentric
velocity such that

Uy = Vig — Vo - (2.24)

Therefore Eqgs. (2.23) and (2.24) can be combined to show that the diffusion velocity
must satisfy the constraint that

Y wiqu;, =0. (2.25)

i€Jg

These last two equations dictate that for a system composed of N chemical con-
stituents, only N — 1 of the mass fractions and diffusion velocities are independent;
the remaining value of each can be calculated, respectively, from Eqs. (2.22) and
(2.25).

Tables 2.1 and 2.2, respectively, can be used to obtain the conservation of mo-
mentum vector equation for a species in a phase

0 W;q Vi
Pia = W +V. (P(x wiaViaVi(x) — PoWio8ia — V'tiaT
—Piq —tigVia =0 foric T, o€ Jp, (2.26)

and for the phase as a whole?

3 Because it is somewhat tangential to our objectives here, we will not prove that the stress tensor
for an entity is symmetric while the species-based stress tensor is not necessarily symmetric. In the
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Pou = W +V-(paVaVa) — Paga— Vtg =0 foroedp, (2.27)
where t is the stress tensor, g is the body force per unit mass, and p;,, represents the
interspecies transfer of momentum from all other species within phase o to species
i

The conservation of momentum equation relates the change in momentum per
volume to the advective transport of momentum, surface forces, body forces, and,
for the species-based equation, to inter-species momentum transfer processes. The
stress tensor accounts for the effects of material behavior in response to surface
forces that act on the entity, such as pressure and frictional effects. The mathemati-
cal form of the stress tensor depends upon material properties and is approximated
by what is called a constitutive or closure relation. The body force per unit mass
accounts for the effects of gravity, Coriolis effects, and electromagnetic forces that
act at all points within the entire domain of the phase, Q.. While the conservation
equation formulated can include all of these body forces, we are primarily concerned
with gravitational effects.

Just as r;,, represents the net effect of all reactions on the mass production rate of
species i per volume, p;, + ;4 Vio includes two terms that account for the net transfer
of momentum from all other species to species i due to interspecies collisions and
reactions, respectively.* The net transfer to all species must be zero such that

Y. (Pia+riaVia) =0. (2.28)
i€dg

The body force per unit mass for the phase, g, is the barycentric sum of the forces
acting on each species with

ga= ). Oolia- (2.29)

i€Ty

Because momentum transferred between species does not impact the total momen-
tum of the system, the sum of the transfer term over all species must be zero. It is a
useful exercise to show that obtaining Eq. (2.27) from Eq. (2.26) by summing over
all species requires that the entity-based stress tensor be related to the species-based
stress tensor according to:

to= Y (tic— PaOigBiglia) - (2.30)
i€Jg

Tables 2.1 and 2.2 can also be used directly to state the conservation of energy
equations for a species in a phase and for a phase, respectively, as

entity-based equations, either the stress tensor or its transpose may be used equivalently because
of symmetry [1, 7, 9].

4 A different perspective on the velocity that should multiply r; in the generation term of Eq. (2.26)
has been provided in [16]. However, this issue is not important if one notes that a complementary
definition of p;q can account for any choice of velocity.
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Vio Vi

a) +V. {(Eia +Pawiam> Vioc}

J
Eia :E (Eia + Pa Dia 7

— PaWiagio Vi — hig — V- (tiocT'Vi(x + Qia)
Via Via

— € — PiqVia — Tig, 2 =0 foriejs,(XEJP (231)
and
0 Vo Vo Ya'Va
fa=7, [E"‘+p°‘( 2 +KE°‘)}+ HEO"LP“( 2 +KE“)}V°‘}
—Pa8aVa — Z PaOiaBiaWig —hg — V- (taVa+qa) =0 fora €Jp.

i€l

(2.32)

In these equations, E is the internal energy per volume, which is due to random
molecular motion and the chemical bonds present; Kz is a kinetic energy term
due to velocity fluctuations of the species relative to the barycentric velocity of
the phase; q is the non-advective heat flux; & is an energy body source term (e.g.
radiation); and e;y accounts for the internal energy transferred to species i from all
other species. We note that the net transfer of internal and kinetic energy (due to
collisions and reaction) among all the species present must be zero such that

ViV
Z (eia+pia'via+ria la2 wc) =0. (2.33)
i,

The energy equation warrants careful consideration to ensure that it is well un-
derstood on a physical basis. Consider Eq. (2.32), the microscale conservation of
energy equation for a phase. The quantity being conserved is the sum of internal
and kinetic energy. Internal energy of a phase is obtained as the sum of the species
internal energies with

Eq =Y Eig. (2.34)

i€Jy

Kinetic energy for the phase equation has two components. The leading order com-
ponent, Py Vg Ve /2, is based on the barycentric velocity of the phase and the density
of the phase. The second component, pyKE ¢, provides an addition to this term due
to the deviations of the individual species velocities from the barycentric velocity of
the phase. To gain insight into this situation, consider a microscale point where the
barycentric velocity as defined in Eq. (2.23) is zero. The case that vy, = 0 does not
imply that all species velocities are zero but merely that the sum of these velocities
weighted by their respective mass fractions is zero. Kinetic energy does not depend
on the direction of the velocities as it only involves velocity squared. Thus the de-
viations of species velocities from the barycentric velocity make a contribution to
kinetic energy beyond that of the barycentric velocity. By summing Eq. (2.31) over
all species and requiring that the result provides the conservation of phase energy
equation, one can show that
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Ujg Uiy

2

Kea = Z Wi,
i€Jds

(2.35)

The first divergence term in Eq. (2.32) accounts for the net outward flux of inter-
nal plus kinetic energy resulting from advective transport. The non-advective sur-
face sources of energy are included in the next divergence term. The first of these
terms is ty vy, Where ty is the same quantity defined in Eq. (2.30). This is the rate
of work done on the system per volume due to surface forces resulting from stress.
This interpretation follows because stress is a force per area and the product with
velocity yields the rate of work per area. The second non-advective flux is qg, and
it is the heat flux into the system that contributes to a change in the system energy.
The heat flux vector is another quantity for which a closure relation is needed.

The product pygqa -V is a body source of energy. The product pygy is a force
per volume and the dot product of this product with velocity yields a rate of work
per volume. If the force per volume is different for each species in the system, the
summation term in Eq. (2.32) will contribute an additional body source due to a
non-uniform distribution of chemical species in the system. The energy of a system
can also be influenced by an additional type of body source, which is indicated as
h,,. This source accounts for non-mechanical physical processes such as radiative
transport. The dimensions of this term are energy contributed to the system per
volume per time. By using the fact that the sum of the body source terms based on
the species over all species must equal the body source terms for the phase, one
obtains

hy=Y hig- (2.36)
i€y

Terms similar to those described above for the phase-based energy equation ap-
pear also in the species-based form of Eq. (2.31). The physical descriptions of the
terms are similar, although they pertain to species rather than to the entity as a whole.
One important difference is the presence of the last three terms on the left side of Eq.
(2.31) that account for inter-species transfer of energy. The quantity r;, Vig-Via /2 ac-
counts for the rate of change in kinetic energy of the species per volume that accom-
panies a chemical reaction. The term p;,,-V;q is the rate of work done on species i
due to collisions with other species. Finally, e;o accounts for any other contributions
of energy to species i due to interactions with other species. Because these terms all
involve inter-species exchanges of energy, their collective sum over all species must
be zero, as stated in Eq. (2.33).

Finally, with t defined as in Eq. (2.30), one can show that in terms of species-
based quantities,

u;,-u

. "0‘) '} -u,.a} . 2.37)

T
qo = Z {Qia+ {tia - (EiaJFPocwia
i€J;
This equation states that some processes associated with species movement relative

to the barycentric velocity are accounted for on a phase basis as part of the non-
advective surface source. We have stated that q, is a “heat” flux vector, and this
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is the case if one considers the apparent mechanical processes in brackets to be
subscale sources of energy. Alternatively, one can recognize that qq is composed
of heat conduction effects plus energy transport due to variability in the species
velocities.

