
Chapter 2
Discrete Time Renewal Processes

Abstract In this chapter, we give a review of discrete renewal theory and prove
the basic theorems for renewal sequences. We provide two different proofs of the
theorem of Erdös-Feller-Pollard. Using extensions of a theorem of Wiener, we also
obtain several rate of convergence results in discrete renewal theory.

Keywords Discrete time · Renewal sequence · Erdös-Feller-Pollard theorem ·
Lifetime processes · Rate of convergence

2.1 Introduction

In Chap.1 we see that in the formulations of the main theorems one has to consider
separately the cases of lattice and nonlattice distributions of the interarrival times. In
the present chapter, we will consider discrete time renewal processes assuming that
the interarrival times Tn have a lattice distribution with span a = 1. In other words,
we assume that

T, T1, T2, . . . , Tn, . . .

are i.i.d. integer valued, nonnegative r.v.’s with distribution

Pr{Tn = t} = pt ≥ 0, t = 0, 1, 2, . . . ,

such that GC D{t : pt > 0} = 1, i.e. {pt }∞t=0 is nonperiodic.
Let us denote by

f (z) := E[zT ] =
∞∑

t=0

pt z
t , |z| ≤ 1
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the probability generating function (p.g.f.) of the r.v. T . Evidently, under these
assumptions the renewal sequence

S0 = 0, Sn = T1 + T2 + . . . + Tn, n = 1, 2, . . .

takes values in nonnegative integers. Hence, the renewal counting processes

N (t) = sup{n ≥ 0 : Sn ≤ t} and M(t) = inf{n ≥ 1 : Sn > t}

can increase only at the integer time points t = 0, 1, 2, . . .. So, they are discrete time
stochastic processes. Denote by:

pt (n) := Pr{Sn = t} = pn∗
t , t = 0, 1, 2, . . . , n = 1, 2, . . .

and

fn(z) := E[zSn ] =
∞∑

t=0

pt (n)zt , |z| ≤ 1, n = 1, 2, . . . .

Let us recall that p1∗t = pt , t = 0, 1, 2, . . . and pn∗
t = ∑t

k=0 p(n−1)∗
t−k p1∗k for

t = 0, 1, 2 . . . and n = 2, 3, . . .
Clearly, fn(z) = f (z)n, n = 1, 2, 3, . . . .
Let us recall that the path properties of the process N (t) do not depend on the fact

that the distribution of interarrival times is lattice or not. So we will restrict ourselves
only to represent the discrete time versions of the main limit theorems.

2.2 Theorem of Erdös, Feller and Pollard

Similarly to the continuous time case, we are interested in the behavior or the renewal
function U (t) as t → ∞. Let us note that now the renewal events can occur only
in the integer time points t = 0, 1, 2, . . .. Therefore, it makes sense to study the
measure U ({t}), that is the mean number of the renewals at time t. In other words, if
we define the random variable It = 1, if there is a renewal event at time t and It = 0
otherwise then U ({t}) = E[It ]. Let us denote

ut = Pr {It = 1} , 1 − ut = Pr {It = 0}

for t = 0, 1, 2, . . . then

U ({t}) = E[It ] = ut .1 + (1 − ut ).0 = ut , t = 0, 1, 2, . . . . (2.1)

Since we count t = 0 as a renewal then we will assume that u0 = 1. From the
definition of ut it follows that
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ut =
∞∑

n=0

Pr{Sn = t} =
∞∑

n=0

pn∗
t , (2.2)

and

U (t) = U ([0, t]) = E

[
t∑

k=0

Ik

]
=

t∑

k=0

uk =
t∑

k=0

∞∑

n=0

Pr {Sn = k}

=
∞∑

n=0

t∑

k=0

Pr {Sn = k} =
∞∑

n=0

Pr{Sn ≤ t} = E[N (t)] + 1 = E[M(t)].

Multiplying both sides of the Eq. (2.2) by zt , (|z| ≤ 1) and summing on
t = 0, 1, 2, . . . , we get

u(z) =
∞∑

t=0

∞∑

k=0

Pr{Sk = t}zt =
∞∑

k=0

∞∑

t=0

Pr{Sk = t}zt

=
∞∑

k=0

f k(z) = 1

1 − f (z)
. (2.3)

From here it follows that u(z) = 1 + u(z) f (z) and

u0 = 1, ut = pt u0 + pt−1u1 + . . . + p1ut−1 for t = 1, 2, . . . ,

which is the discrete time version of the renewal equation (1.6).

