Chapter 8

High-Order Discontinuous Galerkin Solution
of Unsteady Flows by Using an Advanced
Implicit Method

Alessandra Nigro, Carmine De Bartolo, Francesco Bassi,
and Antonio Ghidoni

Abstract The aim of this paper is to investigate and evaluate a multi-stage and
multi-step method that is an evolution of the more common Backward Differenti-
ation Formulae (BDF). This new class of formulae, called Two Implicit Advanced
Step-point (TIAS), has been applied to a high-order Discontinuous Galerkin (DG)
discretization of the Navier-Stokes equations, coupling the high temporal accuracy
gained by the TIAS scheme with the high space accuracy of the DG method. The
performance of the DG-TIAS scheme has been evaluated by means of two test cases:
an inviscid isentropic convecting vortex and a laminar vortex shedding behind a
circular cylinder. The advantages of the high-order time discretization are illustrated
comparing the sixth-order accurate TIAS scheme with the second-order accurate
BDF scheme using the same spatial discretization.
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8.1 Introduction

In recent years the increasing attention to high-order spatial discretization schemes
and the continuous growth of computer power put forward the development of
high-order temporal methods to perform very accurate and efficient simulations of
unsteady flows. In particular, in the context of high-order methods, high accurate
time integration schemes are mandatory to capture the significant flow features of
transient problems and to perform accurate long time simulations in many areas
of research including aeroacoustics, Large Eddy Simulations (LES) and Direct
Numerical Simulations (DNS) of turbulent flows.

Some approaches of coupled space-time formulations can be found in the
literature [1, 2], but the prevailing number of numerical schemes for the solution of
the Euler and the Navier Stokes equations applies the method of lines, employing for
the time integration of the space discretized equations one of the methods available
for the integration of ordinary differential equations. Among them, explicit Runge-
Kutta schemes are easy to implement and parallelize, and require only limited
memory storage. However, for problems requiring high spatial resolutions of very
thin boundary layers and characterized by very stiff system of equations, the time
step restriction would results in an inefficient time integration technique and implicit
methods must be used. Among the implicit methods, very popular approaches for
the simulation of unsteady flows are the multi-stage implicit Runge-Kutta (RK)
schemes [3-5] and the Backward Differentiation Formula (BDF) [6-8]

In implicit multi-stage RK methods the accuracy order can be arbitrarily raised
while retaining L-stability by increasing the number of stages, but some family
schemes are susceptible to order reduction in the presence of substantial stiffness
such as in turbulent flow computations. The implicit multi-step BDF methods are A-
stable up to the second-order but only A(w)-stable for order three and higher. Since
Gear’s book in 1971, different variants of the BDF have proliferated in an attempt
to derive a class of multi-step methods characterized by better stability properties
and higher-order accuracy. The stability and the accuracy of the BDF methods have
been extended by Cash combining in the Extended BDF (EBDF) and successively
in the Modified Extended BDF (MEBDF) the multi-step and multi-stage ideas
[9, 10]. In particular, the EBDF and MEBDF schemes are A-stable up to order 4
and A(wa)-stable up to order 9. Following a similar approach, a new scheme has
been proposed based on the use of two super future points guaranteeing an A-stable
formula up to order 6 [11, 12]. This new scheme, called Two Implicit Advanced
Step-point (TIAS), involves four stages: the first three are predictor stages that use a
standard k-step BDF scheme, the last one is a corrector stage that uses an advanced
implicit k-step formula of order k¥ + 1. The TIAS scheme was presented in [13, 14]
and the stability properties of this approach were investigated in detail in [11].

In this work we present numerical results obtained using this advanced multi-
step method applied to a high-order DG discretization of the Navier-Stokes
equations [15]. The performance of the DG-TIAS scheme has been evaluated
by means of two test cases: an inviscid isentropic convecting vortex and a laminar
vortex shedding behind a circular cylinder. For both test cases, the accuracy and
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the order of convergence of the TIAS scheme has been assessed by performing a
temporal refinement study. Furthermore, to clearly illustrate the advantages of the
high-order time discretization, the performance of the sixth-order accurate TIAS
scheme has been compared with that of the standard second-order accurate BDF
scheme using the same spatial discretization.

In the following of the paper the governing equations are presented in Sect. 8.2.
Sections 8.3 and 8.4 are devoted to space (DG) and time (TIAS) discretizations,
respectively. Numerical results are discussed in Sect. 8.5. Conclusions are reported
in Sect. 8.6.

