Chapter 2
Probing and Controlling Quantum Matter Using
Ultracold Quantum Gases in Optical Lattices

Immanuel Bloch

Abstract These lecture notes provide an introduction into the field of strong correla-
tion physics with ultracold atoms in optical lattices. After a basic introduction into the
single particle bandstructure and lattice configurations, the effect of strong interac-
tions in the Hubbard model are discussed. Detection methods are introduced, which
allow one to reveal in-trap density and (quasi)-momentum distributions, as well as
correlations between particles on the lattice. The fundamental phases of the bosonic
and fermionic Hubbard model are discussed. Superexchange spin-spin interactions
that form the basis of quantum magnetism are introduced and the current status on
observing such magnetic phenomena are highlighted. Finally, the novel possibilities
to detect and control individual atoms on single lattice sites are outlined.

1 Introduction

Ultracold quantum gases in optical lattices have become a major research area in
the field of atomic and molecular quantum gases. Not only do they allow one to
investigate prototypical condensed matter Hamiltonians, but they also offer the pos-
sibility to reach novel physical regimes, which are in many cases unattainable in
real condensed matter systems [1-4]. Optical lattices are generally formed by inter-
fering several laser beams and the resulting intensity of the interference pattern is
experienced by the atoms as a light induced potential via their polarizability. The
dimensionality of such a lattice and its geometry can be fully controlled through the
amplitude and the directions of the interfering laser beams. Interactions can be tuned
via Feshbach resonances [5] or by quenching kinetic energy when going to deeper

1. Bloch (X))
Max Planck Institute of Quantum Optics, 85748 Garching, Germany

I.Bloch
Ludwig-Maximilians-University, 80799 Munich, Germany
e-mail: immanuel.bloch@mpq.mpg.de

E. Andersson and P. Ohberg (eds.), Quantum Information and Coherence, 31
Scottish Graduate Series, DOI: 10.1007/978-3-319-04063-9_2,
© Immanuel Bloch 2014



32 1. Bloch

lattices. Ultracold atoms in optical lattices have thus become a powerful setting for
investigating strongly correlated quantum gases. They also offer a new window for
the observation of non-equilibrium dynamics in quantum many-body systems [6],
where timescales and dynamical evolutions are conveniently in the regime of mil-
liseconds rather than femtoseconds.

The present lecture notes represent an introduction into the field of optical lattices
and cover some of the basics in (a) the generation of optical lattices, (b) the detection
methods employed to image in-situ and momentum distributions and (c) discuss
some of the many-body phases that have been investigated in this context. In the
last part of the manuscript, the novel single-site and single-atom resolved detection
techniques are introduced that have opened a new window for investigating quantum
gases in optical lattices with unprecedented resolution down to the level of revealing
individual thermal or quantum fluctuations in the system. The notes are far from a
complete survey of what has been done in the field, but rather represent a selection
of introductory topics with references to more detailed discussions throughout the
text.

2 Fundamentals of Optical Lattices

Atoms may be trapped in standing wave light fields by exploiting the so called optical
dipole force. The basic mechanism underlying such dipole traps may be explained
via a simple semiclassical picture: the oscillating electric field of a laser induces
an oscillating electric dipole in an atom. This atomic dipole can again interact with
the external field, thereby creating a potential for an atom that is proportional to the
intensity of the applied laser light. For laser-light with a frequency below an atomic
transition frequency w; < wy (red detuning), the atomic dipole oscillates in-phase
with the applied electric field, whereas for blue-detuning w;, > wy it oscillates out-
of-phase. This results in an attractive (repulsive) induced dipole potential for the case
of red (blue) detuning [7].

2.1 Optical Lattices

Periodic potentials based on dipole forces can be formed by overlapping two coun-
terpropagating laser beams. Due to the interference between the two light fields, an
optical standing wave with period \/2 is formed, in which the atoms can be trapped.
More generally, by choosing the two laser beams to interfere under an angle less
than 180°, one can also realize periodic potentials with a larger period [8, 9]. For
counterpropagating gaussian laser beams, the resulting trapping potential is of the
form

V(r,z2) =V - e—ZrZ/WZ(Z) . sinz(kz) @))
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Fig. 1 Two-dimensional (a) and three-dimensional (b) optical lattice potentials formed by super-
imposing two or three orthogonal standing waves. For a two-dimensional optical lattice, the atoms
are confined to an array of tightly confining one-dimensional potential tubes, whereas in the three-
dimensional case the optical lattice can be approximated by a three dimensional simple cubic array
of tightly confining, harmonic oscillator potentials at each lattice site

where k = 27/ is the wave vector of the laser light and Vj denotes the depth of the
lattice potential.

Periodic potentials in two or three dimensions can be formed by overlapping two
or three optical standing waves along different, usually orthogonal, directions. For
orthogonal polarization vectors or different frequencies of the individual standing
waves, the resulting optical potential in the centre of the trap is then a simple sum of
purely sinusoidal potentials in two- or three directions.

In two-dimensional optical lattice potential, the atoms are confined to arrays of
tightly confining one-dimensional tubes (see Fig. 1a). For typical experimental para-
meters the harmonic trapping frequencies along the tube are very weak and on the
order of 10-200 Hz, while in the radial direction the trapping frequencies can become
as high as 100kHz. For sufficiently deep lattice depths, atoms can thus move only
axially along the tube. In this manner, it is possible to realize quantum wires with
neutral atoms, which allow to study strongly correlated gases in one dimension.
Arrays of such quantum wires have been realized by several groups [10-14].

In case of three dimensional lattice potentials, the confinement on a single lat-
tice site is approximately harmonic. The atoms are then tightly confined at a sin-
gle lattice site, with trapping frequencies wg of up to 27 x 100kHz. The energy
hwy = 2E, (Vy /E,)l/ 2 of local oscillations in the well is on the order of several
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recoil energies E, = h?k?/2m, which is a natural measure of energy scales in optical
lattice potentials. Typical values of E, are in the range of several kHz for 3’Rb.

2.2 Tight Binding Regime

For sufficiently deep lattices above Vjy = 5E,, quantum gases on a lattice are well
described within a tight binding approximation. If the interaction energy between
particles is in addition smaller than the separation between the lowest and higher
energy bands, then we may restrict our discussion to particles only occupying a sin-
gle energy band in the lattice—the lowest Bloch band. For neutral atoms interacting
via short ranged molecular potentials, this is the typical situation encountered in
experiments and the one we shall focus on in the discussion below.

Kinetic Energy The movement of particles on a lattice is under such conditions
simply given by the hopping between neighboring lattice sites

H=—] Y ig,ir.0 @
(R.R')

where ag’ , denotes the fermionic (bosonic) particle destruction operator on lattice
site R’. The parameter J > 0 is the gain in kinetic energy due to nearest neighbor
tunneling. In the limit Vo > E,, it can be obtained from the width W — 4J of the
lowest band in the 1D Mathieu-equation:

4 Vo\ /4 Vo /2
J=—E (2 —2(2) . 3
NG (E) P (E ©)

For static lattice potentials J > 0, however, recently it has been shown that by
time-modulation of the lattice potential position, one can also access regimes, where
effectively, after time-averaging, J < 0 [15, 16].

Interaction Energy For typical short-ranged collisional interactions between the
particles, the interaction energy between two atoms can be described by an onsite
interaction energy, typical of the form in Hubbard models:

1 - - A A
Hi}it = EUZ”R(HR —1) and Hiﬁt = UZ”R,J”R, o 4)
R R

For single species bosons or fermions in different spin states o and o”, respectively.
Within the pseudopotential approximation for the interactions between the particles,
the onsite interaction energy U is given by:
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3/4
U= g/d3r lw(r)|* = \/gkaEr (%) (5)

Here a denotes the s-wave scattering length between two atoms and w(r) is the
Wannier function on a lattice site. Longer ranged interactions could be generated by
making use of long-ranged dipolar interactions in polar molecules [17] or ground
state atoms dressed with a small Rydberg state admixture [18-20]. For collisional
interactions alone, the description of the interactions as local onsite interactions, is,
however, an excellent approximation.