Example 2.1 Let T be given by Pr{T = 1} = p and Pr{T = 2} = q = 1 − p,
where 0 < p < 1. Then μ = E[T ] = p + 2q = 1 + q. In this case we obtain

u0 = 1, u1 = p, ut = put−1 + qut−2, t ≥ 2.

The generating function of ut is given by

u(z) = 1

1 − pz − qz2
= 1

p(1 − z) + q(1 − z2)
= 1

(1 − z)(1 + qz)

= 1

1 + q

1

1 − z
+ q

1 + q

1

1 + qz
,

for |z| ≤ 1. From here we find that

ut = 1

1 + q
+ q

1 + q
(−q)t , t ≥ 1.

http://dx.doi.org/10.1007/978-3-319-05855-9_1
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Note that

ut → 1

1 + q
= 1

μ
, t → ∞.

The same limit holds true in the general case. The result was proved by Erdös,
Feller, and Pollard at 1949 (see [3]) and then it was generalized by Blackwell for the
continuous time.

Theorem 2.1 (Erdös, Feller, and Pollard) Assume that μ = E[T ] ≤ ∞. Then

lim
t→∞ ut = 1

μ
,

where 1/μ is defined to be zero if μ = ∞.

Remark 2.1 Here, we give two proofs only in the case when μ < ∞. The first one
is based on a result of Wiener (see e.g. Rudin [7], Theorem 18.21) and is close to
the first proof in the original paper of Erdös, Feller and Pollard. The second proof is
based on the coupling method.

Lemma 2.1 (Rudin [7], Theorem 18.21) Suppose that the sequence {xn}∞n=0 is
such that x(z) = ∑∞

n=0 xnzn is absolutely convergent for |z| ≤ 1 and that∑∞
n=0 |xn| < ∞. If x(z) �= 0 for every z, |z| ≤ 1, then

1

x(z)
=

∞∑

n=0

ynzn

is absolutely convergent for |z| ≤ 1 and

∞∑

n=0

|yn| < ∞.

Proof I of Theorem 2.1. Define the sequence rt = Pr{T > t} t = 0, 1, 2, . . . and its
generating function r(z) = ∑∞

t=0 rt zt , |z| ≤ 1. The following representation holds
true

r(z) = 1 − f (z)

1 − z
.

Now note that r(z) �= 0 for |z| ≤ 1 and z �= 1. For z = 1, we have r(1) = f ′(1)
= μ �= 0. From the result of Wiener we get that

�(z) = 1

r(z)
=

∞∑

t=0

�t z
t and

∞∑

t=0

|�t | < ∞.

It follows that (1 − z)u(z) = �(z) and hence also that
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u0 = �0, and (ut − ut−1) = �t , t ≥ 1.

Taking sums, we get that

u0 +
t∑

k=1

(uk − uk−1) =
t∑

k=0

�k

or equivalently ut = ∑t
k=0 �k . Since

∑∞
k=0 �k = �(1) = 1/r(1) = 1/μ, we get

that

ut → 1/μ, as t → ∞,

which completes the proof of the theorem. 	
Proof II of Theorem 2.1.(Barbu andLimnios [1], Chap. 2). As before, let {Sn, n≥0}

denote the renewal sequence with S0 = 0 and Sn = ∑n
i=1 Ti , n ≥ 1. We assume that

Pr{T < ∞} = 1 and that μ = E[T ] < ∞. Let
{

S∗
n , n ≥ 0

}
denote the stationary

renewal sequence associated with {Sn, n ≥ 0}. More precisely, we have

S∗
n = T ∗

0 +
n∑

i=1

T ∗
i , n ≥ 0,

where the T ∗
i , i ≥ 1 are i.i.d. with T ∗

i
d= T and independent of the T ∗

i ,

Pr
{
T ∗
0 = n

} = Pr {T > n}/μ.

Let ut and u∗
t denote the corresponding renewal sequences. Because of the definition,

we have
u∗

t = Pr
{

S∗
k = t for some k ∈ N

} = 1/μ.

Now, define U0 = T0 − T ∗
0 , Un = Un−1 + (Tn − T ∗

n ) = Sn − S∗
n , n ≥ 0 and denote

by N the first time that we have the same number of renewals in the two processes,
i.e.