8.2 Governing Equations

The compressible Navier-Stokes equations in conservative form based on the set of

conservative variables q = [p, pu, pv, pE ]T are:
dq
§+V-Fc(q)=V-Fv(q,Vq) , (8.1)

where F, (f.,g.) and F, (f,, g,) are the inviscid and viscous flux vectors respec-
tively, given by:

pu pv
u? + vu
fC IO p ’ gC - g
puy pv-+p
pHu pHv
0 0
f, = o By = o
Tyx Tyy
Tl + Ty — G Tyl + Ty — gy

In these equations p is the fluid density, « and v are the x and y velocity components
respectively and p is the pressure. E is the total internal energy for unit mass and
the total enthalpy for unit mass is given by H = E + p/p.

The shear stress tensor components 7; and the heat flux vector components g; of
viscous flux vectors can be calculated as:

0 0
Ty = (2;/,5 +)LV-V) Ty = (Zué +AV-V) ,

ou v
Ty =Ty = U 54—5 )
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In order to close the system of equations, the Navier-Stokes equations must be
augmented by algebraic expressions that relate the internal energy E, the pressure
P, the dynamic viscosity u, the second viscosity coefficient A and the conductivity
coefficient « to the thermodynamic state of the fluid. For an ideal gas, assuming
that the fluid satisfies the equation of state of perfect gas, the pressure is given by
p=py—1[E— (u*+v?) /2], where y is the ratio of specific heats of the fluid,
given by y = C,/C,. The dynamic viscosity coefficient y can be approximated
using the power-law viscosity formula:

" 7\3¥4
(@)
8.3 DG Space Discretization

The BR2 scheme for the DG discretization of (8.1) is presented in [16, 17] and
theoretically analyzed in [18,19]. In order to construct the BR2 scheme, we consider
an approximation §2; of the domain §2 consisting of a set of non-overlapping
elements 7, = {K}, denoting by 052, the boundary of the discrete approximation
and by Fho the set of internal edges. We consider piecewise polynomial functions
on 1, with no global continuity requirement. If P, (K) denotes the space of
polynomial functions of degree at most n in the element K, and considering the
function space:

Vi= (v e (L220)" 7 s e (P (K)VT2VEK € )

where N is the number of spatial dimensions, the DG formulation of (8.1) is then
as follows: find q; € V}, so that

a
| v Sax— [ 9w s e @) - Fu @ Vay + 2 @l dxt
2 ! 2

[ O =) (af o) do = [ a0 48 @ Ve e oo+

/a o, e (H(af af.n) = F @, Vau + 0 (lanlly ) do =0
(8.2)

holds for an arbitrary test function v;, € V.

In this equation 7, is called “penalty” parameter and its lower bound is
established as the number of neighbours of the generic element K to guarantee
the stability of the method. %, ([[q]],) and Z ([[qx]],) are, respectively, the local
and global lifting operators accounting in the gradient of the diffusive fluxes for the
jumps in q; occurring at the element interfaces, defined as:
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Fig. 8.1 Two elements K+ and K~ sharing edge E

[[qh]] on Fho

(lanllo = G ®n ondd,

las]] =qf ®n" +q, ®n~.

Furthermore, the trace operator {(-)} denotes the average between left (-)~ and right
state (')+, see Fig. 8.1.

H(q; .q;.n") and H(q; . . n) are the numerical flux functions at the interior
and boundary faces, respectively. For the inviscid parts of the numerical flux any
of the numerical flux functions commonly considered in the finite volume method
can be used. In the present work we employ the Godunov flux, i.e. the physical flux
of the exact solution of a planar Riemann problem in the direction normal to the
interface.

8.4 TIAS Time Discretization

The DG space discretization (8.2) results in the following system of implicit
differential equations:

M% +R(Q) =0, (8.3)

where M is the global block diagonal mass matrix, Q is the global vector of
unknown degrees of freedom and R (Q) is the vector of “residuals”, i.e., the vector
of nonlinear functions of Q resulting from the integrals of the DG discretized space
differential operators in (8.2). Note that M is a constant non-singular matrix.