Trapping Potential Typically an overall harmonic trapping potential is used to
confine the quantum gases to a trapping region. In a lattice, this gives rise to an
additional term in the Hamiltonian of the form (in 1D):

Htrap = Vt Z szlR,a» (6)
R,o

where R denotes the position of the Rth lattice site. While the trapping potential is
typically weak compared to the lattice potential and the corresponding characteristic
length scale is long compared to the lattice period, the overall harmonic confinement
has profound implications for resulting quantum phases in the trap. This can best
be understood by introducing a local chemical potential pjoc(R) = g — V,R? (for
toc(R) > 0, else pujoc(R) = 0). Within a local density approximation (LDA) the
inhomogeneous trapped quantum gas behaves locally as a homogeneous system with
chemical potential pjoc. As one moves from the center of the trapped gas radially
outwards to its border, one thus samples many-body phases at different chemical
potentials 0 < pjoc < p. In contrast to a homogeneous sample, where the system
exhibits a single quantum phase, trapped quantum gases therefore typically exhibit
several coexisting quantum phases in the trap. Although there are cases where such
coexisting phases can complicate the analysis of the system, the harmonic trapping
potential generally facilitates the generation of many-body quantum phases with
ultracold atoms, as we will show in the case of Hubbard type model systems. The
approximation of the trapped quantum gas via LDA is expected to fail close to a
quantum critical point, where the length scale of the fluctuating region tends to
diverge [21].

2.3 Non-Standard Lattice Configurations

We have seen that by overlapping optical standing waves orthogonally to each other,
one can create lattice potentials of simple cubic symmetry. Almost any other sym-
metry maybe be created via Fourier synthesis, i.e. superimposing standing waves of
different wavelengths under different angles. Next to simple cubic type potentials,
triangular, hexagonal [22] or Kagomé [23] lattice potentials have also been realized
or proposed for ultracold atoms.
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Spin-Dependent Lattices When using laser light, detuned not too far from a set
of excited sublevels (for example for alkalis, the detuning should be close to the
fine-structure splitting), one may also realize lattice potentials, which can be vastly
different for different spin states of an atom or molecule. A prominent example in this
respect are spin-dependent potentials that can be realized using counter-propagating
laser beams with an angle 6 between the two linear polarizations of the counter-
propagating light fields [24—-26]. Such a configuration can be described by two o+ and
o~ polarized standing waves, whose relative position to each other Ax = 6/7x (\/2)
can be set by the angle . Shifting the two lattices relative to each other allows one
to tune the interaction matrix element Uy between two spin components without
the use of Feshbach resonances, but rather by changing the wave-function overlap
of the spin-components on a lattice site.

Optical Superlattices When superimposing two standing wave light fields with
exactly a factor of two difference between the two underlying lasers, optical superlat-
tices can be created. Such optical superlattices mimic arrays of double wells, where
the interwell and intrawell barrier of the double wells can be controlled dynamically
and in-situ by changing the frequency and amplitude of the two light fields rela-
tive to each other. Such optical superlattices have been successfully used to detect
onsite exchange [27] and next neighbor superexchange interactions [28] that will be
discussed in Sect. 5. Extending such superlattices along two orthogonal directions,
enables one to realize systems of coupled plaquettes [29, 30] that can be useful to
investigate plaquette superfluidity or access low-entropy d-wave superfluids in an
adiabatic manner [31, 32].

3 Detection Methods

The standard way of probing quantum gases has been connected to time-of-flight
methods. Atoms are suddenly released from the trapping potential and subsequently
imaged after a variable expansion time in free space. In the context of optical lat-
tice quantum gases, such a time-of-flight image yields useful information about the
momentum distribution and thereby coherence properties of the quantum gas. By
adiabatically turning off the lattice, one may image the quasi-momentum distribu-
tion in the lattice rather than the momentum distribution. Both methods are discussed
below in detail, as well as the possibility to use a noise-correlation analysis of time-
of-flight images to learn about the correlation properties of the gas. More recently
developed in-situ and single-site resolved imaging techniques are discussed in the
separate Chap. 6.

3.1 Time-of-Flight Imaging and Adiabatic Mapping
Sudden release When releasing ultracold quantum gases from an optical lattice, two

possible release methods can be chosen. If the lattice potential is turned off abruptly
and interaction effects can be neglected, a given Bloch state with quasi-momentum
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q will expand according to its momentum distribution as a superposition of plane
waves with momenta p,, = hg +n x 2hk. This is a direct consequence of the fact that
Bloch waves can be expressed as a superposition of plane wave statesexp i(q + G) - r
with momenta q+ G, which include arbitrary reciprocal lattice vectors G. In a simple
cubic lattice with lattice spacing d = 7 /k, the vectors G are integer multiples of the
fundamental reciprocal lattice vector 2k. After a certain time-of-flight time, this
momentum distribution can be imaged using standard absorption imaging methods.
If only a single Bloch state is populated, as is the case for a Bose-Einstein condensate
with quasi-momentum g = 0, this results in a series of interference maxima that can
be observed after a time-of-flight period z. The density distribution observed after a
fixed time-of-flight at position X, is nothing but the momentum distribution of the
particles trapped in the lattice

3
n) = (£) 1900 LY K. )

Here ks related tox by k = mx/ At due to the assumption of ballistic expansion while
w(k) is the Fourier transform of the Wannier function. The coherence properties of
the many-body state are characterized by the Fourier transform

G (k) = Z eik-(R—R’)G(l)(R’ R’) (8)
R. R

of the one-particle density matrix GV (R, R’) = (&;;&R/).

In a BEC, the long range order in the amplitudes leads to a constant value of the
first order coherence function GV (R, R’ ) at large separations |R — R’|. The result-
ing momentum distribution coincides with the standard multiple wave interference
pattern obtained with light diffracting off a material grating. The atomic density dis-
tribution observed after a long enough time-of-flight time, thus yields information
on the coherence properties of the many-body system [33, 34].!

Adiabatic mapping One of the advantages of using optical lattice potentials is
that the lattice depth can be dynamically controlled by simply tuning the laser power.
This opens another possibility for releasing the atoms from the lattice potential e.g.
by adiabatically converting a deep optical lattice into a shallow one and eventually
completely turning off the lattice potential. Under adiabatic transformation of the
lattice depth, the quasi-momentum q is preserved and during the turn off process
a Bloch wave in the nth energy band is mapped onto a corresponding free particle
momentum p in the nth Brillouin zone (see Fig. 2) [10, 35, 36].

The adiabatic mapping technique has been applied to the case of bosonic [10] and
fermionic [36] atoms. For the situation of a homogeneously filled lowest energy band,
an adiabatic ramp down of the lattice potential leaves the central Brillouin zone—a
square of width 2hk—fully occupied (see Fig. 3b). If on the other hand higher energy

U If interaction effects occur during time-of-flight expansion, the observed density distribution can
deviate from the in-trap momentum distribution.
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Fig. 2 a Bloch bands for different potential depths. During an adiabatic ramp down the quasi
momentum is conserved and b a Bloch wave with quasi momentum ¢ in the nth energy band is
mapped onto a free particle with momentum p in the nth Brillouin zone of the lattice
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Fig. 3 a Brillouin zones of a 2D simple cubic optical lattice. For a homogeneously filled lowest
Bloch band, an adiabatic shut off of the lattice potential leads to a homogeneously populated first
Brillouin zone, which can be observed through absorption imaging after a time-of-flight expansion
(b). If in addition higher Bloch bands were populated, higher Brillouin zones become populated as
well (¢)

bands are populated, one also observes populations in higher Brillouin zones (see
Fig. 3c). As in this method each Bloch wave is mapped onto a specific free-particle
momentum state, it can be used to efficiently probe the distribution of the particles
over Bloch states in different energy bands [10, 35-37].

