
Chapter 2
Elementary Kinetic Theory of Gases

In this chapter emphasis is placed on the mathematical derivation of the governing
equations of gas dynamics fromfirst principles using the kinetic theory concepts. The
prerequisite elementary concepts and notation of classical mechanics are introduced.
Themodeling procedure consists in deriving the Boltzmann- orMaxwell-Boltzmann
equation determining the evolution of the microscopic single distribution function
in phase space. This includes details of the collision operator derivation for elastic
binary molecular interactions. The moment of equation of the Boltzmann equation
results in the generic equation of change of molecular properties. From this equa-
tion the macroscopic conservation equations can be deduced. The closure laws for
equilibrium—and non-equilibrium flows give rise to the Euler- and Navier-Stokes
equations, respectively. For dilute gases brief surveys of theEnskog theory for solving
the Boltzmann equation and the ultra simplifiedmean free path concept are provided,
both shown to be useful methods deriving fundamental closures for the transport
coefficients. The extended kinetic theory considering multi-component mixtures is
sketched, and three different mass diffusion flux formulations are examined both
on the mass and molar basis. An overview of the Enskog theory extending the
Boltzmann equation by including volume—and finite molecular size corrections
to denser gases is given. The modified Boltzmann equation derived by Enskog is
called the Enskog’s equation. The moment of equation of the Enskog equation con-
stitutes the equation of change of molecular properties for dense gases. Because of
the inherent corrections thismoment equation contains two contributions to the dense
gas fluxes, the flux due to themotion ofmolecules between collisions as for dilute gas
and another flux associated with the collisional transfer which is important in dense
gases but vanishes for dilute gas. The closure laws for non-equilibrium flows give
rise to the dense gas dynamics equations. For dense gas the estimates of the transport
coefficients obtained by use of the Enskog theory for solving the Enskog equation
and the ultra simplified mean free path concept are also provided. The resulting set
of dense gas conservation equations is the mathematical fundament for the theory of
granular material flows considered in Chap. 4.
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2.1 Introduction

The science of mechanics constitutes a vast number of sub-disciplines commonly
considered beyond the scope of the standard chemical engineering education.
However, when dealing with kinetic theory-, granular flow- and population bal-
ance modeling in chemical reactor engineering, basic knowledge of the principles of
mechanics is required. Hence, a very brief but essential overview of the disciplines
of mechanics and the necessary prescience on the historical development of kinetic
theory are given before the more detailed and mathematical principles of kinetic
theory are presented.

Mechanics is a branch of physics concerned with the motions of physical bodies
and the interacting forces. The science of mechanics is commonly divided into two
major disciplines of study called classical mechanics and quantum mechanics. Clas-
sical mechanics, which can be seen as the prime discipline of mechanics, describes
the behavior of bodies with forces acting upon them. Quantum mechanics is a rela-
tively modern field of science invented at about 1900. The term classical mechanics
normally refers to the motion of relatively large objects, whereas the study of motion
at the level of the atom or smaller is the domain of quantum mechanics. Classi-
cal mechanics is commonly divided into statics and dynamics. Statics deals with
bodies at rest, while dynamics deals with bodies in motion. The study of dynamics
is sometimes further divided into kinematics and kinetics. Kinematics denotes the
description of motion without regard to its cause, while in kinetics one intends to
explain the change in motion as a result of forces. A third and very recent branch of
dynamics is non-linear dynamics and chaos, which denotes the study of systems in
which small changes in a variable may have large effects. Frequently we also need to
describe the behavior of large populations of interacting molecules in solids, gases
and liquids, particulate systems, dense suspensions and dispersions. The science of
classical mechanics may thus be grouped according to the state of matter being stud-
ied, into solid mechanics and fluid mechanics, both disciplines are often considered
sub-disciplines of continuum mechanics1 dealing with continuous matter. Hence,
fluid mechanics or fluid dynamics denotes the study of the macroscopic physical
properties and behavior of fluids. The continuity assumption, however, considers
fluids to be continuous. That is, properties such as density, pressure, temperature,
and velocity are taken to bewell-defined at infinitely small points, and are assumed to
vary continuously from one point to another. The discrete, molecular nature of a fluid
is ignored. Hence, in many physical sciences this mathematical representation of the
system is considered a simplifying engineering approach often useful in engineer-
ing practice, but of limited accuracy especially when the system considered doesn’t
allow sufficient inherent separation of scales. For those problems for which the con-
tinuity assumption does not give answers of desired accuracy we may (not always!)

1 Continuum mechanics is to a large degree based on the Leonhard Euler (1707–1783) axioms
published in his book Mechanica in 1736–1737.
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obtain better results using more fundamental concepts. Statistical mechanics2 is the
application of statistics, which includes mathematical tools for dealing with large
populations, to the field of dynamics [47, 115, 116, 150]. Although the nature of
each individual element of a system and the interactions between any pair of elements
may both be well understood, the large number of elements and possible interactions
present an infeasible problem to the investigators who seek to understand the behav-
ior of the system. Statistical mechanics provides a mathematical framework upon
which such an understanding may be built. There have apparently been two parallel
developments of the statistical mechanics theory, which are typified by the work of
Boltzmann [10] andGibbs [47]. Themain difference between the two approaches lies
in the choice of statistical unit [23]. In the method of Boltzmann the statistical unit is
the molecule and the statistical ensemble is a large number of molecules constituting
a system, thus the system properties are said to be calculated as average over a phase
space trajectory resembling time average properties [53]. In the method of Gibbs
the entire system is taken as a single statistical unit and the statistics are those of an
ensemble of such systems, hence the system properties are calculated as averages
over a large collection of imaginary systems each of which is an independent replica
of the system of interest. The collection of independent systems supposedly spans the
assembly of all possible micro-states consistent with the constraints with which the
system is characterized macroscopically. The very first steps developing the theory
dealing with irreversible processes was principally in accordance with the method of
Boltzmann as outlined shortly. In the more modern research in statistical mechanics
the method of Gibbs [47] has achieved considerable attention as it can be extended in
a relatively simple and general way to the description of irreversible processes. The
discussion on the implications of choosing either of thesemethods usually goes along
the following lines. If the positions and velocities of all the particles in a given system
were known at any time, the behavior of the system could be determined by applying
the laws of classical and quantum mechanics. This procedure is, of course, not fea-
sible firstly because the actual positions and velocities of the individual particles are
not known and secondly because the computational efforts needed calculating the
macroscopic properties from the states of the individual particles are prohibitively
great taking into consideration the large number of particles commonly present in
the systems of interest. Instead, statistical methods are introduced with the object
of predicting the most probable behavior of a large collection of particles without
actually being concerned with the precise states of the individual particles. For this
purpose the most probable particle states or a hypothetical ensemble of systems are
considered calculating the macroscopic properties. Therefore, we may loosely say
that the main reason for introducing the idea of an ensemble was to make it easier
to accomplish averaging in statistical mechanics [80]. However, as the experimental
characteristics are usually given as time average properties, the equivalence of the
calculation and measurement data may be questionable. The ultimate question is
whether the average over the ensemble of systems is the same as the average over

2 The expression statistical mechanics was apparently first used in 1902 by Josiah Willard Gibbs
in the title of his book Elementary Principles in statistical Mechanics [47].
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an infinite time for a single system. Time averages and micro-canonical ensemble
averages are commonly assumed to be identical by the ergodic hypothesis.3

Statistical mechanics is normally further divided into two branches, one dealing
with equilibrium systems, the other with non-equilibrium systems. Equilibrium sta-
tistical mechanics is sometimes called statistical thermodynamics [100]. Kinetic
theory of gases is a particular field of non-equilibrium statistical mechanics that
focuses on dilute gases which are only slightly removed from equilibrium [39]. The
main objective of performing kinetic theory analyzes is to explain physical phenom-
ena that are measurable at the macroscopic level in a gas at—or near equilibrium
in terms of the properties of the individual molecules and the intermolecular forces.
For instance, one of the original aims of kinetic theory was to explain the experi-
mental form of the ideal gas law from basic principles [95]. The kinetic theory of
transport processes determines the transport coefficients (i.e., conductivity, diffu-
sivity, and viscosity) and the mathematical form of the heat, mass and momentum
fluxes. Nowadays the kinetic theory of gases originating in statistical mechanics is
thus strongly linked with irreversible- or non-equilibrium thermodynamics which is
a modern field in thermodynamics describing transport processes in systems that are
not in global equilibrium.

In a series of impressive publications, Maxwell [95–98] provided most of the
fundamental concepts constituting the statistical theory recognizing that the mole-
cular motion has a random character. When the molecular motion is random, the
absolutemolecular velocity cannot be described deterministically in accordancewith
a physical law so a probabilistic (stochastic) model is required. Therefore, the con-
ceptual ideas of kinetic theory rely on the assumption that the mean flow, transport
and thermodynamic properties of a collection of gas molecules can be obtained from
the knowledge of their masses, number density, and a probabilistic velocity distribu-
tion function. The gas is thus described in terms of the distribution function4 which
contains information of the spatial distributions of molecules, as well as about the
molecular velocity distribution, in the system under consideration. An important
introductory result was the Maxwellian velocity distribution function heuristically
derived for a gas at equilibrium. It is emphasized that a gas at thermodynamic equi-
librium contains no macroscopic gradients, so that the fluid properties like velocity,
temperature and density are uniform in space and time. When the gas is out of
equilibrium non-uniform spatial distributions of the macroscopic quantities occur,
thus additional phenomena arise as a result of the molecular motion. The random
movement of molecules from one region to another tend to transport with them the
macroscopic properties of the region from which they depart. Therefore, at their
destination the molecules find themselves out of equilibrium with the properties of
the region in which they arrive. At the continuous macroscopic level the net effect

3 In this context the ergodic hypothesis states that the time average of a property and the property
average over a statistical ensemble of systems result in the same average property measure.
4 The distribution function is sometimes given other names. Chapman [18, 19] and Chapman
and Cowling [20], for example, introduced the name velocity distribution function which is also
frequently used.



2.1 Introduction 187

of these molecular transport processes is expressed through the non-equilibrium
phenomena of viscosity, heat conduction and diffusion. Nowadays the phrase trans-
port processes thus refers to the transport of mass, momentum and energy within a
fluid smoothing out themacroscopic gradients in the physical variable fields enabling
non-equilibrium systems to approach equilibrium states.

Analytical formulas quantifying the transport coefficients have been deduced in
several ways, mostly based on the mean free path concept, the Maxwellian moment
equations, and the Boltzmann equation.5 A preliminary theory of transport processes
was suggested by Maxwell [95] in which the transport coefficients were determined
on the basis of Clausius’ empirical mean free path hypothesis.6 In a subsequent study
by Maxwell [96] the equation of transfer for non-equilibrium gases was derived,
describing the total rate of change of any mean property of a gas consisting of
molecules having certain predefined properties, neatly simplifying the analytical
solution.The so-calledMaxwellian molecules are point centers of force repelling each
other with forces which are inversely proportional to the fifth power of their mutual
distance. The resulting equations of change for the mean variables (or moments
of the distribution function), also called moment equations or equations of transfer,
play an important role in kinetic theory (e.g., [157], p. 319 and p. 346; [109]). Based
on these equations and the Maxwellian molecular model, Maxwell deduced more
accurate analytical relationships for the transport coefficients.

A few years later Boltzmann [10] presented the derivation of a more general
integro-differential equation which describes the evolution of the distribution func-
tion in phase space and time. Two approximate methods for the determination of the
transport coefficientswere proposed independently byChapman [18, 19] andEnskog
[35, 36], leading to almost the samenovel relations. Enskogmade the explicit solution
of Boltzmann equation by successive approximation the basis for his work,7 whereas
Chapman followedMaxwell by using the (moment) equations of transfer rather than
attempting to solve the Boltzmann equation explicitly [20, 39, 90]. The method by
which Enskog solved the Boltzmann equation is considered a more complete formal
solution and thus prefered compared to the Chapman method. However, as Chapman
and Enskog did propose the same transport coefficient relations, Enskog’s method is
often referred to as the Chapman-Enskog expansionmethod. The first order solutions
to the Boltzmann equation in the Chapman-Enskog procedure results in the equilib-
rium (Euler) equations. Each successive iterate in the Chapman-Enskog expansion
yields a more detailed set of gas dynamics equations. The second iterate gives the
non-equilibrium equations (or the set of Navier-Stokes equations). The third iterate
gives the Burnett equations. Another important contribution by Boltzmann [10] was
the H-theorem showing that the molecular collisions tend to increase entropy in an

5 In order to indicateMaxwell’s associationwith the ideas formulated by Boltzmann, the Boltzmann
equation is sometimes termed the Maxwell-Boltzmann equation (e.g., see [20], p. 46).
6 The mean free path is the average distance traveled by a molecule between successive collisions.
The concept of mean free path was introduced by Clausius (1822–1888) in 1858 [14].
7 Note that in 1949 Harold Grad (1923–1986) published an alternative method of solving
the Boltzmann equation systematically by expanding the solution into a series of orthogonal
polynomials [50].
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irreversible manner providing a firm theoretical justification of the second law of
thermodynamics which was already accepted at that time.8

A spin-off result of the foregoing analysis of Enskog [35, 36] determining the
transport coefficients, a rigorous procedure deriving the governing equations of gas
dynamics from first principles was established. It is stressed that in classical fluid
dynamics the continuum hypothesis is used so that the governing equations of change
are derived directly on the macroscopic scales applying the balance principle over a
suitable control volume, as described inChap. 1. Thereafter, closure laws are required
relating the internal stresses and diffusive transport fluxes of mass and energy (heat)
to the gradients of the macroscopic quantities (e.g., Newtons law of viscosity, Fick’s
law of mass diffusion, and Fourier’s law of conduction are commonly adopted).
By using these constitutive relationships we also introduce several unknown para-
meters, the so-called transport coefficients of viscosity, mass diffusivities and ther-
mal conductivity into the governing equations. Unfortunately, fluid dynamics does
neither provide any guidelines on how to determine the mathematical form of the
constitutive relations nor the values of transport coefficients. Therefore, a unique
application of kinetic theory emerges provided that an approximate solution of the
Boltzmann equation is available. In this case particular moments of the distribution
function can be obtainedmultiplying theBoltzmann equation by an invariant function
(i.e., successively representing molecular mass, momentum and energy), and there-
after integrating the resulting equation over the whole velocity space. The moments
of the distribution function (also called the probability-weighted average functions)
represent macroscopic (ensemble) mean quantities like gas velocity, pressure, mass
density, temperature and energy. In this way it is possible to derive rigorous equations
of change for the evolution of the mean quantities starting out from the Boltzmann
equation. Historically, the moment equation of the Boltzmann equation that was
published in 1872 is equivalent to Maxwell’s moment equation, originally called
the equation of transfer, that was derived by Maxwell [96] in 1867, so the moment
equation is sometimes named the Maxwell’s transport equation [129]. The moment
equation resulting from the Boltzmann equation is also frequently referred to as
the Enskog’s equation of change (e.g., [20], p. 49; [109], p. 232; [115], p. 527).
The macroscopic moment equation of change by Enskog represents a generalization
of the equation of transfer proposed by Maxwell [96]. The model generalization
consists in the fact that Maxwell’s equation refers to a function ψ(c) of c alone
whereas Enskog’s equation is formulated for ψ(C, r, t) of C, r, t (see [20], p. 49).
Moreover, since both Maxwell and Enskog did contribute to the development of the
moment equation, the moment equation of change is also referred to as the Maxwell-
Enskog equation (e.g., [93], p. 56). The resulting macroscopic moment conserva-

8 The pioneering work in the direction of the second law of thermodynamics is considered to be
performed in 1825 by Sadi Carnot investigating the Carnot cycle [57, 80]. Carnot’s main theoretical
contribution was that he realized that the production of work by a steam engine depends on a flow
of heat from a higher temperature to a lower temperature. However, Clausius (1822–1888) was the
first that clearly stated the basic ideas of the second law of thermodynamics in 1850 [21] and the
mathematical relationship called the inequality of Clausius in 1854 [80]. The word entropy was
coined by Clausius in 1854 [80].

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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tion equations are recognized as being analogue to the conservation equations of
continuum mechanics. In addition, in contrast to the continuum mechanic formula-
tion the ensemble averaged equations obtained from kinetic theory do not contain any
unknown coefficients. That is, a particular set of closure laws is established. Alter-
natively, by comparing the kinetic theory results with the classical fluid dynamic
equations, we may verify both the form of the constitutive laws and the values of the
transport coefficients.

The kinetic theory of multi-component non-reactive mixtures was first described
by Maxwell [95, 97] and Stefan [142, 143] and later thoroughly described by
Hirschfelder et al. [55]. Hirschfelder et al. [55] also considers reactive systems.
The latest contributions are reviewed by Curtiss and Bird [26, 27].

The Boltzmann equation is considered valid as long as the density of the gas is
sufficiently low and the gas properties are sufficiently uniform in space. Although an
exact solution is only achieved for a gas at equilibrium forwhich theMaxwell velocity
distribution is supposed to be valid, one can still obtain approximate solutions for
gases near equilibrium states. However, it is evident that the range of densities for
which a formal mathematical theory of transport processes can be deduced from
Boltzmann’s equation is limited to dilute gases, since this relation is reflecting an
asymptotic formulation valid in the limit of no collisional transfer fluxes and restricted
to binary collisions only. Hence, this theory cannot without ad hoc modifications be
applied to dense gases and liquids.

Enskog [37] made the first heuristic attempt to extend the kinetic theory of dilute
mono-atomic gases to higher density gas systems. Enskog introduced corrections
to the Boltzmann equation accounting for the finite size of the colliding molecules
(a free volume correction), and that the centers of the two colliding particles are no
longer at the same point. These model extensions resulted in a novel flux accounting
for the mechanisms of instantaneous momentum and energy transfer over the dis-
tance separating the centers of the two colliding molecules. The extended Boltzmann
equation for dense gas is named the Enskog’s equation (e.g., [39], p. 359). It is later
stated that even at moderate densities the collisional transfer fluxes may become
significant compared to the kinetic contribution, and they may dominate at slightly
higher densities.

Nowadays the standard literature of kinetic theory of dilute gases usually refers to
the books of Chapman and Cowling [20], Hirschfelder et al. [55], Huang [57], Reif
[115], Present [109], Vincenti and Kruger [157], Ferziger and Kaper [39], Résibois
and De Leener [117], Liboff [90], and Cercignani et al. [14]. Additional reviews on
classical mechanics, for example the books of Goldstein [49], Arnold [4], McCall
[99], Iro [60], and Panat [105], might also be useful deriving the elements of statis-
tical mechanics, and in particular the dynamics of binary collisions. Moreover, the
extensions of the elementary kinetic theory to liquid and polymeric liquid systems
are examined by Hansen and McDonald [53] and Bird et al. [8], respectively. The
contents of the this chapter are to a large extent based on these reviews and the pio-
neering work summarized in this introductory section. The reader is encouraged to
consult this literature for further details of the kinetic theory.
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2.2 Elementary Concepts in Classical Mechanics

This section is devoted to an outline of the pertinent principles of dynamics and
classical statistical mechanics. Much of the notation required in order to present the
kinetic theory concepts is thus established. It is important to recognize that several
mathematical frameworks for the description of dynamic systems are in common use.
In this context classical mechanics can be divided into three disciplines denoted by
Newtonian mechanics,Lagrangian mechanics andHamiltonian mechanics reflecting
three conceptually different mathematical apparatus of model formulation [4, 8, 49,
53, 81, 89, 90, 147].

2.2.1 Newtonian Mechanics

The initial stage in the development of classical mechanics is often referred to as
Newtonian mechanics, and is characterized by the mathematical methods invented
by Newton, Galileo (the principle of relativity [4]), among others. Numerous books
contain introductory synopses of the basic principles of the Newtonian mechanics,
see for example the books by Arnold [4], Ferziger and Kaper [39] and Cercignani
et al. [14].

Although some of the physical ideas of classical mechanics is older than written
history, the basic mathematical concepts are based on Isaac Newton’s axioms pub-
lished in his book Philosophiae Naturalis Principia Mathematica or principia that
appeared in 1687. Translated from the original Latin, the three axioms or the laws
of motion can be approximately stated [13] (p. 13) :

Law I: Every body continues in its state of rest, or of uniform motion in a right line,
unless it is compelled to change that state by forces impressed on it.
Law II: The change of motion is proportional to the motive force impressed; and is
made in direction of the right line in which that force is impressed.
Law III:To every action there is always an opposite and equal reaction: or, the mutual
actions of two bodies upon each other are always equal, and directed to contrary
parts.

The basic concepts of Newtonian mechanics include the use of point masses or
particles, which is an object with negligible size with respect to the typical length
scales of the system considered [60]. Point masses are thus mathematical points
having mass but no structure. The motion of a point particle is characterized by a
small number of parameters, i.e., the particle position, mass, and the forces applied
to it. For an ensemble of particles, the center of mass of a composite object behaves
like a point particle. The position of a point particle is defined with respect to an
arbitrary point in space, which is called the origin, O . A point is represented by the
position vector r from O to the particle. A vector rc representing the average of the
radii vectors of the particles, weighted in portion to their mass as:
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rc =
∑

i mi ri
∑

i mi
=

∑
i mi ri

M
(2.1)

defines a point known as the center of mass, or more loosely as the center of gravity
(see e.g., [105], p. 11).

Newton’s second law relates themass and velocity of a particle to a vector quantity
known as a force. This fundamental law is also referred to as the equation of motion:

d(mc)
dt

= F (2.2)

where the quantity mc is called the momentum.
Given the initial coordinates and momenta of the particles, the particle position

and velocity at any later time can in principle be obtained as the solution to Newton’s
equations of motion. Typically, the mass is constant in time, hence Newton’s law can
be written in the conventional form:

F = m
dc
dt

= ma = mċ = mr̈ (2.3)

Newton used this equation as the basis of mechanics, hence it is sometimes called
Newton’s equation [4]. Note that Newton’s 1. and 3. lawsmerely emerge as particular
simplifications of the 2nd law and are thus not explicitly stated.

A particular class of forces, known as conservative forces,9 can be expressed as
the gradient of a scalar potential energy function (or potential) denoted by E p:

mr̈ = F = −∇E p(r) (2.4)

It is noticed that Newton’s second law of motion forms a set of second order differ-
ential equations.

In order to formulate Newton’s laws, a suitable reference frame has to be chosen
(as briefly sketched above). The inertial coordinate systems defined by the Galileo’s
principle of relativity are at rest or moving with a constant velocity [81]. In classical
mechanics, Newton’s laws are valid in all inertial coordinate systems, since the rate
of change of velocity equals the absolute acceleration of the system. Moreover, all
coordinate systems in uniform rectilinear motion with respect to an inertial frame are
themselves inertial. Strictly speaking Newton’s laws are no longer valid if a system
undergoes accelerations [52]. However, the Newtonian formulation can be extended
for systems with arbitrary relative motion [105]. The modified relations are obtained
by establishing the equations of motion in a fixed system and thereafter transforming
them into the accelerated system. In the non-inertial frame of reference additional

9 A force field F, defined everywhere in space, is said to be a conservative force or conservative
vector field if it meets any of the following three equivalent conditions [105]: (1) The curl of F
is zero, ∇ × F = 0. (2) There is zero net work (W) done by the force F when moving a particle
through a trajectory constituting a closed curve C , W = ∮

C F · dr = 0. (3) The force can be written
as the negative gradient of a potential energy function of position E p(r): F = −∇E p(r) = 0.
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fictitious forces (e.g., the Coriolis, centripetal and centrifugal forces) arise to account
for the motion which is actually caused by the acceleration of the frame of reference.

Moreover, to understand the basic principles of kinetic theory, granular flows
and population balances it is required to widen the knowledge of classical mechan-
ics. Newton’s mathematical formulation of the laws of motion is perhaps the most
intuitive point of view considering familiar quantities like mass, force, acceleration,
velocity and positions and as such preferred by chemical engineers. However, this
framework is inconvenient for mathematical generalizations as required describing
the motion of large populations of particles for which it is necessary to take into
account the constraints that limit the motion of the system. In this book we restrict
ourselves to holonomic constraints because most of the microscopic world has holo-
nomic constraints. If the conditions of constraint can be expressed as equations
connecting the coordinates of the particles and the time having the form:

f (r1, r2, r1, . . . , t) = 0 (2.5)

then the constraints are said to be holonomic [49, 105]. The constraints which cannot
be expressed in the form of algebraic equations are non-holonomic constraints.10

Two types of difficulties in the solution of mechanical problems are intro-
duced imposing constraints on the system. First, the coordinates of the N particles,
ri , i = 1, . . . , N , are no longer all independent as they are connected by the equations
of constraint, hence the set of N equations determining the motion of the individual
particles are no longer independent. Second, interacting forces may be created by the
constraints and are thus not known a priory as required in the Newtonian concepts
[60]. Therefore, after Newton the field of classical mechanics became more general,
mathematical and abstract. In the case of holonomic constraints, the first difficulty
is solved by the introduction of generalized coordinates. The second difficulty is
avoided by re-formulating the original theory of motion and forces in accordance
with theLagrangian andHamiltonian formalisms. These two alternative formulations
circumvent the concept of force, instead they are referring to other quantities such
as energy, generalized coordinates, generalized velocities and generalized momenta
for describing mechanical systems. It is stressed that Lagrangian mechanics and
Hamiltonian mechanics are equivalent to Newtonian mechanics, but these
re-formulations are more convenient solving complex problems describing the
behavior of a system of interacting particles. The main disadvantage of the New-
tonian approach is that it is formally tied to the Cartesian coordinate system.11 The
Lagrangian and Hamiltonian formulations are independent of the coordinate system
employed. That is, with the Lagrangian formalism one re-formulates the mechanical
problem in terms of two scalar functions denoting the kinetic- and potential energy

10 For the readers that are not familiar with the basics of Newtonian mechanics and the concepts of
constraints, Chap. 1 of Goldstein [49] and Chaps. 1–4 of Panat [105] may serve as a understandable
introduction to the subject.
11 In principle, Newton regarded both space and time absolute entities, implying that they are the
same for everyone [99]. No such frame does exist in nature, so in practice it is usually feasible to set
up a coordinate system that comes as close to this idealization as may be required [49, 100, 105].
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respectively, and this notation can greatly simplify the solution of many problems
utilizing possible symmetries in the system in a better way. The Hamiltonian view-
point is not particularly superior to the Lagrangian one for the direct solution of
mechanical problems, but the Hamiltonian framework provides a better basis for
theoretical generalizations in many areas of physics. In this context it is empha-
sized that the Hamiltonian formulation provides much of the language with which
statistical mechanics and kinetic theory are constructed.

2.2.2 Lagrangian Mechanics

The Lagrange’s equations can in general be expressed using either of two types of
variational principles. These are called the differential and the integral principles.
The latter group of methods is also referred to as the principles of minimum action,
since in all these procedures the quantity to be varied has the dimension of an action
(= energy× time) [4, 52]. As an example we consider the Hamiltonian integral prin-
ciple,12 because it is the most general method and especially useful for holonomic
systems with forces derivable from particular potentials. In the context of kinetic
theory of dilute gases the application of the Lagrangian formulation may be conve-
nient for the solution of scattering problems, i.e., the two-body mutual central force
problem as viewed in the center of mass coordinate system [49, 105]. Nevertheless,
the derivation of the Lagrangian equations merely serves as an intermediate step
examining basic elements of the Hamiltonian formulation.

Considering a mechanical system consisting of a collection of particles which are
interacting with each other in accordance with the equations of motion, the state of
the system is completely described by the set of all the positions and velocities of the
particles. In mechanics the minimum number of independent parameters necessary
to uniquely determine the location and orientation of any system in physical space is
called the number of degrees of freedom.13 These quantities need not be the Cartesian
coordinates of the particle, as was the case in Newton’s work. Rather, the conditions
of the problemmay render some other more convenient choice of parameters. Any N
independent parameters q = {q1, q2, . . . , qN } which completely define the position
of a system with N degrees of freedom are called generalized coordinates of the
system. The corresponding derivatives q̇ = {q̇1, q̇2, . . . , q̇N } are called generalized

12 An example of the alternative differential method is the principle of Jean Le Rond d’Alemert
(1717–1783). Perspicuous descriptions of the d’Alemert principle and the derivation of the
Lagrangian equations are, for example, given by Greiner [52] and Panat [105].
13 The phrase degrees of freedom is not interpreted identically when it is used in the different
branches of science. In physics and chemistry, each independent mode in which a particle or system
may move or be oriented is one degree of freedom. In mechanical engineering, degrees of freedom
describes flexibility of motion. In statistics, the degrees of freedom are the number of parameter
values in probability distributions that are free to be varied. In statistical mechanics the number of
degrees of freedom a given system has is equal to the minimum number of independent parameters
necessary to uniquely determine the location and orientation of the system in physical space.
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velocities. For a system placed in a conservative force field an alternative form of the
equations of motion is obtained by introducing a Lagrangian function defined as the
difference between the kinetic energy, T (q̇, q), and the potential energy, E p(q, t):

L(q̇(t), q(t), t) = T (q̇(t), t) − E p(q(t), t) = 1

2
mq̇2 − E p(q, t) (2.6)

It is emphasized that Lagrangianmechanics is the description of amechanical system
in terms of generalized coordinates q and generalized velocities q̇. The final task in
the Lagrangian procedure is to derive a differential equation for L(q, q̇, t) by use of
rather complex variational principles. Briefly stated, we are considering the effect
of small excursions along the path of the system. The variation denotes a virtual
displacement and the trajectory of an object is derived by finding the path which
minimizes the action, a quantitywhich is the integral of theLagrangian over time. Just
a brief outline of the method is given in this book, because the main aim is restricted
to the introduction of elements of the notation to be used in kinetic theory analysis
shortly. Further details on the technique are given elsewhere [49, 81, 90, 147].

TheHamiltonian variational principle states that themotion of the systembetween
two fixed points, denoted by (q, t)1 and (q, t)2, renders the action integral14:

S =
t2∫

t1

L(q, q̇, t)dt (2.7)

a minimum. The necessary condition for S to have a minimum is that the variation
of the integral is zero. Hence, the variational principle of least action is written in
the form:

δS = δ

t2∫

t1

L(q, q̇, t)dt = 0 (2.8)

where δ denotes a variation about the motion of the system.
Employing this concept to obtain a differential equation for L(q, q̇, t), which is

defined by (2.6), the first variation of the action S is expressed by:

δS =
t2∫

t1

L(q + δq, q̇ + δq̇, t)dt −
t2∫

t1

L(q, q̇, t)dt = 0 (2.9)

By expanding the first integral to first order, the variation can be expressed as:

14 For brevity we drop the vector font on the q’s and q̇’s and assume a single degree of freedom.
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δS =
t2∫

t1

(
∂L

∂q
δq + ∂L

∂q̇

dδq

dt

)

dt (2.10)

Reformulating the second term of the integrand in accordance with:

d

dt

(
∂L

∂q̇
δq

)

= ∂L

∂q̇

dδq

dt
+ δq

d

dt

(
∂L

∂q̇

)

(2.11)

implies that:

δS = ∂L

∂q̇
δq

∣
∣
∣
∣

t2

t1

+
t2∫

t1

(
∂L

∂q
− d

dt

(
∂L

∂q̇

))

δqdt (2.12)

The first term on the RHS vanishes, since the end points of the trajectory are held
fixed in the variation. The second integral must vanish for any arbitrary, infinitesimal
variation δq, hence the integrand is zero. The result is:

d

dt

(
∂L

∂q̇

)

− ∂L

∂q
= 0 (2.13)

The above derivation can be generalized to a system of N particles, noting that the
variation must be effected for each variable independently. Hence, in terms of L , the
equations of motion are:

d

dt

(
∂L

∂q̇i

)

− ∂L

∂qi
= 0 i = 1, 2, 3, . . . , N (2.14)

This set of equations are the famous Lagrangian equations.15

The second term on the LHS denotes the generalized forces defined by:

Fi = ∂L

∂qi
(2.15)

It can now be shown that the Lagrangian equations are equivalent to themore familiar
Newton’s second law of motion. If qi = ri , the generalized coordinates are simply
the Cartesian coordinates. Introducing this definition of the generalized coordinates
and the corresponding Lagrangian function (2.6) into the Lagrangian equations of
motion (2.14), we get:

d

dt
(mq̇) = −∂E p

∂q
(2.16)

15 The mathematical Lagrangian formalism in classical mechanics was first published in the book
Mécanique Analytique by Joseph Louis Lagrange in 1788 [133].
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in which the LHS and the RHS of the Lagrangian equations (2.14) have been
reformulated by use of the Lagrangian function definition (2.6):

d

dt

(
∂L

∂q̇i

)

= d

dt

(
∂

∂q̇i

(
T (q̇i , t) − E p(qi , t)

)
)

= d

dt

(
∂

∂q̇i

(
1

2
mq̇2

i − E p(qi , t)

))

= d

dt

(
∂

∂q̇i

(
1

2
mq̇2

i

))

= d

dt
(mq̇i ) (2.17)

∂L

∂qi
= ∂

∂qi
(T (q̇i , q) − E p(qi , t)) = ∂

∂qi

(
1

2
mq̇2

i − E p(qi , t)

)

= − ∂

∂qi

(
E p(qi , t)

)
(2.18)

Moreover, since the gradient of the time independent potential energy field denotes
a conservative force [60], the relation can be expressed in terms of a force:

mq̈i = F(qi , t) (2.19)

The resulting relation is identical to the equation obtained in the Newtonian
representation (2.3).

Given the Lagrangian for a system of interacting particles, a number of funda-
mental system properties can be deduced. Among these properties are the basic
conservation laws16 which can be deduced invoking the principle of homogeneity of
time and space for closed systems that do not interact with any external forces.

In this context examination of the total time derivative of the Lagrangian is infor-
mative. The relation can be expressed as:

d

dt
(L(qi (t), q̇i (t), t)) =

∑

i

∂L

∂qi
q̇i +

∑

i

∂L

∂q̇i
q̈i + ∂L

∂t

=
∑

i

d

dt
(q̇i

∂L

∂q̇i
) + ∂L

∂t
(2.20)

or, by reorganizing the terms:

∑

i

d

dt
(q̇i

∂L

∂q̇i
− L) = −∂L

∂t
(2.21)

Several classes of transformations between two frames or coordinate systems leave
the Newtonian equation of motion invariant [60, 81]. The invariance of physical

16 During themotion of amechanical system, the generalized coordinates and generalized velocities
which specify the state of the system vary with time. However, a set of functions of these quantities
exist whose values remain constant during the motion of the system and depend only on the initial
conditions. These functions are referred to as integrals of motion, and the quantities represented by
these integrals are said to be conserved [81].
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systems under translations of the coordinate system is often referred to as the
homogenity of space. The analogue invariance under rotations of the coordinate
system is named the isotropy of space. Translations of the time origin also make the
equation of motion remain invariant, this property is called the homogeneity of time.
By virtue of the homogeneity of time, the Lagrangian of a closed system does not
depend explicitly on time. Therefore, using (2.21) with L as defined by (2.6), it is
verified that the energy of the system is conserved, as the quantity:

∑

i

q̇i
∂L

∂q̇i
− L(qi (t), q̇i (t), t) = T (q̇i (t), t) + E p(qi (t), t) = E(qi (t), q̇i (t), t)

(2.22)
remains constant in time during the motion of the system.

In a similar manner the homogeneity in space leads to the law of conservation
of linear momentum [60, 81]. In this case L does not depend explicitly on qi , i.e.,
the coordinate qi is said to be cyclic. It can then be seen exploring the Lagrange’s
equations (2.14) that the quantity∂L/∂q̇i is constant in time.Byuseof theLagrangian
definition (2.6), the relationship can be written in terms of more familiar quantities:

∂L

∂q̇i
= mq̇i (2.23)

It is stated that the momentum mq̇i is a constant of the motion, meaning that it is a
conserved quantity. This result is, of course, only valid when all the interacting forces
are conservative and there are no external forces acting on the system of particles.
Note also that the isotropy of space is the basis for the derivation of the law of
conservation of angular momentum [60, 81].

2.2.3 Hamiltonian Mechanics

Hamiltonian mechanics17 is based on the description of mechanical systems in
terms of generalized coordinates qi and generalized momenta pi . Starting out from
Lagrangian mechanics in which the equations of motion are based on
generalized coordinates qi and the corresponding generalized velocities q̇i , (qi , q̇i ),

i = 1, 2, 3, . . . , N , the transformation of the problem to the Hamiltonian descrip-
tion can be performed adopting the Legendre’s transformation technique. Hence,
by replacing the generalized velocity variables q̇i with generalized momentum vari-
ables pi , i.e., the latter quantities are also known as conjugate momenta, it is pos-
sible to further exploit the symmetry principles of mechanics. The concepts from

17 Hamiltonian mechanics refers to a mathematical formalism in classical mechanics invented
by the Irish mathematician William Rowan Hamilton (1805–1865) during the early 1830s arising
from Lagrangian mechanics which was introduced about 50years earlier by Joseph-Louis Lagrange
(1736–1813). The Hamiltonian equations can however be formulated on the basis of a variational
principle without recourse to Lagrangian mechanics [4, 147].
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Hamiltonian mechanics are pertinent to the phase space treatment of problems in
dynamics.
The Hamiltonian formulation thus provides the view in which the statistical mechan-
ics and modern kinetic theory are constructed. We define the Hamiltonian function
by the Legendre transform of the Lagrangian function (2.6) [49, 52]:

H(p, q, t) =
∑

i

q̇i pi − L(q̇, q, t) (2.24)

in which pi is defined as:

pi = ∂L

∂q̇i
(2.25)

Furthermore, substituting the pi into theLagrange’s equations ofmotion (2.14) gives:

ṗi = ∂L

∂qi
(2.26)

Given theLagrange’s equations ofmotion (2.14) and theHamiltonian function (2.24),
the next task is to derive the Hamiltonian equations of motion for the system. This
can be achieved by taking the differential of H defined by (2.24).

Each side of the differential of H produces a differential expressed as:

d H(q, p, t) =
∑

i

∂H

∂qi
dqi +

∑

i

∂H

∂ pi
dpi + ∂H

∂t
dt

= d

(
∑

i

q̇i pi

)

− d L(q̇, q, t) (2.27)

=
∑

i

(

pi − ∂L

∂q̇i

)

dq̇i +
∑

i

q̇i dpi −
∑

i

d

dt

(
∂L

∂q̇i

)

dqi − ∂L

∂t
dt

=
∑

i

(

pi − ∂L

∂q̇i

)

dq̇i +
∑

i

q̇i dpi −
∑

i

ṗi dqi − ∂L

∂t
dt

in which the total differential of L is defined as:

d L(q̇, q, t) =
∑

i

∂L

∂q̇i
dq̇i +

∑

i

∂L

∂qi
dqi + ∂L

∂t
dt (2.28)

Substituting the definition of the conjugatemomenta (2.25) and themanipulated form
of the Lagrangian equations (2.26) into (2.27) and matching coefficients,

∑
i (pi −

∂L
∂q̇i

)dq̇i = 0, we obtain the equations of motion of Hamiltonian mechanics (i.e., also
known as the canonical equations of Hamilton):
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ṗi = −∂H

∂qi
(2.29)

q̇i = ∂H

∂ pi
(2.30)

An additional relationship of importance for explicitly time-dependent system func-
tions, can be deduced by the same procedure and expressed as:

∂L

∂t
= −∂H

∂t
(2.31)

The total time derivative of the Hamiltonian is achieved from (2.27) as:

d H

dt
= ∂H

∂t
+

∑

i

∂H

∂qi
q̇i +

∑

i

∂H

∂ pi
ṗi (2.32)

Substitution of the Hamiltonian equations (2.29) and (2.30) shows that the last two
terms cancel,

d H(p, q, t)

dt
= ∂H

∂t
−

∑

i

ṗi q̇i +
∑

i

q̇i ṗi (2.33)

Thus:
d H

dt
= ∂H

∂t
(2.34)

In particular, if the Hamiltonian function does not depend explicitly on time, then:

d H

dt
= 0 (2.35)

This means that H represents a conserved quantity. Eliminating the Lagrangian from
(2.24) using (2.22) shows that the Hamiltonian function equals the total energy of
the system, H = E .

By use of the Hamiltonian description established in this subsection, it can be
shown that the Hamiltonian equations are equivalent to the more familiar Newton’s
second law of motion in Newtonian mechanics, adopting a transformation proce-
dure similar to the one used assessing the Lagrangian equations. In this case we set
qi = ri and substitute both the Hamiltonian function H (2.24) and subsequently the
Lagrangian function L (2.6) into one of Hamilton’s equations of motion (2.29). The
preliminary results can be expressed as:

∂E p

∂ri
= − ṗi (2.36)

and by use of (2.25) yields:
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1

mi
pi = ṙi . (2.37)

Then, we combine these two equations and introduce the force on particle i , defined
in terms of the potential E p by Fi = −(∂E p/∂ri ). The final result is thus given by
Fi = mi r̈i in 3D which corresponds to Newton’s second law of motion for particle
i as expressed in the Newtonian formalism (2.3).

The Hamiltonian formalism has a number of important properties and implica-
tions. In the following paragraphs a few of them are sketched in the context of a time-
independent Hamiltonian function. Most important, the concepts of Hamiltonian
mechanics are fundamental to the phase space treatment of problems in dynamics.
For a system with N degrees of freedom the set of 2N canonically conjugate vari-
ables (p, q) define a 2N -dimensional phase space sometimes called the Γ -space18

of the system [81, 90]. It is sometimes convenient to regard the phase space for a
system as a whole as constructed out of the configuration space that corresponds
to the set of coordinates chosen for the system taken together with the momentum
space that corresponds to the set of momenta conjugate to those coordinates. Each
point in phase space corresponds to a definite state of the system. When the system
moves, the point representing it describes a curve called the phase path or phase
trajectory. The motion of the phase point along its phase trajectory is determined by
the canonical equations. Since the Hamiltonian equations are first order differential
equations in time, the path of the representative point in phase space is determined
by the initial point.

2.2.3.1 Preservation of Phase Volume: Liouville Theorem

In the Hamiltonian formulation, the Liouville equation can be seen as a continu-
ity or advection equation for the probability distribution function. This theorem is
fundamental to statistical mechanics and requires further attention. Considering an
ensemble19 of initial conditions each representing a possible state of the system, we
express the probability of a given ensemble or density distribution of system points

18 For a collection of N identical particles the state of the system may be specified by giving the
coordinates of each particle so that the system as a whole is represented by a cloud of N points
in phase space. Alternatively, the state of the system as a whole constituting the gas phase can
be completely specified by a single point in phase space. The phase for the system as a whole is
called a γ-space or sometimes a Γ -space, and the phase space for any individual kind of particles
(molecules) contained in the system is called a μ-space for that particle [39, 150]. These notations
may be linked to the theory of Gibbs [47] and Boltzmann [10], respectively.
19 Willard Gibbs (1839–1903) introduced the idea of an ensemble of systems in his book entitled
Elementary Principles in Statistical Mechanics published in 1902 [47]. An ensemble is a large
number of imaginary replicas of the system under consideration. Gibbs also introduced the ideas
of canonical-, micro-canonical- and grand canonical ensembles which refer to ensembles having
specific properties [80]. For example, the micro-canonical ensemble is the assembly of all states
with fixed total energy E , and fixed size. The canonical ensemble, another example, considers all
states with fixed size, but the energy can fluctuate [15].
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in phase space Γ by a continuous function:

f = f (p, q, t) (2.38)

which is a normalized quantity with the following property:

∫

all space
f Π

i
dpi dqi = 1, (2.39)

where Πi means product of all labeled variables and i runs from 1 to N degrees of
freedom.

The distribution function f (q, p, t) is defined such that the product f (q, p, t)
Πi dpi dqi = f (q, p, t)dΩ represents the number of system points in the phase
volume dΩ about the point (q, p) at the time t . The product of differentials dΩ =
Πi dpi dqi = dq1 . . . dqN dp1 . . . dpN may be regarded as an element of volume in
phase space. It follows that the corresponding integral

∫
dΩ taken over some region

of phase space represents the volume of the particular region. This integral has the
property of being invariant with respect to canonical transformations.20 This means
that the magnitude of a volume element in phase space is preserved under canonical
transformations.21 Therefore, at any given instant in time, the hypothetical ensemble
points in the imaginary differential volume of Γ -space are consistently contained
within a continuously closed surface. Thus, we letΩ be an arbitrary volume element
in Γ -space and S denotes its surface.

The rate of change of the number of phase points d N , within the infinitesimal
phase space volume Πi dpi dqi is obtained from a balance equation expressing that
the system points in an ensemble are neither created nor destroyed [89]. Hence, the
rate of change of the number of system points in the volume Ω ,

∫
Ω

f dΩ is equal to
the net flux of points that pass through the closed surface that bound Ω:

∂

∂t
( f dΩ) +

∑

i

{
∂

∂ pi
( ṗi f dΩ) + ∂

∂qi
(q̇i f dΩ)

}

= 0 (2.40)

The rate of change of the density function at a fixed position in phase space is achieved
dividing by a fixed element of volume in phase space dΩ:

20 The transformation from one pair of canonically conjugate coordinates q and momenta p to
another set of coordinates Q = Q(p, q, t) and momenta P = P(p, q, t) is called a canonical
transformation or point transformation. In this transformation it is required that the new coordinates
(P, Q) again satisfy the Hamiltonian equations with a new Hamiltonian H ′(P, Q, t) [49, 60, 81].
21 This theorem is known as the Poincarè theorem (1854–1912) [49, 60, 81], stating that: dΩ =
Πi dpi dqi = Π

i
d Pi d Qi . The invariance rests on the property of the Jacobian determinant of a

canonical transformation: D = det
(

∂(Q,P)
∂(q,p)

)
= 1. Consequently, the volume element is transformed

as: Π
i

dpi dqi = Π
i

d Pi d Qi = DΠ
i

dpi dqi . In particular, the evolution of a system in time also

represents a canonical transformation which implies that the volume in phase space is conserved as
it evolves in time. This is known as the Liouville theorem (1809–1882).
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∂ f

∂t
= −

∑

i

{
∂

∂ pi
( ṗi f ) + ∂

∂qi
(q̇i f )

}

=
∑

i

{

ṗi
∂ f

∂ pi
+ f

∂ ṗi

∂ pi
+ q̇i

∂ f

∂qi
+ f

∂q̇i

∂qi

}

(2.41)
Since the Hamiltonian equations satisfy the incompressibility condition,

∑

i

(
∂q̇i

∂qi
+ ∂ ṗi

∂ pi

)

=
∑

i

(
∂2H

∂ pi∂qi
− ∂2H

∂qi∂ pi

)

= 0 (2.42)

any volume element in phase space is preserved under Hamiltonian flow. This rela-
tion is called the Liouville’s theorem which represents a fundamental property of
Hamiltonian systems [60, 89].

This theorem further implies that the second and fourth terms in the summation
on the RHS of (2.41) cancel to obtain:

∂ f

∂t
+

∑

i

(

ṗi
∂ f

∂ pi
+ q̇i

∂ f

∂qi

)

= 0 (2.43)

This result is known as the Liouville’s equations [90].
Notice that this equation is commonly written in the Poisson bracket form:

∂ f

∂t
+ [H, f ] = 0 (2.44)

The Poisson bracket operator is defined by:

[H, f ] =
N∑

i=1

(

q̇i
∂ f

∂qi
+ ṗi

∂ f

∂ pi

)

=
N∑

i=1

(
∂H

∂ pi

∂ f

∂qi
− ∂H

∂qi

∂ f

∂ pi

)

(2.45)

The Poisson bracket is an operator in Hamiltonian mechanics which has convenient
inherent properties considering the time evolution of dynamic variables [90, 105].
The most important property of the Poisson bracket is that it is invariant under any
canonical transformation.