The Two Implicit Advanced Step-point (TTAS) method is applied to (8.3) to
advance the solution in time. Assuming that approximate solutions Q, 4 ; have been
calculated at #,4; with 0 < j < k — 1, the general k-step TIAS algorithm of
order k + 1 consists of successively solving the following four stages to advance the
solution in time:
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e Stage 1. Compute the first predictor Qn+k of order k with a k-step BDF:

k—1
M Qn+k +Z&an+j +AtﬂkR(Qn+k) =0.

j=0
* Stage 2. Compute the second predictor Qn+k+1 of order k with a k-step BDF:

k=2

M| Quirgr + G—1Qupx + Z&jQr1+_/+l + AtBiR (Quist1) = 0.
j=0

» Stage 3. Compute the third predictor Qn+k+2 of order k with a k-step BDF:

k=3
M| Quittr + @1Quiist + G —2Qupr + Y8 Quyjn | +
=0
+AtBR (Quys42) = 0.

» Stage 4. Compute the corrected solution Q,, 4 of order k + 1 using:

k—1

M Quix + D @Que; | + At[ﬁk-ﬁ-zR (Quri2) + Bt R (Quiqr) +
j=0

+BKR (Qupk) + (Bk - ,3k> R(Qn+k)] =0.

In the first three stages &; and By are the BDF coefficients and in the last one @ s
Brt2s it ,5k and Py are the TIAS coefficients. In particular, Bx1> and S are
free coefficients which determine the stability properties of the scheme, while the
other coefficients, expressed in terms of x4, are determined such as the scheme
has order k + 1. The residuals in stage 4, depending on the previous stages solutions,
are computed as:

i v (- =
R(Qn+k) = _At,ék (Qn-‘rk + Z a./Qn-i-j) ’

Jj=0

k=2
_ M _ R - o
R(Quik+1) = —ﬁ (Qn+k+1 + ar—1Qu4k + Zann+j+l) ,
k =0

k=3
- M [ - P .
R(Quir42) = _AtB (Qz1+k+2 + 0 —1Qukt1 + ¥—2Qu4k + E ann+j+2) .
k j=0
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Table 8.1 Coefficients of the 5-step BDF predictor stages

&y &s & & & Bs
—300/137 300/137 —200/137 75/137 —12/137 60/137

Table 8.2 Coefficients of the 5-step TIAS corrector stage

oy a3 o 431 500 Bs Bs Bs B7
26,550 18,700 3,200 2,925 _ 3% 2,940 200 _
14,919 + 14,919 ron T 14,919 14,919 + 1973 + . 1973
+ 1
914,897 7 459473 7 11762 | 3 123215 3 74711 3 48933 3 25961 | 3
59,676 B 14,919 B 4,973 B 14,919 B 59,676 B 4,973 B 4,973 B

Regarding the efficiency of the algorithm, even if four nonlinear systems per time
step must be solved, stages 1, 2 and 4 are normally relatively cheap compared with
stage 3 because:

* The solution of the second stage at the current time step represents a good
approximation to the solution of the first stage at the next time step;

* The solution of the third stage at the current time step represents a good
approximation to the solution of the second stage at the next time step;

* The solution of the first stage at each time step represents a good approximation
to the solution of the fourth stage.

To solve the nonlinear system of equations at each stage, a Newton iteration
scheme is employed where the Jacobian matrix is J = 0R/0Q and the resulting
linear algebraic system is solved with the restarted GMRES(m) method. In actual
implementation of TIAS schemes we compute the Jacobian matrix only at the first
Newton iteration of stage 1 and stage 4 at each time step and recompute it if the
convergence of the Newton method becomes too slow. In particular the Jacobian
matrix is re-evaluated when the ratio between the L, norm of two successive
solution variations is less than 5.

Regarding the stability, TIAS method is A-stable up to order 6 and A(c)-stable
up to order 9. In this work TIAS method has been investigated to evaluate if the
computational effort required to solve the four stages is balanced by its better
stability and accuracy compared to other implicit multi-step methods. In particular,
the performance of the sixth-order accurate 5-step TIAS scheme has been compared
with the performance of the standard second-order accurate BDF scheme. The 5-
step BDF coefficients and the 5-step TIAS coefficients are given in Tables 8.1
and 8.2, respectively.