3.2 Time-of-Flight Versus Noise Correlations

Let us begin by considering a quantum gas released from a trapping potential.
After a finite time-of-flight time ¢, the resulting density distribution yields a three-
dimensional density distribution n3p (x). If interactions can be neglected during time-
of-flight, the average density distribution is related to the in-trap quantum state via:
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where k and x are related by the ballistic expansion condition k = Mx/ht (a factor
M/ hit)? from the transformation of the volume elements d3x — d>k is omitted. Here
we have used the fact that for long time-of-flight times, the initial size of the atom
cloud in the trap can be neglected. It is important to realize, that in each experimental
image, a single realization of the density is observed, not an average. Moreover, each
pixel in the image records on average a substantial number N,, of atoms. For each
of those pixels, however, the number of atoms recorded in a single realization of
an experiment will exhibit shot noise fluctuations of relative order 1/+/N, which
will be discussed below. As shown in Eq. (9), the density distribution after time-
of-flight represents a momentum distribution reflecting the first order coherence
properties of the in-trap quantum state. This assumption is however only correct,
if during the expansion process interactions between the atoms do not modify the
initial momentum distribution, which we will assume throughout the text. When the
interactions between the atoms have been enhanced, e.g. by a Feshbach resonance,
or a high density sample is prepared, such an assumption is not always valid. Near
Feshbach resonances one therefore often ramps back to the zero crossing of the
scattering length before expansion.

Density-density correlations in time-of-flight images Let us now turn to the obser-
vation of density-density correlations in the expanding atom clouds [38]. These are
characterized by the density-density correlation function

aE)AX)) = AE)NAK))gP (x, X)) + §(x — X) (A(x)) (10)

which contains the normalized pair distribution g(2) (x,x) and a self correlation
term. Relating the operators after time-of-flight expansion to the in-trap momentum
operators, using Eq. (9), one obtains:

(30 ()30 (X))o ~ (@ (K)ak)a’ (K)ak'))ap =
(@ ®a' (k)ak)ak))up + Sk (@' (K)ak))ap- (11)

The last term on the rhs of the above equation is the autocorrelation term and
will be dropped in the subsequent discussion, as it only contributes to the signal for
x = x’ and contains no more information about the initial quantum state, than the
momentum distribution itself. The first term, however, shows that for x # x/, subtle
momentum-momentum correlations of the in-trap quantum states are present in the
noise-correlation signal of the expanding atom clouds.

Let us discuss the obtained results for two cases that have been analyzed in the
experiment: (1) Ultracold atoms in a Mott insulating state or a fermionic band insu-
lating state released from a 3D optical lattice and (2) two interfering one-dimensional
quantum gases separated by a distance d.
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3.2.1 Noise Correlations in Bosonic Mott and Fermionic Band Insulators

Consider a bosonic Mott insulating state or a fermionic band insulator in a three-
dimensional simple cubic lattice. In both cases, each lattice site R is occupied by a
fixed atom number nR. Such a quantum gas is released from the lattice potential and
the resulting density distribution is detected after a time-of-flight z. In a deep optical
lattice, the (in-trap) field operator 1,2(1‘) can be expressed as a sum over destruction
operators ag of localized Wannier states and neglecting all but the lowest band. The
field operator for destroying a particle with momentum k is therefore given by

ak) = / e M) dr ~ (k) > e M Rag, (12)
R

where w(k) denotes the Wannier function in momentum space.

For the two states considered here, the expectation value in Eq. (11) factorizes
into one-particle density matrices (&;&R/) = nR 0R, R’ With vanishing off-diagonal
order. The density-density correlation function after a time-of-flight is then given by
(omitting the autocorrelation term of order 1/N)

(i3p(X)iap (X)) = [Ww(Mx/ht)|*|[w(Mx' /lit) |*N?

2
Z ei(xfx/)R(M/ﬁJ) nR
R

13)

1
X 1:‘:m

The plus sign in the above equation corresponds to the case of bosonic particles
and the minus sign to the case of fermionic particles in a lattice. Both in a Mott
state of bosons and in a filled band of fermions, the local occupation numbers nr are
fixed integers. The above equation then shows that correlations or anticorrelations in
the density-density expectation value appear for bosons or fermions, whenever the
difference k — k' is equal to a reciprocal lattice vector G of the underlying lattice. In
real space, where the images are actually taken, this corresponds to spatial separations
for which

, 2ht
x—x|=0=—. (14)

M
Such spatial correlations or anticorrelations in the quantum noise of the den-
sity distribution of expanding atom clouds can in fact be traced back to the famous
Hanbury Brown and Twiss effect [39—41] and its analogue for fermionic particles
[42-47]. For the case of two atoms localized at two lattice sites this can be readily
understood in the following way: there are two possible ways for the particles to
reach two detectors at positions x and x” which differ by exchange. A constructive
interference for the case of bosons or a destructive interference for the case of fermi-
ons then leads to correlated or anticorrelated quantum fluctuations that are registered

in the density-density correlation function [38, 41].
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Fig. 4 Noise correlations of a Mott insulator released from a 3D optical lattice. a Single shot
absorption image of a Mott insulator released from an optical lattice and associated cut through the
image (b). A statistical correlation analysis over several independent images such as the one in a
yields the correlation function (c). A cut through this two-dimensional correlation function reveals
a Hanbury-Brown and Twiss type bunching of the bosonic atoms (d). Adapted from Folling et al.
[48]

The correlations for the case of a bosonic Mott insulating state and anticorrela-
tions for the case of a fermionic band insulating state have recently been observed
experimentally [46, 48, 49]. In these experiments several single images of the desired
quantum state are recorded after releasing the atoms from the optical trapping poten-
tial and observing them after a finite time-of-flight time (for a single of these images
see e.g. Figs. 4a or 5a). These individually recorded images only differ in the atomic
shot noise from each other. A set of such absorption images is then processed to yield

the spatially averaged second order correlation function gg(i, (b):

[{n(x+b/2) - n(x —b/2)) d*x

2) (b) = .
J(n(x+b/2))(n(x — b/2)) d’x

8exp

15)

As shown in Fig. 4, the Mott insulating state exhibits long range order in the
pair correlation function g® (b). This order is not connected with the trivial periodic
modulation of the average density imposed by the optical lattice after time-of-flight,
which is factored out in g (x, x') (see Eq. (10)). Therefore, in the superfluid regime,
oneexpects g (x, x') = 1 despite the periodic density modulation in the interference
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Fig.5 Noise correlations of a band insulating Fermi gas. Instead of the correlation bunching peaks
observed in Fig. 4 the fermionic quantum gas shows an HBT type antibunching effect, with dips in
the observed correlation function. Adapted from Rom et al. [46]

pattern after time-of-flight. It is interesting to note that the correlations or anticorre-
lations can also be traced back to the enhanced fluctuations in the population of the
Bloch waves with quasi momentum ¢ for the case of the bosonic particles and the
vanishing fluctuations in the population of Bloch waves with quasi momentum ¢ for
the case of fermionic particles [46].