While this compact notation is convenient for the experienced user, to grasp the
basic concepts a rough description may be preferable. Therefore, for the beginners
that is not familiar with the concepts of statistical mechanics we reiterate the pre-
sentation of the abstract theory using an alternative notation equivalent to what is
common in the fluid dynamic literature [57, 90]. The purpose is to provide introduc-
tory ideas about the practical implications of the Liouville equations describing the
ensemble flow in Γ -space. For this reason, we let u denote a generalized velocity
vector of the system points in the neighborhood of the element of surface d S:

u = {q̇1, q̇2, . . . , q̇N ; ṗ1, ṗ2, . . . , ṗN } (2.46)
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In the particular case, where the volume Ω is thought to be fixed in phase space, the
corresponding continuity equation can be expressed as:

∂

∂t

∫

Ω

f dΩ = −
∮

S
u · f dS (2.47)

where the net ‘convective’ flux out of the volume through the closed surface S is∮
u · f dS.
Now, using a variant of Gauss theorem in Γ -space,

∮

S
u · f dS =

∫

Ω

∇ · ( f u)dΩ (2.48)

The continuity equation thus yields,

∫

Ω

[
∂ f

∂t
+ ∇ · ( f u)

]

dΩ = 0 (2.49)

Requiring that the integrand must be equal to zero for any volume dΩ , the resulting
differential equation is given by:

∂ f

∂t
+ ∇ · ( f u) = 0 (2.50)

With (2.46) and (2.42), it is found that:

∇ · u =
N∑

i=1

(
∂q̇i

∂qi
+ ∂ ṗi

∂ pi
) =

N∑

i=1

(
∂2H

∂qi∂qi
− ∂2H

∂qi∂ pi
) = 0 (2.51)

since the flow of system points is incompressible.
Introducing the solenoidal vector field into the continuity equation returns the

Liouville equation, which now appears as:

∂ f

∂t
= −u · ∇ f − f ∇ · u = −u · ∇ f (2.52)

In an engineering view, the ensemble of system points moving through phase space
behaves much like a fluid in a multidimensional space, and there are numerous
similarities between our imagination of the ensemble and the well known notions of
fluid dynamics [49]. Then, the substantial derivative in fluid dynamics corresponds to
a derivative of the density as we follow the motion of a particular differential volume
of the ensemble in time. The material derivative is thus similar to the Lagrangian
picture in fluid dynamics in which individual particles are followed in time. The
partial derivative is defined at fixed (q, p).It can be interpreted as if we consider a
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particular fixed control volume in phase space and measure the time variation of the
density as the ensemble of system points flows by us. The partial derivative at a fixed
point in phase space thus resembles the Eulerian viewpoint in fluid dynamics.

2.2.3.2 BBGKY-Hierarchy

In the more theoretical fields of science the conventional derivation of the Boltzmann
equation for the one-particle distribution function, assumed to be valid for dilute
gases, is considered far too heuristic and accordingly does not form an adequate
formal basis for rigorous analysis. In this point of view a formal derivation starts
out from a complete knowledge of the probability density formulated in terms of a
N -particle density function,22 fN (q, p, t), providing a general way of deducing the
Boltzmann equation from the laws of dynamics via approximations of this rigorous
equation. Deriving the Boltzmann equation in this manner may also provide novel
guidelines for the extension of Boltzmann equation to higher densities.

The time evolution of this phase space probability density is governed by the
Liouville equation expressed as:

∂ fN

∂t
= [HN , fN ] (2.53)

However, the description of the system governed by the complete phase space
probability density is not feasible in practice for a large number of particles N . There-
fore, one may rather consider the behavior of a subset of particles defining a reduced
phase space distribution function. The unwanted information can be eliminated by
integrating fN over the coordinates and momenta of the remaining particles [53, 90]
(i.e., resembling an averaging procedure). A particular system of integro-differential
equations for such a reduced distribution function is known as the BBGKY-hierarchy
(i.e., this abbreviation is written for N. N. Bogoliubov, M. Born, H. S. Greed, G.
Kirkwood, and J. Yvon). Comprehensive discussions on this approach is given by
Cercignani et al. [14] andLiboff [90]. Nevertheless, this approach is not very useful in
practice since the BBGKY-hierarchy is not closed and an ad hoc problem contraction
is required. It is noted that the first equation in this sequence is still most important
as it governs the evolution of f1(p, q, t) in time and space provided that an approx-
imate closure for the pair density function f2(p′, q′; p, q, t) is available (i.e., this
equation contains the lowest number of unknowns in the sequence), and it represents
the generic form of all the kinetic equations. Much effort has been devoted to find
approximate solutions to theBBGKYhierarchy on the basis of expressions that relate
f1(p, q, t) and f2(p′, q′; p, q, t). The simplest approximation is to ignore the pair
correlation altogether by writing: f2(p′, q′; p, q, t) = f1(p′, q′, t) f1(p, q, t). This
assumption implies that there is no statistical correlation between particles of states

22 fN denotes the N-body joint-probability density for the N -body system. This function gives
the probability density of finding, at time t , particle 1 in the state (p1, q1), particle 2 in the state
(p2, q2), ..., and particle N in the state (pN , qN ).
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(p′, q′) and (p, q) at any time t . Various efforts along these lines have attempted to
derive the Boltzmann equation from first principles. However, a number of assump-
tions come into play in all these derivations, which renders even the more formal
analyzes somewhat ad hoc. Therefore, many practitioners do not consider the clas-
sical formalism worthwhile.

2.3 Basic Concepts of Kinetic Theory

In this section the statistical theorems ormathematical tools needed to understand the
Boltzmann equation in itself, and the mathematical operations performed developing
themacroscopic conservation equations starting out from themicroscopicBoltzmann
equation, are presented. Introductory it is stressed that a heuristic theory, which
resembles the work of Boltzmann [10] and the standard kinetic theory literature, is
adopted in this section and the subsequent sections deriving the Boltzmann equation.
Irrespective, the notation and concepts presented in Sect. 2.2 are often referred, or
even redefined in a less formal wrapping, thus the underlying elements of classical
mechanics are prescience of outmost importance understanding the true principles
of kinetic theory.

2.3.1 Potential Energy of Molecular Interactions

In kinetic theory a binary molecular interaction is generally specified as a rather
abrupt change in the trajectories of two molecules as a result of their mutual
interaction. It is sometimes distinguished between interactions with and without
contact between the molecular particles. The choice of molecular model determines
the kind of interaction that will take place, thus only the hard sphere or billiard ball
model gives rise to interactions with contact. The three phrases molecular interac-
tion, encounter and collision are considered to be synonyms. Besides, attention is
restricted to interactions between electrically neutral molecules in which the force
between themolecules depends only on the distance between their centers. Formono-
atomic gases, the spacing between the particles is considered large enough so that
we can approximate the particles as points, or point centers of force. For this reason,
in kinetic theory, a gas molecule is characterized by its position r and its velocity c.
However, the intermolecular force laws play a central role in the model determining
the molecular interaction terms (i.e., related to the collision term on the RHS of the
Boltzmann equation). Classical kinetic theory proceeds on the assumption that this
law has been separately established, either empirically or from quantum theory. The
force of interaction between two molecules is assumed to be conservative thus it can
be related to the potential energy function (2.4):

F(r) = −∇E p(r) (2.54)
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where r is the distance between the two molecules.
For most purposes it is chosen to specify the potential energy of interaction EP (r)

rather than the force of interactionF(r). Suppose that the particlemoves fromposition
r to position ∞ under the action of a conservative force F. These two functions are
then related as:

EP (r) = −
∞∫

r

F(r) · dr (2.55)

Several models for the molecular potential energy of interaction have been consid-
ered, each of them having certain advantages either in their physical interpretations
or giving simple mathematical representations of the laws of interaction. The billiard
ball model is one such exploratory molecular potential energy of interaction model
which is frequently used because of its simplicity. In this model a molecule is viewed
as a microscopic particle and approximated by a small featureless sphere, possessing
a spherically-symmetric force field. For neutral particles this force field has a very
short range, and the particles can be pictured as being almost rigid spheres, with an
effective diameter equal to the range of the force field. Therefore, in an average sense
each gas molecule is assumed to be a rigid, spherical, non-attracting, particle with
diameter equivalent to the range of molecular interaction d = r0, and mass m. This
molecular model is thus sometimes named the rigid sphere model or the hard sphere
model. As they have no structure, these particles have only energy of translation.
The gas is further assumed to be sufficiently dilute for collisions involving more than
two particles at a time to be ignored, thus only binary collisions are considered. The
collisions between these gas molecules are considered perfectly elastic. Considering
a binary elastic collision two bodies collide and thereafter move apart again in such a
way that both the overall momentum and the total kinetic energy of the center of mass
of the two bodies are conserved ([148], p. 13) [60]. In a binary in-elastic collision,
on the other hand, the two bodies collide and stick together. The overall momentum
is normally conserved in these collisions too, but the overall kinetic energy of the
center of mass of the two bodies is not conserved ([148], p. 13). It is noted that during
real collisions, the colliding molecules (particles) undergo both elastic and in-elastic
deformations.
The hard sphere potential is defined as:

EP (r) =
{

∞ if r ≤ r0
0 if r > r0

(2.56)

in which r0 denotes the range of binary molecular interaction. The hard spheres
are defined as impenetrable spheres that cannot overlap in space. The molecular
energy interaction potential model mimic the extremely strong repulsion of spherical
molecules at very close distances.

The hard sphere model is frequently used considering mono-atomic uncharged
molecules. However, this model gives a very crude representation of the actual
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physics (e.g., repulsive forces and volume of sphere), since molecules in fact are
complicated electronic structures, and can by no means resemble rigid spheres.
Alternatively, the energy interaction potential of the Maxwellian molecules might
be useful in exploratory calculations in which a differentiable potential function is
needed. For these molecules the intermolecular force between pairs at a distance
r apart is of the form Kr−5, where K is a constant [96]. Adopting this particular
potential representation the solution of the equation of transfer reduces to a feasi-
ble problem, thereby Maxwell [96] obtained analytical expressions for the transport
coefficients as outlined earlier. It is noted that many alternative potential functions
have been proposed in the literature. The most frequently used model potentials are;
rigid sphere, point center of repulsion, Sutherland’s model, Lennard-Jones potential,
modified Buckingham potential, Kihara potential, Morse potential. Their advantages
and disadvantages are thoroughly discussed elsewhere [39, 55]. In the two models
adopted in this work, the force is always repulsive and varies inversely as some power
of the distance between the molecular centers. No redistribution of energy between
the internal and the translational energy forms are allowed. Depending on the mole-
cular energy interaction potential model chosen, the interacting force may arise only
upon contact, or act when the molecules are at any distance away from each other.

2.3.2 Phase Space, Distribution Function, Means and Moments

A collection of mono-atomic gas molecules are characterized by their position r in
space and their velocity c at time t . An infinitesimal spatial space containing the point
r is denoted by dr (e.g., in Cartesian coordinates = dx dy dz). In a similar manner,
an infinitesimal element in a hypothetical velocity space containing the velocity c
is denoted by dc (e.g., in Cartesian coordinates = dcx dcy dcz). The imaginary or
hypothetical space containing both dr and dc constitutes the six-dimensional phase
space.23 Therefore, by a macroscopic point (r, c, t) in phase space is meant an infin-
itesimal volume, dr dc, centered at the point (r, c, t), having an extension sufficient
to contain a large number of molecules as required for a statistical description to be
valid, but still small comparedwith the scale of the natural changes in themacroscopic
quantities like pressure, gas velocity, temperature and density of mass.

Aconcept of principal importance in kinetic theory is the distribution function.The
probabilistic distribution function containing the desired information about the spa-
tial distribution of molecules and their velocity distribution is denoted by f (r, c, t).

23 The classical phase space is formally defined in terms of generalized coordinates and momenta
following the Hamiltonian mechanics notation, because it is in terms of these variables that Liou-
ville’s theorem holds. However, in Cartesian coordinates as used in the present section it is usually
still true that pi = mci under the particular system conditions specified considering the kinetic
theory of dilute gases, hence phase space can therefore be defined in terms of the coordinate and
velocity variables in this particular case. Nevertheless, in the general case, for example in the pres-
ence of a magnetic field, the relation between pi and ci is more complicated and the classical
formulation is required [115].
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This probability function is defined in such a way that f (c, r, t) dc dr denotes the
probable number of molecules in the volume element dr located at r, whose veloc-
ities lie in the range dc about c at time t . We treat f as being a continuous and
differentiable function of its arguments. When the distribution function is given, the
macroscopic properties of the gas are determined using the concept of moments
(or probability-weighted averages). We may now define a molecular state vector
(r, c) denoting the independent variables needed to specify the rate of change of the
macroscopic properties.

The macroscopic property obtained by integrating f dc over the whole velocity
space is the number density, n(r, t), which denotes the number of particles per unit
volume at the location r at time t :

n(r, t) =
∞∫

−∞
f (r, c, t)dc (2.57)

The mass density of the collection of gas molecules at r, at time t, yields:

ρ(r, t) = mn(r, t) (2.58)

Statistics means and moments are defined in terms of a suitable probability
density function (PDF). Therefore, in the present context these statistical mea-
sures are expressed in terms of the normalized distribution function, P(r, c, t) =
f (r, c, t)/n(r, t), having the important mathematical property of a PDF:

∞∫

−∞
P(r, c, t)dc =

∞∫

−∞

f (r, c, t)

n
dc = n

n
= 1 (2.59)

Themean (or expectation) of the randomvariable c is definedby [107, 115, 116, 157]:

v(r, t) = 〈c(r, t)〉M =
∞∫

−∞
cP(r, c, t)dc (2.60)

This measure is also referred to as the probability-weighted average of all possible
values of c.

More generally, let ψ(r, c, t) be a generalized physical function that denotes a
property of the molecules located at time t near r with a velocity near c. Since
ψ(r, c, t) is a function of c, the mean of ψ is:

〈ψ(r, t)〉M =
∞∫

−∞
ψ(r, c, t)P(r, c, t)dc = 1

n(r, t)

∞∫

−∞
ψ(r, c, t) f (r, c, t)dc (2.61)
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The n-th moment about the origin is defined to be:

μn = 〈cn〉M =
∞∫

−∞
cn P(r, c, t)dc (2.62)

A first-order moment of ψ can thus be defined as:

〈ψ(r, t)〉M =
∞∫

−∞
ψ(r, c, t)P(r, c, t)dc (2.63)

It is noted that the first moment (2.63) equals the mean (2.61).
It follows that the mean or macroscopic fluid velocity at the position r and time t,

yields:

v(r, t) = 1

n(r, t)

∞∫

−∞
c f (r, c, t)dc = 1

ρ(r, t)

∞∫

−∞
mc f (r, c, t)dc (2.64)

The translationalmotion of a particular collection ofmolecules can either be specified
by their velocity c relative to a standard frameof reference, or by their velocity relative
to a frame moving with a specified velocity. The molecular velocity defined in the
frame of reference which moves with the local fluid velocity v is called the peculiar
velocity of the collection of molecules. The peculiar velocity is defined by:

C = c − v (2.65)

It follows from the above definitions that the average peculiar velocity equals zero.

2.4 The Boltzmann Equation

The Boltzmann integro-differential equation is an equation of change for the
one-particle (single) distribution function defined such that d N = f (r, c, t) dcdr
represents the number ofmolecules that have velocities between c and c+dc andposi-
tions between r and r+dr at time t . All the derivations of the Boltzmann equation are
based on a number of assumptions and hypotheses, making the analyzes somewhat
ad hoc irrespective of the formal mathematical rigor and complexity accomplished.
So in this book a heuristic theory, which is physically revealing and equally ad
hoc to the more fundamental derivations of the Boltzmann equation, is adopted. It is
stressed that the notation used resembles that introduced byBoltzmann [10] and is not
strictly in accordance with the formal mathematical methods of classical mechanics.
However, some aspects of the formal formulations and vocabulary outlined in
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Sect. 2.2 are incorporated although somewhat based on intuition and empirical rea-
soning rather than fundamental principles as discussed in Sect. 2.3.

The Boltzmann equation can be derived using a procedure founded on the
Liouville theorem. That is, a simplified interpretation of the Liouville theorem,
outlined in Sect. 2.2, is employed intending to make the formulation more easily
available for beginners. In this case the balance principle is applied to a control
volume following a trajectory in phase space, expressed as:

D

Dt

∫ ∫

f drdc =
∫ ∫

(
∂ f

∂t
)Collisiondrdc (2.66)

This relation is denoting that the rate of change of f for a system of a number of
particles moving with the phase space velocity vector ( dr

dt ,
dc
dt ) equals the rate at

which f is altered by collisions.
Applying numerous theorems, similar but not identical to those used in Chap. 1

deriving the governing equations in fluid dynamics, one arrives at the Boltzmann
equation on the form:

∂ f

∂t
+ c · ∂ f

∂r
+ F · ∂ f

∂c
= (

∂ f

∂t
)Collision (2.67)

where c and r are considered independent coordinates. In addition, the forceF per unit
mass is assumed to be independent of c and replaces the instantaneous acceleration.

Symbolically the Boltzmann equation can be written as [57]:

Df

Dt
= (

∂ f

∂t
)Collision (2.68)

where the LHS denotes the translational motion and the RHS represents the impact
of collisions.

The model derivation given above using the Liouville theorem is in many ways
equivalent to the Lagrangian balance formulation [115]. Of course, a consistent
Eulerian balance formulation would give the same result, but includes some more
manipulations of the terms in the number balance (see Sect. 2.4.1). However, the
Eulerian formulation is of special interest as we have adopted this framework in the
preceding discussion of the governing equations of classical fluid dynamics, Chap. 1.

For binary collisions the RHS of the Boltzmann equation (2.68) assumes the form:

(
∂ f

∂t
)Collision =

∫

c1

∫

4π
( f ′ f ′

1 − f f1)gσA(�)dΩ ′dc1 (2.69)

where the un-primed distribution function refer to the state before collision, and
the primed distribution function refer to the state after the collision. Moreover, for
convenience, a shorthand notation is introduced for the distribution function: f ′ ≡
f (c′, . . .), f ′

1 ≡ f (c′
1, . . .), f ≡ f (c, . . .), and f1 ≡ f (c1, . . .).

http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
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A key contribution by Boltzmann was to determine the collision term solely due
to two-body collisions between particles that are assumed to be uncorrelated prior
to the collision (i.e., the Stosszahlansats). Under this assumption the collision term
can be written as a velocity-space integral over the product of one-particle (single)
distribution functions. The velocities and the corresponding distribution functions of
any two particles of the same type are conveniently distinguished by the labels c and
c1 and f and f1, respectively.

A survey of the kinetic theory required deriving the Boltzmann equation, for
a dilute gas constituting identical molecular particles of mass m, is provided in
the succeeding subsections. The translational part of the equation in the limit of
no collisions is discussed first, before the more complex collision term closure is
outlined.

2.4.1 The Boltzmann Equation in the Limit of No Collisions

Preliminarily, deriving the terms on the LHS of the Boltzmann equation, it is assumed
that the effects of collisions are negligible. The molecular motion is thus purely
translational. It is further assumed that in an average sense each molecule of mass m
is subjected to an external force per unit mass, F(r, t), which doesn’t depend on the
molecular velocity c. This restriction excludes magnetic forces, while the gravity and
electric fields which are more common in chemical and metallurgical reactors are
retained. Two alternative approaches for deriving the generalized advection equation
are available. These procedures are outlined in the subsequent paragraphs within this
section.

2.4.1.1 Ensemble of System Points Moving Along Their Trajectories
in Phase Space

In this paragraph the translational motion of the distribution function is examined
employing the framework of a generalized advection equation [20, 55, 57, 109, 115,
162]. The collection of molecules which at time t have positions and velocities in
the range drdc near r and c will, at an infinitesimal time dt later, have the positions
and velocities in the range dr′dc′ near r′ and c′ as a result of their motion under the
influence of the force F.

It follows that:
r′ = r + cdt (2.70)

c′ = c + Fdt (2.71)

In mathematical terms the translational motion can be expressed as:
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f (r′, c′, t)dr′dc′ = f (r, c, t)drdc (2.72)

The Lagrangian like control volume drdc in the six dimensional phase space may
become distorted in shape as a result of the motion. But, in accordance with the
Liouville’s theorem, discussed in Sect. 2.2.3.1, the new volume is simply related to
the old one by the relation (e.g., [109], p. 225):

dr′dc′ = |J |drdc (2.73)

where J is the Jacobian determinant (value) of the transformation relations (2.70)
and (2.71) from the old variables drdc to the new variables dr′dc′. In this particular
case where the force F does not depend on the velocity c of the molecules, J = 1
due to the Poincarè theorem (see Sect. 2.2.3.1, p. 226). Hence,

f (r′, c′, t) = f (r, c, t) (2.74)

or
f (r + cdt, c + Fdt, t + dt) − f (r, c, t) = 0 (2.75)

This means that in the limit of no molecular interactions, for which the collision term
(
∂ f
∂t )Collision vanishes, f remains unchanged if the observer moves along with the

system points in phase space.
Expanding the first term in (2.75) to the first order in dt , the generalized advection

equation for the distribution function is obtained as dt → 0:

[(
∂ f

∂x
cx + ∂ f

∂y
cy + ∂ f

∂z
cz

)

+
(

∂ f

∂cx
Fx + ∂ f

∂cy
Fy + ∂ f

∂cz
Fz

)

+ ∂ f

∂t

]

dt = 0

(2.76)
The terms in brackets equal an operator analogous to the substantial time derivative
known from the transport phenomena literature. The total differential of f (r, c, t) is
given by:

D f = ∂ f

∂t
Dt +

(
∂ f

∂x
dx + ∂ f

∂y
dy + ∂ f

∂z
dz

)

+
(

∂ f

∂cx
dcx + ∂ f

∂cy
dcy + ∂ f

∂cz
dcz

)

= ∂ f

∂t
Dt + ∇r f · dr + ∇c f · dc =

[
∂ f

∂t
+ ∇r f · c + ∇c f · F

]

Dt (2.77)

where Dt is taken to be infinitesimal and represents the total change in f resulting
from changes in the seven variables on which f depends explicitly by means of the
first partial derivatives.

Equation (2.76) can thus be written more compactly on the vector form:

D f

Dt
≡ ∂ f

∂t
+ c · ∂ f

∂r
+ F · ∂ f

∂c
= 0 (2.78)
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where ∇r ≡ ∂
∂r , ∇c ≡ ∂

∂c are the gradient operators with respect to r and c, respec-
tively.

2.4.1.2 Ensemble of System Points Moving Through a Fixed Volume
in Phase Space

In this paragraph the translational motion of the distribution function is examined
employing the framework of a generalized continuity equation [115, 117, 157].
Consider a fixed 6-dimensional control volume in phase space (i.e., an imaginary
extension of the Eulerian control volume known from fluid dynamics, Fig. 1.2), con-
taining a given range of molecular positions between r and r + dr and of velocities
between c and c + dc. The number of molecules in the control volume drdc of
phase space changes as the positions and velocities of the molecules change. The
net accumulation of molecules in this range in time dt is given by (

∂ f
∂t )drdcdt .

The net change in the number of molecules within the control volume is determined
by the number of molecules entering and leaving this range drdc as a result of
the random molecular motion. In Cartesian coordinates the number of molecules
entering the control volume, drdc, in time dt through the face x = constant equals
f (cx dt)dydzdcx dcydcz . The corresponding number of molecules leaving through
the face x +dx = constant is given by [ f cx + ∂

∂x ( f cx )dx]dtdydzdcx dcydcz where
both f and cx are evaluated at x + dx and thereafter approximated using a first
order Taylor expansion. Hence, the number of molecules entering the control vol-
ume drdc in time dt through the different control volume faces are approximated by:

Net inflow in x- direction:

f (cx dt)dydzdcx dcydcz − [ f cx + ∂

∂x
( f cx )dx]dtdydzdcx dcydcz = − ∂

∂x
( f cx )drdcdt

(2.79)

Net inflow in y- direction:

f (cydt)dxdzdcx dcydcz − [ f cy + ∂

∂y
( f cy)dy]dtdxdzdcx dcydcz = − ∂

∂y
( f cy)drdcdt

(2.80)
Net inflow in z- direction:

f (czdt)dxdydcx dcydcz − [ f cz + ∂

∂z
( f cz)dz]dtdxdydcx dcydcz = − ∂

∂z
( f cz)drdcdt

(2.81)
Net inflow through the cx face of the velocity space:

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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f (Fx dt)dxdydzdcydcz − [ f Fx + ∂

∂cx
( f Fx )dcx ]dtdxdydzdcydcz

= − ∂

∂cx
( f Fx )drdcdt (2.82)

Net inflow through the cy face of the velocity space:

f (Fydt)dxdydzdcx dcz − [ f Fy + ∂

∂cy
( f Fy)dcy]dtdxdydzdcx dcz

= − ∂

∂cy
( f Fy)drdcdt (2.83)

Net inflow through the cz face of the velocity space:

f (Fzdt)dxdydzdcx dcy − [ f Fz + ∂

∂cz
( f Fz)dcz]dtdxdydzdcx dcy

= − ∂

∂cz
( f Fz)drdcdt (2.84)

Overall, the net inflow of molecules into the phase space drdc is balanced by the
transient term, hence:

(
∂ f

∂t
)drdcdt = − [ ∂

∂x
( f cx ) + ∂

∂y
( f cy) + ∂

∂z
( f cz)]drdcdt

− [ ∂

∂cx
( f Fx ) + ∂

∂cy
( f Fy) + ∂

∂cz
( f Fz)]drdcdt (2.85)

Or, after dividing by dr dc dt and adopting Einsteins summation index notation:

(
∂ f

∂t
) = − ∂

∂xi
( f ci ) − ∂

∂ci
( f Fi )

= − [ci
∂ f

∂xi
+ Fi

∂ f

∂ci
] − f [∂ci

∂xi
+ ∂Fi

∂ci
] (2.86)

Further simplification can be achieved as we recall that the variables r and c are
independent, hence:

∂ci

∂xi
= 0 (2.87)

In a similar manner,
∂Fi

∂ci
= 0 (2.88)

since F does not depend on c.
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Using the latter two relations the terms within the last bracket in (2.86) vanish, so
the Boltzmann equation reduces to:

∂ f

∂t
= −c · ∂ f

∂r
− F · ∂ f

∂c
(2.89)

This relation is known as the Liouville theorem as discussed in Sect. 2.2.3.1.
Introducing a generalized form of the substantial derivative, measuring the rate of

change as the observer moves along with the system points in phase space, a compact
form similar to (2.78) is achieved. Note also that it is common in the mechanics
literature to assume that there always exists a sufficiently differentiable and single-
valued function defining the position vector, even though it is unknown. In this
interpretation the molecular positions and velocities changes in accordance with
(2.70) and (2.71) [92] (Sect. 4.3).

2.4.2 The Boltzmann Equation Collision Term Approximation

To determine the rate of change of f caused bymolecular collisions a number of sim-
plifying assumptions concerning the molecular motion and collisions are introduced.
The most important assumptions are [20, 39, 115]:

• The system under consideration in the classical kinetic theory is a dilute gas of
N mono-atomic molecules enclosed in a box of volume V . It is assumed that the
particles in the system are identical having mass m.

• The gas density is assumed to be very low so that only elastic binary collisions need
to be taken into account. At higher densities, ternary and higher order interactions
become significant.

• The interactions with the external boundaries of the system are ignored. That is,
the physical walls of the container are replaced by idealized surfaces which reflect
the particles by elastic collisions.

• All possible effects which can be exerted by the external force per unit mass, F,
on the magnitude of the collisional cross section are neglected.

• The local equilibrium assumption is imposed. This means that the distribution
function f (r, c, t) does not vary appreciably (homogeneous) during a time interval
of the order of the duration of a molecular collision, nor does it vary appreciably
over a spatial distance of the order of the range of intermolecular forces.

• The molecular chaos assumption is imposed. This assumption implies that the
dilute gas point particles are uncorrelated outside the range of interaction r0.More-
over, the range of interaction is considered infinitesimal relative to the mean free
path of the molecular particles l, thus r0/ l 
 1. Equivalently, the interaction vol-
ume V0 ∝ r30 and the interaction time τ0 is considered infinitesimal relative to the
average volume per particle and the mean free time between the interactions. This
constraint ensures rectilinear particle trajectories before and after a collision. This
assumption is sometimes referred to as the Stosszahlansats. In the original paper by
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Boltzmann [10], it is rather assumed that in a given volume element the expected
number of collisions betweenmolecules that belong to different velocity ranges can
be computed statistically. This assumption was then referred to as the Boltzmann
Stosszahlansatz (German for: Collision number assumption).This assumption is
difficult to justify because it introduces statistical arguments into a problem that
is in principle purely mechanical [117]. Criticism against the Boltzmann equation
was raised in the past related to this problem. Nowadays it is apparently accepted
that the molecular chaos assumption is needed only for the molecules that are
going to collide. After the collision the scattered particles are of course strongly
correlated, but this is considered irrelevant for the calculation since the colliding
molecules come from different regions of space and have met in their past history
other particles and are therefore entirely uncorrelated. Furthermore, the molecular
chaos assumption also implies that the pair distribution function can be approxi-
mated by the product of two single distribution functions. If the pair distribution
function can be expressed as the sum of the product of two single distribution
functions and a pair correlations function, the following approximation holds:

f (2)(r, c1, r, c2, t) = N − 1

N

[
f (1)(r, c1, t) f (2)(r, c2, t) + fCorrelation

]

≈ f (1)(r, c1, t) f (2)(r, c2, t) (2.90)

The chaos assumption thus allows the pair correlation to be neglected outside the
range of molecular interaction, thus fCorrelation ≈ 0 when |r2 − r1| > r0.
A result of the Boltzmann H-theorem analysis is that the latter statistical assump-
tion makes Boltzmann’s equation irreversible in time (e.g., [39], Sect. 4.2).

No exact expression for (
∂ f
∂t )Collision has been obtained since the nature of the inter-

action between the colliding molecules is not known in sufficient details. It is rather
assumed by hypothesis some laws of interaction which are validated comparing the
overall results with experimental data. Nevertheless, detailed experimental analy-
sis of gases shows that, at distances large compared to the molecular dimensions,
weak intermolecular forces exist, whereas at distances of the order of the molecular
dimensions the molecules repel each other strongly. Moreover, collisions between
complex molecules may in general also redistribute energy between the translational
and internal energy forms but as the present analyzis is restricted to mono-atomic
gases it is presupposed that no energy is redistributed between these energy forms. To
close the statistical Boltzmann equation determining the evolution of the distribution
function, it is considered advantageous to derive constitutive relations for the colli-
sion term based on mechanistic analysis of simplified images or models of binary
particle collisions. In this context simplifying assumptions about the nature of the
forces between the twomolecules during collisions must be made. Several molecular
models have been considered, as already mentioned in Sect. 2.3.1. In the following,
the molecules of the gas are approximated as hard spheres resembling billiard balls.
Moreover, all the particles have the same mass and the particle collisions are elastic.
Taking into account the molecular interactions a mathematical expression for the
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rate at which the distribution function f is being altered by collisions is required. In
the Boltzmann equation, these phenomena are represented by the net rate at which
collisions increase or decrease the number of molecules entering the phase volume
drdc:

(
∂ f

∂t
)Collision = (

∂ f

∂t
)+Collision − (

∂ f

∂t
)−Collision (2.91)

where the number of particles injected into drdc due to collisions during the
time dt is denoted by (

∂ f
∂t )+Collisiondrdcdt , while the number of particles ejected

is (
∂ f
∂t )−Collisiondrdcdt . It is in specifying these terms the assumption that the system

is a dilute gas becomes relevant.
The conventional collision term (

∂ f
∂t )Collision closure is further discussed in the

paragraph called generalized collision term in the current subsection, presenting an
outline of the derivation of the approximate constitutive relations for (∂ f

∂t )+Collision and
(
∂ f
∂t )−Collision.Meanwhile, the prerequisite understanding of the fundamental nature of

the dynamics of binary particle collisions, and the mechanical relations between the
velocities before and after the interaction, the scattering cross sections, the symmetry
properties of the collision, the concept of solid angle, and an estimate of the expected
number of molecular collisions are outlined in the subsequent paragraphs within this
section.

2.4.2.1 Dynamics of Elastic Binary Molecular Interations

It is required to express either pair of molecular velocities before and after the inter-
action in terms of the other pair, and of two independent geometrical variables (b and
φ) in order to complete the specification of the encounter. The original Boltzmann
equation derivation considers elastic collisions in free space between two spin-less
molecules of equal mass. However, due to the major interest in multicomponent
mixtures, the theory outline consider elastic collisions between two spin-less mono-
atomic molecules in an ideal gas mixture. The theory may be useful even if the
molecules are not mono-atomic, provided that their states of internal motion (i.e.,
rotation and vibration) are not affected by the collisions. The two molecules under
consideration are treated as point particles with respective masses m1 and m2. In the
laboratory frame, the incoming molecule positions are denoted by r1 and r2, and the
particle velocities are indicated by c1 and c2. The corresponding positions and veloc-
ities after the encounter are r′

1, r′
2 and c′

1, c′
2, respectively. The classical trajectories

for two interacting molecules presented in the laboratory system frame are viewed
in Fig. 2.1. It is supposed that the particle interaction is determined by conservative
potential interaction forces only. Any external forces which might act on the mole-
cules are considered negligible compared to the potential forces involved locally in
the collision. The relative position vectors in the laboratory frame are defined by:

r = r2 − r1 and r′ = r′
2 − r′

1 (2.92)
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Fig. 2.1 A binary particle interaction or scattering event as viewed in the laboratory coordinate
system

Accordingly, the relative displacements are:

r = |r2 − r1| and r ′ = |r′
2 − r′

1| (2.93)

To express the dynamics of a binary interaction inmathematical terms, amore precise
definition of an encounter is needed. A molecular interaction, or particle scattering
event, is divided into three epochs: before, during, and after the interaction. Both
before and after the interaction, molecules are free and do not interact with one
another. We may then introduce a measure r0 that denotes the range of interaction.
In the present analysis of an ideal gas mixture, the hard sphere molecular model
(2.56), given at page 232, is employed. This parameter is thus defined so that, when
the particles are sufficiently far away from each other (r > ro), the interaction
vanishes. By definition, when the particles enter the interaction domain (r ≤ r0),
they experience a collision. The meaning of before and after collision is thus given
in terms of the potential of interaction EP (r) or the range of interaction r0. Before
interaction denotes the interval in which the particles are approaching one another
and r > r0 or, equivalently, EP (r) = 0. After collision denotes the interval in which
the particles are receding from one another and, again, EP (r) = 0 and r > r0. Before
the particles are entering the interaction region, r > r0, the two particles move freely
with constant momenta towards each other. The total energy of the system equals
the sum of the kinetic energies:

ETotal = p2
1

2m1
+ p2

2

2m2
(2.94)

After the particles are exiting the interaction region, r > r0, they again move freely
with constant momenta but now away from each other.

The energy after interaction is:

E ′
Total = p

′2
1

2m1
+ p

′2
2

2m2
= ETotal (2.95)
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In the interaction region, r ≤ r0, the kinetic energy of the particles is generally
converted partly into potential energy. The total energy of the two particles is still
conserved24:

E ′
Total = p

′2
1

2m1
+ p

′2
2

2m2
+ E p(r) = ETotal (2.97)

It is assumed that the interaction force is conservative. A conservative force is a
force with the property that the work done in moving a particle between two points is
independent of the path taken. For this reason the force depends only on the position
of the particle.

In the laboratory frame25 the equations of motion (i.e., Newtons 2. law) for each
of the interacting particles are:

m1
d2r1
dt2

= F12 (2.98)

m2
d2r2
dt2

= F21 (2.99)

where the force exerted on molecule 1 by molecule 2 is denoted by F12, and the
force exerted on molecule 2 by molecule 1 is denoted by F21. The Newtons laws
and the total energy balance, including an approximate molecular energy interaction
potential model, determine the movement of point centers with specified masses
thus the corresponding position vector trajectories reproduce the movement of actual
molecules of finite size.

The law of conservation of total energy for the binary particle system can be
derived from the equations of motion in the following manner. In the first step we
multiply, by the scalar vector product, the particle velocity c1 = ṙ1 with the vector
equation (2.98), and the particle velocity c2 = ṙ2 with the vector equation (2.99).
Second, the LHS terms are manipulated using simple derivation rules. Finally, the
resulting two equations are added and the forces are eliminated using the definition
(2.54):

m1
d( 12c21)

dt
+m2

d( 12c22)

dt
= −∇E p(|r1−r2|) · dr1

dt
−∇E p(|r2−r1|) · dr2

dt
(2.100)

24 Note that the Hamiltonian of two particles interacting under an energy potential E p(r), in the
laboratory frame, is written [90]:

H(r1, r2, p1, p2) = p2
1

2m1
+ p2

2

2m2
+ E p(r = |r2 − r1|) = ETotal. (2.96)

25 In physics, the laboratory frame of reference is the reference frame in which the laboratory is at
rest. The laboratory frame name is obtained as the experiment is presumed to be made by laboratory
instruments.
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Since dt vanishes by multiplication, undetermined integrations provide the result
denoting the law of conservation of total energy [60]:

ETotal = 1

2
m1c21 + 1

2
m2c22 + ΔE p(|r2 − r1|) = Constant (2.101)

where the kinetic theory regards the range r ≤ r0 over which ΔE p(|r2 − r1|)
is effective as being small (i.e., both E p(|r2 − r1|) → 0 and E p(|r1 − r2|) →
0 for r = |r2 − r1| ≥ r0). Equivalently, the time duration of the interactions is
assumed to be so small that we may consider them instantaneous compared to the
time period between successive collisions. Moreover, considering elastic collisions
of hard sphere – billiard ball particles (2.56), there are no loss in kinetic energy (i.e.,
ΔE p(|r2 − r1|) → 0 for r ≤ r0). For these reasons, henceforth our interest lies on
the particles’ dynamics before and after the interaction takes place.

For an ideal gasmixture only elastic collisions take place, hence the kinetic energy
is conserved and the kinetic energy before and after a collision equals:

1

2
m1c21 + 1

2
m2c22 = 1

2
m1c′2

1 + 1

2
m2c′2

2 = ETotal (2.102)

Similarly, the sum of the cross products of (2.98) and (2.99) with ṙ1 and ṙ2, respec-
tively, leads to the law of conservation of total angular momentum:

LTotal = m1r1 × ṙ1 + m2r2 × ṙ2 = Constant (2.103)

In the laboratory frame the coordinate rc of the center of mass of two point particles
is given by the weighted average of their coordinates r1 and r2:

rc = m1r1 + m2r2
m1 + m2

(2.104)

where mc = m1 + m2 is the total mass. The coordinates of the center of mass point
rc lies on the straight line connecting the positions r1 and r2 of point masses m1 and
m2, respectively.

In the laboratory frame, the velocity of the center of mass is given by:

G = ṙc = drc

dt
(2.105)

It follows that the center of mass acceleration vanishes as:

mc
dG
dt

= mc
d2rc

dt2
= m1

d2r1
dt2

+ m2
d2r2
dt2

= F12 + F21 = 0 (2.106)
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since the Newton 3. law of action and reaction states that F12 = −F21. Note also
that when the forces are given by the molecular energy interaction potential E p(r),
the local problem is spherically symmetric [60].

It follows from (2.106), when integrated in time, that the conservation of linear
momentum yields:

mcG = m1c1 + m2c2 = m1c′
1 + m2c′

2 = P = Constant (2.107)

This relation is showing that the velocities are not independent. In fact (2.107) states
that the totalmassmc of the twomoleculesmoves uniformly throughout the collision.
That is, the center of mass velocity G remains unchanged since P is conserved
(constant) for elastic collisions.

The ratio between the kinetic energy (2.102) and momentum (2.107) is:

m1(c
′2
1 − c21)

m1(c′
1 − c1)

= −m2(c
′2
2 − c22)

m2(c2 − c′
2)

(2.108)

and, after simple manipulations

c′
1 + c1 = c2 + c′

2 or equivalently g′
21 = −g21 (2.109)

Accordingly, by integration in time we also get: r′ = −r.
It is noticed that in-elastic collisions are characterized by the degree to which the

relative speed is no longer conserved. For this reason, the coefficient of restitution e
in a collision is defined (i.e., with basis in (2.109)) as the ratio of the relative velocity
after collision, divided by the relative velocity of approach [63, 99]:

c′
2 − c′

1 = −e(c2 − c1) (2.110)

where e = 1 denotes elastic collisions, whereas e = 0 for totally inelastic collisions.
Another quantity of interest is the relative velocity. Let g21 and g′

21, and g12 and
g′

12 denote respectively the relative velocities before and after the interaction either
defined as the secondmolecule relative to the first, or of the first relative to the second:

g21 = c2 − c1 = −g12 and g′
21 = c′

2 − c′
1 = −g′

12 (2.111)

The magnitudes of the relative velocities before collision are equal and denoted by
g, likewise the relative velocities after collision are equal and denoted g’.

Thus, for elastic collisions the following relations hold:

g21 = g12 = g and g′
21 = g′

12 = g′ (2.112)

By means of (2.107) and (2.111) we can express c1 and c2, and c′
1 and c′

2 in terms
of G and g21, as given by:
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c1 = G − μ

m1
g21

c′
1 = G − μ

m1
g′

21

c2 = G + μ

m2
g21

c′
2 = G + μ

m2
g′

21 (2.113)

in which is a hypothetical mass quantity, μ, named the reduced mass of the binary
particle system has been introduced.

The reduced mass is defined as:

μ = m1m2

m1 + m2
(2.114)

These relations (2.113) thus show that a knowledge of G and g21 is equivalent to a
knowledge of c1 and c2 or c′

1 and c′
2 denoting the state of motion before and after

the interaction.
By experience, it proves convenient in discussing scattering events to transform

the model into a frame of reference that moves along with the center of mass in
which rc = 0 is taken as origin. In this coordinate system, the center of mass motion
is eliminated in accordance with the definition (2.105):

Gc = drc

dt

∣
∣
∣
∣
rc=0

= 0 (2.115)

Since the problem has been formulated in terms of the relative velocity vectors before
and after an interaction, it is revealed that in the center of mass frame the collision
process can be described by simple relationships. From (2.113), we get:

c1c = c1 − G = − μ

m1
g21 (2.116)

c2c = c2 − G = μ

m2
g21 (2.117)

c′
1c = c′

1 − G = − μ

m1
g′
21 (2.118)

c′
2c = c′

2 − G = μ

m2
g′
21 (2.119)

The binary particle collision presented in the center of mass frame is depicted in
Fig. 2.2. The center of mass frame is 1D in the symmetric case.
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Fig. 2.2 Scattering in the center of mass frame illustrating the relative velocities of masses m1
and m2

By the definition of the center of mass frame, (2.107) might be manipulated as:

Pc = mcGc = m1c1c + m2c2c = m1c′
1c + m2c′

2c = 0 (2.120)

By use of the relations given in (2.113), the kinetic energy equation (2.102) becomes:

Ec = 1

2
mc(G

2
c + μ

mc
g2) = 1

2
mc(G

2
c + μ

mc
g′2) (2.121)

The relative velocity changes from the value g21 before the collision to the value g′
21

after the collision. Since the collision is assumed to be elastic so that the internal
energies of the molecules remain unchanged, the total kinetic energy Ec remains
unchanged in a collision. It follows from (2.121) and (2.115) that the kinetic energy
equation can be simplified as:

Ec = μ

mc
g2 = μ

mc
g′2 (2.122)

Hence, it is revealed that the magnitude of the relative velocity is the same before
and after the collision:

g = g′ (2.123)

This result shows that the relative velocity is changed only in direction and not in
magnitude by the collision. The dynamical effect of a collision is therefore known
when the change in direction of g21 is determined.

Further knowledge on the direction of g21 is obtained by examining the simulta-
neous positions (or velocities) of the two particles in the center of mass framework.
The position vectors r1c, r2c and r′

1c, r′
2c of the particles relative to the center of mass

are defined by:

r1c = r1 − rc = − μ

m1
r (2.124)
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r2c = r2 − rc = μ

m2
r (2.125)

r′
1c = r′

1 − r′
c = − μ

m1
r′ (2.126)

r′
2c = r′

2 − r′
c = μ

m2
r′ (2.127)

in which the definition of rc is given by (2.104), p. 246.
Eliminating the relative position vectors r and r′ from these relations, yield:

m1r1c = −m2r2c (2.128)

m1r′
1c = −m2r′

2c (2.129)

This means that in the frame of reference which moves with the center of mass, the
position vectors are at all times oppositely directed along a line, and their magni-
tudes have a fixed ratio. Moreover, the vector r joining the molecules passes always
through their center of mass. The impact parameter b is now to be interpreted as the
hypothetical distance of closest approach if both particles were to continue unde-
flected along their original trajectories (rm is the actual distance of closest approach)
[109], Chap. 8. No further information about the collision can be obtained from the
laws of conservation of momentum and energy. Instead, a geometrical analysis of
the interaction between molecules reveals that the direction of g′

21 depends not only
on the initial velocities c1 and c2 (or in G and g21), but also on two independent
geometrical variables constituting an angle φ and a displacement b. In the center
of mass system it suffices to focus on one of the molecules, due to the prior result
that the other molecule always moves in the opposite direction. Thus, the problem
reduces to an equivalent problem of the scattering of a molecule by a fictitious fixed
center of force, represented by the point O in Figs. 2.3 and 2.4. Using (2.113), the
equation of motion for particle 2 (2.99) can be expressed as:

m2
d2r2
dt2

= μ
d2r
dt2

= F21 (2.130)

It follows that the motion r of molecule 2 relative to molecule 1 is the same as if
the particle had a mass μ and were acted on by the force F21. The discussion of
the two-molecule problem is thus reduced to the solution of a simple one-molecule
problem.

We naturally chose to work in a polar coordinate frame of reference where the
trajectory is represented by the polar coordinates (r, θ,φ). Moreover, it is convenient
to define a frame of reference with O located at the origin of the coordinate system
with z axis parallel to g21. The 2 molecule approaches O with velocity g21, whose
perpendicular distance to O is called the impact parameter b. The polar coordinates
of the point molecule 2 thus give its position relative to a fixed reference point O and
a given polar axis z. The radial coordinate r is the distance from O to the molecule
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Fig. 2.3 Scattering of a molecule by a fixed center of force O . Molecule 1 is at rest with its center
at the origin

Fig. 2.4 Scattering in the frame of the relative vector r. The scattering angle θ is related to ψ
through the relation θ + 2ψ = π

2. For elastic collisions in which g′ = g, the final state after collision is specified
by the two scattering angles θ and φ, collectively denoted by �′, with θ the angle
between g′

21 and the z axis and φ the azimuth (rotational) angle of g′
21 about the z

axis, as shown in Fig. 2.4. Specifying G, g21, the angle φ, and the impact parameter
b, uniquely determines g′

21. Thus, the kinetic description of the binary molecular
collision is complete.

2.4.2.2 Relative Velocity Difference

Themain aim in this paragraph is to close the inverse collision terms in theBoltzmann
equation.Consider a scattering event, as sketched in Fig. 2.4. In the following analysis
the particle collision is viewed in a frame where the origin of the relative vector r is
fixed. This framework is also known as a fixed center of force. The line joining the
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two molecules when at the points of closest approach, rmin, is called the apse-line.
This apse-line passes through O , the intersection of the two asymptotes g21 and g′

21.
The unit vector k of the apse-line bisects the angle between −g21 and g′

21, as the
orbit of the second molecule relative to the first is symmetrical about the apse-line.
This symmetry is a consequence of the conservation of angular momentum [49, 90]:

L = μgb = μg′b′ (2.131)

Previous results revealed that the components of g21 and g′
21 are equal in magnitude,

but opposite in sign, hence from simple vector analysis it follows that: g21 · k =
−g′

21 · k. Moreover, simple vector subtraction shows that g21 and g′
21 differ by twice

the component of g21 in the direction of k, thus:

g21 − g′
21 = 2(g21 · k)k = −2(g′

21 · k)k (2.132)

With the help of (2.132) and the relationships given in (2.113), two useful relations
between the particle velocities before and after a collision are established:

c′
1 − c1 = μ

m2
(g21 − g′

21) = 2
μ

m2
(g21 · k)k = −2

μ

m2
(g′

21 · k)k (2.133)

c′
2 − c2 = μ

m1
(g21 − g′

21) = 2
μ

m1
(g21 · k)k = −2

μ

m1
(g′

21 · k)k (2.134)

Thereby it has been shown that when k, c1 and c2 are given, the velocities after the
collision, c′

1 and c′
2, can be determined.