The species-based and entity-based entropy balances for a phase can be obtained,
respectively, from Tables 2.1 and 2.2 as

on; .
Si = gta +V-(MiaVia) —big — V@ = Aig foricJg,acIp  (2.38)
and
Su=Me y by—V-@ —=Ay>0 fi 9 239
“ dt + '(nava)— o= V' @y =Na 2 oracJp, (2.39)

where 7 is the entropy per volume, @ is an entropy flux vector, b an entropy source,
and A is an entropy generation rate.

Entropy is postulated to be an extensive thermodynamic variable and thus the
balance equation is written for an entropy density, which is consistent in form with
the conservation equations. The balance equations account for the rate of change
of entropy, the advective flux, the non-advective flux, the body source and, on the
right side, a generation term. In Eq. (2.38), A;¢ accounts for exchange of entropy of
species i with other species in addition to the generation of entropy by irreversible,
dissipative processes. Because it is impacted by both these processes, A;, can be
either positive or negative.

Summation of the species entropy equation over all species yields Eq. (2.39).
The definitions of the phase-based variables in terms of the species-based quantities
are:

Ne= Y, Nia (2.40)
i€dg

0u= Y, (@4 —NiaWy) (2.41)
i€dg

bo =Y bia, (2.42)
i€Jg

and

A=Y Aig. (2.43)

i€dg

In contrast to the situation with the conservation equations where the sum over the
species of generation terms equals zero, the sum of the generation terms for the
entropy balance is non-zero. The portion of A;q that is due to entropy exchanges
between species will sum to zero, but the portion that is due to irreversible processes
will sum such that Ay, > 0. The non-negative character of the right side of Eq. (2.39)
indicates that entropy is not a conserved quantity. The generation rate per volume,
Ag, Will be zero only when all processes in the system are occurring reversibly
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(e.g., at equilibrium). In other instances Ay will be non-zero and is required to be
non-negative by the second law of thermodynamics.

One other equation that will prove useful is the relation between the rate of
change of the body force potential energy per unit volume and the body force per
unit mass. Because the body force potential, usually specified to be the gravitational
potential, does not appear in any of the conservation equations, we have to develop
an additional condition based on mathematical identities, conservation of mass, and
the definition of the body force per volume in terms of the potential.

The body force potential per unit volume of species i in phase &, ¥y, is defined
as

Yo = PoWia Yic - (2.44)
Application of the product rule to this identity yields the definition of 7. as

D;, ¥« _y D,y (PaWia) — Pa®; D,y Via

'Tg*ia: Dt ia Dt o Wio Dt

=0. (2.45)

We may also define the body force potential per mass, Wy, and the body force
potential, ¥, on entity bases, respectively, as

Vo= Y, OiaVia (2.46)
i€dg
and
Yy = Z PaWioVia = Z Yo = PaVa - (2.47)
i€ i€Js

The material derivative of ¥y, taken using the o phase velocity, is

D, %

o Z Wia Pawza) Z PaOic a'l/zoc —0. (2.48)

i€dg i€dg

7—9*01 =

Another useful expression relates the change in potential to gravity and mass
conservation. This will be obtained next. The species mass conservation equation in
terms of a material derivative, M.y as given in Eq. (2.18), may be used to eliminate
D, (PaWiq)/Dt from Eq. (2.45). Also the definition of the material derivative in Eq.
(2.15) may be used to expand D, W, /Dt so that we convert Eq. (2.45) to

Y,
+ Via (Pocwzal dig — rioc) — Po Wi, ;fta — Pa®iaVie'V¥ie =0. (2.49)

Dal}IlOC

Dt

The body force potential per unit mass of species i in phase o, Wq, is related to the
body force per mass, g;q, according to

Substitution of this identity into Eq. (2.49) and use of the definition provided in
Eq. (2.44) provides the microscale balance equation for the body force potential of
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chemical species 7 in phase o,

D[alIIi(X

a X
Guio = D +Walidig + pa Wiaio Vie — Pocwia% —rigWia =0

forieJg,a€Jp. (2.51)

This equation has attributes that make it similar in form to the conservation and
balance equations. Thus its elements have been collected as appropriate, and the
equation appears in Table 2.1.

For the phase entity, summation of G;, over all species and rearrangement into
material derivative form yields

DalPa

g*oc: Dt

+¥lda +V- [ Y paiaVialiy | +PagaVa

icJs

i
+ Z PaWiaio Wi — Z Pawia%_ Z FiaWia =0

i€Jdg i€Jg i€y
forxeJp. (2.52)

2.4 Conservation and Balance Principles for an Interface

Interfaces are the second type of entity of interest in the development of conserva-
tion and balance equations. Interfaces are the regions in a multiphase system that
exist at the boundary between two phases. Because interfaces are boundaries of
three-dimensional entities, they are two-dimensional objects. As a result of their
dimensionality, interfaces do not occupy any volume in a system. This makes the
notion of conservation principles within an interface seem, perhaps, a bit elusive.

Different phases contain matter in different states and typically of different chem-
ical composition. As a result of these differences, a heterogeneity in composition
and resulting chemical forces can exist at the interface between two phases. Cor-
respondingly, physical quantities such as density, mass fractions, and others can
change significantly as one moves from the interior of one phase to the interior of
an adjoining phase. This transition region is treated conceptually as an interface.
Quantities that are assigned to an interface account mechanistically for underlying
heterogeneous molecular structure and forces. Some species, such as surfactants,
accumulate at interfaces so the molecular structure may be very different at the
boundary between two phases from that in the bulk phase; there is always a tran-
sition from the composition in one bulk phase to the composition in another bulk
phase.

Furthermore, in multiphase systems, interfaces play a crucial role as the location
where mass, momentum, energy, and entropy can be exchanged between adjoining
phases. The extent of the interfacial area thus affects the degree and rate at which
exchanges occur and can easily be seen to be a crucial quantity in the description of
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system behavior. Conventional multiphase models do not explicitly model the full
dynamics of interfaces and interface properties, although jump conditions between
phases are commonly formulated. By formulating conservation and balance equa-
tions for interfaces, we will produce the fundamental relations needed to properly
account for the impacts of interfaces between phases.

In this section, conservation and balance laws for interfaces will be developed.
As with the study of phases, general conservation equations will first be presented.
Then particular forms of these equations will be tabulated and discussed for both
species-based and entity-based equations of mass, momentum, and energy conser-
vation along with the entropy and body force potential balances.

2.4.1 General Microscale Point Form

The study of conservation of an interfacial property is developed for a surface do-
main, 24, with boundary curve Iy, where o € J; as depicted in Fig. 2.2. This no-
tation specifies that o is in the index set of interfaces, such that 2, C IR2. This
means that the interface is a surface in two-dimensional space. The extent of 2 is
designated as the area A . The boundary curve is a one-dimensional entity such that
Iy, € R Tts extent is measured by the length Ly . Interfaces exist as the boundary
between two phases. If the phases on each side of the interface o are designated as
B € Jp and y € Jp then Q4 = .(_25 N Qy where the overbar on €2 indicates a union
of a domain with its boundary, for example, Qﬁ = .Qﬁ Ul"ﬁ. At points on the inter-
face, outward normal vectors from each adjacent phase can be denoted as ng and
n, where ng = —ny. On Iq, outwardly directed unit vectors from 2 that are nor-
mal to I'y, and tangent to 2, are denoted as ny. The interface moves with velocity
wq. However, wg mg = vg-ng on £, because a microscale particle on the interface
whose normal velocity is different from the normal velocity of the interface will no
longer be on the interface and thus does not contribute to the measure of the veloc-
ity of the interface. The tangential velocity of material in the interface need not be
equal to the tangential velocity of the interface. The velocity of the boundary of the
interface in the direction tangent to the interface and normal to Iy, Wy ng, relates
to the stretching or contracting of the interface at its edges. Flow can occur across
this boundary, in the same way that flow crosses the boundary of a volume, so that
this velocity is not necessarily equal to the velocity of flow. Conservation and bal-
ance equations associated with an interface must necessarily take into account the
translation and deformation of the interface.