N = min {n : Un = 0} .

Since E[Ti ] = E[T ∗
i ] = μ, then E[Ti − T ∗

i ] = 0. Hence Un, n = 0, 1, 2 . . . is a
recurrent Markov chain. Consequently, Pr {N < ∞} = 1.

Thus, for n ≥ N we have that Sn
d= S∗

n . Now we find

ut = Pr {Sk = t for some k ∈ N}
= Pr {Sk = t for some k ≥ N } + Pr {Sk = t for some k < N }
= Pr

{
S∗

k = t for some k ≥ N
} + Pr {Sk = t for some k < N }

= 1/μ − Pr
{

S∗
k = t for some k < N

} + Pr {Sk = t for some k < N } .
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Now note that {Sk = t for some k < N } ⊆ {SN ≥ t}. We have

lim
t→∞Pr {Sk = t for some k < N } ≤ Pr {SN = ∞} = 0.

In a similar way, we have

lim
t→∞Pr

{
S∗

k = t for some k < N
} ≤ Pr

{
S∗

N = ∞} = 0.

It follows that ut → 1/μ. 	
Remark 2.2 The general proof of the theorem given in the paper Erdös et al.[3] does
not depend on the fact that μ < ∞. It can be found also in Feller [4].

2.3 Rate of Convergence in Discrete Renewal Theorem

Following Rogozin [5], we define three classes of sequences.

D =
{

{xn} : x(z) =
∞∑

n=0

xnzn is absolutely convergent for |z| ≤ 1

}
;

R1(α, L) = {{xn} ∈ D : xn = O(n−α L(n)
} ;

R2(α, L) = {{xn} ∈ D : xn = o(n−α L(n)
}
,

where L(.) denotes a slowly varying function at infinity.
Rogozin proves the following Wiener type of results.

Lemma 2.2 (Rogozin [6], p. 664) (i) Suppose that {xn} ∈ R1(α, L) and x(z) �= 0
for |z| ≤ 1. Then

1

x(z)
= y(z) =

∞∑

n=0

ynzn

and {yn} ∈ R1(α, L).
(ii) Suppose that {xn} ∈ R2(α, L), α > 1 and x(z) �= 0 for |z| ≤ 1. Then

1

x(z)
= y(z) =

∞∑

n=0

ynzn

and {yn} ∈ R2(α, L).

By replacingΦ(x) = 1/x byother suitable functions,we get the following general
result.
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Lemma 2.3 (Rogozin [5], Theorem 5) (i) Suppose that {xn} ∈ R1(α, L) and sup-
pose that Φ(z) is a complex function that is analytic in a region that contains the set
{x(z) : |z| ≤ 1}. Then

q(z) = Φ(x(z)) =
∞∑

n=0

qnzn

and {qn} ∈ R1(α, L).
(ii) A similar result holds for R2(α, L) with α > 1.

The next lemma states the conditions under which one obtains an asymptotic
equality.

Lemma 2.4 (Borovkov [2], p. 258, Theorem 1) Suppose that {xn} ∈ R1(α, L) and
that

0 < An−α L(n) ≤ |xn| ≤ Bn−α L(n), n ≥ 1.

With Φ as in the previous lemma, we have

q(z) = Φ(x(z)) =
∞∑

n=0

qnzn

and qn ∼ xnΦ ′(x(1)) as n → ∞.

Nowweare ready to formulate the results for the rate of convergence in the renewal
theorem. The results depend on the behavior of the tail sequence rn = Pr{T > n}.
Using Lemma 2.3 and 2.4, we obtain the following result.

Theorem 2.2 Suppose that α > 1, L(x) ∈ RV (0) and μ < ∞. Then

(i) rn = O(n−α L(n)) ⇐⇒ un − un−1 = O(n−α L(n));
(ii) rn = o(n−α L(n)) ⇐⇒ un − un−1 = o(n−α L(n));
(iii) rn ∼ n−α L(n) ⇐⇒ μ2(un − un−1) ∼ −n−α L(n).

Proof As in the first proof of Theorem 2.1, we use the equation

r(z) = 1 − f (z)

1 − z
, and r(1) = μ.