8.5 Numerical Results

This section shows the numerical results of the proposed DG-TIAS scheme for an
inviscid (Sect. 8.5.1) and a laminar (Sect. 8.5.2) test case.
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The first test case is an inviscid isentropic convecting vortex for which an exact
solution is available [20-22]. As the vortex is simply diagonally convected, the
exact solution for this test case at any time ¢ is the initial solution at {5 = 0
translated over a distance Voot on the (x, y) plane. Design-order convergence has
been assessed in terms of the L,-norm of the pressure errors by performing a
temporal refinement study.

The second test case is the laminar vortex shedding behind a circular cylinder
[23, 24]. The analysis has been performed according to [25-27]. In particular, in
order to evaluate the performances of the temporal schemes, a reference solution
has been computed with a very small time-step by using the sixth-order accurate
TIAS scheme (TIAS6). Design-order convergence has been assessed by performing
a temporal refinement study using the lift on the body as an error measure.

For both test cases the accuracy and the efficiency of the TIAS6 scheme is
discussed and compared with that of the standard second-order accurate BDF
scheme (BDF2) using the same accurate spatial discretization.

In order to properly analyze the performances of the time discretization schemes,
the parameters that drive the algebraic solver have to be carefully tuned. The
nonlinear system of equations at each stage of BDF2 and TIAS6 schemes has
been solved by using the Newton scheme. The resulting linear systems have been
iteratively solved using the restarted generalized minimum residual (GMRES)
method with the block Jacobi preconditioning available in the PETSc library [28].
A number of preliminary computations on both test cases has shown that a linear-
solver normalized-residual tolerance of 10~2 allows for efficient computations while
the Newton problem should be converged down to one order of magnitude less than
the solution error.

All the computations have been performed in parallel using 12 cores on the PLX
cluster at CINECA (Intel(R) Xeon(R) Westmere six-core E5645 processor, with a
clock of 2.40 GHz).

8.5.1 Convection of an Isentropic Vortex

The uniform stream values of the vortex problem are the flow density poo,
velocity, us and v, pressure po, and temperature 7o, which are set as
(Poos Uoos Voos Poos Too) = (1, /¥, /V,1,1), where y = 1.4 is the ratio of
specific heats. At fy = 0O the free stream flow is perturbed by an isentropic vortex
(6u, 6v,8T) centered at (xo, yo) with:

Su = _% O — yo) et (=) | (8.4)
v = % (x — xo) e?(1=7) , (8.5)

=D op(i-r) ’

5T =
16¢y >

(8.6)
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Fig. 8.2 Initial solution of the isentropic vortex problem: pressure (left) and Mach number (right)

where r = \/ (x — x0)> 4+ (¥ — yo)? is the distance to the vortex center and ¢ and «
are parameters which determine the strength of the vortex. In this study, we set ¢ =
% and ¢ = 5. Given the perturbation functions (8.4-8.6) and assuming isentropic
flow conditions throughout the domain, the initial solution can be easily determined.

Figure 8.2 shows the pressure (left) and the Mach number (right) contours at
time #y, = 0. The vortex is initially placed at (xg, y9) = (5,5) in the domain
0 <x <10and 0 < y < 10 on a uniform cartesian grid with 50 x 50 quadrangular
elements. Periodic boundary conditions are set at top and bottom boundaries and
at left and right boundaries, respectively. The analysis is performed up to a final
time corresponding to one period 7' of vortex revolution with progressively finer
time steps and a seventh-order space accuracy (P6 elements) to keep the error due
to spatial discretization below the temporal error. The notations P6-BDF2 and P6-
TIAS6 will be used in the rest of the paper to denote the couple of space-time
schemes used.

Considering the dimension of the computational domain and setting periodic
boundary conditions, the problem actually solved is that of a system of infinite
vortices that move along the diagonal. The initial solution has to take into account
of the effect of the four vortices surrounding the central one. This effect is shown
in Fig. 8.3 for the pressure (left) and the horizontal velocity component u (right)
where pressure and velocity variations with respect to their free stream values are
highlighted. If the desired accuracy level is lower than the maximum order of these
fluctuations near the boundaries (10~ for the fluctuation of velocity), neglecting the
four vortices surrounding the central one leads to a wrong evaluation of the error.

The unknown additional starting values have been computed by using the
analytical solution.