With the preceding definitions and considerations, a species-based general con-
servation or balance equation follows directly from Eq. (2.8) as

d
&/E’adt"'/Fia (Vioz_Wot)'notdt_/SQTiocd'c
Qq Iy Qq
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n

a

Fig. 2.2 Arbitrary finite, non-closed surface in the region 2, C IR? containing interface o € J;
with boundary I'y, C IR'. Unit vector ng, is normal to I, and oriented to be outward positive from
and tangent to . Unit vector ng is normal to 4 and positive outward from phase B on one side
of the interface while unit vector ny is also normal to £, but is positive outward from phase y on

the other side of the interface such that at any point on the surface, ng-ny = —1
- /Sna-na de— / Goiqdt =0, foricJ,acT. (2.53)
Iy Qq

This equation is notationally identical and conceptually similar to the corresponding
equation for a phase, Eq. (2.8), with the differences being that the surface domain
is two-dimensional, the boundary is one-dimensional, and all densities are per unit
area rather than per unit volume.

The conversion of Eq. (2.53) for an interface to the form that applies at a point
within the interface requires that the integrals over Iy be transformed to integrals
over Q. Part of this task can be accomplished making use of the surface transport
theorem [8]:

Theorem 2.3 (T[2,(0,0),2]) For a smooth continuous and differentiable function f
defined over a domain Qg C IR* that may deform with time t due to velocity We, of
the domain and of its closed boundary, Iy, designate the normal to Qg as ng, the
normal to Iy that is tangent to Q¢ as ng, and define the unit tensor I/a =1- ngng.
Then,

d Jf -
a /fdt: / -5, /fwa~(V-Ia)dt+/fwa-nadt, (2.54)
Qalt) Q) Qalt) i)

where the partial derivative with respect to time for a point fixed to L is defined as
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Jd d

=S weV 2.
5 =g VeV (2.55)

and V'- and V' are the surface divergence and surface gradient operators, respec-
tively, defined as
V.= (I&-V) . (2.56)

and
V=I,V. (2.57)

Note that Iil is the unit tensor in the surface « (i.e., in diagonal form, the entries on
the diagonal associated with tangential directions in the surface are both 1, while
the component associated with the normal direction is zero). When f is the density
of a conserved quantity and €2, is an interface between phases, the left side of Eq.
(2.54) is the change in the total amount of the conserved quantity with time over
the interfacial area. The three terms on the right side of Eq. (2.54) contribute to this
change, respectively, due to the change in f at a point fixed on the surface, due to
expansion of the size of the surface because of deformation of its shape, and due to
changes in the size of the surface due to movement of the boundary curve.

Also of use in transforming the general conservation equation is the surface di-
vergence theorem [8]:

Theorem 2.4 (D[2,(0,0),2]) For a smooth continuous and differentiable tensor func-
tion f defined over a domain Q¢ C IR that may deform with time t due to velocity w,
of the domain and of its closed boundary, Iy, designate the normal to Q¢ as ng, the

normal to Iy that is tangent to Q¢ as ng, and define the unit tensor I/a =1- ngng.
Then,
/ div/fde = — / £ (V1) det / fngde, (2.58)
Qalt) Qalt) L(t)

where div’ is the surface divergence operator that contracts the last index of f and
V'- is the surface divergence operator defined as

V.= (IQZ-V) .. (2.59)
Because
Vil =—(V'ng)ng (2.60)
Equation (2.58) can be written as
/ [div'f— (V'ng) £ de = / fngde. 2.61)
Qq (1) Iu(r)

Application of the product rule to the second term gives

/ div’ (f—fngng) de = / fngde. (2.62)
Q) L(1)



60 2 Microscale Conservation Principles

However,
f—fngng =f (I—ngng) =1, . (2.63)

Substitution of Eq. (2.63) into Eq. (2.62), provides an alternative, but equivalent,
form of D[2,(0,0),2] as:

/ div’ (f:17,) dv = / fngde. (2.64)

Qq(t) Ty (1)

With f replaced by Fjy in transport theorem Eq. (2.54), f replaced by FigVig
in divergence theorem Eq. (2.58), and f replaced by Sp;, in alternative divergence
theorem Eq. (2.64), relations are obtained that allow the boundary integrals to be
eliminated from Eq. (2.53). The result is the following:

d'F,
/{ 3ta+V"(Viaﬂa)+ﬂa(via—ch)'(v/'lix) de
Qq

— / [S_QTia +div’ (Sna~|/a) +G9ia] de=0 foriedg,axed. (2.65)
Qq

In this equation, (v;q —Wg)-(V':I},) = 0 because this quantity is the difference be-
tween the species velocity and the interface velocity in the direction normal to the
surface multiplied by the surface curvature. As discussed previously, this velocity
difference is zero. Also the total body source is composed of two components. The
first is due to external sources acting on the entity. The second is due to the fact
that at every point within the surface, an adjacent phase can impact the properties
of the surface. Thus, fluxes from a phase to an interface at a point are treated as part
of the body source. To make this explicit, we break the body source into these two
components according to

Soria =Saia+ Y, Y, X (2.66)

)
. K—1ia
K‘Ej:ra JE€Is /

where J7, is the connected set for interface « that is of higher dimensionality (i.e.,

phases in the connected set), and X is the body source component due to transfer
JjK—ia

of the property being conserved from species j in entity K to species i in entity «.
Because the extent of the surface domain, 2, is arbitrary, the integrand in Eq. (2.65)
must be zero at every microscale point, not just when integrated over the domain.
Application of these conditions provides the general microscale point form of the
surface conservation equation,

d'Fiq
ot

+V'-(ViaFia) = Soia— Y, Y, X —div' (Snaly) —Gaia =0

. iK— i
kedd, Jj€ds !

forieJ;,a e Jy. (2.67)
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This equation may also be written in terms of the material derivative as

D, Fi .
#a + Figlly:diy — Saio — Z+ .Z jéia —div' (Snia-ly) — Gaig =0
KEJCa JEJS
forieJs,a ey, (2.68)
where
Dig _ /+ iV’ (2.69)
Dt or @ e :
and .
dio = [V'Via + (V'via) '] (2.70)

The general microscale conservation equation given as Eq. (2.67) is a more con-
venient form to work with than Eq. (2.68) for deriving larger scale equations because
of the forms of the theorems used to affect the change. Considerations for changing
the species equations indicated to forms that apply for a surface entity as a whole
are the same as those discussed in the first full paragraph following Eq. (2.16). In
the following section, we will provide the specific conservation and balance equa-
tions for interfaces. Note that, although the appearance of the general forms for the
surface and phase equations as given by Egs. (2.67) and (2.13) are quite similar, the
contributions to specific body source terms will be seen to be very different because
of the transfer from adjacent phases to the interface.

2.4.2 Specific Conservation and Balance Principles

Specific conservation and balance equations can be stated by proper identification of
the variables that appear in Eq. (2.67) or its equivalent version, Eq. (2.68). Here a full
set of microscale conservation and balance equations for an interface is provided.
This is accomplished in a manner similar to that employed with phases in Sect.
2.3.2.