These two formulas make it possible to calculate the distribution function quan-
tities in the collision term of the Boltzmann equation associated to the inverse
collisions (2.69):

f ′
1[c′

1] = f ′
1[c1 + 2

μ

m2
(g21 · k)k] (2.135)

f ′
2[c′

2] = f ′
2[c2 − 2

μ

m1
(g′

21 · k)k] (2.136)

2.4.2.3 Concept of Solid Angle

The concept of solid angle, commonly used in kinetic theory, radiation and other
scattering problem descriptions, is defined before the molecular scattering process
is described in further details in the subsequent section. Basically, the solid angle is
the three dimensional analog of an ordinary angle. A differential plane angle dχ is
defined as the ratio of the element of arc length dl on the circle to the radius r of
the circle, hence dχ = dl/r . Analogous, the differential solid angle d� subtended
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Fig. 2.5 An illustration of the differential solid angle, d� = sin θdθdφ. The solid angle has the
units of the steradian (sr) or radian2 (rad2)

by an arbitrary differential surface d A is defined as the differential surface area d�

of a unit sphere covered by the arbitrary surface’s projection onto the unit sphere
[59, 109, 131]:

d� = er · dA
|r|2 = er · nd A

r2
(2.137)

where er = r
|r| denotes a unit vector in the direction of r, |r| is the distance from

the origin to the arbitrary differential area d A, and n is the unit normal vector of the
differential surface area d A as sketched in Fig. 2.5.

In kinetic theory we are using the solid angle to indicate the direction of the
outgoing particles after the collision. In principle, we can calculate the solid angle
from any given surface. We chose to use the particular surface that coincides with
the unit sphere making the mathematical complexity feasible. In this particular case
we observe that n = er and |r| = r = 1, and from (2.137) we get: d� = sin θdθdφ.
Hence, as illustrated in Fig. 2.6, in spherical coordinates the differential solid angle,
d�, subtended by a surface element on the sphere, d A = (rdθ)(r sin θdφ), can be
expressed as:

d� = er · er d A

r2
= er · er (rdθ)(r sin θdφ)

r2
= sin θdθdφ (2.138)
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Fig. 2.6 A sketch of the solid
angle in the special case when
the arbitrary surface coincides
with the unit sphere. In this
particular case n = er , |r| =
r = 1, hence from (2.137) it
follows that d� = sin θdθdφ

2.4.2.4 Scattering Cross Sections and Symmetry Properties

In engineering practice we are often concerned with the scattering of a beam of
identical particles incident with uniform velocity on the scattering center rather than
with the deflection of a single particle. The different particles in the beam have
different impact parameters and are therefore scattered through different angles.
Hence, in these applications the complexity of the scattering processes involved
cannot be described with the classical methods due to the prohibitive computational
costs. Instead, the scattering of the particles in the incident beam are calculated
in a statistical manner considering the distribution of the deflected particles to be
proportional to the density of the incident beam. The corresponding proportionality
factor is the differential scattering cross section. Due to the symmetry properties of
a binary collision, it is convenient to illustrate the basic ideas considering a one body
scattering problem that is concerned with the scattering of particles by a fixed center
of force. We first state that as a particle approaches the center of force, its orbit will
deviate from the incident straight line trajectory. After passing the center of force,
the force acting on the particle will eventually diminish so that the orbit once again
approaches a straight line (as sketched in Fig. 2.4). In general the final direction of
motion is not the same as the incident direction, and the particle is said to be scattered.
To calculate the differential scattering cross section we need to define a particular
system of reference for the differential solid angle (see Chapman and Cowling [20],
p. 60). For this purpose the unit vectors eg and eg′ in the directions of g21 and g′

21
might be defined so that g21 = geg and g′

21 = g′eg′ , respectively. The element of the
surface d�g includes the point in a perpendicular plane with unit normal � ≡ eg ,
whereas the element of the surface d�g′ includes the point in a perpendicular plane
with unit normal �′ ≡ eg′ , respectively. The differential scattering cross section
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can then be defined in the following manner. Imagine a uniform beam of particles of
energy E(g) and flux (intensity) I, which is incident upon a scatterer particle denoting
a scattering center of force located at the origin O . The incident flux (intensity) of
this beam of particles denotes the number of molecules in the incident beam crossing
a unit area normal to the beam per unit time. The number of particles scattered into
the element of solid angle d�g′ about �′ is proportional to the incident flux I and
the element of solid angle d�g′ . The differential scattering cross section, σA(�′; g′),
thus represents a statistical proportionality factor, defined by:

IσA(�′; g′)d�g′ = the number of molecules scattered into the solid angle

element d�g′ about �′ per unit time(s),

where σA(�′; g′)d�g′ denotes a surface in a plane perpendicular to the incident flux
defined such that themolecules that cross this surface end upwith a velocity g′ within
the solid angle d�g′ .

Performing a trigonometrical analysis of the particle interaction problem sketched
in Fig. 2.3, it can be shown that the number of deflected molecules considered equals
the number of molecules that passed through the differential cylinder collision cross
section area, bdφ db. A rigorous derivation of this relationship for rigid spheres are
provided shortly (2.142)–(2.150). Hence, the number of molecules scattered into the
solid angle element d�g′ about �′ per unit time (s) can be expressed in terms of the
differential cylinder collision cross section area b(θ)db(θ) dφ:

IσA(�′; g′)d�g′ = I σA(θ; g)d� = I b(θ)db(θ) dφ (2.139)

The azimuthal angle φ, which locates a section of the incident beam, is the same
angle that appears in the spherical coordinate frame fixed with origin at the target
particle denoting the center of force.

The relationship between σA(�′, g′) and the deflection angle θ is established by
trigonometry since with central forces there must be complete symmetry around the
axis of the incident beam. It is then observed that all the particles with an impact
parameter in the range (b, b+db) are deflected in the range (θ, θ+dθ), independently
of φ, hence σA(�′, g′) = σA(θ, g′) [117]. Henceforth the differential scattering
cross section notation is simplified as g′ = g from (2.123). The detailed form of
σA(θ; g) depends on the intermolecular potential.26 Besides, the impact parameter
b is generally considered a function of the energy and the corresponding scattering
angle, thus (2.139) together with the solid angle relation in polar angles (2.138)
constitute the classical formula for the differential scattering cross section,

σA(θ, E(g)) = b(θ, E(g))

sin θ
|db(θ, E(g))

dθ
| (2.140)

26 The differential cross section is a measurable quantity [57]. If the intermolecular potential is
known, σA(θ, g) can also be calculated using techniques from quantum mechanics. In this book we
regard σA(θ, g) as a specified property of the gas.
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Fig. 2.7 A sketch defining the geometrical variables in scattering of rigid spheres

where E(g) = 1
2μg2, and θ is the scattering angle. The absolute signs are required

as b and θ can vary in opposite directions, thus we avoid negative particle numbers.
The total scattering cross section is another statistical quantity that can be derived

from the differential cross section, defined as the integral of σA(�′; g) over all solid
angle elements, hence:

σAT =
∫

4π
σA(�′, g′)d�g′ =

∫

2π

∫

π
σA(θ, g) sin θdθdφ (2.141)

In other words, σA(�′; g) denotes the proportionality factor for the number of
particles scattered into a specific direction, whereas σAT represents the proportion-
ality factor for the total number of molecules scattered out of the incident beam. For
example, in the particular case when the molecules are rigid elastic spheres the apse-
line becomes identical with the line of center at collision. In this case the distance
d12 between the centers of the spheres at collision is connected with their diameters
d1, d2 by the relation [109]:

d12 = 1

2
(d1 + d2), (2.142)

Note also that since ψ is the angle between the g21 and k, as sketched in Fig. 2.7, it
is shown that: ψ = 1

2 (π − θ).
Since the plane throughk and g21 makes an angleψwith a reference plane through

g21, ψ and θ are polar coordinates specifying the direction of k on the unit sphere.
Thereby,

b = d12 sinψ = d12 sin[1
2
(π − θ)] = d12 cos

1

2
θ (2.143)

The billiard ball model is unique in that θ depends only on b, and not on g.
From the previous result, the quantity b db can be determined:
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b db = d12 sinψ × d(d12 sinψ) = d2
12 sinψ cosψdψ (2.144)

In order to relate the differential cross section to the solid angle, some geometry
and manipulation of the trigonometric functions are required. By use of standard
formulas from trigonometry the following relationships are obtained [120]:

cos θ = cos(π − 2ψ) = cos(π) cos(2ψ) − sin(π) sin(2ψ)

= − 1[cos2 ψ − sin2 ψ] − 0[2 sinψ cosψ] = sin2 ψ − cos2 ψ (2.145)

= 1 − cos2 ψ − cos2 ψ = 1 − 2 cos2 ψ

By differentiation of this trigonometric relationship yields:

sin θdθ = 4 cosψ sinψdψ (2.146)

Therefore, (2.144) can be manipulated as:

b db = d2
12 sinψ cosψdψ = d2

12

4
sin θdθ (2.147)

Hence, the differential cylinder collision cross sectional areab db dφ canbe expressed
in terms of the differential element of the solid angle:

b db dφ = d2
12 sinψ cosψdψ dφ = d2

12

4
sin θdθ dφ = d2

12

4
d� (2.148)

in which d� = sin θdθ dφ denotes the differential element of solid angle, which is
the small area through which the unit vector eg′ passes through.

The differential collision cross section is defined as a positive proportionality
factor (e.g., [20], p. 60; [117], p. 81), in accordance with (2.140), hence:

σA12 =
∣
∣
∣
∣

b db

sin θdθ

∣
∣
∣
∣ = b

sin θ

∣
∣
∣
∣
db

dθ

∣
∣
∣
∣ = d2

12

4
(2.149)

Combining (2.148) and (2.149) an important relationship between the differential
cylinder collision cross sectional area b db dφ and differential collision cross section
σA12 is obtained:

b db dφ = σA12d�g′ = σA12d� (2.150)

The corresponding total scattering cross section can be computed from (2.141):

σAT12
= 2π

1∫

−1

d2
12

4
d cos θ = πd2

12 (2.151)
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The molecular collisions have specific symmetry properties which are consequences
of the electromagnetic nature of the molecular interactions. For this reason, the dif-
ferential cross section parameter must reflect the same symmetry properties. Two
such collisions symmetry properties are particularly relevant in kinetic theory deriv-
ing the Boltzmann equation. In describing these symmetries, it proves convenient
to speak of a collision in terms of two-particle relative velocities before (c1, c2) and
after (c′

1, c′
2) the collision. For this purpose it is convenient to introduce the notation:

σA(c1, c2|c′
1, c′

2) = σA(�g′ , g′) = σA(�g, g) (2.152)

where �g′ denotes the angles between g21 and g′
21.

The relevant symmetries are outlined in the following two point paragraphs:

• Invariance Under Time Reversal:

σA(c1, c2|c′
1, c′

2) = σA(−c′
1,−c′

2| − c1,−c2) (2.153)

The invariance of physical laws under time reversal27 makes the cross sections
for the original and reverse collisions equal [57, 115, 150]. This means that if we
reverse the time each molecule will retrace its original trajectory, as sketched in
Fig. 2.8.

• Invariance Under Rotation and Reflection:

σA(c1, c2|c′
1, c′

2) = σA(c∗
1, c∗

2|c′∗
1, c′∗

2) (2.154)

where c∗ denotes the vector obtained from c after performing a given rotation
in space or a reflection with respect to a given plane, or a combination of both
[57, 115, 150].
It is of particular interest to consider an inverse collision which is obtained from

the original collision by interchanging the initial and final states, as sketched in
Fig. 2.9. As a consequence of the symmetries outlined above, the inverse collision
has the same differential cross section as the original collision [57]:

σA(c1, c2|c′
1, c′

2) = σA(c′
1, c′

2|c1, c2) (2.155)

Prove for this relationship was given by Huang [57], p. 63, among others.

In Hamiltonian mechanics the Liouville’s law for elastic collisions states that phase
space volumes are conserved as it evolves in time [60, 90]. Since time-evolution is a
canonical transformation, it follows that when the Jacobian is unity the differential
cross sections of the original, reverse and inverse collisions are all equal. From this
result, it can be concluded that [39, 115, 163]:

27 From the definition of the Lagrangian function (2.6) it can be shown that the time coordinate is
both homogeneous and isotropic meaning that its properties are the same in both directions [81].
For, if t is replaced by −t , the Lagrangian is unchanged, and therefore so are the equations of
motion. In this sense all motions which obey the laws of classical mechanics are reversible.
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Fig. 2.8 A sketch illustrating
an original collision (left) and
an reverse collision (right).
The scattering cross section
are the same for both types of
collision

Fig. 2.9 A sketch illustrating
an original collision (left) and
an inverse collision (right).
The scattering cross section
are the same for both types of
collision

σA(�, g) = σA(�′, g′) (2.156)

2.4.2.5 Expected Number of Molecular Collisions

To determine the rate of change of the distribution function f due to molecular
collisions, an expression for the expected number of molecular collisions must be
derived. In the statistical analysis of molecular collisions, it is necessary to consider
small but finite ranges of the velocities, dc1, dc2 rather than specific values c1, c2
because the probability is about zero that at a given instant, in a finite volume of gas,
dr, there is any molecule whose velocity is exactly equal to any specific values c1, c2
out of the whole continuous range of velocities. In a similar manner, it is necessary to
consider small but finite ranges of the geometrical collision variables db, dφ rather
than specific values b and φ because the probable number of collisions in dr, during
a small time-interval dt , between molecules in the velocity ranges dc1, dc2 will be
about zero if the geometrical collision variables b, φ are exactly assigned at specific
values. The average number of collisions of the type considered is thus proportional
to the product dc1dc2dbdφdrdt .

The probable number of molecules of the first kind c1, in r, having velocities in
the small range dc1, is f1dc1dr, and the probable number of molecules of the second
kind c2, in r, having velocities within the range dc2, is f2dc2dr. The incident flux
of particles may thus be approximated by:

I = f2dc2g (2.157)
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In order to determine the expected number of molecular collisions, consider the
motion of molecules 2 relative to the center of force molecule 1 as sketched in
Fig. 2.3. A collision between two molecules in which the impact parameter is in
the range db about b and the azimuthal angle is in the range dφ about φ can occur
provided that the extension of the vector g21 cut the plane through O perpendicular
to the polar axis within the area bounded by circles of radii db, b + db and center
O , and by radii from O including an angle dφ. If such a collision is to occur in a
time interval dt , then at the beginning of dt the center of molecule 2 must be within
a cylinder having an area bdφ db as base and generators equal to −g21dt (i.e., the
length of the cylinder generators in the eg direction is given by the scalar product:
(g21 · eg)dt = |g21||eg| cos(0)dt = gdt). The volume, dVcylinder = (gdt)(bdφ db),
is commonly referred to as the collision cylinder, as sketched in Fig. 2.10. It is
imagined that such a cylinder is associated with each of the f1dc1dr molecules of
the first kind c1, within a specific velocity range dc1, in r. Moreover, if db and dφ
are small, it might be assumed that these cylinders do not overlap to any significant
extent, so that the total volume dVtotal of all the cylinders can be approximated by:

dVtotal = { f1dc1dr} × {(gdt)(bdbdφ)} (2.158)

In many of these tiny cylinders there might be no molecule of the second kind
c2, having a velocity in the range dc2. If db, dφ and dc2 are sufficiently small,
the possibility that in any one cylinder there are two such molecules c2 might be
neglected. The total number of molecules of the second kind c2, with velocities in
the range dc2 about c2, in the whole combined volume dVtotal of all the collision
cylinders is ( f2dc2) × dVtotal, which by the assumptions made correspond to the
number of occupied cylinders in which such a molecule occurs. Moreover, it follows
that each occupied cylinder corresponds to a binary collision of the specified type,
occurring within dr during the time dt . Inserting the above expression for dVtotal
into f2dc2dVtotal, the number of binary molecular collisions is found to be:

f1 f2gbdbdφdc1dc2drdt = ( f2dc2)( f1dc1dr) × {(gdt)(bdbdφ)} (2.159)

On substituting σA(�, g)d�g′ = bdφdb, in accordance with (2.150), an alternative
expression for the number of collisions is obtained:

f1 f2gσA(�, g)d�g′dc1dc2dr1dt (2.160)

For completeness it is noted that these relations rely on the molecular chaos assump-
tion (see Sect. 2.4.2), anticipating that the collisional pair distribution function can
be approximated by [53, 90]:

f (2)(r, c1, r, c2, t) ≈ f1(r, c1, t) f2(r, c2, t) (2.161)

There by amore general expression for the expected number of collisions is obtained:
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Fig. 2.10 Collision cylinder.
Scattering in the c1 molecular
frame, where the c2 molecules
have velocity g21

f (2)(r, c1, r, c2, t)gσA(�, g)d�g′dc1dc2drdt (2.162)

2.4.2.6 Molecular Collision Density and Frequency

Themolecular collision density and frequency, that are two frequently used quantities
in models deduced from kinetic theory principles, can be plainly derived from the
expected number of molecular collision formula (2.160). Based on the foregoing
modeling results determining the expected number of molecular collisions, different
estimates of the molecular collision density and frequency can be deduced. Adopting
the molecular billiard ball model considering molecules that are smooth and sym-
metric rigid elastic spheres, and requiring that the molecules are not affected by other
potential field forces, the molecules interact only during the collision events. More-
over, considering such binary collisions between billiard ball molecules of masses
m1 and m2 in a gas mixture at rest in a uniform steady state, the number of collisions
per unit volume and time can be deduced from (2.160) after dividing by dr and dt .
Integrating the resulting relation over all values of �, c1 and c2, the collision density
representing the total number of collisions per unit volume and time between mole-
cules of type m1 and molecules of type m2 is obtained:

Z12 =
∫

c2

∫

c1

∫

4π
f1 f2gσA(�, g)d�g′dc1dc2

= σA12

∞∫

−∞

∞∫

−∞

2π∫

0

π∫

0

f1 f2g sin θdθdφdc1dc2 (2.163)

where σA12 is the differential cross section for rigid spheres defined in accordance
with (2.150).

Adopting the absolute Maxwellian distribution function (anticipated at this point,
it is further discussed in Sect. 2.7.2), substituting f1 and f2 by the appropriate forms
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of the distribution function (2.243), p. 285:

f1 = n1(m1/2πkT )3/2 × exp(−m1c21/2kT )

f2 = n2(m2/2πkT )3/2 × exp(−m2c22/2kT )

gives [20] (p. 87):

Z12 = 2n1n2d2
12(

2πkT mc

m1m2
)1/2 = 2n1n2d2

12(
2πkT

μ
)1/2 (2.164)

This quantity is named the bi-molecular collision rate. The μ denotes the reduced
mass and mc = m1+m2 represents the total mass associated with the center of mass
of a two particle system.

Note that the number of collisions between pairs of similar molecules m1 cannot
be calculated by simply changing the suffix 2 to 1 in the given collision density
relation for unlike molecules (2.164), because in this case one counts each collision
between a pair of m1 molecules twice. The correct number of collisions between
pairs of molecules m1 per unit volume and time is thus only half the value given by
the formula for pairs of unlike molecules. Hence, for similar molecules the collision
density is given by:

Z11 = 2n2
1d2

1 (
πkT

m1
)1/2 = 1√

2
πd2

1 〈c1〉M n2
1 (2.165)

It is anticipated that the mean value of the speed of a gas which consists of molecules
of type m1 in the Maxwellian state is given by 〈c1〉M = ( 8kT

πm1
)1/2. The derivation of

this relationship is explained at page 370 in association to (2.609) and (2.610).
The collision frequency denotes the average number of collisions undergone by

each molecule of a certain type per unit time. The frequency of collisions between
any one molecule of type m1 with other m1 molecules, is:

Z1−1 = 2Z11

n1
= 4n1d2

1 (
πkT

m1
)1/2 (2.166)

since each collision affects two molecules at once. The type of target species consid-
ered calculating the frequency is indicated by the last index of Z1−1 that is separated
by the hyphen [157].

The frequency of collisions between any one molecule of type m1 and a m2
molecule is given by:

Z1−2 = Z12

n1
= 2n2d2

12(
2πkT mc

m1m2
)1/2 (2.167)

The collision frequency for a molecule of type m1 colliding with all kinds of mole-
cules in the mixture is:
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Z1 = Z11 + ∑
j=2 Z1 j

n1
= Z1−1 +

∑

j=2

Z1− j (2.168)

2.4.2.7 The Collision Term Closure Formulation

In this section an explicit expression for the collision source term (
∂ f
∂t )Collision in the

Boltzmann equation (2.67) is derived.An expression for the rate (
∂ f
∂t )Collisiondrdc1dt

at which the velocity distribution function f (r, c1, t) is being altered by molecular
collisions can be obtained by focus attention on molecules with velocity between
c1 and c1 + dc1 located in the volume element dr located between r and r + dr,
and consider the collisions which occurs there in the time between t and t + dt .
In the same spatial volume there are molecules of any velocity c2 that pose as an
incident beam of molecules incident on the molecule c1. The volume dr is taken to
be large compared to the range of intermolecular forces and dt to be large compared
to the duration of a collision. Nevertheless, they can be considered infinitesimally
small with respect to variations in f by virtue of the assumption that the distribution
function f (r, c, t) does not vary appreciably during a time interval of the order of the
duration of a molecular collision, nor does it vary appreciably over a spatial distance
of the order of the range of intermolecular forces. First, the molecules in dr can be
thrown out of the velocity range c1 and c1 + dc1 by virtue of collisions with other
molecules with any velocity c2. The resulting decrease in time dt of the number of
such molecules is denoted by (

∂ f
∂t )−Collisiondrdc1dt . Second, molecules in dr whose

velocity is originally not in the range between c1 and c1+dc1 can be thrown into this
velocity range by virtue of collisions with other molecules with any velocity c2. The
resulting increase in time dt of the number of molecules scattered into the velocity
range c1 and c1 + dc1 is denoted by (

∂ f
∂t )+Collisiondrdc1dt .

To derive an approximate closure relation for the rate (
∂ f
∂t )−Collisiondrdc1dt , we

need to determine the flux of incident molecules of any velocity c2 that pose as an
incident beam of molecules on the center of force molecule with velocity c1 in the
same spatial volume dr about r, as defined (2.139). The incident flux I of this incident
beam is generally approximated by:

I = f (r, c2, t)dc2g21 (2.169)

Moreover, the number of binary collisions, in which the velocities of the colliding
molecules are c1 and c2 and the velocities of the molecules after the collision are c′

1
and c′

2, is given by (2.139):

IσA(�′, g′)d�g′dt = f (r, c2, t)dc2g21σA(�′, g′)d�g′dt (2.170)

where σA(�′, g′) is the differential cross section in the center of mass system and
�′ denotes the angles between g21 and g′

21.
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The rate (
∂ f
∂t )−Collisiondrdc1dt is obtained by subsequent integration over all c2

velocities and multiplication by the spatial density of molecules f (r, c1, t) in dc1:

(
∂ f

∂t
)−Collisiondrdc1dt = f (r, c1, t)

∫ ∫

g21 f (r, c2, t)σA(�′, g′)d�g′drdc2dc1dt

(2.171)
By arguments identical with those used above, an approximate closure relation for
the rate (

∂ f
∂t )+Collisiondrdc′

1dt can be deduced examining inverse collisions where c1
is fixed. We may first consider a molecule c′

1 with a beam of molecules c′
2 incident

upon it. The incident flux of the beam of molecules c′
2 incident upon c′

1 can be
approximated by:

I′ = f (r, c′
2, t)dc′

2|g′
21| (2.172)

From this incident flux of molecules, we only want to consider all molecules in the
same volume element dr with arbitrary initial velocities c′

1 and c′
2 which are such

that, after collision, one of the two molecules acquires a velocity in the range of
interest between c1 and c1 + dc1, while the other molecule out of the two acquires
some velocity between c2 and c2 + dc2. This scattering process is described by
the scattering probability σA(�, g) = σA(c′

1, c′
2|c1, c2), which equals σA(�′, g′) =

σA(c1, c2|c′
1, c′

2) according to (2.155). The number of collisions of this type during
dt can be approximated by:

I′σA(�, g)d�gdt = f (r, c′
2, t)dc′

2|g′
21|σA(�, g)d�gdt (2.173)

It follows that the rate (
∂ f
∂t )+Collisiondrdc′

1dt is given by:

(
∂ f

∂t
)+Collisiondrdc′

1dt =
∫ ∫

f (r, c′
1, t) f (r, c′

2, t)|g′
21|σA(�, g)d�gdrdc′

1dc′
2dt

(2.174)
It is noted that the vectors (c1, c2), (c′

1, c′
2) refer to collisions that are inverse of

each other, thus since σA(�′, g′) = σA(�, g), g21 = g′
21, and the transformation of

the differential element d�g′dc1dc2 = JΩgdc′
1dc′

2 by the Liouville theorem (e.g.,
[20], pp. 61–64; [39], Sect. 3.1; [57], p. 66; [90], pp. 17–18; [115], p. 52). The rate
expression can be rewritten as:

(
∂ f

∂t
)+Collisiondrdcdt =

∫ ∫

f (r, c′
1, t) f (r, c′

2, t)g21σ(Ω ′, g′)d�g′drdc1dc2dt

(2.175)
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2.4.2.8 Deriving the Boltzmann Equation from First Principles

Due to the approximate relation between the pair distribution function and the two
associated single distribution functions (2.161) imposing the assumption of molec-
ular chaos and the associated expression for the expected number of collisions in dr
(2.162), several scientists investigated the feasibility of deriving the Boltzmann equa-
tion from first principles with a higher degree of rigor. In the following paragraphs
in this section, the Boltzmann equation is thus re-derived based on a more com-
pact and mathematically formal notation. A drawback is that the numerous inherent
assumptions are not easy to grasp making this analysis somewhat ad hoc.

In the formal derivation, the number of particles which is thrown out of the phase
element is determined by:

(
∂ f

∂t
)−Collisiondrdcdt =

∫

1
f (2)(r, c, r1, c1, t)dr1dc1drdcdt (2.176)

In this model derivation it is convenient and thus common practice to divide the
velocity of all particles in the gas into two groups, the small range of velocities that
fall into the interval dc about c and all other velocities denoted by c1. Considering that
the c1 particles in dr1 undergo a collision with the c particles in dr in the time dt , dr1
must be determined in terms of designable quantities. Such a model can be derived
with the aid of the sketch showing a scattering event in the frame of the c particles
(equivalent to Fig. 2.10), revealing that all c1 particles in the collision cylinder of
height gdt and base area bdφ db undergo a collision with the c particles in the time
dt . Hence, the volume of the collision cylinder is given by dr1 = gdt bdφ db.

It follows that the number of particles removed in dt is determined by:

(
∂ f

∂t
)−Collisiondrdcdt =

∫

1
f (2)(r, c, r1, c1, t)(gbdφ db)dc1drdcdt

=
∫

1
f (2)(r, c, r1, c1, t)gσA(�′, g′)d�g′dc1drdcdt (2.177)

where σA(�′, g′)d�g′ = σA(θ, g)d� = bdφ db in accordance with (2.150).
Dividing by drdcdt yields:

(
∂ f

∂t
)−Collision =

∫

1
f (2)(r, c, r1, c1, t)gσA(�′, g′)d�g′dc1 (2.178)

in which the integration is over the solid angle, d�g′ , and c1 to sum up the rate of
decrease for all the collisions occurring during dt .

The number of particles injected into dcdr due to collisions in the interval dt ,
(
∂ f
∂t )+Collisiondrdcdt , considers all the binary collisions that can send one particle

into the velocity interval dc about c. This kind of collision is recognized as being the
inverse of the original collision, hence:
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(
∂ f

∂t
)+Collisiondrdcdt =

∫

1
f ′(2)(r′, c′, r′

1, c′
1, t)dr′

1dc′
1drdc′

=
∫

1
f ′(2)(r′, c′, r′

1, c′
1, t)g′σA(�, g)d�gdc′

1drdc′dt

(2.179)

where the primed variables refer to the inverse collision of the un-primed variables
in (2.178). That is, a collision of the type (2.155) is considered in a frame where the
origin of the relative vector is fixed denoting a fixed center of force.

To express (2.179) in terms of known variables the Liouville law for elastic colli-
sions can be adopted, as several investigators (e.g., [20], pp. 61–64; [39], Sect. 3.1;
[57], p. 66; [90], pp. 17–18; [115], p. 52) have shown that by symmetry (i.e., G = G′
and dg21 = dg′

21) the Jacobian is unity, hence:

d�gdc′
1dc′ = d�g′dc1dc (2.180)

Note also that from the law of conservation of angular momentum (2.131), the impact
parameters b and b′ before and after the collisions, respectively, are equal as L =
μgb = μg′b′. It follows that the number of particles added in dt is:

(
∂ f

∂t
)+Collisiondrdcdt =

∫

1
f ′(2)(r′, c′, r′

1, c′
1, t)gσA(�, g)d�g′dc1drdcdt

(2.181)
Dividing by drdcdt yields:

(
∂ f

∂t
)+Collision =

∫

1
f ′(2)(r′, c′, r′

1, c′
1, t)gσA(�, g)d�g′dc1 (2.182)

and again the integration is over the solid angle, d�g , and c1, but this time to sum
up the rate of increase for all the collisions occurring during dt .

Substituting these results into (2.91), yields the net collision rate:

(
∂ f

∂t
)Collision =

∫

1
f ′(2)(r′, c′, r′

1, c′
1, t)gσA(�′)d�g′dc1

−
∫

1
f (2)(r, c, r1, c1, t)gσA(�′)d�g′dc1 (2.183)

Substituting all these results and the approximation of the pair distribution function
(2.161) into (2.67), gives the Boltzmann equation:

∂ f

∂t
+ c · ∂ f

∂r
+ F · ∂ f

∂c
=

∫

1
[ f ′(r, c′, t) f ′

1(r, c′
1, t)

− f (r, c, t) f1(r, c1, t)]gσA(�′, g′)d�g′dc1 (2.184)
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It is noted that this substitution is not strictly rigorous as a number of unspecified
approximations are introduced as well [10].

The collision term may be further manipulated in terms of k [117] (pp. 83–85),
but for convenience the fundamental form is retained at this point. For denser gases
and rigid spheres the collision term is normally further reformulated in terms of k
[117] (pp. 83–85), as outlined in Sect. 2.12.

2.5 Flux Vectors

In a non-equilibriumgas system there are gradients in one ormore of themacroscopic
properties. In a mono-atomic gas the gradients of density, fluid velocity, and temper-
ature induce molecular transport of mass, momentum, and kinetic energy through
the gas. The mathematical theory of transport processes enables the quantification
of these macroscopic fluxes in terms of the distribution function on the microscopic
level. It appears that the mechanism of transport of each of these molecular prop-
erties is derived by the same mathematical procedure, hence they are collectively
represented by the generalized property ψ. In the gas we consider an infinitesimal
element of surface area d A as sketched in Fig. 2.11. The orientation of the surface
area is defined by a unit vector n normal to the surface, and ω is the angle between
C and n. Imagine further that the element of surface area moves along with the fluid
having the velocity v(r, t). The collection ofmolecules will thenmove back and forth
across this element area with their peculiar velocities C about the mean velocity v,
in accordance with (2.65). Ignoring any molecular collisions the number of mole-
cules crossing the surface area d A during the infinitesimal time interval (t, t + dt)
equals the number of molecules contained within an infinitesimal cylinder volume
with cross-sectional area d A and length |C|dt at time t. The volume of this cylinder,
n · C dt d A, contains f (r, c, t) dc (n · C dt d A) molecules.

Assuming that each molecule in an average sense carries with them the physical
property ψ(r, c, t), the amount of ψ transported by the molecules with velocities in
the range dC about C across the area d A in the time dt is given by f (r, c, t) dc (n ·
C dt d A)ψ(r, c, t). Accordingly, the flux of ψ denoting the amount which crosses
d A per unit area per unit time is expressed as f n · Cψdc.

The total flux of ψ across the elementary surface area d A is obtained by adding
the contributions from molecules within all velocity ranges28:

Φn(r, t) =
∞∫

−∞
f n · Cψdc (2.185)

28 The integration over c is equivalent to integrating over C since these two velocities differ by
a constant (i.e., independent of c) only, and the integration is over the entire velocity space [55]
(p. 457).
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Fig. 2.11 A cylinder containing all molecules with peculiar velocity C which cross the surface
element d A during the time interval dt

where Φn(r, t) denotes the n-component of the flux vector, thus Φn(r, t) = n ·
�(r, t) = n〈Cnψ(r, t)〉M .

The complete flux vector of the property ψ is give by:

�(r, t) =
∞∫

−∞
f Cψdc (2.186)

The physical interpretation of this vector is that the n-component of the vector equals
the flux of ψ across a surface normal to n.

At this point it is appropriate to introduce the particular flux vectors associated
with the transport of mass, momentum, and kinetic energy.

2.5.1 Transport of Mass

In this case we set ψ = m:

�(r, t) = m

∞∫

−∞
f Cdc = mn〈C〉M = 0 (2.187)

2.5.2 Transport of Momentum

In this case we set ψ = mCi , hence:
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�(r, t) = m

∞∫

−∞
f Ci Cdc = mn〈Ci C〉M = pi (2.188)

This flux vector denotes the transport of momentum relative to v in the i-direction.
In a 3D system the direction index i takes three different values, so there are a total
of three flux vectors associated with momentum transfer.

Together the three flux vectors constitute a symmetric second-order tensor with
nine components. This tensor is usually referred to as the pressure tensor, p. The
pressure tensor is expressed by:

p ≡ m

∞∫

−∞
f CCdc ≡ ρ〈CC〉M = ρ

⎛

⎝
〈C2

x 〉M 〈Cx Cy〉M 〈Cx Cz〉M

〈CyCx 〉M 〈C2
y〉M 〈CyCz〉M

〈CzCx 〉M 〈CzCy〉M 〈C2
z 〉M

⎞

⎠ (2.189)

The diagonal elements 〈C2
i 〉M represent the normal stresses„ in general denoting the

sum of the static and the viscous forces per unit area acting on a surface at an instant
in time. The non-diagonal elements, denoted by 〈Ci C j 〉M for i �= j , represent the
shear stresses or the viscous shear forces per unit area.

We define the deviatoric—or viscous stresses as the negative thermal flux, deter-
mined by the difference between the thermodynamic pressure and the pressure tensor
elements, as follows:

σi j ≡ [pδi j − ρ〈Ci C j 〉M ] (2.190)

where the δi j is the Kronecker delta.
Themean pressure (or pressure) is defined as themean value of the normal stresses

across any three orthogonal planes. The mean pressure, p̄, is thus one third of the
trace of the pressure tensor:

p̄ = 1

3
ρ〈C2〉M = 1

3
p : e (2.191)

where the e is the unit tensor.
The trace of the pressure tensor can be expressed in terms of the peculiar velocity:

p : e = pxx + pyy + pzz = nm(〈C2
x 〉M + 〈C2

y〉M + 〈C2
z 〉M ) = ρ〈C2〉M (2.192)

In particular, when the system is at equilibrium (no macroscopic gradients), the
viscous stresses vanish (i.e., σi j = 0) and the pressure tensor can be expressed in
terms of the mean pressure or alternatively in terms of the thermodynamic pressure,
p, as:

p = p̄e = pe (2.193)

where Pxx = Pyy = Pzz = p. Since these conditions are satisfied in the static case
only, such a pressure system is called static.
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In general the net macroscopic pressure tensor is determined by two different
molecular effects: One pressure tensor component associated with the pressure and
a second one associated with the viscous stresses.29 For a fluid at rest, the system
is in an equilibrium static state containing no velocity or pressure gradients so the
average pressure equals the static pressure everywhere in the system. The static
pressure is thus always acting normal to any control volume surface area in the fluid
independent of its orientation. For a compressible fluid at rest, the static pressuremay
be identified with the pressure of classical thermodynamics as may be derived from
the diagonal elements of the pressure tensor expression (2.189) when the equilibrium
distribution function is known. On the assumption that there is local thermodynamic
equilibrium even when the fluid is in motion this concept of stress is retained at the
macroscopic level. For an incompressible fluid the thermodynamic, ormore correctly
thermostatic, pressure cannot be defined except as the limit of pressure in a sequence
of compressible fluids. In this case the pressure has to be taken as an independent
dynamical variable [2] (Sects. 5.13–5.24).

The macroscopic relationship between the pressure tensor, which includes both
the hydrostatic- or thermodynamic pressure and the viscous stresses is expressed as:

p = pe + σ (2.194)

or in matrix notation:

p =
⎛

⎝
p + σxx σxy σxz

σyx p + σyy σyz

σzx σzy p + σzz

⎞

⎠ (2.195)

In practice the local pressure variable is assumed to be independent on the state
of the fluid. If the gradients in the flow field of a mono-atomic gas are sufficiently
large, viscous stresses and heat conduction phenomena emerge, and the Maxwellian
distribution function is no longer adequate. Therefore,when thefluid is in realmotion,
additional viscous normal stresses appear as denoted by σi i .

Adopting the Newton’s viscosity law (1.77) derived from continuum mechanical
principles [160] (Sect. 2-4.2), the thermodynamic pressure deviates slightly from the
mean pressure. It follows that the mean pressure is approximated as:

p̄ = 1

3
(Pxx + Pyy + Pzz) = p − (μB + 2

3
μ)∇ · v (2.196)

29 The viscous stresses only come into play for systems containing significant velocity gradients
within the fluid. Nevertheless, very large gradients are not required as the Navier-Stokes equations
can be derived from the Chapman-Enskog perturbation theory. On the other hand, for the non-
equilibrium boundary layer and shock wave systems, i.e., systems which deviates considerably
from equilibrium, higher order expansions are apparently needed [39]. Actually, at least for shock
waves the validity of the Maxwell-Boltzmann equation becomes questionable.

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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This law is showing that the mean pressure in a deforming viscous fluid is not exactly
equal to the thermodynamic property called pressure (i.e., apparently the constitutive
relation is not consistent with the local equilibrium assumption). This distinction is
rarely important, as ∇ · v is normally very small in typical reactor flow problems,
nevertheless adopting the rigorous form of the constitutive relation (1.77) the bulk
viscosity μB appears as an undetermined system parameter. Stokes [144] solved
this problem by introducing the novel assumption that μB + 2

3μ = 0. Adopting this
hypothesiswe simply avoid the problem.Alternatively,when the incompressible flow
limit ∇ · v = 0 is applicable, p̄ equals p. Even for high speed compressible flows,
i.e., for which ∇ · v �= 0, we avoid the problem since the viscous normal stresses are
normally negligible for such flows. Still a third assumption is often put forth, i.e.,
that the kinetic theory of gases proves that μB + 2

3μ = 0 for a mono-atomic gas30

(e.g., Hirschfelder et al. [55], p. 521; Vincenti and Kruger [157], p. 391; Ferziger
and Kaper [39]). However, White [160] (p. 70) states that this is a specious argument
since the kinetic theory actually assumes rather than proves this relationship to be
valid. The discussion reported by Truesdell [153] also states that the theory is vague
on this issue, as the different perturbation methods proposed in kinetic theory for
solving the Maxwell-Boltzmann equation do not give consistent results even for
mono-atomic gases. For polyatomic gases no formal theory exist determining this
parameter value. It appears, apparently, that there exists no exact interpretation of
Newton’s viscosity law.

2.5.3 Transport of Kinetic Energy

In this case we set ψ = 1
2mC · C and get:

�(r, t) =
∞∫

−∞
f
1

2
mC2Cdc = 1

2
mn〈C2C〉M = q(r, t) (2.197)

By use of (2.65), the kinetic energy of the collection of particles may be expressed
as:

1

2
mc · c = 1

2
m(C + v) · (C + v) = 1

2
m(C2 + 2v · C + v2) (2.198)

The average of the second term on theRHS, 〈mv·C〉M , vanishes, whereas the average
of the last term on the RHS, 〈 12mv2〉M , denotes the kinetic energy of the macroscopic

30 For example, the proof given by Vincenti and Kruger [157] (p. 391) is based on a comparison
between the result obtained solving the Maxwell-Boltzmann equation using the Enskog expansion
method and the corresponding expressions for the stress tensor derived in continuum gas dynamics.
From this inter-comparison it is seen that for mono-atomic gases the kinetic theory result does not
contain any terms corresponding to the bulk viscosity, thus it is concluded that this parameter equals
zero.

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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fluid motion. The average of the first term on the RHS, 〈 12mC2〉M , is thus interpreted
as the internal energy of the gas. It follows that the internal energy per unit mass of
the gas, e(r, t), is defined as:

e(r, t) = 1

n(r, t)

∞∫

−∞

1

2
C2 f (r, c, t)dc = 1

ρ(r, t)

∞∫

−∞

1

2
mC2 f (r, c, t)dc (2.199)

The translational kinetic gas temperature, T , is defined in terms of e by the relation:

ρe = 1

2
nm〈C2〉M = 3

2
nkT (2.200)

It is noted that for point particles equipartition of energy gives the relation:
1
2m〈C2〉M = 3

2kT . k is the universal Boltzmann constant, k = 1.380× 10−23 (J/K).
In classical statistical mechanics the principle of equipartition of energy states

that the internal energy of a system composed of a large number of particles at
thermal equilibrium will distribute itself evenly among each of the quadratic degrees
of freedom allowed to the particle system [49, 150]. In particular, for any part of the
internal molecular energy that can be expressed as the sum of square terms, each term
contributes an average energy of 1

2kT per molecule [100, 157]. The phrase square
term refers to a term that is quadratic in some appropriate variable used to describe
energy. It follows that for a dilute mono-atomic gas, the mean energy associated with
the translational motion of the c-th molecule in each of the three space directions
is 1

2m〈C2
i 〉M , for i = 1, 2, 3. The mean energy of the gas is obtained by adding the

contributions from all the three directions: 1
2m〈C2〉M = 〈 12m(C2

1 + C2
2 + C2

3 )〉M =
3
2kT .

The equipartition principle was initially proposed by Maxwell [96] in 1867 who
stated that the energy of a gas is equally divided between linear and rotational energy.
The original theorem was later generalized by Boltzmann [10] in 1872 by showing
that the internal energy is actually equally divided among all the independent com-
ponents of motion in the system.

2.6 The Equation of Change in Terms of Mean
Molecular Properties

The emphasis in this section is to derive an equation of change for the average
property 〈ψ〉M . The mean value of the property function ψ(r, c, t) was defined by
(2.61) in Sect. 2.3.2 at p. 207, considering any property function ψ of a type of
molecules that has position r and velocity c at time t .

The equation of change can be derived in two ways, either by analyzing the
situation directly on the macroscopic moment scales, or by starting out from the
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continuum microscopic Boltzmann equation (2.184) and thereafter apply a suitable
averaging procedure to obtain the corresponding average—or moment equation. In
this section, an analysis based on the Boltzmann equation will be given. It is noted
that the translational terms on the LHS of the Boltzmann equation can be derived
adopting one out of two slightly different frameworks, i.e., considering either a fixed
control volume (i.e., in which r and c are fixed and independent of time t) or a
control volume that is allowed to move following a trajectory in phase space (i.e., in
which r(t) and c(t) are dependent of time t) both, of course, in accordance with the
Liouville theorem. The pertinent moment equations can be derived based on either
of these two frameworks. The fixed control volume approach is adopted in this book
because this procedure is normally simplest mathematically and most commonly
used. The alternative derivation based on the moving control volume framework is
described by de Groot and Mazur [32] (pp. 167–170) among others. By virtue of the
fixed control volume framework, introductory a generalizedmoment equation for the
moment 〈ψ〉M is derived. The average quantity 〈ψ〉M is defined by (2.61), p. 209. To
find the equation that 〈ψ〉M satisfies, both sides of the Boltzmann equation (2.184)
is multiplied by the property ψ and integrated over all velocities c. The result is:

∞∫

−∞

D f

Dt
ψdc =

∞∫

−∞
(
∂ f

∂t
)Collisionψdc (2.201)

where

∞∫

−∞

D f

Dt
ψdc ≡

∞∫

−∞

∂ f

∂t
ψdc

︸ ︷︷ ︸
1

+
∞∫

−∞
c · ∂ f

∂r
ψdc

︸ ︷︷ ︸
2

+
∞∫

−∞
F · ∂ f

∂c
ψdc

︸ ︷︷ ︸
3

(2.202)

Thereafter, all the integrals in (2.202) must be transformed into quantities which are
direct averages of the density function f , i.e., into integrals which involve f itself
rather than its derivatives.

Term 1 is manipulated as:

∞∫

−∞

∂ f

∂t
ψdc =

∞∫

−∞
[ ∂

∂t
( f ψ) − f

∂ψ

∂t
]dc = ∂

∂t

∞∫

−∞
f ψdc −

∞∫

−∞
f
∂ψ

∂t
dc (2.203)

In this manipulation we have utilized that the order of differentiation with respect to
t and integration over c can be interchanged when the integration limits of c is not a
function of t (i.e., applied to the first term of the RHS as the local time differentiation
acts on the whole argument of the integral). Term 1 in (2.202) thus yields:
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∞∫

−∞

∂ f

∂t
ψdc = ∂

∂t
(n〈ψ〉M ) − n〈∂ψ

∂t
〉M (2.204)

The integral term 2 in (2.202) can be manipulated in a similar manner, keeping in
mind that r and c are independent dynamic variables:

∞∫

−∞
c · ∂ f

∂r
ψdc =

∞∫

−∞

[
∂

∂r
· ( f cψ) − f c · ∂ψ

∂r

]

dc

= ∂

∂r
·

∞∫

−∞
f cψdc −

∞∫

−∞
f c · ∂ψ

∂r
dc

= ∂

∂r
· (n〈cψ〉M ) − n〈c · ∂ψ

∂r
〉M (2.205)

Finally, since it is imposed that the force, F, is independent of the velocity c, the
integral term 3 in (2.202) can be manipulated as:

∞∫

−∞
F · ∂ f

∂c
ψdc =

∞∫

−∞

[
∂

∂c
· (F f ψ) − F · f

∂ψ

∂c

]

dc

= [F f ψ]c − F ·
∞∫

−∞
f
∂ψ

∂c
dc (2.206)

The first term on the RHS of (2.206) vanishes, because for each direction (e.g., in
Cartesian coordinates, i = 1, 2, 3), f → 0 as |ci | → ∞, thus [Fi f ψ]ci =+∞

ci =−∞ → 0 .
Hence, term 3 in (2.206) becomes:

∞∫

−∞
F · ∂ f

∂c
ψdc = −F · n〈∂ψ

∂c
〉M (2.207)

Introducing the expressions from (2.204) through (2.206) into (2.202), the following
result is achieved:

∞∫

−∞

D f

Dt
ψdc = ∂

∂t
(n〈ψ〉M ) + ∂

∂r
· (n〈cψ〉M )−

n

[

〈∂ψ

∂t
〉M + 〈c · ∂ψ

∂r
〉M + F · 〈∂ψ

∂c
〉M

]

= ∂

∂t
(n〈ψ〉M ) + ∂

∂r
· (n〈cψ〉M ) − n〈Dψ

Dt
〉M (2.208)
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in which, for convenience, a novel operator is defined:

Dψ

Dt
= ∂ψ

∂t
+ c · ∂ψ

∂r
+ F · ∂ψ

∂c
(2.209)

At this point, the collision term given in (2.201) is examined. From (2.184) it is seen
that the collision term takes the form:

J (ψ(c)) =
∫ ∫ ∫

ψ[ f ′(r, c′, t) f ′
1(r, c′

1, t)

− f (r, c, t) f1(r, c1, t)]gσA(�, g)d�g′dc1dc (2.210)

Unfortunately, this relation is not particularly useful for a general ψ because of the
very complex integrals. However, sincemass (m), momentum (mc), or kinetic energy
(mc2) are conserved during a collision, it can be shown that:

J (ψ(c)) =
∫ ∫ ∫

ψ[ f ′(r, c′, t) f ′
1(r, c′

1, t)

− f (r, c, t) f1(r, c1, t)]gσA(�′)d�′dc1dc = 0 (2.211)

By use of the relation (2.211), the formulation of the general equation of change
is considerably simplified. Fortunately, the fundamental gas dynamic conservation
equations of continuity, momentum, and energy are thus derived from the Boltzmann
equation without actually determining the form of either the collision term or the
distribution function f .