Note that in general the signal amplitude obtained in the experiments for the cor-
relation function deviates significantly from the theoretically expected value of one.
In fact, one typically observes signal levels of 1074~1073 (see Figs. (4 and 5)). This
can be explained by the finite optical resolution when imaging the expanding atomic
clouds, thus leading to a broadening of the detected correlation peaks and thereby
a decreased amplitude, as the signal weight in each correlation peak is preserved in
the detection process. Using single atom detectors with higher spatial and temporal
resolution such as the ones used in [47, 50], one can overcome such limitations and
thereby also evaluate higher order correlation functions.
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4 Bose and Fermi Hubbard Models

The single band Hubbard models play a paramount role in the context of condensed
matter physics. Although they are among the simplest models used to describe inter-
acting particles on a lattice, in several cases not even the phase diagram of the system
is known and analytical solutions of the Hubbard model have not yet been found. In
the case of the fermionic Hubbard model, it is also widely believed that it contains the
essential physics for the explanation of high-temperature superconductivity [51, 52].
The fact that both models can be realized efficiently with ultracold atoms [53, 54] and
the fact that all the underlying parameters of the Hubbard model may be tuned and
controlled in cold atom and molecule experiments, has led to widespread interest of
ultracold gases as efficient quantum simulators of these foundational Hamiltonians
[1-3]. Current research is driven by the quest to explore the low temperature (entropy)
phases of these models, but has also opened a new path to studying non-equilibrium
phenomena in strongly correlated quantum systems beyond linear response [6].

As one of the most striking phenomena in both the case of bosons and fermions, for
strong repulsive interactions between the particles compared to their kinetic energy
U > J and integer fillings, the many-body system forms a Mott insulating state, with
strongly suppressed density fluctuations. Mott insulators form the basis for states with
magnetic order, when the temperature of the system becomes sufficiently lower than
the superexchange coupling between two spin states on neighboring lattice sites. The
quest to realize such magnetically ordered states and the novel possibilities offered
by ultracold atoms and molecules is discussed in the subsequent chapters.

Before we proceed, we will need to discuss a fundamental difference between
a typical condensed matter and cold quantum gas experiment. Typical condensed
matter experiments are carried out under conditions where a probe sample is held
at a constant temperature through a connection to a reservoir. Lowering the tem-
perature then allows one to access novel phases of the many-body system. In the
context of ultracold quantum gases, we are dealing with quantum systems that are
completely isolated from their environment. A change of the underlying trapping or
lattice parameters typically also leads to a change in the temperature of the isolated
gas. A temperature reduction caused by a trap deformation for example, might not
bring one any closer to the transition point of a new phase, as the associated transi-
tion temperature typically is lowered as well. A much more useful system variable
that is invariant to such adiabatic changes of the Hamiltonian parameters is the total
entropy per particle of the quantum gas S/(Nkp). Whether or not a specific many-
body phase can thus be reached via adiabatic change of system parameters is only a
question of whether the initial entropy of the initial system is low enough. For exam-
ple, experiments typically begin with a fermionic or bosonic quantum gas cooled via
evaporative cooling to a certain temperature in the harmonic trapping potential of a
magnetic or an optical dipole trap. This temperature determines the entropy of the
quantum gas. Then optical lattices are turned on by increasing the intensity of the
corresponding light fields. Under the assumption of adiabatic changes of the lattice
potential, the entropy of the systems remains constant. Typically experiments are
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carried out under this assumption of conserved entropy, however it is not always
fulfilled, as timescales for reaching equilibrium in interacting many-body systems
have been shown to increase with interaction strength [55-57].

4.1 Bose-Hubbard Model

The theory proposal [53, 58] and the subsequent realization of the Bose-Hubbard
model with ultracold atoms [59] marks the starting point for strong correlation physics
with ultracold quantum gases. Within this model, a gas of interacting bosons occupy-
ing the lowest Bloch band of a periodic potential forms a superfluid below a critical
ratio of interaction to kinetic energy (U/J < (U/J).). For integer filling of the lattice
and for U/J > (U/J)., the system turns into a strongly correlated Mott insulator.
By increasing the optical lattice depth, the ratio of interaction to kinetic energy of
the system U/J can be tuned to increasingly large values. Even without employing
scattering resonances to tune U, it is thus possible to bring the bosonic quantum gas
into a strongly correlated regime of a Mott insulator simply by quenching the kinetic
energy of the system. The transition from a superfluid to a Mott insulator has by
now been the focus of numerous theoretical and experimental investigations and it
is beyond the scope of this article to give a complete survey of these. The interested
reader may find more detailed reviews on the topic in Refs. [1-3].

In the following, we will instead try to highlight a few characteristic properties
that exemplify the dramatic changes occurring when the quantum gas is converted
from a superfluid into a Mott insulator. Among one of the most prominent features
are the measurement on the change of coherence properties when the transition
is crossed. For a superfluid state, the underlying condensate exhibits long-range
phase coherence and thus shows sharp matter wave interference peaks when the
quantum gas is released from the optical lattice. Deep in the Mott insulating phase
U/J > (U/J)c, the system is comprised of pure Fock states of integer on-site density
and thus no interference pattern is observed [59]. For finite tunneling, particle-hole
fluctuations induced by the kinetic energy of the quantum gas, can allow even a Mott
insulator to exhibit finite coherence properties [33]. However, as the particle-hole
pairs are created only on nearest neighbor lattice sites, this coherence is rather short
ranged in nature and distinctly different from the long-range phase coherence of a
BEC. As the transition point to the superfluid is approached, the particle-hole pairs
begin to extend over larger and larger distances, eventually becoming deconfined and
inducing the formation of a superfluid at the transition point [60]. It is thus natural
to view the Mott insulator as a gas of bound particle-hole pairs, on top of a fixed
density background.

The harmonic trapping potential that is typical in cold atom experiments and is
present in addition to the periodic potential, plays a crucial role for the realization
of strongly interacting quantum phases on a lattice. Whereas for a homogeneous
system one would need to tune the filling to integer values to observe the transition
to a Mott insulator, the density distribution in a trap can change and the formation
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Fig.6 Summary of phenomena that have been measured in the context of the Bose-Hubbard model.
Several characteristic properties in the transition from a superfluid to a Mott insulator have been
investigated experimentally. Among these are the different coherence properties, number statistics,
density distributions and transport properties

of a Mott insulator can be induced even for an initially non-commensurate lattice
density. In fact, as the lattice is raised, Mott insulating regions will automatically
form in the trap for low enough temperatures. These Mott insulating regions become
visible as constant integer density plateaus, with jumps in density at characteristic
trap radii. The resulting density distribution of a Mott insulator therefore resembles a
’wedding cake’ type structure in the trap (see Fig. 6). The regions of constant density
are characteristic for the incompressible nature of the Mott state with vanishing
compressibility k = dn/dp = 0. The compressibility of the quantum gas can also
be related to the density fluctuations, for which one finds [61]:

15)
kBT£ _ / REOAT) — (RE) (AT, (16)

For a system with short ranged density fluctuations (such as a Mott insulator),
the right hand side of the equation takes essentially only non-zero values for r = r’
and thus corresponds to the on-site density fluctuations. The on-site number fluctu-
ations of the quantum gas thus closely track the compressibility of the many-body
state and may be used as an alternative way to identify the incompressible regions
of a Mott insulator. The wedding cake structure of the density distribution including
Mott plateaus have been revealed in several experiments [62—65]. In the most recent
measurements using single-atom and single-site resolved detection of atoms in opti-
cal lattice that are discussed in Sect. 6, the vanishing number fluctuations were also
directly observed at the single-site level [64, 65].