The prime conceptual extension required for interfaces in comparison to phases
is related to the fact that transfer of a property at the boundary of a phase is with
the domain of an interface. Therefore, processes that are accounted for as boundary
conditions for phase equations are parts of the body source terms for interface equa-
tions. These additional terms are related to advective and non-advective boundary
sources for the phases that are body sources for the interface. The domain of an
« interface, £, is the boundary of two phases on each side of the interface. Note
that an interface is defined such that it is the boundary between a particular pair of
phases; a different pair of phases is separated by a different interface. Also, if a third
phase is present, the interface may have an edge boundary that is a common curve.
At the microscale, we will only be interested in members of the connected set that
are of higher order dimensionality than the entity of interest. Thus if the two phases
that bound interface o are designated as 8 and Y, we can define the set of phase
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Table 2.3 Physical variables for species-based interface equations in partial derivative or material
form. Mg, Pia, Eia> Sia» and G correspond, respectively, to conservation of mass, momentum,
and energy, and balance equations of entropy and body force potential for species i in interface o

I'F,
Fia =5 +V" (ViaFia) =Sia = L L X —div' (Sraly) ~Gaia =0 foricd,ac
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Eut paton Y g 5 FE YV
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gia U
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Inter-entity Exchange Terms
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IK—100

— L. +
ijm =— 2 tpng for k € I,
JK—io
— +
0 =-— 79 qjni for k € T,
JK—io JK—io

— +
P == zp Qne forxell,
JK—=ia jK—io

entities bounded by interface a as the connected set Jo, NIp = {B, ¥}, where Ioq is
the connected set of phases and common curves to interface & and Jp is the index
set of phases in the system. A simpler notation can be employed by denoting the
connected set of higher order that bounds an entity as I, and one of lower order as
Jew- Thus, if @ refers to an interface, Jo NJp = I, is the set of phases connected to
the interface and J. NIJc = I, is the set of common curves bounding the interface.
We note also that J7, UJ, = Jeq.

Specific forms of conservation and balance equations for properties of a chemical
species in an interface are given in Table 2.3. Summation of a particular conservation
or balance equation over all species in the interface results in the equations provided
in Table 2.4. We will examine these equations in some detail and also indicate the
relation between interface-based variables and species-based variables.

The point form of the microscale mass conservation equation for a chemical
species i in an interface o is obtained from Table 2.3 based on the variables in-
cluded in row M. Substitution of these variables into Eq. (2.67), which is also the
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Table 2.4 Physical variables for entity-based interface equations in partial derivative or material
form. My, Pa, Ea, Sa, and Gy correspond, respectively, to conservation of mass, momentum,
and energy, and balance equations of entropy and body force potential in interface o

J'F,
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equation at the top of the table, yields
9'(PaWia)
! .
Mg = Y + V' (paWigVia) — ‘KIL/I_a —rig =0 forieds, e,
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K€y
2.71)

where py is the mass per area, @y is the mass fraction of species i, vjq is the
velocity of species i (which, in the normal direction to the interface, is equal to the

interface velocity), M is an effective body source for the species i in the interface
IK—100

due to transfer of i from the phases within JJ,, to interface @, and r,,, is the rate of
generation of species i in interface & due to any and all chemical reactions within
the interface. This equation is very similar to the mass conservation equation for a
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species in a phase given as Eq. (2.17). The differences are: the time derivative is at a

fixed point in a surface rather than in a phase; the divergence term models outward

flux in the surface rather than in three-dimensions; and there is a new term, M .

IK—100

In the bottom portion of Table 2.3, the explicit form of M is given in terms of the
IK—100

properties of the phases at the interface. Note that k takes on the index values of the
two phases adjacent to the o interface.

The point form of the total mass conservation equation is most directly obtained
by substituting the variables in the M row of Table 2.4 into the equation at the top
of the table. The result is

d'py

Mgy = T

+V'(pava)— Y}, M =0 forae. (2.72)

K€y

Equation (2.72) can be obtained directly by summing Eq. (2.71) over all chemical
species if one makes use of the definition of the barycentric velocity as given by
Eq. (2.23) for the interface as well as for the adjacent phases. Also, the traditional
jump conditions for mass exchange between phases can be obtained when the inter-
face is considered massless such that py and r;, are both zero. The species-based
jump condition is the statement that the summation in Eq. (2.71) is equal to zero.
For the interface entity as a whole, the condition is that the summation in Eq. (2.72)
is zero. On a physical basis, both of these jump conditions state that at a point at
the boundary of a phase where material leaves that phase, it immediately enters the
adjacent phase. The more general mass conservation equations for the interface ad-
ditionally allow for material to stay in the interface, move in the interfacial surface,
and participate in chemical reactions.

The microscale conservation of momentum equations for a species in an interface
and for all species in the interface entity as a whole can be obtained, respectively,
from Tables 2.3 and 2.4 as

' (Pa Wio Vi
Pia = W + V' (PaWiaViaVia) — PaOiaBia
_ Z Z <5,Jv,,<M+ T)
ket j€0, iKk—io  jKk—io
— V' (I tia") —Pig — FigVia =0 fori€Jg,a € (2.73)
and
8/
Po= % +V'-(paVaVa) = Paa
~ Y (WMt T )V (pta) =0 foracd. (274
Kejé’a K—O K—O

The notation employed should be clear based on discussions of the phase equa-
tions, although there are two additional elements. The quantity & j in Eq. (2.73) is
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the Kronecker delta, equal to 1 when i = j and zero otherwise. This is necessary
because the term it multiplies is momentum transfer between a bounding phase and
the interface that accompanies mass exchange between these entities. Thus, only
when species i in the phase k € JJ, is involved in inter-entity mass transfer will that
impact the momentum of species i in the interface. On the other hand, stress effects
can be exerted by a species in a phase on a different species in the interface. The

quantity zr introduced in the definition of T at the bottom of Table 2.3 is the
JjK—io JK—io

fraction of stress tensor t jx (i.e., the stress associated with species j in phase k) that
is exerted on species i in interface o. Thus, zr will satisfy the condition
JK—io

ar =1 forjed,kell,,ac. (2.75)

icTy JK—io

We note also that the surface entity-based stress tensor, tq, is defined in terms of the
surface species-based stress tensor exactly as in Eq. (2.30) for a phase.

For the situation where the interface is massless, full momentum equations for
a species and for an entity simplify to jump conditions for the momentum of the
species and of the phase entity, respectively, as

- Z Z N | GijPx Wi (Vik — Vo) Vik — 2T thT _V/'(Iix'tiaT):()

k€T3 J€Ts Jr—ia
forieJ;,a el (2.76)
and
- Z N [P (Ve = Vo) Vie —tie] = V' (I t) =0 for o € Iy, 2.77)
keI,

where the expression for the exchange of momentum between the interface and
the adjacent phases has been substituted into the momentum equation; and terms
containing py for @ € Jy have been dropped because the interface is massless. In
practice, the most commonly employed form of the microscale momentum jump
condition is Eq. (2.77) with the divergence term dropped when interfacial tension
effects are unimportant. In subsequent chapters, the full dynamic equations will be
employed.

The species-based conservation of energy equation for an interface can be writ-
ten, based on the entries in Table 2.3, as

J' ViaVia / ViaVia
Eia = 35 (Eia + Pa i, 3 ) +V- {(Eioz + Pa D, 5 ) Vioz}
— PoWiagio Vi — hig

E. ik Vi
-y ¥ 5,~-<’+V’<2V”‘) M +vje T + Q

. ; iKk—ia jK—i i i
KTl J€Ts Px Wix J jr—io
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_V/ [I ( laT Vza‘“luxﬂ

o — Piog Viee — rm% =0 foried, acd. (2.78)

The conservation of energy equation for an interface as a whole is
3/ Va'Va / Vo'Va
SQZE[EO(‘FP(X( ) +KEa>}+V'{{Ea+pa( ) +KEa)}Va}
—Pa8a'Va — Z Pa wiagia’lix'uia —hg

=

E ViV
- X [(+ : "+I<E,<) M +ve T + Q}
K—O

2 K—a
keIl Px K—o

~ V' [l (taVa+4a)] =0 foraed;. (2.79)

The definition of @ in Eq. (2.78) provided at the end of Table 2.3 makes use of
JK—io
the parameter zp . The purpose of this parameter is to account for the fact that
JK—ia
contributions to heat conduction from phase k due to species j can be to species i
in interface entity . This parameter, or actually set of parameters with the range of

indices, satisfies the condition

29 =1 forjeds, kel acl. (2.80)

icds JK—io

Note that Eq. (2.79) may also be obtained directly as the sum of Eq. (2.78) over all
species i in interface entity . This is left as an exercise.