It is convenient to introduce the notion of collisional invariants (or summational
invariants) (e.g., [55], p. 460; [90], p. 150). The validity of (2.211) is commonly
justified by the following arguments: Due to the symmetry properties of the collision
term expression, interchanging variables gives the following equalities:

J (ψ(c)) =J (ψ1(c1)), for (c, c1) → (c1, c),

J (ψ′(c′)) = − J (ψ(c)), for (c, c1) → (c′, c′
1), and

J (ψ′(c′)) =J (ψ′
1(c

′
1)), for (c′

1, c′) → (c′, c′
1)

These symmetry properties can be combined to give the following relationship:

4J (ψ(c)) = J (ψ(c)) + J (ψ1(c1)) − J (ψ′(c′)) − J (ψ′
1(c

′
1)

The linearity of the J operator allows the latter result to be manipulated as:

J (ψ(c)) = 1

4
J [

ψ(c) + ψ1(c1) − ψ′(c′) − ψ′
1(c

′
1)

]

In conclusion, a function ψ(c) is a summation invariant if:
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�ψ(c) = ψ′(c′) + ψ′
1(c

′
1) − ψ(c) − ψ1(c1) = 0 (2.212)

That is, ψ(c) is a property of a molecule that is preserved in a collision. Hence, for
the conserved quantities mass, momentum and energy yield:

J (m) = J (mc) = J (mc2) = 0 (2.213)

Thus, a general collision invariant relationship can be expressed as:

J (Δψ = 0) = 0 (2.214)

By substitution of the relations (2.208) and (2.210) into (2.201), the Enskog’s
equation of change is obtained:

∂

∂t
(n〈ψ〉M ) = n〈Dψ

Dt
〉M − ∇r · (n〈cψ〉M ) + J (ψ) (2.215)

where J (ψ) denotes the rate of change of ψ per unit volume due to collisions.

2.6.1 The Governing Equations of Gas Dynamics

In this section the conservation equations of gas dynamics are derived from the
Boltzmann equation.

The equation of change, (2.215), becomes particularly simple if ψ refers to a
quantity which is conserved in collisions between molecules in accordance with
(2.214). Therefore, for conservative quantities (2.215) reduces to:

∂

∂t
(n〈ψ〉M ) + ∇r · (n〈cψ〉M ) = n〈Dψ

Dt
〉M (2.216)

By letting ψ in (2.216) be m, mc, and 1
2mc2, respectively, the three fundamental

conservation equations that are all satisfied by the gas are established.

2.6.1.1 Conservation of Mass

Let ψ = m, thus the Enskog equation of change (2.216) reduces to:

∂

∂t
(nm) + ∇r · (nm〈c〉M ) = 0 (2.217)

By averaging the molecular velocity c yields v = 〈c〉M which is the mean velocity
of the gas (2.64) as defined in Sect. 2.3.2. Furthermore, the mass density of the gas,
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given by (2.58), is defined by ρ(r, t) = mn(r, t). Equation (2.217) thus becomes:

∂ρ

∂t
+ ∂

∂r
· (ρv) = 0 (2.218)

This is the equation of continuity of gas dynamics.

2.6.1.2 Conservation of Momentum

Let ψ = mc, thus the Enskog equation of change (2.216) reduces to:

∂

∂t
(nm〈c〉M ) + ∇r · (nm〈cc〉M ) = nm〈Dc

Dt
〉M (2.219)

The last term in (2.219) is defined by (2.209), and can be reduced to:

Dc
Dt

= F · ∂c
∂c

= F (2.220)

because c is independent of r and t , and ∂c
∂c denotes a unit tensor.

By inserting (2.220), the mean velocity (2.64), and the mass density (2.58), the
momentum equation (2.219) yields:

∂

∂t
(ρv) + ∇r · (ρ〈cc〉M ) = ρF (2.221)

The second term on the LHS of (2.221) constitutes the sum of the pressure tensor
(2.189) and the convective term. By use of (2.65), the molecular velocity can be
eliminated as c = v + C, and after some manipulation the dyad 〈cc〉M can be
expressed as:

〈cc〉M = 〈(v + C)(v + C)〉M = 〈vv + CC + vC + vC〉M

= vv + 〈CC〉M (2.222)

because the average of the peculiar velocity is zero, i.e., 〈vC〉M = v〈C〉M = 0.
By use of the dyad relation (2.222) and the pressure tensor definition (2.189), the

momentum equation (2.221) can be written as:

∂

∂t
(ρv) + ∇r · (ρvv) = −∇r · p + ρF (2.223)

This equation corresponds to the Cauchy equation of motion in gas dynamics.
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2.6.1.3 Conservation of Energy

Let ψ = 1
2mc2, thus the Enskog equation of change (2.216) reduces to:

∂

∂t
(
1

2
nm〈c2〉M ) + 1

2

∂

∂r
· (nm〈cc2〉M ) = 1

2
nm〈Dc2

Dt
〉M (2.224)

The last term in (2.224) is defined by (2.209), and can be reduced to:

D(c · c)
Dt

= 2F · (
∂c
∂c

· c) = 2F · c (2.225)

because c is independent of r and t , and ∂c
∂c denotes a unit tensor.

By inserting (2.225), the mean velocity (2.64), and the mass density (2.58), the
total energy equation (2.224) can be written as:

∂

∂t
(
1

2
ρ〈c2〉M ) + 1

2

∂

∂r
· (ρ〈cc2〉M ) = ρF · v (2.226)

Equation (2.226) may be manipulated, using the same procedure as in the treatment
of the equation of motion (2.223). The first term on the LHS of (2.226) can be
manipulated by use of (2.65), eliminating the molecular velocity by c = v + C, and
after some further manipulation the covariance 1

2 〈c2〉M can be expressed as:

1

2
〈c2〉M = 1

2
〈C2〉M + 1

2
〈v2〉M = e + 1

2
v2 (2.227)

where e is defined in accordance with (2.199), p. 246.
The second term on the LHS of (2.226) also needs further manipulation. By use

of (2.65) in a similar manner, the covariance 1
2ρ〈cc2〉M can be expressed as:

1

2
ρ〈cc2〉M = 1

2
ρ〈c(c · c)〉M = 1

2
ρ〈(C + v)(C2 + 2v · C + v2)〉M

= 1

2
ρ

{

〈CC2〉M + 〈(2v · C)C〉M + 〈Cv2〉M + 〈vC2〉M

+ 〈v(2v · C)〉M + 〈vv2〉M

}

= 1

2
ρ〈CC2〉M + ρv · 〈CC〉M + 1

2
ρv〈C2〉M + 1

2
ρvv2

= q + p · v + ρve + 1

2
ρvv2 (2.228)

Examining the peculiar velocity definition (2.65), it is seen that the average peculiar
velocity equals zero, thus 〈Cv2〉M = v(2v · 〈C〉M ) = 0. Furthermore, the last line on
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the RHS is obtained introducing the heat flux q as defined by (2.197), the pressure
tensorp as defined by (2.189), and the internal energy variable e as defined by (2.199).

By use of (2.227) and (2.228), the total energy equation (2.226) can be expressed
as:

∂

∂t
(ρ[e + 1

2
v2]) + ∂

∂r
· (ρv[e + 1

2
v2]) = − ∂

∂r
· q − ∂

∂r
· (p · v) + ρF · v (2.229)

This relation corresponds to the total energy equation, for which the potential energy
term is expressed in terms of the external force F. By use of the momentum equation
(2.219) a transport equation for the mean kinetic energy can be derived. Thereafter,
the mean kinetic energy part is extracted from the total energy equation (2.229)
(i.e, employing a similar procedure as was used manipulating the continuum model
counterpart in Chap. 1, Sect. 1.2.4). The resulting internal energy equation yields:

∂

∂t
(ρe) + ∇r · (ρve) = −∇r · q − p : ∇rv (2.230)

This Eq. (2.230) may be manipulated and expressed in terms of temperature by use
of the continuity equation (2.218) and the definitions of e (2.199) and T (2.200):

ρ
De

Dt
= Cvρ

[
∂T

∂t
+ v · ∇rT

]

= −∇r · q − p : ∇rv (2.231)

For dilute mono-atomic gases, for which the thermal energy consists of translational
energy only, the specific heat at constant volume is given by (see e.g., Chapman and
Cowling [20], Eq. (4.43, 2)):

Cv = 3k

2m
(2.232)

The corresponding specific heat at constant pressure is given by:

C p = Cv + R (2.233)

The conservation equations (2.218), (2.223) and (2.229) are rigorous (i.e., for mono-
atomic gases) consequences of the Boltzmann equation (2.184). It is important to
note that the governing conservation equations are derived without the exact form of
the collision term, the only requirement is that only summation invariant properties
of mono-atomic gases are considered. That is, only properties that are conserved in
molecular collisions are considered.

Nevertheless, it is clear that, in order to obtain practically useful gas dynamic
equations from the general formulations derived above, suitable closures determin-
ing explicit expressions for the unknown quantities, i.e., the pressure tensor p and
the heat flux q, in terms of the known variables are required. Of course, (2.189) and
(2.197) provide prescriptions for calculating these quantities in terms of molecular
quantities, but these relations require that the actual distribution function f which is a

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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solution of the Boltzmann equation (2.184) is known. Moreover, the pressure tensor
is generally split into the pressure and the deviatoric or viscous stresses according to
(2.194). In this case, the problem is reformulated and an expression for the viscous
stresses are required instead. Anyhow, using the Chapman-Enskog series approxima-
tion of the distribution function, two well known forms of the gas dynamic equations
are obtained adopting the zero and first order perturbation approximations of the
distribution function as will be outlined in Sects. 2.8.1 and 2.8.2, respectively.

2.7 The Boltzmann H-Theorem

In this section the elementary definitions and results deduced from the H-theorem
are given [10]. In summary, the statistical H -theorem of kinetic theory relates to
the Maxwellian velocity distribution function and thermodynamics. Most important,
the Boltzmann’s H -theorem provides a mechanistic or probabilistic prove for the
second law of thermodynamics. In this manner, the H -theorem also relates the ther-
modynamic entropy quantity to probability concepts. Further details can be found in
the standard references [20, 39, 55, 68, 90, 117, 150, 157]. In practice, during the
process of developing novel models for the collision term, the H -theorem merely
serves as a requirement for the constitutive relations in order to fulfill the second law
of thermodynamics (in a similar manner as for the continuum models).

2.7.1 The H-Theorem Formulation

Formulating the H-theorem Boltzmann considered a simple gas consisting of spher-
ical molecules, possessing only translational energy, and are subject to no external
forces. If the gas state is uniform in space, so that the velocity distribution function
f is independent of r, the Boltzmann equation (2.184) reduces to:

∂ f

∂t
=

∫ ∫

( f ′ f ′
1 − f f1)gσA(�′)d�′dc1 (2.234)

in which the notation (index 1 or no index) is employed to indicate the two sets of
identical molecules having the same mass but possibly different velocities.

Moreover, Boltzmann introduced a novel function H(t), defined in terms of a
complete integral over all values of the molecular velocities:

H =
∫

f ln f dc = n〈ln f 〉M (2.235)

The function H(t) thus depends on the mode of distribution of the molecular veloc-
ities only [20].
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Multiplying the reduced form of Boltzmann equation (2.184) by (1 + ln f ) and
integrating over the phase space, the results is:

∫

(1+ ln f )
∂ f

∂t
dc =

∫ ∫ ∫

(1+ ln f )( f ′ f ′
1 − f f1)gσA(�′)d�′dcdc1 (2.236)

By use of (2.235), Boltzmann recognized that the term on the LHS of (2.236) can be
manipulated as:

∂H

∂t
=

∫
∂

∂t
( f ln f )dc =

∫

(1 + ln f )
∂ f

∂t
dc (2.237)

Substitution of the expression on the LHS of (2.236) by use of (2.237), and with
some further manipulation of the collision term, the reduced Boltzmann equation
(2.236) becomes:

∂H

∂t
= 1

4

∫ ∫ ∫

ln( f f1/ f ′ f ′
1)( f ′ f ′

1 − f f1)gσA(�, g)d�g′dcdc1 (2.238)

To reach the form of (2.238), the collision term in (2.236) was manipulated as:

4ψ(1 + ln f ) = ψ([1 + ln f ] + [1 + ln f1] − [1 + ln f ′] − [1 + ln f ′
1])

= ψ(ln f + ln f1 − ln f ′ − ln f ′
1) = ψ(ln f f1 − ln f ′ f ′

1) (2.239)

= ψ(ln
f f1
f ′ f ′

1
) = −ψ(ln

f ′ f ′
1

f f1
)

Setting Ξ = f f1 and Υ = f ′ f ′
1, (2.238) can be rewritten as:

∂H

∂t
= 1

4

∫ ∫ ∫

(Υ − Ξ) ln(Ξ/Υ )gσA(�, g)d�g′dcdc1 (2.240)

with Ξ and ϒ positive. Examining the three cases Ξ = Υ , Ξ > Υ , and Ξ < Υ , it
is seen that (Υ − Ξ) ln(Ξ/Υ ) ≤ 0 for all three cases.

Moreover, since gσA(�, g)d�g′dcdc1 is a positive measure, the integral on the
right hand side of (2.238) is either negative or zero, so H can never increase. The
resulting relation is known as Boltzmann’s H -theorem:

∂H

∂t
≤ 0 (2.241)

This theorem states that, for any initial f , H approaches a finite minimum limit,
corresponding to a state of gas in which ∂H/∂t = 0 (steady state), and this can
according to (2.238) occur, only if:



256 2 Elementary Kinetic Theory of Gases

f ′ f ′
1 = f f1

ln f ′ + ln f ′
1 = ln f + ln f1 (2.242)

The H -theorem is thus equivalent to the second law of thermodynamics which states
that the entropy cannot decrease. A formal relationship between the H quantity and
the entropy S is discussed in Sect. 2.7.3. Equation (2.242) also relates H to the
theory of irreversible thermodynamics, as it is a probabilistic confirmation of the
irreversibility of physical processes.

2.7.2 The Maxwellian Velocity Distribution

To find the exact equilibrium distribution that is a solution to (2.242), it can be
shown that the resulting equilibrium distribution is given by (see e.g., [20], p. 69;
[90], p. 162; [109]):

f 0(c) = n
( m

2πkT

) 3
2

e− mC2
2kT (2.243)

where k is the Boltzmann constant. In the Maxwellian distribution the parameters n,
c and T are constants in r and t . This distribution formula is often referred to as the
absolute Maxwellian.

For the imaginary equilibrium flows we assume that in the neighborhood of any
point in the gas, the distribution function is locally Maxwellian, and ρ, T , and v
vary slowly in space and time. It can be shown that the approximation f (r, c, t) ≈
f 0(r, c, t) is also a solution to (2.242), when f 0(r, c, t) is defined by:

f 0(r, c, t) = n(r, t)

(
m

2πkT (r, t)

) 3
2

e− mC2(r,t)
2kT (r,t)

= n(r, t)

(
m

2πkT (r, t)

) 3
2

e− m(c−v(r,t))2
2kT (r,t) (2.244)

It is important to note that this distribution function (2.244), defined so that it resem-
bles (2.243) but with the constant values of n, v and T in (2.243) replaced by the
corresponding functions of r and t , remains a solution to (2.242). This distribu-
tion function, which is called the local Maxwellian, makes the kinetic theory much
more general and practically relevant. Both the absolute- and local Maxwellians are
termed equilibrium distributions. This result relates to the local and instantaneous
equilibrium assumption in continuum mechanics as discussed in Chap. 1, showing
that the assumption has a probabilistic fundament. It also follows directly from the
local equilibrium assumption that the pressure tensor is related to the thermodynamic
pressure, as mentioned in Sect. 2.5.
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2.7.3 The H-Theorem and Entropy

In this section a relationship between the equilibrium value of H and entropy, S, is
derived [20] (p. 78). For a gas at uniform steady state, the H(t) quantity defined by
(2.235) can be expressed in terms of n and T . By use of the absolute Maxwellian
distribution (2.243) and the energy equipartition theorem yields:

〈ln f 〉M =
〈{

ln n + 3

2
ln

( m

2πkT

)
−

1
2mC2

2kT

}〉

M

=
〈{

ln n + 3

2
ln

( m

2πkT

)
− 3

2

}〉

M
(2.245)

Thus, the H(t) quantity can be expressed as:

H = n

〈{

ln n + 3

2
ln

( m

2πkT

)
− 3

2

}〉

M
(2.246)

Considering agaswith totalmass, M , the volumeoccupiedby thegas isV = M
ρ = M

mn .
Integrating H(t) over the gas volume, it follows that:

H0 =
∫

V
Hdr = M

m

[

ln n + 3

2
ln

( m

2πkT

)
− 3

2

]

(2.247)

Assuming that the kinetic theory definition of temperature and the thermodynamic
counterpart are consistent, the entropy variable may be considered a function of
V and T as obtained combining the first and second law of thermodynamics [45].
Moreover, Boltzmann let the gas of mass M undergo a small change of state, such
that the temperature increases by δT and the volume increases by δV . Furthermore,
considering that the total number of molecules is constant δ(nV ), the volume change
can be expressed in terms of a change in the number concentration of molecules
δV/V = −δn/n.

Hence, the small change in entropy caused by the change of state can be expressed
as [20] (see p. 41 and p. 81):

δS = M

(

CV
δT

T
+ k

m

δV

V

)

= Mk

m

(
3

2

δT

T
− δn

n

)

(2.248)

After integration the relation can be written as:

S = Mk

m
ln

(
T 3/2

n

)

+ constant = −k H0 − 3M

2m

(

ln

(
2πk

m

)

+ 1

)

+ constant

(2.249)
where ln T has been eliminated using (2.247).
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This relation connects H0 with the entropy when the gas is at an uniform steady
state:

S = −k H0 + Constant’ (2.250)

It is commonly argued that the constant reflects the arbitrariness of the zero point
of entropy. Due to the statistical relationship between H0 and S expressed through
(2.250), the Boltzmann’s H -theorem shows that for a gas that is not in a steady state
H0 must decrease and the entropy S will increase accordingly. In accordance with
(2.241) the following relationship holds:

d H0

dt
= −1

k

d S

dt
≤ 0 (2.251)

or
d S

dt
≥ 0 (2.252)

The H -theorem is apparently a probability theory confirmation of the 2nd law of
thermodynamics stating that the entropy cannot decrease in a physical process.

2.8 Solving the Boltzmann Equation

Various attempts have been made to obtain approximate solutions to the Boltzmann
equation. Two of these methods were suggested independently by Chapman
[18, 19] and by Enskog [35] giving identical results. In this book emphasis is placed
on the Enskog method, rather than the Chapman one, as most modern work follows
the Enskog approach since it is more intuitive and systematic, although still very
demanding mathematically.

The Enskog [35] expansion method for the solution of the Boltzmann equation
provides a series approximation to the distribution function. In the zero order approx-
imation the distribution function is locally Maxwellian giving rise to the Euler equa-
tions of change. The first order perturbation results in the Navier-Stokes equations,
while the second order expansion gives the so-called Burnett equations. The higher
order approximations provide corrections for the larger gradients in the physical
properties like ρ, T and v. The zero order approximation to f is valid when the
system is at equilibrium and the gas properties contain no or very small macroscopic
gradients. In particular, when the system is at equilibrium the heat fluxes and the
viscous stresses vanish. The Navier-Stokes equations are valid whenever the relative
changes in ρ, T and v in the distance of the mean free path are small compared to
unity. Inasmuch as the Enskog theory is rather long and involved, this book only
provide a brief outline of the problem and the method of attack, and then rather
discuss the important results. When the second order approximations to the pressure
tensor and the heat flux vector are inserted into the general conservation equation,
one obtains the set of PDEs for the density, velocity and temperature which are called
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the Burnett equations. In principle, these equations are regarded as valid for non-
equilibrium flows. However, the use of these equations never led to any noticeable
success (e.g., [39], pp. 150–151; [55], p. 464), merely due to the severe problem of
providing additional boundary conditions for the higher order derivatives of the gas
properties. Thus, the second order approximation will not be considered in further
details in this book. Further details of the Enskog method are given by Enskog [35]
and in the standard references like Hirschfelder et al. [55], Ferziger and Kaper [39],
Vincenti and Kruger [157], Chapman and Cowling [20] and Liboff [90].

2.8.1 Equilibrium Flow: The Euler Equations

Applying the local Maxwellian distribution function (2.244), explicit expressions
can be obtained for the heat flux, q and the pressure tensor p. Substituting f 0 into
the two flux formulas (2.189) and (2.197), give:

p = m
∫

f 0CCdc = pe (2.253)

and

q = 1

2
m

∫

f 0CC2dc = 0 (2.254)

In the zero order solution, there is no heat flow and the pressure tensor is diagonal.
The diagonal elements in the pressure tensor denote the normal stresses that are
identical to the thermodynamic pressure, as defined by (2.193). These conclusions
are not obvious at first sight, so a brief mathematical verification is provided. In
Cartesian tensor notation, the pressure tensor (2.189) is given by:

Pi j = ρ
( m

2πkT

)3/2 ∫

Ci C j exp

(

−mC2

2kT

)

dC = pδi j (2.255)

where dC = dc, since v is not a function of c.
Furthermore, as the integration is over the whole velocity space, it can be proved

that any integral vanishes when the integrand is odd. Inspection of the pressure tensor
shows that, since Ci and C j themselves are odd functions of Ci and C j respectively,
whereas the exponential is an even function, the integrand as a whole is odd when
i �= j and even when i = j .

The derivation of the shear and normal stress terms is examined for two represen-
tative cases, which are the odd term (i = 1, j = 2) and the even term (i = j = 1).
The two analytical integral solutions required are taken from the literature.31

For the particular odd term (i = 1, j = 2) yields:

31 In the following mathematical manipulation we are solving even integrals on the form:
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P12

nm
= (

m

2πkT
)3/2

×
∞∫

−∞
C1 exp(−mC2

1

2kT
)dC1

∞∫

−∞
C2 exp(−mC2

2

2kT
)dC2

∞∫

−∞
exp(−mC2

3

2kT
)dC

= (
m

2πkT
)3/2 × 0 × 0 × 2

[
1

2

√
π(

m

2kT
)−1/2

]

= 0, (2.256)

and soon for the other shear stresses P13 and P23. It is thus verified that for equilibrium
flows all the viscous stresses vanish, σ = 0.

For the particular even term (i = j = 1) yields:

P11

nm
= (

m

2πkT
)
3
2

×
∞∫

−∞
C2
1 exp(−

mC2
1

2kT
)dC1

∞∫

−∞
exp(−mC2

2

2kT
)dC2

∞∫

−∞
exp(−mC2

3

2kT
)dC

= (
m

2πkT
)3/2 × 2

[√
π

4
(

m

2kT
)−3/2

]

× 22
[√

π

2
(

m

2kT
)−1/2

]2

= p(
1

nkT
)(

m

2πkT
)3/2(2π)3/2(

m

kT
)−5/2 = p

nm
, (2.257)

and so on for P22 and P33. The pressure tensor becomes, p = pe.
Theheat flux is treated in a similarmanner.By substituting f 0 from (2.244) into the

definition of q (2.197), it is seen that this expression constitutes an odd integral, hence
q = 0 (e.g., [157], Sect. 5). Since it has been verified that both the viscous stresses
and the heat conduction terms vanish for equilibrium flows, no further constitutive
stress tensor or heat flux relations are required to close the governing equations. The
set of equilibrium flow equations is obtained by substituting (2.253) and (2.254) into
the conservation equations (2.218), (2.223) and (2.229).

The system of equations are called the Euler equations for isentropic flow:

(Footnote 31 continued)

∞∫

−∞
xn exp(−ax2)dx = 2

∞∫

0

xn exp(−ax2)dx

Two even integral solutions are employed in this reformulation in which n = 0 and n = 2,
respectively, as listed below:

∞∫

0

exp(−ax2)dx =
√

π

2
a−1/2 and

∞∫

0

x2 exp(−ax2)dx =
√

π

4
a−3/2

Further details can, for example, be found in Liboff [90] (pp. 526–527) and Chapman and Cowling
[20] (Sect. 1.4).
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∂ρ

∂t
+ ∇ · (ρv) = 0 (2.258)

∂

∂t
(ρv) + ∇ · (ρvv) = −∇ p + ρF (2.259)

∂

∂t
(ρ[e + 1

2
v2]) + ∇ · (ρv[e + 1

2
v2]) = −∇ · (pv) + ρF · v (2.260)

2.8.2 Gradient Perturbations: Navier Stokes Equations

Applying the Enskog perturbation method, the properties of dilute gases which are
only slightly deviating from equilibrium can be approximated. Only under these
conditions will the flux vectors be about linear in the derivatives so that the formal
definitions of the transport coefficients apply. In this limit the distribution function is
still nearly Maxwellian, and the Boltzmann equation can be solved by a perturbation
method. The resulting solutions are then used to obtain approximate expressions for
the heat and momentum fluxes and for the corresponding transport coefficients.

The first step in the Enskog expansion is to introduce a perturbation parameter
ε into the Boltzmann equation to enforce a state of equilibrium flow as the gas is
dominated by a large collision term:

D f

Dt
= 1

ε

∫

1
[ f ′(r, c′, t) f ′

1(r, c′
1, t) − f (r, c, t) f1(r, c1, t)]gσA(�′)d�′dc1

= 1

ε
J ( f f ) (2.261)

where the perturbation parameter factor ε−1 measures the frequency of collisions. It
is assumed that if ε 
 1, the collisions are so frequent that the gas behaves like a
continuum being in local equilibrium at every point.

Thereafter, the distribution function is expanded in a series in ε:

f = f 0 + ε f 1 + ε2 f 2 + · · · (2.262)

In a similar manner the time derivative is expanded as:

∂

∂t
= ∂0

∂t
+ ε

∂1

∂t
+ ε2

∂2

∂t
+ · · · (2.263)

stipulating that the time dependence of f is solely dependent on the gas dynamic
variables ρ, T , and v, and expressed in terms of an exact differential.

The physical meaning of the expansion in time is that the lowest order terms vary
most rapidly, whereas higher order terms are more slowly varying. If these series
expansions are introduced into the modified Boltzmann equation (2.261), and the
coefficients of equal powers of ε equated, the distribution function can be uniquely
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determined to a specified order provided that f still satisfies the moment relations
defining the physical properties like density, gas velocity and temperature.

Following this procedure, the result is:

0 = J ( f 0 f 0) (2.264)

Dc,0 f 0

Dct
= J ( f 0 f 1) (2.265)

The solution of (2.264) gives rise to the absolute Maxwellian, f 0, as discussed in
Sect. 2.7.2. Considering the first order approximation, (2.265) is supposedly solved
for f 1. It is then required that the physical properties (ρ,v,T ) are determined by
the zero order approximation, f 0, whereas the higher order terms in the expansion
contribute to q and σ only.

Next, in the first order perturbation solution f 1 is written in terms of the pertur-
bation function Φ. Hence,

f ≈ f 0 + f 1 ≈ f 0 + Φ f 0 = f 0(1 + Φ) (2.266)

where ε is set to unity.
After (2.265) has been solved for Φ (i.e., instead of f 1), f is known to second

order f = f 0(1 + Φ). Note that when the perturbation function Φ �= 0 but still
Φ 
 1, the system is only slightly different from equilibrium as prerequisited.When
the first order approximation is introduced through (2.266), (2.265) is said to be an
inhomogeneous linear integral equation for Φ. The form of Φ is then established
without actually obtaining a complete solution. Instead, by functional analysis a
partial solution is written in the form (e.g., Chapman and Cowling [20], Sect. 7.3;
Hirschfelder et al. [55], Chap. 7, Sect. 3):

Φ = −1

n

[√
2kT

m
A · ∂

∂r
(ln T ) + 2B : ∂

∂r
v

]

(2.267)

where A is a vector function of C =
√

m
2kT C, n and T , whereas and B is a tensor

function of C, n and T .
To determine the form of the two functions A and B the solution for Φ (2.267)

is substituted into the linearized Boltzmann equation (2.265), and thereafter the
coefficients of the different components of ∇T and ∇v in the resulting relation are
equated. The only vectors that can be formed from these quantities are products of
C itself and scalar functions A(C, n, T ), expressed as:

A = A(C, n, T )C (2.268)
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B can be shown to be a symmetrical, traceless and non-divergent tensor [20, 39, 90].
The only second order symmetrical traceless tensors that can be formed from C, n

and T are products of CC32 and scalar functions B(C, n, T ).
Hence, it follows that:

B = CC B(C, n, T ) (2.269)

Finally, solutions to the integral flux equations like (2.189) and (2.197) are then
obtained by expressing the scalar functions A(C, n, T ) and B(C, n, T ) in terms of
certain polynomials33 (i.e., Sonine polynomials). However, without showing all the
lengthy details of the method by which the two scalar functions are determined, we
briefly sketch the problem definition in which the partial solution (2.267) is used to
determine expressions for the viscous-stress tensor σ and the heat flux vector q.

Introducing the expressions for the first order approximation of the distribution
function (2.266) and thereafter the partial solution for Φ (2.267) into the pressure
tensor definition (2.189), the pressure tensor approximation is given by [55]:

p = m
∫

f CCdc = m
∫

f 0(1 + Φ)CCdc

= m
∫

f 0CCdc
︸ ︷︷ ︸

1

+ m
∫

f 0ΦCCdc
︸ ︷︷ ︸

2

(2.270)

where the parameter ε has been set equal to one.
From the previous section, it is recognized that term 1 on the RHS of (2.270)

equals the pressure term, pe, as for equilibrium systems. It can be shown by kinetic
theory that term 2 on the RHS corresponds to the viscous stress tensorσ as defined by
the pressure tensor (2.194). In order to determine the stress tensor term 2 in (2.270),
the perturbation function Φ in the integrand is substituted by the partial solution
(2.267). Omitting integrals of odd functions of the components of C or C, only the
term containing the B remains. After some lengthy manipulations, the result is:

σ = −μ

(

∇v + (∇v)T − 2

3
(∇ · v)e

)

(2.271)

Note that the viscosity parameter μ has been introduced as a pre-factor in front of the
tensor functions by substitution of the kinetic theory transport coefficient expression
after comparing the kinetic theory result with the definition of the viscous stress
tensor σ, (2.194). In other words, this model inter-comparison defines the viscosity
parameter in accordance with the Enskog theory.

32 This notation is used denoting a symmetrical, traceless and non-divergent tensor [20, 39, 90].
33 The detailed mathematical analysis needed determining these integrals are omitted in this book
as it is rather lengthy and involved, instead the reader being interested in these pure mathematics
are referred to the formal mathematical procedures given in the standard references (e.g., Enskog
[35]; Hirschfelder et al. [55]; Chapman and Cowling [20], p. 126; Liboff [90], p. 187).
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An analytical expression for the heat flux vector can be derived in a similarmanner
using the Enskog approach. That is, introducing the first order approximation of the
distribution function from (2.266) into the heat flux definition (2.197) and thereafter
substitute the partial solution for Φ, as defined by (2.267), into the resulting flux
vector integrand as follows [55]:

q = 1

2
m

∫

f 0(1 + Φ)C2CdC = −k∇T (2.272)

Hence, the conductivity k in (2.272) is determined by model inter-comparison in
accordance with the Enskog method. In general, it is important to recognize that
both the Newton viscosity law and Fourier’s law of heat conduction are automatically
generated from the approximate kinetic theory solution of Enskog.

In conclusion, when these first order expressions for the pressure tensor and the
heat flow vector are substituted into the general conservation equations (2.218),
(2.223) and (2.229), the following set of partial differential equations are obtained:

1

ρ

Dρ

Dt
= −∇ · v (2.273)

ρ
Dv
Dt

= −∇ p − ∇ · σ + ρF (2.274)

ρ
D

Dt
(e + 1

2
v2) = −∇ · q − ∇ · (pv) − ∇ · (σ · v) + ρF · v (2.275)

where σ and q are given by (2.271) and (2.272), respectively.
The resulting set of conservation equations derived by kinetic theory corresponds

to the governing equations of gas dynamics (sometimes referred to as the Navier-
Stokes equations).

2.9 Multicomponent Mixtures

In this section we briefly discuss some of the important issues that arise when the
kinetic gas theory is extended to gas mixtures. For a more detailed study of kinetic
theory of mixtures the reader is referred to Hirschfelder et al. [55], Williams [162]
(app D) and Ferziger and Kaper [39].

2.9.1 The Boltzmann Equations for a Mixture of Chemical Species

It is first necessary to generalize the definitions of the important functions. If we
denote the chemical species in a gas mixture by s, then ns , ms , fs , cs , Cs , Fs , etc.
will in general be different for each species.
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The starting point for the kinetic theory of low density, non-reacting mixtures
of mono-atomic gases is the knowledge of the distribution function fs(r, cs, t).
fs(r, cs, t) is defined in such a way that the quantity fs(r, cs, t)dcsdr represents
the probable number of molecules of the s-th species which at the time t lie in a unit
volume element dr about the point r and which have velocities within the range dcs

about cs . It is emphasized that cs denotes the molecular velocity of a species s with
respect to a coordinate system fixed in space.

The total number of molecules of species s per unit spatial volume yields:

ns(r, t) =
∫

fs(r, cs, t)dcs (2.276)

For the mixture as a whole we have:

n(r, t) =
∑

s

∫

fs(r, cs, t)dcs =
∑

s

ns (2.277)

and

ρ(r, t) =
∑

s

ms

∫

fs(r, cs, t)dcs =
∑

s

msns =
∑

s

ρs (2.278)

The mean (number average) values of any function ψs(cs) over all the molecules of
a particular species, s, yield:

〈ψ〉M,s = 1

ns

∫

ψs(cs) fs(r, cs, t)dcs (2.279)

The corresponding mean (number average) values of any function ψs(cs) over all
the species n in the mixture are:

〈ψ〉M,n = 1

n

∑

s

∫

ψs(cs) fs(r, cs, t)dcs = 1

n

∑

s

ns〈ψ〉M,s (2.280)

The corresponding mixture mass average value of any function ψs(cs) is defined by:

〈ψ〉M,m = 1

ρ

∑

s

ms

∫

ψs(cs) fs(r, cs, t)dcs = 1

ρ

∑

s

nsms〈ψ〉M,s (2.281)

In particular, the mass average velocity vm of the mixture is given by:

vm = 〈cs〉M,m = 1

ρ

∑

s

ρs〈cs〉M,s (2.282)

It is recognized that the mass average velocity for a mixture, vm , is not equal to the
number or molar average velocity 〈cs〉M,n .
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The number average velocity for a particular species, s, is defined by:

〈cs〉M,s = 1

ns

∫

cs fs(r, cs, t)dcs

= 1

nsms

∫

mscs fs(r, cs, t)dcs = vs(r, t) (2.283)

Note that for each species the molecular number and mass average velocities are
equal, as all the molecules have the same mass.

The peculiar velocity of a molecule of species s is defined in terms of the mass
average velocity:

Cs(r, cs, t) = cs − vm(r, t) (2.284)

The species s diffusion velocity denotes the average velocity of the particular type
of species with respect to a reference frame moving with the mass average velocity
of the gas mixture:

vd,s = 〈cs〉M,s − vm = vs − vm (2.285)

Thus, the diffusion velocity for a given species equals the average of the correspond-
ing peculiar velocity and can be written in the form:

vd,s = 1

ns

∫

(cs − vm) fs(r, t)dcs (2.286)

Hence, from the definitions of the diffusion and mass average velocities it follows
that:

∑

s

nsmsvd,s =
∑

s

ms

∫

(cs − vm) fs(r, t)dcs

=
∑

s

msns(〈cs〉M,s − vm) = 0 (2.287)

The kinetic theory temperature is defined in terms of the mean (number average)
peculiar kinetic energy:

1

2

∑

s

ms

∫

(cs − vm)2 fsdcs = 1

2

∑

s

msns〈(cs − vm)2〉M

= 1

2

∑

s

msns〈C2
s 〉M = 3

2
nkT (2.288)

The rigorous development of the kinetic theory of gases is based upon the Boltzmann
equation for the velocity distribution function fs . An extended Boltzmann equation,
similar to (2.184), describes how fs evolves in time and space:



2.9 Multicomponent Mixtures 267

∂ fs

∂t
+ cs · ∇ fs + Fs · ∂ fs

∂cs
=

q∑

r=1

(
∂ fs

∂t

)

Collision
( fs | fr ) (2.289)

where the generalized multicomponent form of the collision term is approximated
as:
(

∂ fs

∂t

)

Collision
( fs | fr ) =

∫ ∫

( f ′
s f ′

r − fs fr )gsrσAsr (Ω
′, gsr )d�g′,sr dcs (2.290)

inwhich f ′
s = f ′

s (r, c′
s, t), themagnitude of the relative velocities is gsr = |cs−cr | =

|c′
s −c′

r |, and σAsr (Ω
′, gsr ) is the differential cross section between particles s and r .

The external force per unit mass acting on a molecules of species s is denoted by Fs .
The set of q coupled equations on the form (2.289), with the generalized collision

term defined by (2.290), comprises the generalization of the Boltzmann equation
for mono-atomic molecules to q species. In each of these equations, the distribution
functions for all the species appear on the RHS of the equation under the integration
sign. Moreover, the sum of integrals describes the entry and exit of particles of s in
or out of the phase element.

2.9.2 The Diffusive Flux Vectors for a Mixture of Chemical Species

The collective flux vector associated with the property ψs(cs) is given by:

�s =
∫

ψs fsCsdcs =
∫

ψs fsCsdCs (2.291)

It is noted that, as for simple systems computing average quantities, integration over
Cs is equivalent to integration over cs since the two velocities differ by a constant,
and the integration is over the entire range of velocities.

The specific species mass, heat and momentum fluxes can now be expressed by
substituting the individual conservative properties for the function ψs .

The diffusive mass flux vector is obtained if ψs = ms :

js = ms

∫

(cs − vm) fsdcs = ms

∫

Cs fsdCs = nsms〈Cs〉M,s = nsmsvd,s,

(2.292)
As shown earlier by (2.287), the sum of all the species mass flux vectors equals zero:

∑

s

js = 0 (2.293)
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The three flux vectors associated with the species momentum transport in the x , y
and z-directions are obtained from (2.291) when ψs = msCs,x , ψs = msCs,x and
ψs = msCs,x , respectively.

The nine components of these three vectors form a symmetric pressure tensor, ps ,
hence the mixture pressure yields:

p =
∑

s

ps =
∑

s

ms

∫

(cs − vm)(cs − vm) fsdcs =
∑

s

ms

∫

CsCs fsdCs

=
∑

s

msns〈CsCs〉M,s (2.294)

where the thermodynamic pressure is given by p = 1
3 tr(p) = 1

3p : e = �s ps =
nkT , and the viscous stresses yield: σ = p − pe.

The species s heat flux vector associated with the transport of kinetic energy is
obtained if we let ψs = 1

2msC2
s , hence the mixture heat flux vector is determined by

the sum over all the components:

q = �sqs = 1

2
�sms

∫

(cs − vm)2(cs − vm) fsdcc = 1

2
�sms

∫

C2
s Cs fsdCc

= 1

2
�smsns〈C2

s Cs〉M (2.295)

Analytical expressions for the multicomponent flux vectors can be derived using the
Enskog [35] perturbation method as sketched for one component mono-atomic gases
in Sect. 2.8.

2.9.3 The Enskog’s Equation for a Mixture of Chemical Species

If the species s Boltzmann equation (2.289) is multiplied by the molecular property
ψs(cs) and thereafter integrated over all molecular velocities, the general Enskog’s
equation of change is achieved:

∂

∂t

∫

ψs fsdcs + ∇ ·
∫

csψs fsdcs +
∫

Fs · ∂ψs

∂cs
fsdcs =

∫

ψs(
∂ fs

∂t
)Collisiondcs

(2.296)

2.9.4 The Equation of Change for a Mixture of Chemical Species

To derive the species equations of change we let ψs denote successively the mass ms ,
the momentum mscs , and the energy 1

2ms(Cs · Cs). Thereafter, the corresponding



2.9 Multicomponent Mixtures 269

mixture equations are obtained simply by adding all the specific species s equations.
The governing equations are given by [55] (Sect. 7-2):

∂ρs

∂t
+ ∇ · (ρsvm) + ∇ · js = 0, (2.297)

∂ρ

∂t
+ ∇ · (ρvm) = 0, (2.298)

∂

∂t
(ρvm) + ∇ · (ρvmvm) = −∇ p − ∇ · σm +

∑

s

ρsFs (2.299)

∂

∂t
(ρ[e + 1

2
v2m]) + ∇ · (ρvm[e + 1

2
v2m]) = −∇ · q − ∇ · (p · vm) + ρF · vm (2.300)

where the internal energy per unit volume is defined by ρe = 3
2nkT = 1

2

∑
s ms∫

(cs − vm)2 fsdcs .

2.9.5 Mass Diffusion Fluxes for Mixtures of Chemical Species

It is possible to justify several alternative definitions of the multicomponent diffu-
sivities. The multicomponent mass flux vectors themselves are expressed in either
of two mathematical forms or frameworks referred to as the generalized Fick’s- and
Maxwell-Stefan equations. In this subsection, themass diffusion fluxmodels formix-
tures of chemical species are examined. The bulk diffusion flux models considered
are the Fick’s first law for binarymixtures, the approximate FickianWilkymodel, the
generalized Fick’s first law, and the rigorous Maxwell-Stefan model. For the com-
bined bulk and Knudsen diffusion fluxes, the Fickian Wilke-Bosanquet and dusty
gas models are considered. The dusty gas model designate an extended Maxwell-
Stefan model. In this survey of the mass diffusion flux models, emphasis is placed
on the first principles derivation of the governing flux equations, the physical inter-
pretations of the terms in the resulting models, the consistency with Fick’s first law
for binary systems, and the relationships between the molar and mass based fluxes.
The conventional modeling practice considers the mass average mixture velocity
as a primitive variable instead of the number or molar averaged mixture velocity.
The mass averaged velocity is the natural and most convenient basis for the laws
of conservation of mixture mass, momentum and energy. It is noticed that the total
number of moles of the molecules in a mixture is not necessarily conserved in reac-
tive systems, whereas the elements and the mixture mass are preserved quantities.
Separate equations of motion and energy for each species s can be derived by con-
tinuum arguments [9]. However, for mixtures containing a large number of different
species the resulting sets of separate species mole, momentum and energy equations
are neither feasible nor needed for solving transport problems. Besides, the species
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momentum and energy fluxes are not measurable quantities. Therefore, for the calcu-
lation of multicomponent problems containing convective transport phenomena the
mass average velocity based description of the diffusion has an essential advantage.
If this description is chosen, then all the conservation equations contain only mass
average velocities, while in the molar description of the diffusion the equations of
motion and energy contain mass average velocities whereas the species mass balance
equations contain number or mole average velocities. The two velocities are equal
only when all the components of the system have the same molar mass, hence the
mass average velocity based diffusion flux formulation is recommended for reactor
simulations.

2.9.5.1 The Fick’s First Law for Binary Mixtures

The Fick’s first law of binary diffusion [40], proposed by Fick in 1855, expresses the
mass flux as a negative function of the driving force, is defined by:

js = −ρDsr∇ωs, where s, r = 1, 2. (2.301)

This mass diffusion flux relation serves as basis for the generalized Fickian multi-
component formulations.

2.9.5.2 Generalized Fick’s First Law Based on Kinetic Theory

Numerous generalized Fickianmass diffusion fluxmodels have been proposed based
on the concept of kinetic theory. Four such models are outlined in this subsection.

The Enskog series solution to the species s Boltzmann equation can be obtained
in the same manner as sketched for the simple systems in Sect. 2.8. Near equilibrium
the perturbation function Φs can be expressed as a linear function of the various
gradients (Curtiss and Hirschfelder [24], p. 551; Hirschfelder et al. [55], p. 469;
Curtiss [25], p. 2918):

Φs = −(As · ∇T

T
) − (Bs : ∇vm) + n

N∑

r=1

(Cs,r · dr ) (2.302)

where s = 1, 2, 3, . . . , N . The vector As , the tensor Bs , and the vectors Cs,r are
functions of cs , r, and t .

By inserting this expression for Φs into the integrals for the flux vectors,
Hirschfelder et al. [55] obtained expressions for the mass diffusion vector, the pres-
sure tensor, and the heat flux vector. In particular, the integral for the diffusion flux
vector can be expressed in terms of Φs .

Hence, for a N component gas mixture the multicomponent mass flux vector was
expressed as (Hirschfelder et al. [55], p. 478, p. 516):
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js = nsmsvd,s = ms

∫

Cs fsdCs ≈ ms

∫

Cs f 0s ΦsdCs

= ms

∫

[−(As · ∇T

T
) + n

∑

r

Cs,r · dr )]Cs f 0s dCs (2.303)

≈ n2

ρ

N∑

r=1

msmrDsr dr − DT
s

∇T

T

where the Dsr are the generalized multicomponent diffusion coefficients, and the
DT

s are the generalized multicomponent thermal diffusion coefficients, respectively.
It is noted that the term involving Bs vanishes on integration (see Hirschfelder et al.
[55], p. 478). The given relations correspond to Eqs. (7.4-1)–(7.4-3) in the book of
Hirschfelder et al. [55], pp. 478–479.

The multicomponent thermal diffusion coefficients DT
s , have the property:

N∑

s=1

DT
s = 0. (2.304)

Themulticomponent thermal diffusion coefficients serve as reminders that the kinetic
theory predicts the cross effects like the transport ofmass resulting froma temperature
gradient (thermal diffusion). It can also be shown that the theory predicts transport of
energy resulting from a concentration gradient (the diffusion-thermo effects). These
second-order effects are often referred to as the Soret—andDufour effects. It is noted
that these terms do not appear when applying simple kinetic theory, only the more
rigorous solution methods resolve these properties.

For dilute mono-atomic gases the generalized diffusional driving force vector, ds ,
that includes the composition gradients, the pressure gradient, and the external force
differences, is defined34 by (Curtiss and Hirschfelder [24], p. 551; Bird et al. [9]):

ds = ∇xs + (xs − ωs)
∇ p

p
− ρs

p

[

gs −
N∑

r=1

ωr gr

]

= 1

cRT

[

(∇ ps − ρsgs) − ωs

(

∇ p −
N∑

r=1

ρr gr

)]

(2.305)

where xs and ωs are the mole fraction and mass fraction, respectively.
It can be shown that

∑
s ds = 0 by simple summation. This diffusional driving

force vector, valid for a mixture of dilute mono-atomic gases, can be generalized
for other gases using principles of irreversible thermodynamics. The generalized
diffusional driving force vector is given in (2.382), p. 282.