46 1. Bloch

4.2 Fermi-Hubbard Model

Restricting our discussion to the lowest energy band of a simple cubic 3D opti-
cal lattice, a fermionic quantum gas mixture can be modeled via the Hubbard-
Hamiltonian [66] with an additional term describing the underlying harmonic
potential:

H=-J Z a;,gfl[{f’g + UZﬁRyiﬁR,T
(R,R), o R

+V, > R%ig . (17)
R, 0

The quantum phases of the fermionic Hubbard model with harmonic confinement
are governed by the interplay between three energy scales: kinetic energy, whose scale
is given by the lattice bandwidth 12J, interaction energy U, and the strength of the
harmonic confinement, which can conveniently be expressed by the characteristic
trap energy E; = V;(N,/(47/3))?/3, denoting the Fermi-energy of a non-interacting
cloud in the zero-tunneling limit, with N, being the number of atoms per spin state
(N, = N3). The characteristic trap energy depends both on atom number and trap

frequency via E; wf_Ng/ 3 and describes the effective compression of the quantum
gas, controlled by the trapping potential in the experiment.

Depending on which term in the Hamiltonian dominates, different kinds of many-
body ground states can occur in the trap center. For weak interactions in a shallow
trap U < E; < 12J the Fermi energy is smaller than the lattice bandwidth (Er <
12J) and the atoms are delocalized in order to minimize their kinetic energy. This
leads to compressible metallic states with central filling ng , < 1, where the local
filling factor nR, » = (fir,s) denotes the average occupation per spin state of a given
lattice site. A dominating repulsive interaction U 3>>12J and U > E; suppresses the
double occupation of lattice sites and can lead to Fermi-liquid (no, » < 1/2) or Mott-
insulating (np, , = 1/2) states at the trap center, depending on the ratio of kinetic
to characteristic trap energy. Stronger compressions lead to higher filling factors,
ultimately (E; > 12J,E; > U) resulting in an incompressible band insulator with
unity central filling at 7 = 0.

Finite temperature reduces all filling factors and enlarges the cloud size, as the
system needs to accommodate the corresponding entropy. Furthermore, in the trap the
filling always varies smoothly from a maximum at the center to zero at the edges of
the cloud. For a dominating trap and strong repulsive interaction at low temperature
(E; > U > 12J), the interplay between the different terms in the Hamiltonian gives
rise to a wedding-cake like structure consisting of a band-insulating core (19, ~ 1)
surrounded by a metallic shell (1/2 <ngR, » < 1), aMott-insulating shell (nr, » = 1/2)
and a further metallic shell (nr, » < 1/2) [67]. The outermost shell remains always
metallic, independent of interaction and confinement, only its thickness varies.

Recent experiments on ultracold fermionic spin mixtures of “°K atoms have been
able to reach a paramagnetic Mott insulating phase for increasing interactions in the
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quantum gases in the range of U/(12J) ~ 1.5 — 4 [68, 69]. In the experiments,
the suppression of double occupancy (doublons) or the incompressible nature of an
insulating phase have been used in order to identify the Mott insulating phase. For
example for kpT < U and strong interactions, one expects doubly occupied sites
D = (fR.47R,})/({nR,4) + (nR,)) to be strongly suppressed compared to the non-
interacting case [70]. Furthermore when the system is in an insulating phase, the
compressibility of the system will drop to a minimum. Both these quantities can be
compared to ab-initio Dynamical Mean Field Theory (DMFT) calculations [69, 71].
As the lowest achieved temperatures of the quantum gases are still above the single
particle hopping kgT 2 J, a high temperature series expansion of the partition
function has also been shown to be useful for comparison with the experimental
results [71, 72]. The detailed comparison with theory has allowed one extract the
entropies per particle of current experiments being in the range of S/N = (1—1.8) kp,
for which Mott insulating behavior could be observed. Interestingly, for the upper
limit values, these entropies are larger than the maximum entropy that can be stored
in a homogeneous single band Hubbard model system of Spax /N = kp 21og 2. For a
homogeneous system, one would thus not expect the system to show Mott insulating
behavior, however, for the trapped quantum gas the entropy per particle is distributed
inhomogeneously throughout the system, such that in the metallic wings the excess
entropy above S/N = kg log 2 can be efficiently stored as configurational entropy of
the particles. This inhomogeneous entropy distribution is in fact key to novel cooling
(or better entropy reduction) methods that have been proposed for ultracold atoms
in optical lattices [73, 74].

Simulating the repulsive model with a system of attractively interacting particles
(U < 0) has recently been shown to exhibit advantages, especially when one wants to
probe the effects of a controlled doping of e.g. an antiferromagnetic Mott insulator
[75]. For fermions with attractive interactions a preformed paired phase has been
detected [76], however, the generation of a superfluid state within the single band
has not yet been achieved. The temperatures (and entropies) required to realize such
a state are in fact comparable to the ones required for an antiferromagnet in the
repulsive Hubbard model [77].

5 Quantum Magnetism with Ultracold Atoms in Optical Lattices

Magnetically ordered quantum phases play an important role in the low-temperature
regime of the Hubbard model. The underlying spin-spin interactions responsible for
the magnetically ordered phases arise due to superexchange mediated coupling of
neighbouring spins and our primary goal will be to understand, how such superex-
change couplings emerge in two-component quantum gases on a lattice in the regime
of strong interactions. For this, it will be useful to first introduce a toy model’ of
two spins in a double well—a system that can be in effect realized in the lab using
superlattice potentials and that plays an important role in the context of realizing
solid state qubits in electronic double well quantum dots. Extensions of these results
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to larger plaquette sized systems and the formation of resonating valence bond states
will also be discussed.

5.1 Superexchange Spin Interactions

5.1.1 Superexchange Interactions in a Double Well

Spin-Spin interactions between neighbouring atoms are mediated via so called super-
exchange processes. They directly arise from within the Hubbard model in the regime
of strong interactions, leading to an effective Hamiltonian that couples the spin of
neighbouring atoms in a lattice. Let us first discuss how such superexchange interac-
tions can be derived theoretically (see also [78]). As a starting point, we discuss the
case of an atom with spin-up |1) and another atom with ||,) loaded into a double well
potential. In the regime of strong repulsive interactions U >> J, doubly occupied
sites are energetically suppressed and our system can be described by the following
basis states of the left and right well .7 = {|], 1), |1, {), 15 1), 4, 4}

The action of the tunneling operator of the Hubbard Hamiltonian can be evalu-
ated in the strongly interacting regime via perturbation theory. First order tunneling
processes lead out of the energetically allowed subspace and are therefore forbidden.
However, second order tunneling processes that leave the system within . lead to an
effective coupling between the different spin states. We can describe such processes
via an effective Hamiltonian of the system, whose matrix elements within .’ can be
evaluated via second order perturbation theory:

1-Py

A~ ~ ~ 1 A
eff _ [ _
Ha,b = —(a|Hj H;|b) = E (alHj|n) |I:Ii”f|n (n|Hj|b). (18)

n¢s (n )

Here A’ denotes the tunnelling and H™ the interaction part of the Hubbard
Hamiltonian and P & represents the projector into the subspace .7

Let us consider for example the process that can lead to to am exchange of two
spins (see also Fig. 7):

-1/U
——
1.1 =5 1040 =5 1)
or | 14,0y —15 11, 1) (19)
——
-1/U

The two possible pathways thus sum up to an effective coupling strength —J,, =
—2J%/U. Evaluating the other matrix elements in the same way, we obtain for the
case of bosonic atoms the following matrix form of AT in the basis .7
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Fig. 7 Schematic of superexchange interactions in a double well. For the case of strong repulsive
interactions between the particles, atoms can mediate interactions between neighbouring sites via

second order tunneling processes, depicted in the image. The second order hopping of the particles
via an intermediate state can lead to an exchange of the spins in the system

-1-10 0
—-1-10 0

Hg(f)fsons = Jox 0 0 =1 0 (20)
0 0 0 -1

Diagonalizing the effective Hamiltonian yields the new eigenstates and eigenen-
ergies:

{lt1), lt0), lt=)} with E = —2J,, (21
lso) with E = 0. (22)

Here |t1) = [, 1), 1) = [, }), and |o) = 1/v/2(1}, 1) + 11, ) are the
spin-triplet eigenstates, whereas |so) = 1/+/2(]{, 1) — |T J)) denotes the spin-
singlet eigenstate of the two atoms. We may thus write H viaa projector into the
spin-triplet subspace Pr, as:

I:Ieff = _ZJex]ST = —Jox (i +)A(LR) ’ (23)

where X;x denotes the exchange operator between the left and right well. The
projection operator into the singlet and triplet subspace can be expressed via Dirac
notation as:

3 . .