The energy jump condition between phases that is usually employed is obtained
by dropping all the terms except for the summations over JJ, in Eq. (2.78) or Eq.
(2.79). This simplification is appropriate under conditions where the mass density
of the interface, pgy, is negligible, the rates of change and the surficial fluxes of
the internal energy of the interface are small, the body sources of energy due to
processes such as radiation are negligible, and the work and heat transfer due to
movement in the surface is negligible. The statement that a term is “negligible”
or “small” is relative to the advective and non-advective fluxes of energy to the
interface from the adjacent phases.

The balance of entropy equation for a species in an interface can be assembled
from Table 2.3 as

_ 9'MNia ( Nix )
Sia = + V' (Miavi big — Si M + @
(24 ot (na 05) i Keggra jEZU: pK-a)K-lK‘*NO( JK—io
—V' (I @iy) =Aig forieJ,acd. (2.81)

The overall balance of entropy equation for an interface from the entries in Table
24is
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!
Sq = aTZaJrV/'(naVa)*ba* Z (nK M + q>>

K—0o K—O
K
k€Tl p

—V' (I, @,) =Aq foracd. (2.82)

The discussion following Eq. (2.43) regarding A;, and Ay for @ € Jp applies to the
preceding equations as well for o € Jy such that Ay > 0.

The body force potential per unit area acting on species i in interface « is written
analogously to Eq. (2.44) for a volume as

Yo = Pa®ia Via (2.83)
with the corresponding expression for the material derivative,

D, ¥ia D, (PaWia) D, Via
wiop — ! — fi L — (J),- ! = 0 . 2.84
TG+ia Dr Via Dr Paia—FH (2.84)

The potential for the surface entity as a unit, ¥y, is defined as in Eq. (2.47); its
material derivative is as in Eq. (2.48). Recall that for the surface expressions py is
mass per area while for the phases, py is mass per volume.

The rate of change of the body force potential acting on an interface is conve-
niently written in terms of surface differential operators. Use of mass conservation
M.iq based on Table 2.3 to eliminate D, (pg®j¢) /Dt from Eq. (2.84) and expan-
sion of D, Wi /Dt according to Eq. (2.69) yields

D,alpux

Dt +Via | Paial oc ;r zKlK[na
d’
— Pa Wi aw;a Pa wiaVia'V/'l/ioz =0. (2.85)

Only the surface components of the gradient of the body force potential appear in
this equation. Thus, we make use of the identity
V' Vi 4 1y 8ia =0 . (2.86)

With this relation and Eq. (2.83) employed, Eq. (2.85) becomes the microscale bal-
ance equation for the body force potential per unit area of chemical species i in
interface o

D, ¥
Guio = = +ql(x|/ ;05 + PaWiagiaVie — Z M Yig
T ik—io

d'y;
— PoOig (;’;a — PaOiaic (1 =1y) Via —riaWia =0 forie€ I, a €Iy,
(2.87)
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The elements of this equation are distributed in the appropriate columns of Table
2.3.

For the interface entity, summation of G, over all species and rearrangement to
obtain G, results in

D, %y
Dt

Gia = +'palixidix+vl' Z P(xwi(xll/ialix'uia

i€y
+Paga Vo + Z PoOiagia-Vy Wi — Z Z M Yiq
i€y i€y keddy
allllia ! —
- Z PawiaT— Z Pocwiocgia'(l—|a) Vie — Z TiaYia =0
i€dg i€y i€dg

foracJp. (2.88)

The contributions to this equation are provided in Table 2.4.

2.5 Conservation and Balance Principles for a Common Curve

Common curves> are the third type of entity of interest in the development of con-
servation and balance equations. Common curves are the regions in a multiphase
system that exist where three phases, and also three interfaces, meet. As boundaries
of two-dimensional entities, they are one-dimensional regions. Common curves oc-
cupy neither volume nor area in a system. The measure of the extent of a common
curve is its length.

Common curves play a role in providing the location where mass, momentum,
energy, and entropy can be exchanged among the interfaces that meet at a curve.
The common curve length thus affects the amount of the exchanges and is of inter-
est. Conventional multiphase dynamic models do not explicitly deal with common
curves nor do they evolve the extent of common curve lengths with time. By formu-
lating full conservation and balance equations for common curves, we will provide
the opportunity to include common curve phase dynamics, exchanges of proper-
ties at the curve, and the length of curves present in the model. We will present
the general and then particular forms of microscale species-based and entity-based
conservation and balance equations for common curves.

3 Although these features of a system are usually referred to as common “lines”, we use the desig-
nation common “curves” in recognition of the fact that these one-dimensional regions usually have
non-zero curvature.
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Qg

a(

Fig. 2.3 Arbitrary curve in the region £, C IR! containing common curve & € Jc with boundary
I, € R consisting of the two end points of the curve. Unit vector ny is outward positive from
and tangent to ©,, at I'y. Unit vector 1 is tangent to Q. Also depicted is interface § with domain
Qp C IR? whose boundary is composed, at least partly, of £, which is the curve where interface 8
and two other interfaces between phases meet. Unit vector ng is normal to £, and tangent to Qg

2.5.1 General Microscale Point Form

The procedure for development of conservation and balance equations for a com-
mon curve is almost identical to that employed in developing expressions for phases
and interfaces. However, particular attention must be given to the geometry of the
common curve that requires a little modification to the general conservation equa-
tion for entity properties, Eq. (2.7), or appropriate definition of variables in Eq. (2.8)
for species properties.

The domain of a common curve, indicated as entity o € Jc, that exists where
three phases, indicated as 3, ¥, and 6 € Jp, meet is Qg such that Q, = Qﬁ N Qyﬂ
Qy.ﬁ A schematic diagram of the common curve is provided in Fig. 2.3. The fact that
Q, is a curve means that Q, C IR'. The extent of the curve is its length, which is
denoted as L. The boundary of the curve consists of the two end-points of the curve
denoted I and Iy, where I, C IR formeJ r,, and IJr;, = {1,2}. In contrast to the
phase and interface boundaries, for which the boundary is continuous, the boundary
of a common curve is formed by two disconnected points. The outward unit vectors
that are tangent to £, at the two end points are denoted n. The unit vector tangent
to the curve is ly. Therefore at one end of Qg, ny-ly = 1 and at the other end,
ny-lg = —1. The velocity of the common curve is denoted as wy. In directions
normal to the common curve, the velocity of material in the common curve must be
equal to the velocity of the common curve such that (v, — Wg ) - (I —1glg) = 0. We

6 A common curve is also the location where three interfaces meet. If the indexes of the interfaces
that exist between pairs of the three phases 8, ¥, and & are denoted as 7, 3, and ¥, the domain
of the common curve can alternatively be defined as Qq = Qg, N Qg5 N Qys.
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will denote the unit tensor for the curve as the 3 x 3 tensor 17, for the curve such that
17, =lglg.