34 It is noted that the external force difference driving force defined in Hirschfelder et al. [55] at
p516, contains a couple of misprints.
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By analysis of the model equations, i.e., (2.303) and (2.305), Hirschfelder
et al. [55] concluded that these diffusion coefficients Dsr are not uniquely defined.
In the development of the kinetic theory of multicomponent mixtures, Hirschfelder
et al. [55] resolved this lack of uniqueness by arbitrarily taking the diagonal coef-
ficient Di i to be zero. However, this convention did lead to coefficients which are
not symmetric. Moreover, Hirschfelder et al. [55] did relate the diffusion transport
coefficients occurring in the mass diffusion flux model resulting from kinetic the-
ory (2.303) with a corresponding set of phenomenological coefficients occurring in
an alternative mass diffusion flux model derived from the principles of irreversible
thermodynamics (2.313). The irreversible thermodynamics relation is examined at
page 304. By comparison of the twomodel formulations, the generalized thermal dif-
fusion coefficients were related to the phenomenological coefficients by: DT

s = αs0.
The diffusion coefficients, Dsr , were related to the phenomenological coefficients,
αsr , in the following manner (Curtiss and Hirschfelder [24], p. 552; Hirschfelder
et al. [55], p. 479 and p. 715):

Dsr = − ρp

n2msmr

⎛

⎜
⎝

αsr

nr mr
+ 1

nsms

N∑

k=1
k �=s

αsk

⎞

⎟
⎠ (2.306)

Fifty years later, Curtiss and Bird [26] proposed that the multicomponent diffusion
coefficient relations can be written in simpler form by using the quantities Ďsr =
(ωiω j/xi x j )Dsr , rather than Dsr from (2.305). The modified diffusion coefficients
Ďsr are thus related to αsr by:

Ďsr = −cRT

ρ

⎛

⎜
⎝

αsr

nr mr
+ 1

nsms

N∑

k=1
k �=s

αsk

⎞

⎟
⎠ (2.307)

The Ďsr have the properties Ďss = ∑N
k=1(Ďks − Ďrk) = 0, for s, r = 1, 2, 3, . . . , N .

For this choice of multicomponent diffusivities, the mass diffusion flux vectors can
be expressed as:

js = −ρ

N∑

r=1

Ďsr dr − DT
s

∇T

T
(2.308)

It is noted that neither of these two sets of generalized Fickian diffusivities are
symmetric, i.e.,Dsr �= Drs and Ďsr �= Ďrs . These diffusion coefficients are thus not
practical because the number of parameters to fit is very large requiring numerous
costly experimentally determined data sets.

In response to the disadvantageous lack of symmetry argument, Curtiss [25] made
an alternative generalized Fickian diffusion coefficient definition proposal in 1968:
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D̂sr = cRT αsr

ρsρr
(2.309)

These multicomponent Fickian diffusivities, D̂sr , are symmetric [25], i.e., D̂sr =
D̂rs , and they obey the relations

∑N
s=1 ωs D̂sr = 0 for s, r = 1, 2, 3, . . . , N . In terms

of these symmetric diffusivity coefficients, the species mass flux was expressed as
[26]:

js = ρsvd,s = −ρs

N∑

r=1

D̂sr dr − DT
s

∇T

T
(2.310)

Comparing the generalized Fickian flux formulations of Curtiss and Bird [26] and
Curtiss [25], it is noted that in (2.308) there is a ρ in front of the summation sign,
whereas in (2.310) there is a ρs .

In the second edition of the textbook byBird et al. [9] from2002, a third alternative
definition of the Fickian multicomponent mass diffusion coefficients was proposed,
deviating from relation (2.309) by the sign convention only. These diffusion coeffi-
cients were thus defined by:

Dsr = −cRT αsr

ρsρr
(2.311)

These diffusivities are also symmetric (Dsr = Drs) and they obey the relations∑N
s=1 ωsDsr = 0 for s, r = 1, 2, 3, . . . , N . In terms of these symmetric diffusivity

coefficients, the species mass flux was expressed as [26]:

js = ρs

N∑

r=1

Dsr dr − DT
s

∇T

T
(2.312)

Comparing the latter two symmetric Fickian flux formulations, it is noted that in
(2.310) there is a minus sign in from of the summation sign, whereas in (2.312) there
is a plus sign.

It is remarked that even though the latter two Fickian diffusivity proposals, i.e.,
(2.309) and (2.311), are symmetric, the multicomponent Fickian diffusivities D̂sr

and Dsr do not correspond to the approximately concentration independent binary
diffusivities, i.e., Dsr , which are available from binary diffusion experiments or
kinetic theory determined by the inter-molecular forces between s − r pair of gases.
Instead, these generalizedmulticomponent Fickian diffusion coefficients are strongly
composition dependent. For these reasons, the generalized Fickian diffusivities are
hardly used in practice because of the large number of costly experimental data sets
that are required for parameter fitting.
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2.9.5.3 Generalized Fick’s First Law and Generalized Driving Forces Based
on Irreversible Thermodynamics Principles

The principles of irreversible thermodynamics may be used to study the species
mass and heat conduction transport. In this approach, the diffusion coefficients are
defined in terms of the Onsager [102, 103] phenomenological coefficients. For a q
component gas mixture, the linearity postulate in irreversible thermodynamics can
be employed to obtain the multicomponent mass flux vectors (Hirschfelder et al.
[55], p. 714; Curtiss and Bird [26, 27]):

js = nsmsvd,s = −p
N∑

r=1

αsr

nr mr
dr − αs0

∇T

T
(2.313)

where s = 1, 2, 3, . . . , N . The coefficients, αsr , correspond to the phenomenolog-
ical coefficients of Onsager which satisfy the reciprocal relations considering the
processes of diffusion and thermal conduction. One of the phenomenological coeffi-
cient indices refers to the temperature variable, whereas the other indices refer to the
species in the mixture. The flux equations in irreversible thermodynamics describe
the coupling among thefluxes of the various systemproperties. The linearity postulate
states that the fluxes are linear functions of all the driving forces [9, 26, 32, 55, 91].

In the derivation of (2.313) the original Onsager phenomenological coefficients
were redefined as:

αkr −
N∑

k=1
k �=s

αsk = 0 and αrk = αkr = −
N∑

s=1
s �=k

αrs = 0 (2.314)

for r = 1, 2, 3, . . . , N . That is, the new αsr are symmetric and also satisfy the
relations

∑N
s=1 αsr = ∑N

s=1 αrs = 0.
A comparison with the results of the kinetic theory of dilute gases with those from

the irreversible thermodynamics also shows that DT
s = αs0. By use of (2.314) it is

concluded that the generalized thermal diffusion coefficients DT
s , have the property

(2.304). Moreover, it was shown in the previous subsection that the various gener-
alized Fickian diffusivities Dsr , Ďsr , D̂sr and Dsr derived from kinetic theory can
be related to the phenomenological coefficients by the following relations (2.306),
(2.307), (2.309) and (2.311).

The multicomponent generalization of Fick’s first law of binary diffusion is a
second mass flux formulation on the Fickian form derived based on irreversible ther-
modynamics principles. This empirical formulation was first proposed by Onsager
[104]. The generalized Fick’s first law is defined by35 [28, 32, 91, 104, 148]:

35 In the chemical engineering literature the generalized or multicomponent form of Fick’s first law
of binary diffusion is normally written on a molar basis.
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js = −ρ

N−1∑

r=1

D̀sr∇ωr s = 1, 2, 3, . . . , N − 1 (2.315)

This law is restricted to multicomponent systems, i.e., N > 2. The diffusivities, D̀sr ,
defined by this relation may take negative values and are not, in general, symmetric
(D̀sr �= D̀rs). The vector form of this mass flux is given by (2.316):

j = −ρ[diag(D̀)]∇(ω) (2.316)

A multicomponent Fickian diffusion flux on this form was first suggested in
irreversible thermodynamics and has no origin in kinetic theory of dilute gases.
Hence, basically, these multicomponent flux equations represent a purely empirical
generalization of Fick’s first law and define a set of empirical multicomponent dif-
fusion coefficients.

In retrospect the irreversible thermodynamics community did somewhat rational-
ize the origin of these equations and buttress this rationale with more fundamental
principles [28]. Three basic postulateswere required in order to derive the generalized
Fick’s law equations (2.316). The first postulate states that the thermodynamic prop-
erties such as entropy, chemical potential, and temperature can be correctly defined
in a differential volume of a system that is not at equilibrium. The second postulate
states that a linear relation exists between the forces and fluxes. The third postulate
is that the Onsager phenomenological coefficients are symmetric. With these three
postulates, it was possible to relate the generalized Fick’s first law multicomponent
diffusivities in (2.316) to the original Onsager phenomenological coefficients deter-
mining the basis for (2.313). That is, in the literature surveys by de Groot and Mazur
[32] (Chap. 11), Taylor and Krishna [148] and Cussler [28] it was concluded that
not all of the generalized Fick’s law multicomponent diffusion coefficients are inde-
pendent but are subject to certain constraints. However, these theoretical constraints
are not very useful in practice, since they require detailed thermodynamic informa-
tion that is rarely available. Anyhow, the thermodynamic theory does not provide
any values for (quantification of) the multicomponent diffusion coefficients, D̀sr ,
so in practice all of them have to be determined from experiments. Hence, these
coefficients cannot be interpreted simply, and there is therefore no fundamental
theory predicting any formal relationships between the multicomponent—and the
Fick first law binary diffusivities even for dilute gases in this particular diffusion
model formulation.

An extension of the generalized diffusional driving force flux vector derived for
dilute gases in kinetic theory (2.305) has been deduced based on principles of irre-
versible thermodynamics (e.g., Bird et al. [9], p. 766):

cRT ds = cs∇ḡs + cs s̄s∇T − ωs∇ p − ρsgs − ωs

N∑

r=1

ρr gr (2.317)
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This extended form of the generalized diffusional driving force flux vector is valid
for dilute gases, as well as dense gases and liquids. Moreover, it can be shown
that

∑
s ds = 0 by making use of the properties of partial molal quantities and

the Gibbs-Duhem relation. In order to develop a more rigorous expression for the
driving forces in mass transfer valid also for dense gases and liquids, use is normally
made of physical laws and postulates taken from irreversible thermodynamics. For
multicomponent systems it is advantageous to relate the diffusionfluxes to the activity
rather than number—or mass fractions, since the activity formulation is valid for
ideal as well as non-ideal systems. Notwithstanding, the binary diffusivities, Dsr ,
and theMaxwell-Stefan diffusivities, D̃sr , are almost identical for ideal gas mixtures
solely. For non-ideal gas mixtures and liquids the multi-component diffusivities are
empirical parameters only. However, the generalized driving force formulation is
claimed to be more useful in describing the inter-diffusion in dense gases and liquids
(e.g., Curtiss and Bird [26, 27]; Taylor and Krishna [148]).

The Gibbs-Duhem equation is derived from the Euler and Gibbs equations (e.g.,
Prausnitz et al. [108], app D; Slattery [132], p. 443). The mass based form of the
Gibbs-Duhemequation is outlined next. The total differential of theGibbs free energy
Ĝ in terms of the natural variables (i.e., T, p, ms) is:

dĜ =
(

∂Ĝ

∂ p

)

T,m

dp +
(

∂Ĝ

∂T

)

p,m

dT +
N∑

r=1

(
∂Ĝ

∂mr

)

T,p,mr �=s

dmr (2.318)

With the substitutionof theMaxwell relations and thedefinitionof chemical potential,
the total derivative expression is transformed into:

dĜ = V dp − ŜdT +
N∑

r=1

μr dmr (2.319)

The partial mass chemical potential of the s-th species is defined as:

μs = Ǧs =
(

∂Ĝ

∂ms

)

T,p,mr �=s

(2.320)

The Gibbs free energy can also be computed from:

Ĝ =
N∑

r=1

μr mr (2.321)

The total differential of this expression is:
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dĜ =
N∑

r=1

μr dmr +
N∑

r=1

mr dμr (2.322)

Considering that dĜ = 0 at thermodynamic equilibrium, and by combining the two
relations for the total differential of the Gibbs free energy gives the Gibbs-Duhem
equation:

ŜdT − V dp +
N∑

r=1

mr dμr = 0 (2.323)

This relation implies that changes in the intensive quantities are not independent.
In fluid mechanics it might be natural to employ mass based thermodynamic

properties whereas the classical thermodynamics convention is to use mole based
variables. It follows that the extensive thermodynamic functions (e.g., internal energy,
Gibbs free energy, Helmholtz energy, enthalpy, entropy, and specific volume) can
be expressed in both ways, either in terms of mass or mole. The two forms of the
Gibbs-Duhem equation are:

mSdT − V dp +
N∑

s=1

mωsdμs = 0 (2.324)

using specific variables, and

n
�
SdT − V dp +

N∑

s=1

nxsdḠs = 0 (2.325)

in terms of specific molar variables.
The thermodynamic notation is defined using one thermodynamic property as

an example. It is postulated that the Gibbs free energy is a function of pressure,
temperature and composition, hence we can write:

Ĝ = Ĝ(T, p, m1, m2, m3, . . . , m N ) (2.326)

in terms of mass, and

�
G = �

G(T, p, n1, n2, n3, . . . , nN ) (2.327)

in terms of mole.
In irreversible thermodynamics it is more convenient to use intensive or specific

variables instead. Againwe have two possibleways of defining the specific functions,
either using molar specific variables which are given per mole or specific variables
which are given per unit mass. Hence,
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G = Ĝ

m
= G(T, p,ω1,ω2,ω3, . . . ,ωN−1) (2.328)

and

G =
�
G

n
= G(T, p, x1, x2, x3, . . . , xN−1) (2.329)

In thermodynamics partial variables are also used intensively. Accordingly, two sets
of partial variables can be defined. The partial mass variable yields36:

μs = Ǧs = (
∂Ĝ

∂ms
)T,p,mr �=s , s, r = 1, 2, . . . , N . (2.330)

This quantity is related to the corresponding intensive variables in the following way
(Slattery [132], Sect. 8.4):

(
∂Ĝ

∂ms
)T,p,mr �=s − (

∂Ĝ

∂mq
)T,p,mr �=q = (

∂G

∂ωs
)T,p,ωr �=q,s (2.331)

The corresponding partial molar variable is written as:

Ḡs = (
∂

�
G

∂ns
)T,p,nr �=s s, r = 1, 2, . . . , N . (2.332)

which is related to the corresponding intensive variables:

(
∂

�
G

∂ns
)T,p,nr �=s − (

∂
�
G

∂nq
)T,p,nr �=q = (

∂G

∂xs
)T,p,xr �=q,s (2.333)

The partial mass and the partial molar variables are simply related by:

Ḡs = Mws μs (2.334)

Finally, we relate the intensive variables to the partial variables in the following
manner:

G(T, p,ω1,ω2,ω3, . . . ,ωN−1) =
N∑

s=1

(
∂Ĝ

∂ms
)T,p,mr �=s ωs (2.335)

and

36 In this book the partial mass and molar variables are defined employing the same notation as
used by Slattery [132]
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G(T, p, x1, x2, x3, . . . , xN−1) =
N∑

s=1

(
∂

�
G

∂ns
)T,p,nr �=s xs (2.336)

The starting point for the rigorous derivation of the diffusive fluxes in terms of the
activity is the entropy equation as given by (1.174), wherein the entropy flux vector
is defined by (1.175) and the rate of entropy production per unit volume is written
(1.176) as discussed in Sect. 1.2.4. To eliminate S from the Gibbs-Duhem relation
formulated in terms of specific quantities (2.324)we need the definitions of Ĥ = m H
and Ĝ = mG:

mG = m H − T mS =
N∑

s=1

mωsμs (2.337)

m H = m E + pV =
N∑

s=1

mωs Ȟs (2.338)

where Ȟs = ( ∂ Ĥ
∂ms

)T,p,mr �=s , and H(T, p,ω1,ω2, . . . ,ωN−1) denotes the intensive
or specific enthalpy.

By use of (2.337) and (2.338), an expression for M S can be obtained:

mS = m H − mG

T
=

m E + pV −
N∑

s=1
mωsμs

T
(2.339)

Hence, by substitution of the given expressions for M S (2.339) into the mass form
of the Gibbs-Duhem equation (2.324) yields:

(
m H − mG

T

)

dT − V dp +
N∑

s=1

mωsdμs = 0 (2.340)

After division by the volume and the temperature, this equation can be put in a form
useful to manipulate the entropy production term. Thus, introducing the partial mass
quantities from (2.337) and (2.338) into (2.339), the result is:

1

T 2

(
N∑

s=1

ρs ȞsdT −
N∑

s=1

ρsμsdT

)

− 1

T
dp + 1

T

N∑

s=1

ρsdμs = 0 (2.341)

By minor manipulation of the terms:

1

T 2

N∑

s=1

ρs ȞsdT +
N∑

s=1

ρsd
(μs

T

)
− 1

T
dp = 0 (2.342)

http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
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Assuming that this relation is valid at the state of local equilibrium, the differentiation
can be exchanged by the ∇-operator (Curtiss and Bird [26, 27]):

1

T 2

N∑

s=1

ρs ȟs∇T +
N∑

s=1

ρs∇
(μc

T

)
− 1

T
∇ p = 0 (2.343)

With the aim of expressing the rate of entropy productionΦtotal due to mass diffusion
in terms of a convenient driving force, cRT

ρs
ds , we add some extra terms in the third

term on the RHS of (1.176) in such a way that the entropy production term remains
unaltered utilizing the property that

∑
s js = 0. The form of the terms that are added

is guided by the terms in the Gibbs-Duhem equation (2.343).
The modified entropy production rate (1.176) is commonly written as [26, 27]:

Φtotal = − 1

T 2 (q · ∇T ) − 1

T
(σ : ∇v) − 1

T

N∑

r=1

Ar rr (2.344)

−
N∑

s=1

⎛

⎝ js

ρs
·
⎡

⎣ρs∇
(μs

T

)
− ρs

ρT
∇ p + ρs ȟs

T 2 ∇T − ρs ȟs

T 2 ∇T − ρsgs

T
+ ρs

ρT

N∑

r=1

ρr gr

⎤

⎦

⎞

⎠

The entropy production term has been written as a sum of products of fluxes and
forces. However, there are only N − 1 independent mass fluxes js , and the Gibbs-
Duhem equation (2.343) tells us that there are only N −1 independent forces as well
[9].

Furthermore, it is noted that the first three terms in the brackets on the RHS of
(2.344) are similar to the terms in theGibbs-Duhem relation (2.343). However, two of
these three terms do not contribute to the sum. The pressure term vanishes because∑

s js = 0. The two enthalpy terms obviously cancel because they are identical
with opposite signs. Moreover, the last term in the brackets on the RHS of (2.344),
involving the sum of external forces, is zero as

∑
s js = 0. One of the two remaining

terms, i.e., the one containing the enthalpy, we combine with the q term. Hence, the
modified entropy flux vector (1.175) and production terms (1.176) become:

Js = 1

T

(

q −
N∑

r=1

jr ȟr

)

+
N∑

r=1

šr jr (2.345)

and

T Φtotal = − 1

T

[

q −
N∑

r=1

jr ȟr

]

·∇T −
N∑

r=1

jr · cRT

ρr
dr −σ : ∇v−

N∑

r=1

Arrr (2.346)

http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
http://dx.doi.org/10.1007/978-3-319-05092-8_1
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where

cRT

ρs
ds = T ∇(

μs

T
) + ȟs

T
∇T − 1

ρ
∇ p − gs + 1

ρ

N∑

r=1

ρr gr (2.347)

Due to the linearity postulate in irreversible thermodynamics, each vector flux must
depend linearly on all the vector forces in the system.We may thus rewrite the fluxes
as [26, 27]:

q −
N∑

r=1

jr ȟr = − 1

T
α00∇T −

N∑

r=1

(
cRT α0r

ρr
)dr (2.348)

js = − 1

T
αs0∇T − ρs

N∑

r=1

(
cRT αsr

ρsρr
dr ) (2.349)

where s = 1, 2, . . . , N . The αsr are the symmetric phenomenological coefficients
according to theOnsager reciprocal relations. Henceforth, the thermal diffusion coef-
ficients are denoted by DT

s = αs0 = α0s and the Fickian diffusivities are given by
D̂sr = cRT αsr

ρsρr
as foreseen in the preceding paragraphs.

The generalized diffusional driving forces ds either in terms of mass or molar
functions, can be extended to a more rigorous form valid for dense gases and liquids
using the partial mass Gibbs free energy definition, Ǧs = ȟs − T šs , and the chain
rule of partial differentiation assuming that the chemical potential (i.e., μs = Ǧs)
is a function of temperature, pressure and concentration (Slattery [132], Sect. 8.4).
ds can then be expressed in several useful forms as listed below. Expressing the
thermodynamic functions on a mass basis yields:

ds = ρs

cRT

(

šs∇T + ∇μs − 1

ρ
∇ p − gs + 1

ρ

N∑

r=1

ρr gr

)

= ρs

cRT

⎡

⎢
⎣

N∑

r=1
r �=s

(
∂μs

∂ωr
)T,p,ωk �=r,s ∇ωr + (V̌s − 1

ρ
)∇ p − gs + 1

ρ

N∑

r=1

ρr gr

⎤

⎥
⎦

(2.350)

= ρs

cRT

[

∇T,pμs + (V̌s − 1

ρ
)∇ p − gs + 1

ρ

N∑

r=1

ρr gr

]

These relations may also be reformulated on a mole basis:
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ds = cs Mws

cRT

(
s̄s

Mws

∇T + ∇(
ḡs

Mws

) − 1

ρ
∇ p − gs + 1

ρ

N∑

r=1

ρr gr

)

= xs

RT

⎡

⎢
⎣

N∑

r=1
r �=s

(
∂ḡs

∂xr
)T,p,xk �=r,s ∇xr + V̄s∇ p

⎤

⎥
⎦ (2.351)

+ xs Mws

RT

(

−1

ρ
∇ p − gs + 1

ρ

N∑

r=1

ρr gr

)

= xs

RT
∇T,p ḡs + xs Mws

RT

[

(V̌s − 1

ρ
)∇ p − gs + 1

ρ

N∑

r=1

ρr gr

]

The transformations of the thermodynamic quantities like the partial mass Gibbs
free energy might need further explanation. By use of the chain rule of partial dif-
ferentiation the chemical potential on a mass basis is expanded considering that the
chemical potential, μs , is a function of T , p and ωs :

dμs = (
∂μs

∂T
)p,ωdT + (

∂μs

∂ p
)T,ωdp +

N∑

r=1
r �=s

(
∂μs

∂ωr
)T,p,ωk �=r,s dωr (2.352)

where the partial derivatives with respect to T and p are eliminated by the thermo-
dynamic relations,

(
∂μs

∂T
)p,x = −Šs (2.353)

and

(
∂μs

∂ p
)T,ω = V̌s (2.354)

where V̌s is the partial mass volume.
Alternatively, expressing the chemical potential on a molar basis we get:

dḠs = (
∂Ḡs

∂T
)p,x dT + (

∂Ḡs

∂ p
)T,x dp +

N∑

r=1
r �=s

(
∂Ḡs

∂xr
)T,p,xk �=r,s dxr (2.355)

where the partial derivatives with respect to T and p are substituted by the thermo-
dynamic relations,

(
∂Ḡs

∂T
)p,x = −S̄s (2.356)
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and

(
∂Ḡs

∂ p
)T,x = V̄s (2.357)

where V̄s is the partial molar volume.
Hence, from (2.352) and (2.355) we may define the following short notations:

dT,pμs =
N∑

r=1
r �=s

(
∂μs

∂ωr
)T,p,ωk �=r,s dωr = RT

N∑

r=1
r �=s

(
∂ ln as

∂ωr
)T,p,ωk �=r,s dωr (2.358)

and

dT,pḠs =
N∑

r=1
r �=s

(
∂Ḡs

∂xr
)T,p,xk �=r,s dxr = RT

N∑

r=1
r �=s

(
∂ ln am

s

∂xr
)T,p,xk �=r,s dxr (2.359)

in which we are keeping the temperature T and pressure p constant.
It is postulated that the given relations are valid for a system at local equilibrium,

the differential ‘d’ may thus be substituted by the ∇-operator in the forthcoming
derivations.

For the description of inter-diffusion in dense gases and liquids the expression for
ds is further modified introducing a fugacity (i.e., a corrected pressure) or an activity
(i.e., a corrected mole fraction) function [108]. The activity as(T,ω1,ω2,ω3,ωN−1)

for species s is defined by:

μs = μ0
s + RT ln

f̂s

f 0s
= μ0

s + RT ln as (2.360)

where the auxiliary fugacity and activity functions are related by as = f̂s/ fs
0.

μ0
s denotes the chemical potential at some reference state. While either μ0

s or f 0s is
arbitrary, both may not be chosen independently, since when one is chosen the other
is fixed.

For liquids it is convenient to chose a particular reference state, a standard state,
that can be defined by the Gibbs free energy of 1 mole of pure s at the mixture
temperature, T , and a specified pressure, say 1 bar. Hence, in this caseμ0

s is a function
of temperature only,μ0

s = μ0
s (T, p = 1bar,ω → 1). Alternatively,μ0

s maybe chosen
as the chemical potential for pure species s at the system temperature and pressure
in which μ0

s = μ0
s (T, p). That is, numerous reference states are possible, which

one to be chosen matters little provided that the model formulation is consistent.
Henceforth, we are using the given standard state as defined above.

For dense gases it often more convenient to use the fugacity, f̂s , defined by:
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μs = μ∗
s + RT ln

f̂s

f ∗
s

(2.361)

where μ∗
s denotes a reference state being an ideal gas state at the system temperature

and a standard pressure state (e.g., p∗ = 1 bar). However, in either case using
fugacities or activities themodel derivation is very similar so we proceed considering
the activity formulation only.

Introducing the mass based activity variable, the first term on the RHS of (2.347)
is rewritten by use of the chain rule of partial differentiation considering that the
chemical potential is a function of temperature, pressure and composition. The mass
based chain rule of partial differentiation of the chemical potential function is given
by (2.352).

It follows that the first term on the RHS of the mass based expression (2.347) can
be written as:

ρs T ∇(
μs

T
) = ρs T ∇(

μ0
s

T
) + ρs RT ∇ ln as = ρs∇μ0

s − ρsμ
0
s ∇ ln T + ρs RT ∇ ln as

= − ρs š0s ∇T − ρsμ
0
s ∇ ln T + ρs RT ∇ ln as

= − ρs(T š0s + μ0
s )∇ ln T + ρs RT ∇ ln as

= − ρs ȟ0
s ∇ ln T + ρs RT ∇ ln as (2.362)

In (2.362) the relation:

∇μ0
s = (

dμ0
s

dT
)∇T = −š0s ∇T (2.363)

holds because μ0
s (T ) is a function of temperature only.

The Gibbs free energy definition is employed in order to express the standard state
chemical potential μ0

s and entropy š0s potentials and introduce the entropy potential
ȟ0

s :
μs = ǧs = ȟs − T šs (2.364)

Substitution of (2.362) into (2.347), the extended generalized diffusional driving
force vector relation can be manipulated as:

cRT

ρs
ds = RT ∇ ln as + (ȟs − ȟ0

s )∇ ln T − 1

ρ
∇ p − gs + 1

ρ

N∑

r=1

ρr gr (2.365)

The chain rule of partial differentiation of μs (2.352), in which the partial derivatives
therein are eliminated by (2.353) and (2.354), is employed in order to rewrite the
first term on the RHS of (2.365):

RT ∇ ln as = RT
N∑

r=1
r �=s

(
∂ ln as

∂ωr
)T,p,ωk �=r,s ∇ωr + V̌s∇ p − (ȟs − ȟ0

s )∇ ln T (2.366)
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in which V̌s denotes the partial mass volume which can be related to the volume
fraction of species s by: φs = ρs V̌s = cs V̄s .

Inserting (2.366) into (2.365), gives:

cRT ds = ρs RT
N∑

r=1
r �=s

(
∂ ln as

∂ωr
)T,p,ωk �=r,s ∇ωr + ρs(V̌s − 1

ρ
)∇ p − ρsgs + ωs

N∑

r=1

ρr gr

= ρs RT ∇T,p ln as + ρs(V̌s − 1

ρ
)∇ p − ρsgs + ωs

N∑

r=1

ρr gr (2.367)

A problem related to the use of thermodynamic quantities on a mass basis instead of
molar basis is that all the existing thermodynamic models naturally are expressed in
terms of molar quantities. For example, in the case of concentrated non-ideal liquid
mixtures the thermodynamic quantities can be calculated from the existingmodels of
the excess Gibbs energy G E which are normally expressed in terms of specific molar
functions. There are numerous models for G E available, e.g., NRTL, UNIQUAC and
UNIFAC, all providing thermodynamic properties on the molar basis [108].

The modeling problems related to the mass based formulation of the thermody-
namic relations are illustrated next considering a binarymixture. For flowing systems
it is natural to seek an expression for the driving force in terms of mass fractions
using (2.350) and (2.360). For a binary mixture the result is:

d1 = ρ1

cRT

[

(
∂μ1

∂ω2
)T,p∇ω2 + (V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]

= ρ

c
(
∂ ln a1
∂ lnω1

)T,p∇ω1 + ρ1

cRT

[

(V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]

(2.368)

where we have introduced an activity on a mass basis.
However, thismass based activity property is an unconventional variable and there

exists nomodel for it yet. In addition, a principal disadvantage of working in terms of
mass based activities like a1 is that for ideal solutions Mw( ∂ ln a1

∂ lnω1
)T,p �= 1 in general.

Instead, the driving force is usually rewritten on a molar basis using (2.350), (2.351)
and (2.370). Hence, we obtain:

d1 = ρ1

cRT

[

(
∂μ1

∂ω2
)T,p∇ω2 + (V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]

= x1
RT

(
∂Ḡ1

∂x2
)T,p∇x2 + x1Mw1

RT

[

(V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]

(2.369)

= (
∂ ln am

1

∂ ln x1
)T,p∇x1 + x1Mw1

RT

[

(V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]
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Theprincipal advantages ofworking in termsofam
1 is that there exist thermodynamics

models for this property and for ideal solutions (
∂ ln am

1
∂ ln x1

)T,p = 1.
The important partial mass properties in (2.365) are easily transformed into molar

basis as the partial mass and partial molar variables of species s are related by the
molecular weight. The activity for species s is redefined by:

Ḡs = Ḡ0
s + RT ln am

s (2.370)

where am
s = am

s (T, x1, x2, x3, . . . , xN−1). This mole based activity variable am
s

(2.370) is introduced into the first term on the RHS of (2.347).
The standard stateGibbs free energy potential is eliminated by use of the following

relation:

∇ḡ0s = (
d ḡ0s
dT

)∇T = −s̄0s ∇T (2.371)

This relationship holds because Ḡ0
s (T ) is a function of temperature only.

The Gibbs free energy definition is employed in order to express the standard state
chemical potential ḡ0s and entropy s̄0s potentials and introduce the entropy potential
h̄0

s :
ḡs = h̄s − T s̄s (2.372)

Substitution of (2.370), (2.371) and (2.372) into (2.347), the first term on the RHS
of the expression (2.347) can be written as:

cs T ∇(
ḡs

T
) = cs T ∇(

ḡ0s
T

) + cs RT ∇ ln am
s = cs∇ḡ0s − cs ḡ

0
s ∇ ln T + ρs RT ∇ ln am

s

= −cs s̄0s ∇T − cs ḡ
0
s ∇ ln T + cs RT ∇ ln am

s

= −cs(T s̄0s + ḡ0s )∇ ln T + cs RT ∇ ln am
s

= −cs h̄0
s ∇ ln T + cs RT ∇ ln am

s (2.373)

Substitution of (2.373) into the expression (2.347), the extended diffusional driving
force vector can be manipulated as:

cRT ds = cs RT ∇ ln am
s + (h̄s − h̄0

s )∇ ln T − ωs∇ p − ρsgs + ωs

N∑

r=1

ρr gr (2.374)

The chain rule of partial differentiation of Ḡs , in which the partial derivatives therein
are eliminated by use of (2.356) and (2.357), is employed in order to rewrite the first
term on the RHS of (2.374):

∇ḡs = −s̄s∇T + V̄s∇ p + ∇T,p ḡs (2.375)

where the last term is written in the compact form (2.359).
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By substitution of (2.370), (2.371) and (2.372), the LHS and RHS of (2.375)
become:

∇ḡ0s + R ln am
s ∇T + RT ∇ ln am

s = −s̄0s ∇T + R ln am
s ∇T + RT ∇ ln am

s (2.376)

(ḡ0s + RT ln am
s − h̄s)

T
∇T + V̄s∇ p + ∇T,p ḡs = R ln am

s ∇T

+ (ḡ0s − h̄s)∇ ln T (2.377)

+ V̄s∇ p + ∇T,p ḡs

Substitution of these two relations into (2.375) gives an expression for the first term
on the RHS of (2.374):

cs RT ∇ ln am
s = −cs(h̄s − h̄0

s )∇ ln T + cs V̄s∇ p + cs∇T,p ḡs (2.378)

The molar form of the driving force (2.374) becomes:

cRT ds = cs RT ∇T,p ln am
s + (cs V̄s − ωs)∇ p − ρsgs + ωs

N∑

r=1

ρr gr

= cs RT
N∑

r=1
r �=s

(
∂ ln am

s

∂xr
)T,p,xk �=s,r ∇xr + (cs V̄s − ωs)∇ p (2.379)

− ρsgs + ωs

N∑

r=1

ρr gr

This is the most frequently used mole based form of the extended generalized dif-
fusional driving force vector formulation, that can be employed for dilute gases as
well as dense gases and liquids.

For ideal solutions:
N∑

r=1
r �=s

(
∂ ln am

s

∂ ln xr
)T,p,xk �=s,r = 1 (2.380)

The ratio of activity and mole fraction defines the activity coefficient, am
s = xsγs

[108]. For an ideal mixture, the activity is equal to the mole fraction since the activity
coefficient equals unity. That is, we may expand the first term on the RHS in a
convenient manner, excluding xN (i.e., for a solvent containing several solutes it
might be convenient to label the solvent as species N ):
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xs

N−1∑

r=1

(
∂ ln am

s

∂xr
)T,p,x∇xr = xs

N−1∑

r=1

(
∂ ln(γm

s xs)

∂xr

)

T,p,x
∇xr

= xs

N−1∑

r=1

(
1

γm
s xs

∂γm
s xs

∂xr

)

T,p,x
∇xr

= xs

N−1∑

r=1

(
∂ ln xs

∂xr
+ ∂ ln γm

s

∂xr

)

T,p,x
∇xr (2.381)

=
N−1∑

r=1

(

δsr + xs
∂ ln γm

s

∂xr

)

T,p,x
∇xr

For ideal solutions γm
s = 1, hence the N − 1 independent driving forces yield:

ds = ∇xs + 1

cRT
(cs V̄s − ωs)∇ p − ρs

cRT
gs + ωs

cRT

N∑

r=1

ρr gr (2.382)

This reduced form of the extended generalized diffusional driving force vector cor-
responds to (2.305) which was derived from the kinetic theory of dilute gases.

2.9.5.4 The Maxwell-Stefan Multicomponent Diffusion Flux Model

For dilute gases, the generalized multicomponent Fickian diffusion coefficients are
strongly composition dependent. It follows that these diffusion coefficients do not
correspond to the approximately concentration independent binary diffusivities, Dsr ,
which are available from binary diffusion experiments or kinetic theory since D̃sr ≈
Dsr . In response to this Fickian model limitation it has been proposed to transform
the Fickian diffusion flux model, in which the mass-flux vector, js , is expressed in
terms of the driving force, ds , into the corresponding Maxwell-Stefan form [95, 97,
142, 143] where ds is given as a linear function of js . The key idea is to rewrite the
Fickian diffusion flux in terms of an alternative set of diffusivities (i.e., preferably the
known binary diffusivities) which are less concentration dependent than the Fickian
diffusivities.

The proposed transformation can be done using the method suggested by Curtiss
and Bird [26, 27] which is in accordance with the work of Merk [101]. To shorten
the notation they temporary define a modified diffusion velocity, v′

d,s , by:

ρsv′
d,s = js + DT

s ∇ ln T (2.383)

Thereafter, the modified diffusion velocity is expressed in terms of the driving forces
using (2.310). For species s and k the resulting relationships are given by:
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v′
d,s = −

N∑

r=1

D̂sr dr (2.384)

v′
d,k = −

N∑

r=1

D̂kr dr (2.385)

Next, each of the two relations is multiplied by the multicomponent inverse diffu-
sivities, Ĉsk with k �= s, and if the first equation is subtracted from the second one,
the result is:

Ĉsk(v′
d,k − v′

d,s) = −
N∑

r=1

Ĉsk(D̂kr − D̂sr )dr (2.386)

Then, the sum on k is performed:

N∑

k=1
k �=s

Ĉsk(v′
d,k − v′

d,s) = −
N∑

r=1

⎡

⎢
⎣

N∑

k=1
k �=s

Ĉsk(D̂kr − D̂sr )

⎤

⎥
⎦ dr (2.387)

where s = 1, 2, 3, . . . , N .
Curtiss and Bird [26, 27] and Slattery [132] (Sect. 8.4.4) state that from kinetic

theory of dilute gas mixtures, it appears that the coefficients Ĉsk are determined in
such a way that the following relations are satisfied:

N∑

k=1
k �=s

Ĉsk(D̂kr − D̂sr ) = −δsr + ωs (2.388)

Accordingly, by use of the property
∑q

s=1 ωs D̂sr = 0, the RHS of (2.387) reduces
to +ds . The modified diffusion velocity (2.383) can thus be related to the standard
diffusion velocity (2.310), and expressed by:

v′
d,s = js

ρs
+ DT

s

ρs
∇ ln T = vd,s + DT

s

ρs
∇ ln T (2.389)

Hence, the diffusion problem (2.387) can be expressed in terms of the actual diffusion
velocities:

N∑

k=1
k �=s

Ĉsk(vd,k − vd,s) = ds −
N∑

k=1
k �=s

Ĉsk(
DT

k

ρk
− DT

s

ρs
)∇ ln T (2.390)

where s = 1, 2, 3, . . . , N .



290 2 Elementary Kinetic Theory of Gases

These relations are called the generalized Maxwell-Stefan equations and are the
inverted counterparts of the Fick diffusion equations (2.310). These two descriptions
contain the same information and are interrelated as proven by Curtiss and Bird
[26, 27] for dilute mono-atomic gas mixtures. Finally, the Maxwell-Stefan diffusiv-
ities are defined by:

Ĉsk = xs xk

D̃sk
(2.391)

Thereby, the generalized Maxwell-Stefan equations can be expressed several ways:

ds−
N∑

k=1
k �=s

xs xk

D̃sk
(

DT
k

ρk
− DT

s

ρs
)
∇T

T
=

N∑

k=1
k �=s

xs xk

D̃sk
(vd,k − vd,s)

=
N∑

k=1
k �=s

xs xk

D̃sk
({vk − vm} − {vs − vm}) =

N∑

k=1
k �=s

xs xk

D̃sk
(vk − vs)

=
N∑

k=1
k �=s

xs xk

D̃sk
(
nk

ρk
− ns

ρs
) =

N∑

k=1
k �=s

xs xk

D̃sk
(

jk

ρk
− js

ρs
) (2.392)

=
N∑

k=1
k �=s

1

cD̃sk
(xsNk − xkNs) =

N∑

k=1
k �=s

1

cD̃sk
(xsJ∗

k − xkJ∗
s )

where s = 1, 2, 3, . . . , N .
The combined molar flux with respect to stationary axes is defined by:

Ns = csvs = cxsvs = csv∗
m + J∗

s , (2.393)

The corresponding combined mass flux is defined by:

ns = ρsvs = ρωsvs = ρsvm + js (2.394)

For multicomponent diffusion in gases and liquids, the generalized Maxwell-Stefan
forms (2.392) and the extended generalized diffusional driving force vector (2.379)
gives:
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N∑

s=1

xs xr

D̃sr
(vs − vr ) = −xs∇T,p ln am

s

− 1

cRT

[

(cs V̄s − ωs)∇ p − ρsgs + ωs

N∑

r=1

ρr gr

]

+
N∑

k=1
k �=s

xs xk

D̃sk
(

DT
k

ρk
− DT

s

ρs
)
∇T

T
(2.395)

where s = 1, 2, . . . , N . This equation has been written in terms of the difference
of molecular velocities, vs − vr . Equations (2.392) may then be used to write this
equation in terms of any desired mass or molar fluxes. In the case of employing the
mass based model form, it might be convenient to convert the mole fractions to mass
fractions by use of (2.519).

It is seen from (2.397), or maybe easier from the Fickian formulation (2.310), that
when the driving force (2.305) is approximated by the mole fraction gradients, there
is an important difference between binary diffusion and multicomponent diffusion
fluxes (e.g., Toor [152]; Taylor and Krishna [148]). In binary systems the movement
of species s is always proportional to the negative of the concentration gradient of
species s. In multicomponent diffusion, however, we may also experience reverse
diffusion in which a species moves against its own concentration gradient, osmotic
diffusion in which a species diffuses even though its concentration gradient is zero,
and diffusion barrier when a species does not diffuse even though its concentration
gradient is nonzero.

Mole based Maxwell-Stefan model forms

For dilute gas mixtures, a set of simplifying assumptions is normally considered
very good approximations for ordinary mass transport problems. That is, the thermal
diffusion mechanism is assumed negligible compared to the other mass transport
phenomena for ordinary temperature gradients, the body force per unit mass is the
same on each species when gravity is the only body force acting on the gas mixture,
and either the pressure is constant or the molecular weights of all the species in the
mixture are about the same. For such system operating conditions, the driving force
(2.305) reduces to:

ds ≈ ∇xs (2.396)

The resulting set of Maxwell-Stefan equations, i.e., using the first expression in last
line on the RHS of (2.392), is given by:

∇xs =
N∑

r=1

xi x j

D̃sr
(vr − vs) = −

N∑

r=1

1

cD̃sr
(xr Ns − xsNr ) (2.397)

where s = 1, 2, 3, . . . , N .
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This relation is referred to as the original Maxwell-Stefan model equations, since
Maxwell [95, 97] was the first to derive diffusion equations in a form analogous to
(2.397) for dilute binary gasmixtures using kinetic theory arguments (i.e.,Maxwell’s
seminal idea was that concentration gradients result from the friction between the
molecules of different species, hence the proportionality coefficients, Ĉsk , were inter-
preted as inverse friction or drag coefficients), and Stefan [142, 143] extended the
approach to ternary dilute gas systems. It is emphasized that the original model equa-
tions were valid for ordinary diffusion only and did not include thermal, pressure, and
forced diffusion. It is sometimes convenient to cast the governing set of equations
into a N − 1 dimensional matrix form.

Starting out from the diffusive molar fluxes, as given by the last term on the RHS
of (2.392), yield:

ds = −
N∑

r=1

xr J∗
s − xsJ∗

r

cD̃sr
(2.398)

where s = 1, 2, 3, . . . , N .
However, only N − 1 of the diffusion fluxes are independent, hence:

J∗
N = −

N−1∑

r=1

J∗
r (2.399)

Using the latter relation, (2.398) may be rewritten as:

ds = −
N∑

r=1

xr J∗
s − xsJ∗

r

cD̃sr
= −

N−1∑

r=1

xr J∗
s − xsJ∗

r

cD̃sr
−

(
xN J∗

s − xsJ∗
N

cD̃s N

)

= −
N−1∑

r=1

xr J∗
s − xsJ∗

r

cD̃sr
−

⎛

⎜
⎜
⎜
⎝

xN J∗
s − xs(−

N−1∑

r=1
J∗

r )

cD̃s N

⎞

⎟
⎟
⎟
⎠

= −
N−1∑

r=1

(

− xsJ∗
r

cD̃sr
+ xsJ∗

r

cD̃s N

)

−
N−1∑

r=1

xr J∗
s

cD̃sr
− xN J∗

s

cD̃s N

= −
N−1∑

r=1

(

− xsJ∗
r

cD̃sr
+ xsJ∗

r

cD̃s N

)

−
N∑

r=1

xr J∗
s

cD̃sr
(2.400)

= −
N−1∑

r=1
r �=s

(

− xs

cD̃sr
+ xs

cD̃s N

)

J∗
r −

N∑

k=1
k �=s

xk

cD̃sk
J∗

s − xs

cD̃s N
J∗

s

= 1

c

⎧
⎪⎨

⎪⎩
−

N−1∑

r=1
r �=s

Bsr J∗
r − BssJ∗

s

⎫
⎪⎬

⎪⎭
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where the coefficients Bss and Bsr are defined by:

Bsr = −xs

(
1

D̃sr
− 1

D̃s N

)

(2.401)

and

Bss = xs

D̃s N
+

N∑

k=1
k �=s

xk

D̃sk
(2.402)

Let d and J∗ denote, respectively, the vectors of independent driving forces
d1, d2, d3, . . . , dN−1 and independent diffusion fluxes J∗

1, J∗
2, J∗

3, . . . , J∗
N−1, thus

the N − 1 equations can be written in the N − 1 dimensional matrix form as:

cd = −[B]J∗ (2.403)

where [B] is a square matrix of order N − 1.
Then, to find an explicit expression for J∗ the previous relation is pre-multiplied

by the inverse of [B]. The result is:

c[B]−1d = −[B]−1[B]J∗ = −J∗ (2.404)

or, more conveniently, the diffusive flux vector can be defined in terms of the driving
force vector:

J∗ = −c[B]−1d (2.405)

In particular cases it is desired to work with an explicit expression for the mole flux
of a single species type s, J∗

s , avoiding the matrix form given above. Such an explicit
model can be derived manipulating the original Maxwell-Stefan model (2.398), with
the approximate driving force (2.396), assuming that the mass fluxes for all the other
species are known:

J∗
s =

−c∇xs +
N∑

r=1
r �=s

J∗
r xs

D̃sr

N∑

r=1
r �=s

xr

D̃sr

= Ds

⎛

⎜
⎝−c∇xs +

N∑

r=1
r �=s

(
J∗

r xs

D̃sr

)
⎞

⎟
⎠ (2.406)

in which Ds is given by:
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Ds =
⎛

⎜
⎝

N∑

r=1
r �=s

xr

D̃sr

⎞

⎟
⎠

−1

(2.407)

where s = 1, 2, 3, . . . , N . It is noted that Datta and Vilekar [30] outlined a more
rigorous procedure deriving an explicit expression for the Maxwell-Stefan diffusion
fluxes into the Fickian form.

A rigorous derivation of these relations were given by Curtiss and Hirschfelder
[24] extending the Enskog theory to multicomponent systems. One important result
of the Curtiss andHirschfelder [24] theory of dilute mono-atomic gasmixtures is that
it did show that the Maxwell-Stefan diffusivities are to a very good approximation
equal to the binary diffusivities, D̃sr ≈ Dsr . On the other hand, Curtiss and Bird
[26, 27] did show that for dense gases and liquids the Maxwell-Stefan equations are
still valid, but the strongly concentration dependent diffusivities appearing therein
are not the binary diffusivities but merely empirical parameters. It is thus noted that
for these two types of systems (i.e., dense gases and liquids), the practical application
of the generalized Fick’s first law diffusivities and the Maxwell-Stefan diffusivities
are equivalent in that both sets of coefficients require numerous costly experimentally
determined data sets to enable proper parameter fitting.