Pr = 1 + St - Sgr. 24)

We can thus write the effective Hamiltonian as an interaction term between spins
on the neighbouring wells: o

HY = —27J,.8; - Sg. (25)

The minus sign for the case of bosons indicates ferromagnetic interactions, as the
energy of the two spins is lowered if they align along the same direction.



50 1. Bloch

For the case of fermionic spin mixtures, we can essentially follow the same deriva-
tion, however for equal spin on neighbouring sites, second order hopping processes
are forbidden, due to Pauli blocking in the intermediate state, where both particles
with identical spin would occupy the same spin state. Also, when two particles are
exchanged, we obtain an additional minus sign in the coupling owing to the odd
exchange symmetry of fermionic particles. The effective Hamiltonian for fermions
thus reads:

-1 100

o 1-100
eretrtmions = Jox 0 000 (26)

0 000

Diagonalizing the effective Hamiltonian in the fermionic case yields the eigen-
states and eigenenergies:

{lt), lto), 12-)} with E=0 (27)
Iso) with E = —2J,,. (28)

For fermions the spin-singlet state |sg) is thus lower in energy and antiparallel
orientation of the spins is thus favored. For the effective Hamiltonian we therefore
obtain

f{eff = _2Jexi,s = _Jex (i _)’\(LR)- (29)
Making use of
1 ~ ~
Ps=7 -5 8. (30)

we obtain for the fermionic spin Hamiltonian in the case of a double (up to a
constant) o
HY = +27,.5 - S, 31

favouring antiferromagnetic ordering between the particles. It is interesting to
remind ourselves that the interactions between particles on neighbouring sites purely
arise due to the strong repulsive contact interaction between the particles, virtual
hopping of the spins and the exchange symmetry of the resulting quantum states.
No long ranged interactions are required to yield these interactions on neighbouring
lattice sites.

5.1.2 Superexchange Interactions on a Lattice

Our above derivation can be extended to the case of a lattice system in a straight-
forward manner. For a bosonic or fermionic quantum system consisting of an equal
mixture of two spin components in a Mott insulating regime with (7; 1) + (7, ) = 1
and low enough temperatures, one expects magnetically ordered quantum phases
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due to such superexchange spin-spin interactions. In the simplest case, such spin
interactions take the form of an isotropic Heisenberg model:

H=%lo D Sr-Sw. (32)
(R, R’)

with effective spin-1/2 operators 8 = (&L,T&R»¢+&£,¢&R,T)/2"§{l = (&Q,T&R,L
— &L’iaR,T)/Zi and S = (fiR,y — 7R, })/2 and exchange coupling constant J., =
2J%/U.

It is instructive to re-write the Heisenberg Hamiltonian using the spin raising
and lowering operators 3‘1'{ = (S‘f{ + iS‘iV{) = &;,T&R’i and 3'1; = (Sﬁ — iS'{{) =

&I{ 1ar. 1. We find:

Jex ot a— o— o+ Jex dz &
H=+=5 3" (S8 +5:5) £ = 2 %Sk (33)
(R,R’) (R,R’)

Note that in this form it becomes especially apparent that the first part of the spin
Hamiltonian has exactly the same structure as the tunneling operator in the Hubbard
Hamiltonian, while the second term acts like nearest neighbour interaction term.

5.2 Tunable Superexchange Interactions

Let us turn to the more general case of spin-spin interactions in two-component
Bose-Bose or Fermi-Fermi mixtures in the strong coupling regime and half filling,
but in general unequal hopping matrix elements J, # J, and tunable interspecies
and intraspecies interactions U and U, (for fermions in a single-band model
Uy» = 0). In this case one finds an XXZ-type spin Hamiltonian of the form [79, 80]:

H= > [78i8k £ 74 (k8 + k5% )| (34)
(R, R)

with tunable exchange coefficients for bosonic particles:

2 2 2 2
ex — ex — .
U Un Uy Uy

For fermionic atoms, the expression for J e& is identical, however in the expression
for J%, the last two terms vanish. By tuning the different interaction matrix elements,
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Fig. 8 Detecting and Controlling Superexchange Interactions (a) Superexchange interactions are
mediated via second order hopping processes. By introducing a energy offset A between neighboring
lattice sites, one may tune the exchange coupling J,,. b Dynamical observation of superexchange
interaction in double wells, initially prepared in a z-Néel order (see a). For increasing interactions
(top row to bottom row) one observes how Heisenberg type superexchange spin-spin interactions
emerge and single particle hopping becomes increasingly suppressed due to the increased repulsive
interactions between the particles. Adapted from Trotzky et al. [28]

e.g. via Feshbach resonances, or by tuning the different hopping matrix element,
one may thus easily tune the system from an Ising type interacting over a isotropic
Heisenberg interaction to a dominating transverse spin-spin interaction.

Time resolved superexchange interactions between ultracold atoms have been
observed with ultracold bosons in optical double well setups using optical super-
lattices (see Fig. 8). By introducing an energy offset A between neighboring lattice
sites, Trotzky et al. [28] showed that the superexchange coupling can be tuned via
Jox = J2/(U 4+ A) +J?/(U — A). When A > U the sign of the superexchange
coupling is thus reversed, allowing one to tune between ferromagnetic and antifer-
romagnetic spin interactions of the particles. It is thus also conceivable to generate
quantum systems, for which ferromagnetic and antiferromagnetic spin interactions
are simultaneously present along different lattice axes.

5.3 Resonating Valence Bond States in a Plaquette

The concept of valence bond resonance plays a fundamental role in the theory of
the chemical bond [81, 82] and is believed to lie at the heart of many-body quantum
physical phenomena [83, 84]. By making use of optical superlattices in two orthog-
onal directions, it has recently become possible to create such resonating valence
bond (RVB) states of different symmetry types in arrays of plaquettes (see Fig. 9)
[29, 30]. In the experiment, one could for example begin with spin singlets along
the vertical direction (A-D and B-C in Fig. 9a) with suppressed exchange coupling
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Fig. 9 Schematics of a single plaquette and energy levels at half filling. a Scheme of the lattice
potential in the x, y plane, created by a pair of bichromatic optical lattices. The elementary cell is
made of four wells arranged in a square configuration. b Energy levels of four atoms on a plaquette

in a Mott insulating state at half filling, with superexchange spin couplings along x (y) denoted by

Jx(Jy). For any ratio J, /Jy, the highest energy state is a total spin—% singlet. In the case of J, /Jy = 0,

it corresponds to the valence bond state with singlets aligned alont the vertical direction, whereas
for J/Jy = 1itis the s-wave RVB state . The other total singlet for J; = Jy, lower in energy, is the
d-wave RVB state, with singlets along the diagonals. (¢) Symbols used for a singlet bond and for
the s-wave and d-wave plaquette RVB states. From Nascimbene et al. [30]

in the horizontal direction, i.e. J, = 0. By adiabatically turning on the exchange
coupling in the horizontal direction to a point where J; = Jy, the state could be
transformed into a RVB state with s-wave symmetry. Such a state can be viewed
as a coherent superposition of spin singlets in the horizontal and vertical direction,
very much in analogy to the electronic binding configuration in a benzene molecule.
If the exchange coupling along the horizontal direction was turned on abruptly to
Jy = Jy, however, the systems started to exhibit valence bond oscillations between
the two configurations where the singlets are oriented along the vertical and horizon-
tal direction. Using more elaborate preparation techniques it has also been possible
to realize RVB states with d-wave symmetry [29, 30].