A general conservation equation based on species i in common curve entity & can
be developed with reference to Eq. (2.8). A notational change must be introduced
to account for the fact that the integral over the boundary reduces to a sum over two
end points for a common curve. Thus the general balance equation is

d
a/Fi(xdt‘i‘ Z Fia (Via_wa)'na|ram_/SQTiadt

Qu mEjI"a Qu
— Z Sﬂa'na|ram — /Ggia de=0, foriel,acic. (2.89)
mEjFa Qo

In this equation, all densities are per unit length, the domain of integration is a one-
dimensional curve, and the summations are over the two end points that form the
boundary of the curve. In the case when the common curve is closed, the summation
terms do not appear. However, reduction of this equation for an entire curve to the
part appropriate for a microscale segment inherently changes the equation to apply
to a microscale segment that is not closed.

The conversion of this conservation equation for a common curve to the form
that applies at a point along a curve requires that the boundary summation terms be
converted to integrals over the common curve. Part of this task can be accomplished
making use of the transport theorem [8]:

Theorem 2.5 (T[1,(0,0),1]1) For a smooth continuous and differentiable function f
defined over a domain Qg C IR' that may deform with time t due to velocity Wy
of the domain and with boundary end points Iy, where m € Jr,,, designate the unit
tangent to the domain as ly, the outward vector tangent to the domain at the end
point boundaries as ngy, and the unit tensor I:; =lgly. Then,

d allf
o | rae= [ Gla [ e (V) der ¥ pwenaln, g
Q1) 0 Qult) "
(2.90)
where the partial derivative with respect to time for a point fixed to Qg is defined as
" d
= — Avd ; 291
o dr ¢ @91

and V" and V" are the curve divergence and curve gradient operators, respectively,
defined as
V' = (I.V). (2.92)

and
V' = I'&-V . (2.93)
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When in diagonal form, the tensor, I}, has an entry of 1 on the diagonal element
aligned with the curve tangent and zeroes elsewhere. When f is the density of a
conserved quantity with units of the property per unit length, the left side of Eq.
(2.90) is the change in the total amount of the conserved quantity with time over the
curve. This is equated to the three terms on the right that account, respectively, for
the changes in the quantity per time due to changes in the density of the property at
points on the curve, changes in the quantity due to movement of the curve that causes
its curvature to change (i.e., the curve can change its length without movement of
its end points), and movement of the end points of the curve that cause it to increase
or decrease in length.

Also of use in transforming the general conservation equation is the curve diver-
gence theorem [8]:

Theorem 2.6 (D[1,(0,0),1]) For a smooth continuous and differentiable tensor func-
tion £ defined over a domain Q¢ C IR' that may deform with time t due to velocity
W, of the domain and with boundary end points Iy, where m € Jr,, designate the
unit vector tangent to the domain as ly, the outward vector tangent to the domain at
the end boundaries as ny, and the unit tensor IZC = lglg. Then,

/ div" fde = — / (V) der Y el s (2.94)
Q) Q) "
where V' is the curve divergence operator defined as
V. = (IZ(-V) -5 (2.95)

and div" is the divergence operator along the curve that contracts the last index of

f.
It is left as an exercise to show that
div’'f+ £ (V"1g) =div” (£15) . (2.96)
Making use of this relation, we can write an alternative, but equivalent, form of Eq.

(2.94) as

mejra

/ v’ (£1) de= Y Fnglr, o - (2.97)
Q1)

With f replaced by Fjy in transport theorem Eq. (2.90), with f replaced by FiqViq
in divergence theorem Eq. (2.94), and f replaced by Sp; in alternative divergence
theorem Eq. (2.97), equations are obtained that allow the boundary terms in Eq.
(2.89) to be eliminated. The result is

/

Qo

J'F;
Tla + V" (ViaFia)) + Fio (Vig — W) - (V"-IZ‘) de
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- / [SQTi(x +div” (Sr,-a-llo") +Gg,-a] de=0 forieJd,,axecc. (2.98)
Qo

In this equation, V"I, is a vector accounting for the curvature of the domain and
is normal to the curve. The vector product of this term with v;,, — Wy, is zero because
mass in the curve moving in a direction normal to the curve moves at the velocity
of the curve. The total body source for the curve is composed of three components.
External sources acting on the entity are the first component. The common curve
is located where three interfaces meet. These interfaces interact with the common
curve and can exchange properties with the curve. Thus, at every point on the curve,
the exchanges with the interfaces can be considered a second element of a body
source. The third component arises from interaction of the common curve with a
phase at locations where the surface has a unique normal. At these locations, in-
teractions between the common curve and the phase is modeled as a concentrated
force. This singularity, in general, can be composed of advective and non-advective
components. Its mathematical form is the same as an interaction term from an in-
terface to a common curve. In subsequent analysis of particular cases, although it is
possible that an advective flow could occur directly from a common curve to a phase,
this will not be considered. The non-advective component will be incorporated as it
impacts common curve dynamics.” The concentrated interaction term will thus be a
non-advective flux, such as stress or heat conduction. With these considerations in
mind, we express the body source explicitly in terms of these three components as

Sotia =Saia+ ), ), Z Yy Yy x (2.99)

K‘)l(x K—100
KeIdy JETs J Bej KEJ+ jeds /

where JJ,, is the connected set for common curve ¢ that is of higher dimensionality
(i.e., interfaces in the connected set), jjﬁ is the higher order connected set to these

interfaces (i.e., phases), and X and X* are the body source components due
JjK—io jK—io

to transfer of the property being conserved from species j in entity k to species i in
entity o. For emphasis, a superscript * is used to indicate a transfer term between
a phase and a common curve is only non-zero if a concentrated force is operative
where the normal direction to the solid is unique. The factor of 1/2 appears with the
last term because the double sum over entities will encounter each phase twice.

Because the domain of integration is arbitrary, the integrand itself—not just the
integral—must be zero. With the considerations of the last paragraph, the general
microscale conservation or balance equation at a point on a common curve is then
obtained from Eq. (2.98) as

7 This interaction can be conceptualized crudely as transport from a phase to a common curve
through zero area. For such a transfer to occur, the quantity being transported would have some
magnitude highly concentrated at the curve. The non-advective concentrated component of stress
can be thought of as a normal force exerted by the solid that balances the forces of interfaces at the
surface.
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This equation may also be written in terms of the material derivative as

D, Fia
&I 4 Figll:dl, — Sa; - = X
olaTia o ; j;’ JKk—io ﬁ'ga KEJZ+ jeXJ: JjKk—ia
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Dia _ l+v» v (2.102)
Dt ot ¢ '
and .
., — [v/’via+(v”via) } . (2.103)

Although Egs. (2.100) and (2.101) are equivalent forms, the former is more conve-
nient to work with for averaging to obtain larger scale equations.

2.5.2 Specific Conservation and Balance Principles

A comparison of the general point equation for a common curve, Eq. (2.100), with
the corresponding equation for a surface, Eq. (2.67), indicates that the equations
appear to be different only in the domain, the number of primes in the differen-
tial operator and the unit tensor, and in the exchanges with entities two-dimensions
higher. When a single prime is used, the differentiation occurs on a surface, while
a double prime indicates differentiation on a curve. Both definitions of the mate-
rial derivatives given by Eqgs. (2.69) and (2.102) are time derivatives following the
movement of a particle and are equivalent. An important difference between the sur-
face and curve equations is related to the definition of the source terms, Sr;(,. Based
on the similarities, Tables 2.3 and 2.4 can be used to motivate the specific forms
of equations for common curves with allowances made for the particular features of
the common curve equations. The corresponding results for species and entity equa-
tions are collected in Tables 2.5 and 2.6, respectively. In these tables, the domain of
o has been changed from J; to Jc and the single prime (') is replaced by a double
prime (") in all instances. The connected set, JZ,, refers to the three interfaces that
meet to form the common curve. The specific balance equations for a common curve
are obtained with minor cosmetic differences in notation and will be listed here in
their partial time derivative forms. The forms in terms of material derivatives also
follow directly.