The convergence rates of the L,-norm errors of the pressure field at different
time steps are presented in Table 8.3 for both schemes. The table shows that the
P6-TIAS6 scheme converges with a maximum value of 5.93, very close to the
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Fig. 8.3 Effect of the imposition of periodic boundary conditions on the initial solution: pressure
(left) and horizontal velocity component u (right)

Table 8.3 L,-norm errors of the pressure field, orders of convergence and CPU times for different
time steps

P6-TIAS6 P6-BDF2

T/ At L, error(p) Order CPU (s) L, error(p) Order CPU (s)
. 102 . 103 .10—2 103
20 1.73 10_3 3.5 6.90 103 7.97 10_2 0.48 2.29 103
40 1.51-107 508 9.94 - 10° 5.73-10 193 3.98-10
80 4481073 5'71 1.46-10* 2.44.1072 1'85 7.31-10°
160 8.54-1077 5'93 2.70 - 10* 6.77-1073 1'98 1.44-10*
320 1.40-1078 5'67 4.33-10* 1.72-1073 2'00 1.79-10*
640 2.75-1071° ” 8.47 - 10* 431-107* 2'00 3.30- 10*
1,280 - - 1.08-1074 ' 6.57-10*
- s 2.00 5

2,560 - - 2.69-10 1.32-10

design accuracy, and that for the lower time step the convergence reduces because
the temporal discretization error becomes lower than the spatial discretization one.
Conversely, the P6-BDF2 scheme converges with the design accuracy of 2.

In Table 8.3 the accuracy levels achieved by the two schemes are reported as the
L,-norm of the pressure error (L, error(p)). The table shows that for a given time
step the pressure error of the P6-TIAS6 scheme is significantly smaller than that of
the BDF2 scheme and that this difference becomes greater as the time step reduces.
This is clearly shown in the left plot of Fig. 8.4 where the L, error(p) as a function
of the time step is presented. The figure shows that to reach the accuracy level of
about 2 - 1072 the time step of the P6-TIAS6 is about four times greater than the
time step of the P6-BDF2 and that this ratio becomes greater decreasing the error.
For example, the order of accuracy of 107 is achieved by P6-TIAS6 with a time
step of T/80 whereas P6-BDF2 needs a time step of 7/2,560, 32 times lower than
the previous one.



8 A High-Order DG-TIAS Scheme for Unsteady Flows 145

———— P6-BDF2
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time step CPU time

Fig. 8.4 L,-norm error of the pressure field as a function of the time step (leff) and of the CPU
time (right)

In order to compare the efficiency of the temporal schemes in the right plot
of Fig. 8.4 the L, error(p) of the two schemes as a function of the CPU time are
presented. The figure shows that the P6-BDF2 scheme is only competitive with the
P6-TIAS6 scheme for high errors (i.e. >1072). As the error decreases, the P6-TIAS6
scheme outperforms the second-order accurate scheme. In particular, the P6-BDF2
scheme requires around 2 times and 8 times the CPU time needed by the P6-TIAS6
scheme to achieve an error of about 10~ and 3 - 10>, respectively. For errors lower
than 107 the performance of the P6-TIAS6 scheme, compared with the P6-BDF2
scheme, increases dramatically.

8.5.2 Unsteady Vortex Shedding Behind a Circular Cylinder

The second test case is the laminar flow around a two-dimensional circular cylinder
computed at Mach number Mo, = 0.2 and Reynolds number Re = 100.

The computational grid used in this study, obtained by means of the Gmsh soft-
ware [29] and shown in Fig. 8.5, is a quadratic mesh containing 3,690 quadrilateral
elements with 72 elements lying on the cylinder surface. The wall-distance of the
first grid nodes around the cylinder is about 5 % of the cylinder radius. On the wall
boundary of the cylinder we impose a zero heat flux no slip boundary condition. For
the other boundaries, entropy and stagnation enthalpy are specified at inflow and
pressure at outflow.

For this test case an exact solution is not available. Hence a reference solution
has been obtained from a TIAS6 run with a very small time step At = T/5,120,
where T is the vortex shedding period, so that the dominant component of error
is the spatial error. In order to evaluate the performance of the temporal schemes,
simulations have been performed up to a final time equal to one and half vortex
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Fig. 8.5 Computational grid for the circular cylinder test case

shedding period for progressively finer time steps. The resulting lift coefficients
at the final time have been compared with the reference value computed with the
same spatial accuracy (P5 elements). To provide the required solutions to start BDF2
and TIAS6 schemes a general algorithm presented in [30] has been employed. The
solution has been computed by using elements ranging from 1st to 6th order. Starting
from an initial flow field at rest, a steady PO solution is computed by means of
the backward Euler scheme. Starting from this solution, an unsteady P1 solution
is found with At = T/10 by using the TIAS6 scheme. After about 10 regular
vortex shedding periods, the solution switches to P2 approximation and continues,
using the same integration scheme and the same time step of the P1 solution,
for about others 10 vortex shedding periods. Then the P2 solution switches to P3
approximation and so on until a P5 approximation with a time step of 7/160 was
stored in a restart file and used as the initial condition for all the other simulations.

