
Contents

1 Metric Spaces 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Basic Definitions and Notation . . . . . . . . . 1

1.1.2 Sequences and Complete Metric Spaces . . . . 4

1.1.3 Topology of Metric Spaces . . . . . . . . . . . . 4

1.1.4 Baire Theorem . . . . . . . . . . . . . . . . . . 8

1.1.5 Continuous and Uniformly Continuous Functions 9

1.1.6 Completion of Metric Spaces: Equivalence
of Metrics . . . . . . . . . . . . . . . . . . . . . 14

1.1.7 Pointwise and Uniform Convergence of Maps . 16

1.1.8 Compact Metric Spaces . . . . . . . . . . . . . 17

1.1.9 Connectedness . . . . . . . . . . . . . . . . . . 22

1.1.10 Partitions of Unity . . . . . . . . . . . . . . . . 26

1.1.11 Products of Metric Spaces . . . . . . . . . . . . 28

1.1.12 Auxiliary Notions . . . . . . . . . . . . . . . . 31

1.2 Problems . . . . . . . . . . . . . . . . . . . . . . . . . 33

1.3 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . 64

Bibliography . . . . . . . . . . . . . . . . . . . . . . . 191

2 Topological Spaces 193

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 193

2.1.1 Basic Definitions and Notation . . . . . . . . . 193

2.1.2 Topological Basis and Subbasis . . . . . . . . . 198

2.1.3 Nets . . . . . . . . . . . . . . . . . . . . . . . . 199

2.1.4 Continuous and Semicontinuous Functions . . . 201

2.1.5 Open and Closed Maps: Homeomorphisms . . 208
2.1.6 Weak (or Initial) and Strong (or Final)

Topologies . . . . . . . . . . . . . . . . . . . . . 209

2.1.7 Compact Topological Spaces . . . . . . . . . . 213

vii



viii Contents

2.1.8 Connectedness . . . . . . . . . . . . . . . . . . 217

2.1.9 Urysohn and Tietze Theorems . . . . . . . . . 223

2.1.10 Paracompact and Baire Spaces . . . . . . . . . 224

2.1.11 Polish and Souslin Sets . . . . . . . . . . . . . 226

2.1.12 Michael Selection Theorem . . . . . . . . . . . 229

2.1.13 The Space C(X;Y ) . . . . . . . . . . . . . . . 230

2.1.14 Elements of Algebraic Topology I: Homotopy . 233

2.1.15 Elements of Algebraic Topology II: Homology . 245

2.2 Problems . . . . . . . . . . . . . . . . . . . . . . . . . 265

2.3 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . 293

Bibliography . . . . . . . . . . . . . . . . . . . . . . . 401

3 Measure, Integral and Martingales 403

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 403

3.1.1 Basic Definitions and Notation . . . . . . . . . 403

3.1.2 Measures and Outer Measures . . . . . . . . . 407

3.1.3 The Lebesgue Measure . . . . . . . . . . . . . . 412

3.1.4 Atoms and Nonatomic Measures . . . . . . . . 414

3.1.5 Product Measures . . . . . . . . . . . . . . . . 415

3.1.6 Lebesgue–Stieltjes Measures . . . . . . . . . . . 416

3.1.7 Measurable Functions . . . . . . . . . . . . . . 418

3.1.8 The Lebesgue Integral . . . . . . . . . . . . . . 425

3.1.9 Convergence Theorems . . . . . . . . . . . . . . 430

3.1.10 Lp-Spaces . . . . . . . . . . . . . . . . . . . . . 431

3.1.11 Multiple Integrals: Change of Variables . . . . 437

3.1.12 Uniform Integrability: Modes of Convergence . 440

3.1.13 Signed Measures . . . . . . . . . . . . . . . . . 446

3.1.14 Radon–Nikodym Theorem . . . . . . . . . . . . 449

3.1.15 Maximal Function and Lyapunov Convexity
Theorem . . . . . . . . . . . . . . . . . . . . . 450

3.1.16 Conditional Expectation and Martingales . . . 451

3.2 Problems . . . . . . . . . . . . . . . . . . . . . . . . . 460

3.3 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . 497

Bibliography . . . . . . . . . . . . . . . . . . . . . . . 631

4 Measures and Topology 633

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 633

4.1.1 Borel and Baire σ-Algebras . . . . . . . . . . . 633

4.1.2 Regular and Radon Measures . . . . . . . . . . 635



Contents ix

4.1.3 Riesz Representation Theorem for Continuous
Functions . . . . . . . . . . . . . . . . . . . . . 636

4.1.4 Space of Probability Measures: Prohorov
Theorem . . . . . . . . . . . . . . . . . . . . . 638

4.1.5 Polish, Souslin and Borel Spaces . . . . . . . . 640

4.1.6 Measurable Multifunctions: Selection Theorems 643

4.1.7 Projection Theorems . . . . . . . . . . . . . . . 647

4.1.8 Dual of Lp(Ω) for 1 � p �∞ . . . . . . . . . . 648

4.1.9 Sequences of Measures: Weak Convergence
in Lp(Ω) . . . . . . . . . . . . . . . . . . . . . . 649

4.1.10 Covering Theorems . . . . . . . . . . . . . . . . 652

4.1.11 Lebesgue Differentiation Theorem . . . . . . . 654

4.1.12 Bounded Variation and Absolutely Continuous
Functions . . . . . . . . . . . . . . . . . . . . . 658

4.1.13 Hausdorff Measures: Change of Variables . . . 672
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