Having such control possibilities at hand for the local creation of plaquette RVB
state opens the path for coupling these plaquettes to larger system sizes and thereby
extending the RVB state over a larger area of the two-dimensional spin system.
Different protocols for achieving this have been discussed in the literature [31, 32].
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6 Single-Site and Single-Atom Resolved Imaging and Addressing
of Quantum Gases in Optical Lattices

Imaging single quantum particles has revolutionized the field of quantum optics. For
several years, researchers have aspired to employ such single particle detection meth-
ods for the analysis of ultracold quantum gases. Only recently it has become possible
to realize such imaging techniques, marking a milestone for the characterization and
manipulation of ultracold quantum gases [64, 65, 85, 86]. In our discussion, we will
focus on a novel detection employing high-resolution imaging of strongly interacting
quantum gases. The imaging of a bosonic Mott insulator will serve as an example of
the novel analyses possibilities available with this technique.

6.1 High Resolution and Single-Atom Sensitive Fluorescence
Imaging

One of the standard imaging techniques in ultracold quantum gases—absorption
imaging—cannot be easily extended to the regime of single atom sensitivity. This
is mainly due to the limited absorption a laser beam experiences when interacting
with a single atom. For typical experimental conditions, this absorption is smaller
than the accompanying photon shot noise. While high resolution images of down to
1 m resolution have been successfully used to record in-situ absorption images of
trapped quantum gases [63], they have not reached the single-atom sensitive detection
regime. Fluorescence imaging can however overcome this limited signal-to-noise and
therefore provides a viable route for combining high-resolution imaging with single-
atom sensitivity. By using laser induced fluorescence and by trapping the atoms in a
very deep potential, several hundred thousand photons can be scattered from a single
atom, of which a few thousand are ultimately detected. An excellent signal-to-noise
in the detection of a single atom can therefore be achieved.

This idea was first pioneered for the case of optical lattices by the group of D. Weiss
[87], who loaded atoms from a magneto optical trap into a three-dimensional lattice
with a lattice constant of 6 wm [87]. However, for typical condensed matter oriented
experiments, such large spaced lattice are of limited use, due to their almost vanishing
tunnel coupling between neighbouring wells. Extending fluorescence imaging to a
regime where the resolution can be comparable to typical lattice spacings of d =
500 nm, thus requires microscope objectives working in the regime of large numerical
apertures (NA), as the smallest resolvable distances in classical optics are determined
by o = A/(2NA).

In recent publications, Bakr et al. [64, 86] and Sherson et al. [65] have demon-
strated such high-resolution imaging and applied it to image the transition of a super-
fluid to a Mott insulator in 2D. In the experiments, 2D Bose-Einstein condensates
were first created in tightly confining potential planes. Subsequently, the depth of
a two-dimensional simple-cubic type lattice was increased, leaving the system either
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Fig. 10 Schematic setup for high resolution fluorescence imaging of a 2D quantum gas. Two-
dimensional bosonic quantum gases are prepared in a single 2D plane of an optical standing wave
along the z-direction, which is created by retro-reflecting a laser beam (A = 1064 nm) on the coated
vacuum window. Additional lattice beams along the x- and y-directions are used to bring the system
into the strongly correlated regime of a Mott insulator. The atoms are detected using fluorescence
imaging via a high resolution microscope objective. Fluorescence of the atoms was induced by
illuminating the quantum gas with an optical molasses that simultaneously laser cools the atoms.
The inset shows a section from a fluorescence picture of a dilute thermal cloud (points mark the
lattice sites). Adapted from Sherson et al. [65]

in a superfluid or Mott insulating regime. The lattice depths were then suddenly
increasing to very deep values of 300 WK, essentially freezing out the density dis-
tribution of the atoms in the lattice. A near-resonant optical molasses was then used
to induce fluorescence of the atoms in the deep lattice. The molasses also provided
laser cooling, such that atoms remained on lattice sites while fluorescing. High res-
olution microscope objectives with numerical apertures of NA ~ 0.7 — 0.8 were
used to record the fluorescence and image the atomic density distribution on CCD
cameras (see Fig. 10). A limitation of the detection method is that so called inelastic
light-induced collision occurring during the illumination period only allow one to
record the parity of the on-site atom number. Whenever pairs of atoms are present
on a single lattice site, both atoms of the pair are rapidly lost within the first mil-
lisecond of illumination, due to a large energy release caused by radiative escape and
fine-structure changing collisions [88].

In both experiments, high resolution imaging has allowed one to reconstruct the
atom distribution (modulo 2) on the lattice down to a single-site level. Results for
the case of a Bose-Einstein condensate and Mott insulators of such a digital particle
number reconstruction are displayed in Fig. 11. The digitally reconstructed images
have the significant advantage of essentially exhibiting an infinite signal-to-noise
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Fig. 11 High resolution fluorescence images of a weakly interacting Bose-Einstein condensate and
Mott insulators. a Bose-Einstein condensate exhibiting large particle number fluctuations and b,
¢ wedding cake structure of n = 1 and n = 2 Mott insulators. Using a numerical algorithm, the
corresponding atom distribution on a lattice can be reconstructed. The reconstructed images can be
seen in the row below (small points mark lattice sites, large points mark position of a single atom).
Figure adapted from Sherson et al. [65]

ratio that is of great advantage in further correlation analyses. Non-local order para-
meters that are characteristic for topologically ordered quantum phases [89] can also
be easily revealed with the detection method [60].

6.2 Thermodynamics of the Bose-Hubbard Model
in the Atomic Limit

Modeling the density distribution and the fluctuations of the strongly interacting
bosonic quantum gas becomes especially simple in the so called atomic limit of
the Bose-Hubbard model, for which / = 0 or U/J — oo. In this limit the grand
canonical partition function of the trapped quantum gas Z© can be written as a
product of on-site partition functions:

20 =T]z. (36)
R

where the on-site partition function is given by

70) _ Ze_ﬂ(E”_“(R)n). (37)

n
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The local chemical potential at lattice site R is denoted by ©(R) and the eigenen-
ergy of n atoms on this lattice site is given by the standard single-band Bose-Hubbard
interaction term E,, = 1/2Un(n — 1). In particular we can use the above to calculate
the on-site probability of finding n atoms per lattice site as

¢~ BE—p(R)n)

Pr(n) = Z0)

(38)

We can thus think of our system as consisting of disconnected sites, whose ther-
modynamics is determined only by the ratio of U/(kgT) and the local chemical
potential. In this limit the problem becomes analytically tractable and simple to
analyze.

6.2.1 Radial Density and Fluctuation Profiles

As a simple application of our result, let us calculate the density profile and its
fluctuations for a two-dimensional radially symmetric trapping potential. All sites
with the same distance r from the trapping centre exhibit the same chemical potential
((r). The average density at this radial distance is thus given by:

i ] —~B(En—p(r)
= Zn: ne : (39)

In order to evaluate this, we would need to sum over all possible occupation states
in our on-site partition function. In practice, we may truncate our sum around values
of int[pt/U] £ 1 for temperatures kg7 < U, as thermal fluctuations become expo-
nentially suppressed in this regime. This is the so called particle-hole approximation.