The difference between the computed and the reference lift coefficient, chosen
as an error measure, is reported in Table 8.4 together with the convergence rate
and CPU time. As shown in this table, the expected design-convergence rates are
achieved. To examine the performance of the two temporal schemes, Fig. 8.6 shows
the lift error versus time step on the left plot and the lift error versus CPU time on the
right plot. The conclusions about the efficiency and the accuracy achieved by the two
schemes are similar to those of the inviscid test case. In particular, from Fig. 8.6 it
is evident that the P5-BDF2 scheme will never compete with the P5-TIAS6 scheme
in terms of efficiency for accuracy levels lower than 1072, For example, to reach the
accuracy level of ~ 5 - 1073 the P5-BDF2 requires 1.25 times the work needed by
P5-TIASG6. Furthermore, for low errors the work required by the P5-BDF2 increases
dramatically and in these cases the efficiency of P5-TIAS6 greatly exceeds that of
P5-BDF2. For example, the CPU time reduction of P5-TIAS6 with respect to P5-
BDF2 is equal to about 30 for an error of ~ 107°.
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Table 8.4 Errors of the lift coefficient, orders of convergence and CPU times for different time
steps

P5-TIAS6 P5-BDF2

T/ At Error(Lift) Order CPU (s) Error(Lift) Order CPU (s)
10 5.96- 1073 9.85-103 1.43-107! 2.92-103
3 2.28 " _ 1.12 3

20 1.22-10™ 500 1.13- 10 6.59-10 173 5.31-10°
40 3.83.-107° 6‘22 1.38-10* 1.99-1072 1-78 6.34-10°
80 5.12-1077 6.04 2.78 - 10* 5.77-1073 2'00 1.21-10*
160 7.80-107° _’ 6.46-10% 1.44-1073 2'01 2.46 - 10*
320 - N - 3.57-10~* 2'01 4.64-10*
640 - B - 8.86- 107 2'00 1.01-10°
1,280 - _ - 221-107° 2'00 1.80-10°
2,560 - - 5.51-107° ' 3.76 - 10°
- 6 2.00 5

5,120 - - 1.38- 10 7.07 - 10
0E __ +  psBDR2 10° ——+—— P5-BDF2
—4—— P5-TIAS6 —4+—— P5-TIAS6

= 4 "
g 10 g1
2 =2
2 s s
5 10 5 10
= =
w  10° w  10°
107 107
10° 10°
10° 10°
107 il 1 il il 10 1 1 1
10° 102 107 10° 10' 10° 10* 10° 10°
time step CPU time

Fig. 8.6 Error of the lift coefficient as a function of the time step (left) and of the CPU time (right)

8.6 Conclusions

In this paper we have presented a high-order accurate time integration scheme
for the numerical solution of the unsteady Navier-Stokes equations. Space dis-
cretization is based on the Discontinuous Galerkin (DG) method while time
integration employs the A-stable sixth-order accurate Two Implicit Advanced Step-
point method (TIAS6). The effectiveness of the scheme has been assessed by
computing the convection of an isentropic vortex and the laminar vortex shedding
behind a circular cylinder. The computational results show that the TIAS6 scheme
provides the design-order of convergence for both test cases. Comparing the
computational efficiency of the TIAS6 scheme to that of the popular BDF2 scheme
we have found that the latter is more efficient if low accuracy (error > 1072)
is required, while for lower error levels TIAS6 outperforms BDF2. The results
obtained for smooth-problems highlight the potential of the TIAS method for time
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dependent flow computations. However, the cost of the TIAS schemes could be
quite large for problems with non-smooth solutions or geometries due to the lack
of/worse convergence in the non-linear Newton iterations. Ongoing work is aimed
at assessing the effectiveness of TIAS for such kind of applications.
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