The most noticeable change between the interface and common curve equation
is the presence of the asterisk terms as body sources. These terms appear in the
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Table 2.5 Physical variables for species-based common curve equations in partial derivative or
material derivative form. Mg, Pig, Eias Sia, and G correspond, respectively, to conservation
of mass, momentum, and energy, and balance equations of entropy and body force potential for
species i in common curve ¢. Terms with an asterisk describe exchanges between a common curve
and a phase. Exchange terms are written in terms of microscale variables at the end of the table
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body force terms for the momentum, energy, and entropy equations. These terms
account solely for exchanges between a phase and a common curve on the boundary
of the phase when the normal to the phase is unique at the common curve. If the
normal is non-unique, an exchange between the phase and the common curve is
accomplished through the interfaces. The quantity exchanged to the common curve
must come from a concentrated flux in the phase, which contributes to the common
curve dynamics as a body source. This arises through modeling of the small surface
region where the concentrated source exists as a common curve with no width. In
Tables 2.5 and 2.6, it can be seen that, for the sake of generality, the summation
occurs over the three phases that meet at the common curve. However, at most only
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one of the phases can have a smooth boundary at the common curve. Thus, for
a phase k, if ny is not unique at a common curve, the concentrated momentum,
energy, and entropy fluxes of phase x must all be zero at the common curve.

For the porous media problems we will be studying, only the solid phase will
be allowed to have a unique boundary normal at the common curve. Thus the con-
centrated fluxes will be zero for fluid phases but may be non-zero for the solid. We
have not considered advective fluxes from a phase to a common curve. The con-
centrated terms could be important, for example, in describing the forces acting in
the normal direction to the solid exerted by interfaces that meet at a common curve.
Alternatively, a common curve with very high heat conductivity on a smooth sur-
face of a phase could exchange heat directly with the phase. The concentrated flux
terms are defined at the bottom of Tables 2.5 and 2.6. The factor 1/2 appears in the
definitions because, if one makes use of the prescribed summations, each phase is
encountered twice. The counterparts to these terms that account for exchanges be-
tween the common curve and the interfaces that meet at the common curve retain
the same definitions as provided at the bottom of Tables 2.3 and 2.4.

Based on the M, row of Table 2.5, the point microscale conservation of mass
equation for species i in common curve o is given by

9" (PoWia)

Mia = ot

+ V" (Pa®iaVia) — Z M —r,=0

Ej+ iIK—i
foricd,aclc. (2.104)

From row M, of Table 2.6 or from summation of Eq. (2.104) over all species in
Q, the point microscale conservation of mass equation for a common curve « is

a//pa
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+V"(pava) = ), M =0 foraelc. (2.105)
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The conservation of momentum equation for a species in a common curve based
on Table 2.5 is written as
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The entity-based conservation of momentum equation for a common curve that
makes use of information in Table 2.6 is
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Table 2.6 Physical variables for entity-based common curve equations in partial derivative or ma-
terial derivative form. My, Py, Eas Sa» and Gy correspond, respectively, to conservation of mass,
momentum, and energy, and balance equations of entropy and body force potential in common
curve . Terms with an asterisk describe possible exchanges between the common curve and a
phase with a unique normal at the common curve. Exchange terms are at the end of the table
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The species-based and entity-based conservation of energy equations for a com-
mon curve, extracted from Tables 2.5 and 2.6 are, respectively,
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The balance of entropy equation for a species in a common curve-based on Table
2.5is
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The entropy balance summed over all species is
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! Y Y o —V'(l49,)=A¢ foracic. (2111)
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Finally, the expression for the derivative of the body force potential on a curve
that appears in Table 2.5 may be inferred from Table 2.3 for an interface or derived in
a manner similar to that used to obtain the entry in that table. The resulting equation
is
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For the common curve entity, the expression for G, is obtained as
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Additionally, the expressions for 7g.;q and Tg.q for the common curve are the
same in appearance as the corresponding expressions for phases and interfaces, Egs.
(2.45) and (2.48), respectively. When applied to a common curve, the densities that
appear in these expressions are mass per common curve length.

2.6 General Multispecies Formulation for a Common Point

Common points are the fourth type of entity of interest in the development of con-
servation and balance equations. Common points are the regions in a multiphase
system that exist where four phases meet, which is also the confluence of four com-
mon curves. Common points are zero-dimensional objects that do not occupy any
volume, area, or length in a system. The measure of the extent of a common point
entity is the number of these points in the system.

The notion of conservation and balance principles for common points parallels
the notion of these principles for an interface and common curve, with some notable
differences. Small regions exist in a system composed of four or more phases where
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material properties undergo sharp changes due to the coalescence of these phases.
Such a region of transition is treated conceptually as a common point.

Common points also play a role as locations at the end of common curves where
mass, momentum, energy, and entropy can be exchanged among common curves
that meet. The density of common points thus affects property exchanges and is
a quantity of interest. Conventional multiphase porous medium models do not ex-
plicitly consider common point properties or their evolution with time. Here, con-
servation and balance equations for common points will be formulated so that they
will be available for use in explicitly analyzing their impact on system behavior.
We note that these points typically are of higher order importance in comparison to
interfaces and common curves. Although they are difficult to model, only exist in
systems composed of four or more phases, and have limited impact, the formula-
tion of a comprehensive model requires that they be included at the onset. If it is
desired to exclude these entities from a model, then an explicit assumption or set of
assumptions can be employed and then examined in hindsight.

2.6.1 General Microscale Point Form

The equations for conservation or balance of a common point property apply to a
domain, ., where a € Jp; and Jp; is the index set of the various types of common
points as determined by which phases meet at the point. Thus ¢ is in the index set
of common points for which 2, C IR® and whose extent is equal to the number
of points in the system denoted N,. Because common points are zero dimensional,
they do not have boundaries. This makes them different from the other entity types.
Rather common points are formed where four phases meet such that Q, = Qﬁ N
Q,NQsN Qe where B, 7, §,and € € Jp.3
The easiest way to obtain the form of the microscale point conservation equa-
tion is by inference based on the form of Eq. (2.13) for a phase, Eq. (2.67) for an
interface, and Eq. (2.100) for a common curve. We note a progression of increase
in the primes in the equation as the dimensionality decreases such that the general
species-based microscale equation for a common point is inferred to be
a///FitX " s M "
5 T V" (ViaFia) — Saria — div" (Sria-ly ) — Gaia =0
forie J,a € Jp; . (2.114)

In this equation, the partial time derivative with three primes is an evaluation while
holding none of the three spatial coordinates fixed. In other words, it is a time deriva-
tive evaluated moving with the common point. Note that a common point moves at

8 A common point is also the confluence of four common curves. When the common curves exist
at the locations where three phases come together and the indexes of the four phases are 3, v, 6
and &, the indexes of the common curves can be denoted as $v8, Bye, B¢, and yd€. The domain
of the common point can alternatively be indicated as Q, = Qﬁ ¥ Qﬁye n QB seN 5_2758.
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the same velocity as the material in the point and all species in the point. Therefore

" d Dy, D,
= = —ie_ o 2.115
Jt dt Dt Dt ( )

In addition, V"”’- and div"”’ indicate divergence operators with all coordinates held
constant. Therefore, the terms involving these operators are zero. From a physical
perspective, a property constrained to exist only at a point cannot vary in space.
Therefore, Eq. (2.114) reduces to

a///Ea
ot

—Sariac — Goio =0 forie s, o € Jp;. (2.116)

Specific forms for this equation can be developed by inserting symbols from Table
2.3 or Table 2.4. However, the meanings of the symbols are such that the items
chosen for Fi, have units of quantity per point while Sq,, and Ggq,, have units
of the quantity per point per time. When the common point has no properties, the
surviving terms provide a jump condition for common curve properties at the point
such that what leaves one curve must enter the other curves.