In the case of fluorescence imaging, light assisted collisions allow us to only detect
the parity of the on-site atom number, i.e. the on-site particle number modulo 2. We
thus find for the detected average density:

1
Z(r)

Nget =

Z mod (n)e P En—H1) (40)
n

For the fluctuations of the quantum gas, we find that due to the parity projection

in the detection process n2(r) = iy, resulting in
2 - )
O ey (F) = Nt (r) — N, (r). 41)

for the detected fluctuations. Both the detected fluctuations and the average density
profile are functions of three parameters p/U, kpT /U and the trapping frequency
w? of the overall harmonic confinement. While the trap frequency can be indepen-
dently measured, the chemical potential and temperature of the quantum gas can be
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Fig. 12 Radial atom density and variance profiles. Radial profiles were obtained from the digitized
reconstructed images by azimuthal averaging. a, b, grey and black points correspond tothe n = 1 and
n = 2 MIimages of Fig. 11d, e. For the two curves, the fits yielded temperatures 7 = 0.090 (5)U /kp
and T = 0.074 (5)U /kp, chemical potentials . = 0.73 (3)U and px = 1.17 (1)U, and radii ry =
5.7(1) pm and r9 = 5.95(4) wm respectively. From the fitted values of T', i and rp, we determined
the atom numbers of the system to N = 300(20) and N = 610(20). ¢, d, The same data plotted
versus the local chemical potential using local-density approximation. The inset of ¢ is a Bose-
Hubbard phase diagram (7" = 0) showing the transition between the characteristic MI lobes and
the superfluid region. The line starting at the maximum chemical potential pz shows the part of the
phase diagram existing simultaneously at different radii in the trap due to the external harmonic
confinement. The inset of d is the entropy density calculated for the displayed n = 2 MI. From
Sherson et al. [65]

extracted via a fit to azimuthally averaged radial density profiles of single images of
the quantum gas. This is shown in Fig. 12 for the two images of ann = 1 and n = 2
Mott insulator in the core of the gas.
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In the atomic limit, these fit-functions thus allow an efficient determination of
temperature and chemical potential of the quantum gas. Note that apart from the
particle-hole and local density approximation (LDA), no further approximations
have to be made in this case, giving exact numerical model functions for the trapped
Bose gas. The radial density and fluctuation profiles can be converted to density and
fluctuation profiles versus chemical potential by using again LDA pjc(r) = p —
1/2 mw?r?. We see that both data for the two distinct data sets of the n = 1 and n = 2
Mott insulators fall on top of each other when plotting in this way, underlining the fact
that radial profiles correspond to cuts through the phase diagram (see inset in Fig. 12c¢)
of the Bose-Hubbard model. Residual small differences between the two curves can
be attributed to the slightly different temperatures of the atom clouds. Interestingly,
as in the case of fermionic atoms, one notes that fluctuations are concentrated to the
border of the Mott insulating regions, where the system is superfluid for 7 = 0 and it
becomes thermodynamically easiest to introduce fluctuations in this spatial region,
where the energy to create an excitation is lowest.

6.3 Single-Site Resolved Addressing of Individual Atoms

Being able to spatially resolve single lattice sites in addition allows to manipulate
atoms with single-site resolution. A laser beam can simply be sent through the high-
resolution objective in reverse direction and focused onto the atoms, thereby making
use of the high-resolution objective twice—for imaging and for addressing. The
resulting spot size of the laser beam will then, however, still be on the order of a
lattice spacing and for most applications too large in order to reliably address atoms
on single lattice sites. One possibility to increase the spatial resolution is to make use
of a resonance imaging technique: the focused laser is tuned to such a wavelength
that it creates a differential energy shift between two internal hyperfine ground states
of an atom. Global microwave radiation, resonant between these two states only at
a certain spatial position in the focused beam, can then be used to control the spin
state of the atom [90, 91]. The spatial resolution for the addressing of single atoms
can thereby be increased by almost an order of magnitude down to approx. 50 nm,
well below the diffraction limit.

In the experiment, such addressing was demonstrated in a 2D Mott insulator with
unity occupation per lattice site [91]. In order to prepare an abritrary pattern of
spins in the array, the laser beam was moved to a specific site and a Landau-Zener
microwave sweep applied in order to flip the spin of the atom located at the lattice
site. The laser beam was then moved to the next lattice site and the procedure was
repeated. In order to detect the resulting spin pattern, unflipped atoms were removed
by appliying a resonant laser beam that rapidly expelled these atoms from the trap
[91]. The remaining spin-flipped atoms were then detected using standard high-
resolution fluorescence imaging, as described above. The resulting spin patterns can
be seen in Fig. 13, showing that almost arbitrary spin orderings can be produced in
this way.
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(a)
Addressing laser beam Microwave
6.8 GHz

“Au= 532 nm

Atoms in 2D optical lattice

Fig. 13 High-resolution addressing of single atoms. a Atoms in a Mott insulator with unity filling
arranged on a square lattice with period aj;; = 532 nm were addressed using an off-resonant laser
beam. The beam was focussed onto individual lattice sites by a high-aperture microscope objective
(not shown) and could be moved in the xy plane with an accuracy of better than 0.1 a 4. b, ¢
Fluorescence images of spin-flipped atoms following the addressing procedure. From Weitenberg
etal. [91]

In order to demonstrate that the addressing does not affect the motional state
of the atoms on a lattice site, the tunneling of particles was investigated after an
addressing sequence. First, a line of atoms in spin state | 1) embedded in a bath
of atoms in state || ) was prepared using a Mott insulator in a deep lattice, where
tunneling is suppressed. Thereafter, the ||) atoms were removed through a resonant
light pulse and the lattice depth along the x-direction was lowered in order to initiate
tunneling of the particles asslong this direction. After a variable evolution time,
the position of the atoms was measured (see Fig. 14a, b, c, d). By repeating the
experiment several times, the probability of finding the atoms at a certain lattice site
for a specific evolution time could be determined and compared to the probability
distribution predicted by the Schrodinger equation for the quantum evolution of a
single particle tunneling on a lattice. Excellent agreement was found between the
experimental data and the theoretical prediction, indicating that most atoms indeed
were still in the lower energy band of the lattice following the addressing. Atoms in
higher energy bands typically exhibit an order of magnitude larger tunnel coupling,
allowing them to travel much further given the same evolution time. However, in
the experiment a negligible fraction of atoms was detected at such positions in the
experiment.

High resolution imaging and addressing can be very useful for preparing almost
arbitrary initial configurations of the many-body system that can e.g. be used
toinvestigate a specific non-equilibrium evolution. It can also be highly beneficial



2 Probing and Controlling Quantum Matter Using Ultracold 61

= 075ms ] 04
E 0.3
] 02|
S

@ 0.1

Lill) e
-10 -5 o 5 10 -10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10
X Position (lattice sites) x Position (lattice sites) x Position (lattice sites) x Position (lattice sites)

Fig. 14 Tunneling of single particles on a lattice. a Atoms were prepared in a single line along
the y direction before the lattice along the x axis was lowered, allowing the atoms to tunnel in
this direction (b-d). The fop row shows snapshots of the atomic distribution after different hold
times. White circles indicate the lattice sites at which the atoms were prepared (not all sites initially
contained an atom). The bottom row shows the respective position distribution obtained from an
average over 10-20 of such pictures, the error bars give the 1o statistical uncertainty. The red curve
corresponds to the prediction by theory. From Weitenberg et al. [91]

for quantum information applications, where e.g. in the case of a one-way quantum
computer [92], it is essential to measure the spin state of an atom at a specified lattice
site.
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