Then by Lemma 2.1 we get

�(z) = 1

r(z)
=

∞∑

n=0

�nzn
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where
∑∞

0 |�n| < ∞. Since �(z) = (1 − z)u(z), then �0 = u0 and
�n = un −un−1, n ≥ 1. Now (i) and (ii) follow from these relations and Lemma 2.3.

(iii) First suppose that rn ∼ n−α L(n). Using Lemma 2.4 with Φ(z) = 1/z, it
follows that

�n ∼ rnΦ ′(r(1)) = −rn/μ2.

Since �n = (un − un−1), the result follows. The converse follows in a similar way,
which completes the proof of the theorem. 	
From Theorem 2.2 (iii), we have

μ2(un − un−1) ∼ −rn .

By taking sums, we have

−(1 + ε)

K∑

n=k

rn ≤ μ2
K∑

n=k

(un − un−1) ≤ −(1 − ε)

K∑

n=k

rn

or equivalently

−(1 + ε)

K∑

n=k

rn ≤ μ2(uK − uk−1) ≤ −(1 − ε)

K∑

n=k

rn .

Taking limits with respect to K , we obtain that

−(1 + ε)

∞∑

n=k

rn ≤ μ2(1/μ − uk−1) ≤ −(1 − ε)

∞∑

n=k

rn .

Using rn ∼ n−α L(n), α > 1, it follows that

∞∑

n=k

rn ∼ 1

α − 1
krk

The final conclusion is that

un − 1

μ
∼ 1

μ2(α − 1)
nrn .

Under the conditions of Theorem 2.2 (i), (ii) in a similar way we obtain O(.) and
o(.) results.
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Corollary 2.1 Suppose that α > 1, L(x) ∈ RV (0) and μ < ∞. Then

(i) rn = O(n−α L(n)) =⇒ un − 1/μ = O(n1−α L(n));
(ii) rn = o(n−α L(n)) =⇒ un − 1/μ = o(n1−α L(n));
(iii) rn ∼ n−α L(n) =⇒ μ(un − 1/μ) ∼ n1−α L(n)/(α − 1).

2.4 Lifetime Processes

Let us have a look at lifetime processes A(t) = t − SN (t), B(t) = SM(t) − t and
C(t) = TM(t). Now they are discrete time integer valued processes.Wewill derive the
representation for their probability distributions. Then we will prove limit theorems.

For the distribution of A(t), we get for n ≥ 0, t ≥ n,

Pr{A(t) = n} = Pr{SN (t) = t − n}

=
∞∑

k=0

Pr{SN (t) = t − n, N (t) = k}

=
∞∑

k=0

Pr{Sk = t − n, Sk ≤ t < Sk+1}

=
∞∑

k=0

Pr{Sk = t − n, t − n ≤ t < t − n + Tk+1}

=
∞∑

k=0

Pr{Sk = t − n}Pr{n < Tk+1}

= Pr{T > n}
∞∑

k=0

Pr{Sk = t − n}

= ut−n Pr{T > n}.

Consider now the residual lifetime B(t) = SM(t) − t . By conditioning on M(t),
for n ≥ 1, t ≥ 0, we have

Pr{B(t) = n} =
∞∑

i=1

Pr{Si = t + n, M(t) = i} =
∞∑

i=1

Pr{Si = t + n, Si−1 ≤ t < Si }

= Pr{T = t + n} +
∞∑

i=2

t∑

j=1

Pr{Ti = t + n − j}Pr{Si−1 = j}

= Pr{T = t + n} +
t∑

j=1

Pr{T = t + n − j}
∞∑

i=2

Pr{Si−1 = j}
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= Pr{T = t + n} +
t∑

j=1

Pr{T = t + n − j}u j

=
t∑

j=0

Pr{T = t + n − j}u j .

For the distribution of C(t), we get

Pr{C(t) = n} = Pr{TN (t)+1 = n}

=
∞∑

j=0

Pr{Tj+1 = n, N (t) = j} =
∞∑

j=0

Pr{Tj+1 = n, S j ≤ t < S j + Tj+1}

=
∞∑

j=0

∞∑

k=0

Pr{Tj+1 = n, S j ≤ t < S j + Tj+1, S j = k}

=
∞∑

j=0

∞∑

k=0

Pr{Tj+1 = n, k ≤ t < k + n, S j = k}

=
∞∑

j=0

t∑

k=t−n+1

Pr{T = n}Pr{S j = k}

= Pr{T = n}
t∑

k=t−n+1

uk .