Mass based Maxwell-Stefan model forms

The corresponding combined mass flux form of the Maxwell-Stefan relation can be
expressed as:

ds = −
N∑

r=1

xs xr (vs − vr )

D̃sr
= −

N∑

r=1

xs xr

(
ns
ωs

− nr
ωr

)

ρD̃sr
(2.408)

The combined flux variable in the Maxwell-Stefan equation given above is then
eliminated using the definition (2.394), thus:

ds = −
N∑

r=1

xs xr

(
js+ρωs vm

ωs
− jr +ρωr vm

ωr

)

ρD̃sr
= −

N∑

r=1

xs xr

(
js
ωs

− jr
ωr

)

ρD̃sr
(2.409)

By use of (2.519), the Maxwell-Stefan equation can be manipulated as:
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ds = −
N∑

r=1

(
xs xr

js
ωs

− xs xr
jr
ωr

ρD̃sr

)

= −
N∑

r=1

(
ωs Mw

Mws

) (
ωr Mw

Mwr

)
js
ωs

−
(

ωs Mw

Mws

) (
ωr Mw

Mwr

)
jr
ωr

ρD̃sr
(2.410)

= − M2
w

ρMws

N∑

r=1

ωr js − ωsjr

Mwr D̃sr

However, only N − 1 of the diffusion fluxes are independent, hence:

jN = −
N−1∑

r=1

jr (2.411)

Eliminating the diffusive flux jN from (2.410), by use of (2.411), yields:

ds
ρMws

M2
w

= −
N−1∑

r=1

ωr js − ωsjr

Mwr D̃sr
−

(
ωN js − ωsjN

MwN D̃s N

)

= −
N−1∑

r=1

ωr js − ωsjr

Mwr D̃sr
−

⎛

⎜
⎜
⎜
⎝

ωN js − ωs

(

−
N−1∑

r=1
jr

)

MwN D̃s N

⎞

⎟
⎟
⎟
⎠

= −
N−1∑

r=1

(

− ωsjr

Mwr D̃sr
+ ωsjr

MwN D̃s N

)

−
N−1∑

r=1

(
ωr js

Mwr D̃sr

)

−
(

ωN js

MwN D̃s N

)

= −
N−1∑

r=1

(

− ωsjr

Mwr D̃sr
+ ωsjr

MwN D̃s N

)

−
N∑

r=1

(
ωr js

Mwr D̃sr

)

= −
N−1∑

r=1
r �=s

(

− ωsjr

Mwr D̃sr
+ ωsjr

MwN D̃s N

)

−
(

− ωsjs

Mws D̃ss
+ ωsjs

MwN D̃s N

)

−
N∑

r=1
r �=s

(
ωr js

Mwr D̃sr

)

−
(

ωsjs

Mws D̃ss

)

= −
N−1∑

r=1
r �=s

(

− ωs

Mwr D̃sr
+ ωs

MwN D̃s N

)

jr −

⎛

⎜
⎜
⎝

ωs

MwN D̃s N
+

N∑

k=1
k �=s

(
ωk

Mwk D̃sk

)
⎞

⎟
⎟
⎠ js

(2.412)

A more compact notation is achieved introducing two coefficient matrices:
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ds = − M2
w

ρMws

⎛

⎜
⎜
⎝

N−1∑

r=1
r �=s

B ′
sr jr + B ′

ssjs

⎞

⎟
⎟
⎠ (2.413)

where the coefficient matrices Bsr and Bss are defined by:

B ′
sr = −ωs

(
1

Mwr D̃sr
− 1

MwN D̃s N

)

(2.414)

and

B ′
ss = ωs

MwN D̃s N
+

N∑

k=1
k �=s

ωk

Mwk D̃sk
(2.415)

The diffusion flux can then be written on the vector form:

j = −ρ(Mw)

M2
w

[B ′]−1d (2.416)

For the particular cases in which the model for the driving force reduces to the
mole fraction gradient, an explicit relation for js can be expressed in terms of the
other unknown fluxes jr . This nonlinear model must thus be solved by an iteration
procedure. Besides, when the mass based formulation is used, it is convenient to
rewrite the driving force in terms of the corresponding mass fraction gradient:

ds ≈ ∇xs = ∇
(

ωs Mw

Mws

)

= 1

Mws

∇(ωs Mw) = 1

Mws

(ωs∇Mw + Mw∇ωs)

(2.417)
By inserting (2.417) into (2.410), gives:

1

Mws

(ωs∇Mw + Mw∇ωs) = − M2
w

ρMws

N∑

r=1

ωr js − ωsjr

Mwr D̃sr
(2.418)

After multiplication by Mws /Mw, this expression can be manipulated as:

ωs∇ ln(Mw) + ∇ωs = Mw

ρ

N∑

r=1

ωsjr − ωr js

Mwr D̃sr
(2.419)

The RHS of the relation can be further manipulated, as the terms for r = s cancel
out. The result is given by:
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ωs∇ ln(Mw) + ∇ωs = Mw

ρ

⎛

⎜
⎜
⎝

N∑

r=1
r �=s

ωsjr

Mwr D̃sr
− js

N∑

r=1
r �=s

ωr

Mwr D̃sr

⎞

⎟
⎟
⎠ (2.420)

An explicit relation for the diffusive flux of species s, js , can be obtained with minor
manipulation:

js = D′
s

⎛

⎜
⎜
⎝−ρωs∇ln(Mw) − ρ∇ωs + Mwωs

N∑

r=1
r �=s

jr

Mwr D̃sr

⎞

⎟
⎟
⎠ (2.421)

where the effective mass based diffusion coefficient is defined by:

D′
s =

⎛

⎜
⎜
⎝Mw

N∑

r=1
r �=s

ωr

Mwr D̃sr

⎞

⎟
⎟
⎠

−1

(2.422)

The relation (2.421) can be used to solve the set of Maxwell-Stefan equations
iteratively.

Kleijn [65] used this Maxwell-Stefan formulation simulating chemical vapor
deposition reactors. One advantage of this explicit formula is that the multicom-
ponent flux is relatively easy to implement as user defined functions in commercial
flow codes. However, the conventional matrix form probably enables the design of
more efficient solution strategies.

Maxwell-Stefan model consistency with Fick’s first law

The consistency with Fick’s first law for binary systems (2.301) is examined compar-
ing the generalized Fickian mass flux vectors (2.310), including the Maxwell-Stefan
diffusivity (2.391), the Bird et al. [9] generalized Fickian diffusivity (2.311), and the
binary diffusivity. For binary systems, i.e., s, r = 1, 2, the Fickian mass flux vector
(2.310) reduces to:

j1 = −DT
1 ∇ ln T − ρ1(D̂11d1 + D̂12d2) = −DT

1 ∇ ln T + ρD̂12d1

= −DT
1 ∇ ln T + ρ

{

−D̃12
ω1ω2

x1x2

}

d1 ≈ −DT
1 ∇ ln T + ρ

{

−D12
ω1ω2

x1x2

}

d1

= −DT
1 ∇ ln T − ρD12d1 = −DT

1 ∇ ln T − ρ

{

D̃12
ω1ω2

x1x2

}

d1 (2.423)

where we have used the additional requirements that j1 + j2 = 0 in accordance with
(2.293), d1 +d2 = 0 due to the properties specified for the generalized driving force
(2.305). For binary mixtures, the current diffusivities (2.310) have the following
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properties ω1 D̂11 + ω2 D̂21 = ω1 D̂12 + ω2 D̂22 = 0, and D̂12 = D̂21. For dilute
gases the multicomponent Fickian diffusivities D̂12 are also related to the Maxwell-
Stefan and Fick’s first law diffusivities as shown by Curtiss [25] and tabulated by
Curtiss and Bird [26, 27] and Bird et al. [9], i.e., D̂11 = −ω2ω2

x1x2
D̃12 and D̂12 =

−ω1ω2
x1x2

D̃12. It is further noticed that for gases at low density the Maxwell-Stefan
diffusivities are approximately equal to the Fick first law binary diffusivities, i.e.
D̃12 ≈ D12.

Comparing the binary diffusivities D̂12 and the Maxwell-Stefan diffusivity D̃12
and the Fick’s first law diffusivity D12, it is revealed that these coefficients differ by
a factor that is a function of the composition. Moreover, these diffusivities do not
even have the same sign. It is noted, however, that for binary mixtures the alternative
Fickian binary diffusivityD12 do have the same sign as the Maxwell-Stefan and thus
the Fick’s first law binary diffusivities. This explains why the plus sign was chosen in
(2.311). The binary form of the generalized Maxwell-Stefan equation (2.423) might
also be combined with the extended generalized diffusional driving force vector
(2.369).

The result is:

j1 = −DT
1 ∇ ln T + ρ

{

−D̃12
ω1ω2

x1x2

}

d1 = −DT
1 ∇ ln T −

(
c2

ρ

)

Mω1 Mω2 D̃12d1

= −DT
1 ∇ ln T −

(
c2

ρ

)

Mω1 Mω2 D̃12

×
[

x1
RT

(
∂Ḡ1

∂x2
)T,p∇x2 + x1Mw1

RT

[

(V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]]

= −DT
1 ∇ ln T −

(
c2

ρ

)

Mω1 Mω2 D̃12

×
[

(
∂ ln am

1

∂ ln x1
)T,p∇x1 + x1Mw1

RT

[

(V̌ − 1

ρ
)∇ p − ω2(g1 − g2)

]]

(2.424)

If the pressure-, thermal-, and forced-diffusion terms are dropped, the binary diffu-
sivities can be expressed as:

j1 = −c2

ρ
Mw1 Mw2

{

D̃12(
∂ ln am

1

∂ ln x1
)T,P

}

∇x1 (2.425)

The driving force can also be expressed in terms of the mass fraction gradient using
(2.524):

j1 = −c2

ρ
Mω1 Mω2

{

D̃12(
∂ ln am

1

∂ ln x1
)T,P

}[

(
ρ

c
)2

1

Mω1 Mω2

∇ω1

]

= −ρ

{

D̃12(
∂ ln am

1

∂ ln x1
)T,P

}

∇ω1 = −ρD12∇ω1 (2.426)
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where we have used the relation (2.524) between mole and mass fraction gradi-
ents; ∇x1 = M2

ω∇ω1/(Mω1 Mω2). This result confirms that for binary systems the
Maxwell-Stefan model reduces to the Fick’s first law (2.301). Moreover, it follows
that for dilute gas systems D12 ≈ D̃12. Similarly, it can be shown that the Fick’s first
law diffusivity is the same whether this law is formulated on a mass or molar basis.

It is informative to express the overall binary mass diffusion flux (2.424) as a
linear sum of the four terms [7, 9, 55, 132] and examine the importance of each of
the mass diffusion flux vector contributions in chemical reactor analysis:

j1 = jo
1 + jp

1 + jg1 + jT
1 (2.427)

The relative importance of the various contributions to the overall mass diffusion
flux in chemical reactor analysis is discussed in Sect. 1.2.2.

The ordinary diffusion flux, which is normally significant in reactor analysis, is
expressed as:

jo
1 = −ρ

{

D̃12

(
∂ ln am

1

∂ ln x1

)

T,p

}

∇ω1 = −ρD12∇ω1 (2.428)

where ∇x1 = M2
ω∇ω1/(Mω1 Mω2).

For non-ideal mixtures, the Fick first law binary diffusivity, D12, can thus be
expressed in terms of the Maxwell-Stefan diffusivity, D̃12, by:

D12 = D̃12(
∂ ln am

1

∂ ln x1
)T,p (2.429)

The pressure diffusion is given by:

jp
1 = Mw1x1

RT
(V̌ − 1

ρ
)∇ p (2.430)

This term is significant in systems where there are very large pressure gradients [91].
However, the operating pressure gradients in chemical reactors are usually not large
enough so this term is not significant in reactor models.

The forced diffusion is expressed as:

jg1 = − Mw1x1ω2

RT
(g1 − g2) (2.431)

which may be of importance describing aqueous electrolytes [91]. If gravity is the
only external force, as in most chemical reactors, then g1 = g2 = g and j(g)

1 vanishes.
The thermal diffusion term is written as:

jT
1 = −DT

1 ∇ ln T (2.432)

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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This term is usually not important in reactor modeling, since sufficiently large
temperature gradients are not common in chemical process plants.

Application of the Maxwell-Stefan model to dense gases and liquids

For non-ideal systems the Maxwell-Stefan diffusivities for multicomponent dense
gases and liquids deviate from the Fick first law binary coefficients derived from
kinetic theory and are thus merely empirical parameters [26]. Hence, for non-ideal
systems either D12 or D̃12 must be fitted to experimental data. In the first approach the
actual diffusivities D12 are measured directly, thus this procedure requires no addi-
tional activity data. In the second approach the non-ideal effects are divided from
the Maxwell-Stefan diffusivities. These are the binary Maxwell-Stefan coefficients,
D̃12, that are fitted to experimental diffusivity data. The non-ideality corrections may
be computed from a suitable thermodynamic model. These thermodynamic models
generally contains numerous model parameters that have to be fitted to suitable ther-
modynamic data. This type of simulations were performed extensively by Taylor and
Krishna [148]. The various forms of the multicomponent diffusion flux formulations
are all of limited utility in describing multicomponent diffusion in non-ideal systems
as they all contain a large number of empirical parameters that have to be determined
experimentally.

2.9.5.5 The Approximate Wilke Multicomponent Diffusion Flux Model

Wilke [161] proposed a simpler model for calculating the effective diffusion coeffi-
cients for diffusion of a species s into a multicomponent mixture of stagnant gases.
For dilute gases the Maxwell-Stefan diffusion equation is reduced to a multicompo-
nent diffusion fluxmodel on the binary Fick’s law form inwhich the binary diffusivity
is substituted by an effectivemulticomponent diffusivity. TheWilkemodel derivation
is examined in the sequel.

Approximate mole based Wilke diffusion model

The combined molar flux of species s in a binary mixture is defined in accordance
with (2.393), using Fick’s law:

Ns = csv∗
m + J∗

s = xscv∗
m − cDsr∇xs = xs(Ns + Nr ) − cDsr∇xs (2.433)

in which cv∗
m = Ns + Nr for binary mixtures.

Wilke [161], among others, postulated that an analogous equation for the com-
bined molar flux of species s in a multicomponent mixture can be written as [7]
(p. 571):

Ns = xs

N∑

r=1

Nr − cDsm∇xs (2.434)

where Dsm represents the effective diffusion coefficient of component s with respect
to the composition of the multicomponent gas mixture.
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To express the effective diffusion coefficient in terms of the known binary diffu-
sivities Wilke invoked the Maxwell-Stefan equation. From the last line on the RHS
of (2.392) a particular form of the Maxwell-Stefan equation is given:

∇xs =
N∑

r=1
r �=s

1

cD̃sr
(xsNr − xr Ns) (2.435)

For dilute systems all gases except the species s molecules are being stagnant, hence
all the fluxes denoted by Nr , for r �= s, are zero. Thus, the Wilke relation (2.434)
reduces to:

Ns = − cDsm

1 − xs
∇xs, (2.436)

and the Maxwell-Stefan equation (2.435) yields:

∇xs = −
N∑

r=1
r �=s

1

cD̃sr
xr Ns (2.437)

Then, by solving (2.436) for ∇xs and equating the result to the simplified driving
force (2.396) in the Maxwell-Stefan equations (2.435), we get (see [7], p. 571 and
[34]):

1

Dsm
= 1

(1 − xs)

N∑

r=1
r �=s

xr

D̃sr
(2.438)

The diffusion of species s in a multicomponent mixture can then be written in the
form of Fick’s law of binary diffusion, using the effective diffusion coefficient Dsm

instead of the binary diffusivity. The Wilke equation is defined by:

J∗
s = −cDsm∇xs (2.439)

However, theWilke equation does not in general satisfy the constraint that the species
mole fractions must sum to 1 [22].

A similar model often used by reaction engineers is derived for the limiting case
in which all the convective fluxes can be neglected. Consider a dilute component s
that diffuses into a homogeneous mixture, then J∗

r ≈ 0 for r �= s. To describe this
molecular transport the Maxwell-Stefan equations given by the last line in (2.392)
are adopted. With the given restrictions, the model reduces to:

∇xs =
N∑

r=1
r �=s

1

cD̃sr
(xsJ∗

r − xr J∗
s ) ≈ −

N∑

r=1
r �=s

1

cD̃sr
xr J∗

s (2.440)
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By solving the effective multicomponent diffusion flux, as postulated by Wilke
(2.439), for ∇xs and equating the result to the simplified driving force (2.396) in
the Maxwell-Stefan equations (2.440), the result is:

1

Dsm
=

N∑

r=1
r �=s

xr

D̃sr
(2.441)

This simple relation provides fair approximations of the molecular fluxes for several
multicomponent systems in which s is a trace component [114] (p. 597).

Approximate mass based Wilke diffusion model

The corresponding mass based Wilke approximate formulation [161] is outlined
next. In this model the diffusion of species s in a multicomponent mixture is written
in the form of Fick’s law with an effective diffusion coefficient D′

sm instead of the
conventional binary molecular diffusion coefficient. Following the ideas of Wilke
[161] we postulate that an equation for the combined mass flux of species s in a
multicomponent mixture can be written as:

ns = ωs

N∑

r=1

nr − ρD′
sm∇ωs (2.442)

where D′
sm represents the effective diffusion coefficient of component s with respect

to the mass based composition of the multicomponent gas mixture.
From the second last line on the RHS of (2.392) a particular form of theMaxwell-

Stefan equation is given:

∇xs =
N∑

r=1
r �=s

xs xr (
nr
ωr

− ns
ωs

)

ρD̃sr
(2.443)

For dilute systems all gases except the species s molecules are being stagnant, hence
all the fluxes denoted by nr , for r �= s, are zero. Hence, the Wilke relation (2.442)
reduces to:

ns = − ρD′
sm

1 − ωs
∇ωs, (2.444)

The Maxwell-Stefan equation (2.443) reduces to:

∇xs ≈ −
N∑

r=1
r �=s

xs xr
ns
ωs

ρD̃sr
(2.445)
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Noting that the driving force can be expressed in terms of mass fractions instead of
mole fractions in according to (2.417), and by transforming the mole fractions on
the RHS into mass fractions, the relation above can be written as:

ωs∇Mw + Mw∇ωs ≈ − M2
wns

ρ

N∑

r=1
r �=s

ωr

Mwr D̃sr
(2.446)

With minor manipulation this relation can be written as:

∇ωs ≈ − Mwns

ρ

N∑

r=1
r �=s

ωr

Mwr D̃sr
− ωs

∇Mw

Mw

(2.447)

For dilute mixtures consisting of species having about the same molecular weight,
the last term on the RHS of (2.447) might be neglected:

∇ωs ≈ − Mwns

ρ

N∑

r=1
r �=s

ωr

Mwr D̃sr
(2.448)

By solving (2.444) for ∇ωs and equating the result to the same gradient as derived
from the simplified Maxwell-Stefan equations (2.448), we obtain an expression for
the effective mass based diffusivity:

1

D′
sm

≈ Mw

1 − ωs

N∑

r=1
r �=s

ωr

Mwr D̃sr
(2.449)

This effective diffusivity expression is consistent with the multicomponent diffusive
flux written on the Fick’s law form:

js = −ρD′
sm∇ωs, (2.450)

which might be applied when the given restrictions are fulfilled.

2.9.5.6 Combined Bulk and Knudsen Diffusion Fluxes: The Wilke-Bosanquet
and Dusty Gas Models

To describe the combined bulk and Knudsen diffusion fluxes in the transition gas
transport regime, the simpleWilke-Bosanquet model [11, 70, 151] and the more rig-
orous dusty gas model [62, 70, 71, 94] can be used either on the mass or molar
forms. Knudsen diffusion refers to a gas transport regime where the mean free
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path between particle-particle collisions is significantly larger than the characteristic
spatial dimension of the system considered. The transition region between Knudsen
and bulk diffusion is of considerable importance because many processes involving
gas transport in restricted geometries lies in this region.

From the classic Knudsen formula the value of the Knudsen diffusion transport
coefficient, Di,K, can be computed [46, 66, 67]:

Ds,K = dpore
3

√
8RT

πMs
= 2

3

√
8R

π

dpore
2

√
T

Ms
≈ 97.0

dpore
2

(
T

Ms

)1/2

(2.451)

where R = 8.3143 × 103 [Nm/(kg mol K)].
The Knudsen formula (2.451) was originally verified [66, 67] in macro-pores,

i.e. pore size in the range of 50nm to 50μm, but is widely applied at the meso-pore
scale with adsorption effects neglected [6]. Because of the assumption that every
gas–wall collision is purely diffusive, the computed Knudsen diffusion coefficient
by (2.451) is considered to be an ideal upper limit [61]. The adsorption effect (van
der Waals interactions) lowers the Knudsen diffusivities because adsorption causes
the molecules to “stick” to the wall, and perhaps hop to a neighboring adsorption
site, rather than return to the bulk after collision. Hence, the trajectory of a weekly
adsorbed gas molecule strikes the pore wall and return to the bulk largely in keeping
with the diffusive reflection scenario prescribed by the Knudsen theory. On the other
hand, the trajectory of strongly adsorbed species are largely influenced by the hop-
ping of the molecules to neighboring positions along the surface, rather than being
reflected into the “core” of the pore. The validity of the Knudsen formula (2.451) is
thus based on the requirement that the time during which the molecules are in the
free space (i.e., under the influence of the uniform potential of the gas phase) signif-
icantly exceeds the time during which the molecules experience the attractive forces
of the surface. This is equivalent to the requirement that the number of molecules in
“bulk” notably exceed the number of molecules closer to the surface [74]. Because
equation (2.451) holds in the limiting case of purely diffusive collision, i.e. when the
molecules does not adsorb at pore walls, the validity of the correlation is debated in
the literature. The results of the studies of [6, 72–75] cast doubts on the validity of
the Bosanque—and dusty gas models when applied to mixtures in which at least one
of the species has strong adsorption characteristics, because of the neglection of van
der Waals interactions between the wall and the diffusing molecules in the purely
hard sphere analysis of Knudsen.

The Wilke-Bosanquet model

As a first approach to calculate the combined bulk and Knudsen diffusive flux using a
Fickian flux formulation, theBosanquet formula [11] has been suggested in literature
[11, 70, 151]. In this approach, the Fick form formulation uses a diffusivity computed
as the reciprocal additivity of the diffusion coefficients in the ordinary and Knudsen
diffusion regimes.
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Mole based Wilke-Bosanquet model

Similar to (2.439) the diffusion flux is:

Js = −cDs,eff∇xs (2.452)

The Ds,eff is given by the harmonic average relation of Bosanquet [11, 151]:

1

Ds,eff
= 1

Dsm
+ 1

Ds,K
(2.453)

where Dsm is given by (2.438) and the Knudsen diffusivity Ds,K can be calculated
from (2.451) which is derived based on the Kinetic theory principles [46].

Mass based Wilke-Bosanquet model

Similar to (2.450) the diffusion flux is:

js = −ρD′
s,eff∇ωs, (2.454)

The D′
s,eff is given by the analogue harmonic average relation of Bosanquet [11,

151]:
1

D′
s,eff

= 1

D′
sm

+ 1

Ds,K
(2.455)

where D′
sm is given by (2.449) and the Knudsen diffusivity Ds,K can be calculated

from (2.451).
The effective Knudsen diffusion coefficients are proportional to the pore diame-

ter and independent of pressure, while the bulk diffusivities are independent of pore
diameter and inversely proportional to pressure [62]. However, both bulk diffusiv-
ities and Knudsen diffusivities are dependent on the temperature. Relations for the
Knudsen transport coefficient and binary diffusivities are represented in Table 2.1.

Mole based dusty-gas model

The dusty gas model represents an extension of the Maxwell-Stefan bulk diffu-
sion model where a description of the Knudsen diffusion mechanisms is included.
In order to include theKnudsenmolecule—wall collisionmechanism in theMaxwell-
Stefan model originally derived considering bulk gas molecule-molecule collisions
only, the wall (medium) molecules are treated as an additional pseudo component
in the gas mixture. The pore wall medium is approximated as consisting of giant
molecules, called dust, which are uniformly distributed in space and held station-
ary by an external clamping force. This implies that both the diffusive flux and the
concentration gradient with respect to the dust particles vanish.

For the N + 1-component pseudo-mixture we may modify the formulation of
the Maxwell-Stefan equation given in the last line of (2.392) and the generalized
diffusional driving force expression (2.305). Thedusty gasmodel canbe expressed as:
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Table 2.1 Relations for Knudsen and binary diffusion coefficients based on kinetic theory of gases

Knudsen diffusion coefficient [46, 66, 67]:

Ds,K = 97.0
dpore
2

(
T

Ms

)1/2

(2.451)

Binary diffusion coefficients [114]:

Ds,r = 0.00266·101325 T 3/2

0.012 p �D,sr σ2
sr M1/2

sr
(2.627)

where the property units are; Ds,r [m2/s], p [Pa], and T [K].
The property functions are:
The molecular weight factor [kg/kmol] is defined as:

Msr = 2

(
1

Ms
+ 1

Mr

)−1

(2.456)

The σsr [Å] denotes the characteristic Lennard-Jones diameter:
σsr = σs+σr

2 (2.457)
The Lennard-Jones characteristic energy [J] is approximated as:

εsr = (εsεr )
1/2 (2.458)

The dimensionless collision integral, �D,sr , is given as:
�sr = A

(T ∗∗
sr )B + C

exp(DT ∗∗
sr )

+ E
exp(FT ∗∗

sr )
+ G

exp(H T ∗∗
sr )

(2.459)

where
T ∗∗

sr = kT/εsr A = 1.06036 B = 0.15610
C = 0.19300 D = 0.47635 E = 1.03587 (2.460)
F = 1.52996 G = 1.76474 H = 3.89411

−
N∑

r=1

N′
s x ′

r − N′
r x ′

s

c′ D̃′
sr

− N′
s x ′

N+1 − N′
N+1x ′

s

c′ D̃′
s,N+1

= ∇x ′
s + (x ′

s − ω′
s)∇ p′

p′ (2.461)

−
c′

sg′
s − ω′

s

N+1∑

r=1
c′

r g′
r

p′

where s = 1, 2, ..., N + 1. However, only N of these equations are independent.
It is thus required to solve (N − 1) equations for the bulk species and 1 for the
pseudo-component denoting the pore wall medium.

The quantities marked with a prime refer to the pseudo-mixture, that is the gas
mixture with the dust molecules. This distinction will be maintained by writing
p′, c′, x ′

s , D̃′
sr and ω′

s for the quantities referred to the pseudo-mixture and p, c, xs ,
D̃sr and ωs for the same quantities referred to the actual ideal gas. Note also that for
the species concentrations cs , partial pressures ps and the molar flux vectors there
are no distinction between the two quantities.

To ensure that the dust molecules are motionless, N′
N+1 = 0, a net external force

is used to prevent them from moving in response to any gas pressure gradients [71]:

∇ p = cN+1gN+1 (2.462)
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Moreover, it is assumed that there are no external forces acting on the actual species,
gs = 0 for s = 1, ..., N . The form of the q independent equations is thus given by:

−
N∑

r=1

N′
s x ′

r − N′
r x ′

s

c′ D̃′
sr

− N′
s x ′

N+1

c′ D̃′
s,N+1

= ∇x ′
s + (x ′

s − ω′
s)∇ p′

p′ + ω′
scN+1gN+1

p′ (2.463)

To obtain a form of the dusty gas model that can be used in practice the primed
variables associatedwith the pseudo-mixture have to be transformed to the un-primed
variables associated with the gas.

The two first terms on the RHS can be formulated as:

∇x ′
s + x ′

s

p′ ∇ p′ = ∇
(

p′
s

p′

)

+ x ′
s

p′ ∇ p′ = p′
s∇

(
1

p′

)

+ 1

p′ ∇ p′
s + x ′

s

p′ ∇ p′

= − p′
s

p′2∇ p′ + 1

p′ ∇ p′
s + x ′

s

p′ ∇ p′

= − x ′
s

p′ ∇ p′ + 1

p′ ∇ p′
s + x ′

s

p′ ∇ p′ = 1

p′ ∇ p′
s (2.464)

From the equation of state for an ideal gas we observe:

p′ = c′ RT = (c + cN+1)RT = p + cN+1RT (2.465)

Hence, applying the nabla operator yields:

∇ p′ = ∇ p + cN+1R∇T (2.466)

Inserting this result into (2.462), gives:

cN+1gN+1 = ∇ p′ − cN+1R∇T (2.467)

By use of the ideal gas law, (2.464) can be rewritten as:

1

p′ ∇ p′
s = 1

c′ RT
∇(c′

s RT ) = c′
s∇(ln T )

c′ + ∇c′
s

c′ (2.468)

Then, employing these formulas, (2.463) can be rewritten as:
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−
N∑

r=1

N′
s x ′

r − N′
r x ′

s

c′ D̃′
sr

− N′
s x ′

N+1

c′ D̃′
s,N+1

= ∇x ′
s + x ′

s∇ p′

p′ − ω′
s∇ p′

p′ + ω′
scN+1gN+1

p′

= 1

p′ ∇ p′
s − ω′

s∇ p′

p′ + ω′
s(∇ p′ − cN+1R∇T )

p′

= c′
s∇(ln T )

c′ + ∇c′
s

c′ + ω′
scN+1R∇T

p′ (2.469)

To complete the transformation of the dusty gas model containing primed quantities
into the un-primed variables associated with the actual gas, one must employ the
following definitions:

x ′
s = c′

s

c′ (2.470)

c′
s = cs (2.471)

D̃e
sr = c′ D̃′

sr

c
(2.472)

D̃e
sK = D̃′

s,N+1

x ′
N+1

(2.473)

xs = cs

c
(2.474)

N′
s = Ns (2.475)

Multiplying the first term on the LHS of (2.469) by c′/c′, we obtain:

−
N∑

r=1

N′
s x ′

r c′ − N′
r x ′

sc′

c′2 D̃′
sr

= −
N∑

r=1

Nscr − Nr cs

c′2 D̃′
sr

= −
N∑

r=1

Ns xr − Nr xs

c′ D̃e
sr

(2.476)

The mass fraction of species s can be expressed as:

ω′
s = ms

mtotal
=

ms
V

mtotal
V

= ρs

ρtotal
= ρs

N∑

r=1
ρr + ρN+1

= cs Mws

N∑

r=1
(cr Mwr ) + cN+1MwN+1

(2.477)
When MwN+1 → ∞, ω′

s → 0, so the last term on the RHS of (2.469) vanishes.
Hence, (2.469) becomes:

−
N∑

r=1

Ns xr − Nr xs

D̃e
sr

− N′
s x ′

N+1

D̃′
s,N+1

≈ cs∇(ln T ) + ∇cs (2.478)

By employing the relations; D̃e
sK = D̃′

s,N+1
x ′

N+1
and N′

s = Ns , we get:
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−
N∑

r=1

Ns xr − Nr xs

D̃e
sr

− Ns

D̃e
sK

= cs∇(ln T ) + ∇cs (2.479)

Moreover, by use of the ideal gas law; cs = ps
RT , the RHS can be manipulated like:

−
N∑

r=1

Ns xr − Nr xs

D̃e
sr

− Ns

D̃e
sK

= ps

RT
∇(ln T ) + ∇ ps

RT

= ps

RT 2∇T + ∇ ps

RT

= ps

RT 2∇T + ps

R
∇

(
1

T

)

+ 1

RT
∇ ps

= ps

RT 2∇T − ps

RT 2∇T + 1

RT
∇ ps

= 1

RT
∇ ps = c

p
∇ ps ≈ c∇xs (2.480)

Note that the final expression on the RHS is valid for ideal gases at constant pressure
only.

By splitting the combined molar flux (2.393), we obtain:

N∑

r=1

(J∗
s + csv∗

m)xr − (J∗
r + cr v∗

m)xs

D̃e
sr

+ J∗
s + csv∗

m

D̃e
sK

≈ −c∇xs (2.481)

By simple manipulation, the commonly used mole form of the dusty gas model is
achieved:

N∑

r=1

J∗
s xr − J∗

r xs

D̃e
sr

+ J∗
s + csv∗

m

D̃e
sK

≈ −c∇xs (2.482)

It is sometimes advantageous to use an explicit expression, similar to (2.406), for
the diffusive flux. To achieve such an expression, we must reformulate the model by
first re-arranging the terms in the following way:

J∗
s

N∑

r=1

xr

D̃e
sr

−
N∑

r=1

J∗
r xs

D̃e
sr

+ J∗
s

D̃e
sK

+ csv∗
m

D̃e
sK

≈ −c∇xs (2.483)

Since the terms occurring for r = s in the two sums cancel out, we get:

J∗
s

⎛

⎜
⎝

N∑

k=1
k �=s

xk

D̃e
sk

+ 1

D̃e
sK

⎞

⎟
⎠ −

N∑

r=1
r �=s

J∗
r xs

D̃e
sr

+ csv∗
m

D̃e
sK

≈ −c∇xs (2.484)
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or, explicitly:

J∗
s ≈ De

s

⎛

⎜
⎝

N∑

r=1
r �=s

J∗
r xs

D̃e
sr

− csv∗
m

D̃e
sK

− c∇xs

⎞

⎟
⎠ (2.485)

where

De
s ≈

⎛

⎜
⎝

N∑

k=1
k �=s

xk

D̃e
sk

+ 1

D̃e
sK

⎞

⎟
⎠

−1

(2.486)

In some cases the convective term on the LHS of (2.482) can be neglected since
J∗

s � csv∗
m . For such problems the dusty gas model (2.482) reduces to:

N∑

r=1
r �=s

J∗
s xr − J∗

r xs

D̃e
sr

+ J∗
s

D̃e
sK

≈ −c∇xs (2.487)

This relation can be written in the matrix form:

J∗
s

⎛

⎜
⎝

N∑

k=1
k �=s

xk

D̃e
sk

+ 1

D̃e
sK

⎞

⎟
⎠ −

N∑

r=1
r �=s

J∗
r xs

D̃e
sr

≈ −c∇xs (2.488)

or more compactly:

J∗
s Bss +

N∑

r=1
r �=s

J∗
r Bsr ≈ −c∇xs (2.489)

with the coefficients:

Bss =
⎛

⎜
⎝

N∑

k=1
k �=s

xk

D̃e
sk

+ 1

D̃e
sK

⎞

⎟
⎠ (2.490)

and
Bsr = − xs

D̃e
sr

(2.491)

In vector notation, the flux relation (2.489) can thus be expressed in terms of the [B]
matrix:

[B]J∗ = −c∇x (2.492)

After multiplying both sides by [B]−1, this relation takes a more convenient form:

J∗ = −c[B]−1∇x (2.493)
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It is emphasized that in this description the gas molecule-dust interactions are
accounted for by a set of effective Knudsen diffusion coefficients. Therefore, the
dusty gas model contains two types of effective binary diffusion coefficients, the
effective binary pair diffusivities in the porous medium and the effective Knudsen
diffusivities. The effective diffusivities are related to the corresponding molecular
diffusivities by:

D̃e
sr = D̃sr

ε

τ
(2.494)

and
D̃e

sK = D̃sK
ε

τ
(2.495)

where the porosity-to-tortuosity factor ( ε
τ ) characterizes the porousmatrix and is best

determined by experiment. Epstein [38] provides physical interpretations of the ε and
τ parameters. For dilute gases, both the molecular bulk and Knudsen diffusivities
can be derived from kinetic theory.

Mass based dusty-gas model

On the mass basis, the dusty gas model can be written in analogy to (2.469) in the
following way:

−
N∑

r=1

n′
s x ′

r x ′
s

ω′
s

− n′
r x ′

s x ′
r

ω′
r

ρ′ D̃′
sr

−
n′

s x ′
s x ′

N+1
ω′

s

ρ′ D̃′
s,N+1

= c′
s∇(ln T )

c′ + ∇c′
s

c′ (2.496)

when MwN+1 → ∞, ω′
s → 0 in accordance with (2.477).

To close the mass form of the dusty gas model, using a similar transformation
procedure as employed for the mole based formulation, three novel definitions are
required:

n′
s = ns (2.497)

j′s = js (2.498)

ρ′
s = ρs (2.499)

We multiply the first term on the LHS by c′2/c′2 and the second term on the LHS by
c′/c′:

−
N∑

r=1

ns
ω′

s
(x ′

r c′)(x ′
sc′) − nr

ω′
r
(x ′

sc′)(x ′
r c′)

(c′)2ρ′ D̃′
sr

−
ns
ωs

(x ′
sc′)x ′

N+1

c′ρ′ D̃′
s,N+1

= c′
s∇(ln T )

c′ + ∇c′
s

c′
(2.500)

Thereby, all the primed terms of the pseudo-mixture can then be transformed into
the actual un-primed variables:
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−
N∑

r=1

ns
ρs

cr cs − nr
ρr

cscr

cDe
sr

−
ns
ρs

cs

De
sK

= cs∇(ln T ) + ∇cs (2.501)

Thereafter, the terms containing the actual un-primed mixture variables can be re-
written by use of (2.394) and the ideal gas law:

N∑

r=1

xr xs
ωs

js − xs xr
ωr

jr

De
sr

+
xs
ωs

js + vmcs Mw

De
sK

= −ρ∇xs (2.502)

This form of the mass based dusty gas model equation, which corresponds with the
mole based formulation (2.481), is restricted to constant pressure systems.

To enable effective computations it is convenient to rewrite the mole fractions
into mass fractions, hence the dusty gas model takes the form:

M2
w

Mws

N∑

r=1
r �=s

ωr js − ωsjr

Mwr De
sr

+ Mwjs + vmρs Mw

Mws De
sK

= − ρ

Mws

(ωs∇Mw + Mw∇ωs) (2.503)

From this expression an explicit expression for js can be obtained:

js = De
s

⎛

⎜
⎝M2

w

N∑

r=1
r �=s

ωsjr

Mwr De
sr

− vmρs Mw

De
sK

− ρ(ωs∇Mw + Mw∇ωs)

⎞

⎟
⎠ (2.504)

where

De
s =

⎛

⎜
⎝M2

w

N∑

r=1
r �=s

ωr

Mwr De
sr

+ Mw

De
sK

⎞

⎟
⎠

−1

(2.505)

In the particular cases in which the convective term can be neglected, js � ρvmωs ,
the dusty gas model (2.503) reduces to:

M2
w

N∑

r=1
r �=s

ωr js − ωsjr

Mwr De
sr

+ Mwjs

De
sK

= −ρ(ωs∇Mw + Mw∇ωs) (2.506)

The model can be written in a matrix form:

js

⎛

⎜
⎝M2

w

N∑

k=1
k �=s

ωk

Mwk De
sk

+ Mw

De
sK

⎞

⎟
⎠ − M2

w

N∑

r=1
r �=s

ωsjr

Mwr De
sr

= −ρ(ωs∇Mw + Mw∇ωs)

(2.507)
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A more compact notation is obtained introducing two coefficient matrices:

js Bss +
N∑

r=1
r �=s

jr Bsr = −ρ(ωs∇Mw + Mw∇ωs) (2.508)

The coefficient matrices are defined by:

Bss = M2
w

N∑

k=1
k �=s

ωk

Mwk De
sk

+ Mw

De
sK

(2.509)

and
Bsr = −M2

w

ωs

Mwr De
sr

(2.510)

In vector notation, the mass based dusty gas model becomes:

j = −ρ[B ′′]−1(ω∇Mw + Mw∇ω) (2.511)

From (2.480) a less restricted driving force can be derived avoiding the constant
pressure assumption. The extended diving force can be expressed by:

ds ≈ c
∇ ps

p
≈ ∇(pxs)

RT
= 1

Mws RT
(p(ωs∇Mw + Mw∇ωs) + Mwωs∇ p)

(2.512)
In this case the dusty gas diffusive mass flux can be written as:

j = −ρ[B ′′]−1 1

RT
(pω∇Mw + pMw∇ω + Mwω∇ p) (2.513)

The design of a complete set of governing equations for the description of reactive
flows requires that the combined fluxes are treated in a convenient way. In principle,
several combined flux definitions are available. However, since the mass fluxes with
respect to the mass average velocity are preferred when the equation of motion is
included in the problem formulation, we apply the species mass balance equations
to a q-component gas system with q − 1 independent mass fractions ωs and an
equal number of independent diffusion fluxes js . However, any of the formulations
derived for themulticomponentmass diffusion flux can be substituted into the species
mass balance (1.39), hence a closure selection optimization is required considering
the specified restrictions for each constitutive model and the computational efforts
needed to solve the resulting set of model equations for the particular problem in
question.

The notation and definitions used for the molar and mass based concentrations,
compositions and velocities characterizing multicomponent mixtures, as well as the
relationships between these variables are summarized in Table 2.2.

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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Table 2.2 Notation for concentrations and velocities in multicomponent mixtures

Algebraic concentration and velocity relations:
cs = ρs/Mωs ρs = cs Mωs (2.514)

c =
N∑

s=1
cs ρ =

N∑

s=1
ρs (2.515)

xs = cs/c ωs = ρs/ρ (2.516)
N∑

s=1
xs = 1

N∑

s=1
ωs = 1 (2.517)

Mω =
N∑

s=1
xs Mωs

1
Mω

=
N∑

s=1

ωs
Mωs

(2.518)

xs = ωs/Mωs
N∑

r=1
ωr /Mωr

ωs = xs Mωs
N∑

r=1
xr Mωr

(2.519)

v∗ =
N∑

r=1
ωsvs v =

N∑

r=1
ωsvs (2.520)

v − v∗ =
N∑

r=1
ωs(vs − v∗) v∗ − v =

N∑

r=1
xs(vs − v) (2.521)

Differential composition relations for multicomponent mixtures [9]:

∇xs = − M2
ω

Mωs

N∑

r=1
r �=s

[
1

Mω
+ ωs

(
1

Mωr
− 1

Mωs

)]
∇ωr (2.522)

∇ωs = − Mωs
M2

ω

N∑

r=1
r �=s

[
Mω + xs(Mωr − Mωs )

]∇xr (2.523)

Differential composition relations for binary systems [9]:

∇x1 =
1

Mω1 Mω2
∇ω1

(
ω1

Mω1
+ ω2

Mω2

)2 (2.524)

∇ω1 = Mω1 Mω2∇x1
(x1Mω1+x2Mω2 )2

(2.525)

2.9.6 Polyatomic Reactive Systems

For polyatomic reactive systems the mixture continuity, momentum and energy
equations seemingly remain unchanged compared to the corresponding conserva-
tion equations for multicomponent non-reacting mono-atomic gases, as ms , msCs ,
and etotals = 1

2msC2
s + eints are summation invariants. Note that etotals denotes the

total energy which equals the sum of the translational and internal energy forms.
The polyatomic molecules have rotational and vibrational energy modes and the
corresponding internal degrees of freedom [129]. Moreover, for polyatomic reac-
tive systems the species mass balance deviates from the corresponding one for
non-reactive systems in that it includes a reaction rate term resulting from colli-
sions of molecules of type s with all types of molecules [55]. This means that when
deriving this particular transport equation from basic principles, the collision term
on the RHS of the Boltzmann equation (2.296) must be modified to account for
the effects of chemical reactions. Correspondingly, transforming the mixture energy
balance in terms of temperature the resulting temperature equation is slightly dif-
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ferent from that of mono-atomic gases in that it contains a heat of reaction term. In
addition, as expected, the Enskog perturbation solution of the mixture Boltzmann
equation (2.289) is more involved than the corresponding one for simple systems
containing one type of species only. However, the expressions for the fluxes in terms
of the distribution function are unaffected by the reaction taking place in the gas
mixture.

2.9.6.1 An Outline of the Seminal Friction Coefficient Concept of Maxwell

Maxwell [95, 97] was the first to derive a set of diffusion equations in a form
analogous to (2.397) for dilute binary gas mixtures using kinetic theory arguments.
Maxwell’s [95, 97] seminal idea was that concentration gradients result from the
friction between the molecules of different species, hence the proportionality coef-
ficients, Ĉsk , were interpreted as inverse friction or drag coefficients.

The rigorous derivation of the Maxwell-Stefan equations by use of the kinetic
theory of dilute gases has already been explained in connection with (2.383) to
(2.392). Nevertheless, although not very useful in practical application, it might be
informative from a physical point of view to start out from the complete macro-
scopic species momentum balance when examining the consistent derivation of the
Maxwell-Stefan equations in terms of the mass diffusion fluxes. However, it is noted
that the following macroscopic derivation is not as rigorous as the alternative kinetic
theory approach. The linear momentum principle for species s states that the rate of
change of momentum is balanced by the forces acting on the system and the rate of
production of momentum of species s [110, 159]:

D

Dt

∫

Vs (t)
ρsvs dv =

∫

Vs (t)
ρsgs dv +

∫

As (t)
n · Ts da +

∫

Vs (t)

N∑

r=1

Psr dv (2.526)

+
∫

Vs (t)
rsv∗

s dv

where ρsgs represents the body force acting on species s. The term n · Ts represents
the species stress vector. The term Psr denotes the force per unit volume exerted
by species r on species s, and the sum in the balance equation represents the force
exerted on species s by all the other species. The last term rsv∗

s designates the source
of species momentum. Note that the velocity of the molecules of species s generated
by chemical reaction, v∗

s , need not be equal to the species s velocity vs .
To convert the system balance description into an Eulerian control volume for-

mulation the transport theorem is employed (i.e., expressed in terms of the species s
velocity, vs):

D

Dt

∫

Vs (t)
f dv =

∫

Vs

∂ f

∂t
dv +

∫

As

f vs · n da (2.527)

in which f represents any scalar, vector or tensor valued function.
To convert the area integrals into volume integrals the Gauss theorem is used

(App A) in the standard manner.
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The transformed momentum balance yields:

∫

Vs

(
∂(ρsvs)

∂t
+ ∇ · (ρsvsvs) − ρsgs − ∇ · Ts −

N∑

r=1

Psr − rsv∗
s

)

dv = 0

(2.528)
From Chap. 1 it is known that this balance has to be valid for any volume, hence the
integral argument must be equal to zero:

∂(ρsvs)

∂t
+ ∇ · (ρsvsvs) − ρsgs − ∇ · Ts −

N∑

r=1

Psr − rsv∗
s = 0 (2.529)

This balance equation can alsobederived fromkinetic theory [159]. In theMaxwellian
averageBoltzmann equation for the species s type ofmolecules, the collision operator
does not vanish because the momentum mscs is not an invariant quantity. Rigorous
determination of the collision operator in this balance equation is hardly possible,
thus an appropriate model closure for the diffusive force Psr is required. Maxwell
[95] proposed a model for the diffusive force based on the principles of kinetic the-
ory of dilute gases. The dilute gas kinetic theory result of Maxwell [95] is generally
assumed to be an acceptable form for dense gases and liquids as well, although for
these mixtures the binary diffusion coefficient is a concentration dependent, experi-
mentally determined empirical parameter.

The elementary modeling of the diffusion force is outlined in the sequel. For
dilute multicomponent mixtures only elastic binary collisions are considered and out
of these merely the unlike-molecule collisions result in a net transfer of momentum
from one type of species to another. The overall momentum is conserved since all
the collisions are assumed to be elastic (see Sect. 2.4.2.1), hence the net force acting
on species s from r per unit volume, Psr equals the momentum transferred from r
to s per unit time and unit volume (see e.g., [30] and [109], Sect. 4-2).

The diffusion force yields:
Psr = Msr Zsr (2.530)

where Msr represents the momentum flux transferred per collision, and Zsr denotes
the number of collisions between species s and r molecules per unit time and unit
volume (the collision density).

Several closures have been proposed to calculate the collision density for
molecules in gas mixtures [109] (pp. 52–55). To derive these expressions for the
collision density one generally perform an analysis of the particle-particle inter-
actions in an imaginary container [80, 109, 135], called the conceptual collision
cylinder in kinetic theory, as outlined in Sect. 2.4.2.5. A fundamental assumption
in this concept is that the rate of molecular collisions in a gas depends upon the
size, number density, and average speed of the molecules. Following Maxwell [95]
each type of molecules are considered hard spheres, resembling billiard balls, having
diameter ds , mass ms and number density ns . These hard spheres exert no forces on

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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each other except when they collide. Moreover, the collisions are perfectly elastic
and obey the classical conservation laws of momentum and energy. In addition, the
particles are uniformly distributed through the gas. Different approximations of the
hitherto unknown average molecular speeds 〈cs〉M and 〈cr 〉M can then be made.
Suppose that a molecule of type s moves with an average speed of 〈|cs |〉M = 〈cs〉M

in an imaginary container that contains both s and r molecules. Preliminary, in line
with the early models, we may assume that the molecules of r are stationary (this
restriction will be removed shortly). Since we are using the billiard ball molecular
model, a collision occurs each time the distance between the center of a molecule s
and a molecule r becomes equal to dsr = (ds + dr )/2 in accordance with (2.142).
This means that if we construct an imaginary sphere of radius dsr around the center
of molecule s, a collision occur every time another molecule r is located within
this sphere as the molecule s enclosed within the imaginary sphere travels with its
average speed sweeping out a cylindrical volume σAT 〈cs〉M = πd2

sr 〈cs〉M per unit
time. The total collision cross section is defined by (2.151). If nr is the total number
of r molecules per unit mixture volume, the number of centers of r molecules in
the volume swept out is σAT 〈cs〉M nr . This number equals the number of collisions
experienced by the one molecule of s in unit time, hence the collision frequency
(2.167) can expressed by:

Zs−r = σAT 〈cs〉M nr (2.531)

inwhich the samenotation as used in the last part of Sect. 2.4.2 is employed.A reason-
able approximation of the molecular speed may be calculated from the Maxwellian
distribution function following the kinetic theory presented in Sect. 2.4.2.