As an example, the microscale conservation equation for a chemical species at a
common point is obtained, based on Eqs. (2.115) and (2.116) and Table 2.3 as

D, ;
M_ M —r,=0 foriel;,acIp, (2.117)
Dt s iK—io
ca

M*ia =

where py @i is the mass of species i at common point ¢. In this equation, we have
not allowed for concentrated direct mass exchange between the common point and
phases or interfaces. The values that x takes on are the index values of the four
common curves that terminate at the common point. Thus the summation term is
the net flux of species i from the common curves to the common point. This sum
will be zero if the mass of i at the common point does not change with time and
there is no net reaction or set of reactions r;, that produce species i.

For the momentum equation, the form taken is slightly more complex if one
includes the concentrated non-advective fluxes in the equation. A common point
can interact with a phase directly if the point lies on the boundary of a phase at a
location where the normal to the boundary is unique. Additionally, if the point lies
at the edge of an interface where the normal to the edge of the interface that is also
tangent to the interface is unique a term needs to be included that accounts for the
interaction with the interface. The entity-based general form of the body source term
is

1 1
= z X = X"+ - E E z X*
Sara =Saa+ - K*}(X_._ 2 - - K*}Ot_._ 6 = ‘ < Koo
k€Jdly BETly KEJCB x€9¢a BEIL, Kejcﬁ

for o € Jpy (2.118)
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where the single summation accounts for exchanges with the common curves, the
double sum accounts for exchanges with interfaces, and the triple sum accounts for
exchanges with phases. These latter two groups can be employed when the normal
to the entity is unique at the common point. Thus, for example, the momentum
equation for a common point entity is

P*azw_paga— Z (VKM =+ T)

Dt K—a K=o

K'Ej;ra
Z Y Z Y Y I =0 foraclp. (2119
BEJ xeﬂ* xej Beady xe:ﬁﬁ

Listing of the remaining conservation equations of mass, momentum, and energy
and of the entropy balance equation for species-based and entity-based quantities is
straightforward based on Eqgs. (2.116) and (2.119) along with the notation for quan-
tities given in the tables for interfaces and common curves. Note that the meanings
of the quantities is altered for the common point equations. The explicit conserva-
tion statements are not listed here simply because, except for the inclusion of the
concentrated flux from a phase to the common point, the equations are redundant
with previous equations and listings. Additionally, we will not be exploring sys-
tems with four or more phases such that common point dynamics will not enter our
analyses.

2.7 Summary

A cornerstone of mechanistic modeling is the continuum equations for conserva-
tion of mass, momentum, and energy, along with the balance equation of entropy.
TCAT builds upon microscale conservation and balance equations as a foundation
for formulation of larger-scale models. The purpose of this chapter was to develop
the general point-form microscale conservation equations for a phase, an interface, a
common curve, and a common point. These general point-form conservation equa-
tions were expressed for a species in an entity and for an overall entity that includes
all species in the entity.

The general conservation and balance equations account for the different dimen-
sionality of the entities and for the fact that higher dimensional entities serve as
body sources for lower dimensional entities. The general conservation or balance
equation for a species property can be written as

dWF,
]:ia: ot d

+ V- (ViaFia) ~Saria = div") (Snia-1§’) = Gaia =0
forieJg,a € J,n=3—dim «, (2.120)

or
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DiaE(X
Dt

Fuia = + Fald" — Soriq — div? (Sracly) — Goia =0

fori€d,aedn=3—dima, 2.121)

where dim « is the integer dimensionality of entity o such that 0 < dim o < 3,
(n) indicates the number of primes that appear in the equation with the primed
time derivative, divergence operator, and strain tensor previously defined. We have
adopted the convention of using the leftmost quantity to indicate an equation type
(e.g., F = M for mass conservation), and a specific form in terms of a partial deriva-

[T L)

tive is indicated when there is no “x” in the subscript while a particular material
derivative form corresponds to a designation with the “x” in the subscript. The body
source Sqoriq includes contributions from the next higher dimensional entity when
dim o = 0, 1, or 2, from an entity two dimensions higher when dim o« =0 or 1,
and from a phase entity to a common point when dim o = 0. The conservation
or balance equation for an entity-based quantity is identical to Eq. (2.120) and Eq.
(2.121) with the subscript i deleted. This is obtained by summing Eq. (2.120) over
all species in the entity, and then rearranging if the material derivative form is de-
sired. One needs to recognize, however, that although the sum of the species-based
conservation equation in an entity provides the entity-based equation, the sum of an
individual species-based variable does not always equal the corresponding variable
for the entity.

Specific conservation and balance equations for each entity are formulated by
mapping the physical variables for a given conservation or balance statement to
the placeholder variables in the general equations. This approach allows for the
simple identification of all microscale conservation and balance equations that will
be built upon in this work. Exercises at the end of this chapter provide opportunities
to master the concepts important to the derivations here.

Lastly, derivation of the conservation of angular momentum equations has not
been included here because the role of this equation is primarily to demonstrate
whether or not a stress tensor is symmetric. In this book, which is only an intro-
duction to the TCAT approach, we will consider the stress tensor for an entity to be
symmetric but allow the stress tensor for a species in an entity to be non-symmetric
[1,2,14].

Exercises

2.1. Show that Eq. (2.37) may be written in the equivalent form:

Qo = Z [Qia + (tiaT - wioctaT) (Vig — Va)]
i€dg
(Via - Va) . (Via — Va)
2

- Z (Eia - wiaEa) + Po Wi (V,‘a — Va) .
i€dg

(2.122)
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This form, though a bit lengthier, shows that the difference between q and the sum
over all species of (¢ is a set of terms that are all products of deviations.

2.2. Show that Eq. (2.33) may equivalently be written

Ujg U
Y (it Piatia+rig 5% ) = 0.
i€Jg

2.3. Show that the following definitions of a material derivative are equivalent:

D, 0 d' / d" "
a7 V=_ V= v 2.123
D o Ve 9t Ve o Ve ( )

2.4. Show that in the summation of Eq. (2.73) over i € J; to obtain Eq. (2.74), one
obtains

T
Z Z Ny 6iij'a)iK'ViK' (ViK' *Voc) - Zr tj;('
i€y jeds Jk=o

=N [PV (Ve — Vo) —ti] foraed kedf,, (2.124)
where ty is defined as in Eq. (2.30) and v is the barycentric velocity.

2.5. Show the following:

a. Equation (2.79) can be obtained as the sum of Eq. (2.78) over all species i in
interface entity o.

b. The definitions of t,, where o € J and t, where k € J. used in Eq. (2.79) satisfy
Eq. (2.30).

c. The definitions of q, where o € J; and q, where kK € J., used in Eq. (2.79)
satisfy Eq. (2.37).

2.6. Equation (2.30) defines the surface stress tensor in terms of species stress tensor.
Show that for a surface, this equation also satisfies

ta-lix = Z [tia‘lla —pawialix- (Vi(x —Va) (V,’a —Va) I/a] fora €Jy.
i€dg
2.7. Prove Eq. (2.96) which states

div'f+£ (V"1y) =div” (£13) fora€Jc.

2.8. Show that for an « entity composed of two chemical species, designated as A
and B, the general form of K, given in Eq. (2.35) may be simplified to
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(VAa - VBa) . (VAa - VBa)
5 .

KEq = 0aq WBo

2.9. Write the explicit form of the momentum equation for a massless common point
and provide a physical explanation for the terms in this equation.

2.10. The body force potential for a species, Wiq, and the body force per mass of the
species, g;q, are related for all entities as given by Eq. (2.50) for a phase such that

VViqg+8ia =0 foriel.
a. Show that for a phase the entity-based identity is

Vo +8u= Y, Vi (Vie —Wna) foraelp,
=

where N € J; is a reference species and Y is defined for any entity as in Eq.
(2.46).
b. Obtain the corresponding relation between V', and g, when o € J;.
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