Now we are ready to prove the following limit theorem.

Theorem 2.3 Assume that μ < ∞. Then

lim
t→∞Pr{A(t) = n} = 1

μ
Pr{T > n}.

lim
t→∞Pr{B(t) = n} = 1

μ
Pr{T ≥ n}.

lim
t→∞Pr{C(t) = n} = n

μ
Pr{T = n}.

Proof Using renewal theorem, we easily obtain the first and the third limits from
Pr{A(t) = n} = ut−n Pr{T > n} and Pr{C(t) = n} = Pr{T = n}∑t

k=t−n+1 uk ,
respectively

The proof of the second relation is not so evident. For t > t◦ and t◦ sufficiently
large, we have
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Pr{B(t) = n} =
⎛

⎝
t◦∑

j=0

+
t∑

j=t◦+1

⎞

⎠Pr{T = t + n − j}u j

= J1(t) + J2(t).

In J2(t), we have

(
1

μ
− ε

)
Pr{n ≤ T ≤ t + n − t◦ − 1} ≤ J2(t) ≤

(
1

μ
+ ε

)
Pr{n ≤ T ≤ t + n − t◦ − 1},

and it follows that
(
1

μ
+ ε

)
Pr{n ≤ T } ≤ lim inf

n→∞ J2(t) ≤ lim sup
n→∞

J2(t) ≤
(
1

μ
+ ε

)
Pr{n ≤ T }.

For J1(t), we have

J1(t) ≤
(
sup
j≤t◦

u j

)
Pr{t + n − k◦ ≤ T ≤ t + n} → 0, as t → ∞.

This completes the proof of the theorem. 	
Remark 2.3 This theorem is the discrete time analog of Theorem 1.18.

Let us note that we derive the equations for the distributions of the lifetime
processes conditioning on the last renewal event before time t . As in the contin-
uous time case these distributions are solutions of three renewal equations. We will
derive one of them using the standard renewal argument.

Consider the residual lifetime B(t) = SM(t) − t . Note that B(0) = T1. By condi-
tioning on T1, we have

Pr{B(t) > n} =
∞∑

i=1

Pr{B(t) > n | T1 = i}pi .

Now note that the process restarts at T1 and we get

Pr{B(t) > n | T1 = i} = 1, if i > t + n

Pr{B(t) > n | T1 = i} = 0, if t < i ≤ t + n

Pr{B(t) > n | T1 = i} = Pr{B(t − i) > n} if i ≤ t.

It follows that

Pr{B(t) > n} = Pr{T > t + n} +
t∑

i=0

Pr{B(t − i) > n}pi , t ≥ 0. (2.4)
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This renewal equation can be solved by using generating functions. Let

pn(z) =
∞∑

t=0

Pr{B(t) > n}zt

g(z) =
∞∑

t=0

Pr{T > t + n}zt .

Multiplying Eq. (2.4) by zt and summing on t = 0, 1, 2, . . . ,∞, we get that

pn(z) = g(z) + f (z)pn(z).

Using also (2.3) we get

pn(z) = g(z)

1 − f (z)
= g(z)u(z).

Therefore we get the following representation for the tail of the distribution of B(t),

Pr{B(t) > n} =
t∑

i=0

Pr{T > t + n − i}ui .

In a similar way one can derive the renewal equations for the distributions of the
processes A(t) and C(t).

We conclude this chapter with two examples.

Example 2.2 Let T be a Bernoulli random variable with Pr{T = 1} = p and
Pr{T = 0} = q = 1 − p. Then f (z) = E[zT ] = f (z) = q + pz and μ = p. The
renewal measure has generating function

u(z) = 1

1 − f (z)
= 1

p(1 − z)

and it follows that ut = 1/p = 1/μ for every t = 1, 2, . . . .

Example 2.3 Let T have a geometric distribution Pr{T = k} = pqk−1, k ≥ 1. We
have f (z) = E[zT ] = pz/(1 − qz) and μ = E[T ] = 1/p. The renewal measure
has generating function

u(z) = 1

1 − f (z)
= 1 − qz

1 − qz − pz
= 1 − qz

1 − z
,
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which can be rewritten as

u(z) = p
1

1 − z
+ q.

Hence, u0 = 1 and ut = p = 1/μ for every t = 1, 2, . . . .
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