Moreover, if there is a total of ns molecules of s per unit volume in addition to the
r molecules, the collision density Zsr denoting the total number of s − r collisions
per unit volume per unit time is:

Zsr = Zs−r ns = σAT 〈cs〉M nr ns (2.532)

If only the s type of molecules are present, the collision density Zss represents the
collisions of s molecules with one another. The expression for this density resembles
that for Zsr but a pre-factor 1/2 has to be introduced to avoid counting each collision
twice:

Zss = 1

2
σAT 〈cs〉M nsns (2.533)

This expression coincides with (2.165) when the speed is calculated from the
Maxwellian velocity distribution function.

In the collision density formulas presented so far the target molecules r within
the collision cylinder are assumed stagnant, hence only the averaged speed 〈cs〉M

of the s molecules is considered. A better estimate of the collision density might be
obtained allowing the target molecules to move within the collision cylinder, thus the
average relative speeds 〈|crel,sr |〉M and 〈|crel,ss |〉M of the molecules should be used
instead of the average speed of the individual species. Furthermore, dealing with a
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mixture containing two types of molecules s and r of different masses, the 〈cs〉M and
〈cr 〉M values are different. A fairly accurate model is achieved considering that the
average relative speed is given by 〈|crel,sr |〉M = (〈cs〉2M + 〈cr 〉2M )1/2. This average
speed relation is derived using the Maxwellian distribution function as shown by
Present [109] (p. 79, p. 53, p. 30). A rigorous collision density model can then be
expressed as:

Zsr = σAT 〈|crel,sr |〉M xr xsn2 = σAT

√
〈cs〉2M + 〈cr 〉2M xr xsn2 (2.534)

If the gas contains only type s molecules, the average relative speed of twomolecules
becomes 〈|crel,ss |〉M = (〈cs〉2M + 〈cs〉2M )1/2 = √

2〈cs〉M . Hence, the expression for
Zss has to be modified replacing 〈cs〉M by

√
2〈cs〉M , giving:

Zss = 1√
2
σAT 〈cs〉M nsns (2.535)

The corresponding expression for the number of collisions of one molecule of s per
unit time, when only s molecules are present, becomes:

Zs = √
2σAT 〈cs〉M ns (2.536)

It is noted that the collision cross-sectional area, also referred to as the total scattering
cross section (2.151), can be approximated in different ways too. In one approach the
target particles are approximated as point-like particles. Thus, the cross section of the
target particles are not considered in calculating the effective cross-sectional area, so
σAT ≈ πd2

s /4. To achieve an improved estimate of the effective cross-sectional area
the size of the target particles should be taken into account as well, thus σAT = πd2

sr .
The net momentum flux transferred from molecules of type s to molecules of type

r can be approximated by the difference between the averagemomentum ofmolecule
s before and after the collision:

Msr = ms(vs − v′
s) (2.537)

In the literature the net momentum flux transferred from molecules of type s to
molecules of type r has either been expressed in terms of the average diffusion
velocity for the different species in the mixture [109] or the average species velocity
is used [148]. Both approaches lead to the same relation for the diffusion force and
thus theMaxwell-Stefan multicomponent diffusion equations. In this book we derive
an approximate formula for the diffusion force in terms of the average velocities of
the species in the mixture. The diffusive fluxes are introduced at a later stage by use
of the combined flux definitions. Nevertheless, the given momentum flux formula
(2.537) is not useful before the unknown average velocity after the collisions v′

s has
been determined. For elastic molecular collisions this velocity can be calculated, in
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an averaged sense, from the classical momentum conservation law and the definition
of the center of mass velocity as elucidated in the following.

The velocity of the center of mass, as defined relative to a fixed point in space,
can be obtained from the expression given for position vector of the center of mass
(2.104):

G = msvs + mr vr

ms + mr
(2.538)

If all possible particle-particle approaches are considered, the ensemble average
velocities after the collision will be equal to G = G′ = Constant, because all
directions of reflection or rebound are assumed to occur with equal likelihood in
kinetic theory of dilute gases [109]. By ensemble averaging, we may write:

v′
s = v′

r = G′ = G (2.539)

One recollects from (1.345) that the ensemble averaged of a species k velocity 〈c′
k〉e

is defined by:

v′
k = < c′

k >e = 1

N

N∑

i=1

c′
k,i (2.540)

where N is the number of events (collisions) observed.
An ensemble averaged momentum balance considering N binary collisions

between s and r molecules is obtained by averaging (2.107). The result is:

msvs + mr vr = msv′
s + mr v′

r (2.541)

Inserting (2.539) into (2.541) gives:

msvs + mr vr = msv′
s + mr v′

r = msG′ + mr G′ = (ms + mr )G′ (2.542)

Solving for v′
s = G′ the relation becomes:

v′
s = G′ = msvs + mr vr

ms + mr
= Constant (2.543)

By assuming that an ensemble average velocity equals aMaxwellian average velocity,
we might introduce (2.543) into (2.537). In this way we get:

Msr = ms

(

vs − msvs + mr vr

ms + mr

)

(2.544)

If wemultiply the first term on the RHS by ms+mr
ms+mr

, the relation can bemanipulated as:

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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Msr = ms

(

vs

(
ms + mr

ms + mr

)

− msvs + mr vr

ms + mr

)

= ms

(
msvs + mr vs − msvs − mr vr

ms + mr

)

= ms

(
mr vs − mr vr

ms + mr

)

(2.545)

= msmr (vs − vr )

ms + mr

By inserting (2.534) and (2.545) into (2.530), the diffusion force can be expressed as:

Psr = Msr Zsr = xr xs(vs − vr )
msmrπn2d2

sr

√
〈cs〉2M + 〈cr 〉2M

ms + mr
(2.546)

It has been proposed to insert a proportionality (drag or friction) coefficient that does
not depend on the mole fractions and the velocities vs and vr . The diffusion force is
thus expressed as:

Psr = xr xs(vs − vr ) fsr (2.547)

The binary friction coefficient has been related to the binary diffusivity by the fol-
lowing relation [95, 148]:

fsr = p

D̃sr
(2.548)

The diffusion force thus becomes 37:

Psr = pxr xs(vs − vr )

D̃sr
(2.549)

By inserting (2.549) into (2.529), the species momentum equation yields:

∂(ρsvs)

∂t
+ ∇ · (ρsvsvs) = ρsgs + ∇ · Ts +

N∑

r=1

Psr + rsv∗
s (2.550)

= ρsgs − ∇ ps + ∇ · σs + p
N∑

r=1

xr xs(vr − vs)

D̃sr
+ rsv∗

s

In deriving (2.550), the species stress tensor has been decomposed in the standard
manner:

Ts = −pse + σs (2.551)

37 This model was first obtained by Maxwell [95] for binary systems. Present [109] (Sect. 8-3)
outlines a more accurate treatment by the moment transfer method which is not restricted to the
billiard-ball molecular representation.
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where σs is the species s viscous stress tensor.
The balance (2.550) can be simplified to obtain theMaxwell-Stefan equation, due

to the following assumption:

∂(ρsvs)

∂t
+∇·(ρsvsvs)−ρsgs−∇·σs−rsv∗

s 
 p
N∑

r=1

xr xs(vr − vs)

D̃sr
−∇ ps (2.552)

It has been shown that this inequality is valid for a wide variety of conditions [159].
That is, (2.550) can be reduced to:

p
N∑

r=1

xr xs(vr − vs)

D̃sr
≈ ∇ ps = p∇xs + xs∇ p (2.553)

If the pressure gradient in the last term on the RHS is small, the Maxwell-Stefan
equation (2.392) is reproduced for the particular cases in which the driving force can
be approximated by the mole fraction gradient, the gravity force is the only body
force acting on the system and the thermal diffusion is neglectable.

The result is:
N∑

r=1

xr xs(vr − vs)

D̃sr
− ∇xs � xs

p
∇ p, (2.554)

Therefore, the Maxwell-Stefan equations might be considered a particular approxi-
mate form of the species momentum equation.

2.9.6.2 Applications of Multicomponent Mass Diffusion Flux Models
in Chemical Reactor Engineering

In chemical engineeringmulticomponentmass diffusion phenomenamight be impor-
tant in describing several unit operations like reaction and separation vessels contain-
ing either gas or liquid mixtures. Examples of practical applications of the different
multicomponent diffusion fluxmodel expressions are outlined in this subsection. For
convenience, only dilute gas mixtures are considered for which the kinetic theory
of dilute gases is valid. The modeling of multicomponent mass diffusion in fixed
packed bed catalyst pellets is examined. This modeling problem has been chosen
because it is well known from introductory chemical reaction engineering subjects.

Relevance and previous investigations

Heterogeneous catalysis is of utmost significance inmanyfields of gas conversion and
processing in chemical industries. Fixed packed bed reactors are widely used for het-
erogeneous catalysis of many of these processes. Accurate modeling of intra-particle
heat and mass transport is a prerequisite for the design of many industrial processes
and the interpretation of experiments. To describe themass diffusion processeswithin
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the pores in catalyst pellets, three fundamentally different types of mass diffusion
mechanisms [70, 71, 94] are distinguished:

• Bulk diffusion that are significant for large pore sizes and high system pres-
sures in which gas molecule-molecule collisions dominate over gas molecule-wall
collisions.

• Knudsen diffusion becomes predominantwhen themean-free path of themolecular
species is much larger than the pore diameter and hence molecule-wall collisions
become important.

• Surface diffusion of adsorbed molecular species along the pore wall surface.
This mechanism of transport becomes dominant for micro-pores and for strongly
adsorbed species. Extensions of the Maxwell-Stefan bulk diffusion model have
been proposed in order to provide a realistic description of the combined bulk,
Knudsen and surface diffusion mechanisms, apparently with limited success
[70, 71].

Fick’s first law [40] is strictly only valid for binary mixtures. Hence, due to the
shortcoming of the well-known Fick’s Law of binary diffusion, numerous models
for multicomponent diffusion are proposed in the literature to describe these diffu-
sion fluxes. The Wilke [161] and Maxwell-Stefan [96, 142] diffusion flux models
assume bulk diffusion, whereas the dusty gas model [62, 94] describes the com-
bined bulk and Knudsen diffusion fluxes in the gas transition transport regime.
As a simplification to the dusty gas model, the Wilke model in combination with
the Bosanquet formula [11] has been proposed. However, the validity of Knudsen
diffusion modeling by the dusty gas and Wilke-Bosanquet models are subjected
to criticism in the literature, see for example, the recent review by Krishna [76].
Mathematical modeling of intra-particle mass and heat transport in porous pellets
has thus been widely investigated by numerous researchers, e.g., [12, 34, 51, 125,
127, 128, 155, 156], because the intra-particle transport limitations often play an
important role in the design of chemical rectors. Most mass diffusion problems in
chemical reactor processes involve transport of multicomponent mixtures. Numer-
ousmodeling approaches have frequently been adopted considering the intra-particle
heat and mass transfer limitations. An efficiency factor is used in the simpler pseudo-
homogeneous reactor models to account for the intra-particle transport limitations.
Hence, the solid material is not explicitly taken into account. The efficiency factor
is normally computed by use of the more rigorous heterogeneous reactor models
consisting of a set of equations describing the heat and mass transport processes
within the pellets. The intra-particle mass diffusion fluxes may be described by the
Maxwell-Stefan, Wilke, dusty gas, or the Wilke-Bosanquet models. A survey of the
use of multicomponent diffusion flux closures in chemical reaction engineering for
the analysis of internal pellet heat andmass transfer limitations for processes operated
in packed fixed bed reactors are provided in the following.

Apecetche et al. [1] studied viscous and diffusive transport with simultaneous
reaction in non-isobaric porous catalyst particles by use of the dusty gas model.
A binary gaseous mixture under isothermal conditions was studied taking into
account mass transfer due to the followingmechanisms; viscous flow, non-equimolar
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flow, bulk diffusion and Knudsen diffusion. An irreversible, m-th order reaction
kinetics with respect to the gaseous reactant was assumed. It was shown that the
non-isobaric effectiveness factor is significantly different from the isobaric one. A
maximum pressure gradient of about 10% in the catalyst pellet was produced by
Knudsen diffusion.

Burghardt and Aerts [12] proposed amethod for evaluation of the pressure change
in an isothermal porous pellet within which a single chemical reaction takes place,
accompanied by mass transfer by Knudsen diffusion, bulk diffusion and viscous
convective flow of the reacting mixture. The pressure change did also depend on the
reaction and on the mixture composition on the pellet surface. It was concluded that
the pressure changes in a catalyst pellet under conditions normally encountered in
industry are most likely so small that they can be neglected in process simulations.

Graaf et al. [51] used the dusty gas model to investigate the relative importance
of Knudsen and bulk diffusion for the intra-particle diffusion limitation problem
for the methanol synthesis. In their steady-state model, they neglected the pressure
gradient and assumed isothermal conditions throughout the spherical particle. Their
simulation results indicated that both bulk andKnudsen diffusionmechanisms should
be incorporated in the single pellet model to obtain reliable results.

Salmi and Wärnå [125] neglected the effect of Knudsen diffusion and applied
the Maxwell-Stefan and Wilke models in their transport model for the catalyst
pellet. Moreover, pressure changes inside the pellet were neglected and steady-
state conditions were assumed to prevail. They assumed isotropic pore structure
catalyst properties and included the energy balance equation in their model. The
pellet equations were combined with the corresponding balances of the bulk phase
collectively constituting a heterogeneous reactor model. For the water-gas shift reac-
tion and methanol synthesis their simulation results indicated that the differences
between the Maxwell-Stefan and Wilke models were minor on the level of a fixed-
bed reactor, but becomes of interest for detailed calculations of single pellets.

Elnashaie and Abashar [34] developed a mathematical model to investigate the
phenomena of diffusion and chemical reactions in porous catalyst pellets for steam
reforming. The rigorous dusty gas model was compared to the simpler Wilke-
Bosanquet model under the assumptions of steady-state, negligible viscous flow
and isothermal conditions. It was found that at low steam to methane ratios the sim-
plified diffusion model is adequate for simulating the reforming process, while at
high steam to methane ratios the implementation of the dusty gas model is essential
for accurate prediction of the behavior for this gas-solid system.

More recently, Solsvik and Jakobsen [140] performed a numerical study compar-
ing several closures for mass diffusion fluxes of multicomponent gas mixtures; the
Wilke, Maxwell-Stefan, dusty gas, and Wilke-Bosanquet models, on the level of the
single catalyst pellet and the impacts of the mass diffusion flux closures employed
for the pellet, on the reactor performance. For this investigation, the methanol syn-
thesis operated in a fixed packed bed reactor was the chemical process adopted.
In the mathematical modeling study of a novel combined catalyst/sorbent pellet,
Rout et al. [121] investigated the performance of the sorption-enhanced steam
methane reforming (SE-SMR)process at the level of a single pellet.Different closures
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for multicomponent mass diffusion fluxes, the effect of viscous flow, and the signifi-
cance of Knudsen diffusion were analyzed. Moreover, deviating effects of choosing
the random-pore, multi-grain, and the parallel-poremodels were studied. Solsvik and
Jakobsen [137] extended the study of the combined catalyst/sorbent pellet including
also the effects of pellet structure changes due to product layer generation. In this
numerical analysis, both the dusty gas and Maxwell-Stefan models were adopted in
the analysis of different pellet model description complexities and the sensitivity to
model parameters. Rout and Jakobsen [122] further investigated possible reactor per-
formance optimizations employing such a combined pellet reflecting both catalyst
and adsorbent properties. It is noted that the mass diffusion flux closures based on
the mass average velocity definition are not frequently employed in the literature. On
the other hand, the mole based diffusion flux models are not consistent with the con-
tinuum mechanical reactive flow model as the fundamental energy and momentum
balances are conventionally derived based on the mass average velocity definition
due to the physical laws applied; the Navier-Stokes and first laws of thermody-
namics. However, the novel mass based pellet equations are adopted in the recent
modeling work of Kuijlaars et al. [77], Rout et al. [121] and Solsvik and Jakobsen
[136, 138, 140]. For the steammethane reforming (SMR) process, methanol synthe-
sis, and dimethyl ether production, Solsvik and Jakobsen [136, 138] derived a pellet
model on both a mass and mole basis and compared the simulation results of the
two model formulations. Unexpectedly, deviations between the simulation results of
the mole and mass formulated pellet models were obtained. Inconsistency between
the mass and mole formulations were also observed in the pellet modeling study of
Rout and Jakobsen [122]. For this reason, Solsvik et al. [139] presented a throughout
modeling and simulation study of mass and mole based pellet models with the aim
to elucidate the effects of different modeling assumptions on the simulation results
in order to propose reduced pellet model formulations that give identical simulation
results for the mole and mass formulations. The SMR process and the methanol syn-
thesis were adopted for this investigation because the two processes cover various
aspects of a chemical reaction; for example, (i) one of them is very endothermic,
the other exothermic, (ii) on a net basis one of them produce gas molecules, the
other consumes gas molecules, and (iii) one of them is strongly diffusion limited,
while the other is not. Some general conclusions regarding model discrimination
can be drawn. Compared to the Wilke and Wilke-Bosanquet models the more rig-
orous Maxwell-Stefan equations and the dusty gas model should rather be used in
industrial reaction engineering applications as these model formulations are rigor-
ous and ensure

∑N
s=1 js = 0 and

∑N
s=1 ωs = 1, whereas these constraints are not

always satisfied when the Wilke approximation is employed. Moreover, the simpli-
fying assumption of a constant total pressure and thus negligible gas velocity and
convective transport in porous pellets is generally a good approximation. However,
such model reductions may strongly influence the consistency between the mass and
mole based models.
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Models for pellet porosity and pore structure

The relationship between the structure of a porous medium and transport phenom-
ena occurring within the void space of the material is of great importance because
the internal architecture of the porous media significantly influences the transport
processes occurringwithin them.Hence, there are two essential aspects for the under-
standing of chemical processes in porous media; the structural, which is associated
with the topological and morphological characteristics of the interstitial void space,
and the second aspect makes a reference to the transport mechanisms and physico-
chemical interactions taking place at the pore level. The effective diffusivity is a
measure of the diffusivity that accounts for: (i) not all area normal to the flux direc-
tion is available for molecules to diffuse i a porous particle, (ii) diffusion paths are
tortuous, (iii) pore cross-sections vary, and (iv) internal void fraction. A geometrical
model of the pore system is adopted in order to convert the molecular diffusivity
into the effective diffusivity. Hence, the effective diffusivity is determined based on
the molecular diffusivity and the pore structure of the porous pellet. The optimum
model is a realistic representation of the geometry of the voids that can be described in
terms of easily measurable physical properties of the pellet. The structure of porous
media is often characterized in terms of parameters such as the voidage fraction
(porosity), pore size distribution, specific surface area, pore network lattice size and
connectivity.

Smith [134] discusses the simple parallel-pore and random-poremodels,which are
extensively adopted in chemical reactor engineering describing the effective diffusiv-
ities of porous material. The parallel-pore model presents a mono-disperse pore-size
distribution in a porous pellet with the following effective diffusivity [3, 126]:

De = ε

τ
D (2.555)

where ε denotes the pellet porosity and τ represents the tortuosity. The random pore
model supposes that the pellet consists of an assembly of small particles. When
the particles themselves contain pores, there exists a strongly bi-modal pore size
distribution. Hence, transport in the pellet is assumed to occur by a combination of
diffusion through the inter-particle and intra-particle voids. The resultant expression
for the effective diffusivity may be written as:

De = D1ε
2
1 + ε22(1 + 3ε1)

1 − ε1
D2 (2.556)

where ε1 denotes the inter-particle voids and ε2 is the void fraction of intra-particle
channels. The random pore model can also be applied to mono-disperse systems:

De = Dε2 (2.557)

The non-catalytic heterogeneous solid fluid reaction shrinking core model [41, 78,
130, 158] provides an overall or effective reaction rate constituting an approximate
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description of the external film resistance, the internal diffusion resistance and the
chemical reaction resistance.

For a reacting pellet at some intermediate stage of conversion, the following steps
can occur in series:

• Gaseous species A diffuses through the film surrounding the pellet to its surface.
• Gaseous species A penetrates and diffuses through the blanket of product solid to
reach the reaction front.

• Gaseous species A reacts with reactant B in the narrow reaction zone.
• Gaseous reaction products diffuse through the product layer from the reaction zone
to the surface of the particle.

• Gaseous reaction products diffuse into the main gas stream.

The resulting effective reaction rate, reff,A, can be expressed as:

reff,A ≈ 4πCA0
[

1
R2km A

+ 1
DeA

(
1
rc

− 1
R

)
+ 1

r2c aksCS0

] (2.558)

where km A is the mass transfer coefficient of species A from the bulk of the fluid
phase to the solid surface across the film, CS0 is the concentration of solid reac-
tant in the unreacted core which is assumed to be constant for uniform particles,
CA0 is the concentration of fluid reactant A in the bulk of fluid stream, R is the
radius of the particle, rc is the radius of the unreacted core, a is the stoichiometric
coefficient representing the number of moles of fluid species A that will react with
1mole of solid reactant S, ks is the reaction rate constant based on the reacting surface
area, and DeA is the effective diffusivity of fluid A in the ash layer. The three terms
in the denominator represent the three resistances in series for the reaction consid-
ered; external film diffusional-, internal diffusion- and chemical reaction resistances,
respectively. The shrinking core model is used to describe situations in which solid
particles are being consumed either by dissolution or reaction thus the amount of the
particle material being consumed is shrinking. This model applies to areas like the
formation of an ash layer around a burning coal particle, catalyst regeneration, and
adsorbent particle adsorption and desorption processes.

The grain- ormultigrainmodel consists of separatemodel equations for character-
istic grains or micro-particles and the macro-scale pellet. The characteristic micro-
grain is described by the following diffusion-reaction partial- differential equation
for the product species s:

∂ρs(r, t)

∂t
+ 1

r2
∂

∂r
(r2 jmg

A,r (r, t)) + RA(r, t) (2.559)

where the reaction is supposed to take place in the grains only, and r is the radial
coordinate for the micro-particle.

The following initial and boundary conditions are normally employed:
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ρs(r, t) = ρs(r, t0), ∀r (2.560)

∂ jmg
A,r (r, t)

∂r
= 0, r = 0, t > 0 (2.561)

jmg
A,r (rS, t) = − kmg

L (ρs(R, t) − ρs(rS, t)), r = rS, t > 0 (2.562)

where kmg
L denotes a local mass transfer coefficient for the micro-grains, and rS is

the radius of the micro-grain.
The pellet equation is expressed as:

∂ρs(R, t)

∂t
+ 1

R2

∂

∂R
(R2 jA,R(R, t)) + kmg

L amg(ρs(R, t) − ρs(rS, t)) (2.563)

where the last term denotes the effective reaction rate at any location R in the pellet,
amg represent the mocro-grain area concentration and R is the radial coordinate in
the pellet.

The following initial and boundary conditions are normally employed:

ρs(R, t) = ρs(R, t0), ∀r (2.564)

∂ jA,R(R, t)

∂R
= 0, R = 0, t > 0 (2.565)

jA,RS (R, t) = kL ,pap(ρ
b
s (r, t) − ρs(RS, t)) R = RS, t > 0 (2.566)

where RS denotes the radius of the pellet, KL ,p the pellet mass transfer coefficient,
and ap is the pellet area concentration.

This fundamental form of the grain model is rather time consuming to solve, thus
several simplified forms have been proposed over the years. Debling andRay [31] and
Kittilsen et al. [64] examined similar multi-grain models and model simplifications
employed in polymerization processes. The grain models by [44, 54, 145, 146]
consider pellets that are formed by compacting fine grains of particles with or without
some binding agents. The pellet overall shape and the shape of the individual grains
that make up the pellet is usually irregular. However, to allow a convenient analysis
of the grain pellet problem, the pellet is normally considered spherical made up of
individual spherical grains of equal size. There are normally two cases postulated
on the basis of physical reasoning: (a) A region of chemical control in which the
pellets react uniformly throughout the pellet volume. (b) A region of diffusion control
with a sharp reaction zone. Rout et al. [123] did employ a similar grain model for
describing the multicomponent mass diffusion fluxes and overall reaction rate in
sorbent particles for the SE-SMR process.

A variety of modeling approaches for the geometrical pellet structure are given
in the literature. Further details are given by, e.g., [33, 56, 124]. It is noticed that in
practical reaction engineering, the classical models are most frequently used due to
the complexity of the pellet structure.
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Table 2.3 Diffusion flux closures based on the mass average velocity definition

Wilke:
js = −ρ D′

sm∇ωs where D′
sm = 1−ωs

Mω

N∑

r=1
r �=s

ωr
Mωr D̃sr

(2.450)

Wilke-Bosanquet:
js = −ρ D′′

s,eff∇ωs where 1
D′′

s,eff
= 1

D′′
sm

+ 1
Ds,K

(2.454)

Maxwell-Stefan:

js =
−ρωs∇ln(M)−ρ∇ωs+M ωs

N∑

r=1
r �=s

jr
Mωr D̃sr

Mω

N∑

r=1
r �=s

ωr
Mωr D̃sr

(2.421)

Dusty gas:

js =
M2

ω

N∑

r=1
r �=s

ωs jr
Mωr D̃sr

− vρs M
DsK

−ρ(ωs∇Mω+Mω∇ωs )

M2
ω

N∑

r=1
r �=s

ωr
Mωr D̃sr

+ M
DsK

(2.504)

Pellet equations

For multicomponent mixtures the governing species mass balance can be written on
the vector form:

∂(ρωs)

∂t
+ ∇ · (ρvmωs) = −∇ · js + rs (2.567)

whereωs , js and rs denote themass fractions of species s, the diffusion flux of species
s, and the q independent reactions, respectively.

Formulticomponent systems the diffusive flux termsmay bewritten in accordance
with the approximate Wilke bulk flux equation (2.450), the approximate Wilke-
Bosanquet combined bulk and Knudsen flux for porous media (2.454), the rigorous
Maxwell-Stefan bulk flux equations (2.421), and the consistent dusty gas combined
bulk and Knudsen diffusion flux for porous media (2.504). The different mass based
diffusion flux models are listed in Table 2.3. The corresponding molar based dif-
fusion flux models are listed in Table 2.4. In most simulations, the catalyst pellet
is approximated by a porous spherical pellet with center point symmetry. For such
spherical pellets a representative system of pellet model equations, constitutive laws
and boundary conditions are listed in Tables 2.5, 2.6 and 2.7, respectively.

Viscous flow in pellet pores

In pellet model analysis in which the convective transport of heat and species mass
in porous catalyst pellets have to be taken into account simulating catalytic reactor
processes, either theMaxwell-Stefan mass flux equations (2.416) or dusty gas model
for the mass fluxes (2.513) might be used. The possible viscous flow in the catalyst
pores is driven by a pressure gradient induced by the potential non-uniform spatial
species composition and temperature evolution created by the chemical reactions.
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Table 2.4 Diffusion flux closures based on the molar average velocity definition

Wilke:
Js = −cDsm∇xs where Dsm = 1−xs

N∑

r=1
r �=s

xr
D̃sr

(2.439)

Wilke-Bosanquet:
Js = −cDs,eff∇xs where 1

Ds,eff
= 1

Dsm
+ 1

Ds,K
(2.452)

Maxwell-Stefan:

Js =
−c∇xs+

N∑

r=1
r �=s

Jr xs
D̃sr

N∑

r=1
r �=s

xr
D̃sr

(2.406)

Dusty gas:

Js =

N∑

r=1
r �=s

Jr xs
D̃sr

− cs v∗
DsK

−c∇xs

N∑

r=1
r �=s

xr
D̃sr

+ 1
DsK

(2.485)

Table 2.5 Mass and molar based pellet equations in spherical coordinates

Molar based equations.
Continuity:

εp
∂c
∂t + 1

r2
∂
∂r (r2 us

r c) = ∑
s Ss (2.571)

Species mass balance:
εp

∂
∂t (c xs) + 1

r2
∂
∂r (r2 us

r c xs) = − 1
r2

∂
∂r (r2 Js,r ) + Ss (2.572)

Heat balance: (

(1 − εp)Cp′′
p ρp + εpc

∑N
s=1 xs Cps

)
∂T
∂t

= −c
∑N

s=1 xs Cps vs
r

∂T
∂r − 1

r2
∂
∂r (r2Qr ) + Ŝ (2.573)

Mass based equations.
Continuity:

εp
∂ρ
∂t + 1

r2
∂
∂r (r2 vs

r ρ) = 0 (2.574)
Species mass balance:

εp
∂
∂t (ρωs) + 1

r2
∂
∂r (r2 vs

r ρωs) = − 1
r2

∂
∂r (r2 js,r ) + S′′

s (2.575)
Heat balance: (

(1 − εp)Cp′′
p ρp + εpρ

∑N
s=1 ωs Cp′′

s

)
∂T
∂t

= −ρ
∑N

s=1 ωs Cp′′
s vs

r
∂T
∂r − 1

r2
∂
∂r (r2Qr ) + Ŝ (2.576)

The pressure gradient in porous media is usually related to the consistent viscous gas
velocity through a correlation inspired by the Darcy’s law [29] (see e.g., [9, 71] and
[132], p. 197):

vm = − B0

μ
∇ p (2.568)
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Table 2.6 Constitutive laws

Ideal gas law:
p = cRT = ρRT

Mω
(2.577)

Darcy’s law (viscous gas flow) [70]:
v = − B

μ ∇ p (2.578)

Permeability (Poiseuille flow relationship
for cylindrical pores) [70]:

B = d2
pore
32 (2.579)

Heat flux (Fourier’s law):
Qr = −k ∂T

∂r (2.580)
Mole and mass source terms:

Ss = (1 − εp)ρprs (2.581)
S′′

s = (1 − εp)ρp Mωs rs (2.582)
Heat source term:

Ŝ = (1 − εp)ρp
∑q

k=1(−�Hrk )rk (2.583)

Table 2.7 Initial and boundary conditions

Molar based equations Mass based equations
Initial conditions: Initial conditions:
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

xs = xb
s

Js,r = 0

T = T b

Qr = 0

c = cb

for t = 0, ∀ r (2.584)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ωs = ωb
s

js,r = 0

T = T b

Qr = 0

ρ = ρb

for t = 0, ∀ r (2.585)

Boundary conditions for symmetry point, r = 0: Boundary conditions for symmetry point, r = 0:
Js,r = 0 (2.586) js,r = 0 (2.587)
Qr = 0 (2.588) Qr = 0 (2.589)

Boundary conditions for surface, r = rp: Boundary conditions for surface, r = rp:
−ks (cb

s − xs c) = Js,r + us
r c xs (2.590) −ks (ρb

s − ωs ρ) = js,r + vs
r ρωs (2.591)

Qr + c Cpg T vr = −h(T b − T ) (2.592) Qr + ρ Cp′′
g T vr = −h(T b − T ) (2.593)

c = cb (2.594) ρ = ρb (2.595)

Generally, the permeability B0 (m2) has to be determined experimentally. However,
for simple structures the permeability coefficient B0 can be determined analytically.
Considering a cylindrical pore, for example, the permeability can be calculated from
the Poiseuille flow relationship [71]:

B0 = d2
0

32
(2.569)

For the multi-grain model [155]:
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B0 = 2εp

9τ (1 − ε)
S2 (2.570)

in which S is the radius of the micro-particle.
Solving this flowmodel for the velocity the pressure is calculated from the ideal gas

law.The temperature therein is obtained from the heat balance and themixture density
is estimated from the sum of the species densities. It is noted that the viscous velocity
is normally computed from the pressure gradient by use of a phenomenologically
derived constitutive correlation, known as Darcy’s law, which is based on laminar
shear flow theory [139]. Laminar shear flow theory assumes no slip condition at the
solid wall, inducing viscous shear in the fluid. Knudsen diffusion and slip flow at
the solid matrix separate the gas flow behavior from Darcy-type flow. Whenever the
mean free path of the gas molecules approaches the dimensions of pore diameter, the
individual gas molecules are in motion at the interface and contribute an additional
flux. This phenomena is called slip flow. In slip flow, the layer of gas next to the
surface is in motion with respect to the solid surface. Strictly, the Darcy’s law is
valid only when the flow regime is laminar and dominated by viscous forces. The
theoretical foundation of the dusty gas model considers that the model is applied to
a transition regime between Knudsen and continuum bulk diffusion. To estimate the
combined flux, the model is based on the assumption that the combined flux can be
expressed as a linear sum of the Knudsen flux and the convective flux due to laminar
flow.

2.10 Mean Free Path Concept

In this section the transport properties are determined by use of the empirical method
suggested by Maxwell [95], on the basis of Clausius’ mean free path concept. That
is, instead of determining the transport properties from the rather theoretical Enskog
solution of the Boltzmann equation, for practical applications we may often resort to
themuch simpler but still fairly accuratemean free path approach (e.g., [20], Sect. 5.1;
[48], Sect. 9.6; [119], Chap. 20). Actually, the form of the relations resulting from
the mean free path concept are about the same as those obtained from the much more
complex theories, and even the values of the pre-factors are considered sufficiently
accurate for many reactor modeling applications.

2.10.1 Transport Properties

The overall aim in this analysis is to determine a rough estimate of the transfer
fluxes in dilute one-component gases using the elementary mean free path concept
in kinetic theory. In this approach it is assumed that the only means for transport of
information in the fluid is via molecular collisions. Due to the physical similarity
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of the flux phenomena of mass, momentum and energy, a common mathematical
formalism is outlined (e.g., [55], Sect. 2; [90], Sect. 3.4.2; [109], Sect. 3-4; [162]
app E;). Considering a dilute gas containing n molecules per unit volume inducing
a macroscopic transfer flux of property ψ. The symbol ψ denotes any property of a
single molecule that can be changed by collisions, and 〈ψ〉M represents the average
value of ψ for the gas. The molecules are assumed to move in a geometrical con-
figuration in which ∂〈ψ〉M

∂x = ∂〈ψ〉M
∂y = 0, so that the molecular motion transport the

property 〈ψ〉M in the z-direction only. For illustrative purposes we consider a gas
confined between two infinite parallel planes denoted by z = z0 and z = z2. Imagine
a net flux of the properties in the positive z-direction through a plane at an arbitrary
location z = z1 between the two planes located at z = z0 and z = z2. Let Fψ denote
the net molecular flux of the property ψ in the z-direction.

At each collision it is assumed to be an equalizing transfer of properties between
the two molecules, so in consequence Fz1 is determined by the relative location of
the last collision experienced by a molecule before it crosses the plane at z = z1.
This particular distance is thus expected to be related to the mean free path, l. It is
supposed throughout this analysis that the mean free path is small compared to the
dimensions of the vessel containing the gas.

It may be expected that on the average molecules crossing the plane z = z1 from
the z1 − l side will transfer the property ψz1−l and those crossing from the z1 + l side
will transfer the property ψz1+l . Hence, Fz1 = 
〈ψ〉M |z1−l − 
〈ψ〉M |z1+l , where

z1−l denotes the number of molecules per unit area per second crossing the plane
z = z1 from the z1 − l side and 
z1+l denotes the number of molecules per unit
area per second crossing the plane z = z1 from the z1 + l side. This means that

z1−l = 
z1+l = 
z1 , where 
z1 = 1

6 〈|C|〉M n. The factor 1
6 accounts for the fact

that only one-sixth of the molecules on plane 
z1−l move in the (+z)-direction.38

Hence:

Fψ,z1 = 1

6
〈|C|〉M n(〈ψ〉M |z1−l − 〈ψ〉M |z1+l) (2.596)

The properties 〈ψ〉M |z1−l and 〈ψ〉M |z1+l in (2.596) may then be expanded in a Taylor
series about z = z1, since the mean free path is small compared to the distance over
which 〈ψ〉M changes appreciably. Neglecting terms of order higher than one the
result is39:

38 Consider isotropic molecular motion in a Cartesian coordinate system. If there are n molecules
per unit volume, about one-third of them have velocities along the x-direction. Half of these, i.e., 16 N
per unit volume, move in the (+x)-direction and the other half of them move in the (−x)-direction.
Accordingly, one-sixth of the N molecules move in the (+y)-direction, another one-sixth of the
them move in the (−y)-direction, another one-sixth of them in the (+z)-direction, and finally the
last one-sixth of them will move in the (−z)-direction.
39 The subscript z1 is omitted since the choice of the position z = z1 was arbitrary.
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Fψ,z1 =1

6
〈|C|〉M n(〈ψ〉M |z−l − 〈ψ〉M |z+l) = 2l〈|C|〉M

6
n

( 〈ψ〉M |z−l − 〈ψ〉M |z+l

2l

)

(2.597)

≈ − l〈|C|〉M

3
n

d〈ψ〉M

dz
(2.598)

It has also been assumed that the gradient of the property 〈ψ〉M is constant over
distances of the order l.

To determine the species mass diffusion a concentration gradient is induced by
assuming that the species number concentration is different at each of the planes
z0, z1, z2. To estimate the viscosity we create a gradient in the z-momentum by
assuming that the molecules at the plane z0 are moving in the negative z-direction,
at the plane z1 the molecules are stationary, and those at plane z2 are moving in
the positive z-direction. To induce a thermal conduction flux the three planes are
taken to be at different temperatures. Then, the specific fluxes are achieved letting
the symbol Fψ successively represent the y-component of the flux of momentum
through a plane with normal in the z-direction, the flux of energy through the same
plane, and themass flux of species c through the same plane, respectively. The symbol
〈ψ〉 represents correspondingly the y-direction momentum per molecule of mass m,
mvy , the energy per particle (me), and the mass per molecule of species c, mc.

Comparing the fluid dynamic closures with the corresponding kinetic theory
results we see that:

Fmvy = −1

3
〈|C|〉Mlnm

dvy

dz
= Pyz = −μ

dvy

dz
(2.599)

Fme = −1

3
〈|C|〉Mlnm

de

dT
|V dT

dz
= qz = −k

dT

dz
(2.600)

Fmωc = −1

3
〈|C|〉Mlnm

dωc

dz
= jz = −ρD

dωc

dz
(2.601)

Themolecular fluxes can be extended to systems containing gradients in the other two
space dimensions as well, denoting a complete three dimensional flux formulation.

It is noted that in determining the viscosity parameter we consider a spatially
uniform fluid in a state of shear such that v = vy(z)ey . In the heat conduction case
we imagine that a gas is heated at constant volume so that all the energy supplied
is increasing the energy of the molecules, thus n[d(me)/dT ] = ρCv , where Cv =
3k
2m is the specific heat per unit mass at constant volume. The mass diffusion flux
is determined considering a binary mixture in which both the total pressure and
temperature are uniform. The form of the species mass flux used above deviates from
the standard literature on elementary kinetic theory in that the mass fraction is used
in instead of the species number density. A brief discussion of the two formulations
is given by Rohsenow and Choi ([119], p. 495).

The standard self-diffusion flux can be derived in a similar way. The flux of
particles in the positive z-direction that crosses the z1 plane is equal to the number
of molecules that reach the same plane from z1 − l, minus those that reach it from
z1 − l. The result is [90]:
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z1 = 
|z1−l − 
|z1+l = 1

6
〈|C|〉M (〈n〉M |z−l − 〈n〉M |z+l)

= 2l〈|C|〉M

6

( 〈n〉M |z−l − 〈n〉M |z+l

2l

)

≈ − l〈|C|〉M

3

d〈n〉M

dz
= −D

d〈n〉M

dz
(2.602)

Comparing the two last terms, we may conclude: D = 1
3 l〈|C|〉M .

The molecular flux models are still not closed as the mean free path l and the
molecular speed quantities 〈|C|〉M are not determined yet. A frequently used closure
is examined in the next paragraph.

2.10.2 Mean Free Path

In this section approximate mathematical models determining the molecular mean
free path are derived. It is anticipated that for dilute gases the mean free path is a
significant parameter that governs the mechanism of transfer, defined as the mean
distance traveled by a molecule between two successive collisions [119]. The basic
physical interpretation of the transfer phenomenon is thus that a molecule traveling
a free path of a certain distance is in effect transferring momentum, energy and
mass over that distance. To derive a simple expression for the mean free path we
preliminarily examine the molecular motion from the point of view of an elementary
kinetic theory of dilute gases adopting the billiard ball molecular model. Consider
a pure gas composed of a collection of rigid, non-attracting spherical molecules of
diameter d1, mass m1, and number density n1 colliding at random. A molecule is
singled out as it travels in straight paths from one collision to the next, anticipating
that the molecular speed and direction of motion change with each collision. It is
then further imagined that at a given instant all the molecules but the one in question
are frozen in position, whereas this particular molecule moves with an average speed
〈|c1|〉M . At the instant of a collision, the center to center distance of the twomolecules
is d1 (see Fig. 2.7). The total collision cross section or target area, σAT , of the moving
molecule is then given by σAT = πd2

1 . In time t the moving molecule sweeps out
a cylindrical volume of length 〈|c1|〉M t and cross section σAT (see Fig. 2.10). Any
molecule whose center is in this cylinder will be struck by the moving molecule. The
number of collisions in time t is given by σAT n1〈|c1|〉M t , where n is the number of
molecules present in a unit volume, assumed to be uniformly distributed in space.
A crude estimate of the mean free path, l1, is then given by the ratio of the distance
traveled in time t over the number of collisions in this time [157]:

l1 = 〈|c1|〉M t

σAT n1〈|c1|〉M t
= 1

σAT n1
(2.603)

The corresponding collision frequency is defined as the average number of collisions
per unit time experienced by any one molecule of type 1:
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Z1−1 = σAT n1〈|c1|〉M = 〈|c1|〉M

l1
(2.604)

The mean time between successive collisions of molecules of type 1, called the
collision time τ1, is approximated by:

τ1 = 1

Z1−1
= l1

〈|c1|〉M
(2.605)

Several extensions of the crude model sketched above have been derived over the
years, for example considering the situation that all the molecules in the cylindrical
volume move with the same average speed. A third model providing results being in
better agreement with the Enskog relations is obtained assuming that all the mole-
cules possess a Maxwellian speed distribution. The Maxwellian representation of
the collision frequency of one molecule of type m1 with similar molecules (2.166)
is commonly rewritten using the ideal gas law:

Z1−1 = 2Z11

n1
= 4n1d2

1

√
πkT

m1
= 4

p1
kT

d2
1

√
πkT

m1
= 4p1d2

1

√
π

m1kT
(2.606)

The mean free path, l1, traveled by a molecule of type m1 between successive colli-
sions in a given time t is found by dividing the total distance traveled by all molecules
of type m1 in this time by the total number of the collisions between them:

l1 = n1〈|c1|〉M t
n1t
τ1

= 〈|c1|〉Mτ1 = 〈|c1|〉M

Z1−1
(2.607)

From this formula it is seen that to calculate l1 we need to determine the mean
molecular speed 〈|c1|〉M . For real systems the average molecular speed is diffi-
cult to determine. Assuming that the system is sufficiently close to equilibrium the
velocity distribution may be taken to be Maxwellian. For molecules in the absolute
Maxwellian state the peculiar velocity equals the microscopic molecular velocity,
i.e., C1 = c1, because the macroscopic velocity is zero v1 = 0, hence it fol-
lows that the speed of the microscopic molecular velocity equals the thermal speed:
〈C1〉M = 〈|C1|〉M = 〈c1〉M = 〈|c1|〉M .

The mean value of a generalized function of the molecular velocity for a gas in
the absolute Maxwellian state is defined by:

n〈ψ〉M =
∞∫

−∞
ψ f dc = n(

m

2πkT
)3/2

∞∫

−∞
ψ exp(−mC2

2kT
)dc (2.608)

The present form of the integral is not really defined in a consistent manner as the
integrand contains the peculiar speed C , which is defined by C = |C|, whereas the
integration is over the velocity space dc. Transforming from Cartesian coordinates
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(Cx , Cy, Cz) to spherical polar coordinates (C, θ,φ), we get with spherical symme-
try: dc = dC = C2 sin θdθdφdC (e.g., [20], p. 70; [48], p. 242; [163], p. 34).

The mean value of the thermal speed C (= |C|) can then be derived as follows40:

〈C〉M = (
m

2πkT
)3/2

∞∫

−∞
C exp(−mC2

2kT
)dC

= (
m

2πkT
)3/2

∞∫

0

C3 exp(−mC2

2kT
)

2π∫

0

π∫

0

sin θdθdφdC

= 4π(
m

2πkT
)3/2

∞∫

0

C3 exp(−mC2

2kT
)dC

= 4π(
m

2πkT
)3/2 × 1

2
(

m

2kT
)−2 = (

8kT

πm
)1/2 (2.609)

Thus, for a molecule of type 1 the mean value of the peculiar speed 〈C1〉M for a gas
in the Maxwellian state yields:

〈C1〉M = 〈c1〉M =
√
8kT

πm1
= 2

√
2kT

πm1
(2.610)

The mean free path can then be determined from (2.607) and (2.606):

l1 = 〈|c1|〉Mτ1 = 〈|c1|〉M

Z1−1
=

(

2

√
2kT

πm1

)⎛

⎝ 1

4n1d2
1

√
πkT
m1

⎞

⎠ (2.611)

= 1√
2n1d2

1π
= kT√

2p1d2
1π

40 In these manipulations we have used a mathematical formula solving odd integrals on the form:

∞∫

0

xn exp(−ax2)dx

The solution for n = 3 is (e.g., [20], Sect. 1.4; [90], pp. 526–527):

∞∫

0

exp(−ax2)dx = 1

2
a−2.
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2.10.3 Transport Coefficients

In this section we derive theoretical expressions for the transport coefficients (i.e.,
viscosity, thermal conductivity, and diffusivity) for dilute gases.

Using the elementary mean free path theory (2.603), the viscosity, thermal con-
ductivity41 and self-diffusion coefficients in (2.599) and (2.601) are estimated to be
(e.g., [39], Sect. 6.7 and Chap. 7; [106], Chap. 3; [109]; [157], Chap. 5):

μ1 = 1

2
ρ1l1〈C1〉M = 1

πd2
1

√
m1kT

π
(2.612)

k1 = 1

2
ρ1l1〈C1〉M Cv,1 = μ1Cv,1 (2.613)

D11 = 1

2
l1〈C1〉M = μ1/ρ1 (2.614)

In a one-component gas it is conceptually still possible to label a certain subset of
particles with 1 and the complement, 2. The resulting motion of the conceptually
labeled subgroup of particles is called self-diffusion. Diffusion in a two-component
system is called mutual diffusion.

The following set of parameter values may be more common because they are
obtained adopting a refined proportionality coefficient in the flux expressions and
the more accurate mean free path relation (2.611). The parameter values are42 [109]
(Sect. 3-5) [106] (Chap. 3) [9] (Sects. 1-4, 9-3 and 17-3):

μ1 = 1

3
ρ1l1〈C1〉M = 2

3πd2
1

√
m1kT

π
(2.615)

k1 = 1

3
ρ1l1〈C1〉M Cv1 = μ1Cv−1 = 1

πd2
1

√
k3T

πm1
(2.616)

The self diffusivity which is valid for two species of identical mass and size yields:

D11 = 1

3
l1〈C1〉M = μ1/ρ1 = 2

3
(

kT

π3m1
)1/2

1

nd2
1

= 2

3
(

k3

π3m1
)1/2(

T 3/2

p1d2
1

) (2.617)

41 In this section we denote the thermal conductivity by the symbol k to distinguish this parameter
from the Boltzmann constant.
42 Maxwell [95] was able to obtain these fairly accurate expressions for the transport coefficients
which describe their primary dependence of upon temperature, pressure, mass and size of the
molecules in the gas based on rather crude arguments. Historically, the mean free path theory given
by Maxwell [95] predates the more accurate theory based on the Boltzmann equation by about half
a century.
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For species of differing mass and size, the mean free paths, velocities, and colli-
sion frequencies will be different. The derivation of the binary diffusivity is more
complicated but may be expressed as (e.g., [9], Sect. 17-3 and [39, 106]):

D12 = 2

3

(
k

π

)3/2 (
1

2m1
+ 1

2m2

)1/2
(

T 3/2

p( d1+d2
2 )2

)

(2.618)

A similar result was obtained by Present [109] (p. 149) for the rigid-spheremolecular
model:

D12 = 1

3
l1〈C1〉M = 3

8
(
πkT

2μ
)1/2

1

nπd2
12

(2.619)

The pressure dependence expressed by these relations is fairly accurate for pressures
up to about 10–20 atmospheres. At higher pressures, multi-body collisions become
important and the pressure dependence is greater. Experimental evidence also show
that a temperature dependence of T 3/2 is too weak leading to the search for more
accurate relations as derived by use of the Enskog approach.

Alternative estimates of the transport coefficients can be obtained from the rig-
orous Chapman-Enskog expansion method of mono-atomic gases at low densities
(e.g., [20, 35, 36, 39] and [90], p. 202)). The transport coefficients deduced from
the Chapman-Enskog kinetic theory with the rigid elastic spheres interaction model
yield (e.g., [20], Sects. 10.1–10.2; [55] Sect. 8.2; [90], p. 202):

μ1 = 5

16d2
1

√
m1kT

π
, (2.620)

k1 = 5

2
μ1Cv1 = 75

64d2
1

√
k3T

m1π
(2.621)

D11 = 3

8n1d2
1

√
kT

m1π
(2.622)

The binary diffusivity can also be determined in a similar manner considering a
binary mixture of dilute gases:

D12 = 3

16n1d2
12

√
2kT

πμ
(2.623)

The Chapman-Enskog kinetic theory actually gives general expressions for the trans-
port properties in terms of the intermolecular potential energy which is related to the
intermolecular force as expressed by (2.54) and (2.55). The molecular interaction is
most frequently described by the empirical Lennard-Jones 12-6 potential.
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The transport coefficients like viscosity, thermal conductivity and self-diffusivity
for a pure mono-atomic gas and the diffusivity for binary mixtures obtained from the
rigorous Chapman-Enskog kinetic theory with the Lennard-Jones interaction model
yield (e.g., [9], Sects. 1-4, 9-3 and 17-3; [55], Sect. 8.2):

μ1 = 5

16

√
πm1kT

πσ2
1Ωμ,1

(2.624)

k1 = 25

32

√
πm1kT

πσ2
1Ωk,1

Cv1 (2.625)

D11 = 3.2027 × 10−5

√
T

Mw1

1

cσ2
1ΩD,11

(2.626)

D12 = 0.0018583

√

T 3

(
1

Mw1

+ 1

Mw2

)
1

pσ2
12ΩD,12

(2.627)

where the units of the transport coefficients are; viscosity μ1 [Pa × s], conductivity
k1 [W/mK], diffusivities D11 and D12 [m2/s], and the properties p [atm], and T [K].

The σ1 is a characteristic diameter of the molecules of type 1, often called the
collision diameter, and may be defined differently for each molecular model. In the
Lennard-Jones potential σ1 has the significance of being the distance from the center
ofmass of the twomolecules to the point atwhich the potential changes from repulsive
to attractive [39]. To calculate σ12 an analog of the rigid sphere model is generally
adopted:σ12 = (σ1+σ2)/2.This approachhas little theoretical justification and is not
accurately verified by experimental data. The collision integrals43 Ωμ,1,Ωk,1,ΩD,11,
andΩD,12 account for the details of the paths that the molecules take during a binary
collision and are usually of order unity. In one view these integrals are interpreted as
describing the deviation from the rigid sphere behavior. The εquantity in theLennard-
Jones potential is a characteristic energy denoting the maximum energy of attraction
between a pair of molecules. For binary mixtures ε12 is usually approximated by
a geometric average of the contributions from the two species ε12 ≈ √

ε1ε2. By
use of these formulas accurate calculations of the transport coefficients can thus
be performed provided that the Lennard-Jones potential parameters like ε1 and σ1
are known. Extensive lists of these parameters are given for many substances by
Hirschfelder et al. [55] and Bird et al. [9], among others.

43 Chapman and Cowling [20] have shown that in kinetic theory the transport coefficients can
be expressed in terms of the Sonine polynomial expansion coefficients which are complicated
combinations of the bracket integrals. In the given solutions these integrals are written as linear
combinations of a set of these collision integrals. See also Hirschfelder et al. [55], Sect. 7-4.
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2.10.4 Dilute Gas Hypothesis

The phrase dilute gas indicates that the physical volume n[ 34πd3] occupied by the
gas particles (molecules) is small compared to the container volume V available to
the gas. Mathematically this condition can be expressed as:

n

[
4

3
πd3

]


 V, (2.628)

or
n
[ 4
3πd3

]

V

 1, (2.629)

where n denotes the number of particles and d is the radius of the particle.
A real gas is also considered dilute provided that the mean free path l is much

larger than the particle size, i.e., l � d.
Assuming that the molecules are rigid elastic spheres a typical value for the mean

free path for a gas, say oxygen, can be calculated from (2.611). Consider a typical
room temperature at 300 (K) and a pressure of 101325 (Pa). The collision diameter
of molecular oxygen can be set to 3.57 × 10−10 (m) in accordance with the data
given by Laidler [80], example 1.4. We can then calculate the mean free path l for
oxygen from (2.611):

l = RT√
2πd2Na p

= 8.314(JK−1mol−1) × 300(K)√
2π[3.57 × 10−10(m)]2 × 6.022 × 1023(mol−1) × 101325(Pa)

= 7.22 × 10−8(m) (2.630)

Since the molecular diameters for the different gases are of the same order, the mean
free path in any gas at the given temperature and pressure is of the order 10−5 (cm). In
this case it follows that the mean free path is about hundred times the diameter of the
molecule, thus the gas is dilute. However, it is noted that at higher gas pressure, say
10132500 (Pa), the mean free path is reduced and comparable with the dimensions
of a molecule. In this case the assumption of molecular chaos may not be valid so
the gas cannot be considered dilute [20].

2.10.5 Continuum Hypothesis

A dilute gas mixture is assumed to behave as a continuum when the mean free path
of the molecules is much smaller than the characteristic dimensions of the problem
geometry[5, 42, 43, 68, 129, 154, 164]. A relevant dimensionless group of variables,
the Knudsen number, Kn, is defined as:
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K n = l

L
, (2.631)

where l is the mean free path of the molecules and L a characteristic dimension of
the apparatus region in which the relevant physical phenomena take place (e.g., the
thickness of boundary layers in which large gradients appear, the diameter of catalyst
pores, the reactor diameter, etc). In general the continuum hypothesis is considered
valid for K n < 0.01.

By use of the typical numerical value for the mean free path (2.611) for a gas at
temperature 300K and pressure 101325Pa, this condition indicates that the contin-
uum assumption is valid provided that the characteristic dimension of the apparatus is
L > 0.001cm. Nevertheless, it is noted that at low gas pressures, say 10Pa, the mean
free path is increased and might be comparable with the characteristic dimensions
of the apparatus. In particular, for low pressures and small characteristic dimensions
we might enter a flow regime where the continuum assumption cannot be justified.

The gas flow regimes are generally characterized as:

K n < 0.01 − 0.001 Continuum flow (2.632)

0.01 < K n ≤ 0.1 Slip flow (2.633)

0.1 < K n ≤ 10 Transition flow (2.634)

K n > 10 Free molecular flow (2.635)

In the slip flow regime velocity slip, and species mass- and temperature jump phe-
nomena occur in the vicinities of the boundaries. In this regime, the ordinary gas
dynamics conservation equations might still be employed with sufficient modifica-
tions of the boundary conditions. The free molecular flow regime occurs at the verge
of large Knudsen number where the gas is very rarefied. However, the molecular
collisions with the vessel walls prevail thus some law of molecular reflection on the
vessel wall is required. In this flow regime the mean free path l is much larger than
L , and the equilibrium Maxwell velocity distribution might be considered. In the
transitional regime between the slip flow regime and the free molecule region, the
collisions of the molecules with the vessel walls and the mutual collisions of the
molecules in the oncoming flow have about equal importance. The analysis becomes
challenging, and the molecular gas dynamics methods must be adopted.

2.11 Ideal Gas Law

The description of the behavior of an ideal gas in terms of the macroscopic state
variables44 p, V , n, and T can be related to simple averages ofmicroscopic quantities
such as the mass and speed of the molecules in the gas [20, 39, 109, 149, 157].

44 A state variable is a precisely measurable physical property which characterizes the state of a
system, independently of how the system was brought to that state.
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From the point of view of kinetic theory, an ideal gas consists of a large number
of molecules making elastic collisions with each other and with the walls of the
container containing the gas, and there are no intermolecular attractive forces. In
such an ideal gas, all the internal energy is in the form of kinetic energy and any
change in internal energy is accompanied by a change in temperature. The ideal gas
law can thus be viewed as arising from the kinetic pressure of the ideal gas molecules
colliding with the walls of a container in accordance with Newton’s laws.

For convenience, the underlying model assumptions employed deriving the ideal
gas law are briefly summarized prior to the model derivation:

• The ideal gas molecules are considered hard spheres without internal structure
(mono-atomic molecules).

• Out of the three possible types of degrees of freedom for molecular motion, i.e.,
translation, rotation and vibrational, only three translational degrees of freedom
are present for the ideal gas molecules with no internal structure (mono-atomic
molecules).

• The intermolecular collisions are elastic.
• The molecular collisions with the wall are elastic.
• The molecules in an ideal gas move randomly, even though the molecules experi-
ence intermolecular interactions and collisions with the walls:

〈C2〉 = 〈C2
x 〉 + 〈C2

y〉 + 〈C2
z 〉 = 3〈C2

x 〉 (2.636)

The random molecular movement requires that:

〈C2
x 〉 = 〈C2

y〉 = 〈C2
z 〉. (2.637)

• In an ideal gas, the molecules are separated, on the average, by distances that are
large compared with their diameters. The gas molecules are thus considered point
particles. Moreover, the collisions are considered instantaneous.

• The attractive forces between molecules are considered negligible. The equivalent
condition of low density is to be understood such that the molecules of the gas are
so far apart that they do not interact except during collisions.

• The average kinetic energy is considered proportional to temperature through the
kinetic energy equipartition theorem.

• No external forces are acting on the system. In the absence of external forces, there
is no preferred position for a molecule in the container, and no preferred direction
for its velocity vector. Actually gravity is such an external force acting on the
gas in the container, thus the density of molecules at the bottom of the container
will be slightly greater than at the top. However, the variation over a normal sized
container is generally negligible. Hence, the molecular movement is considered
random in accordance with (2.637).

Under these idealized conditions, both the system momentum and kinetic energy
are conserved in the molecular collisions, thus the intermolecular collisions have
no effect on the total momentum in any direction. For this reason, the molecular
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Fig. 2.12 Gas molecules in
a rectangular container. In a
time intervalΔt, themolecules
closer to the right wall than
a distance CxΔt will hit the
right wall if they are moving
to the right

collisions can be omitted in the subsequent analysis calculating the pressure that an
ideal gas exerts on the container walls. The ideal gas pressure is due to the collisions
between the gas molecules and the container walls which are solely induced by the
translational motion of the molecules. Pressure is defined as a force per unit area and,
by Newton’s second law, this force equals the rate of change of momentum of the gas
molecules colliding with the wall. That is, Newton’s second law can be expressed as:

F = ma = dp
dt

= d(mC)

dt
(2.638)

For simplicity, consider a rectangular container of volume V containing N gas mole-
cules, each of mass m moving with a speed C . To calculate the force exerted by these
molecules on the right hand wall, which is perpendicular to the x axis and has area
A, a simple geometrical analysis is required. The molecules hitting this wall in a
time interval Δt are those that are within a distance CxΔt of the wall (see Fig. 2.12)
and are moving to the right. The number of molecules hitting the right hand wall
during the time interval Δt is 1

3 times the number per unit volume N/V times the
volume CxΔt A times 1

2 because, on average, only half the molecules moving along
the x-axis are moving to the right. In other words, on average, N/3 of the molecules
moving along a given axis, whereas N/6 of the molecules move towards each of
the walls. That is, the number of molecules that hit the right hand wall in the time
interval Δt is 1

6
N
V CxΔt A. The x component of momentum of a molecule is +mCx

before it hits the wall, and −mCx after an elastic collision with the wall. The change
in momentum thus has the magnitude 2mCx . The magnitude of the total change in
momentum |Δp|x of all molecules moving along the x-axis during a time interval
Δt is 2mCx times the number of molecules that hit the wall during this interval:

|Δp|x = (2mCx ) ×
(
1

6

N

V
CxΔt A

)

= 1

3

N

V
mC2

x AΔt (2.639)
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From Newton’s third law, the magnitude of the force exerted by the wall on the
molecules and by the molecules on the wall is equal and may be approximated by
|Δp|x/Δt . The pressure is the magnitude of this force divided by the area A:

px = Fx

Ax
= 1

Ax

|Δp|x
Δt

= 1

3

N

V
mC2

x (2.640)

or

px V = 1

3
NmC2

x (2.641)

To allow for the fact that all the molecules in a container do not have the same speed,
C2

x is replaced with the average speed 〈C2
x 〉. The latter relation can then be written

in terms of the kinetic energy 1
2mC2

x associated with the motion along the x axis:

px V = 2

3
N 〈1

2
mC2

x 〉 (2.642)

In kinetic theory, in accordance with the kinetic energy equipartition theorem, the
kinetic temperature T of a gas at a uniform state at rest or in uniform translation
is defined directly in terms of the average peculiar speeds of the molecules, by the
three dimensional relation 1

2m〈C2〉M = 3
2kT obtained from (2.200) and (2.199). In

accordance with (2.200) and (2.192) the static pressure p of a gas in equilibrium is
given by p = 3px = nm〈C2

x 〉M = 1
3nm〈C2〉M = knT . Considering the mass M

of gas contained in a volume V , the number of mono-atomic molecules N in the
mass M is M/m, and the number density n is therefore N/V . The thermodynamic
pressure is then given by pV = NkT . Alternatively one can write N = nNa , where
n is the number of moles of gas present and Na is Avogadro’s number. Then, the
ideal gas law, yields:

pV = nRT (2.643)

where R = k Na is the universal gas constant. This formula may also be valid for a
gas not in equilibrium provided that the molecules possess only translational energy.

2.11.1 Non-Ideal Gases

The ideal gas law is not accurately followed at high pressure because the molecular
size becomes important as the molecules are packed closer together. Likewise, at low
temperatures the molecular interactions may become more important and can cause
deviations from the ideal gas behavior. For such system conditions, more complex
equations of state formulations are required.

Considering real non-ideal gases, the basic kinetic theory for ideal gases must be
modified to account for the anomalous real gas behavior caused by the fact that real
gas molecules attract each other and have finite volumes. The van derWalls equation



2.11 Ideal Gas Law 345

of state, among other equations of state formulations proposed in the literature,
includes parameters that relate to molecular size and interactions:

p = n RT

V − nb
− an2

V 2 (2.644)

2.12 Extending the Kinetic Theory to Denser Gases

The preceding sections in this chapter deal with the kinetic theory of dilute gases
summarizing the statistical modeling concepts, deriving the governing conservation
equations and fairly accurate relations determining the transport coefficients from
first principles. The starting point for the kinetic theory of dilute mono-atomic gases
is the Boltzmann equation determining the evolution of the distribution function
in time and space. The formulation of the collision term is restricted to gases that
are sufficiently dilute so that only binary collisions need to be taken into account.
It is also required that the molecular dimensions are small in comparison with the
mean distance between the molecules, hence the transfer of molecular properties is
solely regarded as a consequence of the free motion of molecules between collisions.
Obviously, these restrictions are not met in dense gases, so the dilute gas results are
not acceptable for higher-density systems (e.g., [39], p. 356). After recognizing these
model restrictions, Enskog [37] made a first attempt to extend the kinetic theory of
dilute mono-atomic gases to slightly higher densities.

Enskog’s [37] kinetic theory extension consists in the introduction of corrections
that account for the fact that for dense gases the molecular diameter is no longer
small comparedwith the average intermolecular distance. The fundamental postulate
is that as a dilute gas is compressed two novel effects become important because the
molecules have finite volumes. First, it is expected that during a molecular collision
momentum and energy are transferred over a distance equal to the separation of the
molecules. In the particular case of rigid spherical molecules this collisional transfer
of momentum and energy takes place instantaneously and results in a transfer over
the distance between their centers. Second, the collision frequency may be altered.
One possible mechanism is that the collision frequency is increased because the par-
ticle diameter is not negligible small compared with the average distance between the
molecules. However, the collision frequency may also decrease because the mole-
cules are close enough to shield one another fromoncomingmolecules. Nevertheless,
the probability of multiple simultaneous collisions is considered negligible. In the
following subsections the derivation of Enskog’s equation is examined [37].

2.12.1 Boltzmann Equation Collision Frequency Reformulation

To derive the Enskog’s equation for a dense gas, Enskog [37] did departure from
the kinetic theory of dilute mono-atomic gases that is described by the Boltzmann
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equation determining the evolution of the single distribution function in time and
space. Moreover, the original formulation of the collision term is restricted to gases
that are sufficiently dilute so that only binary collisions need to be taken into account.
Even for the dilute gas Boltzmann equation, the choice of using theMaxellian billiard
ball- or rigid sphere model representing the molecules allows a reformulation of the
collision frequency and the collision term. That is, it has been shown that the collision
frequency (2.160)which is formulated in terms of the solid angle d�g′ and used in the
Boltzmann equation (2.184) for dilute gas, can be expressed in an alternative form in
terms of the alternative solid angle dk. Hence, before the Enskogmodifications to the
Boltzmann equation are treated, this prerequisite collision frequency reformulation
is outlined in this subsection.

In the analysis of a binary collision between molecules with velocities c1 and c2
the direction of the line of centers at collision can be specified by the unit vector k
along the apse-line (i.e, in the particular case of rigid spherical molecules, the apse-
line corresponds to the line joining the centers of the two molecules at the instant
of contact), Fig. 2.7. This unit vector is precisely characterized by the polar angles
(ψ,φ). Therefore, instead of describing the deflection45 with the angles (θ,φ), it is
more convenient to use the angles (ψ,φ) since in these variables the final velocity g′

21
is more simply related to the initial velocity g21 (i.e., by symmetry the projections of
g21 and g′

21 on k are equal and of opposite sign: k · g21 = −k · g′
21, as discussed in

Sect. 2.4.2.2). In particular, in Sect. 2.4.2 we found that when the collision term in
(2.184) is expressed in terms of the impact parameter (i.e., bdb dφ), c′ and c′

1 should
be given as functions of c, c1, b and φ. Alternatively, when the collision term is
rewritten in terms of σA(θ, g)d�′ the velocities c′ and c′

1 must be given as functions
of c, c1 for given �′, through the law of collision. We can then, for example, use
(2.132)–(2.134) expressed in the particular reference frame chosen (i.e., the center of
force frame). However, a third and more common approach (i.e., made possible by
the use of the hard sphere molecular model thus available both for dilute and dense
gases) is to use the unit vector k to describe the scattering. That is, we express the
scattering cross section in terms of the variable k rather than θ. Therefore, when the
scattering cross section is expressed in terms of the unit vector k, (2.132)–(2.134)
can be used directly to compute c′ and c′

1 as these relations are independent of the
laboratory frame. The latter formulation plays a fundamental role in the applications
of kinetic theory to denser gases, hence it is worthwhile to display its derivation in
further details.

The scattering cross section is expressed in terms of the variable k, simply by
defining a function sA(ψ, g) by [109, 117]:

sA(ψ, g) sinψdψdφ = σA(θ, g) sin θdθdφ (2.645)

45 The deflection angle θ is defined as the angle between the final and initial velocities: θ = π−2ψ.
It appears that the phrase scattering is used for the case ofMaxwellian billiard ball particles, whereas
the phrase deflection is used in the more general case considering a center of force.
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in such away that the number of particles deflected into the corresponding differential
surface element of a sphere of unit radius per unit time (2.139) becomes:

IσA(θ, g) sin θdθdφ = I sA(ψ, g) sinψdψdφ (2.646)

By trigonometric manipulations using (2.146), we obtain:

sA(ψ, g) = σA(θ, g)
sin θdθdφ

sinψdψdφ
= 4σA(|π − 2ψ|; g) cosψ (2.647)

where we have required that sA is a positive factor by using a positive angle: θ =
|π − 2ψ|.

It appears that the variable k will be convenient shortly calculating the collision
term because it allows us to write down the number of scattered particles in a form
independent of the particular system of coordinates used in the previous calculations
(i.e., the laboratory frame). Trigonometrical considerations imply that:

cosψ = k · eg′ = k · g′
21

|g′
21|

(2.648)

or,

ψ = arccos(cosψ) = arccos(
k · g′

21

g
) (2.649)

and we introduce a novel quantity

dk = sinψdψdφ (2.650)

denoting a differential area of a sphere of unit radius. Hence, ψ and φ represent the
polar angles around k.

It follows that the number of particles scattered into the differential area element
per unit time, given by (2.646), can be rewritten using (2.648)–(2.650). The result is:

IσA(θ, g) sin θdθdφ = I sA(ψ, g) sinψdψdφ = I sA(ψ, g)dk

= I sA(arccos(
k · g′

21

g
), g))dk

= I sA(arccos(k · eg′), |g′
21|)dk = I sA(k, g′

21)dk (2.651)

which is independent of the laboratory reference frame, as it is expressed in a system
of coordinates moving with the center of mass.

For hard spheres (2.651) takes a particularly simple form, using (2.149), (2.647)
and (2.648), we get:
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sA(k, g′
21) = sA(arccos(

k · g′
21

g
), g) = 4σA(ψ, g)k · eg′ = 4(

d2
12

4
)k · eg′ = d2

12k · eg′

(2.652)
Making an inversion of the trajectory with respect to the origin O and reversing the
velocities, the unit vector along the apse-line changes sign, whereas the deflection
angle θ does not change in these transformations [117]. Hence, in accordance with
the Liouville law for elastic collisions, the cross sections of the two processes are
the same and consistently s(k′, g21) = s(k, g21) = s(−k, g21).

Reformulating (2.651), using (2.648) and (2.652), we get:

|g21|IσA(θ, g)d�′ = |g21|I sA(k, g′
21)dk = I d2

12k · g21dk (2.653)

or, simply
gσA(θ, g)d�′ = d2

12k · g21dk = d2
12gdk cosψ (2.654)

It follows that the elementory area bdφdb is the projection of d2
12dk on a plane

normal to g21, where g21 = c2 − c1, and if ψ is the angle between g21 and k we get:

gbdφdb = d2
12gdk cosψ = d2

12k · g21dk (2.655)

The collision frequency can now be obtained from (2.160) as:

f (r, c, t) f1(r1, c1, t)d2
12g21 · kdkdc1dcdr (2.656)

This formulation of the collision frequency is valid for the rigid sphere molecular
model and forms the basis for the Enskog’s equation development.

2.12.2 Enskog’s Equation

For dilute mono-atomic gases we have shown that the evolution of the distribution
function is given by the Boltzmann equation as expressed by (2.184). Hence, con-
sidering dense gases it might be natural to start out from this result. Enskog [37]
derived a modified Boltzmann equation for the evolution of the distribution function
supposedly valid for denser gases. No changes was made to the LHS of the equa-
tion, whereas an extended form of the collision term was introduced due to the finite
size of the molecules. More precisely, Enskog [37] considered a mono-atomic gas
composed of rigid spherical molecules of diameter d. The restriction to rigid spheres
was made because multi-body collisions need not be considered, as for this special
molecular model there are essentially no three-body and higher order collisions. For
dense gas, the binary molecular collisions were assumed elastic just as for dilute gas.
The major aim was to take into account the mechanisms of instantaneous momen-
tum and energy transfer over the distance separating the centers of the two colliding
molecules, d12 = d. Another important goal was to extend the collision frequency
formula correcting for the finite size of the molecules. Considering the impact of
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collisions for dilute mono-atomic gases we have shown in the foregoing paragraphs
that we need to know the numbers of pairs of molecules both lying in the element dr
which are going to collide in the time interval dt and elementary knowledge from
scattering theory. Hence, during a time interval dt the expected number of collisions
in the volume element dr about r between molecules in the velocity ranges dc about
c and dc1 about c1, with the infinitesimal solid angle in the range d�′ about �′, is
given by the collision term on the RHS of (2.184).

For convenience, theMaxwell-Boltzmann equation (2.67) with the collision oper-
ator definition (2.69) is rewritten here defining the point of departure in Enskog’s
model development:

∂ f

∂t
+ c · ∂ f

∂r
+ F · ∂ f

∂c
=

∫ ∞

−∞

∫

4π
( f ′ f ′

1 − f f1)gσA(�)d�′dc1 (2.67)

By use of (2.654) or (2.656), the collision operator in the Maxwell-Boltzmann equa-
tion (2.67) can be reformulated. The reformulated Maxwell-Boltzmann equation is
given as:

∂ f

∂t
+ c · ∂ f

∂r
+ F · ∂ f

∂c
=

∫ ∞

−∞

∫

4π
( f ′ f ′

1 − f f1)d
2
12(g12 · k)dkdc1 (2.657)

2.12.2.1 Enskog’s Boltzmann Equation Modifications

Just as in the Boltzmann theory [10], in Enskog’s theory [37] the state of the gas is
characterized by a single-particle distribution function f (r, c, t) defined such that
f (r, c, t)drdc gives the number of molecules in the volume element between r and
r+dr andwith velocities between c and c+dc at time t . Moreover, Enskog proposed
that the basic assumptions of molecular chaos and elastic molecular collisions hold
also for dense gas. So far it has been shown that the collision frequency (2.160) which
is formulated in terms of the solid angle d�g′ and used in the Boltzmann equation
(2.184) for dilute gas, can be expressed in an alternative form (2.656) in terms of the
alternative solid angle dk. In addition to this minor collision frequencymanipulation,
Enskog [37] considered that in a dense gas the volume of themolecules is comparable
with the total volume occupied by the gas. The effect of this relative volume change
is to reduce the volume in which the centre of any one molecule can lie, and thus to
increase the probability of a collision. The collision term on the RHS of Boltzmann
equation (2.184) was thus modified by Enskog [37] in order to take these effects into
account. First, the frequency of collisions (2.656) is changed by a pre-factor χ, to
increase the probability of a collision for a dense gas:

χ f (r, c, t) f1(r1, c1, t)d2
12g · kdkdc1dcdr (2.658)

where χ is a free volume correction function that is unity for dilute gases, and
increases with increasing gas density towards infinity as the gas density approaches
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the state of closest packing where no motion is possible. χ is considered a function
of position but, by the assumption of molecular chaos, not on velocity.

The correction function χ is related to the viral expansion of the equation of state
and fitted to experimental data [55]. Enskog ([37], p. 9) and Chapman and Cowling
([20], p. 299) gave an approximate relation for the value forχ for a fairly rare uniform
gas:

χ ≈ 1 + 5

8
bρ (2.659)

where bρ = 2πnσ3
A/3, b = 2πσ3

A/m and ρ = mn.
Second, due to the finite size of the colliding molecules the centers of the two

molecules are not at the same point. If, at the instant of collision, the center of the
first molecule is at r, the center of the second one is at r ± d12k. For this reason
the two distribution functions should be evaluated at different points, so that for the
direct collision f (r1, c1, t) is replaced by f (r−d12k, c1, t). The correction function
is determined at the point of contact between the two particles, hence the collision
frequency for the direct collision is approximated as:

χ(r − 1

2
d12k) f (r, c, t) f (r − d12k, c1, t)d2

12g · kdkdc1dcdr (2.660)

As for dilute gases, corresponding to any direct collision specified by the variables
c, c1, k there is an analogous inverse collision in which c, c1 are the velocities of the
molecules after the collision, while −k is the direction of the apse-line. In such a
collision the center of the second molecule is at r + d12k, while the point of contact
is at r + 1

2d12k. The correction function is still determined at the point of contact
between the two particles, hence the collision frequency for the inverse collision is
approximated as:

χ(r + 1

2
d12k) f (r, c, t) f (r + d12k, c1, t)d2

12g · kdkdc1dcdr (2.661)

It follows that the Enskog’s equation describing the evolution of the distribution
function for a dense gas of rigid spherical molecules is analogous to the Boltzmann
equation (2.184) but containing the modified collision term on the following form:

D f

Dt
=

∫ ∫

[χ(r + 1

2
d12k) f ′(r, c′, t) f ′

1(r + d12k, c1, t) (2.662)

− χ(r − 1

2
d12k) f (r, c, t) f1(r − d12k, c1, t)]d2

12(g · k)dkdc1

This extended Boltzmann equation is called the Enskog equation.
Enskog [37] further considered that a prerequisite in order to solve this equation is

that all quantities must be evaluated at a common point. Assuming that the conditions
in the dense gas are sufficiently smooth, each of the functions χ(r ± 1

2d12k), f1(r −
d12k, c1, t) and f ′

1(r + d12k, c′
1, t) on the RHS of (2.662) was expanded in a Taylor
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series near r, neglecting the third- and higher-order terms. Then, Enskog’s equation
can be written as [69]:

∂ f

∂t
+ ci

∂ f

∂xi
+ Fi

∂ f

∂ci
= J0( f f ) + J1( f f ) + J2( f f ) (2.663)

where

J0( f f ) = χ

∫ ∞

−∞

∫

4π
( f ′

1 f ′ − f1 f )d2
12(g12 · k)dkdc1 (2.664)

J1( f f ) = d12

∫ ∞

−∞

∫

4π

{

χ

[

f ′ ∂ f ′
1

∂xi
+ f

∂ f1
∂xi

]

(2.665)

+ 1

2

∂χ

∂xi
( f ′

1 f ′ − f1 f )

}

ki d
2
12(g12 · k)dkdc1

J2( f f ) = d2
12

2

∫ ∞

−∞

∫

4π

{

χ

[

f ′ ∂2 f ′
1

∂xi∂x j
− f

∂2 f1
∂xi∂x j

]

(2.666)

+ ∂χ

∂xi

[

f ′ ∂ f ′
1

∂xi
+ f

∂ f1
∂xi

]

+ 1

4

∂2χ

∂xi∂x j
( f ′

1 f ′ − f1 f )

}

ki k j d
2
12(g12 · k)dkdc1

where all quantities are evaluated at r.
In Enskog’s equation (2.662), (c, c1) and (c′, c′

1) are the velocities of two mole-
cules before and after collision, respectively, and they are connected by the relations
(being analogue to the dilute mono-atomic gas relations (2.133) and (2.134)):

c′ = c + (k · g21)k (2.667)

c′
1 = c1 + (k · g21)k (2.668)

in which g21 = c2 − c1 is the relative linear velocity and k is the unit vector in
the direction of the line which joins the two molecules centers at collision pointing
from the molecule labeled by 1 to the other. Moreover, d12 is the diameter of the
molecule and dk = sinψdψdφ; 0 ≤ ψ ≤ π/2 is the angle between k and g21 while
0 ≤ φ ≤ 2π is the angle between the plane containing k and g21 and a reference
plane through g21. The plus or minus sign corrections refer to collisions that take
(c, c1) or (c′, c′

1) as initial velocities, respectively.

2.12.3 Flux Vectors

In Sect. 2.5 the flux of molecular property ψ across a small surface element d A in
a dilute gas at low pressure was considered. For dilute gases the molecules could be
considered to be pointmasses. In dense gases, however, thefinite size of themolecules
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must be taken into account and, thus the instantaneous collisional transfer of the
molecular property ψ across d A. That is, the instantaneous transfer due to collisions
between molecules whose centers lie on opposite side of d A while the line joining
their centers cuts d A must be taken into account.

The sign convention is define by n being the unit normal to d A, located at r,
pointing from the negative to the positive side. Consider a collision between a mole-
cule having velocity c and a molecule having velocity c1. If the first molecule lies on
the positive side of d A and the second on the negative side, the inner product k · n
is positive. At collision, the line joining the centers of the molecules must cut d A,
so the center of the first molecule must lie within a cylinder having d A as base and
whose generators are parallel to k and of length d. Thus, the volume of this cylinder
is d(k ·n)d A. The mean positions of the centers of the twomolecules at the instant of
the collision are r + 1

2dk and r − 1
2dk, and the mean position of the point of contact

is r. Hence, the average number of such collisions per unit time at t , in which c, c1
and k lie in the range dc, dc1 and dk, respectively, is, by analogy with (2.660):

χ(r) f (r + 1

2
d12k, c, t) f1(r − 1

2
d12k, c1, t)d3

12g · kdkdc1dc(k · n)d A (2.669)

For convenience, henceforth a new notation is introduced:

d� = d3
12g · kdkdc1dc (2.670)

Each such collision causes the transfer of a quantity (ψ − ψ′) of the molecular
property ψ across d A, so the total transfer by collisions of this type, per unit time
and per unit area, is:

χ(r)
∫ ∫ ∫

(ψ′ − ψ) f (r + 1

2
d12k, c, t) f1(r − 1

2
d12k, c1, t)(k · n)d� (2.671)

in which the integration is over all values of the variables such that (g21 · k) and
(k · n) are positive. That is, the condition (g21 · k) > 0 ensures that the molecules
collide, whereas the condition (k · n) is a consequence of the definition of k and n.

The resulting flux vector associated with the collisional transfer of property ψ is
expressed as:

�ψ = χ(r)
∫∫∫

g21·k>0
k·n>0

(ψ′ − ψ) f (r + 1

2
d12k, c, t) f1(r − 1

2
d12k, c1, t)kd� (2.672)

The summational invariant quantities like mass, momentum and energy, certain sim-
plifying manupilations are possible because ψ + ψ1 = ψ′ + ψ′

1. We may then let
the variables of integration c and c1 be interchanged. This operation is equivalent
to interchanging the roles of the two colliding molecules, so that k is replaced by
−k, g21 is replaced by −g21, and ψ′ − ψ by ψ′

1 − ψ1 which is equal to −(ψ′ − ψ).
Consequently, the integrand of (2.672) is unchanged but the region of integration is
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now restricted by the condition g21 · k > 0 and k · n < 0. The flux vector associated
with the collisional transfer of a summational invariant ψ is, therefore, equal to:

�ψ,collision (2.673)

= 1

2
χ(r)

∫∫∫

g21·k>0

(ψ′ − ψ) f (r + 1

2
d12k, c, t) f1(r − 1

2
d12k, c1, t)kd�

If the conditions in the gas are sufficiently smooth, f (r ± 1
2d21k) may be expanded

in a Taylor series around r, so that � may be approximated as:

�ψ,collision = 1

2
χ(r)

∫∫∫

g21·k>0

(ψ′ − ψ) f (r, c, t) f1(r, c1, t)kd� (2.674)

+ 1

4
d12χ(r)

∫∫∫

g21·k>0

(ψ′ − ψ)

(

k · f (r, c, t) f1(r, c1, t)∇r ln
f (r, c, t)

f1(r, c1, t)

)

kd�

The kinetic flux contribution due to the flow of molecules across the surface is given
by (2.186):

�ψ,kinetic =
∫ ∞

−∞
ψ f Cdc (2.675)

The total flux of the property ψ is then the sum of the two contributions:

�ψ = �ψ,kinetic + �ψ,collision (2.676)

The Chapman-Enskog solution method, as discussed in Sect. 2.8 for a dilute mono-
atomic gas, can be applied to the Enskog’s equation as well. Solving the Enskog’s
equation by the perturbation method to determine f , we find that the zero-order
approximation (i.e., f ≈ f (0)) of the pressure tensor and the heat flux vector are
obtained from (2.675) with ψ = mc and ψ = 1

2mC2, respectively:

p(0)
kinetic = �

(0)
mc,kinetic = nkT e (2.677)

q(0)
kinetic = �

(0)
mC2,kinetic

= 0 (2.678)

However, in this case the product nkT is not equal to the static pressure in the gas,
because the collisional contribution to the pressure does not vanish. With f ≈ f (0),
the collisional flux relation (2.674) gives for the pressure tensor (i.e., with ψ = mc):

�
(0)
mc,collision = 1

2
χ(r)

∫∫∫

g21·k>0

m(c′ − c) f (0)(r, c, t) f (0)
1 (r, c1, t)kd� (2.679)

This integral can be integrated analytically, thus the result is [39]:
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p(0)
collision = �

(0)
mc,collision = 2

3
πnd3

12χnkT e (2.680)

Combining (2.676), (2.677) and (2.680) we conclude that in a zero-order theory, the
pressure tensor assumes the form:

p(0) = p(0)
kinetic + p(0)

collision = nkT e + 2

3
πnd3

12χnkT e (2.681)

= (1 + 2

3
πnd3

12χ)nkT e

From this analysis, it follows that in a zero-order theory the kinetic theory approxi-
mates the static pressure as:

p(0) = 1

3
p(0) : e = (1 + 2

3
πnd3

12χ)nkT (2.682)

The static pressure in equilibrium is related to the temperature and density of the
gas through this equation of state. A comparison with the ideal gas law defined in
(2.643) might be informative.

In a similar manner, with f ≈ f (0) the collisional part of the molecular heat flux
(i.e., ψ = 1

2mC2) is found from (2.674):

�
(0)
mC2,collision

= 1

2
χ(r)

∫∫∫

g21·k>0

1

2
m(C

′,2 − C2) f (0)(r, c, t) f (0)
1 (r, c1, t)kd�

(2.683)
In a zero-order theory the analytical solution to this integral is zero [39]:

q(0)
collision = �

(0)
1
2 mC2,collision

= 0 (2.684)

Combining (2.676), (2.678) and (2.684) we conclude that in a zero-order theory, the
heat flux vector assumes the form:

q(0) = q(0)
kinetic + q(0)

collision = 0 (2.685)

In the first order approximation considering that the gas is not in the uniform steady-
state, a first approximation to f is given by f = f (0)(1 + Φ(1)). The solution
procedure is thus analogous to the dilute gas approach outlined in Sect. 2.8.2. How-
ever, for dense gas the perturbation function, Φ(1), differs from the corresponding
perturbation function (2.267) for a dilute gas only in that the term involving ∇ ln T
is multiplied by (1+ 2

3πnd3
12χ)/χ and the term involving ∇v by (1+ 4

15πnd3
12χ)/χ.

The dense gas perturbation function is given by:

Φ(1) = − 1

nχ

{

(1 + 2

3
πnd3

12χ)A · ∇ ln T + (1 + 4

15
πnd3

12χ)B : ∇v
}

(2.686)
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The first order pressure tensor approximations are given as [39]:

p(1) = p(1)
kinetic + p(1)

collision (2.687)

= pe − κ(∇ · v)e − 2

[
1

χ
(1 + 4

15
πnd3

12χ)2μ(0) + 3

5
κ

]

S

where

p(1)
kinetic = �

(1)
mc,kinetic + �

(0)
mc,kinetic (2.688)

= xnkT e − 2

χ
(1 + 4

15
πnd3

12χ)μ(0)S

p(1)
collision = �

(1)
mc,collision + �

(0)
mc,collision (2.689)

= 2

3
πnd3

12χnkT e − 8

15
πnd3

12(1 + 4

15
πnd3

12χ)μ(0)S − κ[6
5

S + (∇ · v)e]

in which

κ = 4

9
n2d4

12χ(πmkT )1/2 (2.690)

By application of the same solution procedure, the first orderheat flux approximations
are given as [39]:

q(1) = q(1)
kinetic + q(1)

collision = −
[
1

χ
(1 + 2

5
πnd3

12χ)2k(0) + Cvκ

]

∇T (2.691)

where

q(1)
kinetic = �

(1)
1
2 mC2,kinetic

+ �
(0)
1
2 mC2,kinetic

(2.692)

= − 1

χ
(1 + 2

5
πnd3

12χ)k(0)∇T

q(1)
collision = �

(1)
1
2 mC2,collision

+ �
(0)
1
2 mC2,collision

(2.693)

= −
[
2

5
πnd3

12(1 + 2

5
πnd3

12χ)k(0) + Cvκ

]

∇T

It is seen that for mono-atomic dense gases both the pressure tensor, p(1), and the
heat flux vector q(1), contain two flux contributions (i.e., a kinetic- and a collisional
flux contribution) [20, 39, 55].

The transport coefficients for a moderately dense gas can be extracted from these
results. A comparison of Newton’s viscosity law (1.77) from continuum mechanics
with (2.687) and of Fourier’s law (2.580) with (2.691), approximate values of the
transport coefficients (i.e., for the dynamic viscosity and the conductivity) can be
determined. The dynamic viscosity, μ(1), is given by:

http://dx.doi.org/10.1007/978-3-319-05092-8_1
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μ(1) = 1

χ
(1 + 4

15
πnd3

12χ)2μ(0) + 3

5
κ (2.694)

The thermal conductivity, k(1), is given by the expression:

k(1) = 1

χ
(1 + 2

5
πnd3

12χ)2k(0) + Cvκ (2.695)

In the zero-order approximation, the dynamic viscosity and the conductivity are
given by:

μ(0) = 1.0160 × 5

16d2
12

(
mkT

π

)1/2

(2.696)

k(0) = 2.5Cvμ
(0) (2.697)

The zero-order approximation transport coefficient values corresponds to the dilute
gas values (2.620) and (2.621), respectively.

2.12.4 Enskog’s Macroscopic Equations of Change

Analogous to the equation of change of mean molecular properties for dilute gas
that was examined in Sect. 2.6 , similar macroscopic conservation equations may be
derived for dense gas from the Enskog equation. Multiplying the Enskog’s equation
(2.663) with the summation invariant property, ψ, and integrating over c, the result
is the Enskog’s equation of change on the form:

∂

∂t

∫

ψ f dc + ∇r ·
∫

(ψc f )dc + F ·
∫

f ∇cψdc = I0 + I1 + I2 (2.698)

where Ii = ∫
ψJi ( f f ) dc, i= 0, 1, 2.

Analogous to the analysis of dilute gas in Sect. 2.6, it is easily proved that the
integral I0 vanishes as it is an identical integral with a pre-factor that is indepen-
dent of the integration. Moreover, by invoking some manipulations considering the
equivalence of collisions and their inverses, and by interchanging the roles of the
two colliding molecules, the integral I1 can be written as [39]:

I1 = 1

2
∇r · χ

∫∫∫

(ψ − ψ′) f f1kd� (2.699)

The last part of J2( f f ) gives a zero contribution to the integral I2 due to the same
reason that I0 vanishes. The remainder two parts can after several manipulations be
approximated as [39]:
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I2 = 1

4
d12∇r · χ

∫∫∫

(ψ − ψ′)
(

k · f f1∇r ln
f

f1

)

kd� (2.700)

A comparison of the resulting fluxes Ii , i = 0, 1, 2 with (2.674) reveals that:

I0 + I1 + I2 = −∇r · �ψ (2.701)

The Enskog’s macroscopic equation of change (2.698) may thus be written as:

∂

∂t

∫

ψ f dc + ∇r ·
∫

(ψc f )dc + F ·
∫

f ∇cψdc = −∇r · �ψ (2.702)

This equation is a generalization of the macroscopic moment equation for dilute gas
to dense gas of identical, rigid spherical molecules.

If we choose ψ as the summational invariants m, mC and mC2, we obtain the
Cauchy set of conservation equations named the continuity (2.217), the equation of
motion (2.223), and the equation of energy (2.230). The only difference in the final
result is that the pressure tensor, p, and the heat flux vector, q, are made up of two
parts (i.e., a kinetic and a collisional contribution):

p = pkinetic + pcollision (2.703)

q = qkinetic + qcollision (2.704)

The kinetic parts corresponds to the dilute gas pressure tensor and heat flux, as defined
by (2.270) with (2.271) and (2.272), respectively.

Substitution of the first order dense gas flux approximations (2.687) and (2.691)
into the conservation equations results in the set of non-equilibrium gas dynamics
equations (i.e., sometimes named the Navier-Stokes equations) for a mono-atomic
dense gas. If the zero order dense gas flux approximations were employed instead,
the outcome is the set of equilibrium Euler equations.

2.13 Governing Equations for Polydispersed Multiphase Systems

To describe polydispersed multiphase systems the Boltzmann equation can be
extended by including the dependency of the internal property coordinates such
as the particle size and shape in the definition of the distribution function. In this
way a statistical balance formulation can be obtained by means of a distribution
function on the form: p(ξ, r, vξ, c, t)dξdr dvξ dc, defined as the probable number
of particles with internal properties in the range dξ about ξ, with a velocity range in
property space dvξ about vξ, located in the spatial range dr about the position r, with
a velocity range dc about c, at time t . The particular Boltzmann type of equation is
given by:

∂ p

∂t
+ ∇r · (c p) + ∇c · (Fp) + ∇ξ · (vξ p) + ∇vξ · (aξ p) = I (2.705)
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The first term on the LHS denotes the time variation of the distribution function p.
The second term on the LHS represents the change in the number density distribution
because of fluid particle convection into and out of the range dr. The third term on the
LHS represents the change in the number density distribution because of acceleration
of the fluid particle into and out of the range dc in the standard manner. However, in
this case the net force F acting to accelerate or decelerate the fluid particle includes
the body and drag forces (per unit mass). The fourth term on the LHS represents
the change in the number density distribution because of transport processes in the
property space for example due to fluid particle growth into and out of the range dξ.
The fifth term on the LHS represents the change in the number density distribution
because of accelerations in the property space for example due to acceleration of the
fluid particle interface into and out of the range dvξ. The term on the RHS represents
the rate of change in the number density distribution due to particle coalescence,
breakage and collisions.

A critical review of the population balance model derivation shows that there
exist several transport equations of this type having different theoretical origin and
interpretations [141]. The different model versions have specific inherent advan-
tages and disadvantages. Following the same procedure as outlined in Sects. 2.6 and
2.6.1 deriving the governing single phase conservation equations from the original
Boltzmann equation, the extended Boltzmann equation can be multiplied by a gen-
eralized property function whereupon the resulting equation is integrated over the
whole velocity space to give a generic transport equation for the conserved multi-
phase quantities [118]. In particular, considering that the property function is unity
a transport equation for the number distribution function f (ξ, r, t) is obtained [82].
This transport equation is generally referred to as the population balance equation.

Hulburt and Katz [58] applied this approach to derive a transport equation for
the number distribution function describing particulate systems considering growth,
nucleation and agglomeration processes. Reyes Jr [118] and Lafi and Reyes [79]
derived an extended set of mass, momentum and energy equations to describe poly-
dispersed bubbly flows using a fluid particle continuity equation analogous to the
Boltzmann’s transport equation. In a similar manner Laurent et al. [88] derived the
governing conservation equations for poly-dispersed dense sprays of evaporating
liquid droplets. Lathouwers and Bellan [83–87] and Chao et al. [16, 17] proposed
a similar model for poly-dispersed gas-solid multicomponent reactive processes in
fluidized beds. The main challenge in formulating these equations is related to the
definition of the collision operator. So far this approach has been restricted to the
formulation of the population balance equation. That is, inmost cases a general trans-
port equation which is complemented with postulated source term formulations for
the particle behavior is used. Randolph [112] and Randolph and Larson [113] used
this approach deriving a microscopic population balance equation for the purpose of
describing the behavior of particulate systems. Ramkrishna [111] provides further
details on a different statistical approach considering also fluid particle systems. The
population balance modeling framework is further discussed in Chap. 9.

http://dx.doi.org/10.1007/978-3-319-05092-8_9
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2.14 Multifluid Models with Granular Flow Closures

Enskog’s dense gas theory for rigid spheres has also been used as basis developing
multifluid granular flow models. The modifications suggested extending the dense
gas kinetic theory to particulate flows are discussed in Chap. 4.
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